Shmeiÿseic

JewrÐac Arijmÿn

Panepisthmio Krhthc Tmhma Majhmatikwn Anoixh 2003

.

Perieqìmena

1 Diairetìthta kai prÿtoi arijmoÐ 5 1.1 To sÔnolo twn akeraÐwn . . . . . . . . . . . . . . . . . . . . . . . . . 5 1.2 DiaÐresh . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8 1.3 Mègistoc koinìc diairèthc . . . . . . . . . . . . . . . . . . . . . . . . 12 1.4 AnĹlush se ginìmeno prÿtwn paragìntwn . . . . . . . . . . . . . . . 15 1.5 H apeirÐa twn prÿtwn kai to jeÿrhma twn prÿtwn arijmÿn . . . . . 17 1.6 BasikĹ lămmata diairetìthtac . . . . . . . . . . . . . . . . . . . . . . 22 1.7 Mia grammikă diofantikă exÐswsh . . . . . . . . . . . . . . . . . . . . 24 1.8 Pujagìreiec triĹdec kai to {teleutaÐo jeÿrhma} tou Fermat . . . . 27 1.9 Askăseic . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

2 Arijmhtikèc sunartăseic 53 2.1 Eisagwgă . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53 2.2 Oi sunartăseic d kai σ . . . . . . . . . . . . . . . . . . . . . . . . . . 55 2.3 H sunĹrthsh tou Möbius . . . . . . . . . . . . . . . . . . . . . . . . . 59 2.4 H sunĹrthsh tou Euler . . . . . . . . . . . . . . . . . . . . . . . . . . 63 2.5 Askăseic . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66

3 IsotimÐec 75 3.1 Eisagwgă . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75 3.2 Sustămata upoloÐpwn kai to mikrì jeÿrhma tou Fermat . . . . . . . 76 3.3 Grammikèc isotimÐec . . . . . . . . . . . . . . . . . . . . . . . . . . . 79 3.4 Poluwnumikèc isotimÐec . . . . . . . . . . . . . . . . . . . . . . . . . 82 3.5 Askăseic . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87

4 O tetragwnikìc nìmoc antistrofăc 93 4.1 H tĹxh enìc akeraÐou wc proc n . . . . . . . . . . . . . . . . . . . . . 93 4.2 Prwtarqikèc rÐzec . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95 4.3 TetragwnikĹ upìloipa kai to sÔmbolo tou Legendre . . . . . . . . . 98 4.4 O tetragwnikìc nìmoc antistrofăc . . . . . . . . . . . . . . . . . . . 105 4.5 Askăseic . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109

4

KefĹlaio 1

Diairetìthta kai prÿtoi arijmoÐ

1.1 To sÔnolo twn akeraÐwn

H stoiqeiÿdhc jewrÐa arijmÿn asqoleÐtai me th melèth twn idiotătwn tou sunìlou N = {1, 2, 3, . . .} twn jetikÿn akeraÐwn (alliÿc, fusikÿn arijmÿn). Ja qreiasteÐ na blèpoume to N san uposÔnolo tou sunìlou Z twn akeraÐwn arijmÿn ă kai tou sunìlou Q twn rhtÿn arijmÿn. Ja grĹfoume Z^+ ă N ∪ {0} gia to sÔnolo twn mh arnhtikÿn akeraÐwn. Me R sumbolÐzoume to sÔnolo twn pragmatikÿn arijmÿn, kai me C to sÔnolo twn migadikÿn arijmÿn.

H austhră jemelÐwsh tou sunìlou N twn fusikÿn arijmÿn gÐnetai mèsw twn axiwmĹtwn tou Peano. ’Eqontac dedomèno to N kai èqontac orÐsei tic prĹxeic thc prìsjeshc kai tou pollaplasiasmoÔ kajÿc kai th diĹtaxh twn fusikÿn arijmÿn, mporoÔme na dÿsoume austhră kataskeuă tou Z kai tou Q. JewroÔme ìti o anagnÿsthc eÐnai exoikeiwmènoc me tic idiìthtec twn prĹxewn kai tic idiìthtec thc diĹtaxhc sto Z kai sto Q. Se aută th sÔntomh parĹgrafo aplÿc upenjumÐzoume kĹpoiec basikèc arqèc.

Jeÿrhma 1.1.1 (Arqă tou elaqÐstou): KĹje mh kenì sÔnolo S mh arnhtikÿn akeraÐwn èqei elĹqisto stoiqeÐo. Dhladă, upĹrqei a ∈ S me thn idiìthta a ≤ b gia kĹje b ∈ S. □

Parathrhsh: H arqă tou elaqÐstou èqei wc sunèpeia thn exăc prìtash:

Den upĹrqei Ĺpeirh gnhsÐwc fjÐnousa akoloujÐa mh arnhtikÿn akeraÐ- wn. PrĹgmati, ac upojèsoume ìti upĹrqei mia akoloujÐa n_1 > n_2 > . . . > n_k > n_{k+1} > . . . sto Z^+. Apì thn arqă tou elaqÐstou, to sÔnolo S = {n_k : k ∈ N} èqei elĹqisto stoiqeÐo n_m gia kĹpoion m ∈ N. ’Omwc, n_{m+1} < n_m kai n_{m+1} ∈ S, to opoÐo eÐnai Ĺtopo.

H arqă tou elaqÐstou ja qrhsimopoihjeÐ arketèc forèc sth melèth mac. Gia to lìgo autì, dÐnoume kĹpoia prÿta paradeÐgmata efarmogăc thc (skopìc mac den eÐnai na jemeliÿsoume austhrĹ to sÔnolo twn fusikÿn, allĹ na exoikeiwjoÔme me to eÐdoc twn epiqeirhmĹtwn pou qrhsimopoioÔntai sunăjwc).

Paradeigma: O 1 eÐnai o mikrìteroc fusikìc arijmìc (!). An upărqe a ∈ N me 0 < a < 1, tìte h akoloujÐa n_k = a^k ja apoteloÔntan apì fusikoÔc arijmoÔc kai ja ătan gnhsÐwc fjÐnousa: n_{k+1} = a^k · a < a^k · 1 = n_k. Apì thn prohgoÔmenh paratărhsh, autì eÐnai Ĺtopo.

Jeÿrhma 1.1.2 (Arqimădeia idiìthta) An a kai b eÐnai dÔo fusikoÐ arijmoÐ, upĹrqei fusikìc arijmìc n tètoioc ÿste na ≥ b.

Apìdeixh: An upojèsoume ìti to jeÿrhma den isqÔei, upĹrqoun a, b ∈ N tètoioi ÿste na < b gia kĹje n ∈ N. Autì shmaÐnei ìti to sÔnolo (1.1.1) S = {b − na | n ∈ N} apoteleÐtai apì jetikoÔc akeraÐouc. Apì thn arqă tou elaqÐstou, to S èqei elĹqisto stoiqeÐo to opoÐo grĹfetai sth morfă b − ma gia kĹpoion m ∈ N. ParathroÔme ìti o b − (m + 1)a ∈ S kai (1.1.2) b − (m + 1)a = (b − ma) − a < b − ma, to opoÐo eÐnai Ĺtopo. ’Ara, h Arqimădeia idiìthta isqÔei. □ ShmeÐwsh: An upojèsoume gnwstì (!) ìti o 1 eÐnai o mikrìteroc fusikìc arijmìc, tìte h apìdeixh eÐnai polÔ aploÔsterh: an pĹroume n = b èqoume a ≥ 1 =⇒ ba ≥ b.

Jeÿrhma 1.1.3 (Arqă thc peperasmènhc epagwgăc) ’Estw S èna sÔnolo jetikÿn akeraÐwn me tic exăc idiìthtec:

1. O 1 anăkei sto S.

2. An k ∈ S tìte k + 1 ∈ S.

Tìte, to S eÐnai to sÔnolo ìlwn twn fusikÿn arijmÿn.

Apìdeixh: Jètoume T = N \ S kai upojètoume ìti to T eÐnai mh kenì. Apì thn arqă tou elaqÐstou, to T èqei elĹqisto stoiqeÐo to opoÐo sumbolÐzoume me a. AfoÔ 1 ∈ S, anagkastikĹ èqoume a > 1 opìte a − 1 ∈ N. AfoÔ o a ătan to elĹqisto stoiqeÐo tou T , èqoume a − 1 ∈ S. Apì thn upìjesh (2),

(1.1.3) a = (a − 1) + 1 ∈ S.

Katalăxame se Ĺtopo, Ĺra to T eÐnai to kenì sÔnolo. Epomènwc, S = N. □

H arqă thc peperasmènhc epagwgăc mac epitrèpei na apodeiknÔoume ìti kĹpoia prìtash P (n) pou aforĹ touc fusikoÔc arijmoÔc isqÔei gia kĹje n ∈ N. ArkeÐ na elègxoume ìti h P (1) isqÔei (aută eÐnai h bĹsh thc epagwgăc) kai na apodeÐxoume th sunepagwgă P (k) ⇒ P (k + 1) (autì eÐnai to epagwgikì băma). ParadeÐgmata protĹsewn pou apodeiknÔontai me th {mèjodo thc majhmatikăc epagwgăc} ja sunantĹme se ìlh th diĹrkeia tou majămatoc.

AxÐzei na anafèroume dÔo parallagèc tou Jewrămatoc 1.1.3. H apìdeixă touc afănetai san Ĺskhsh gia ton anagnÿsth (mimhjeÐte thn prohgoÔmenh apìdeixh - qrhsimopoiăste thn arqă tou elaqÐstou).

Jeÿrhma 1.1.4 ’Estw m ∈ Z kai S èna sÔnolo akeraÐwn me tic exăc idiìthtec: m ∈ S kai an k ∈ S tìte k + 1 ∈ S. Tìte, S ⊇ {n ∈ Z : n ≥ m} = {m, m + 1, . . .}. □ Jeÿrhma 1.1.5 ’Estw S èna sÔnolo jetikÿn akeraÐwn me tic exăc idiìthtec: 1 ∈ S kai an 1, . . . , k ∈ S tìte k + 1 ∈ S. Tìte, S = N. □

Paradeigma: H akoloujÐa twn arijmÿn tou Lucas orÐzetai anadromikĹ wc exăc. Jètoume a_1 = 1, a_2 = 3 kai, gia kĹje n ≥ 3,

(1.1.4) a_n = a_{n−1} + a_{n−2}.

Skopìc mac eÐnai na deÐxoume ìti upĹrqei pragmatikìc arijmìc x > 0 me thn idiìthta a_n < x^n gia kĹje n ∈ N. H apìdeixh ja deÐxei ìti kĹje x > √ 3 (gia parĹdeigma, o x = 7/4) ikanopoieÐ to zhtoÔmeno.

JewroÔme thn prìtash P (n) : a_n < x^n. H P (1) isqÔei an 1 < x, enÿ h P (2) isqÔei an 3 < x^2, dhladă an √ 3 < x. Ja qrhsimopoiăsoume thn arqă thc epagwgăc sth morfă tou Jewrămatoc 1.1.5:

upojètoume loipìn ìti k ≥ 3 kai ìti oi P (1), . . . , P (k − 1) isqÔoun. Eidikìtera,

(1.1.5) a_{k−1} < x^{k−1} kai a_{k−2} < x^{k−2}.

Tìte,

(1.1.6) a_k = a_{k−1} + a_{k−2} < x^{k−1} + x^{k−2},

dhladă, a_k < x^k an isqÔei h anisìthta x^{k−1} + x^{k−2} < x^k , h opoÐa eÐnai isodÔnamh me thn

(1.1.7) x^2 − x − 1 > 0.

H (1.1.7) isqÔei an o jetikìc arijmìc x eÐnai megalÔteroc apì (1 + √ 5)/2. Dhladă, to epagwgikì epiqeÐrhma douleÔei an (1.1.8) x > max{1, √ 3, (1 + √ 5)/2} = √ 3. An x > √ 3, h prìtash P (n) isqÔei gia kĹje n ∈ N. □

1.2 DiaÐresh

’Estw a, b ∈ Z. Lème ìti o a diaireÐ ton b kai grĹfoume a | b, an upĹrqei x ∈ Z tètoioc ÿste b = ax. Se aută thn perÐptwsh ja lème ìti o a eÐnai diairèthc tou b ă ìti o b eÐnai pollaplĹsio tou a. Aplèc sunèpeiec tou orismoÔ eÐnai oi exăc:

1. a | a gia kĹje a ∈ Z. 2. a | 0 gia kĹje a ∈ Z. 3. ±1 | a gia kĹje a ∈ Z. 4. 0 | a an kai mìno an a = 0. 5. An a | b kai b | c tìte a | c.

6. An a | b kai a | c tìte a | bx + cy gia kĹje x, y ∈ Z. 7. An a, b ∈ Z\{0} kai a | b tìte |a| ≤ |b|. 8. a | ±1 an kai mìno an a = ±1.

H apìdeixh twn 1 wc 8 afănetai wc Ĺskhsh.

Jeÿrhma 1.2.1 (Tautìthta thc diaÐreshc) Upojètoume ìti a ∈ N kai b ∈ Z. Tìte, upĹrqoun monadikoÐ q, r ∈ Z tètoioi ÿste b = aq + r kai 0 ≤ r < a. {Gewmetrikă apìdeixh}: ’Enac aplìc gewmetrikìc trìpoc gia na skeftìmaste thn tautìthta thc diaÐreshc eÐnai o exăc: fantazìmaste thn pragmatikă eujeÐa pĹnw sthn opoÐa èqoume shmeiÿsei me koukÐdec touc akeraÐouc. Shmeiÿnoume me pio skoÔrec koukÐdec ta pollaplĹsia tou a. Diadoqikèc skoÔrec koukÐdec èqoun apìstash akribÿc Ðsh me a. Tìte, èna apì ta dÔo sumbaÐnei:

1. O akèraioc b pèftei pĹnw se kĹpoia apì autèc tic skoÔrec koukÐdec, opìte o b eÐnai pollaplĹsio tou a kai r = 0.

2. O akèraioc b brÐsketai anĹmesa se dÔo diadoqikèc skoÔrec koukÐdec, dhladă anĹmesa se dÔo diadoqikĹ pollaplĹsia tou a, kai h apìstash r anĹmesa ston b kai to megalÔtero pollaplĹsio tou a pou eÐnai mikrìtero apì ton b eÐnai ènac jetikìc akèraioc pou den xepernĹei ton a − 1.

H austhră apìdeixh pou ja dÿsoume parakĹtw basÐzetai se aută thn idèa: jewroÔme to sÔnolo S twn {apostĹsewn} b−as tou b apì tic skoÔrec koukÐdec pou brÐskontai aristerĹ tou. ExasfalÐzoume ìti eÐnai mh kenì, Ĺra èqei elĹqisto stoiqeÐo b−aq. H koukÐda aq eÐnai aută pou brÐsketai amèswc prin apì ton b, kai h apìstash r = b−aq prèpei na eÐnai mikrìterh apì a.

Apìdeixh tou Jewrămatoc 1.2.1: ApodeiknÔoume prÿta thn Ôparxh arijmÿn q, r ∈ Z pou ikanopoioÔn to zhtoÔmeno. JewroÔme to sÔnolo (1.2.1) S = {b − as : s ∈ Z} ∩ Z^+ twn mh arnhtikÿn akeraÐwn thc morfăc b − as. Den eÐnai dÔskolo na doÔme ìti to S eÐnai mh kenì: an b ≥ 0, tìte b − a · 0 ∈ S. An b < 0, jewroÔme akeraÐouc s thc morfăc −a · n ìpou n ∈ N. Tìte, b − as = b + a^2n kai apì thn Arqimădeia idiìthta upĹrqei n ∈ N tètoioc ÿste a^2n ≥ (−b).

Apì thn arqă tou elaqÐstou to S èqei elĹqisto stoiqeÐo, to opoÐo sumbolÐzoume me r. Apì ton orismì tou S èqoume r ≥ 0 kai upĹrqei q ∈ Z tètoioc ÿste b−aq = r. Mènei na deÐxoume ìti r < a. Ac upojèsoume ìti r ≥ a. Tìte, (1.2.2) b − a(q + 1) = b − aq − a = r − a ≥ 0, dhladă, b − a(q + 1) ∈ S. ’Omwc b − a(q + 1) = r − a < r, to opoÐo eÐnai Ĺtopo afoÔ o r ătan to elĹqisto stoiqeÐo tou S.

ApodeiknÔoume tÿra th monadikìthta twn q kai r. Ac upojèsoume ìti (1.2.3) b = aq_1 + r_1 = aq_2 + r_2, ìpou 0 ≤ r_1, r_2 < a. Tìte, (1.2.4) |r_1 − r_2| = a|q_2 − q_1|.

An q_1 ≠ q_2, tìte a|q_2 − q_1| ≥ a enÿ |r_1 − r_2| < a. ’Eqoume antÐfash, Ĺra q_1 = q_2 kai apì thn (1.2.3) èpetai ìti r_1 = r_2. □ Paradeigma: Apì to Jeÿrhma 1.2.1, kĹje akèraioc b grĹfetai monosămanta sth morfă b = 2q + r gia kĹpoion q ∈ Z kai kĹpoion r ∈ {0, 1}. Lème ìti o b eÐnai Ĺrtioc an r = 0. An r = 1, tìte lème ìti o b eÐnai perittìc. Parathrăste ìti opoiadăpote dÔnamh perittoÔ akeraÐou eÐnai perittìc akèraioc.

Skopìc mac eÐnai na deÐxoume ìti: an oi mh arnhtikoÐ akèraioi a, b kai c ikanopoioÔn thn exÐswsh (1.2.5) a^6 + 2b^6 = 4c^6, tìte a = b = c = 0.

Apìdeixh: Gia kĹje lÔsh thc (1.2.5) jewroÔme to mh arnhtikì akèraio (1.2.6) d := max{a, b, c}. Ac upojèsoume ìti h exÐswsh (1.2.5) èqei mia mh tetrimmènh lÔsh (a_1, b_1, c_1) sto Z^+. Dhladă, toulĹqiston ènac apì touc a_1, b_1, c_1 eÐnai fusikìc arijmìc. Tìte, (1.2.7) d_1 = max{a_1, b_1, c_1} > 0.

ParathroÔme ìti o a^6_1 = 4c^6_1 −2b^6_1 eÐnai Ĺrtioc, Ĺra o a_1 eÐnai Ĺrtioc. UpĹrqei loipìn a_2 ∈ Z^+ tètoioc ÿste a_1 = 2a_2. Antikajistÿntac sthn (1.2.5) paÐrnoume (1.2.8) 64a^6_2 + 2b^6_1 = 4c^6_1 =⇒ b^6_1 = 2c^6_1 − 32a^6_2.

’Epetai ìti o b_1 eÐnai Ĺrtioc, Ĺra grĹfetai sth morfă b_1 = 2b_2 gia kĹpoion b_2 ∈ Z^+. Antikajistÿntac sthn (1.2.8) paÐrnoume (1.2.9) 64b^6_2 = 2c^6_1 − 32a^6_2 =⇒ c^6_1 = 32b^6_2 + 16a^6_2.

’Ara, o c_1 eÐnai ki autìc Ĺrtioc kai grĹfetai sth morfă c_1 = 2c_2 gia kĹpoion c_2 ∈ Z^+. ParathroÔme ìti oi a_2, b_2 kai c_2 ikanopoioÔn thn (1.2.5) kai

(1.2.10) 0 < d_2 = max{a_2, b_2, c_2} = max{a_1, b_1, c_1}/2 = d_1/2 < d_1.

SuneqÐzontac me ton Ðdio trìpo, kataskeuĹzoume mia Ĺpeirh gnhsÐwc fjÐnousa akoloujÐa fusikÿn arijmÿn: d_1 > d_2 > . . . > d_n > d_{n+1} > . . . Autì eÐnai Ĺtopo apì thn arqă tou elaqÐstou. ’Ara, h mình lÔsh thc (1.2.5) sto Z^+ eÐnai h tetrimmènh a = b = c = 0. □

Qrhsimopoiÿntac thn tautìthta thc diaÐreshc kai th mèjodo thc majhmatikăc epagwgăc mporoÔme na apodeÐxoume thn Ôparxh kai th monadikìthta twn m-adikÿn anaparastĹsewn twn akeraÐwn.

Jeÿrhma 1.2.2 ’Estw m ènac akèraioc, m ≥ 2. KĹje fusikìc arijmìc n anaparÐstatai katĹ monadikì trìpo sth morfă

(1.2.11) n = a_0 + a_1m + a_2m^2 + · · · + a_km^k,

ìpou k eÐnai o mh arnhtikìc akèraioc gia ton opoÐo m^k ≤ n < m^{k+1}, kai oi a_0, a_1, . . . , a_k eÐnai akèraioi pou ikanopoioÔn tic 1 ≤ a_k ≤ m − 1 kai 0 ≤ a_i ≤ m − 1 gia kĹje i = 0, 1, . . . , k − 1.

H (1.2.11) lègetai m-adikă anaparĹstash tou n. Oi akèraioi a_i eÐnai ta yhfÐa tou n me bĹsh ton m. Ja qreiastoÔme èna aplì lămma.

Lămma 1.2.1 ’Estw m akèraioc, m ≥ 2. Gia kĹje n ∈ N upĹrqei monadikìc mh arnhtikìc akèraioc k tètoioc ÿste m^k ≤ n < m^{k+1}.

Apìdeixh: Me epagwgă mporoÔme na deÐxoume ìti m^s ≥ (1 + 1)^s ≥ 1 + s gia kĹje s ∈ Z^+. ’Ara, gia kĹje n ∈ N èqoume m^n > n.

JewroÔme tuqìnta n ∈ N kai orÐzoume S = {s ∈ N : m^s > n}. AfoÔ n ∈ S, to S eÐnai mh kenì sÔnolo fusikÿn arijmÿn kai èqei elĹqisto stoiqeÐo s_0 to opoÐo grĹfetai sth morfă s_0 = k + 1 gia kĹpoion k ∈ Z^+. Tìte, k /∈ S Ĺra m^k ≤ n kai k + 1 ∈ S Ĺra n < m^{k+1}. H monadikìthta afănetai wc Ĺskhsh. □

Apìdeixh tou Jewrămatoc 1.2.2: Gia kĹje k ≥ 0 onomĹzoume P (k) thn exăc prìtash: kĹje fusikìc n me m^k ≤ n < m^{k+1} èqei monadikă m-adikă anaparĹstash. Ja apodeÐxoume ìti h P (k) isqÔei gia kĹje k ≥ 0 me th mèjodo thc majhmatikăc epagwgăc (sth morfă tou Jewrămatoc 1.1.5).

H prìtash P (0) isqÔei giatÐ an 1 ≤ n < m, tìte h n = a_0 eÐnai h monadikă m-adikă anaparĹstash tou n (exhgăste).

’Estw k ≥ 1 kai ac upojèsoume ìti isqÔoun oi protĹseic P (0), P (1), . . . , P (k − 1). Ja apodeÐxoume ìti isqÔei h P (k). ’Estw m^k ≤ n < m^{k+1}. Apì thn tautìthta thc diaÐreshc tou n me m^k, upĹrqoun a_k kai r me 0 ≤ r < m^k ètsi ÿste

(1.2.12) n = a_km^k + r.

Tìte, (1.2.13) 0 < m^k − r ≤ n − r = a_km^k ≤ n < m^{k+1}. Diairÿntac aută thn anisìthta me m^k paÐrnoume 0 < a_k < m. AfoÔ oi m kai a_k eÐnai akèraioi, blèpoume ìti (1.2.14) 1 ≤ a_k ≤ m − 1.

An r = 0, tìte h n = a_km^k eÐnai mia m-adikă anaparĹstash tou n. An r ≥ 1, tìte apì to Lămma 1.2.1 èqoume m^l ≤ r < m^{l+1} gia kĹpoion mh arnhtikì akèraio l ≤ k−1. Apì thn epagwgikă upìjesh h P (l) isqÔei, Ĺra o r èqei m-adikă anaparĹstash thc morfăc (1.2.15) r = a_0 + a_1m + · · · + a_{k−1}m^{k−1}, ìpou 0 ≤ a_i ≤ m − 1 gia kĹje i = 0, 1, . . . , k − 1. Tìte, o n anaparÐstatai sth morfă (1.2.16) n = a_0 + a_1m + · · · + a_{k−1}m^{k−1} + a_km^k. Ja deÐxoume ìti aută h anaparĹstash eÐnai monadikă. ’Estw (1.2.17) n = b_0 + b_1m + · · · + b_sm^s mia Ĺllh m-adikă anaparĹstash tou n, ìpou 0 ≤ b_j ≤ m−1 gia kĹje j = 0, 1, . . . , s kai b_s ≥ 1. An s ≥ k + 1, tìte (1.2.18) n < m^{k+1} ≤ b_sm^s ≤ n, to opoÐo den mporeÐ na sumbaÐnei. An s ≤ k − 1, apì tic anisìthtec b_j ≤ m − 1 paÐrnoume n = b_0 + b_1m + · · · + b_sm^s

≤ (m − 1) + (m − 1)m + · · · + (m − 1)m^s = m^{s+1} − 1 < m^k ≤ n, to opoÐo epÐshc den mporeÐ na sumbaÐnei. ’Ara, k = s. An a_k < b_k, tìte n = a_0 + a_1m + · · · + a_{k−1}m^{k−1} + a_km^k ≤ (m − 1) + (m − 1)m + · · · + (m − 1)m^{k−1} + a_km^k = (m^k − 1) + a_km^k < (a_k + 1)m^k ≤ b_km^k ≤ n, to opoÐo eÐnai adÔnato. ’Ara, b_k ≤ a_k. Me anĹlogo epiqeÐrhma deÐqnoume ìti a_k ≤ b_k, Ĺra a_k = b_k. Tìte, n − a_km^k = a_0 + a_1m + a_2m^2 + · · · + a_{k−1}m^{k−1} = b_0 + b_1m + b_2m^2 + · · · + b_{k−1}m^{k−1} < m^k.

Apì thn epagwgikă upìjesh, èqoume a_i = b_i gia i = 0, 1, . . . , k − 1. ’Ara, h m-adikă anaparĹstash tou n upĹrqei kai eÐnai monadikă, ki autì apodeiknÔei thn P (k). SÔmfwna me thn arqă thc majhmatikăc epagwgăc, h P (k) isqÔei gia kĹje k ≥ 0.

Apì to Lămma 1.2.1 kĹje fusikìc arijmìc n anăkei se kĹpoio diĹsthma thc morfăc [m^k, m^{k+1}), Ĺra h apìdeixh eÐnai plărhc. □

Paradeigmata: H 2-adikă anaparĹstash tou 100 eÐnai

100 = 1 · 2^2 + 1 · 2^5 + 1 · 2^6,

kai h 3-adikă anaparĹstash tou 100 eÐnai

100 = 1 + 2 · 3^2 + 1 · 3^4.

1.3 Mègistoc koinìc diairèthc

’Estw a kai b dÔo fusikoÐ arijmoÐ. Oi a kai b èqoun toulĹqiston ènan koinì diairèth, ton 1. Skopìc mac eÐnai na apodeÐxoume ìti upĹrqei mègistoc fusikìc arijmìc d o opoÐoc diaireÐ touc a kai b. H idèa pÐsw apì thn apìdeixh pou ja dÿsoume eÐnai na jewrăsoume to sÔnolo I ìlwn twn jetikÿn akeraÐwn sunduasmÿn au + bv twn a, b, ìpou u, v ∈ Z. Tètoioi jetikoÐ sunduasmoÐ upĹrqoun: gia parĹdeigma, a = a·1+b·0. H basikă paratărhsh eÐnai ìti kĹje koinìc diairèthc k twn a, b diaireÐ kĹje stoiqeÐo tou I (idiìthta 6 thc diairetìthtac), Ĺra den xepernĹei to elĹqisto stoiqeÐo tou I. An deÐxoume ìti to elĹqisto stoiqeÐo tou I eÐnai koinìc diairèthc twn a, b, tìte ja eÐnai o {mègistoc koinìc diairèthc} touc.

Jeÿrhma 1.3.1 ’Estw a, b ∈ N. UpĹrqei monadikìc d ∈ N o opoÐoc ikanopoieÐ ta exăc.

1. d | a kai d | b.

2. An gia kĹpoion k ∈ N èqoume k | a kai k | b, tìte k | d. Eidikìtera, k ≤ d.

Epiplèon, upĹrqoun x, y ∈ Z tètoioi ÿste d = ax + by.

Apìdeixh: JewroÔme to sÔnolo (1.3.1) I = {au + bv : u, v ∈ Z} ∩ N. EÐnai fanerì ìti to I eÐnai mh kenì (gia parĹdeigma, a, b ∈ I). Apì thn arqă tou elaqÐstou, to I èqei elĹqisto stoiqeÐo d to opoÐo grĹfetai sth morfă d = ax + by gia kĹpoiouc x, y ∈ Z.

Ja deÐxoume ìti o d diaireÐ kĹje stoiqeÐo tou I. Ac upojèsoume ìti z = au+bv ∈ I. Apì to Jeÿrhma 1.2.1 upĹrqoun q, r ∈ Z me 0 ≤ r < d kai z = dq + r. ParathroÔme ìti (1.3.2) r = z − dq = au + bv − (ax + by)q = a(u − xq) + b(v − yq) ∈ I.

An ătan 0 < r < d tìte o r ja ătan stoiqeÐo tou I mikrìtero apì ton d, Ĺtopo apì ton trìpo orismoÔ tou d. ’Ara r = 0, to opoÐo apodeiknÔei ìti o d diaireÐ ton z.

AfoÔ a, b ∈ I, o d diaireÐ touc a kai b. Autìc eÐnai o prÿtoc isqurismìc tou jewrămatoc. Gia ton deÔtero, parathroÔme ìti an k | a kai k | b tìte (1.3.3) k | ax + by = d. Gia th monadikìthta tou d parathrăste ìti an oi fusikoÐ arijmoÐ d_1 kai d_2 ikanopoioÔn ta 1 kai 2, tìte d_1 | d_2 kai d_2 | d_1. Eidikìtera d_1 ≤ d_2 kai d_2 ≤ d_1, Ĺra d_1 = d_2. □

O arijmìc d pou orÐzetai apì to Jeÿrhma 1.3.1 lègetai mègistoc koinìc diairèthc twn a kai b, kai sumbolÐzetai me d = (a, b). Lème ìti dÔo arijmoÐ a, b ∈ N eÐnai sqetikĹ prÿtoi an (a, b) = 1. Gia parĹdeigma, oi 8 kai 15 eÐnai sqetikĹ prÿtoi: (8, 15) = 1.

Paratărhsh: EÐnai qrăsimo na jumĹtai kaneÐc ìti o mègistoc koinìc diairèthc (a, b) twn fusikÿn arijmÿn a kai b eÐnai o elĹqistoc jetikìc akèraioc sunduasmìc touc: (a, b) = min{au + bv : u, v ∈ Z} ∩ N. O algìrijmoc tou EukleÐdh mac dÐnei ènan praktikì trìpo upologismoÔ tou mègistou koinoÔ diairèth dÔo fusikÿn arijmÿn. XekinĹme me dÔo fusikoÔc arijmoÔc a < b. Apì thn tautìthta thc diaÐreshc èqoume

b = aq_1 + r_1

gia kĹpoiouc (monosămanta orismènouc) q_1 ∈ N kai 0 ≤ r_1 < a. An r_1 = 0 stamatĹme, alliÿc grĹfoume thn tautìthta thc diaÐreshc tou a me ton r_1:

a = r_1q_2 + r_2,

gia kĹpoiouc (monosămanta orismènouc) q_2 ∈ N kai 0 ≤ r_2 < r_1. SuneqÐzoume me ton Ðdio trìpo. H diadikasÐa prèpei kĹpoia stigmă na katalăxei se upìloipo r_{n+1} = 0. Alliÿc, ja eÐqame mia Ĺpeirh gnhsÐwc fjÐnousa akoloujÐa fusikÿn arijmÿn: a > r_1 > r_2 > . . . > r_n > r_{n+1} > . . . To epìmeno jeÿrhma deÐqnei ìti o mègistoc koinìc diairèthc twn a kai b eÐnai to teleutaÐo mh mhdenikì upìloipo: (a, b) = r_n (an r_1 = 0, tìte a | b kai (a, b) = a).

Jeÿrhma 1.3.2 Upojètoume ìti a, b ∈ N kai a < b. Ac upojèsoume ìti èqoume breÐ q_1, . . . , q_{n+1} ∈ N kai r_1, . . . , r_n ∈ N me 0 < r_n < r_{n−1} < · · · < r_1 < a kai

b = aq_1 + r_1, a = r_1q_2 + r_2, r_1 = r_2q_3 + r_3, · · · = · · · r_{n−2} = r_{n−1}q_n + r_n, r_{n−1} = r_nq_{n+1}.

Tìte, (a, b) = r_n.

Apìdeixh: Ja deÐxoume ìti (1.3.4) (a, b) = (a, r_1).

Jètoume d_1 = (a, b) kai d_2 = (a, r_1). ’Eqoume d_1 | a kai d_1 | b, Ĺra d_1 | b − aq_1 = r_1. AfoÔ d_1 | a kai d_1 | r_1, to Jeÿrhma 1.3.1 deÐqnei ìti (1.3.5) d_1 | (a, r_1) = d_2.

Apì thn Ĺllh pleurĹ, d_2 | a kai d_2 | r_1, Ĺra d_2 | aq_1 + r_1 = b. AfoÔ d_2 | a kai d_2 | b, to Jeÿrhma 1.3.1 deÐqnei ìti (1.3.6) d_2 | (a, b) = d_1.

Apì tic (1.3.5) kai (1.3.6) sumperaÐnoume ìti d_1 = d_2. EpanalambĹnontac to Ðdio epiqeÐrhma, paÐrnoume (1.3.7) (a, b) = (a, r_1) = (r_1, r_2) = · · · = (r_{n−1}, r_n). ’Omwc, (1.3.8) (r_{n−1}, r_n) = (r_nq_{n+1}, r_n) = r_n.

Dhladă, (a, b) = r_n. □ Paradeigma. Ja upologÐsoume ton (391, 2533). Me diadoqikèc diairèseic paÐrnou- me 2533 = 391 · 6 + 187, 391 = 187 · 2 + 17, 187 = 17 · 11.

Apì to Jeÿrhma 1.3.2 (me a = 391 kai b = 2533) sumperaÐnoume ìti (391, 2533) = 17. Parathrăste ìti h Ðdia diadikasÐa mac epitrèpei na broÔme akeraÐouc x kai y gia touc opoÐouc 17 = 391x + 2533y. ’Eqoume 17 = 391 − 187 · 2 = 391 − (2533 − 391 · 6) · 2 = 391 · 13 + 2533 · (−2), dhladă, x = 13 kai y = −2. □ ’Ena polÔ qrăsimo apotèlesma sqetikĹ me th diairetìthta eÐnai to exăc. Jeÿrhma 1.3.3 ’Estw a kai b dÔo sqetikĹ prÿtoi fusikoÐ arijmoÐ. Ac upojèsoume ìti w | ab gia kĹpoion fusikì arijmì w. Tìte, upĹrqoun monadikoÐ u, v ∈ N tètoioi ÿste u | a, v | b, kai w = uv.

Apìdeixh: JewroÔme touc arijmoÔc u = (w, a) kai v = (w, b). Profanÿc, u | a kai v | b. Apì to Jeÿrhma 1.3.1 upĹrqoun x_1, y_1, x_2, y_2 ∈ Z tètoioi ÿste u = wx_1 + ay_1 kai v = wx_2 + by_2. ’Ara,

(1.3.9) uv = (wx_1 + ay_1)(wx_2 + by_2) = w(wx_1 x_2 + ay_1x_2 + bx_1y_2) + aby_1y_2.

AfoÔ w | ab, h (1.3.9) deÐqnei ìti (1.3.10) w | uv. Apì thn Ĺllh pleurĹ, afoÔ (a, b) = 1, upĹrqoun x, y ∈ Z tètoioi ÿste ax + by = 1. Tìte, (1.3.11) w = wax + wby. ParathroÔme ìti u | a kai v | w, Ĺra uv | wax. OmoÐwc, u | w kai v | b, Ĺra uv | wby. Apì thn (1.3.11) sumperaÐnoume ìti (1.3.12) uv | w. AfoÔ oi u, v kai w eÐnai fusikoÐ arijmoÐ, oi w | uv kai uv | w deÐqnoun ìti w = uv.

Gia th monadikìthta, ac upojèsoume ìti w = u_1v_1, ìpou u_1 | a kai v_1 | b. Apì tic u_1 | w kai u_1 | a, blèpoume ìti u_1 | (w, a) = u. OmoÐwc, apì tic v_1 | w kai v_1 | b, blèpoume ìti v_1 | (w, b) = v. An eÐqame u_1 ≠ u, tìte ja paÐrname w = u_1v_1 < uv_1 ≤ uv = w to opoÐo eÐnai Ĺtopo. ’Ara, u_1 = u. OmoÐwc, v_1 = v. □

1.4 AnĹlush se ginìmeno prÿtwn paragìntwn

’Estw a > 1 ènac fusikìc arijmìc. Ja lème ìti o a eÐnai prÿtoc an èqei akribÿc dÔo jetikoÔc diairètec, ton 1 kai ton a. An o a den eÐnai prÿtoc, ja lègetai sÔnjetoc. Gia diĹforouc lìgouc eÐnai bolikì na mhn katatĹxoume ton 1 oÔte stouc prÿtouc oÔte stouc sÔnjetouc arijmoÔc.

Se ìti akoloujeÐ, me to sÔmbolo p ja ennooÔme pĹnta kĹpoion prÿto arijmì. To prÿto mac apotèlesma eÐnai aplă sunèpeia tou Jewrămatoc 1.3.1.

Jeÿrhma 1.4.1 ’Estw a, b ∈ N kai p ènac prÿtoc arijmìc. An p | ab, tìte eÐte p | a ă p | b. Apìdeixh: ’Estw ìti o p den diaireÐ ton a. AfoÔ oi mìnoi diairètec tou p eÐnai o 1 kai o p, èqoume (a, p) = 1. Apì to Jeÿrhma 1.3.1 upĹrqoun x, y ∈ Z tètoioi ÿste 1 = ax + py. ’Ara, (1.4.1) b = abx + pby. AfoÔ p | ab, apì thn (1.4.1) èpetai ìti p | b. □

Me epagwgă wc proc k paÐrnoume thn exăc genÐkeush.

Jeÿrhma 1.4.2 ’Estw a_1, . . . , a_k ∈ N kai p ènac prÿtoc arijmìc. An p | a_1 · · · a_k, tìte p | a_j gia toulĹqiston èna j ∈ {1, . . . , k}. □

To jemeliÿdec jeÿrhma thc arijmhtikăc mac lèei ìti kĹje fusikìc arijmìc analÔetai (ousiastikĹ) monosămanta se ginìmeno prÿtwn paragìntwn.

Jeÿrhma 1.4.3 KĹje fusikìc arijmìc n > 1 anaparÐstatai sa ginìmeno prÿtwn arijmÿn. H anaparĹstash aută eÐnai monadikă an agnoăsoume th diĹtaxh twn paragìntwn tou ginomènou.

ShmeÐwsh: KĹje prÿtoc jewreÐtai ginìmeno prÿtwn (me ènan ìro). ’Enac basikìc lìgoc pou den jewroÔme ìti o 1 eÐnai prÿtoc eÐnai gia na exasfalÐsoume th monadikìthta se autì to Jeÿrhma (alliÿc, ja eÐqame gia parĹdeigma 6 = 2 · 3 = 1 · 2 · 3).

Apìdeixh: DeÐqnoume prÿta me epagwgă wc proc n ìti kĹje akèraioc n ≥ 2 grĹfetai sa ginìmeno prÿtwn. O 2 eÐnai profanÿc ginìmeno prÿtwn. H epagwgikă upìjesh eÐnai ìti kĹje m ∈ N me 2 ≤ m < n grĹfetai sa ginìmeno prÿtwn. An o n eÐnai prÿtoc, den èqoume tÐpota na deÐxoume. An o n eÐnai sÔnjetoc, upĹrqoun n_1, n_2 ∈ N me 2 ≤ n_1, n_2 < n tètoioi ÿste n = n_1n_2. Apì thn epagwgikă upìjesh, kajènac apì touc n_1, n_2 anaparÐstatai sa ginìmeno prÿtwn, opìte to Ðdio isqÔei kai gia ton n = n_1n_2.

DeÐqnoume tÿra th monadikìthta. Ac upojèsoume ìti

(1.4.2) n = p_1 . . . p_r = q_1 . . . q_s,

ìpou oi p_1 ≤ . . . ≤ p_r kai q_1 ≤ . . . ≤ q_s eÐnai prÿtoi. AfoÔ p_1 | q_1 . . . q_s, to Jeÿrhma 1.4.2 deÐqnei ìti upĹrqei j ≤ s tètoioc ÿste p_1 | q_j . AfoÔ oi p_1 kai q_j eÐnai prÿtoi, anagkastikĹ èqoume p_1 = q_j . OmoÐwc, afoÔ q_1 | p_1 . . . p_r upĹrqei i ≤ r tètoioc ÿste q_1 | p_i, apfl ìpou paÐrnoume q_1 = p_i. ParathroÔme ìti

(1.4.3) p_1 = q_j ≥ q_1 = p_i ≥ p_1,

Ĺra p_1 = q_1. Tÿra, h (1.4.2) paÐrnei th morfă

(1.4.4) p_2 . . . p_r = q_2 . . . q_s.

EpanalambĹnontac thn Ðdia diadikasÐa peperasmènec to plăjoc forèc, sumperaÐnoume ìti r = s kai p_i = q_i gia kĹje i = 1, . . . , r. □

An pĹroume katĹ omĹdec touc Ðsouc prÿtouc pou emfanÐzontai sthn anaparĹstash tou Jewrămatoc 1.4.2, paÐrnoume amèswc to exăc.

Jeÿrhma 1.4.4 KĹje fusikìc arijmìc n ≥ 2 anaparÐstatai monosămanta sth mor- fă (1.4.5) n = p^{k1}_1 . . . p^{kr}_r ,

ìpou p_1 < · · · < p_r eÐnai prÿtoi arijmoÐ kai k_1, . . . , k_r ∈ N. □

Ja lème ìti h anaparĹstash thc (1.4.5) eÐnai h kanonikă anaparĹstash tou fusikoÔ arijmoÔ n.

1.5 H apeirÐa twn prÿtwn kai to jeÿrhma twn prÿtwn arijmÿn

H prÿth shmantikă sunèpeia tou jemeliÿdouc jewrămatoc thc arijmhtikăc eÐnai to jeÿrhma tou EukleÐdh gia thn apeirÐa twn prÿtwn arijmÿn. Jeÿrhma 1.5.1 UpĹrqoun Ĺpeiroi prÿtoi arijmoÐ.

Ja dÿsoume tèsseric diaforetikèc apodeÐxeic autoÔ tou jewrămatoc. Oi treic teleutaÐec exasfalÐzoun thn apeirÐa twn prÿtwn, dÐnoun ìmwc kai perissìterec plhroforÐec gia thn Ĺpeirh akoloujÐa twn prÿtwn arijmÿn.

Prÿth apìdeixh: To epiqeÐrhma eÐnai autì pou qrhsimopoÐhse o EukleÐdhc. Ac upojèsoume ìti upĹrqoun peperasmènoi to plăjoc prÿtoi arijmoÐ, oi p_1 < . . . < p_r. JewroÔme ton fusikì arijmì (1.5.1) n = p_1 . . . p_r + 1.

O n eÐnai megalÔteroc apì 1, Ĺra èqei prÿto diairèth. AfoÔ to {p_1, . . . , p_r} eÐnai to sÔnolo ìlwn twn prÿtwn arijmÿn, upĹrqei j ≤ r tètoioc ÿste p_j | n. ’Omwc, p_j | p_1 . . . p_r, Ĺra (1.5.2) p_j | (n − p_1 . . . p_r) dhladă p_j | 1.

Autì eÐnai Ĺtopo, Ĺra upĹrqoun Ĺpeiroi prÿtoi. □ H epìmenh apìdeixh qrhsimopoieÐ touc arijmoÔc tou Fermat. DeÔterh apìdeixh: Gia kĹje n = 0, 1, 2, . . . orÐzoume (1.5.3) F_n = 2^{2n} + 1.

Oi arijmoÐ F_n lègontai arijmoÐ tou Fermat. AfoÔ F_n ≥ 2 gia kĹje n ≥ 0, kĹje F_n èqei toulĹqiston ènan prÿto diairèth q_n. Ja deÐxoume ìti (1.5.3) n ≠ m =⇒ (F_n, F_m) = 1. Opoioidăpote dÔo arijmoÐ tou Fermat eÐnai sqetikĹ prÿtoi, Ĺra (1.5.4) n ≠ m =⇒ q_n ≠ q_m. (giatÐ?) ’Epetai ìti oi q_n, n ≥ 0, eÐnai diakekrimènoi prÿtoi, to opoÐo deÐqnei thn apeirÐa twn prÿtwn arijmÿn.

Gia thn apìdeixh thc (1.5.3) deÐqnoume prÿta me epagwgă to exăc: an n ≥ 1, tìte

(1.5.5) n−1∏ j=0 F_j = F_n − 2.

H (1.5.5) isqÔei an n = 1: F_0 = 3 = 5 − 2 = F_1 − 2. An deqtoÔme ìti isqÔei gia n = k, tìte k∏ j=0 F_j = k−1∏ j=0 F_j · F_k = (F_k − 2) · F_k

= (2^{2k} − 1)(2^{2k} + 1) = 2^{2k+1} − 1 = F_{k+1} − 2, dhladă h (1.5.5) isqÔei gia n = k + 1.

’Estw tÿra 0 ≤ m < n kai èstw d ènac koinìc jetikìc diairèthc twn F_m kai F_n. Tìte, (1.5.6) d | F_m | n−1∏ j=0 F_j = F_n − 2,

Ĺra d | F_n kai d | (F_n −2). ’Epetai ìti d | 2, Ĺra d = 1 ă d = 2. AfoÔ ìloi oi arijmoÐ tou Fermat eÐnai perittoÐ, o d den mporeÐ na isoÔtai me 2. ’Ara, (F_n, F_m) = 1. □ H prÿth apìdeixh (tou EukleÐdh) eÐnai polÔ pio sÔntomh kai komyă. KoitĹzontac ìmwc th deÔterh apìdeixh parathroÔme to exăc: an p_1 < p_2 < . . . < p_n < p_{n+1} < . . . eÐnai h Ĺpeirh akoloujÐa twn prÿtwn arijmÿn, tìte (1.5.7) p_n ≤ F_{n−1} = 2^{2n−1} + 1 gia kĹje n ∈ N. PrĹgmati, oi F_0, F_1, . . . , F_{n−1} èqoun n diakekrimènouc prÿtouc diairètec p_{k1} , . . . , p_{kn} , Ĺra (1.5.8) p_n ≤ max{p_{k1} , . . . , p_{kn} } ≤ max{F_0, F_1, . . . , F_{n−1}} = F_{n−1}. H paratărhsh aută mac odhgeÐ ston orismì miac sunĹrthshc π : R → R, me (1.5.9) π(x) = to plăjoc twn prÿtwn arijmÿn p ≤ x. H π eÐnai aÔxousa, kai bèbaia π(x) = 0 an x < 2. ParathroÔme ìti: an x ≥ 2 kai an n = n(x) eÐnai o megalÔteroc mh arnhtikìc akèraioc gia ton opoÐo 2^{2n} + 1 ≤ x, tìte (1.5.10) π(x) ≥ π ( 2^{2n} + 1 ) ≥ n + 1. Apì thn Ĺllh pleurĹ, 2^{2n+1} ≥ x Ĺra log_2(log_2 x) ≤ n + 1. ’Eqoume loipìn to exăc kĹtw frĹgma gia thn π(x).

Prìtash 1.5.1 Gia kĹje pragmatikì arijmì x ≥ 2 isqÔei h anisìthta (1.5.11) π(x) ≥ log_2(log_2 x).

Eidikìtera, π(x) → +∞ kajÿc to x → +∞, Ĺra upĹrqoun Ĺpeiroi prÿtoi. □

Me Ĺlla lìgia, h deÔterh apìdeixh mac dÐnei epiplèon plhroforÐec gia to plăjoc twn prÿtwn arijmÿn se èna diĹsthma thc morfăc [0, x], ìpou x eÐnai ènac {megĹloc} jetikìc pragmatikìc arijmìc. H epìmenh apìdeixh pou ja dÿsoume dÐnei akìma kalÔtero kĹtw frĹgma gia th sunĹrthsh π(x).

TrÐth apìdeixh: JewroÔme thn (endeqomènwc peperasmènh) akoloujÐa twn prÿtwn arijmÿn se aÔxousa diĹtaxh: p_1 < p_2 < . . . < p_k < . . .. An f(t) = 1/t, tìte gia kĹje n ≥ 2 kai gia kĹje n ≤ x < n + 1 èqoume

ln x = ∫_x 1 1 t dt ≤ ∫_2 1 1 t dt + ∫_3 2 1 t dt + · · · + ∫_{n+1} n 1 t dt ≤ 1 + 1 2 + · · · + 1 n ≤ ∑ m∈A(x) 1 m , ìpou A(x) eÐnai to sÔnolo ìlwn twn fusikÿn arijmÿn pou ìloi oi prÿtoi diairètec touc eÐnai mikrìteroi ă Ðsoi apì x. To sÔnolo A(x) perigrĹfetai me th boăjeia tou jemeliÿdouc jewrămatoc thc arijmhtikăc:

(1.5.12) A(x) = { n = π(x)∏

k=1 p^{rk}_k : r_k ≥ 0 } . Parathrăste ìti o 1 prokÔptei an pĹroume ìlouc touc ekjètec r_k Ðsouc me 0. Qrhsimopoiÿntac thn epimeristikă idiìthta tou pollaplasiasmoÔ wc proc thn prìsjesh elègqoume ìti

(1.5.13) ∑ m∈A(x) 1 m = π(x)∏

k=1 (_∞ ∑ s=0 1 p^s_k ) . Sthn parènjesh èqoume mia gewmetrikă seirĹ me lìgo 1/p_k, Ĺra

(1.5.14) ∞∑ s=0 1 p^s_k = 1 1 −^1_{pk} = p_k p_k − 1 . ’Epetai ìti

(1.5.15) ln x ≤ π(x)∏

k=1 p_k p_k − 1 . Apì thn profană anisìthta p_k ≥ k + 1 blèpoume ìti

(1.5.16) p_k p_k + 1

= 1 + 1 p_k − 1

≤ 1 + 1 k = k + 1 k . Epistrèfontac sthn (1.5.15) paÐrnoume

(1.5.17) ln x ≤ π(x)∏

k=1 k + 1 k = π(x) + 1.

Dhladă, èqoume apodeÐxei thn exăc beltÐwsh thc Prìtashc 1.5.1.

Prìtash 1.5.2 Gia kĹje pragmatikì arijmì x ≥ 2 isqÔei h anisìthta

(1.5.18) π(x) ≥ ln x − 1.

Eidikìtera, π(x) → +∞ kajÿc to x → +∞, Ĺra upĹrqoun Ĺpeiroi prÿtoi. □

H teleutaÐa apìdeixh pou ja dÿsoume exasfalÐzei thn apeirÐa twn prÿtwn me ton exăc trìpo: h seirĹ

(1.5.19) ∑ p∈P 1 p apoklÐnei (P eÐnai to sÔnolo twn prÿtwn arijmÿn). Epomènwc, to plăjoc twn prosjetèwn (dhladă, to plăjoc twn prÿtwn arijmÿn) apokleÐetai na eÐnai peperasmèno. H prÿth apìdeixh autoÔ tou apotelèsmatoc dìjhke apì ton Euler. EpÐ th eukairÐa, upenjumÐzoume ton orismì kai tic basikèc idiìthtec thc sunĹrthshc tou akeraÐou mèrouc.

Orismìc: ’Estw x ∈ R. To akèraio mèroc [x] tou x eÐnai o monadikìc akèraioc m pou ikanopoieÐ tic anisìthtec m ≤ x < m + 1. H apeikìnish x → [x] lègetai sunĹrthsh tou akeraÐou mèrouc.

Idiothtec: Gia kĹje x, y ∈ R isqÔoun ta exăc.

1. x − 1 < [x] ≤ x kai 0 ≤ x − [x] < 1.

2. An x ≥ 0, tìte o [x] isoÔtai me to plăjoc twn fusikÿn pou den xepernoÔn ton x. Dhladă, [x] = ∑ 1≤n≤x 1.

3. Gia kĹje k ∈ Z èqoume [x + k] = [x] + k.

4. [x] + [y] ≤ [x + y] ≤ [x] + [y] + 1.

5. An x ∈ Z tìte [x] + [−x] = 0, enÿ an x /∈ Z tìte [x] + [−x] = −1.

6. An x > 0 kai k ∈ N, tìte [x/k] eÐnai to plăjoc twn pollaplasÐwn tou k pou den xepernoÔn ton x.

H apìdeixh autÿn twn idiotătwn eÐnai aplă kai afănetai wc Ĺskhsh gia ton anagnÿsth.

Tètarth apìdeixh (Erdös): ’Estw P = {p_1, p_2, . . .} to sÔnolo twn prÿtwn arijmÿn, touc opoÐouc jewroÔme se aÔxousa diĹtaxh. Ac upojèsoume ìti h seirĹ ∑ i≥1 1 p_i sugklÐnei. Tìte, upĹrqei fusikìc arijmìc k me thn idiìthta

(1.5.20) ∑ i≥k+1 1 p_i < 1 2 .

Ja lème ìti oi p_1, . . . , p_k eÐnai oi mikroÐ prÿtoi, enÿ oi p_{k+1}, . . . eÐnai oi megĹloi prÿtoi. Gia kĹje fusikì arijmì N èqoume

(1.5.21) ∑ i≥k+1 N p_i < N 2 . GrĹfoume N_b gia to plăjoc twn fusikÿn n ≤ N pou èqoun toulĹqiston ènan megĹlo prÿto diairèth, kai N_s gia to plăjoc twn fusikÿn n ≤ N pou ìloi oi prÿtoi diairètec touc eÐnai mikroÐ. Apì ton orismì twn N_b kai N_s èqoume

(1.5.22) N_b + N_s = N.

ParathroÔme ìti to plăjoc twn fusikÿn n ≤ N pou eÐnai pollaplĹsia kĹpoiou prÿtou p_i isoÔtai me [N/p_i]. ’Ara, qrhsimopoiÿntac kai thn (1.5.21) paÐrnoume

(1.5.23) N_b ≤ ∑ i≥k+1 [ N p_i ] ≤ ∑ i≥k+1 N p_i < N 2 . Ac doÔme tÿra pÿc mporeÐ kaneÐc na frĹxei ton N_s. KĹje fusikìc n ≤ N pou èqei mìno mikroÔc prÿtouc diairètec, grĹfetai sth morfă n = a_nb^2_n, ìpou o a_n eÐnai ginìmeno diakekrimènwn prÿtwn (Ĺskhsh). AfoÔ autoÐ oi prÿtoi eÐnai kĹpoioi apì touc p_1, . . . , p_k, èqoume to polÔ 2^k epilogèc gia ton a_n. Epiplèon, b^2_n ≤ n ≤ N Ĺra b_n ≤ √ N. Dhladă, èqoume to polÔ √ N epilogèc gia ton b_n. ’Epetai ìti

(1.5.24) N_s ≤ 2^k √ N. Apì tic prohgoÔmenec treÐc sqèseic paÐrnoume

(1.5.25) N = N_b + N_s ≤ N 2 + 2^k √ N, dhladă,

(1.5.26) √ N ≤ 2^{k+1}.

Autì ìmwc den mporeÐ na isqÔei gia kĹje fusikì arijmì N: tìte to N ja ătan Ĺnw fragmèno. Katalăxame se Ĺtopo, Ĺra h seirĹ ∑ i≥1 1 p_i apoklÐnei. Eidikìtera,

upĹrqoun Ĺpeiroi prÿtoi. □ To prìblhma thc asumptwtikăc sumperiforĹc thc sunĹrthshc π(x) kajÿc to x → +∞ apasqìlhse èntona touc majhmatikoÔc katĹ ton 19o aiÿna. O Legendre (1798) èkane thn eikasÐa ìti gia megĹla x o arijmìc π(x) eÐnai perÐpou Ðsoc me (1.5.27) π(x) ≃ x ln x − A , ìpou A ≃ 1.08366. O Gauss prìteine thn prosèggish (1.5.28) π(x) ≃ ∫_x 2 1 ln t dt.

To oloklărwma sto dexiì mèloc eÐnai ousiastikĹ Ðso me x/ ln x gia megĹla x, opìte mia isqură eikasÐa pou prokÔptei apì thn (1.5.28) eÐnai h

(1.5.29) lim_{x→∞} π(x) ln x x = 1.

O Chebyshev (1848) èdeixe ìti an to ìrio sthn (1.5.29) upĹrqei, tìte ja eÐnai upoqrewtikĹ Ðso me 1. LÐgo argìtera (1850) èdeixe ìti upĹrqoun dÔo jetikèc stajerèc c_1 kai c_2 tètoiec ÿste

(1.5.30) c_1 x ln x ≤ π(x) ≤ c_2 x ln x

gia kĹje x ≥ 2. Dhladă, h swstă tĹxh megèjouc tou π(x) eÐnai x/ ln x (sugkrÐnete me to polÔ asjenèstero kĹtw frĹgma ln x − 1 pou dÐnei h Prìtash 1.5.2).

PolÔ nwrÐtera, o Euler (1740) eÐqe eisagĹgei th sunĹrthsh

(1.5.31) ζ(s) = ∞∑ n=1 1 n^s gia pragmatikèc timèc thc metablhtăc s kai eÐqe parathrăsei ìti anaparÐstatai san apeiroginìmeno:

(1.5.32) ζ(s) = ∏ p∈P ( 1 − 1 p^s )_{−1} . O Riemann (1860) paratărhse ìti aută h tautìthta ja mporoÔse na odhgăsei se qrăsima sumperĹsmata gia thn katanomă twn prÿtwn arijmÿn an jewroÔse kaneÐc th sunĹrthsh ζ san sunĹrthsh miac migadikăc metablhtăc s kai qrhsimopoioÔse tic mejìdouc thc migadikăc anĹlushc. O sumbolismìc ζ(s) ofeÐletai ston Riemann, kai h sunĹrthsh aută eÐnai gnwstă me to ìnoma {sunĹrthsh Zăta tou Riemann}.

To 1896, oi Hadamard kai de la Vallée Poussin èdeixan anexĹrthta kai sqedìn tautìqrona ìti to ìrio sthn (1.5.29) upĹrqei kai eÐnai Ðso me 1. To apotèlesma autì eÐnai gnwstì wc to {Jeÿrhma twn prÿtwn arijmÿn}. Apì th douleiĹ tou de la Vallée Poussin èpetai ìti to oloklărwma (1.5.29) pou prìteine o Gauss dÐnei kalÔterh prosèggish gia thn timă tou π(x) apfl ìti dÐnei h (1.5.28), ìpoia timă ki an dokimĹsei kaneÐc gia th stajerĹ A.

1.6 BasikĹ lămmata diairetìthtac

Se aută th sÔntomh parĹgrafo apodeiknÔoume kĹpoia stoiqeiÿdh allĹ polÔ basikĹ lămmata sqetikĹ me th diairetìthta, ta opoÐa ja qrhsimopoioÔme suqnĹ sth sunèqeia.

Lămma 1.6.1 An a, b, c ∈ N, tìte (ca, cb) = c(a, b).

Apìdeixh: Jètoume d_1 = (ca, cb) kai d_2 = (a, b). UpĹrqoun akèraioi x kai y tètoioi ÿste (1.6.1) d_1 = cax + cby. ParathroÔme ìti d_2 | a ⇒ cd_2 | ca kai d_2 | b ⇒ cd_2 | cb. ’Ara, (1.6.2) cd_2 | (cax + cby) = d_1. Apì thn Ĺllh pleurĹ, upĹrqoun akèraioi u kai v tètoioi ÿste (1.6.3) d_2 = au + bv. AfoÔ d_1 | ca kai d_1 | cb, paÐrnoume (1.6.4) d_1 | (cau + cbv) = cd_2. DeÐxame ìti cd_2 | d_1 kai d_1 | cd_2, Ĺra d_1 = cd_2. □ Lămma 1.6.2 ’Estw r_1, r_2 ∈ N me (r_1, r_2) = 1. An r_1 | r_2m gia kĹpoion m ∈ N, tìte r_1 | m.

Apìdeixh: UpĹrqoun akèraioi x kai y tètoioi ÿste r_1x + r_2y = 1. ’Ara, (1.6.5) r_1mx + r_2my = m.

’Omwc, r_1 | r_1mx kai r_1 | r_2m ⇒ r_1 | r_2my. ’Ara, r_1 | (r_1mx + r_2my) = m. □ Paradeigma: An 8 | 3m, tìte 8 | m.

Lămma 1.6.3 ’Estw r_1, r_2 ∈ N me (r_1, r_2) = 1. An r_1 | m kai r_2 | m gia kĹpoion m ∈ N, tìte r_1r_2 | m.

Apìdeixh: UpĹrqoun akèraioi x kai y tètoioi ÿste r_1x + r_2y = 1. ’Ara, (1.6.6) r_1mx + r_2my = m.

AfoÔ r_2 | m èqoume r_1r_2 | r_1mx kai afoÔ r_1 | m èqoume r_1r_2 | r_2my. ’Ara, r_1r_2 | (r_1mx + r_2my) = m. □ Paradeigma: Gia na deÐxoume ìti 24 | m, arkeÐ na deÐxoume ìti 8 | m kai 3 | m. Lămma 1.6.4 ’Estw a, b ∈ N me (a, b) = 1. An w | ab, tìte o w grĹfetai sth morfă w = uv, ìpou u | a, v | b kai (u, v) = 1.

Apìdeixh: ’Amesh sunèpeia tou Jeÿrămatoc 1.3.3. EÐqame apodeÐxei ìti upĹrqoun monadikoÐ fusikoÐ u kai v tètoioi ÿste w = uv, u | a kai v | b. Ac doÔme giatÐ (u, v) = 1: o (u, v) diaireÐ ton u, Ĺra diaireÐ ton a. OmoÐwc, o (u, v) diaireÐ ton v, Ĺra diaireÐ ton b. ’Epetai ìti (u, v) | (a, b) = 1, opìte (u, v) = 1. □

1.7 Mia grammikă diofantikă exÐswsh

Me ton ìro diofantikă exÐswsh ennooÔme mia exÐswsh thc morfăc (1.7.1) f(x_1, . . . , x_k) = b, gia thn opoÐa yĹqnoume lÔseic stouc rhtoÔc, touc akèraiouc ă touc mh arnhtikoÔc akèraiouc arijmoÔc. Dhladă, oi timèc twn metablhtÿn x_1, . . . , x_k eÐnai sto Q, to Z ă to Z^+ antÐstoiqa. Sunăjwc, h sunĹrthsh f eÐnai èna poluÿnumo me rhtoÔc ă akèraiouc suntelestèc.

Se aută thn parĹgrafo ja meletăsoume th grammikă diofantikă exÐswsh

(1.7.2) a_1x_1 + · · · + a_kx_k = b,

ìpou a_1, . . . , a_k, b ∈ Z. Mac endiafèrei na doÔme pìte upĹrqoun akèraiec lÔseic thc (1.7.2), dhladă akèraioi x_1, . . . , x_k oi opoÐoi thn ikanopoioÔn. Gia aplìthta upojètoume ìti k = 2 kai ìti a_1, a_2 ∈ N (h teleutaÐa upìjesh den periorÐzei th genikìthta - giatÐ?).

Jeÿrhma 1.7.1 ’Estw a_1, a_2 fusikoÐ arijmoÐ. An b ∈ Z, tìte upĹrqoun akèraioi x_1, x_2 tètoioi ÿste

(1.7.3) a_1x_1 + a_2x_2 = b

an kai mìno an o b eÐnai pollaplĹsio tou (a_1, a_2). Eidikìtera, h exÐswsh èqei lÔsh gia kĹje b ∈ Z an kai mìno an (a_1, a_2) = 1.

Apìdeixh: Jètoume d = (a_1, a_2). Ac upojèsoume ìti gia kĹpoion b ∈ Z h exÐswsh èqei akèraia lÔsh, touc x_1, x_2. AfoÔ d | a_1 kai d | a_2, èqoume

(1.7.4) d | a_1x_1 + a_2x_2 = b,

dhladă o b eÐnai pollaplĹsio tou (a_1, a_2). AntÐstrofa, an b = kd gia kĹpoion k ∈ Z, ja deÐxoume ìti h exÐswsh èqei akèraia lÔsh. Apì to Jeÿrhma 1.3.1, upĹrqoun y_1, y_2 ∈ Z tètoioi ÿste a_1y_1 + a_2y_2 = d. ’Omwc tìte,

(1.7.5) a_1(y_1k) + a_2(y_2k) = (a_1y_1 + a_2y_2)k = dk = b,

dhladă oi akèraioi x_1 = y_1k kai x_2 = y_2k eÐnai mia lÔsh thc (1.7.3).

Apì thn prohgoÔmenh isodunamÐa, h exÐswsh èqei akèraia lÔsh gia kĹje b ∈ Z an kai mìno an (a_1, a_2) | b gia kĹje b ∈ Z. ’Omwc, o mìnoc fusikìc arijmìc pou diaireÐ ìlouc touc akeraÐouc eÐnai o 1 (giatÐ?). ’Ara, h exÐswsh èqei akèraia lÔsh gia kĹje b ∈ Z an kai mìno an (a_1, a_2) = 1. □

To Jeÿrhma 1.7.1 dÐnei plărh apĹnthsh sto erÿthma an upĹrqoun lÔseic thc a_1x_1+a_2x_2 = b. H apìdeixă tou mac dÐnei kai mia mèjodo gia na brÐskoume mia tètoia lÔsh. ’Eqoume b = (a_1, a_2)k gia kĹpoion akèraio k. Qrhsimopoiÿntac ton algìrijmo tou EukleÐdh brÐskoume akeraÐouc y_1 kai y_2 tètoiouc ÿste a_1y_1 + a_2y_2 = (a_1, a_2). Tìte, oi x_1 = y_1k kai x_2 = y_2k dÐnoun mia lÔsh.

’Ena fusiologikì erÿthma eÐnai tÿra to exăc: pwc mporoÔme na broÔme ìlec tic lÔseic thc exÐswshc an gnwrÐzoume mia lÔsh thc. H apĹnthsh dÐnetai apì to epìmeno jeÿrhma.

Jeÿrhma 1.7.2 ’Estw a_1, a_2 fusikoÐ arijmoÐ. An o b ∈ Z eÐnai pollaplĹsio tou d = (a_1, a_2), kai an oi akèraioi x_1, x_2 ikanopoioÔn thn (1.7.6) a_1x_1 + a_2x_2 = b, tìte oi akèraioi y_1 kai y_2 eÐnai lÔsh thc (1.7.6) an kai mìno an (1.7.7) y_1 = x_1 + (a_2/d)t kai y_2 = x_2 − (a_1/d)t gia kĹpoion t ∈ Z.

Apìdeixh: ’Estw t ∈ Z. Tìte, (1.7.8) a_1(x_1 + (a_2/d)t) + a_2(x_2 − (a_1/d)t) = a_1x_1 + a_2x_2 + a_1a_2 d t − a_1a_2 d t = b, dhladă oi y_1 = x_1 + (a_2/d)t kai y_2 = x_2 − (a_1/d)t eÐnai lÔsh thc exÐswshc.

AntÐstrofa: ac upojèsoume ìti (1.7.9) a_1x_1 + a_2x_2 = b = a_1y_1 + a_2y_2 gia kĹpoiouc akeraÐouc y_1 kai y_2. Tìte, (1.7.10) a_1(y_1 − x_1) = a_2(x_2 − y_2), Ĺra (1.7.11) r_1(y_1 − x_1) = r_2(x_2 − y_2), ìpou r_1 = a_1/d kai r_2 = a_2/d. ParathroÔme ìti, apì to Lămma 1.6.1, (1.7.12) d = (a_1, a_2) = (dr_1, dr_2) = d(r_1, r_2), dhladă (r_1, r_2) = 1. AfoÔ r_2 | r_1(y_1 − x_1), apì to Lămma 1.6.2 sumperaÐnoume ìti r_2 | (y_1 − x_1). ’Ara, upĹrqei t ∈ Z tètoioc ÿste y_1 − x_1 = r_2t. Epistrèfontac sthn (1.7.11) èqoume r_1r_2t = r_2(x_2 − y_2), dhladă y_2 = x_2 − r_1t. Gia thn tuqoÔsa lÔsh y_1, y_2 thc (1.7.6) brăkame t ∈ Z tètoion ÿste y_1 = x_1 + r_2t = x_1 + (a_2/d)t kai y_2 = x_2 − r_1t = x_2 − (a_1/d)t. ’Ara, ìlec oi lÔseic eÐnai autăc thc morfăc. □ Paradeigma: Jèloume na broÔme ìlec tic akèraiec lÔseic thc exÐswshc (1.7.13) 172x + 20y = 1000.

Băma 1: UpologÐzoume to mègisto koinì diairèth twn 172 kai 20. 172 = 20 · 8 + 12 20 = 12 · 1 + 8 12 = 8 · 1 + 4 8 = 4.2 ’Ara, (172, 20) = 4.

Băma 2: AfoÔ 4 | 1000, h exÐswsh èqei akèraiec lÔseic. Băma 3: BrÐskoume mia lÔsh thc exÐswshc. 4 = 12 − 8 = 12 − (20 − 12) = 12 · 2 − 20 = (172 − 20 · 8) · 2 − 20 = 172 · 2 − 20 · 16 − 20 = 172 · 2 + 20 · (−17).

PollaplasiĹzontac epÐ 1000/4=250 paÐrnoume 172 · 500 + 20 · (−4250) = 1000.

Dhladă, mia lÔsh thc exÐswshc eÐnai oi x_1 = 500 kai x_2 = −4250. Băma 4: ’Eqoume r_1 = 172/4 = 43 kai r_2 = 20/4 = 5. Băma 5: Oi lÔseic thc exÐswshc eÐnai ta zeugĹria y_1 = 500 + 5t kai y_2 = −4250 − 43t ìpou o t diatrèqei touc akeraÐouc.

ShmeÐwsh: Ac upojèsoume ìti mac zhtoÔn tic mh arnhtikèc ă tic jetikèc akèraiec lÔseic miac grammikăc diofantikăc exÐswshc. ’Eqontac breÐ th genikă morfă twn akèraiwn lÔsewn thc exÐswshc, arkeÐ plèon na lÔsoume èna sÔsthma anisÿsewn. Sto sugkekrimèno parĹdeigma, gia na broÔme tic jetikèc akèraiec lÔseic thc 172x+ 20y = 1000, lÔnoume to sÔsthma 500 + 5t > 0 −4250 − 43t > 0 wc proc t ∈ Z. ZhtĹme t > −100 kai t < −4250/43 ≃ −98.83 . . .. O monadikìc akèraioc pou ikanopoieÐ tic dÔo anisìthtec eÐnai o t_0 = −99, gia ton opoÐo paÐrnoume th monadikă jetikă lÔsh x_0 = 500 + 5 · (−99) = 5 kai y_0 = −4250 + 43 · 99 = 7.

PrĹgmati, 172 · 5 + 20 · 7 = 860 + 140 = 1000. □

1.8 Pujagìreiec triĹdec kai to {teleutaÐo jeÿrhma} tou Fermat

Pujagìreia triĹda eÐnai mia triĹda fusikÿn arijmÿn x, y kai z pou ikanopoioÔn thn exÐswsh x^2 + y^2 = z^2. Profanÿc, an pollaplasiĹsoume touc x, y kai z me ton Ðdio fusikì arijmì k, ja pĹroume mia nèa Pujagìreia triĹda: thn x_1 = kx, y_1 = ky kai z_1 = kz. Ja lème loipìn ìti h Pujagìreia triĹda x, y, z eÐnai prwtarqikă an o mègistoc koinìc diairèthc twn x, y kai z isoÔtai me 1.

To prìblhma pou ja mac apasqolăsei eÐnai na broÔme ènan trìpo na {kataskeuĹzoume susthmatikĹ} prwtarqikèc Pujagìreiec triĹdec.

AnĹlush: Ac upojèsoume ìti x^2 + y^2 = z^2 kai ìti o mègistoc koinìc diairèthc twn x, y kai z isoÔtai me 1. Tìte, opoioidăpote dÔo apì touc x, y kai z eÐnai sqetikĹ prÿtoi. Gia parĹdeigma, ac upojèsoume ìti d | x kai d | y. Tìte, d^2 | x^2 + y^2 = z^2, Ĺra d | z (Ĺskhsh). ’Ara, o d eÐnai koinìc diairèthc twn x, y kai z, dhladă d = 1. ’Omoia deÐqnoume ìti (x, z) = 1 kai (y, z) = 1.

Eidikìtera, toulĹqiston dÔo apì touc x, y kai z eÐnai perittoÐ. An dÔo apì autoÔc ătan Ĺrtioi, tìte den ja ătan sqetikĹ prÿtoi. EpÐshc, oi x, y kai z den mporoÔn na eÐnai ìloi perittoÐ. Tìte, o x^2 + y^2 ja ătan Ĺrtioc enÿ o z^2 ja ătan perittìc. Epomènwc, akribÿc ènac apì touc x, y kai z eÐnai Ĺrtioc.

H epìmenh paratărhsh eÐnai ìti o z den mporeÐ na eÐnai Ĺrtioc. AfoÔ to tetrĹgwno enìc perittoÔ arijmoÔ eÐnai thc morfăc 4k + 1, an o z ătan Ĺrtioc ja eÐqame z^2 = 4m kai x^2 + y^2 = 4s + 2, to opoÐo eÐnai Ĺtopo.

MporoÔme loipìn na upojèsoume, allĹzontac th seirĹ twn x kai y an qreiasteÐ, ìti isqÔei to exăc.

Lămma 1.8.1 An x, y, z eÐnai mia prwtarqikă Pujagìreia triĹda, tìte o z eÐnai perittìc kai, qwrÐc blĹbh thc genikìthtac, o x eÐnai Ĺrtioc kai o y perittìc. □

GrĹfontac x^2 = z^2 − y^2 kai paragontopoiÿntac, paÐrnoume

(1.8.1) x^2 = (z + y)(z − y).

AfoÔ oi y, z eÐnai perittoÐ, oi x, z + y kai z − y eÐnai ìloi Ĺrtioi. UpĹrqoun loipìn fusikoÐ u, v kai w tètoioi ÿste (1.8.2) x = 2u, z + y = 2v, z − y = 2w. Apì thn (1.8.1) èqoume 4u^2 = 4vw, dhladă

(1.8.3) u^2 = vw.

EpÐshc, (v, w) = 1 giatÐ (v, w) | v + w = z, (v, w) | v − w = y kai (z, y) = 1. Ja qrhsimopoiăsoume to exăc aplì lămma (h apìdeixă tou afănetai wc Ĺskhsh - qrhsimopoiăste tic kanonikèc anaparastĹseic twn u, v kai w).

Lămma 1.8.2 ’Estw u, v kai w fusikoÐ arijmoÐ me u^2 = vw kai (v, w) = 1. Tìte, oi v kai w eÐnai tèleia tetrĹgwna: upĹrqoun m kai s ∈ N tètoioi ÿste v = m^2 kai w = s^2. □

Oi v kai w eÐnai loipìn tèleia tetrĹgwna, epomènwc, upĹrqoun fusikoÐ m kai s tètoioi ÿste v = m^2 kai w = s^2. Epiplèon, afoÔ (v, w) = 1 èqoume (m, s) = 1. Tÿra,

(1.8.4) z = v + w = m^2 + s^2 kai y = v − w = m^2 − s^2,

Ĺra m > s kai, afoÔ oi z, y eÐnai perittoÐ, o ènac apì touc m, s eÐnai Ĺrtioc kai o Ĺlloc perittìc. Tèloc,

(1.8.5) x^2 = z^2 − y^2 = m^4 + 2m^2s^2 + s^4 − m^4 + 2m^2s^2 − s^4 = 4m^2s^2 = (2ms)^2,

dhladă (1.8.6) x = 2ms. Me Ĺlla lìgia, èqoume apodeÐxei to exăc.

Jeÿrhma 1.8.1 An mac dojeÐ mia prwtarqikă Pujagìreia triĹda, mporoÔme na broÔme fusikoÔc m kai s me m > s kai (m, s) = 1, ton ènan perittì kai ton Ĺllon Ĺrtio, ètsi ÿste h triĹda na apoteleÐtai apì touc x = 2ms, y = m^2 − s^2 kai z = m^2 + s^2. □

’Opwc deÐqnei to epìmeno Jeÿrhma, me thn anĹlush pou kĹname èqoume katalăxei se ènan aplì trìpo {kataskeuăc} ìlwn twn prwtarqikÿn Pujagìreiwn triĹdwn.

Jeÿrhma 1.8.2 ’Estw m kai s fusikoÐ arijmoÐ me m > s kai (m, s) = 1. Upojètoume epÐshc ìti ènac apì touc m, s eÐnai perittìc kai o Ĺlloc Ĺrtioc. Tìte, oi arijmoÐ 2ms, m^2 − s^2 kai m^2 + s^2 sqhmatÐzoun mia prwtarqikă Pujagìreia triĹda.

Apìdeixh: ParathroÔme prÿta ìti

(1.8.6) (2ms)^2 + (m^2 − s^2)^2 = (m^2 + s^2)^2.

An deÐxoume ìti (2ms, m^2 − s^2) = 1, tìte h triĹda ja eÐnai prwtarqikă (giatÐ?). Ac upojèsoume ìti d = (2ms, m^2 − s^2) > 1. Tìte, o d èqei ènan prÿto parĹgonta p, o opoÐoc den mporeÐ na isoÔtai me 2 giatÐ diaireÐ ton perittì arijmì m^2 − s^2. AfoÔ p | 2ms, o p diaireÐ kĹpoion apì touc m kai s. An o p diaireÐ ton m, tìte p | m^2 kai p | (m^2 − s^2), Ĺra p | s^2, dhladă p | s. ’Omwc oi m, s eÐnai sqetikĹ prÿtoi, opìte katalăgoume se Ĺtopo. Me ton Ðdio trìpo katalăgoume se Ĺtopo an upojèsoume ìti o p diaireÐ ton s.

EÐdame ìti (2ms, m^2 − s^2) = 1, ki autì apodeiknÔei ìti oi 2ms, m^2 − s^2, m^2 + s^2 sqhmatÐzoun prwtarqikă Pujagìreia triĹda. □

Me bĹsh ta dÔo prohgoÔmena jewrămata mporoÔme polÔ eÔkola na parĹgoume ìlec tic prwtarqikèc Pujagìreiec triĹdec, xekinÿntac apì tic {mikrìterec}:

1. m = 2 kai s = 1: x = 4, y = 3, z = 5 2. m = 3 kai s = 2: x = 12, y = 5, z = 13 3. m = 4 kai s = 1: x = 8, y = 15, z = 17 4. m = 4 kai s = 3: x = 24, y = 7, z = 25 5. m = 5 kai s = 2: x = 20, y = 21, z = 29 6. m = 5 kai s = 4: x = 40, y = 9, z = 41 7. m = 6 kai s = 1: x = 12, y = 35, z = 37 8. m = 6 kai s = 5: x = 60, y = 11, z = 61 9. m = 7 kai s = 2: x = 28, y = 45, z = 53 10. m = 7 kai s = 4: x = 56, y = 33, z = 65 11. m = 7 kai s = 6: x = 84, y = 13, z = 85 kai oÔtw kajexăc.

Ta orjogÿnia trÐgwna pou èqoun pleurèc me măkh x, y kai z pou sqhmatÐzoun Pujagìreia triĹda lègontai Pujagìreia trÐgwna kai èqoun endiafèrousec idiìthtec. ’Ena parĹdeigma eÐnai to exăc.

Paradeigma: JewroÔme èna Pujagìreio trÐgwno me pleurèc pou èqoun măkh x, y kai z ∈ N. Tìte, h aktÐna ρ tou eggegrammènou kÔklou tou trigÿnou eÐnai fusikìc arijmìc.

Gia thn apìdeixh mporoÔme na upojèsoume ìti x^2 + y^2 = z^2 kai ìti h triĹda x, y, z eÐnai prwtarqikă (giatÐ?). Enÿnontac to kèntro tou eggegrammènou kÔklou me tic treÐc korufèc tou, qwrÐzoume to arqikì trÐgwno se trÐa trÐgwna me Ôyoc ρ kai antÐstoiqec bĹseic x, y kai z.

AfoÔ to arqikì trÐgwno eÐnai orjogÿnio, to embadìn tou ekfrĹzetai me dÔo trìpouc:

(1.8.7) E = xy 2 = ρx 2 + ρy 2 + ρz 2 . Dhladă, (1.8.8) xy = ρ(x + y + z). Apì to Jeÿrhma 1.8.1 upĹrqoun m, s ∈ N me m > s, tètoioi ÿste x = 2ms, y = m^2 − s^2 kai z = m^2 + s^2. Antikajistÿntac sthn (1.8.8) paÐrnoume (1.8.9) 2ms(m^2 − s^2) = ρ(2ms + m^2 − s^2 + m^2 + s^2) = ρ · 2m(m + s), apfl ìpou sumperaÐnoume ìti (1.8.10) ρ = s(m − s) ∈ N. To {teleutaÐo jeÿrhma} tou Fermat: H exÐswsh x^2 + y^2 = z^2 èqei, ìpwc eÐdame, Ĺpeirec lÔseic stouc fusikoÔc arijmoÔc. To (apodedeigmèno plèon) teleutaÐo jeÿrhma tou Fermat eÐnai o exăc isqurismìc.

Jeÿrhma 1.8.3 (Wiles) Gia kĹje n > 2, h exÐswsh x^n + y^n = z^n den èqei lÔsh stouc fusikoÔc arijmoÔc.

Skopìc mac edÿ eÐnai aplÿc na deÐxoume thn apìdeixh autoÔ tou isqurismoÔ sthn perÐptwsh n = 4.

Jeÿrhma 1.8.4 H exÐswsh x^4 + y^4 = z^4 den èqei lÔsh stouc fusikoÔc arijmoÔc.

ParathroÔme prÿta ìti to Jeÿrhma 1.8.4 eÐnai Ĺmesh sunèpeia tou parakĹtw jewrămatoc.

Jeÿrhma 1.8.5 H exÐswsh x^4 + y^4 = z^2 den èqei lÔsh stouc fusikoÔc arijmoÔc.

PrĹgmati, an oi fusikoÐ x, y kai z ikanopoioÔn thn x^4 +y^4 = z^4, tìte oi fusikoÐ x, y kai w = z^2 ikanopoioÔn thn x^4 + y^4 = w^2.

Gia thn apìdeixh tou Jewrămatoc 1.8.5 ja qrhsimopoiăsoume th {mèjodo thc Ĺpeirhc kajìdou}, h opoÐa perigrĹfetai wc exăc: An jèloume na deÐxoume ìti den upĹrqei fusikìc n pou na èqei kĹpoia idiìthta (P ), arkeÐ na apodeÐxoume thn exăc sunepagwgă:

An o n ∈ N èqei thn idiìthta (P ), tìte upĹrqei fusikìc m < n pou èqei ki autìc thn idiìthta (P ).

Tìte, odhgoÔmaste se Ĺtopo wc exăc. JewroÔme n_1 pou èqei thn idiìthta (P ). UpĹrqei n_2 < n_1 pou èqei thn idiìthta (P ), n_3 < n_2 pou èqei thn idiìthta (P ) kai oÔtw kajexăc. ’Omwc ètsi ftiĹqnoume mia Ĺpeirh gnhsÐwc fjÐnousa akoloujÐa fusikÿn n_1 > n_2 > · · · > n_k > n_{k+1} > · · ·, to opoÐo eÐnai Ĺtopo.

Sthn perÐptwsă mac h katĹllhlh idiìthta eÐnai h exăc: to tetrĹgwno n^2 tou fusikoÔ n grĹfetai san Ĺjroisma dÔo tetĹrtwn dunĹmewn fusikÿn arijmÿn. Ja upojèsoume ìti gia kĹpoion z ∈ N upĹrqoun x, y ∈ N tètoioi ÿste x^4 + y^4 = z^2 kai ja broÔme dÔo Ĺllouc fusikoÔc X, Y tètoiouc ÿste X^4 + Y^4 < x^4 + y^4 = z^2 kai X^4 + Y^4 = w^2 gia kĹpoion w ∈ N. Tìte, o w èqei thn idiìthta pou perigrĹyame, kai w < z. SÔmfwna me th mèjodo thc Ĺpeirhc kajìdou, katalăgoume se Ĺtopo.

Apìdeixh tou Jewrămatoc 1.8.5: ’Estw x, y, z fusikoÐ arijmoÐ pou ikanopoioÔn thn x^4 + y^4 = z^2. Tìte, oi x^2, y^2 kai z sqhmatÐzoun Pujagìreia triĹda kai, diairÿntac me to mègisto koinì diairèth touc, mporoÔme na upojèsoume ìti h triĹda eÐnai prwtarqikă. ’Epetai ìti oi x, y kai z eÐnai anĹ dÔo sqetikĹ prÿtoi. AllĹzontac th seirĹ twn x kai y an qreiasteÐ, mporoÔme na upojèsoume ìti o x^2 (Ĺra kai o x) eÐnai Ĺrtioc, enÿ o y^2 (Ĺra kai o y) eÐnai perittìc. Apì to Jeÿrhma 1.8.1,

x^2 = 2ms y^2 = m^2 − s^2 z = m^2 + s^2,

ìpou m > s > 0, (m, s) = 1 kai oi m, s eÐnai o ènac perittìc kai o Ĺlloc Ĺrtioc. Apì th deÔterh isìthta paÐrnoume

(1.8.11) y^2 + s^2 = m^2, kai apì thn (m, s) = 1 èpetai ìti oi y, s, m sqhmatÐzoun prwtarqikă Pujagìreia triĹda. Eidikìtera, sumperaÐnoume ìti o m eÐnai perittìc kai o s eÐnai Ĺrtioc. ’Epetai ìti s = 2ab y = a^2 − b^2 m = a^2 + b^2,

ìpou a > b > 0, (a, b) = 1 kai oi a, b eÐnai o ènac perittìc kai o Ĺlloc Ĺrtioc. ParathroÔme ìti

(1.8.12) x^2 = 2ms = 4(ab)(a^2 + b^2) =⇒ (x/2)^2 = (ab)(a^2 + b^2).

Dhladă, to ginìmeno twn ab kai a^2 + b^2 eÐnai tèleio tetrĹgwno. ’Omwc, apì thn (a, b) = 1 blèpoume eÔkola ìti (ab, a^2 + b^2) = 1. Apì to Lămma 1.8.2 oi ab kai a^2 + b^2 eÐnai tèleia tetrĹgwna. PĹli apì to Lămma 1.8.2, afoÔ (a, b) = 1 kai o ab eÐnai tèleio tetrĹgwno, kajènac apì touc a kai b eÐnai tèleio tetrĹgwno. Dhladă, upĹrqoun X, Y kai w ∈ N tètoioi ÿste

(1.8.13) a = X^2, b = Y^2 kai a^2 + b^2 = w^2.

Apì thn (1.8.13),

(1.8.14) w^2 = a^2 + b^2 = X^4 + Y^4,

dhladă to tetrĹgwno tou w grĹfetai san Ĺjroisma dÔo tetĹrtwn dunĹmewn fusikÿn arijmÿn, kai

(1.8.15) X^4 + Y^4 = a^2 + b^2 = m < m^2 + s^2 = z < z^2 = x^4 + y^4,

dhladă, w < z. H mèjodoc thc Ĺpeirhc kajìdou sumplhrÿnei thn apìdeixh. □

1.9 Askăseic

1. (a) DeÐxte ìti 2 · 6 · 10 · 14 · · · (4n − 2) =

(2n)! n! gia kĹje n ∈ N.

(b) Qrhsimopoiÿntac to (a) deÐxte ìti 2^n(n!)^2 ≤ (2n)! gia kĹje n ≥ 1. 2. Me th mèjodo thc epagwgăc deÐxte ìti 1 1^2 + 1 2^2 + 1 3^2 + · · · + 1 n^2 ≤ 2 − 1 n gia kĹje n ≥ 1.

3. ApodeÐxte tic idiìthtec 1 wc 8 thc §1.2 (selÐda 8). 4. Qrhsimopoiÿntac thn tautìthta thc diaÐreshc deÐxte ìti: (a) To tetrĹgwno enìc akeraÐou eÐnai pĹnta thc morfăc 3k ă 3k + 1. (b) O kÔboc enìc akeraÐou eÐnai pĹnta thc morfăc 9k, 9k + 1 ă 9k + 8. (g) H tètarth dÔnamh enìc akeraÐou eÐnai pĹnta thc morfăc 5k ă 5k + 1. 5. DeÐxte ìti an ènac akèraioc eÐnai tautìqrona tetrĹgwno kai kÔboc (ìpwc gia parĹdeigma o 64 = 8^2 = 4^3), tìte prèpei na eÐnai thc morfăc 7k ă 7k + 1. 6. DeÐxte thn exăc morfă thc tautìthtac thc diaÐreshc: an a, b ∈ Z kai a ≠ 0, upĹrqoun monadikoÐ akèraioi q kai r tètoioi ÿste b = aq + r kai −|a|/2 < r ≤ |a|/2. 7. O orismìc tou mègistou koinoÔ diairèth genikeÔetai wc exăc: an k ≥ 2 kai a_1, . . . , a_k ∈ Z kai toulĹqiston ènac apì touc a_1, . . . , a_k den eÐnai mhdèn, orÐzoume (a_1, . . . , a_k) ekeÐnon ton jetikì akèraio d pou ikanopoieÐ ta exăc:

1. d | a_j gia kĹje j = 1, . . . , k.

2. An s ∈ Z kai s | a_j gia kĹje j, tìte s ≤ d.

(a) DeÐxte ìti (a_1, . . . , a_k) = (|a_1|, . . . , |a_k|) kai ìti upĹrqoun akèraioi x_1, . . . , x_k tètoioi ÿste (a_1, . . . , a_k) = a_1x_1 + · · · + a_kx_k. (b) DeÐxte ìti ((a_1, . . . , a_{k−1}), a_k) = (a_1, . . . , a_k).

8. ’Estw a, b ∈ N. An (a, b) = ax + by gia kĹpoiouc x, y ∈ Z, deÐxte ìti (x, y) = 1. 9. Gia kĹje a ∈ Z deÐxte ìti (2a + 1, 9a + 4) = 1 kai (5a + 2, 7a + 3) = 1.

10. ApodeÐxte tic parakĹtw idiìthtec tou mègistou koinoÔ diairèth.

1. An (a, b) = 1 kai (a, c) = 1 tìte (a, bc) = 1. 2. An (a, b) = 1 kai c | a tìte (b, c) = 1. 3. An (a, b) = 1 tìte (ac, b) = (c, b). 4. An (a, b) = 1 tìte (a^2, b^2) = 1.

Se ìla ta erwtămata upojètoume ìti a, b, c ∈ N.

11. ’Estw a, b kai c fusikoÐ arijmoÐ. DeÐxte ìti (ab, c) = 1 an kai mìno an (a, c) = (b, c) = 1.

12. ’Estw a kai b fusikoÐ arijmoÐ. DeÐxte ìti (a, bc) = (a, b)(a, c) gia kĹje c ∈ N an kai mìno an (a, b) = 1.

13. ’Estw d, n ∈ N. An d | n, tìte (2^d − 1) | (2^n − 1). [Upìdeixh: Qrhsimopoiăste thn tautìthta x^k − 1 = (x − 1)(x^{k−1} + x^{k−2} + · · · + x + 1).]

14. Gia kĹje n ∈ N kai 0 ≤ k ≤ n, orÐzoume ton diwnumikì suntelestă ( n k ) = n(n − 1) · · · (n − k + 1) k! = n! k!(n − k)! . (a) SumfwnoÔme ìti 0! = 1 kai

(_0 0 ) = 1. DeÐxte ìti, gia kĹje n ∈ N, ( n 0 ) = ( n n ) = 1 kai ( n k ) = ( n − 1 k ) + ( n − 1 k − 1 )

gia kĹje 1 ≤ k ≤ n − 1.

(b) DeÐxte ìti to ginìmeno k diadoqikÿn fusikÿn diaireÐtai me k!. [Upìdeixh: DeÐxte me epagwgă ìti o (_n k ) eÐnai akèraioc.]

15. DeÐxte ìti o n^4 + 4 eÐnai sÔnjetoc gia kĹje n ≥ 2.

16. DeÐxte ìti oi treic fusikoÐ arijmoÐ n, n+2, n+4 den mporoÔn na eÐnai tautìqrona prÿtoi, ektìc an n = 3.

17. ’Estw p > 3 ènac prÿtoc arijmìc.

(a) Exhgăste giatÐ p = 6k + 1 ă p = 6k − 1 gia kĹpoion k ∈ N. (b) DeÐxte ìti 24 | (p^2 − 1).

18. DeÐxte ìti 24 | n(n^2 − 1) gia kĹje perittì n ∈ N.

19. DeÐxte ìti gia kĹje fusikì arijmì n > 2 toulĹqiston ènac apì touc 2^n − 1 kai 2^n + 1 eÐnai sÔnjetoc. 20. ’Estw a, b, c ∈ N.

(a) DeÐxte ìti an 3 | (a^2 + b^2) tìte 3 | ab. (b) DeÐxte ìti an 9 | (a^3 + b^3 + c^3) tìte 3 | abc. 21. (a) ’Estw a, b ∈ N kai èstw a = ∏ p∈P p^{rp} , b = ∏ p∈P p^{sp} oi kanonikèc anaparastĹseic twn a, b. DeÐxte ìti (a, b) = ∏ p∈P p^{kp} , ìpou k_p = min{r_p, s_p} gia kĹje p ∈ P . (b) ’Estw a, b, c ∈ N. ApodeÐxte ta parakĹtw qwrÐc na qrhsimopoiăsete tic kanonikèc anaparastĹseic twn a, b, c. 1. (ac, bc) = c(a, b). 2. (a, bc) = (a, (a, b)c). 3. (a^2, b^2) = (a, b)^2.

Tÿra, apodeÐxte ta Ðdia prĹgmata qrhsimopoiÿntac tic kanonikèc anaparastĹseic twn a, b, c. 22. (a) ’Estw a, b ∈ N. DeÐxte ìti upĹrqei monadikìc m ∈ N o opoÐoc ikanopoieÐ ta exăc:

1. a | m kai b | m.

2. An x ∈ N kai a | x, b | x, tìte m | x.

[Upìdeixh: Jewrăste to S = {x ∈ N : a | x kai b | x}. DeÐxte ìti eÐnai mh kenì kai pĹrte san m to elĹqisto stoiqeÐo tou.]

(b) O m lègetai elĹqisto koinì pollaplĹsio twn a kai b, kai sumbolÐzetai me [a, b]. PerigrĹyte ton [a, b] me th boăjeia twn kanonikÿn anaparastĹsewn twn a kai b. 23. ’Estw a, b, c ∈ N. OrÐste to elĹqisto koinì pollaplĹsio [a, b, c] twn a, b, c kai deÐxte ìti: (a) (a, b) · [a, b] = ab. (b)^{[a,b,c]2} [a,b][a,c][b,c] = (a,b,c)^2 (a,b)(a,c)(b,c) . 24. DeÐxte ìti (a, b) = (a + b, [a, b]) gia kĹje a, b ∈ N.

25. ’Estw a, m, n ∈ N me a > 1. DeÐxte ìti (a^m − 1, a^n − 1) = a^{(m,n)} − 1. 26. ’Estw a, b ∈ N kai p ènac prÿtoc arijmìc. DeÐxte ìti an p | [a, b] kai p | a + b, tìte p | (a, b).

27. DeÐxte ìti upĹrqoun Ĺpeiroi prÿtoi thc morfăc 4n − 1. [Upìdeixh: MimhjeÐte to epiqeÐrhma tou EukleÐdh.]

28. Upojètoume ìti o 2^n + 1 eÐnai prÿtoc gia kĹpoion n ≥ 2 (oi prÿtoi autăc thc morfăc lègontai prÿtoi tou Fermat). DeÐxte ìti o n eÐnai dÔnamh tou 2. 29. Upojètoume ìti o 2^n − 1 eÐnai prÿtoc gia kĹpoion n ∈ N (oi prÿtoi autăc thc morfăc lègontai prÿtoi tou Mersenne). DeÐxte ìti o n eÐnai prÿtoc. 30. ’Estw n ∈ N, n ≥ 2.

(a) Upojètoume ìti gia kĹje prÿto p ≤ √ n o n den eÐnai pollaplĹsio tou p. DeÐxte ìti o n eÐnai prÿtoc.

(b) ExetĹste an oi fusikoÐ 509, 2093 eÐnai prÿtoi. BreÐte thn kanonikă touc anaparĹstash.

31. ’Estw p ènac prÿtoc arijmìc. DeÐxte ìti o √ p eÐnai Ĺrrhtoc.

32. DeÐxte ìti o f(n) = n^2 + n + 41 eÐnai prÿtoc gia n = 0, 1, . . . , 39. Ti sumbaÐnei ìtan n = 40?

33. DeÐxte ìti den upĹrqei poluÿnumo f(x) = a_0 + a_2x + · · · + a_kx^k, k ≥ 1, a_k ≠ 0, me suntelestèc akeraÐouc, gia to opoÐo ìloi oi arijmoÐ |f(n)|, n ≥ 0 na eÐnai prÿtoi. 34. ’Estw n ≥ 2. DeÐxte ìti o (n + 1)! + k eÐnai sÔnjetoc gia kĹje k = 2, . . . , n + 1. Autì apodeiknÔei ìti upĹrqoun osodăpote makriĹ diastămata diadoqikÿn sÔnjetwn arijmÿn.

35. DeÐxte ìti 2^n | (n + 1)(n + 2) · · · (2n) gia kĹje n ∈ N.

36. DeÐxte ìti kĹje fusikìc arijmìc n ≥ 12 eÐnai Ĺjroisma dÔo sÔnjetwn arijmÿn.

37. BreÐte ìlouc touc prÿtouc p gia touc opoÐouc o 29p + 1 eÐnai tèleio tetrĹgwno. 38. Oi prÿtoi arijmoÐ p kai q lègontai dÐdumoi prÿtoi an |p − q| = 2. DeÐxte ìti an oi p, q eÐnai prÿtoi, tìte o pq + 1 eÐnai tèleio tetrĹgwno an kai mìno an oi p kai q eÐnai dÐdumoi prÿtoi.

39. To {aÐthma tou Bertrand}, to opoÐo apodeÐqjhke alhjèc apì ton Chebyshev to 1850, isqurÐzetai ìti: gia kĹje fusikì n ≥ 2 upĹrqei toulĹqiston ènac prÿtoc p tètoioc ÿste n < p < 2n.

(a) Qrhsimopoiÿntac to aÐthma tou Bertrand deÐxte ìti gia kĹje fusikì n ≥ 3 upĹrqei prÿtoc p tètoioc ÿste p < n < 2p.

(b) Qrhsimopoiÿntac to aÐthma tou Bertrand deÐxte ìti p_n < 2^n gia kĹje n ≥ 2, ìpou p_n eÐnai o n-ostìc prÿtoc, kai dÿste kĹtw frĹgma gia th sunĹrthsh π(x). 40. ’Estw p_n o n-ostìc prÿtoc. Qrhsimopoiÿntac to aÐthma tou Bertrand deÐxte ìti p_n ≤ p_1 + p_2 + · · · + p_{n−1} gia kĹje n ≥ 3.

41. ’Estw n ≥ 2. DeÐxte ìti o n! den eÐnai tèleio tetrĹgwno: den upĹrqei m ∈ N tètoioc ÿste n! = m^2.

42. An n ≥ 2 deÐxte ìti to Ĺjroisma n∑ k=1 1 k den eÐnai akèraioc.

43. Poièc apì tic parakĹtw diofantikèc exisÿseic den èqoun akèraiec lÔseic? Exhgăste.

1. 6x + 51y = 22. 2. 33x + 14y = 115. 3. 14x + 35y = 93.

44. BreÐte ìlec tic akèraiec lÔseic thc diofantikăc exÐswshc 24x + 138y = 18. 45. BreÐte ìlec tic jetikèc akèraiec lÔseic thc diofantikăc exÐswshc 123x+360y = 99. 46. BreÐte ìlec tic mh arnhtikèc akèraiec lÔseic thc diofantikăc exÐswshc 2x + 7y = 53.

47. BreÐte ìlec tic mh arnhtikèc akèraiec lÔseic thc diofantikăc exÐswshc 28x + 35y = 136.

48. An a, b ∈ N kai (a, b) = 1, deÐxte ìti h grammikă diofantikă exÐswsh ax−by = c èqei Ĺpeirec to plăjoc jetikèc akèraiec lÔseic.

49. ’Estw n ≥ 2. DeÐxte ìti h exÐswsh y^n = 2x^n den èqei lÔsh stouc fusikoÔc arijmoÔc.

50. DeÐxte ìti upĹrqoun Ĺpeirec prwtarqikèc Pujagìreiec triĹdec. 51. BreÐte ìla ta Pujagìreia trÐgwna pou to embadìn touc isoÔtai me thn perÐmetrì touc.

52. DeÐxte ìti gia kĹje fusikì arijmì n upĹrqei Pujagìreio trÐgwno pou èqei thn aktÐna tou eggegrammènou kÔklou tou Ðsh me n.

UpodeÐxeic - apantăseic

1. (a) Me epagwgă: ìtan n = 1 h isìthta gÐnetai

4 · 1 − 2 = 2 = 2! 1! . Upojètoume ìti 2 · 6 · 10 · · · (4k − 2) = (2k)!/k!. Tìte,

2 · 6 · 10 · · · (4k − 2) · (4(k + 1) − 2) =

(2k)! k! · (4k + 2) =

(2k)! k! · 2(2k + 1) = (2k)! k! · 2(k + 1)(2k + 1) k + 1 = (2k)!(2k + 1)(2k + 2) k!(k + 1) = (2(k + 1))! (k + 1)! . (b) Apì to (a), gia kĹje n ∈ N èqoume

(2n)!

2^n(n!)^2 = 2 · 6 · 10 · · · (4n − 2) 2^nn! = 2^n · 1 · 3 · 5 · · · (2n − 1) 2^nn! = 1 1 · 3 2 · 5 3 · · · 2n − 1 n ≥ 1.

2. ’Otan n = 1 èqoume 1 = 2 − 1. Upojètoume ìti 1 1^2 + 1 2^2 + 1 3^2 + · · · + 1 k^2 ≤ 2 − 1 k . Tìte, 1 1^2 + 1 2^2 + 1 3^2 + · · · + 1 k^2 + 1 (k + 1)^2 ≤ 2 − 1 k + 1 (k + 1)^2

= 2 − k^2 + k + 1 (k^2 + k)(k + 1) ≤ 2 − 1 k + 1 .

3. (a) Gia kĹje a ∈ Z èqoume a = a · 1, Ĺra a | a. (b) Gia kĹje a ∈ Z èqoume 0 = a · 0, Ĺra a | 0.

(g) Gia kĹje a ∈ Z èqoume a = 1 · a kai a = (−1) · (−a), Ĺra ±1 | a. (d) Apì to (b) èqoume 0 | 0. AntÐstrofa, an 0 | a gia kĹpoion a ∈ Z, tìte upĹrqei x ∈ Z tètoioc ÿste a = 0 · x, opìte a = 0.

(e) Upojètoume ìti a | b kai b | c. Tìte, upĹrqoun x, y ∈ Z tètoioi ÿste b = a · x kai c = b · y. ’Ara, c = a · (xy) kai afoÔ xy ∈ Z sumperaÐnoume ìti a | c. (z) Upojètoume ìti a | b kai a | c. Tìte, upĹrqoun u, v ∈ Z tètoioi ÿste b = a · u kai c = a · v. An x, y ∈ Z, tìte bx + cy = a · (ux + vy) dhladă a | bx + cy. (h) AfoÔ a | b kai a, b ≠ 0, upĹrqei x ∈ Z me x ≠ 0 kai b = a · x. Tìte, |b| = |a| · |x| ≥ |a| afoÔ |x| ≥ 1.

(j) Apì to (g) èqoume ±1 | ±1. AntÐstrofa, an a | ±1 tìte a ≠ 0 kai |a| ≤ 1 apì to (h), dhladă a = ±1.

4. (a) ’Estw a ∈ Z. O a grĹfetai sth morfă a = 3q + r, ìpou r ∈ {0, 1, 2}. ’Ara, a^2 = (3q + r)^2 = 9q^2 + 6qr + r^2 = 3x + r^2 gia kĹpoion x ∈ Z. ParathroÔme ìti: an r = 0 tìte a^2 = 3x, an r = 1 tìte a^2 = 3x + 1, enÿ an r = 2 tìte a^2 = 3x + 4 = 3(x + 1) + 1. Se kĹje perÐptwsh, o a^2 eÐnai thc morfăc 3k ă 3k + 1.

(b) ’Estw a ∈ Z. O a grĹfetai sth morfă a = 3q + r, ìpou r ∈ {0, 1, 2}. ’Ara, a^3 = (3q + r)^3 = 27q^3 + 27q^2r + 9qr^2 + r^3 = 9x + r^3 gia kĹpoion x ∈ Z. AfoÔ r^3 = 0, 1 ă 8 an r = 0, 1 ă 2 antÐstoiqa, èqoume to zhtoÔmeno.

(g) ’Estw a ∈ Z. O a grĹfetai sth morfă a = 5q + r, ìpou r ∈ {0, 1, 2, 3, 4}. ’Ara, a^5 = (5q +r)^4 = 5x+r^4 gia kĹpoion x ∈ Z. ParathroÔme ìti 0^4 = 0, 1^4 = 1, 2^4 = 16 = 5·3+1, 3^4 = 81 = 5 · 16 + 1, 4^4 = 256 = 5 · 51 + 1. Se kĹje perÐptwsh, r^4 = 0 ă r^4 = 5y + 1 gia kĹpoion y ∈ Z. ’Ara, a^4 = 5x ă a^4 = 5(x + y) + 1.

5. ’Estw m = a^2 = b^3 gia kĹpoiouc a, b ∈ Z. DeÐxte ìti o a^2 eÐnai thc morfăc 7k ă 7k + 1 ă 7k + 2 ă 7k + 4, enÿ o b^3 eÐnai thc morfăc 7k ă 7k + 1 ă 7k + 6. ’Ara, to upìloipo thc diaÐreshc tou m me 7 mporeÐ na pĹrei mìno tic timèc 0 kai 1 (paradeÐgmata: o m1 = 7^6 kai o m2 = 64).

6. ’Estw a, b ∈ Z me a ≠ 0. Apì thn tautìthta thc diaÐreshc, upĹrqoun monadikoÐ akèraioi q1 kai r1 tètoioi ÿste b = |a|q1 + r1 kai 0 ≤ r1 < |a|. An r1 ≤ |a|/2, paÐrnoume q = εq1 kai r = r1 ìpou ε to prìshmo tou a. Tìte, b = aq + r kai −|a|/2 < 0 ≤ r ≤ |a|/2. ’Estw ìti |a|/2 < r1 < |a|. Tìte, −|a|/2 = |a|/2 − |a| < r1 − |a| < 0 kai b = |a|(q1 + 1) + (r1 − |a|), opìte an pĹroume q = ε(q1 + 1) kai r = r1 − |a| èqoume b = aq + r kai −|a|/2 < r < 0 ≤ |a|/2. Se kĹje perÐptwsh, upĹrqoun q, r ∈ Z me −|a|/2 < r ≤ |a|/2 kai b = aq + r. Gia th monadikìthta ergazìmaste ìpwc sthn apìdeixh thc tautìthtac thc diaÐreshc.

7. (a) DeÐqnoume prÿta thn Ôparxh tou (|a1|, . . . , |a_k|). JewroÔme to sÔnolo I = {|a1|u1 + · · · + |a_k|u_k : ui ∈ Z} ∩ N. AfoÔ oi ai den eÐnai ìloi mhdèn, kĹpoioc |ai_0 | ∈ N. ’Omwc |ai_0 | ∈ I (giatÐ?) Ĺra to I eÐnai mh kenì. Apì thn arqă tou elaqÐstou, to I èqei elĹqisto stoiqeÐo d to opoÐo grĹfetai sth morfă d = |a1|x1 + · · · + |a_k|x_k gia kĹpoiouc xi ∈ Z.

Ja deÐxoume ìti o d diaireÐ kĹje stoiqeÐo tou I. Ac upojèsoume ìti z = |a1|u1 + · · · + |a_k|u_k ∈ I. UpĹrqoun q, r ∈ Z me 0 ≤ r < d kai z = dq + r. ParathroÔme ìti r = z − dq = |a1|(u1 − qx1) + · · · + |a_k|(u_k − qx_k) ∈ I. An ătan 0 < r < d tìte o r ja ătan stoiqeÐo tou I mikrìtero apì ton d, Ĺtopo apì ton trìpo orismoÔ tou d. ’Ara r = 0, to opoÐo apodeiknÔei ìti o d diaireÐ ton z. An ai ≠ 0 tìte |ai| ∈ I, epomènwc d | |ai| gia kĹje i = 1, . . . , k. An s ∈ N kai s | |ai| gia kĹje i, tìte s | |a1|x1 + · · · + |a_k|x_k = d. Eidikìtera, s ≤ d. H monadikìthta tou d apodeiknÔetai eÔkola.

Gia na deÐxoume ìti (a1, . . . , a_k) = (|a1|, . . . , |a_k|) arkeÐ na parathrăsoume ìti genikĹ a | b an kai mìno an a | |b|, opìte to sÔnolo twn koinÿn jetikÿn diairetÿn twn a1, . . . , a_k sumpÐptei me to sÔnolo twn koinÿn jetikÿn diairetÿn twn |a1|, . . . , |a_k|.

(b) Jètoume d1 = ((a1, . . . , a_{k−1}), a_k) kai d = (a1, . . . , a_k). Tìte, d1 | (a1, . . . , a_{k−1}) kai d1 | a_k, Ĺra d | |ai| gia kĹje i ≤ k. Apì to (a), d1 | (|a1|, . . . , |a_k|) = (a1, . . . , a_k) = d. AntÐstrofa, d | |ai| gia kĹje i ≤ k − 1, Ĺra d | (|a1|, . . . , |a_{k−1}|) = (a1, . . . , a_{k−1}). EpÐshc, d | |a_k|, Ĺra d | (|(a1, . . . , a_{k−1})|, |a_k|) = ((a1, . . . , a_{k−1}), a_k) = d1. AfoÔ d, d1 ∈ N kai d1 | d, d | d1, paÐrnoume d1 = d.

8. GnwrÐzoume ìti o (a, b) eÐnai to elĹqisto stoiqeÐo tou sunìlou I = {au + bv : u, v ∈ Z} ∩ N. ’Estw ìti (a, b) = ax + by gia kĹpoiouc x, y ∈ Z me (x, y) = d > 1. Tìte, an jèsoume u = x/d kai v = y/d, èqoume u, v ∈ Z kai 0 < au + bv = ax + by d = (a, b) d < (a, b). Dhladă, au + bv ∈ I kai au + bv < (a, b). ’Atopo, giatÐ o (a, b) eÐnai to elĹqisto stoiqeÐo tou I. ’Ara, an (a, b) = ax+by gia kĹpoiouc x, y ∈ Z tìte, upoqrewtikĹ èqoume (x, y) = 1.

9. (a) ’Estw d = (2a + 1, 9a + 4). Tìte, d | 2a + 1 ⇒ d | 9(2a + 1) = 18a + 9 kai d | 9a + 4 ⇒ d | 2(9a + 4) = 18a + 8. ’Ara, d | 1 = (18a + 9) − (18a + 8). ’Ara, d = 1. (b) ’Estw d = (5a + 2, 7a + 3). Tìte, d | 5a + 2 ⇒ d | 7(5a + 2) = 35a + 14 kai d | 7a + 3 ⇒ d | 5(7a + 3) = 35a + 15. ’Ara, d | 1 = (35a + 15) − (35a + 14). ’Ara, d = 1.

10. (a) AfoÔ (a, b) = 1 kai (a, c) = 1, upĹrqoun x, y, u, v ∈ Z tètoioi ÿste ax + by = 1 kai au + cv = 1. PollaplasiĹzontac katĹ mèlh paÐrnoume a(axu + cvx + byu) + bc(yv) = 1. ’Ara, (a, bc) | 1 apfl ìpou èpetai ìti (a, bc) = 1.

(b) An d = (b, c) tìte d | b kai d | c | a, opìte d | (b, a) = 1. ’Ara, d = 1. (g) Jètoume d1 = (ac, b) kai d2 = (c, b). ’Eqoume d1 | ac kai d1 | b | bc, Ĺra d1 | (ac, bc) = (a, b)c = c. AfoÔ d1 | b kai d1 | c, paÐrnoume d1 | (b, c) = d2, dhladă d1 ≤ d2.

AntÐstrofa, d2 | b kai d2 | c | ac, Ĺra d2 | (b, ac) = d1 opìte d2 ≤ d1. Apì tic d1 ≤ d2 kai d2 ≤ d1 sumperaÐnoume ìti d1 = d2.

(d) Upojètoume ìti (a^2, b^2) = d > 1. Tìte, o d èqei ènan prÿto diairèth p. Gia ton p èqoume p | d | a^2 =⇒ p | a kai p | d | b^2 =⇒ p | b. ’Ara, p | (a, b) = 1 to opoÐo eÐnai Ĺtopo. Epomènwc, (a^2, b^2) = 1.

11. Upojètoume prÿta ìti (ab, c) = 1. ParathroÔme ìti (a, c) | ab kai (a, c) | c, Ĺra (a, c) | (ab, c) = 1. ’Epetai ìti (a, c) = 1. OmoÐwc, (b, c) = 1.

AntÐstrofa: an (a, c) = 1 kai (b, c) = 1, upĹrqoun akèraioi x, y, u kai v tètoioi ÿste ax + cy = 1 kai bu + cv = 1.

PollaplasiĹzontac katĹ mèlh paÐrnoume ab(xu) + c(byu + axv + cyv) = 1. AfoÔ (ab, c) | ab kai (ab, c) | c, sumperaÐnoume ìti (ab, c) | 1. ’Ara, (ab, c) = 1.

12. Upojètoume prÿta ìti (a, bc) = (a, b)(a, c) gia kĹje c ∈ N. Jètontac c = a paÐrnoume a = (a, ba) = (a, b)(a, a) = (a, b)a, Ĺra (a, b) = 1. AntÐstrofa: èstw ìti (a, b) = 1. Ja deÐxoume ìti (a, bc) = (a, c) gia kĹje c ∈ N. ParathroÔme ìti (a, bc) | a ⇒ (a, bc) | ac. EpÐshc, (a, bc) | bc, Ĺra (a, bc) | (ac, bc) = c(a, b) = c. AfoÔ (a, bc) | c kai (a, bc) | a, èpetai ìti (a, bc) | (a, c). EpÐshc, (a, c) | a kai (a, c) | c ⇒ (a, c) | bc, Ĺra (a, c) | (a, bc). AfoÔ (a, bc) | (a, c) kai (a, c) | (a, bc), blèpoume ìti (a, bc) = (a, c) = (a, b)(a, c). 13. AfoÔ d, n ∈ N kai d | n, upĹrqei k ∈ N tètoioc ÿste n = dk. Qrhsimopoiÿntac thn tautìthta x^k − 1 = (x − 1)(x^{k−1} + x^{k−2} + · · · + x + 1) me x = 2^d, paÐrnoume

2^n − 1 = 2^{kd} − 1 = (2^d)^k − 1 = (2^d − 1) · ( 2^{d(k−1)} + 2^{d(k−2)} + · · · + 2^d + 1 ) . AfoÔ 2^{d(k−1)} + 2^{d(k−2)} + · · · + 2^d + 1 ∈ N, sumperaÐnoume ìti (2^d − 1) | (2^n − 1).

14. (a) ParathroÔme ìti ( n k ) = n(n − 1) · · · (n − k + 1) k! = n(n − 1) · · · (n − k + 1) · (n − k)! k!(n − k)! = n! k!(n − k)! . PaÐrnontac autìn san orismì tou (_n k ) sthn perÐptwsh k = 0, èqoume ( n 0 ) = n! 0!n!

= 1 kai ( n n ) = n! n!0! = 1 afoÔ 0! = 1. Parathrăste epÐshc ìti ( n k ) = ( n n − k ) . An n ≥ 2 kai 1 ≤ k ≤ n − 1, tìte ( n − 1 k ) + ( n − 1 k − 1 ) = (n − 1) · · · (n − k + 1)(n − k) k! + (n − 1) · · · (n − k + 1) (k − 1)! = (n − 1) · · · (n − k + 1)(n − k) k! + (n − 1) · · · (n − k + 1)k k! = (n − 1) · · · (n − k + 1)[(n − k) + k] k! = n(n − 1) · · · (n − k + 1) k! = ( n k ) .

(b) Qrhsimopoiÿntac thn teleutaÐa sqèsh, deÐqnoume me epagwgă wc proc n ≥ 2 thn exăc prìtash P (n): gia kĹje 1 ≤ k ≤ n − 1, o (_n k ) eÐnai akèraioc.

An tÿra mac dÿsoun k diadoqikoÔc fusikoÔc arijmoÔc (k ≥ 2) kai an n eÐnai o megalÔteroc apì autoÔc, tìte to ginìmenì touc isoÔtai me Q = n · (n − 1) · · · (n − k + 1). AfoÔ o ( n k ) = n · (n − 1) · · · (n − k + 1) k! = Q k!

eÐnai akèraioc, sumperaÐnoume ìti k! | Q.

15. GrĹfoume

n^4 + 4 = n^4 + 4n^2 + 4 − 4n^2 = (n^2 + 2)^2 − 4n^2 = (n^2 + 2n + 2)(n^2 − 2n + 2),

kai parathroÔme ìti 1 < n^2 + 2n + 2 kai 1 < n^2 − 2n + 2 giatÐ (n − 1)^2 > 0 an n ≥ 2.

’Ara, o n^4 + 4 eÐnai sÔnjetoc gia kĹje n ≥ 2.

16. An n = 1, tìte oi 1, 3 kai 5 den eÐnai ìloi prÿtoi (o 1 den eÐnai prÿtoc). An n = 2, tote oi 2, 4 kai 6 den eÐnai ìloi prÿtoi. Sthn perÐptwsh n = 3 paÐrnoume thn triĹda twn prÿtwn 3, 5 kai 7.

’Estw n > 3. DiakrÐnoume treÐc periptÿseic, anĹloga me to upìloipo thc diaÐreshc tou n me 3:

(a) An n = 3k, tìte k > 1 Ĺra o n eÐnai sÔnjetoc.

(b) An n = 3k + 1, tìte o n + 2 = 3k + 3 = 3(k + 1) eÐnai sÔnjetoc. (g) An n = 3k + 2, tìte o n + 4 = 3k + 6 = 3(k + 2) eÐnai sÔnjetoc. Se kĹje perÐptwsh, an n > 3 kĹpoioc apì touc n, n + 2 kai n + 4 eÐnai sÔnjetoc.

17. (a) O p den mporeÐ na eÐnai thc morfăc 6k ă 6k + 2 = 2(3k + 1) ă 6k + 3 = 3(2k + 1) ă 6k + 4 = 2(3k + 2) giatÐ ja ătan sÔnjetoc. ’Ara eÐnai thc morfăc 6k + 1 ă 6k + 5 = 6(k + 1) − 1 = 6k^′ − 1.

(b) An p = 6k + 1 tìte p^2 − 1 = 36k^2 + 12k = 12k(3k + 1). ParathroÔme ìti o k(3k + 1) eÐnai pĹnta Ĺrtioc (exhgăste, diakrÐnontac tic periptÿseic k =Ĺrtioc kai k =perittìc), Ĺra o p^2 − 1 eÐnai pollaplĹsio tou 24.

An p = 6k − 1 tìte p^2 − 1 = 36k^2 − 12k = 12k(3k − 1). ParathroÔme ìti o k(3k − 1) eÐnai pĹnta Ĺrtioc, Ĺra o p^2 − 1 eÐnai pollaplĹsio tou 24.

18. SÔmfwna me ta basikĹ lămmata thc §1.6, arkeÐ na deÐxoume ìti 3 | n(n^2 − 1) kai 8 | n(n^2 − 1).

(a) An n = 3k tìte 3 | n | n(n^2 −1). An n = 3k+1 ă n = 3k+2, tìte 3 | (n^2 −1) | n(n^2 −1). Se kĹje perÐptwsh, 3 | n(n^2 − 1).

(b) O n eÐnai perittìc, Ĺra n = 2k − 1 gia kĹpoion k ∈ N. Tìte, n(n^2 − 1) = (2k − 1)(4k^2 − 4k) = 4(2k − 1)k(k − 1). ’Omwc, o k(k − 1) eÐnai Ĺrtioc (ă 0), Ĺra o n(n^2 − 1) eÐnai pollaplĹsio tou 8.

19. DiakrÐnoume tic periptÿseic n = 2k kai n = 2k + 1.

(a) An n = 2k, tìte k > 1 afoÔ n > 2, kai 2^n − 1 = (2^k)^2 − 1 = (2^k − 1)(2^k + 1). AfoÔ 1 < 2^k + 1 kai 1 < 2^k − 1, o 2^n − 1 eÐnai sÔnjetoc.

(b) An n = 2k + 1, tìte 2^n + 1 = 2^{2k+1} + 1 = (2 + 1)(2^{2k} − 2^{2k−1} + · · · − 2 + 1). AfoÔ 1 < 3 < 2^n + 1, o 2^n + 1 eÐnai sÔnjetoc.

20. (a) An kanènac apì touc a kai b den eÐnai pollaplĹsio tou 3, tìte oi a^2 kai b^2 eÐnai thc morfăc 3k + 1, opìte o a^2 + b^2 eÐnai thc morfăc 3k + 2, dhladă den diaireÐtai me 3. An loipìn 3 | (a^2 + b^2), tìte kĹpoioc apì touc a kai b diaireÐtai me 3, opìte 3 | ab. (b) An kanènac apì touc a, b kai c den diaireÐtai me 3, tìte oi a^3, b^3 kai c^3 eÐnai thc morfăc 9k + 1 ă 9k + 8 (’Askhsh 4). An ìloi eÐnai thc morfăc 9k + 1, tìte o a^3 + b^3 + c^3 eÐnai thc morfăc 9k + 3, Ĺtopo. An ìloi eÐnai thc morfăc 9k + 8, tìte o a^3 + b^3 + c^3 eÐnai thc morfăc 9k + 24 = 9(k + 2) + 6, Ĺtopo. An dÔo eÐnai thc morfăc 9k + 1 kai ènac thc morfăc 9k + 8, tìte o a^3 + b^3 + c^3 eÐnai thc morfăc 9k + 10 = 9(k + 1) + 1, Ĺtopo. An dÔo eÐnai thc morfăc 9k + 8 kai ènac thc morfăc 9k + 1, tìte o a^3 + b^3 + c^3 eÐnai thc morfăc 9k + 17 = 9(k + 1) + 8, Ĺtopo. An loipìn 9 | (a^3 + b^3 + c^3), tìte kĹpoioc apì touc a, b kai c diaireÐtai me 3, opìte 3 | abc.

21. (a) AfoÔ kp ≤ rp kai kp ≤ sp gia kĹje p ∈ P , èqoume p^{kp} | p^{rp} kai p^{kp} | p^{sp} gia kĹje p ∈ P . ’Ara, ∏ p∈P p^{kp} | ∏ p∈P p^{rp} = a kai ∏ p∈P p^{kp} | ∏ p∈P p^{sp} = b, opìte (∗) ∏ p∈P p^{kp} | (a, b). ’Estw d = ∏ p∈P p^{up} o mègistoc koinìc diairèthc twn a kai b. Apì thn q^{uq} | d | a = ∏ p∈P p^{rp} èpetai ìti q^{uq} | q^{rq} dhladă uq ≤ rq gia kĹje q ∈ P . OmoÐwc, uq ≤ sq gia kĹje q ∈ P . ’Ara, up ≤ kp = min{rp, sp} gia kĹje p ∈ P , opìte (∗∗) d = ∏ p∈P p^{up} | ∏ p∈P p^{kp} . Apì tic (∗) kai (∗∗) blèpoume ìti (a, b) = ∏ p∈P p^{kp} . (b-1) ’Estw d = (a, b). Tìte, d | a kai d | b Ĺra cd | ca kai cd | cb, opìte cd | (ac, bc). AntÐstrofa, upĹrqoun x, y ∈ Z tètoioi ÿste ax + by = d, Ĺra acx + bcy = cd. AfoÔ (ac, bc) | ac kai (ac, bc) | bc, paÐrnoume (ac, bc) | acx + bcy = cd. AfoÔ cd | (ac, bc) kai (ac, bc) | cd, paÐrnoume (ac, bc) = cd = c(a, b). (b-2) ’Estw d = (a, b). Tìte (a, dc) | a kai d | b =⇒ (a, dc) | dc | bc, Ĺra (a, dc) | (a, bc). AntÐstrofa, upĹrqoun x, y ∈ Z tètoioi ÿste d = ax + by, Ĺra dc = acx + bcy. Tìte, (a, bc) | a kai (a, bc) | bc, Ĺra (a, bc) | acx + bcy = dc. AfoÔ (a, bc) | a kai (a, bc) | dc, paÐrnoume (a, bc) | (a, dc).

(b-3) Upojètoume prÿta ìti (a, b) = 1. Tìte, an d = (a^2, b^2) > 1 jewroÔme ènan prÿto p | d kai èqoume p | a^2 =⇒ p | a kai p | b^2 =⇒ p | b, dhladă p | (a, b) = 1, Ĺtopo. ’Ara, (a^2, b^2) = 1 = (a, b).

Sth genikă perÐptwsh, jètoume w = (a, b) kai grĹfoume a = wx kai b = wy ìpou (x, y) = 1. Apì to (b-1) èqoume

(a^2, b^2) = (w^2x^2, w^2y^2) = w^2(x^2, y^2) = w^2 = (a, b)^2,

giatÐ (x^2, y^2) = 1 apì to prohgoÔmeno băma. (g) GrĹfoume a = ∏ p∈P p^{rp} , b = ∏ p∈P p^{sp} kai c = ∏ p∈P p^{tp} . Tìte, ac = ∏ p∈P p^{rp+tp} kai bc = ∏ p∈P p^{sp+tp} . ’Ara, (ac, bc) = ∏ p∈P p^{min{rp+tp,sp+tp}} = ∏ p∈P p^{min{rp,sp}}p^{tp} = ∏ p∈P p^{min{rp,sp}} ∏ p∈P p^{tp} = (a, b)c. Me ton Ðdio trìpo mporeÐte na apodeÐxete touc Ĺllouc dÔo isqurismoÔc.

22. (a) JewroÔme to sÔnolo S = {x ∈ N : a | x kai b | x}. To S eÐnai mh kenì, afoÔ ab ∈ S. ’Ara, èqei elĹqisto stoiqeÐo to opoÐo sumbolÐzoume me m. AfoÔ m ∈ S, eÐnai fanerì ìti a | m kai b | m. ’Estw x ∈ S. Apì ton orismì tou m èqoume x ≥ m. Ja upojèsoume ìti o x den eÐnai pollaplĹsio tou m kai ja katalăxoume se Ĺtopo. Apì thn tautìthta thc diaÐreshc, x = mq + r ìpou q ∈ N kai 0 ≤ r < m. An o x den eÐnai pollaplĹsio tou m, tìte r ∈ N kai r < m. EpÐshc, a | x − mq = r giatÐ a | x kai a | m. OmoÐwc, b | r Ĺra r ∈ S. Autì eÐnai Ĺtopo giatÐ r < m kai o m ătan to elĹqisto stoiqeÐo tou S. ’Ara, m | x gia kĹje x ∈ S. (b) DeÐxte ìti [a, b] = ∏ p∈P p^{max{rp,sp}}, ìpou a = ∏ p∈P p^{rp} kai b = ∏ p∈P p^{sp} . MimhjeÐte thn apìdeixh sthn ’Askhsh 21(a).

23. OrÐzoume san elĹqisto koinì pollaplĹsio [a, b, c] twn a, b, c ∈ N to monadikì fusikì arijmì pou ikanopoieÐ ta exăc: 1. a | [a, b, c], b | [a, b, c] kai c | [a, b, c]. 2. An x ∈ N kai a | x, b | x, c | x, tìte [a, b, c] | x. (a) ’Estw a = ∏ p∈P p^{ap} kai b = ∏ p∈P p^{bp} . An d = (a, b) kai m = [a, b], tìte d = ∏ p∈P p^{dp} kai m = ∏ p∈P p^{mp} . Gia na deÐxoume ìti ab = dm, arkeÐ na deÐxoume ìti gia kĹje p ∈ P isqÔei p^{ap} p^{bp} = p^{dp} p^{mp} dhladă ap + bp = dp + mp. ’Omwc, dp = min{ap, bp} kai mp = max{ap, bp}, opìte to zhtoÔmeno èpetai apì thn tautìthta x + y = min{x, y} + max{x, y}, h opoÐa isqÔei gia kĹje x, y ∈ R (exhgăste). (b) ’Opwc sto prohgoÔmeno erÿthma, grĹfoume a = ∏ p∈P p^{ap} , b = ∏ p∈P p^{bp} , c = ∏ p∈P p^{cp} . EkfrĹzoume touc upìloipouc arijmoÔc thc Ĺskhshc san ginìmena dunĹmewn prÿtwn me ekjètec sunartăseic twn ap, bp kai cp. Gia parĹdeigma, to elĹqisto koinì pollaplĹsio twn b kai c grĹfetai [b, c] = ∏ p∈P p^{max{bp,cp}}. Tìte, h isìthta pou zhtĹme eÐnai sunèpeia thc max{ap, bp, cp}^2 min{ap, bp} min{ap, cp} min{bp, cp} = min{ap, bp, cp}^2 max{ap, bp} max{ap, cp} max{bp, cp} gia kĹje p ∈ P . Lìgw summetrÐac mporoÔme na upojèsoume ìti ap ≤ bp ≤ cp, opìte h zhtoÔmenh isìthta anĹgetai sthn

c^2_pa^2_pbp = a^2_pbpc^2_p

h opoÐa isqÔei.

24. Ja deÐxoume ìti an (a, b) = 1 tìte (a + b, [a, b]) = 1. Apì thn ’Askhsh 23 èqoume [a, b] = ab, Ĺra zhtĹme (a + b, ab) = 1. ’Estw ìti p | (a + b, ab) gia kĹpoion prÿto p. Tìte, p | ab Ĺra eÐte p | a ă p | b. An p | a tìte èqoume kai p | (a + b) − a = b, dhladă p | a kai p | b, to opoÐo eÐnai Ĺtopo afoÔ (a, b) = 1. O (a + b, [a, b]) den èqei prÿtouc diairètec, Ĺra isoÔtai me 1.

Gia th genikă perÐptwsh, grĹfoume a = dx, b = dy ìpou d = (a, b) kai (x, y) = 1. Tìte, (a + b, [a, b]) = ( dx + dy, d^2xy d ) = d(x + y, xy) = d = (a, b), afoÔ (x + y, xy) = 1.

25. Ja deÐxoume ìti an m = qn + r ìpou m ≥ n, q, r ∈ Z kai 0 ≤ r < n, tìte

(a^m − 1, a^n − 1) = (a^n − 1, a^r − 1).

An d = (a^n − 1, a^r − 1), tìte qrhsimopoiÿntac thn a^n − 1 | a^{qn} − 1 blèpoume ìti

d | a^r (a^{qn} − 1) + (a^r − 1) = a^{qn+r} − 1 = a^m − 1,

Ĺra d | (a^m − 1, a^r − 1). AntÐstrofa, an d1 = (a^m − 1, a^n − 1), èqoume d1 | a^n − 1 | a^{qn} − 1, Ĺra d1 | a^m − 1 − a^r (a^{qn} − 1) = a^r − 1.

Epomènwc, d1 | (a^n − 1, a^r − 1) = d.

Tÿra qrhsimopoioÔme ton algìrijmo tou EukleÐdh. Upojètoume ìti m ≥ n. An n | m to sumpèrasma eÐnai profanèc, alliÿc mporoÔme na broÔme q1, . . . , qn+1 ∈ N kai r1, . . . , rn ∈ N me 0 < rn < rn−1 < · · · < r1 < n ètsi ÿste m = nq1 + r1, n = r1q2 + r2, r1 = r2q3 + r3, · · · = · · · rn−2 = rn−1qn + rn, rn−1 = rnqn+1, kai (m, n) = rn. O prohgoÔmenoc sullogismìc deÐqnei ìti

(a^m − 1, a^n − 1) = (a^n − 1, a^{r1} − 1) = (a^{r1} − 1, a^{r2} − 1) = · · · (a^{rn−1} − 1, a^{rn} − 1) = a^{rn} − 1 = a^{(m,n)} − 1.

26. ’Eqoume p | [a, b] | ab, Ĺra eÐte p | a ă p | b. An upojèsoume ìti p | a tìte, afoÔ p | a + b èqoume p | (a + b) − a = b. ’Ara, p | (a, b). OmoÐwc, an upojèsoume ìti p | b blèpoume ìti p | a, Ĺra p | (a, b).

27. Ac upojèsoume ìti upĹrqoun peperasmènoi to plăjoc prÿtoi thc morfăc 4n − 1, oi q1, q2, . . . , qN (upĹrqei toulĹqiston ènac tètoioc prÿtoc, o 3). JewroÔme ton arijmì S = 4q1q2 . . . qN − 1. O S eÐnai megalÔteroc apì 1, Ĺra èqei kanonikă anĹlush S = p^{r1}_1 · · · p^{rk}_k se ginìmeno prÿtwn diairetÿn, ìpou rj ≥ 1 kai ìloi oi pj eÐnai perittoÐ afoÔ o S eÐnai perittìc. An ìloi oi pj ătan thc morfăc 4k + 1, tìte to ginìmenì touc ja ătan ki autì thc morfăc 4k + 1 (giatÐ?) enÿ o S eÐnai thc morfăc 4k − 1. ’Ara, o S èqei toulĹqiston ènan prÿto diairèth p thc morfăc 4n − 1.

AfoÔ q1, q2, . . . , qN eÐnai ìloi oi prÿtoi thc morfăc 4n − 1, sumperaÐnoume ìti p = qi gia kĹpoion i ≤ N. ’Omwc tìte, p | 4q1 q2 . . . qN kai p | S, Ĺra p | S − 4q1q2 . . . qN = 1, to opoÐo eÐnai Ĺtopo.

To Ĺtopo deÐqnei ìti upĹrqoun Ĺpeiroi prÿtoi thc morfăc 4n − 1.

28. Upojètoume ìti o 2^n + 1 eÐnai prÿtoc gia kĹpoion n ≥ 2. An o n den eÐnai dÔnamh tou 2, tìte grĹfetai monosămanta sth morfă n = 2^ks, ìpou s > 1 perittìc fusikìc. An x = 2^{2k} , tìte

2^n + 1 = x^s + 1 = (x + 1)(x^{s−1} − x^{s−2} + · · · − x + 1).

AfoÔ 1 < x + 1 < x^s + 1, o 2^n + 1 eÐnai sÔnjetoc. Katalăxame se Ĺtopo, Ĺra o n eÐnai dÔnamh tou 2.

29. Upojètoume ìti o 2^n − 1 eÐnai prÿtoc gia kĹpoion n ≥ 2. An o n den eÐnai prÿtoc, tìte upĹrqoun d, k > 1 tètoioi ÿste n = dk. Apì thn ’Askhsh 13,

2^d − 1 | 2^n − 1.

AfoÔ 1 < 2^d − 1 < 2^n − 1, o 2^n − 1 eÐnai sÔnjetoc. Katalăxame se Ĺtopo, Ĺra o n eÐnai prÿtoc.

ShmeÐwsh: Den isqÔei to antÐstrofo. O p = 11 eÐnai prÿtoc, allĹ o 2^{11} − 1 = 2047 = 23 · 89 eÐnai sÔnjetoc.

30. (a) Upojètoume ìti o n eÐnai sÔnjetoc. Tìte, upĹrqoun 1 < k ≤ m < n tètoioi ÿste n = km. Apì thn k ≤ m èpetai ìti n ≥ k^2 dhladă k ≤ √ n. AfoÔ k ≥ 2, o k èqei ènan prÿto diairèth p. Tìte, p | k | n kai p ≤ k ≤ √ n. (b) ’Eqoume [ √ 509] = 22. SÔmfwna me to (a), an o 509 eÐnai sÔnjetoc ja diaireÐtai me kĹpoion prÿto p ≤ 22, dhladă me kĹpoion apì touc 2, 3, 5, 7, 11, 13, 17, 19. KĹnontac oktÿ diairèseic blèpoume ìti o 509 eÐnai prÿtoc.

OmoÐwc, [ √ 2093] = 45. ParathroÔme ìti 2093 = 7 · 299. Gia na broÔme thn anĹlush tou 299, jewroÔme ton [ √ 299] = 17. ParathroÔme ìti 299 = 13 · 23 kai ìti oi 13 kai 23 eÐnai prÿtoi. ’Ara, h kanonikă anaparĹstash tou 2093 eÐnai 2093 = 7 · 13 · 23.

31. Ac upojèsoume ìti √ p = m/n gia kĹpoiouc m, n ∈ N. An r = m/(m, n) kai s = n/(m, n), tìte √ p = r/s kai (r, s) = 1.

Tìte, p = r^2/s^2 dhladă p | ps^2 = r^2. AfoÔ o p eÐnai prÿtoc, paÐrnoume p | r, Ĺra r = px gia kĹpoion x ∈ N.

Epistrèfontac sthn ps^2 = r^2 èqoume ps^2 = p^2x^2 =⇒ px^2 = s^2. ’Opwc prin, p | px^2 = s^2, Ĺra p | s.

’Omwc tìte p | (r, s) = 1, Ĺtopo. ’Ara, o √ p eÐnai Ĺrrhtoc.

32. Qrhsimopoiÿntac thn ’Askhsh 30 mporeÐte na elègxete ìti o n^2 + n + 41 eÐnai prÿtoc gia n = 0, 1, . . . , 39 (ja qreiastoÔn pollèc prĹxeic!). ’Omwc,

f(40) = 40^2 + 40 + 41 = 40^2 + 2 · 40 + 1 = (40 + 1)^2 = 41^2,

dhladă o f(40) eÐnai sÔnjetoc.

33. Upojètoume ìti gia to poluÿnumo f(x) = a0 + a1x + · · · + a_kx^k, k ≥ 1, a_k ≠ 0, èqoume |f(n)| =prÿtoc gia kĹje n. Eidikìtera, |f(1)| = p ìpou p prÿtoc. ParathroÔme ìti gia kĹje s ∈ N,

f(1 + sp) = a0 + a1(1 + sp) + · · · + a_k(1 + sp)^k = a0 + a1 · 1 + · · · + a_k · 1^k + Bp = f(1) + Bp, ìpou B ∈ Z. ’Ara, p | f(1) + Bp = f(1 + sp) | |f(1 + sp)|. ’Omwc |f(1 + sp)| = q ∈ P apì thn upìjesh, kai afoÔ p | q èpetai ìti p = q. Dhladă, |f(1 + sp)| = p gia kĹje s ∈ N. Autì eÐnai Ĺtopo, afoÔ lims→∞ |f(1 + sp)| = ∞. [H f eÐnai poluÿnumo bajmoÔ k ≥ 1, Ĺra limx→∞ |f(x)| = ∞.]

34. Gia kĹje k = 2, . . . , n + 1 èqoume k | (n + 1)! kai k | k, Ĺra k | (n + 1)! + k. Dhladă, o (n + 1)! + k eÐnai sÔnjetoc gia kĹje k = 2, . . . , n + 1.

Oi (n + 1)! + 2, (n + 1)! + 3, . . . , (n + 1)! + (n + 1) eÐnai n diadoqikoÐ sÔnjetoi fusikoÐ arijmoÐ.

35. Me epagwgă: an n = 1 zhtĹme thn 2^1 | 2, h opoÐa profanÿc isqÔei.

Upojètoume ìti 2^k | (k + 1)(k + 2) · · · (2k), dhladă (k + 1)(k + 2) · · · (2k) = 2^k m gia kĹpoion m ∈ N. Ja deÐxoume ìti o (k + 2)(k + 3) · · · (2k + 2) eÐnai pollaplĹsio tou 2^{k+1}. GrĹfoume

(k + 2)(k + 3) · · · (2k + 2) = (k + 2)(k + 3) · · · (2k)(2k + 1)(2k + 2) = 2(k + 1)(k + 2)(k + 3) · · · (2k)(2k + 1) = 2 · 2^km · (2k + 1) = 2^{k+1}m(2k + 1).

’Ara, 2^{k+1} | (k + 1)(k + 2) · · · (2k).

36. Upojètoume prÿta ìti o n eÐnai Ĺrtioc, dhladă n = 2k gia kĹpoion k ≥ 6. Tìte,

n = 2(k − 3) + 6

kai oi 2(k − 3), 6 eÐnai sÔnjetoi arijmoÐ.

’Estw tÿra ìti o n eÐnai perittìc. Tìte, grĹfoume

n = (n − 9) + 9

kai parathroÔme ìti o 9 = 3^2 eÐnai sÔnjetoc kai o n − 9 eÐnai Ĺrtioc megalÔteroc ă Ðsoc tou 4, Ĺra sÔnjetoc.

Se kĹje perÐptwsh, o n ≥ 12 grĹfetai san Ĺjroisma dÔo sÔnjetwn arijmÿn. ShmeÐwsh: EÐnai swstì ìti kĹje Ĺrtioc arijmìc n ≥ 4 grĹfetai san Ĺjroisma dÔo prÿtwn arijmÿn? Autì eÐnai èna apì ta pio gnwstĹ anoiktĹ problămata thc jewrÐac twn arijmÿn, h eikasÐa tou Goldbach.

37. Ac upojèsoume ìti gia kĹpoion prÿto p isqÔei 29p + 1 = s^2, ìpou s ∈ N. Tìte,

29p = s^2 − 1 = (s − 1)(s + 1).

ParathroÔme ìti (s + 1) | 29p kai ìti oi mìnoi diairètec tou 29p eÐnai oi 1, p, 29 kai 29p (giatÐ o 29 eÐnai prÿtoc). UpĹrqoun loipìn ta exăc endeqìmena: (a) s + 1 = 1, to opoÐo aporrÐptetai giatÐ s > 0.

(b) s + 1 = 29p, to opoÐo aporrÐptetai giatÐ tìte s − 1 = 1 Ĺra s = 2 kai tìte 29p = 2^2 − 1 = 3, to opoÐo eÐnai Ĺtopo.

(g) s + 1 = 29, to opoÐo aporrÐptetai giatÐ tìte 27 = s − 1 = p, to opoÐo den mporeÐ na sumbaÐnei afoÔ o p eÐnai prÿtoc.

(d) s + 1 = p, opìte s − 1 = 29 Ĺra p = 29 + 2 = 31.

O p = 31 eÐnai prÿtoc kai 29 · 31 + 1 = 900 = 30^2. Apì th suzăthsh pou prohgăjhke, o 31 eÐnai o mìnoc prÿtoc gia ton opoÐo o 29p + 1 eÐnai tèleio tetrĹgwno.

38. ’Estw ìti oi p kai q eÐnai dÐdumoi prÿtoi. MporoÔme na upojèsoume ìti q = p + 2. Tìte, pq + 1 = p(p + 2) + 1 = p^2 + 2p + 1 = (p + 1)^2, dhladă o pq + 1 eÐnai tèleio tetrĹgwno.

AntÐstrofa: upojètoume ìti oi p, q eÐnai prÿtoi kai ìti pq + 1 = s^2 gia kĹpoion s ∈ N. Tìte, pq = s^2 − 1 = (s − 1)(s + 1), kai afoÔ oi mìnoi diairètec tou p; eÐnai oi 1, p, q kai pq, upĹrqoun ta exăc endeqìmena:

(a) s + 1 = 1, to opoÐo aporrÐptetai giatÐ s > 0.

(b) s+1 = pq, to opoÐo aporrÐptetai giatÐ tìte s−1 = 1 Ĺra s = 2 kai tìte pq = 2^2 −1 = 3, to opoÐo eÐnai Ĺtopo afoÔ o 3 eÐnai prÿtoc.

(g) s + 1 = p, opìte q = s − 1 = p − 2, dhladă |p − q| = 2. (d) s + 1 = q, opìte p = s − 1 = q − 2, dhladă |p − q| = 2.

EÐdame ìti an oi p, q eÐnai prÿtoi kai pq + 1 = s^2, tìte sumbaÐnei èna apì ta (g) kai (d). Se kajemÐa apì autèc tic dÔo periptÿseic, |p − q| = 2.

39. (a) ’Estw p o megalÔteroc prÿtoc pou eÐnai mikrìteroc apì ton n. Upojètoume ìti 2p ≤ n kai ja katalăxoume se Ĺtopo. Apì to aÐthma tou Bertrand upĹrqei prÿtoc q me p < q < 2p (pĹrte sth jèsh tou n ton p). Tìte, p < q < 2p ≤ n, dhladă, o q eÐnai prÿtoc mikrìteroc apì ton n kai q > p. Autì eÐnai Ĺtopo afoÔ o p ătan o megalÔteroc prÿtoc {kĹtw} apì ton n.

(b) Me epagwgă, arqÐzontac apì n = 2: p2 = 3 < 4 = 2^2. Upojètoume ìti p_k < 2^k. Apì to aÐthma tou Bertrand, anĹmesa ston 2^k kai ston 2^{k+1} upĹrqei prÿtoc pj . AfoÔ p_k < 2^k kai pj > 2^k, èqoume j > k (an ătan j ≤ k ja eÐqame pj ≤ p_k < 2^k ). ’Ara, k + 1 ≤ j, to opoÐo shmaÐnei ìti p_{k+1} ≤ pj < 2^{k+1}.

Autì apodeiknÔei to epagwgikì băma.

’Estw x ≥ 4. UpĹrqei monadikìc k ≥ 2 tètoioc ÿste 2^k ≤ x < 2^{k+1}. Tìte, apì thn p_k < 2^k èqoume π(2^k) ≥ k kai afoÔ h π eÐnai aÔxousa, paÐrnoume π(x) ≥ π(2^k) ≥ k. Apì thn Ĺllh pleurĹ, x < 2^{k+1} =⇒ log_2 x < k + 1.

’Ara, π(x) ≥ k > log_2 x − 1.

40. Me epagwgă wc proc n. Gia n = 3 zhtĹme thn 5 ≤ 2 + 3 h opoÐa isqÔei. Upojètoume ìti p_k ≤ p1 + p2 + · · · + p_{k−1} gia kĹpoion k ≥ 3. UpĹrqei prÿtoc pj me p_k < pj < 2p_k kai, ìpwc sthn prohgoÔmenh Ĺskhsh, èqoume j > k Ĺra p_{k+1} ≤ pj < 2p_k. Apì thn epagwgikă upìjesh èpetai ìti

p_{k+1} < 2p_k = p_k + p_k ≤ p1 + p2 + · · · + p_{k−1} + p_k.

Autì apodeiknÔei to epagwgikì băma.

41. Upojètoume prÿta ìti o n eÐnai Ĺrtioc. Tìte, (n/2) ∈ N kai apì to aÐthma tou Bertrand upĹrqei prÿtoc p me n/2 < p < n. ParathroÔme ìti o p den diaireÐ kanènan x ≤ n ektìc apì ton eautì tou: ta pollaplĹsia tou p eÐnai oi arijmoÐ p, 2p, 3p, . . ., kai èqoume kp > n gia kĹje k ≥ 2.

’Ara, sthn kanonikă anaparĹstash tou n! = 2 · 3 · · · n o p ja emfanÐzetai me ekjèth 1, dhladă me perittì ekjèth. Tìte, o n! den mporeÐ na eÐnai tèleio tetrĹgwno: an ătan, ìloi oi prÿtoi diairètec tou ja eÐqan Ĺrtio ekjèth, Ĺra kai o p.

An n = 2s + 1, brÐskoume prÿto p me s < p < 2s. PĹli, p ≥ s + 1 Ĺra 2p ≥ 2s + 2 > n, opìte efarmìzetai to prohgoÔmeno epiqeÐrhma: o p den diaireÐ kanènan x ≤ n ektìc apì ton eautì tou, Ĺra o ekjèthc tou eÐnai 1 sthn kanonikă anaparĹstash tou n!.

42. ’Estw n ≥ 2. UpĹrqei monadikìc s ≥ 1 tètoioc ÿste 2^s ≤ n < 2^{s+1}. EpÐshc, orÐzoume B to ginìmeno ìlwn twn perittÿn fusikÿn m ≤ n. Parathrăste ìti o B eÐnai perittìc.

Ac upojèsoume ìti ∑_n k=1 1 k ∈ N. Tìte, n∑ k=1 2^{s−1} B k = 2^{s−1}B n∑ k=1 1 k ∈ N.

An k ≤ n kai k ≠ 2^s, tìte o k grĹfetai monosămanta sth morfă k = 2^lm, ìpou 0 ≤ l < s kai o m eÐnai perittìc (giatÐ?). ’Ara, k | 2^{s−1}B. ’Epetai ìti B 2 = 2^{s−1}B 2^s = n∑ k=1 2^{s−1}B k − ∑ k≠2s 2^{s−1}B k ∈ N.

Autì eÐnai Ĺtopo afoÔ o B eÐnai perittìc.

43. (a) O mègistoc koinìc diairèthc twn 6 kai 51 eÐnai o (6, 51) = 3. AfoÔ o 3 den diaireÐ ton 22, h exÐswsh den èqei akèraiec lÔseic.

(b) O mègistoc koinìc diairèthc twn 33 kai 14 eÐnai o (33, 14) = 1. AfoÔ 1 | 115, h exÐswsh èqei akèraiec lÔseic.

(g) O mègistoc koinìc diairèthc twn 14 kai 35 eÐnai o (14, 35) = 7. AfoÔ o 7 den diaireÐ ton 93, h exÐswsh den èqei akèraiec lÔseic.

44. UpologÐzoume prÿta to mègisto koinì diairèth twn 24 kai 138.

138 = 24 · 5 + 18 24 = 18 · 1 + 6 18 = 6 · 3

’Ara, (24, 138) = 6.

AfoÔ 6 | 18, h exÐswsh èqei akèraiec lÔseic. BrÐskoume mia lÔsh thc exÐswshc. 6 = 24 − 18 = 24 − (138 − 24 · 5) = 24 − 138 + 24 · 5 = 24 · 6 + 138 · (−1).

PollaplasiĹzontac epÐ 18/6=3 paÐrnoume 24 · 18 + 138 · (−3) = 18.

Dhladă, mia lÔsh thc exÐswshc eÐnai oi x0 = 18 kai y0 = −3.

’Eqoume r1 = 24/6 = 4 kai r2 = 138/6 = 23. ’Ara, oi lÔseic thc exÐswshc eÐnai ta zeugĹria x = 18 + 23t kai y = −3 − 4t ìpou o t diatrèqei touc akeraÐouc.

45. UpologÐzoume prÿta to mègisto koinì diairèth twn 123 kai 360. 360 = 123 · 2 + 114 123 = 114 · 1 + 9 114 = 9 · 12 + 6 9 = 6 · 1 + 3 6 = 3 · 2 ’Ara, (123, 360) = 3.

AfoÔ 3 | 99, h exÐswsh èqei akèraiec lÔseic. BrÐskoume mia lÔsh thc exÐswshc.

3 = 9 − 6 = 9 − (114 − 9 · 12) = 9 · 13 − 114 = (123 − 114) · 13 − 114 = 123 · 13 − 114 · 14 = 123 · 13 − (360 − 123 · 2) · 14 = 123 · 41 + 360(−14).

PollaplasiĹzontac epÐ 99/3=33 paÐrnoume 123 · 1353 + 360 · (−462) = 99.

Dhladă, mia lÔsh thc exÐswshc eÐnai oi x0 = 1353 kai y0 = −462.

’Eqoume r1 = 123/3 = 41 kai r2 = 360/3 = 120. ’Ara, oi lÔseic thc exÐswshc eÐnai ta zeugĹria x = 1353 + 120t kai y = −462 − 41t ìpou o t diatrèqei touc akeraÐouc. Gia na broÔme tic jetikèc akèraiec lÔseic thc 123x + 360y = 99, lÔnoume to sÔsthma 1353 + 120t > 0 −462 − 41t > 0 wc proc t ∈ Z. ZhtĹme t > −1353/120 ⇒ t ≥ −11 kai t < −462/41 ⇒ t ≤ −12, Ĺra den upĹrqei jetikă lÔsh thc exÐswshc.

46. O mègistoc koinìc diairèthc twn 2 kai 7 isoÔtai me 1, Ĺra h exÐswsh èqei akèraiec lÔseic. Gia na broÔme mia lÔsh thc exÐswshc, grĹfoume 1 = 2 · (−3) + 7 · 1 kai pollaplasiĹzontac epÐ 53 paÐrnoume 2 · (−159) + 7 · 53 = 53.

Dhladă, mia lÔsh thc exÐswshc eÐnai oi x0 = −159 kai y0 = 53.

’Ara, oi lÔseic thc exÐswshc eÐnai ta zeugĹria

x = −159 + 7t kai y = 53 − 2t

ìpou o t diatrèqei touc akeraÐouc. Gia na broÔme tic mh arnhtikèc akèraiec lÔseic thc 2x + 7y = 53, lÔnoume to sÔsthma

−159 + 7t ≥ 0 53 − 2t ≥ 0

wc proc t ∈ Z. ZhtĹme t ≥ 159/7 ⇒ t ≥ 23 kai t ≤ 53/2 ⇒ t ≤ 26, Ĺra upĹrqoun tèsseric mh arnhtikèc lÔseic thc exÐswshc:

x = 23 , y = 1 x = 16 , y = 3 x = 9 , y = 5 x = 2 , y = 7.

47. O mègistoc koinìc diairèthc twn 28 kai 35 eÐnai o 7, o opoÐoc den diaireÐ ton 136. ’Ara, h exÐswsh den èqei akèraiec lÔseic.

48. JewroÔme thn exÐswsh ax + bw = c. AfoÔ (a, b) = 1, h exÐswsh èqei akèraiec lÔseic. EpÐshc, an x, w eÐnai mia lÔsh thc ax + bw = c, tìte oi x, y = −w eÐnai lÔsh thc ax − by = c. ’Estw x0, w0 mia lÔsh thc ax + bw = c. Tìte, oi lÔseic autăc thc exÐswshc eÐnai thc morfăc x = x0 + bt kai w = w0 − at, ìpou o t diatrèqei touc akeraÐouc. Jètoume y0 = −w0. Tìte oi x0, y0 eÐnai lÔsh thc ax − by = c, kai gia kĹje t ∈ Z, oi x = x0 + bt kai y = −(w0 − at) = y0 + at dÐnoun ìlec tic lÔseic thc ax − by = c. ParathroÔme ìti a, b > 0, Ĺra upĹrqei t0 ∈ N tètoioc ÿste: gia kĹje t ≥ t0 na èqoume x0 + bt > 0 kai y0 + at > 0 (apì thn Arqimădeia idiìthta: o t0 ja exartĹtai apì touc x0 kai y0). ’Ara, h ax − by = c èqei Ĺpeirec to plăjoc jetikèc akèraiec lÔseic: tic x = x0 + bt, y = y0 + at gia t = t0, t0 + 1, . . ..

49. Upojètoume ìti upĹrqoun x, y ∈ N tètoioi ÿste y^n = 2x^n. An d = (x, y), tìte upĹrqoun r, s ∈ N me x = rd, y = sd kai (r, s) = 1. Antikajistÿntac sthn y^n = 2x^n èqoume s^n = 2r^n kai (r, s) = 1. Tìte, r^n | s^n, apfl ìpou paÐrnoume r | s. AfoÔ (r, s) = 1, anagkastikĹ r = 1 kai s^n = 2. Eidikìtera 2 | s^n ⇒ 2 | s. ’Omwc tìte, s ≥ 2 Ĺra s^n > 2 afoÔ n ≥ 2. Katalăxame se Ĺtopo, Ĺra h y^n = 2x^n den èqei lÔsh stouc fusikoÔc arijmoÔc.

50. Gia kĹje m > s ìpou (m, s) = 1 kai ènac apì touc m, s eÐnai Ĺrtioc enÿ o Ĺlloc perittìc, h triĹda x = 2ms, y = m^2 − s^2 kai z = m^2 + s^2 eÐnai prwtarqikă Pujagìreia triĹda.

Eidikìtera, gia kĹje perittì prÿto p mporoÔme na epilèxoume s = 2 kai na jewrăsoume thn triĹda xp = 4p , yp = p^2 − 4 , zp = p^2 + 4.

UpĹrqoun Ĺpeiroi perittoÐ prÿtoi kai oi triĹdec xp, yp, zp eÐnai diaforetikèc anĹ dÔo (o Ĺrtioc kĹje triĹdac eÐnai o 4p). ’Ara, upĹrqoun Ĺpeirec prwtarqikèc Pujagìreiec triĹdec.

51. Upojètoume ìti to Pujagìreio trÐgwno antistoiqeÐ se kĹpoia triĹda x, y, z. Tìte, upĹrqoun d kai m > s me (m, s) = 1, o ènac Ĺrtioc kai o Ĺlloc perittìc, tètoioi ÿste x = 2msd, y = (m^2 − s^2)d, z = (m^2 + s^2)d kai d = (x, y, z). AfoÔ to embadìn tou trigÿnou isoÔtai me thn perÐmetrì tou, èqoume

xy = 2(x + y + z) =⇒ 2ms(m^2 − s^2)d^2 = 4m(m + s)d, Ĺra ds(m − s) = 2. AfoÔ o m − s eÐnai perittìc kai diaireÐ ton 2, èqoume m − s = 1. EpÐshc, s = 1 ă s = 2. Gia s = 2 paÐrnoume d = 1 kai m = 3, dhladă thn triĹda x = 12, y = 5 kai z = 13. Gia s = 1 paÐrnoume m = 2 kai d = 2, dhladă thn triĹda x = 8, y = 6, z = 10.

52. An x, y, z eÐnai oi zhtoÔmenec pleurèc tou trigÿnou kai n h aktÐna tou eggegrammènou kÔklou, prèpei na isqÔei h (∗) 2n = x + y − z. PrĹgmati, upĹrqoun d kai m > s me (m, s) = 1, o ènac Ĺrtioc kai o Ĺlloc perittìc, tètoioi ÿste x = 2msd, y = (m^2 − s^2)d, z = (m^2 + s^2)d kai d = (x, y, z). Tìte,

x + y − z = (2ms + m^2 − s^2 − m^2 − s^2)d = (2ms − 2s^2)d = 2s(m − s)d.

Apì thn Ĺllh pleurĹ, eÐdame ìti h aktÐna tou eggegrammènou kÔklou isoÔtai me s(m−s)d, ki autì apodeiknÔei thn (∗).

ZhtĹme loipìn mia Pujagìreia triĹda me x + y − z = 2n. DokimĹste touc y = 2n + 1, x = 2n^2 + 2n kai z = 2n^2 + 2n + 1:

(2n^2 + 2n + 1)^2 = (2n^2 + 2n)^2 + 2(2n^2 + 2n) + 1 = (2n^2 + 2n)^2 + (2n + 1)^2 kai 2n + 1 + 2n^2 + 2n − (2n^2 + 2n + 1) = 2n.

52

KefĹlaio 2

Arijmhtikèc sunartăseic

2.1 Eisagwgă

OrismoÐ. KĹje sunĹrthsh f : N → C lègetai arijmhtikă sunĹrthsh. Lème ìti mia arijmhtikă sunĹrthsh f : N → C eÐnai pollaplasiastikă an gia kĹje zeugĹri fusikÿn arijmÿn m, n me (m, n) = 1 isqÔei (2.1.1) f(mn) = f(m)f(n). Paradeigmata: Oi parakĹtw arijmhtikèc sunartăseic paÐrnoun timèc sto N ă sto Z kai dÐnoun mia prÿth idèa gia to eÐdoc twn arijmhtikÿn sunartăsewn pou parousiĹzoun endiafèron sth jewrÐa twn arijmÿn.

1. H sunĹrthsh U : N → N me U(n) = 1 gia kĹje n ∈ N. H U eÐnai profanÿc pollaplasiastikă: gia thn akrÐbeia, U(mn) = 1 = U(m)U(n) gia kĹje m, n ∈ N. H U eÐnai plărwc pollaplasiastikă.

2. H sunĹrthsh I : N → N me I(n) = n gia kĹje n ∈ N. H I eÐnai profanÿc plărwc pollaplasiastikă: gia kĹje m, n ∈ N èqoume I(mn) = mn = I(m)I(n). 3. H sunĹrthsh d : N → N, ìpou d(n) eÐnai to plăjoc twn jetikÿn diairetÿn tou n. Parathrăste ìti

(2.1.2) d(n) = ∑ k|n 1.

4. H sunĹrthsh σ : N → N, ìpou σ(n) eÐnai to Ĺjroisma twn jetikÿn diairetÿn tou n. Parathrăste ìti

(2.1.3) σ(n) = ∑ k|n k.

5. H sunĹrthsh ϕ : N → N, ìpou ϕ(n) eÐnai to plăjoc twn fusikÿn x ≤ n pou eÐnai sqetikĹ prÿtoi me ton n. H ϕ lègetai sunĹrthsh tou Euler. 6. H sunĹrthsh ν : N → Z^+, ìpou ν(n) eÐnai to plăjoc twn diakekrimènwn prÿtwn paragìntwn sthn kanonikă anaparĹstash tou n. 7. H sunĹrthsh μ : N → Z pou orÐzetai apì thn

μ(n) = 0 , an o n diaireÐtai me kĹpoio tèleio tetrĹgwno m^2 > 1

(−1)^{ν(n)} , an n = p_1p_2 . . . p_{ν(n)} ìpou p_i diakekrimènoi prÿtoi

eÐnai mia arijmhtikă sunĹrthsh. H μ lègetai sunĹrthsh tou Möbius.

Se autì to KefĹlaio ja meletăsoume tic basikèc arijmhtikèc sunartăseic kai tic metaxÔ touc sqèseic. ’Ena prÿto erÿthma eÐnai an oi sunartăseic pou mìlic orÐsame eÐnai pollaplasiastikèc. To epìmeno jeÿrhma dÐnei èna genikì kritărio pou ja mac faneÐ arketĹ qrăsimo.

Jeÿrhma 2.1.1 Upojètoume ìti h sunĹrthsh f : N → C eÐnai pollaplasiastikă. Tìte, h sunĹrthsh g : N → C pou orÐzetai apì thn

(2.1.4) g(n) = ∑ k|n f(k)

eÐnai epÐshc pollaplasiastikă.

Apìdeixh: ’Estw m, n ∈ N me (m, n) = 1. Ac upojèsoume ìti k | mn. Apì to Jeÿrhma 1.3.3, o k grĹfetai monosămanta sth morfă k = k_1k_2 ìpou k_1 | m, kai k_2 | n. AntÐstrofa, an k_1 | m kai k_2 | n tìte o k = k_1k_2 diaireÐ ton mn. Me Ĺlla lìgia h apeikìnish pou stèlnei èna zeugĹri diairetÿn twn m kai n sto ginìmenì touc eÐnai èna proc èna kai epÐ tou sunìlou twn diairetÿn tou mn:

Kajÿc oi k_1, k_2 {diatrèqoun} touc diairètec twn m, n, o k_1k_2 {diatrèqei} touc diairètec tou mn.

MporoÔme loipìn na grĹyoume (2.1.5) g(mn) = ∑ k|mn f(k) = ∑ k_1 |m ∑ k_2 |n f(k_1k_2).

ParathroÔme ìti an k_1 | m kai k_2 | n tìte (k_1, k_2) = 1. AfoÔ h f eÐnai pollaplasiastikă, èqoume f(k_1k_2) = f(k_1)f(k_2). Epistrèfontac sthn (2.1.5) paÐrnoume

(2.1.6) g(mn) = ∑ k_1 |m ∑ k_2 |n f(k_1)f(k_2) = ∑ k_1 |m f(k_1) ∑ k_2|n f(k_2) = g(m)g(n).

Dhladă, h g eÐnai pollaplasiastikă. □

2.2 Oi sunartăseic d kai σ

To gegonìc ìti oi d kai σ eÐnai pollaplasiastikèc sunartăseic eÐnai Ĺmesh sunèpeia tou Jewrămatoc 2.1.1.

Jeÿrhma 2.2.1 Oi sunartăseic d kai σ eÐnai pollaplasiastikèc.

Apìdeixh: ’Eqoume

(2.2.1) d(n) = ∑ k|n 1 = ∑ k|n U(k) kai σ(n) = ∑ k|n k = ∑ k|n I(k).

AfoÔ oi U kai I eÐnai pollaplasiastikèc, to sumpèrasma èpetai apì to Jeÿrhma 2.1.1. □

To Jeÿrhma 2.2.1 mac epitrèpei na dÿsoume {tÔpo} gia tic d(n) kai σ(n) sunartăsei thc kanonikăc anaparĹstashc tou n. Parathrăste ìti an f eÐnai mia pollaplasiastikă sunĹrthsh kai n = p^{k1}_1 p^{k2}_2 · · · p^{kr}_r ènac fusikìc megalÔteroc apì 1, tìte

(2.2.2) f(n) = f(p^{k1}_1 )f(p^{k2}_2 ) · · · f(p^{kr}_r ).

H isìthta aută apodeiknÔetai me bĹsh thn paratărhsh ìti (p^{k1}_1 , p^{k2}_2 · · · p^{kr}_r ) = 1 kai aplă epagwgă. An loipìn jèloume na dÿsoume tÔpo gia thn f, arkeÐ na upologÐsoume thn timă f(p^k) ìpou p prÿtoc kai k ∈ N.

Jeÿrhma 2.2.2 ’Estw n ≥ 2 kai èstw n = p^{k1}_1 p^{k2}_2 · · · p^{kr}_r h kanonikă tou anaparĹstash. Tìte,

(2.2.3) d(n) = r∏ j=1 (1 + k_j ) kai (2.2.4) σ(n) = p^{k1+1}_1 − 1 p_1 − 1 p^{k2 +1}_2 − 1 p_2 − 1 · · · p^{kr +1}_r − 1 p_r − 1 . Apìdeixh: ParathroÔme ìti oi diairètec enìc fusikoÔ thc morfăc p^k eÐnai oi 1, p, p^2, . . . , p^k. Dhladă,

(2.2.5) d(p^k) = k + 1 kai (2.2.6) σ(p^k) = 1 + p + · · · + p^k = p^{k+1} − 1 p − 1 .

AfoÔ oi d kai σ eÐnai pollaplasiastikèc sunartăseic, apì thn (2.2.2) èqoume

(2.2.7) d(n) = r∏ j=1 d(p^{kj}_j ) = r∏ j=1 (1 + k_j ) kai (2.2.8) σ(n) = σ(p^{k1}_1 )σ(p^{k2}_2 ) · · · σ(p^{kr}_r ) = p^{k1 +1}_1 − 1 p_1 − 1 p^{k2+1}_2 − 1 p_2 − 1 · · · p^{kr +1}_r − 1 p_r − 1

gia kĹje n ≥ 2 me kanonikă anaparĹstash thn n = p^{k1}_1 p^{k2}_2 · · · p^{kr}_r . An n = 1, tìte d(n) = 1 kai σ(n) = 1. □ Orismìc. ’Enac fusikìc arijmìc n lègetai tèleioc an σ(n) = 2n. Dhladă, an to Ĺjroisma twn gnăsiwn diairetÿn tou n (twn diairetÿn tou pou eÐnai mikrìteroi apì autìn) isoÔtai me n. ParadeÐgmata tèleiwn arijmÿn mac dÐnoun oi n = 6 kai n = 28 (parathrăste ìti 6 = 1 + 2 + 3 kai 28 = 1 + 2 + 4 + 7 + 14). Den eÐnai gnwstì an upĹrqoun perittoÐ tèleioi arijmoÐ. To epìmeno ìmwc jeÿrhma dÐnei plărh perigrafă twn Ĺrtiwn tèleiwn arijmÿn.

Jeÿrhma 2.2.3 (EukleÐdhc-Euler) ’Estw m ∈ N tètoioc ÿste o 2^m − 1 na eÐnai prÿtoc. Tìte, o 2^{m−1}(2^m − 1) eÐnai tèleioc arijmìc. KĹje Ĺrtioc tèleioc arijmìc eÐnai autăc thc morfăc.

ShmeÐwsh: Sthn ’Askhsh 1.29 eÐdame ìti an o 2^m − 1 eÐnai prÿtoc, tìte o m eÐnai prÿtoc. Dhladă, oi Ĺrtioi tèleioi arijmoÐ eÐnai oi fusikoÐ thc morfăc 2^{p−1}(2^p − 1) ìpou p prÿtoc kai 2^p − 1 prÿtoc.

Apìdeixh: Upojètoume prÿta ìti n = 2^{m−1}(2^m − 1), ìpou o 2^m − 1 eÐnai prÿtoc. ParathroÔme ìti (2^{m−1}, 2^m − 1) = 1 kai qrhsimopoiÿntac to gegonìc ìti h σ eÐnai pollaplasiastikă paÐrnoume

(2.2.9) σ(n) = σ(2^{m−1})σ(2^m − 1) =

2^m − 1 2 − 1 · 2^m afoÔ σ(p) = p + 1 gia kĹje prÿto p. ’Ara,

(2.2.10) σ(n) = 2 · 2^{m−1}(2^m − 1) = 2n,

to opoÐo deÐqnei ìti o n eÐnai tèleioc.

AntÐstrofa, ac upojèsoume ìti n eÐnai ènac Ĺrtioc tèleioc arijmìc. Tìte, o n grĹfetai sth morfă n = 2^{m−1}k, ìpou m > 1 kai o k eÐnai perittìc. Ja deÐxoume ìti k = 2^m − 1 kai ìti o k eÐnai prÿtoc.

AfoÔ o n eÐnai tèleioc kai (2^{m−1}, k) = 1, èqoume

(2.2.11) 2n = σ(n) = σ(2^{m−1})σ(k) = (2^m − 1)σ(k),

dhladă

(2.2.12) σ(k) =

2^mk 2^m − 1

= k + k 2^m − 1 .

AfoÔ σ(k) ∈ N, blèpoume ìti o k/(2^m − 1) eÐnai fusikìc kai bèbaia diaireÐ ton k. Sto dexiì mèloc thc (2.2.12) èqoume to Ĺjroisma dÔo jetikÿn diairetÿn tou k enÿ sto aristerì mèloc èqoume to Ĺjroisma ìlwn twn jetikÿn diairetÿn tou k. AnagkastikĹ, oi k kai k/(2^m − 1) eÐnai oi mìnoi jetikoÐ diairètec tou k, dhladă o k eÐnai prÿtoc kai k/(2^m − 1) = 1, to opoÐo deÐqnei ìti k = 2^m − 1. ’Epetai ìti n = 2^{m−1}(2^m − 1) me ton 2^m − 1 prÿto. □

To epìmeno prìblhma pou ja mac apasqolăsei eÐnai na dÿsoume frĹgmata gia th sunĹrthsh d(n). Parathrăste ìti gia kĹje prÿto p èqoume d(p) = 2 kai afoÔ upĹrqoun osodăpote megĹloi prÿtoi arijmoÐ, h d(n) sumperifèretai mĹllon akanìnista ìtan to n → ∞. To erÿthma eÐnai loipìn na dojoÔn Ĺnw frĹgmata gia thn d(n).

To prÿto mac apotèlesma deÐqnei ìti den mporoÔme na perimènoume logarijmikì Ĺnw frĹgma.

Jeÿrhma 2.2.4 Gia kĹje k ∈ N kai kĹje C > 0 upĹrqei n ∈ N tètoioc ÿste

(2.2.13) d(n) > C(ln n)^k.

Apìdeixh: Jèloume na kataskeuĹsoume fusikoÔc n me megĹlo (se sqèsh me to n) plăjoc diairetÿn. JewroÔme touc (k + 1) mikrìterouc prÿtouc arijmoÔc p_1 < p_2 < · · · < p_k < p_{k+1} kai dokimĹzoume fusikoÔc n thc morfăc

n = (p_1p_2 · · · p_kp_{k+1})^m,

ìpou o m ja epilegeÐ katĹllhla. Apì to Jeÿrhma 2.2.2 èqoume

(2.2.14) d(n) = k+1∏ j=1 (m + 1) = (m + 1)^{k+1} kai (2.2.15) C(ln n)^k = Cm^k ( ln(p_1p_2 · · · p_{k+1}) )_k . An (2.2.16) m^{k+1} > Cm^k ( ln(p_1p_2 · · · p_{k+1}) )_k , to opoÐo exasfalÐzetai an epilèxoume m > C ( ln(p_1p_2 · · · p_{k+1}) )_k , tìte d(n) = (m + 1)^{k+1} > m^{k+1} > C(ln n)^k. □

UpĹrqoun loipìn fusikoÐ me plăjoc diairetÿn megalÔtero apì opoiadăpote dosmènh dÔnamh tou logarÐjmou touc. Apì thn Ĺllh pleurĹ, to plăjoc twn diairetÿn enìc fusikoÔ den mporeÐ na eÐnai polÔ megĹlo.

Jeÿrhma 2.2.5 Gia kĹje ϵ > 0 upĹrqei stajerĹ C(ϵ) > 0 tètoia ÿste (2.2.17) d(n) ≤ C(ϵ)n^ϵ gia kĹje n ∈ N. Dhladă, to plăjoc twn diairetÿn tou n {frĹssetai} apì n^ϵ.

Apìdeixh: QwrÐc periorismì thc genikìthtac upojètoume ìti 0 < ϵ < 1. Gia kĹje n ≥ 2 me kanonikă anaparĹstash thn n = p^{k1}_1 · · · p^{kr}_r , èqoume

(2.2.18) d(n) n^ϵ = 1 + k_1 p^{ϵk1}_1 · · · 1 + k_r p^{ϵkr}_r . Oi p_1, . . . , p_r qwrÐzontai se dÔo omĹdec. An kĹpoioc p_j ikanopoieÐ thn 2 ≤ p_j < 2^{1/ϵ}, tìte

(2.2.19)

1 + k_j p^{ϵkj}_j ≤ 1 + k_j 2^{ϵkj} = 1 + k_j e^{(ln 2)ϵkj} < 1 + k_j 1 + (ln 2)ϵk_j < 1 (ln 2)ϵ , giatÐ 1 + (ln 2)ϵk_j > (ln 2)ϵ(1 + k_j ).

An pĹli p_j ≥ 2^{1/ϵ}, tìte

(2.2.20)

1 + k_j p^{ϵkj}_j ≤ 1 + k_j 2^{kj} ≤ 1. Apì tic prohgoÔmenec sqèseic blèpoume ìti

(2.2.21) d(n) n^ϵ ≤ ∏ {p∈P :p<2^{1/ϵ} } 1 (ln 2)ϵ =: C(ϵ),

ìpou h stajerĹ C(ϵ) exartĹtai mìno apì to ϵ: an mac dojeÐ to ϵ brÐskoume pìsoi prÿtoi den xepernoÔn ton 2^{1/ϵ} kai uyÿnoume ton 1/[ϵ(ln 2)] se aută th dÔnamh. □ Gia to Ĺjroisma σ(n) twn jetikÿn diairetÿn tou n èqoume to exăc aplì Ĺnw frĹgma.

Jeÿrhma 2.2.6 Gia kĹje n ∈ N isqÔei h anisìthta

(2.2.22) σ(n) ≤ n(1 + ln n).

Apìdeixh: GrĹfoume

(2.2.23) σ(n) = ∑ k|n k = ∑ k|n n k ≤ n n∑ s=1 1 s ,

qrhsimopoiÿntac thn paratărhsh ìti o n/k diatrèqei touc jetikoÔc diairètec tou n ìtan o k diatrèqei touc jetikoÔc diairètec tou n.

’Omwc,

(2.2.24) n∑ s=1 1 s ≤ 1 +

∫_2 1 dt t + · · · + ∫_n n−1 dt t = 1 + ∫_n 1 dt t = 1 + ln n.

’Ara, σ(n) ≤ n(1 + ln n). □

2.3 H sunĹrthsh tou Möbius

H sunĹrthsh μ : N → Z tou Möbius orÐzetai apì thn μ(n) = 0 , an o n diaireÐtai me kĹpoio tèleio tetrĹgwno m^2 > 1

(−1)^{ν(n)} , an n = p_1p_2 . . . p_{ν(n)} ìpou p_i diakekrimènoi prÿtoi.

Parathrăste ìti sthn perÐptwsh n = 1 èqoume ν(1) = 0, opìte μ(1) = (−1)^0 = 1. EpÐshc, apì ton trìpo orismoÔ thc μ èqoume μ(n) = 0 an kai mìno an upĹrqei prÿtoc p tètoioc ÿste p^2 | n. ’Enac fusikìc arijmìc n lègetai eleÔjeroc tetragÿnwn an den upĹrqei prÿtoc pou to tetrĹgwnì tou na diaireÐ ton n. Me aută thn orologÐa, o n eÐnai elèujeroc tetragÿnwn an kai mìno an μ(n) = ±1.

Gia na katanoăsei kaneÐc to kÐnhtro gia ton orismì thc sunĹrthshc tou Möbius, prèpei na meletăsei bajÔtera th sunĹrthsh zăta tou Riemann (blèpe §1.5). H sunĹrthsh μ(n) orÐzetai ètsi ÿste, me th boăjeiĹ thc, na {antistrèfetai} h sunĹrthsh zăta: pio sugkekrimèna, teleÐwc tupikĹ, isqÔei h tautìthta

(2.3.1) (_∞ ∑ n=1 1 n^s ) · (_∞ ∑ n=1 μ(n) n^s ) = 1 gia kĹje s. PrĹgmati, (_∞ ∑ m=1 1 m^s ) · (_∞ ∑ k=1 μ(k) k^s ) = ∞∑ n=1 ∑ {k,m:km=n} μ(k) n^s

= ∞∑ n=1 ∑ k|n μ(k) 1 n^s , opìte h (2.3.1) isqÔei an deÐxoume ìti ∑ k|n μ(k) = { 1 , an n = 1,

0 , an n > 1.

Sth sunèqeia ja deÐxoume tic basikèc idiìthtec thc sunĹrthshc tou Möbius (anĹmesĹ touc kai aută thn tautìthta).

Prìtash 2.3.1 H sunĹrthsh tou Möbius eÐnai pollaplasiastikă.

Apìdeixh: ’Estw m, n ∈ N me (m, n) = 1. An kĹpoioc apì touc m kai n den eÐnai eleÔjeroc tetragÿnwn, tìte to Ðdio isqÔei kai gia ton mn, Ĺra μ(mn) = 0 = μ(m)μ(n). An oi m kai n eÐnai eleÔjeroi tetragÿnwn, tìte oi diakekrimènoi prÿtoi parĹgontec twn m kai n eÐnai diaforetikoÐ, giatÐ (m, n) = 1. ’Ara, o mn eÐnai epÐshc eleÔjeroc tetragÿnwn kai ν(mn) = ν(m) + ν(n). ’Epetai ìti

(2.3.2) μ(mn) = (−1)^{ν(mn)} = (−1)^{ν(m)+ν(n)} = (−1)^{ν(m)}(−1)^{ν(n)} = μ(m)μ(n).

Se kĹje perÐptwsh, (m, n) = 1 ⇒ μ(mn) = μ(m)μ(n). ’Ara, h μ eÐnai pollaplasiastikă sunĹrthsh. □ H epìmenh prìtash apodeiknÔei th basikă tautìthta pou ikanopoieÐ h sunĹrthsh μ.

Prìtash 2.3.2 Gia kĹje n ∈ N èqoume ∑ k|n μ(k) = { 1 , an n = 1,

0 , an n > 1.

Apìdeixh: JewroÔme th sunĹrthsh (2.3.3) g(n) = ∑ k|n μ(k).

AfoÔ h μ eÐnai pollaplasiastikă, to Jeÿrhma 2.1.1 deÐqnei ìti h g eÐnai pollaplasiastikă. An p eÐnai ènac prÿtoc arijmìc, tìte gia kĹje k ≥ 1 èqoume (2.3.4) g(p^k) = μ(1) + μ(p) + μ(p^2) + · · · + μ(p^k) = 1 + (−1) + 0 + · · · + 0 = 0. [An k = 1 èqoume mìno touc dÔo prÿtouc ìrouc sto Ĺjroisma]. AfoÔ h g eÐnai pollaplasiastikă, an n = p^{k1}_1 p^{k2}_2 · · · p^{kr}_r eÐnai ènac fusikìc megalÔteroc ă Ðsoc tou 2, tìte (2.3.5) g(n) = g(p^{k1}_1 )g(p^{k2}_2 ) · · · g(p^{k+r}_r ) = 0.

Tèloc, g(1) = μ(1) = 1. □ Qrhsimopoiÿntac th basikă tautìthta thc Prìtashc 2.3.2 mporoÔme na apodeÐxoume ton tÔpo antistrofăc tou Möbius.

Jeÿrhma 2.3.1 (O tÔpoc antistrofăc tou Möbius). ’Estw f : N → C mia arijmhtikă sunĹrthsh. OrÐzoume g : N → C me (2.3.6) g(n) = ∑ k|n f(k).

Tìte, (2.3.7) f(n) = ∑ k|n μ(k)g (n k ) = ∑ k|n μ ( n k ) g(k)

gia kĹje n ∈ N.

Apìdeixh: GrĹfoume ∑ k|n μ(k)g ( n k ) = ∑ k|n μ(k) ∑ d|^n_k f(d) = ∑ {k,d:kd|n} μ(k)f(d)

= ∑ d|n f(d) ∑ k|^n_d μ(k) = f(n), giatÐ, apì thn Prìtash 2.3.2, èqoume ∑ k|^n_d μ(k) = 0 ektìc an d = n opìte to

Ĺjroisma autì isoÔtai me 1. H deÔterh isìthta eÐnai faneră: arkeÐ na parathrăsete ìti o n/k diatrèqei touc diairètec tou n ìtan o k diatrèqei touc diairètec tou n. □ IsqÔei kai to antÐstrofo:

Jeÿrhma 2.3.2 ’Estw g : N → C mia arijmhtikă sunĹrthsh. An gia thn f : N → C isqÔei (2.3.8) f(n) = ∑ k|n μ (n k ) g(k) gia kĹje n ∈ N, tìte (2.3.9) g(n) = ∑ k|n f(k) gia kĹje n ∈ N.

Apìdeixh: GrĹfoume ∑ k|n f(k) = ∑ k|n f (n k ) = ∑ k|n ∑ d|^n_k μ ( n kd ) g(d)

= ∑ d|n g(d) ∑ k|^n_d μ ( n/d k ) = ∑ d|n g(d) ∑ k|^n_d μ(k) = g(n), qrhsimopoiÿntac pĹli thn Prìtash 2.3.2. □ ’Ameso pìrisma tou tÔpou antistrofăc tou Möbius eÐnai to antÐstrofo tou Jewrămatoc 2.1.1.

Pìrisma 2.3.1 ’Estw f : N → C mia arijmhtikă sunĹrthsh. Upojètoume ìti h sunĹrthsh g : N → C pou orÐzetai apì thn (2.3.10) g(n) = ∑ k|n f(k) eÐnai pollaplasiastikă. Tìte, h f eÐnai pollaplasiastikă.

Apìdeixh: Apì ton tÔpo antistrofăc tou Möbius,

(2.3.11) f(n) = ∑ k|n μ(k)g ( n k ) . ’Estw m, n ∈ N me (m, n) = 1. ParathroÔme ìti: ìtan oi k_1, k_2 diatrèqoun touc jetikoÔc diairètec twn m, n antÐstoiqa, tìte o k_1k_2 diatrèqei touc jetikoÔc diairètec tou mn. EpÐshc, (k_1, k_2) = 1 kai (m/k_1, n/k_2) = 1, afoÔ (m, n) = 1. Qrhsimopoiÿntac kai to gegonìc ìti oi μ, g eÐnai pollaplasiastikèc, grĹfoume f(mn) = ∑ k|mn μ(k)g (mn k )

= ∑ k_1 |m ∑ k_2 |n μ(k_1k_2)g ( m k_1 · n k_2 )

= ∑ k_1 |m ∑ k_2 |n μ(k_1)μ(k_2)g ( m k_1 ) g ( n k_2 )

= ∑ k_1 |m μ(k_1)g ( m k_1 ) · ∑ k_2 |n μ(k_2)g ( n k_2 )

= f(m)f(n), Ĺra h f eÐnai pollaplasiastikă. □

Paratărhsh pĹnw sthn Ĺjroish: Stic prohgoÔmenec apodeÐxeic qreiĹsthke na allĹxoume th seirĹ thc Ĺjroishc gia ajroÐsmata thc morfăc

(2.3.12) ∑ k|n ∑ d|^n_k A(k, d), ìpou A mia sunĹrthsh orismènh sto N × N. Gia na upologÐsoume to parapĹnw Ĺjroisma, prÿta ajroÐzoume tic timèc thc A(k, ·) pĹnw apì ìlouc touc jetikoÔc diairètec tou n/k, ìpou k stajeropoihmènoc jetikìc diairèthc tou n. To prÿto autì Ĺjroisma exartĹtai apì to k, kai katìpin ajroÐzoume pĹnw apì ìlouc touc jetikoÔc diairètec tou n. Parathrăste ìti an d | (n/k) tìte o d eÐnai diairèthc tou n. An loipìn d | n, sto parapĹnw Ĺjroisma summetèqoun oi timèc A(k, d) pou antistoiqoÔn stouc fusikoÔc k gia touc opoÐouc k | n kai d | (n/k). AutoÐ eÐnai akribÿc oi fusikoÐ k pou ikanopoioÔn thn k | (n/d) (giatÐ?). Ja katalăxoume loipìn sto Ðdio akribÿc apotèlesma an upologÐsoume to

(2.3.13) ∑ d|n ∑ k|^n_d A(k, d). H isìthta

(2.3.14) ∑ k|n ∑ d|^n_k A(k, d) = ∑ d|n ∑ k|^n_d A(k, d) qrhsimopoiăjhke arketèc forèc se aută thn parĹgrafo (blèpe tic apodeÐxeic twn JewrhmĹtwn 2.3.1 kai 2.3.2).

2.4 H sunĹrthsh tou Euler

H sunĹrthsh ϕ : N → N orÐzetai wc exăc: gia kĹje n ∈ N jètoume ϕ(n) to plăjoc twn x ∈ {1, . . . , n} gia touc opoÐouc (x, n) = 1. H ϕ lègetai sunĹrthsh tou Euler. To gegonìc ìti h ϕ eÐnai pollaplasiastikă sunĹrthsh eÐnai sunèpeia thc epìmenhc paratărhshc.

Jeÿrhma 2.4.1 Gia kĹje fusikì arijmì n isqÔei h tautìthta (2.4.1) ∑ k|n ϕ(k) = n.

Apìdeixh: Gia kĹje jetikì diairèth k tou n jewroÔme to sÔnolo (2.4.2) B_k = {x : 1 ≤ x ≤ n kai (x, n) = k}. Ta sÔnola B_k eÐnai xèna kai h ènwsă touc eÐnai to {1, . . . , n}. An loipìn sumbolÐsoume me |A| to plăjoc twn stoiqeÐwn enìc peperasmènou sunìlou A, tìte (2.4.3) ∑ k|n |B_k| = n.

Gia kĹje jetikì diairèth k tou n jewroÔme tÿra to sÔnolo (2.4.4) C_k = {y : 1 ≤ y ≤ n/k kai (y, n/k) = 1}. ParathroÔme ìti x ∈ B_k an kai mìno an x/k ∈ C_k. PrĹgmati, an x ∈ B_k tìte x ≤ n kai (x, n) = k, Ĺra x/k ∈ N, x/k ≤ n/k, kai (x/k, n/k) = (x, n)/k = 1. AntÐstrofa, an y ∈ C_k, tìte ky ≤ n kai (ky, n) = (ky, k(n/k)) = k(y, n/k) = k, dhladă ky ∈ B_k. Epomènwc, h apeikìnish g_k : B_k → C_k me g_k(x) = x/k eÐnai èna proc èna kai epÐ. Apì ton orismì tou C_k èpetai ìti (2.4.5) |B_k| = |C_k| = ϕ ( n k )

gia kĹje k. Epistrèfontac sthn (2.4.3) paÐrnoume (2.4.6) ∑ k|n ϕ(k) = ∑ k|n ϕ ( n k ) = ∑ k|n |C_k | = ∑ k|n |B_k| = n,

pou ătan to zhtoÔmeno. □ Pìrisma 2.4.1 H sunĹrthsh ϕ eÐnai pollaplasiastikă.

Apìdeixh: H sunĹrthsh I(n) = n eÐnai pollaplasiastikă, opìte to sumpèrasma èpetai Ĺmesa apì to Jeÿrhma 2.4.1 kai to Pìrisma 2.3.1. □

Pìrisma 2.4.2 Gia kĹje fusikì arijmì n isqÔei h tautìthta

(2.4.7) ϕ(n) = ∑ k|n μ(k) n k = n ∑ k|n μ(k) k .

Apìdeixh: ’Amesh sunèpeia tou tÔpou antistrofăc tou Möbius (Jeÿrhma 2.3.1). □ AfoÔ h sunĹrthsh ϕ eÐnai pollaplasiastikă, mporoÔme na dÿsoume {tÔpo} gia thn ϕ(n) sunartăsei thc kanonikăc anaparĹstashc tou n.

Jeÿrhma 2.4.2 ’Estw n ≥ 2 me kanonikă anaparĹstash thn n = p^{k1}_1 p^{k2}_2 · · · p^{kr}_r . Tìte,

(2.4.8) ϕ(n) = n r∏ j=1 ( 1 − 1 p_j ) = r∏ j=1 p^{kj −1}_j (p_j − 1). Apìdeixh: H deÔterh isìthta gÐnetai faneră an grĹyoume ton n sthn kanonikă tou morfă p^{k1}_1 · · · p^{kr}_r :

(2.4.9) r∏ j=1 p^{kj}_j · r∏ j=1 ( 1 − 1 p_j ) = r∏ j=1 p^{kj}_j ( 1 − 1 p_j ) = r∏ j=1 p^{kj −1}_j (p_j − 1). Gia thn prÿth ja qrhsimopoiăsoume to Pìrisma 2.4.2 kai to gegonìc ìti h ϕ eÐnai pollaplasiastikă. An p eÐnai ènac prÿtoc arijmìc kai k ≥ 1, tìte

(2.4.10) ϕ(p^k) = p^k ∑ d|p^k μ(d) d = p^k ( μ(1) 1 + μ(p) p ) = p^k ( 1 − 1 p ) ,

giatÐ μ(1) = 1, μ(p) = −1 kai μ(p^s) = 0 an s ≥ 2. ’Epetai ìti an n = p^{k1}_1 p^{k2}_2 · · · p^{kr}_r ≥ 2, tìte

(2.4.11) ϕ(n) = r∏ j=1 p^{kj}_j ( 1 − 1 p_j ) = r∏ j=1 p^{kj}_j · r∏ j=1 ( 1 − 1 p_j ) = n r∏ j=1 ( 1 − 1 p_j ) . H teleutaÐa isìthta oloklhrÿnei thn apìdeixh. □ Tèloc, dÐnoume kĹpoiec ektimăseic gia thn ϕ(n). Parathrăste ìti ϕ(n) ≤ n − 1 gia kĹje n ≥ 2, me isìthta an o n eÐnai prÿtoc. Autì eÐnai loipìn to kalÔtero genikì Ĺnw frĹgma pou mporoÔme na dÿsoume. Sthn antÐjeth kateÔjunsh, parathroÔme ìti apì ton orismì twn sunartăsewn ϕ kai σ, autì pou perimènei kaneÐc eÐnai ìti h timă ϕ(n) ja eÐnai megĹlh se sqèsh me to n an o n èqei {lÐgouc} diairètec, dhladă an to Ĺjroisma σ(n) twn diairetÿn tou n eÐnai {mikrì} se sqèsh me to n. To epìmeno jeÿrhma deÐqnei ìti oi dÔo sunartăseic {isorropoÔn} me megĹlh akrÐbeia: to ginìmeno ϕ(n)σ(n) eÐnai pĹnta {perÐpou Ðso} me n^2.

Jeÿrhma 2.4.3 Gia kĹje fusikì arijmì n isqÔoun oi anisìthtec

(2.4.12) 1 2 < ϕ(n)σ(n) n^2 ≤ 1. Apìdeixh: Sthn perÐptwsh n = 1 eÐnai ϕ(n) = σ(n) = 1, opìte èqoume isìthta sto dexiì mèloc. Upojètoume loipìn ìti n ≥ 2 kai jewroÔme thn kanonikă anaparĹstash n = p^{k1}_1 p^{k2}_2 · · · p^{kr}_r . Tìte,

(2.4.13) σ(n) = r∏ j=1 p^{kj +1}_j − 1 p_j − 1 kai (2.4.14) ϕ(n) = r∏ j=1 p^{kj −1}_j (p_j − 1), Ĺra (2.4.15) σ(n)ϕ(n) = r∏ j=1 p^{kj −1}_j (p^{kj +1}_j − 1) = r∏ j=1 p^{2kj}_j ( 1 − 1 p^{kj +1}_j ) , dhladă

(2.4.16) σ(n)ϕ(n) = n^2 r∏ j=1 ( 1 − 1 p^{kj +1}_j ) . To ginìmeno sto dexiì mèloc eÐnai profanÿc mikrìtero ă Ðso apì 1, Ĺra

(2.4.17) σ(n)ϕ(n) n^2 ≤ 1. Gia thn aristeră anisìthta tou jewrămatoc, parathroÔme ìti r∏ j=1 ( 1 − 1 p^{kj +1}_j ) ≥ r∏ j=1 ( 1 − 1 p^2 ) ≥ n∏ m=2 ( 1 − 1 m^2 )

= n∏ m=2 m + 1 m · n∏ m=2 m − 1 m = n + 1 2 · 1 n = n + 1 2n > 1 2 , apfl ìpou prokÔptei h σ(n)ϕ(n)/n^2 > 1/2. □ Se sunduasmì me to Ĺnw frĹgma σ(n) ≤ n(1 + ln n) tou Jewrămatoc 2.2.6, paÐrnoume amèswc èna kĹtw frĹgma gia thn ϕ(n).

Pìrisma 2.4.3 Gia kĹje n ∈ N isqÔei h anisìthta (2.4.18) ϕ(n) > n 2(1 + ln n) .

Apìdeixh: Apì to Jeÿrhma 2.4.3 kai to Jeÿrhma 2.2.6 èqoume

(2.4.19) 1 2 < σ(n)ϕ(n) n^2 ≤ ϕ(n)n(1 + ln n) n^2 gia kĹje n ∈ N. □

2.5 Askăseic

1. DeÐxte ìti ∏ k|n k = n^{d(n)/2}.

2. DeÐxte ìti o d(n) eÐnai perittìc an kai mìno an o n eÐnai tèleio tetrĹgwno. 3. DeÐxte ìti ∑ k|n d(k)^3 = ∑ k|n d(k) 2 .

4. DeÐxte ìti d(n) ≤ d(2^n − 1) gia kĹje fusikì n. 5. Upojètoume ìti o n eÐnai sÔnjetoc. DeÐxte ìti σ(n) > n + √ n. 6. DeÐxte ìti o mìnoc eleÔjeroc tetragÿnwn tèleioc fusikìc arijmìc eÐnai o 6. 7. ’Estw n ènac tèleioc arijmìc. DeÐxte ìti ∑ k|n 1 k = 2.

8. ’Estw ìti upĹrqei kĹpoioc perittìc tèleioc fusikìc n. DeÐxte ìti o n èqei toulĹqiston dÔo prÿtouc parĹgontec kai ìti akribÿc ènac apì touc prÿtouc parĹgontec tou n èqei perittì ekjèth sthn kanonikă anaparĹstash tou n. 9. ’Estw a ∈ N eleÔjeroc tetragÿnwn me Ĺrtio plăjoc prÿtwn paragìntwn: dhladă, a = p_1p_2 · · · p_k, ìpou p_i diakekrimènoi prÿtoi kai k Ĺrtioc. JewroÔme ìlouc touc jetikoÔc diairètec k tou a pou eÐnai mikrìteroi apì √ a. DeÐxte ìti ∑ k μ(k) = 0.

10. DeÐxte ìti h sunĹrthsh f(n) = (−1)^{n−1} eÐnai pollaplasiastikă kai upologÐste to Ĺjroisma h(n) = ∑ k|n (−1)^{k−1}μ (n k ) gia kĹje n ∈ N.

11. DeÐxte ìti ∑ k|n μ(k)σ (n k ) = n gia kĹje n ∈ N.

12. DeÐxte ìti_n ∑ k=1 (k,n)=1 k = nϕ(n) 2 gia kĹje n ∈ N.

13. ’Estw n ∈ N me thn idiìthta ϕ(n) | n. DeÐxte ìti n = 2^a3^b gia kĹpoiouc a, b ∈ Z^+. 14. Upojètoume ìti p_1 < p_2 < · · · < p_N eÐnai ìloi oi prÿtoi arijmoÐ. DeÐxte ìti ϕ(p_1p_2 · · · p_N ) = 1 kai katalăxte se Ĺtopo (ètsi, paÐrnete Ĺllh mia apìdeixh gia thn apeirÐa twn prÿtwn arijmÿn). 15. DeÐxte ìti ∑ k|n σ(k)ϕ ( n k ) = nd(n) gia kĹje n ∈ N.

16. DeÐxte ìti σ(n) + ϕ(n) = nd(n) an kai mìno an o n eÐnai prÿtoc.

.

UpodeÐxeic - apantăseic

1. ’Otan o k diatrèqei touc jetikoÔc diairètec tou n, tìte o n/k diatrèqei ki autìc touc jetikoÔc diairètec tou n. ’Ara, ∏ k|n k 2 = ∏ k|n k · ∏ k|n n k = ∏ k|n n = n^{d(n)},

afoÔ to plăjoc twn jetikÿn diairetÿn tou n isoÔtai me d(n). ’Epetai ìti ∏ k|n k = ( n^{d(n)} )_{1/2} = n^{d(n)/2}.

2. An n = 1, tìte d(n) = 1 kai to zhtoÔmeno isqÔei: o 1 eÐnai tèleio tetrĹgwno kai o d(1) perittìc. Upojètoume loipìn ìti n ≥ 2 kai ìti n = p^{k1}_1 p^{k2}_2 · · · p^{kr}_r eÐnai h kanonikă anaparĹstash tou n. Tìte,

d(n) = (k1 + 1)(k2 + 1) · · · (kr + 1),

Ĺra o d(n) eÐnai perittìc an kai mìno an ìloi oi kj eÐnai Ĺrtioi (an kĹpoioc kj eÐnai perittìc tìte o d(n) diaireÐtai me ton Ĺrtio kj + 1, dhladă eÐnai Ĺrtioc). Apì thn Ĺllh pleurĹ, ìloi oi kj eÐnai Ĺrtioi an kai mìno an o n eÐnai tèleio tetrĹgwno. PrĹgmati, an kj = 2sj tìte n = m^2 ìpou m = p^{s1}_1 p^{s2}_2 · · · p^{sr}_r . To antÐstrofo elègqetai entelÿc anĹloga.

3. OrÐzoume tic arijmhtikèc sunartăseic A(n) = ∑ k|n d(k)^3 kai B(n) = ∑ k|n d(k).

DeÐqnoume prÿta ìti oi A kai B eÐnai pollaplasiastikèc: an (m, n) = 1, tìte gia r = 1, 3 èqoume ∑ k|mn d(k)^r = ∑ k1|m ∑ k2 |n d(k1k2)^r = ∑ k1|m ∑ k2|n d(k1)^rd(k2)^r

= ∑ k1|m d(k1)^r ∑ k2|n d(k2)^r ,

ìpou qrhsimopoiăsame to ìti h d eÐnai pollaplasiastikă kai to ìti ìtan oi k1, k2 diatrèqoun touc jetikoÔc diairètec twn m, n antÐstoiqa, tìte o k1k2 diatrèqei touc jetikoÔc diairètec tou mn, kai (k1, k2) = 1 afoÔ (m, n) = 1.

AfoÔ h B eÐnai pollaplasiastikă, to Ðdio isqÔei kai gia thn B^2. ArkeÐ loipìn na elègxoume ìti A(p^k) = B^2(p^k). ’Eqoume:

A(p^k) = d(1)^3 + d(p)^3 + · · · + d(p^k)^3 = 1^3 + 2^3 + · · · + (k + 1)^3 kai B^2(p^k) = ( d(1) + d(p) + · · · + d(p^k)

)_2 = (1 + 2 + · · · + (k + 1))^2 .

’Omwc,

1^3 + 2^3 + · · · + (k + 1)^3 =

(k + 1)^2(k + 2)^2 4 = (1 + 2 + · · · + (k + 1))^2 ,

to opoÐo apodeiknÔei to zhtoÔmeno.

4. ’Estw A to sÔnolo twn jetikÿn diairetÿn tou n kai B to sÔnolo twn jetikÿn diairetÿn tou 2^n −1. OrÐzoume mia apeikìnish g : A → B me g(k) = 2^k −1. H g eÐnai kalĹ orismènh: an k | n tìte (2^k − 1) | (2^n − 1). H g eÐnai profanÿc èna proc èna, Ĺra to A èqei to polÔ tìsa stoiqeÐa ìsa èqei to B. Me Ĺlla lìgia, d(n) ≤ d(2^n − 1).

5. O n eÐnai sÔnjetoc, Ĺra upĹrqoun m ≥ s > 1 tètoioi ÿste n = ms. Eidikìtera, n ≤ m^2 dhladă m ≥ √ n. ’Epetai ìti

σ(n) ≥ n + m + 1 ≥ n + √ n + 1 > n + √ n.

6. Upojètoume ìti o n = p1 · · · pr eÐnai tèleioc, ìpou p1 < · · · < pr (parathrăste ìti r ≥ 2: ènac prÿtoc arijmìc den mporeÐ na eÐnai tèleioc). AfoÔ o n eÐnai tèleioc, èqoume σ(n) = 2n dhladă (p1 + 1) · · · (pr + 1) = 2p1 · · · pr. DeÐqnoume prÿta ìti p1 = 2. An ìqi, tìte to aristerì mèloc diaireÐtai me 4 (giatÐ kĹje pi + 1 eÐnai Ĺrtioc kai r ≥ 2) enÿ h megalÔterh dÔnamh tou 2 pou diaireÐ to dexiì mèloc eÐnai o 2 (to ginìmeno p1 · · · pr eÐnai perittìc arijmìc). Autì odhgeÐ se Ĺtopo.

AfoÔ p1 = 2, èqoume

3(p2 + 1) · · · (pr + 1) = 4p2 · · · pr.

AfoÔ 3 | 4p2 · · · pr, upĹrqei 2 ≤ i ≤ r tètoioc ÿste 3 | pi, to opoÐo mporeÐ na sumbeÐ mìno an pi = 3 (o pi eÐnai prÿtoc). ’Ara, p2 = 3.

An upărqe ki Ĺlloc prÿtoc diairèthc, p.q. o p3, tou n tìte ja eÐqame (p3 + 1) | 4p2 · · · pr, opìte (p3 + 1) | 4 to opoÐo apokleÐetai giatÐ p3 + 1 ≥ 5 + 1 = 6 ă (p3 + 1) | pi gia kĹpoion i ≥ 3 to opoÐo apokleÐetai giatÐ o p3 + 1 eÐnai Ĺrtioc enÿ ìloi oi pi, i ≥ 3 perittoÐ.

’Ara, o n prèpei na èqei mìno dÔo prÿtouc diairètec, touc p1 = 2 kai p2 = 3. EÔkola elègqoume ìti o n = 2 · 3 = 6 eÐnai tèleioc, Ĺra autìc eÐnai o monadikìc eleÔjeroc tetragÿnwn tèleioc arijmìc.

7. AfoÔ o n eÐnai tèleioc, èqoume σ(n) = ∑ k|n k = 2n. ’Omwc, ∑ k|n k = ∑ k|n n k = n ∑ k|n 1 k . Apì tic dÔo prohgoÔmenec sqèseic blèpoume ìti ∑ k|n 1 k = 2.

8. ’Estw n = p^{k1}_1 · · · p^{kr}_r tèleioc arijmìc, ìpou p1 < · · · < pr perittoÐ prÿtoi. DeÐqnoume prÿta ìti r ≥ 2. An ătan n = p^k, ìpou p ≥ 3, ja eÐqame σ(n) = 2n =⇒ p^{k+1} − 1 p − 1 = 2p^k,

apfl ìpou ja paÐrname p^{k+1} = 2p^k − 1. Autì ìmwc eÐnai Ĺtopo, afoÔ

p^{k+1} ≥ 3p^k > 2p^k − 1.

O n èqei loipìn toulĹqiston dÔo (perittoÔc) prÿtouc diairètec. AfoÔ o n eÐnai tèleioc, èqoume (1 + p1 + · · · + p^{k1}_1 ) · · · (1 + pr + · · · + p^{kr}_r ) = 2p^{k1}_1 · · · p^{kr}_r .

ParathroÔme ìti an o ki eÐnai perittìc tìte o si = 1 + pi + · · · + p^{ki}_i eÐnai Ĺrtioc, enÿ an o ki eÐnai Ĺrtioc tìte o si eÐnai perittìc (o si eÐnai Ĺjroisma ki + 1 perittÿn arijmÿn). ’Ara, to aristerì mèloc diaireÐtai me 2^x an x apì touc ki eÐnai perittoÐ, kai eÐnai perittìc arijmìc an ìloi oi ki eÐnai Ĺrtioi. AfoÔ to dexiì mèloc eÐnai thc morfăc 2 × m me ton m perittì, anagkastikĹ èqoume x = 1 (giatÐ?). Dhladă, akribÿc ènac apì touc pi èqei perittì ekjèth sthn kanonikă anaparĹstash tou n.

9. ParathroÔme ìti gia kĹje jetikì diairèth d tou a isqÔei μ(d) = μ(a/d). PrĹgmati: o d eÐnai thc morfăc pi_1 · · · pi_s kai o a/k thc morfăc pj_1 · · · pj_r ìpou s + r = k dhladă Ĺrtioc arijmìc (kĹpoioi apì touc prÿtouc diairètec tou a sqhmatÐzoun ton d kai oi upìloipoi ton a/d). Tìte, μ(d) = (−1)^s = (−1)^k/(−1)^r = 1/μ(a/d), dhladă oi μ(d) kai μ(a/d) eÐnai omìshmoi. AfoÔ μ(d), μ(a/d) = ±1, èpetai ìti μ(d) = μ(a/d). Jètoume A = {d | a : d < √ a} kai B = {u | a : u > √ a}. O a den eÐnai tèleio tetrĹgwno, Ĺra to A ∪ B eÐnai to sÔnolo ìlwn twn jetikÿn diairetÿn tou a. Epiplèon, B = {a/d : d ∈ A} giatÐ an d eÐnai ènac jetikìc diairèthc tou a mikrìteroc apì √ a, tìte o a/d eÐnai jetikìc diairèthc tou a megalÔteroc apì √ a kai antistrìfwc.

Apì thn Prìtash 2.3.2 èqoume ∑ d|a μ(d) = 0, ìmwc ∑ d|a μ(d) = ∑ d∈A μ(d) + ∑ d∈B μ(d) = 2 ∑ d∈A μ(d). ’Ara, ∑ {d|a:d< √ a} μ(d) = 0.

10. ’Estw m, n ∈ N me (m, n) = 1. Jèloume na deÐxoume ìti

(−1)^{mn−1} = (−1)^{m−1}(−1)^{n−1}

dhladă ìti o mn − m − n + 1 = (m − 1)(n − 1) eÐnai Ĺrtioc. Autì den ja mporoÔse na isqÔei mìno an oi m, n ătan kai oi dÔo Ĺrtioi, to opoÐo apokleÐetai afoÔ upojèsame ìti (m, n) = 1. ’Ara, h f(n) = (−1)^{n−1} eÐnai pollaplasiastikă.

H sunĹrthsh h(n) = ∑ k|n (−1)^{k−1}μ ( n k ) = ∑ k|n f(k)μ ( n k )

eÐnai pollaplasiastikă (giatÐ oi f, μ eÐnai pollaplasiastikèc, èqoume qrhsimopoiăsei arketèc forèc autì to epiqeÐrhma). UpologÐzoume prÿta thn timă h(p^k), ìpou p prÿtoc kai k ≥ 1. ’Eqoume

h(p^k) = μ(p^k) + (−1)^{p−1}μ(p^{k−1}) + · · · + (−1)^{pk−1−1}μ(p) + (−1)^{pk −1}μ(1)

= (−1)^{pk−1 −1}(−1) + (−1)^{pk −1} = (−1)^{pk−1} + (−1)^{pk −1}.

’Omwc an o p eÐnai perittìc prÿtoc tìte o p^{k−1} eÐnai perittìc kai o p^k − 1 eÐnai Ĺrtioc, enÿ an p = 2 èqoume to antÐjeto. Se kĹje perÐptwsh, h(p^k) = 0. AfoÔ h h eÐnai pollaplasiastikă, gia kĹje n ≥ 2 èqoume h(n) = 0. Tèloc, h(1) = (−1)^0μ(1) = 1.

11. ’Eqoume σ(n) = ∑ k|n I(k), ìpou I(k) = k. Apì ton tÔpo antistrofăc tou Möbius paÐrnoume n = I(n) = ∑ k|n μ(k)σ ( n k ) .

12. ParathroÔme ìti an 1 ≤ k ≤ n tìte (k, n) = 1 an kai mìno an (n − k, n) = 1. ’Ara, n∑ k=1 (k,n)=1 k = n∑ k=1 (k,n)=1 (n − k).

’Epetai ìti n∑ k=1 (k,n)=1 k = 1 2 n∑ k=1 (k,n)=1 k + n∑ k=1 (k,n)=1 (n − k) = 1 2 n∑ k=1 (k,n)=1 n = nϕ(n) 2 .

13. Ja upojèsoume ìti n = 2^a3^bp^{k3}_3 · · · p^{kr}_r , ìpou a, b ≥ 0 kai ki > 0, eÐnai h kanonikă anaparĹstash tou n, kai ja katalăxoume se Ĺtopo. An a, b > 0, èqoume

ϕ(n) = 2^{a−1}3^{b−1} · 2 · p^{k3−1}_3 (p3 − 1) · · · p^{kr −1}_r (pr − 1),

kai apì thn upìjesh,

2^a3^{b−1} (p3 − 1) · · · (pr − 1) | 2^a3^bp3 · · · pr .

’Omwc, h megalÔterh dÔnamh tou 2 pou diaireÐ to dexiì mèloc eÐnai 2^a enÿ to aristerì mèloc diaireÐtai me 2^{a+1} afoÔ oi p3 − 1, . . . , pr − 1 eÐnai Ĺrtioi (exhgăste).

’Estw ìti n = 2^ap^{k3}_3 · · · p^{kr}_r , ìpou a > 0, pi ≥ 5 kai ki > 0. ’Opwc prin, paÐrnoume 2^{a−1}(p3 − 1) · · · (pr − 1) | 2^ap3 · · · pr =⇒ (p3 − 1) · · · (pr − 1) | 2p3 · · · pr. ’Omwc tìte (p3−1) | 2p2 · · · pr, to opoÐo eÐnai Ĺtopo giatÐ ja eÐqame (p3 −1) | 2 ă (p3−1) | pj gia kĹpoion j, Ĺtopo afoÔ o p3 − 1 eÐnai Ĺrtioc kai megalÔteroc ă Ðsoc tou 4.

Me anĹlogo trìpo katalăgoume se Ĺtopo an upojèsoume ìti n = 3^bp^{k3}_3 · · · p^{kr}_r , ìpou b > 0, pi ≥ 5 kai ki > 0 ă n = p^{k3}_3 · · · p^{kr}_r , ìpou pi ≥ 5 kai ki > 0.

14. ’Estw 1 < x < p1p2 . . . pN . Tìte, o x èqei toulĹqiston ènan prÿto diairèth, o opoÐoc eÐnai kĹpoioc apì touc pi, i = 1, . . . , N (èqoume upojèsei ìti autoÐ eÐnai ìloi oi prÿtoi). ’Ara, (x, p1p2 . . . pN ) > 1. ’Epetai ìti ϕ(p1p2 . . . pN ) = 1 (apì ìlouc touc 1 ≤ x ≤ p1p2 . . . pN , mìno o 1 eÐnai sqetikĹ prÿtoc proc ton p1p2 . . . pN ). Apì thn Ĺllh pleurĹ, h ϕ eÐnai pollaplasiastikă, Ĺra ϕ(p1p2 . . . pN ) = ϕ(p1)ϕ(p2) . . . ϕ(pN ) ≥ ϕ(2)ϕ(3) = 1 · 2 = 2 (oi prÿtoi dÔo apì touc p1, . . . , pN eÐnai oi p1 = 2 kai p2 = 3!).

Katalăxame se Ĺtopo, Ĺra upĹrqoun Ĺpeiroi prÿtoi arijmoÐ.

15. Qrhsimopoiÿntac to gegonìc ìti oi ϕ, σ kai d eÐnai pollaplasiastikèc sunartăseic, elègqoume ìti oi nd(n) kai h(n) = ∑ k|n σ(k)ϕ (_n k ) eÐnai pollaplasiastikèc sunartăseic.

ArkeÐ loipìn na elègxoume ìti h(p^r) = p^r d(p^r). ’Eqoume

h(p^k) = σ(1)ϕ(p^r) + σ(p)ϕ(p^{r−1}) + · · · + σ(p^{r−1})ϕ(p) + σ(p^r)ϕ(1) = 1 · p^{r−1}(p − 1) + (1 + p)p^{r−2}(p − 1) + · · · + (1 + p + · · · + p^{r−1})(p − 1) +(1 + p + · · · + p^r) = (p^r − p^{r−1}) + (p^r − p^{r−2}) + · · · (p^r − 1) + (1 + p + · · · + p^{r−1}) + p^r = (r + 1)p^r = p^rd(p^r).

16. An o n eÐnai prÿtoc, tìte σ(n) = n + 1, ϕ(n) = n − 1 kai d(n) = 2. ’Ara,

σ(n) + ϕ(n) = n + 1 + n − 1 = 2n = nd(n).

AntÐstrofa, an upojèsoume ìti σ(n)+ϕ(n) = nd(n), apì thn prohgoÔmenh Ĺskhsh èqoume

σ(n) + ϕ(n) = σ(n)ϕ(1) + σ(1)ϕ(n) = ∑ k|n σ(k)ϕ ( n k ) . Apì thn teleutaÐa isìthta gÐnetai fanerì ìti to Ĺjroisma sto dexiì mèloc apoteleÐtai mìno apì touc dÔo ìrouc pou emfanÐzontai sto aristerì mèloc (alliÿc, to dexiì mèloc ja ătan gnăsia megalÔtero). ’Omwc autì shmaÐnei ìti o n èqei mìno dÔo jetikoÔc diairètec: ton 1 kai ton n. Dhladă, o n eÐnai prÿtoc.

74

KefĹlaio 3

IsotimÐec

3.1 Eisagwgă

’Estw m ∈ N. An a, b ∈ Z, ja lème ìti o a eÐnai isìtimoc (ă isodÔnamoc ă isoôpìloipoc) me ton b wc proc m kai ja grĹfoume a ≡ b (mod m) an m | (a − b). Paradeigma: Jètoume m = 7. Elègxte ìti

3 ≡ 24 (mod 7), −31 ≡ 11 (mod 7), −15 ≡ −64 (mod 7).

H isotimÐa (mod m) eÐnai sqèsh isodunamÐac, ìpwc deÐqnei h epìmenh aplă Prìtash.

Prìtash 3.1.1 ’Estw m ∈ N kai èstw a, b, c ∈ Z. Tìte, (1) a ≡ a (mod m).

(2) An a ≡ b (mod m), tìte b ≡ a (mod m).

(3) An a ≡ b (mod m) kai b ≡ c (mod m), tìte a ≡ c (mod m). □

JumhjeÐte ìti an m ∈ N kai a ∈ Z, tìte upĹrqoun monadikoÐ q, r ∈ Z tètoioi ÿste a = mq + r kai 0 ≤ r < m. Apì ton orismì pou dÿsame, oi a kai r eÐnai isìtimoi wc proc m. Lème ìti o r eÐnai to elĹqisto upìloipo tou a wc proc m kai ìti o a anăkei sthn klĹsh tou r wc proc m (o a anăkei sthn klĹsh r (mod m)). UpĹrqoun loipìn m klĹseic mod m, oi r (mod m), r = 0, 1, . . . , m − 1.

Prìtash 3.1.2 ’Estw m ∈ N kai èstw a, b ∈ Z. Tìte, a ≡ b (mod m) an kai mìno an oi a kai b anăkoun sthn Ðdia klĹsh upoloÐpwn wc proc m.

Apìdeixh: Upojètoume prÿta ìti a ≡ b (mod m) kai ìti o a anăkei sthn klĹsh r (mod m) gia kĹpoion 0 ≤ r < m. Autì shmaÐnei ìti a = mq + r gia kĹpoion q ∈ Z. Apì thn Ĺllh pleurĹ, afoÔ a ≡ b (mod m), èqoume m | (a − b) dhladă upĹrqei s ∈ Z tètoioc ÿste b = a + ms. ’Epetai ìti b = a + ms = m(q + s) + r, dhladă o b anăkei ki autìc sthn klĹsh r (mod m).

AntÐstrofa, an upojèsoume ìti oi a kai b anăkoun sthn Ðdia klĹsh r (mod m), tìte upĹrqoun q, s ∈ Z tètoioi ÿste a = mq + r kai b = ms + r. ’Omwc tìte, a − b = m(q − s) dhladă m | (a − b). ’Ara, a ≡ b (mod m). □

Me Ĺlla lìgia, kĹje fusikìc m orÐzei mia sqèsh isodunamÐac sto Z, thn a ∼ b ⇐⇒ a ≡ b (mod m), oi de klĹseic isodunamÐac eÐnai akribÿc oi klĹseic r (mod m) pou apoteloÔntai apì ìlouc touc akeraÐouc pou h diaÐresh touc me m afănei upìloipo r, gia r = 0, 1, . . . , m − 1.

Oi epìmenec dÔo ProtĹseic dÐnoun basikèc idiìthtec twn isotimiÿn, tic opoÐec ja qrhsimopoioÔme suqnĹ sth sunèqeia.

Prìtash 3.1.3 ’Estw m ∈ N kai èstw a_1, a_2, b_1, b_2 ∈ Z. An a_1 ≡ b_1 (mod m) kai a_2 ≡ b_2 (mod m), tìte (a) a_1 + a_2 ≡ b_1 + b_2 (mod m). (b) a_1a_2 ≡ b_1b_2 (mod m).

(g) a^k_1 ≡ b^k_1 (mod m) gia kĹje k ∈ N.

Apìdeixh: (a) Apì thn upìjesh èqoume m | (a_1 − b_1) kai m | (a_2 − b_2), Ĺra m | (a_1 − b_1) + (a_2 − b_2). Dhladă, m | [(a_1 + a_2) − (b_1 + b_2)].

(b) ’Eqoume a_1a_2 − b_1b_2 = (a_1 − b_1)a_2 + b_1(a_2 − b_2). An loipìn m | (a_1 − b_1) kai m | (a_2 − b_2), tìte m | (a_1a_2 − b_1b_2).

(g) ProkÔptei eÔkola apì to (b) me epagwgă. □

Prìtash 3.1.4 ’Estw m ∈ N kai a, b, c ∈ Z me c ≠ 0. (a) An ac ≡ bc (mod m), tìte a ≡ b (mod m/(c, m)). (b) An ac ≡ bc (mod m) kai (c, m) = 1, tìte a ≡ b (mod m).

Apìdeixh: (a) ’Estw d = (c, m). ’Eqoume m | c(a − b), Ĺra^m_d |^c_d · (a − b). ’Omwc (_m d ,^c_d ) =^{(m,c)}_d = 1. Apì to Lămma 1.6.2 sumperaÐnoume ìti^m_d | a − b. Dhladă, a ≡ b (mod m/(c, m)). (b) ’Amesh sunèpeia tou (a). □

3.2 Sustămata upoloÐpwn kai to mikrì jeÿrhma tou Fermat

’Estw m ∈ N. To sÔnolo M = {0, 1, . . . , m − 1} lègetai elĹqisto plărec sÔsthma upoloÐpwn wc proc m. O ìroc {plărec sÔsthma} exhgeÐtai apì to gegonìc ìti kĹje akèraioc a eÐnai isìtimoc me akribÿc èna stoiqeÐo tou M wc proc m. Pio genikĹ, èna sÔnolo S akeraÐwn pou èqei m stoiqeÐa lègetai plărec sÔsthma upoloÐpwn wc proc m an gia kĹje akèraio a upĹrqei monadikì x ∈ S me thn idiìthta x ≡ a (mod m). Gia parĹdeigma, to sÔnolo S = {2, 4, 6} eÐnai èna plărec sÔsthma upoloÐpwn wc proc 3.

Askhsh. ’Ena sÔnolo S akeraÐwn eÐnai plărec sÔsthma upoloÐpwn wc proc m an kai mìno an to S èqei m stoiqeÐa kai x ≢ y (mod m) an x ≠ y sto S.

JewroÔme to sÔnolo M^∗ = {a ∈ M : (a, m) = 1}. To M^∗ èqei ϕ(m) stoiqeÐa. ’Ena sÔnolo T akeraÐwn pou èqei ϕ(m) stoiqeÐa lègetai anhgmèno sÔsthma upoloÐpwn wc proc m an gia kĹje akèraio a ∈ M^∗ upĹrqei monadikì x ∈ T me thn idiìthta x ≡ a (mod m). Gia parĹdeigma, to sÔnolo S = {1, 15} eÐnai èna anhgmèno sÔsthma upoloÐpwn wc proc 4.

Askhsh. ’Ena sÔnolo T akeraÐwn eÐnai anhgmèno sÔsthma upoloÐpwn wc proc m an kai mìno an to T èqei ϕ(m) stoiqeÐa sqetikĹ prÿta proc ton m kai x ≢ y (mod m) an x ≠ y sto S.

Prìtash 3.2.1 ’Estw m ∈ N kai k ∈ Z\{0} me (k, m) = 1. Tìte, (a) ’Otan o x diatrèqei èna plărec sÔsthma upoloÐpwn wc proc m, o kx diatrèqei ki autìc èna plărec sÔsthma upoloÐpwn wc proc m.

(b) ’Otan o x diatrèqei èna anhgmèno sÔsthma upoloÐpwn wc proc m, o kx diatrèqei ki autìc èna anhgmèno sÔsthma upoloÐpwn wc proc m.

Apìdeixh: (a) ’Estw S èna plărec sÔsthma upoloÐpwn wc proc m. An x, y ∈ S kai kx ≡ ky (mod m), tìte h upìjesh ìti (k, m) = 1 kai h Prìtash 3.1.4 deÐqnoun ìti x ≡ y (mod m), Ĺra x = y. Autì deÐqnei ìti to sÔnolo kS := {kx : x ∈ S} apoteleÐtai apì m akeraÐouc pou anĹ dÔo den eÐnai isìtimoi wc proc m, dhladă to kS eÐnai èna plărec sÔsthma upoloÐpwn wc proc m.

(b) ’Estw T èna anhgmèno sÔsthma upoloÐpwn wc proc m. ’Opwc prin, an x, y ∈ T kai kx ≡ ky (mod m), tìte h upìjesh ìti (k, m) = 1 kai h Prìtash 3.1.4 deÐqnoun ìti x ≡ y (mod m), Ĺra x = y. Autì deÐqnei ìti to sÔnolo kT := {kx : x ∈ T } apoteleÐtai apì m akeraÐouc pou anĹ dÔo den eÐnai isìtimoi wc proc m. Epiplèon, apì thn (k, m) = 1 èpetai ìti (kx, m) = 1 gia kĹje x ∈ T , dhladă ta stoiqeÐa tou kT eÐnai sqetikĹ prÿta proc ton m. ’Ara, to kT eÐnai èna anhgmèno sÔsthma upoloÐpwn wc proc m. □

Prìtash 3.2.2 ’Estw m, n ∈ N me (m, n) = 1. Tìte, (a) ’Otan o x diatrèqei èna plărec sÔsthma upoloÐpwn wc proc m kai o y diatrèqei èna plărec sÔsthma upoloÐpwn wc proc n, o nx + my diatrèqei èna plărec sÔsthma upoloÐpwn wc proc mn.

(b) ’Otan o x diatrèqei èna anhgmèno sÔsthma upoloÐpwn wc proc m kai o y diatrèqei èna anhgmèno sÔsthma upoloÐpwn wc proc n, o nx + my diatrèqei èna anhgmèno sÔsthma upoloÐpwn wc proc mn.

Apìdeixh: (a) ’Estw S_1 = {x_1, . . . , x_m} èna plărec sÔsthma upoloÐpwn wc proc m kai S_2 = {y_1, . . . , y_n} èna plărec sÔsthma upoloÐpwn wc proc n. An nx_i +my_j ≡ nx_r +my_s (mod mn), tìte nx_i ≡ nx_r (mod m) (giatÐ?). AfoÔ (m, n) = 1, èpetai ìti x_i ≡ x_r (mod m), dhladă x_i = x_r. ’Omoia blèpoume ìti y_j = y_s. Autì apodeiknÔei ìti to sÔnolo S = {nx + my : x ∈ S_1, y ∈ S_2} apoteleÐtai apì mn akeraÐouc oi opoÐoi anĹ dÔo den eÐnai isìtimoi wc proc mn. ’Ara, to S eÐnai èna plărec sÔsthma upoloÐpwn wc proc mn.

(b) ’Estw T_1 = {x_1, . . . , x_{ϕ(m)}} èna anhgmèno sÔsthma upoloÐpwn wc proc m kai T_2 = {y_1, . . . , y_{ϕ(n)}} èna anhgmèno sÔsthma upoloÐpwn wc proc n. ’Opwc prin blèpoume ìti an nx_i + my_j ≡ nx_r + my_s (mod mn), tìte x_i = x_r kai y_j = y_s. Autì apodeiknÔei ìti to sÔnolo T = {nx + my : x ∈ T_1, y ∈ T_2} apoteleÐtai apì ϕ(m)ϕ(n) = ϕ(mn) akeraÐouc (h ϕ eÐnai pollaplasiastikă kai (m, n) = 1), oi opoÐoi anĹ dÔo den eÐnai isìtimoi wc proc mn. Epiplèon, an x ∈ T_1 kai y ∈ T_2 èqoume (nx + my, m) = (nx, m) = (x, m) = 1 kai (nx + my, n) = (my, n) = (y, n) = 1 giatÐ (m, n) = 1. EpÐshc, apì tic dÔo prohgoÔmenec sqèseic kai thn (m, n) = 1 blèpoume ìti (nx + my, mn) = 1, dhladă ta stoiqeÐa tou T eÐnai sqetikĹ prÿta proc ton mn. ’Ara, to S eÐnai èna plărec sÔsthma upoloÐpwn wc proc mn. □

Efarmogă thc Prìtashc 3.2.1 eÐnai to Jeÿrhma Fermat-Euler.

Jeÿrhma 3.2.1 ’Estw m ∈ N kai a ∈ Z\{0} tètoioc ÿste (a, m) = 1. Tìte,

(3.2.1) a^{ϕ(m)} ≡ 1 (mod m).

Apìdeixh: ’Estw T = {x_1, . . . , x_{ϕ(m)}} èna anhgmèno sÔsthma upoloÐpwn wc proc m. Apì thn Prìtash 3.2.1 (b), to sÔnolo aT = {ax_1, . . . , ax_{ϕ(m)}} eÐnai ki autì èna anhgmèno sÔsthma upoloÐpwn wc proc m. Apì thn Prìtash 3.1.3 (b), paÐrnoume

(3.2.2) x_1 · · · x_{ϕ(m)} ≡ (ax_1) · · · (ax_{ϕ(m)}) = a^{ϕ(m)}x_1 · · · x_{ϕ(m)} (mod m).

’Omwc (x_i, m) = 1 gia kĹje i = 1, . . . , ϕ(m), Ĺra (x_1 · · · x_{ϕ(m)}, m) = 1. Apì thn (3.2.2) kai thn Prìtash 3.1.4 (b) èpetai to zhtoÔmeno. □

Eidikă perÐptwsh tou Jewrămatoc 3.2.1 eÐnai to {mikrì jeÿrhma tou Fermat}.

Jeÿrhma 3.2.2 ’Estw p ènac prÿtoc arijmìc kai èstw a ∈ Z tètoioc ÿste o p na mhn diaireÐ ton a. Tìte, a^{p−1} ≡ 1 (mod p).

Apìdeixh: AfoÔ o p eÐnai prÿtoc kai den diaireÐ ton a, èqoume (a, p) = 1 kai ϕ(p) = p − 1. To jeÿrhma prokÔptei loipìn Ĺmesa apì to jeÿrhma Fermat-Euler me m = p. □

3.3 Grammikèc isotimÐec

To genikì prìblhma me to opoÐo ja asqolhjoÔme se autăn kai thn epìmenh parĹgrafo eÐnai to exăc. DÐnontai èna poluÿnumo f : Z → Z me akèraiouc suntelestèc kai ènac fusikìc arijmìc m. Mac endiafèrei to plăjoc twn lÔsewn thc isotimÐac f(x) ≡ 0 (mod m): me autì ennooÔme to plăjoc twn stoiqeÐwn x enìc plărouc sustămatoc upoloÐpwn wc proc m ta opoÐa ikanopoioÔn thn isotimÐa.

Autì eÐnai kai to endiafèron erÿthma, giatÐ an x eÐnai ènac akèraioc pou ikanopoieÐ thn f(x) ≡ 0 (mod m) kai y ≡ x (mod m), tìte f(y) ≡ 0 (mod m). PrĹgmati, an f(z) = c_kz^k + · · · + c_1z + c_0 ìpou c_i ∈ Z kai c_k ≠ 0, apì thn y ≡ x (mod m) èqoume

(3.3.1) y^i ≡ x^i (mod m), Ĺra c_iy^i ≡ c_ix^i (mod m)

gia kĹje i = 0, 1, . . . , k kai prosjètontac tic isotimÐec paÐrnoume

(3.3.2) f(y) ≡ f(x) ≡ 0 (mod m).

Mac endiafèrei loipìn na doÔme pìsec lÔseic {anisìtimec wc proc m} upĹrqoun.

Se aută thn parĹgrafo ja xekinăsoume me th melèth twn grammikÿn isotimiÿn (thn perÐptwsh pou f(z) = az − b). H plărhc apĹnthsh sto prìblhma dÐnetai apì to epìmeno jeÿrhma.

Jeÿrhma 3.3.1 ’Estw m ∈ N kai a, b ∈ Z. H isotimÐa

(3.3.3) ax ≡ b (mod m)

èqei lÔseic an kai mìno an (a, m) | b. Tìte, to plăjoc twn lÔsewn isoÔtai me d = (a, m) kai ìlec oi lÔseic anăkoun sthn Ðdia klĹsh upoloÐpwn wc proc m/d.

Apìdeixh: O x ∈ Z ikanopoieÐ thn ax ≡ b (mod m) an kai mìno an upĹrqei y ∈ Z tètoioc ÿste ax − b = my, dhladă an kai mìno an h grammikă diofantikă exÐswsh ax − my = b èqei akèraiec lÔseic. To Jeÿrhma 1.7.1 deÐqnei ìti autì sumbaÐnei an kai mìno an (a, m) | b. Autì apodeiknÔei to prÿto mèroc tou jewrămatoc.

’Estw ìti d = (a, m) | b kai èstw x_1, x_2 dÔo lÔseic thc (3.3.3). Tìte, m | a(x_1 − x_2) apfl ìpou èpetai ìti^m_d |^a_d (x_1 − x − 2). AfoÔ (a/d, m/d) = (a, m)/d = 1, autì shmaÐnei ìti (m/d) | x_1 − x_2. Dhladă, ìlec oi lÔseic thc (3.3.3) anăkoun sthn Ðdia klĹsh upoloÐpwn wc proc m/d.

Mènei na deÐxoume ìti to plăjoc twn lÔsewn thc isotimÐac isoÔtai me d. StajeropoioÔme mÐa lÔsh x_0 kai jewroÔme touc akeraÐouc

(3.3.4) x_0, x_0 + m d , x_0 + 2m d , . . . , x_0 + (d − 1)m d . Gia kĹje 0 ≤ s ≤ d − 1 èqoume (3.3.5) a ( x_0 + ms d ) = ax_0 + as d · m ≡ ax_0 ≡ b (mod m), dhladă ìloi autoÐ oi akèraioi ikanopoioÔn thn (3.3.3). Ja deÐxoume ìti anăkoun se diaforetikèc klĹseic upoloÐpwn wc proc m. An gia kĹpoiouc 0 ≤ s_1, s_2 ≤ d − 1 isqÔei

(3.3.6) x_0 + m d s_1 ≡ x_0 + m d s_2 (mod m),

tìte m |^m_d (s_1 − s_2) dhladă d | (s_1 − s_2), to opoÐo mporeÐ na sumbeÐ mìno an s_1 = s_2 afoÔ |s_1 − s_2| < d.

Brăkame d to plăjoc lÔseic anisìtimec wc proc m, Ĺra h (3.3.3) èqei toulĹqiston d lÔseic. Ja deÐxoume ìti kĹje Ĺllh lÔsh eÐnai isìtimh me kĹpoia apì autèc wc proc m, to opoÐo ja oloklhrÿsei thn apìdeixh. ’Opwc eÐdame, kĹje Ĺllh lÔsh eÐnai thc morfăc x_0 +^m_d r gia kĹpoion r ∈ Z. Apì ton algìrijmo thc diaÐreshc, upĹrqoun monadikoÐ q ∈ Z kai 0 ≤ s < d tètoioi ÿste r = qd + s. Tìte,

(3.3.7) x_0 + m d r = x_0 + m d (qd + s) = x_0 + sm d + mq ≡ x_0 + sm d (mod m),

dhladă anăkei sthn Ðdia klĹsh upoloÐpwn wc proc m me kĹpoia apì tic d lÔseic sthn (3.3.4). □

Paradeigmata: H apìdeixh tou prohgoÔmenou jewrămatoc dÐnei tautìqrona ènan algìrijmo upologismoÔ twn lÔsewn. Ja ton efarmìsoume se dÔo paradeÐgmata. 1. Na lujeÐ h grammikă isotimÐa 5x ≡ 2 (mod 26).

ParathroÔme ìti d = (5, 26) = 1. ’Ara, h isotimÐa èqei akribÿc mÐa lÔsh. Gia na th broÔme, arkeÐ na lÔsoume th grammikă diofantikă exÐswsh 5x − 26y = 2. GrĹfoume 1 = 5 · (−5) − 26 · (−1) kai pollaplasiĹzontac epÐ 2 paÐrnoume 5 · (−10) − 26 · (−2) = 2, dhladă 5 · (−10) ≡ 2 (mod 26). H monadikă lÔsh eÐnai h −10 (mod 26), ă alliÿc, h 16 (mod 26).

2. Na lujeÐ h grammikă isotimÐa 6x ≡ 15 (mod 21).

ParathroÔme ìti d = (6, 21) = 3 | 15. ’Ara, h isotimÐa èqei akribÿc treÐc lÔseic. Gia na broÔme mÐa apì autèc, arkeÐ na lÔsoume th grammikă diofantikă exÐswsh 6x − 21y = 15. GrĹfoume 3 = 6 · (−3) − 21 · (−1) kai pollaplasiĹzontac epÐ 5 paÐrnoume 6 · (−15) − 21 · (−5) = 15, dhladă 6 · (−15) ≡ 15 (mod 21). ’Ara, mÐa lÔsh eÐnai h −15 (mod 21), ă alliÿc, h 6 (mod 21).

’Eqoume m/d = 21/3 = 7, Ĺra oi treÐc lÔseic thc isotimÐac eÐnai oi

6 (mod 21), 13 (mod 21), 20 (mod 21).

To epìmeno apotèlesma, to Kinèziko jeÿrhma upoloÐpwn, mac dÐnei mèjodo upologismoÔ koinăc lÔshc enìc sustămatoc grammikÿn isotimiÿn. H qrhsimìthtĹ tou gÐnetai katanohtă apì thn exăc Prìtash.

Prìtash 3.3.1 ’Estw f : Z → Z poluÿnumo me akèraiouc suntelestèc kai èstw m_1, m_2, . . . , m_r fusikoÐ arijmoÐ, sqetikĹ prÿtoi anĹ dÔo. An m = m_1m_2 · · · m_r, tìte kĹje lÔsh thc f(x) ≡ 0 (mod m) eÐnai lÔsh tou sustămatoc

f(x) ≡ 0 (mod m_1), f(x) ≡ 0 (mod m_2), · · · ≡ · · · f(x) ≡ 0 (mod m_r)

kai antistrìfwc.

Apìdeixh: An f(x) ≡ 0 (mod m), èqoume m | f(x). ’Omwc, m_i | m gia kĹje i = 1, . . . , r, Ĺra m_i | f(x). ’Epetai ìti f(x) ≡ 0 (mod m_i) gia kĹje i = 1, . . . , r.

AntÐstrofa, an o x eÐnai lÔsh tou sustămatoc f(x) ≡ 0 (mod m_i), tìte m_i | f(x) gia kĹje i = 1, . . . , r. AfoÔ oi m_i eÐnai anĹ dÔo sqetikĹ prÿtoi, to ginìmeno m = m_1m_2 · · · m_r diaireÐ ki autì ton f(x). ’Ara, f(x) ≡ 0 (mod m). □ SÔmfwna me thn Prìtash 3.3.1, an m = p^{k1}_1 p^{k2}_2 · · · p^{kr}_r , prokeimènou na lÔsoume thn f(x) ≡ 0 (mod m) arkeÐ na broÔme ìlec tic lÔseic twn f(x) ≡ 0 (modp^{ki}_i ) kai, katìpin, gia kĹje r-Ĺda (c_1, . . . , c_r) lÔsewn autÿn twn r isotimiÿn na broÔme klĹsh x (mod m) h opoÐa na ikanopoieÐ to sÔsthma

x ≡ c_1 (mod p^{k1}_1 ), x ≡ c_2 (mod p^{k2}_2 ), · · · ≡ · · · x ≡ c_r (mod p^{kr}_r ).

Tìte, h klĹsh x (mod m) ja ikanopoieÐ tautìqrona tic f(x) ≡ 0 (mod p^{ki}_i ), kai apì thn Prìtash 3.3.1 ja eÐnai lÔsh thc f(x) ≡ 0 (mod m).

To Kinèziko jeÿrhma upoloÐpwn exasfalÐzei ìti kĹje sÔsthma grammikÿn isotimiÿn ìpwc parapĹnw èqei monadikă lÔsh.

Jeÿrhma 3.3.2 ’Estw m_1, m_2, . . . , m_r fusikoÐ arijmoÐ me (m_i, m_j ) = 1 an i ≠ j. An m = m_1m_2 · · · m_r, tìte gia kĹje c_1, . . . , c_r ∈ Z to sÔsthma

x ≡ c_1 (mod m_1), x ≡ c_2 (mod m_2), · · · ≡ · · · x ≡ c_r (mod m_r).

èqei monadikă lÔsh x (mod m).

Apìdeixh: Gia kĹje i = 1, . . . , r orÐzoume M_i = m/m_i. Tìte,

1. An j ≠ i èqoume m_j | M_i. 2. (M_i, m_i) = 1 gia kĹje i.

Lìgw thc deÔterhc idiìthtac, h grammikă isotimÐa (3.3.8) M_iy ≡ 1 (mod m_i) èqei monadikă lÔsh, thn b_i (mod m_i). OrÐzoume (3.3.9) x = c_1M_1b_1 + · · · + c_rM_rb_r. Gia kĹje i = 1, . . . , r èqoume (3.3.10) c_iM_ib_i ≡ c_i (mod m_i) lìgw thc M_ib_i ≡ 1 (mod m_i), kai (3.3.11) c_j M_j b_j ≡ 0 (mod m_i) an j ≠ i, lìgw thc m_j | M_j . Prosjètontac paÐrnoume (3.3.12) x = c_1M_1b_1 + · · · + c_rM_rb_r ≡ c_i (mod m_i) gia kĹje i = 1, . . . , r. Dhladă, o x eÐnai lÔsh tou sustămatoc. An y eÐnai mia Ĺllh lÔsh, tìte m_i | (x − y) gia kĹje i, kai afoÔ oi m_i eÐnai anĹ dÔo sqetikĹ prÿtoi sumperaÐnoume ìti m = m_1m_2 · · · m_r | (x−y). ’Ara, h lÔsh x eÐnai monadikă modulo m: x ≡ y (mod m). □

3.4 Poluwnumikèc isotimÐec

Upojètoume ìti f(x) = c_nx^n + · · · + c_1x + c_0 eÐnai èna poluÿnumo bajmoÔ n ≥ 2 me akèraiouc suntelestèc c_i (c_n ≠ 0). ’Estw m = p^{k1}_1 · · · p^{kr}_r ènac fusikìc megalÔteroc ă Ðsoc tou 2. Apì thn Prìtash 3.3.1, gia na lÔsoume thn isotimÐa f(x) ≡ 0 (mod m) arkeÐ na lÔsoume tic (3.4.1) f(x) ≡ 0 (mod p^{ki}_i ), i = 1, . . . , r. To Jeÿrhma pou akoloujeÐ dÐnei ènan algìrijmo me ton opoÐo mporoÔme na anaqjoÔme apì to prìblhma thc epÐlushc thc f(x) ≡ 0 (mod p^k) sto aploÔstero prìblhma thc epÐlushc thc f(x) ≡ 0 (mod p).

Ja qreiastoÔme èna aplì lămma.

Lămma 3.4.1 ’Estw f(x) = c_nx^n +· · ·+c_1x+c_0 eÐnai èna poluÿnumo bajmoÔ n ≥ 2 me akèraiouc suntelestèc c_i (c_n ≠ 0). Gia kĹje a, b ∈ Z èqoume (3.4.2) f(a + b) = f(a) + bf^′(a) + b^2s, ìpou s ∈ Z kai f^′(a) eÐnai h parĹgwgoc thc f sto a.

Apìdeixh: Gia kĹje i ≥ 2 o diwnumikìc tÔpoc dÐnei (3.4.3) (a + b)^i = a^i + iba^{i−1} + b^2s_i gia kĹpoion s_i ∈ Z. ’Ara,

f(a + b) = n∑ i=2 c_i(a + b)^i + c_1(a + b) + c_0

= n∑ i=2 c_i(a^i + bia^{i−1} + b^2s_i) + c_1(a + b) + c_0

= n∑ i=0 c_ia^i + b n∑ i=1 ic_ia^{i−1} + b^2 n∑ i=2 c_is_i = f(a) + bf^′(a) + b^2s, ìpou s = c_2s_2 + · · · + c_ns_n ∈ Z. □ Jeÿrhma 3.4.1 ’Estw f(x) = c_nx^n + · · · + c_1x + c_0 èna poluÿnumo bajmoÔ n ≥ 2 me akèraiouc suntelestèc c_i (c_n ≠ 0), kai èstw p prÿtoc arijmìc kai k ≥ 2. Tìte, h klĹsh x (mod p^k) eÐnai lÔsh thc f(x) ≡ 0 (mod p^k) an kai mìno an x = z + yp^{k−1} gia kĹpoiouc akeraÐouc 0 ≤ z < p^{k−1} kai 0 ≤ y < p oi opoÐoi ikanopoioÔn tic (3.4.4) f(z) ≡ 0 (mod p^{k−1}) kai (3.4.5) f(z) p^{k−1} + yf^′(z) ≡ 0 (mod p).

Apìdeixh: ’Estw ìti f(x) ≡ 0 (mod p^k). Apì ton algìrijmo thc diaÐreshc upĹrqoun monadikoÐ akèraioi z kai w tètoioi ÿste x = wp^{k−1} + z kai 0 ≤ z < p^{k−1}. Apì to Lămma 3.4.1 upĹrqei s ∈ Z tètoioc ÿste (3.4.6) f(x) = f(z + wp^{k−1}) = f(z) + wp^{k−1}f^′(z) + (wp^{k−1})^2s, kai afoÔ p^{k−1} | p^k | f(x), sumperaÐnoume ìti p^{k−1} | f(z), dhladă (3.4.7) f(z) ≡ 0 (mod p^{k−1}). Apì thn (3.4.6) èqoume (3.4.8) f(x) = f(z) + wp^{k−1}f^′(z) + p^{2k−2}w^2s ≡ 0 (mod p^k), kai afoÔ p^k | p^{2k−2} (parathrăste ìti 2k − 2 ≥ k) èqoume (3.4.9) f(z) + wp^{k−1}f^′(z) ≡ 0 (mod p^k).

EpÐshc p^{k−1} | f(z) apì thn (3.4.7), Ĺra

(3.4.10) f(z) p^{k−1} + wf^′(z) ≡ 0 (mod p).

AfoÔ kĹje akèraioc thc morfăc y = w+qp eÐnai epÐshc lÔsh thc (3.4.10), mporoÔme na broÔme 0 ≤ y < p tètoion ÿste

(3.4.10) f(z) p^{k−1} + yf^′(z) ≡ 0 (mod p).

Tèloc, parathroÔme ìti o x_1 = z + yp^{k−1} = z + wp^{k−1} + qp^k ikanopoieÐ thn

(3.4.11) f(x_1) ≡ f(z + wp^{k−1}) = f(x) ≡ 0 (mod p^k),

dhladă sthn klĹsh x (mod p^k) upĹrqei x_1 thc morfăc pou jèlame.

H antÐstrofh kateÔjunsh eÐnai aplă: an oi 0 ≤ z < p^{k−1} kai 0 ≤ y < p ikanopoioÔn tic (3.4.4) kai (3.4.5), tìte

(3.4.12) f(z) + yp^{k−1}f^′(z) ≡ 0 (mod p^k), Ĺra (3.4.13) f(z + yp^{k−1}) = f(z) + yp^{k−1}f^′(z) + p^{2k−2}y^2s ≡ 0 (mod p^k),

dhladă o x = z + yp^{k−1} ikanopoieÐ thn f(x) ≡ 0 (modp^k). □

Ac upojèsoume ìti mac dÐnetai mia isotimÐa thc morfăc f(x) ≡ 0 (mod p^k), ìpou k ≥ 2. Me diadoqikèc efarmogèc tou Jewrămatoc 3.4.1 mporoÔme na anaqjoÔme sthn epÐlush thc isotimÐac f(x) ≡ 0 (mod p) kai kĹpoiwn grammikÿn isotimiÿn (paradeÐgmata ja dojoÔn stic askăseic). PernĹme loipìn fusiologikĹ sto prìblhma thc epÐlushc isotimiÿn thc morfăc f(x) ≡ 0 (mod p), ìpou p eÐnai ènac prÿtoc arijmìc. To prÿto mac apotèlesma deÐqnei ìti mporoÔme pĹnta na upojètoume ìti o bajmìc tou f eÐnai mikrìteroc apì p.

Prìtash 3.4.1 ’Estw f : Z → Z èna poluÿnumo me akèraiouc suntelestèc. UpĹrqei poluÿnumo g : Z → Z me akèraiouc suntelestèc kai bajmì mikrìtero apì p, tètoio ÿste f(x) ≡ g(x) (mod p)

gia kĹje x ∈ Z.

Apìdeixh: ’Estw f(x) = c_nx^n + · · · + c_1x + c_0 èna poluÿnumo me akèraiouc suntelestèc kai c_n ≠ 0. ’Estw ìti n ≤ p (alliÿc den èqoume tÐpota na deÐxoume). Isqurizìmaste ìti gia kĹje p ≤ j ≤ n upĹrqei 1 ≤ r = r(j) ≤ p − 1 tètoioc ÿste x^j ≡ x^{r(j)} (mod p) gia kĹje x ∈ Z.

Gia to skopì autì parathroÔme ìti o j grĹfetai monosămanta sth morfă j = (p − 1)q(j) + r(j) ìpou q(j), r(j) ∈ N kai 1 ≤ r(j) ≤ p − 1 (autì eÐnai aplă sunèpeia tou algìrijmou thc diaÐreshc). Tìte, an (x, p) = 1 èqoume

x^j = (x^{p−1})^{q(j)}x^{r(j)} ≡ 1^{q(j)}x^{r(j)} = x^{r(j)} (mod p) apì to mikrì jeÿrhma tou Fermat, enÿ an p | x èqoume

x^j ≡ 0 ≡ x^{r(j)} (mod p).

Tÿra, gia kĹje x ∈ Z èqoume

f(x) = n∑ j=p c_j x^j + p−1∑ j=0 c_j x^j ≡ n∑ j=p c_j x^{r(j)} + p−1∑ j=0 c_j x^j = g(x) (mod p),

kai to poluÿnumo g èqei profanÿc bajmì mikrìtero apì p. □ Sth sunèqeia loipìn mporoÔme na skeftìmaste ìti o bajmìc tou poluwnÔmou f eÐnai mikrìteroc apì p.

Jeÿrhma 3.4.2 (Lagrange) ’Estw f(x) = c_nx^n + · · · + c_1x + c_0 èna poluÿnumo me akèraiouc suntelestèc kai èstw p ènac prÿtoc arijmìc. Upojètoume ìti o p den diaireÐ to suntelestă c_n. Tìte, h isotimÐa f(x) ≡ 0 (mod p) èqei to polÔ n lÔseic.

Apìdeixh: Me epagwgă wc proc to bajmì n tou poluwnÔmou. An n = 0, jèloume aplÿc na deÐxoume ìti den isqÔei h c_0 ≡ 0 (mod p), to opoÐo eÐnai alhjèc afoÔ, apì thn upìjesh, o p den diaireÐ ton c_n = c_0. An n = 1, jèloume na deÐxoume ìti h grammikă isotimÐa c_1x ≡ −c_0 (mod p) èqei to polÔ mÐa lÔsh. ’Omwc o p den diaireÐ ton c_1, Ĺra d = (c_1, p) = 1 kai to zhtoÔmeno èpetai apì to Jeÿrhma 3.3.1.

Upojètoume ìti to Jeÿrhma èqei apodeiqjeÐ gia kĹje poluÿnumo bajmoÔ mikrìterou apì n kai jewroÔme èna poluÿnumo f(x) = c_nx^n +· · ·+c_1x+c_0 bajmoÔ n. Ja upojèsoume ìti h f(x) ≡ 0 (mod p) èqei n + 1 lÔseic x_0, x_1, . . . , x_n anisìtimec wc proc p kai ja katalăxoume se Ĺtopo.

ParathroÔme ìti gia kĹje x ∈ Z,

f(x) − f(x_0) = (c_nx^n + · · · + c_1x + c_0) − (c_nx^n_0 + · · · + c_1x_0 + c_0) = (x − x_0)g(x),

ìpou g poluÿnumo me akèraiouc suntelestèc, to opoÐo èqei bajmì mikrìtero ă Ðso apì n − 1. ’Omwc, gia kĹje j = 1, . . . , n èqoume

(x_j − x_0)g(x_j ) = f(x_j ) − f(x_0) ≡ 0 (mod p),

kai afoÔ o prÿtoc p den diaireÐ ton x_j − x_0 sumperaÐnoume ìti

g(x_j ) ≡ 0 (mod p)

gia kĹje j = 1, . . . , n. ’Omwc tìte h isotimÐa g(x) ≡ 0 (mod p) èqei toulĹqiston n lÔseic anisìtimec wc proc p, to opoÐo eÐnai Ĺtopo (parathrăste ìti to g èqei suntelestă tou megistobĹjmiou ìrou ton c_n kai efarmìste thn epagwgikă upìjesh). □

Jeÿrhma 3.4.3 ’Estw f(x) = c_nx^n + · · · + c_1x + c_0 èna poluÿnumo me akèraiouc suntelestèc kai èstw p ènac prÿtoc arijmìc. Upojètoume ìti h isotimÐa f(x) ≡ 0 (mod p) èqei perissìterec apì n lÔseic. Tìte, p | c_j gia kĹje j = 0, 1, . . . , n.

Apìdeixh: ’Eqoume p | c_n: diaforetikĹ, apì to Jeÿrhma tou Lagrange h isotimÐa f(x) ≡ 0 (mod p) ja eÐqe to polÔ n lÔseic.

AfoÔ p | c_n, èqoume

g(x) = c_{n−1}x^{n−1} + · · · + c_1x + c_0 ≡ f(x) (mod p)

gia kĹje x ∈ Z. ’Ara, h isotimÐa g(x) ≡ 0 (mod p) èqei perissìterec apì n lÔseic, kai ìpwc prin blèpoume ìti p | c_{n−1}.

SuneqÐzontac ìmoia, blèpoume ìti ìloi oi suntelestèc c_n, c_{n−1}, . . . , c_1, c_0 eÐnai pollaplĹsia tou p. □

Sunèpeia tou Jewrămatoc 3.4.3 eÐnai to Jeÿrhma tou Wilson.

Jeÿrhma 3.4.4 Gia kĹje prÿto arijmì p isqÔei h

(p − 1)! ≡ −1 (mod p).

Apìdeixh: To zhtoÔmeno eÐnai profanèc an p = 2, mporoÔme loipìn na upojèsoume ìti o p eÐnai perittìc prÿtoc. JewroÔme to poluÿnumo

f(x) = (x^{p−1} − 1) − p−1∏ k=1 (x − k).

O bajmìc tou f eÐnai p − 2 (parathrăste ìti oi dunĹmeic x^{p−1} sta x^{p−1} − 1 kai ∏_{p−1} k=1(x − k) allhloanairoÔntai). ’Omwc, apì to mikrì jeÿrhma tou Fermat, gia kĹje k = 1, . . . , p − 1 èqoume

f(k) ≡ k^{p−1} − 1 ≡ 0 (mod p),

dhladă h isotimÐa f(x) ≡ 0 (mod p) èqei perissìterec apì p − 2 lÔseic. Epomènwc, o p diaireÐ ìlouc touc suntelestèc tou poluwnÔmou. Eidikìtera, diaireÐ to stajerì ìro c_0 = −1 − (−1)^{p−1}(p − 1)! = −1 − (p − 1)!, to opoÐo shmaÐnei ìti −1 ≡ (p − 1)! (mod p). □

AntÐstrofa, ac upojèsoume ìti gia kĹpoio fusikì arijmì n ≥ 2 isqÔei h (n − 1)! ≡ −1 (mod n). Tìte, (n − 1)! + 1 = nx gia kĹpoion x ∈ N. An o n den eÐnai prÿtoc, tìte èqei èna prÿto diairèth p. AfoÔ p < n, o p diaireÐ kai ton (n − 1)!, Ĺra p | 1, Ĺtopo. Aută h paratărhsh se sunduasmì me to jeÿrhma tou Wilson deÐqnei ìti ènac fusikìc arijmìc n eÐnai prÿtoc an kai mìno an ikanopoieÐ thn (n − 1)! ≡ −1 (mod n). DÐnei dhladă kritărio gia to an o n eÐnai prÿtoc ă ìqi.

3.5 Askăseic

1. DeÐxte ìti èna sÔnolo S akeraÐwn eÐnai plărec sÔsthma upoloÐpwn wc proc m an kai mìno an to S èqei m stoiqeÐa kai x ≢ y (mod m) an x ≠ y sto S. 2. DeÐxte ìti èna sÔnolo T akeraÐwn eÐnai anhgmèno sÔsthma upoloÐpwn wc proc m an kai mìno an to T èqei ϕ(m) stoiqeÐa sqetikĹ prÿta proc ton m kai x ≢ y (mod m) an x ≠ y sto S.

3. DeÐxte ìti an a ≡ b (mod n_1) kai a ≡ c (mod n_2), tìte b ≡ c (mod n), ìpou n = (n_1, n_2).

4. ’Estw m > 2. DeÐxte ìti oi 1^2, 2^2, . . . , m^2 den sqhmatÐzoun plărec sÔsthma upoloÐpwn wc proc m.

5. DeÐxte ìti 7 | (3^{2n+1} + 2^{n+2}) gia kĹje n ∈ N.

6. BreÐte ìlouc touc fusikoÔc n gia touc opoÐouc n^{13} ≡ n (mod 1365). 7. An p kai q eÐnai diakekrimènoi prÿtoi, deÐxte ìti p^{q−1} + q^{p−1} ≡ 1 (mod pq).

8. ’Estw p prÿtoc kai a, b ∈ N. DeÐxte ìti (a + b)^p ≡ a^p + b^p (mod p). 9. ’Estw p > 2 prÿtoc kai a, b ∈ N. DeÐxte ìti an a^p + b^p ≡ 0 (mod p), tìte a^p + b^p ≡ 0 (mod p^2).

10. Na lujoÔn oi grammikèc isotimÐec 140x ≡ 133 (mod 301) kai 34x ≡ 60 (mod 98).

11. Na lujeÐ to sÔsthma grammikÿn isotimiÿn x ≡ 5 (mod 6), x ≡ 4 (mod 11), x ≡ 3 (mod 17).

12. ’Ena kalĹji perièqei n augĹ. An bgĹloume ta augĹ apì to kalĹji paÐrnontac 2, 3, 4, 5 ă 6 kĹje forĹ, sto kalĹji apomènoun 1, 2, 3, 4 ă 5 augĹ antÐstoiqa. An paÐrnoume 7 augĹ kĹje forĹ, tìte den perisseÔei kanèna. Poiìc eÐnai o mikrìteroc dunatìc arijmìc augÿn pou mporeÐ na perièqei to kalĹji?

13. ’Estw p ènac prÿtoc kai èstw ìti (a, p) = 1 gia kĹpoio fusikì a. DeÐxte ìti h klĹsh x ≡ a^{p−2}b (mod p) eÐnai lÔsh thc grammikăc isotimÐac ax ≡ b (mod p).

Qrhsimopoiÿntac to parapĹnw, lÔste tic isotimÐec 6x ≡ 5 (mod 11) kai 3x ≡ 17 (mod 29).

14. Na lujeÐ h isotimÐa 7x^4 + 19x + 25 ≡ 0 (mod 27).

15. BreÐte ìlouc touc fusikoÔc n gia touc opoÐouc o (n − 1)! + 1 eÐnai dÔnamh tou n. 16. ’Estw p ènac perittìc prÿtoc kai èstw q = (p − 1)/2. DeÐxte ìti (q!)^2 + (−1)^q ≡ 0 (mod p).

17. DeÐxte ìti an o m eÐnai sÔnjetoc kai m ≠ 4, tìte (m − 1)! ≡ 0 (mod m).

.

UpodeÐxeic - apantăseic 3. AfoÔ n = (n1, n2) èqoume n | n1 | a − b kai n | n2 | a − c. ’Ara, n | (a − b) − (a − c) = c − b. Dhladă, b ≡ c (mod n).

4. Oi 1^2, 2^2, . . . , m^2 eÐnai m to plăjoc. An sqhmĹtizan plărec sÔsthma upoloÐpwn wc proc m ja èprepe na eÐnai anisìtimoi mod m. ’Omwc, m − 1 > 1 giatÐ m > 2, kai (m − 1)^2 = m^2 − 2m + 1 ≡ 1 = 1^2 (mod m).

5. ParathroÔme ìti 9 ≡ 2 (mod 7), Ĺra 3^{2n+1} = 3 · 3^{2n} = 3 · 9^n ≡ 3 · 2^n (mod 7).

Epomènwc,

3^{2n+1} + 2^{n+2} = 3 · 9^n + 4 · 2^n ≡ 3 · 2^n + 4 · 2^n = 7 · 2^n ≡ 0 (mod 7). Dhladă, 7 | (3^{2n+1} + 2^{n+2}).

6. ParathroÔme ìti 1365 = 3 · 5 · 7 · 13. AfoÔ ϕ(3) = 2, ϕ(5) = 4, ϕ(7) = 6 kai ϕ(13) = 12, èqoume ϕ(3), ϕ(5), ϕ(7), ϕ(13) | 12.

Apì to jeÿrhma tou Euler, gia kĹje n ∈ N èqoume n^{13} = (n^2)^6 · n ≡ n (mod 3) n^{13} = (n^4)^3 · n ≡ n (mod 5) n^{13} = (n^6)^2 · n ≡ n (mod 7) n^{13} = n^{12} · n ≡ n (mod 13).

AfoÔ o n^{13} −n diaireÐtai me touc prÿtouc 3, 5, 7, 13, ja diaireÐtai kai me to ginìmenì touc. Dhladă, h n^{13} ≡ n (mod 1365) isqÔei gia kĹje fusikì n.

7. AfoÔ (p, q) = 1, apì to mikrì jeÿrhma tou Fermat èqoume p^{q−1} ≡ 1 (mod q) kai q^{p−1} ≡ 1 (mod p).

’Ara,

p^{q−1} + q^{p−1} ≡ p^{q−1} ≡ 1 (mod q) kai p^{q−1} + q^{p−1} ≡ q^{p−1} ≡ 1 (mod p). Apì tic p, q | (p^{q−1} + q^{p−1}) − 1 èpetai ìti pq | (p^{q−1} + q^{p−1}) − 1, dhladă p^{q−1} + q^{p−1} ≡ 1 (mod pq).

8. Apì to mikrì jeÿrhma tou Fermat èqoume (a + b)^p ≡ a + b (mod p).

[An (a + b, p) = 1 tìte (a + b)^{p−1} ≡ 1 (mod p) Ĺra (a + b)^p ≡ a + b (mod p), enÿ an p | a + b tìte kai ta dÔo mèlh eÐnai sthn klĹsh 0 (mod p).]

OmoÐwc, a^p ≡ a (mod p) kai b^p ≡ b (mod p), Ĺra a^p + b^p ≡ a + b ≡ (a + b)^p (mod p).

9. Apì thn prohgoÔmenh Ĺskhsh, an a^p + b^p ≡ 0 (mod p) tìte (a + b)^p ≡ 0 (mod p). Dhladă p | (a + b)^p, Ĺra p | a + b (o p eÐnai prÿtoc). ’Epetai ìti p^2 | p^p | (a + b)^p, dhladă (a + b)^p ≡ 0 (mod p^2).

10. (a) ParathroÔme ìti (140, 301) = 7 | 133. ’Ara, h 140x ≡ 133 (mod 301) èqei 7 lÔseic oi opoÐec anăkoun sthn Ðdia klĹsh wc proc 301/7 = 43.

Gia na broÔme mÐa lÔsh, qrhsimopoioÔme ton EukleÐdeio algìrijmo: èqoume 301 = 2 · 140 + 21 140 = 6 · 21 + 14 21 = 1 · 14 + 7 14 = 2 · 7, Ĺra 7 = 21 − 14 = 21 − 140 + 6 · 21 = 7 · 21 − 140 = 7 · (301 − 2 · 140) − 140 = 7 · 301 − 15 · 140. PollaplasiĹzontac epÐ 19 paÐrnoume 140 · (−285) + 301 · 133 = 133, dhladă 140 · 16 ≡ 140 · (−285) ≡ 133(mod 301).

Mia lÔsh thc isotimÐac eÐnai h x1 = 16 (mod 301), opìte oi lÔseic eÐnai 16 (mod 301), 59 (mod 301), 102 (mod 301), 145 (mod 301), 188 (mod 301), 231 (mod 301), 274 (mod 301).

(b) ParathroÔme ìti (34, 98) = 2 | 60. ’Ara, h 34x ≡ 60 (mod 98) èqei 2 lÔseic oi opoÐec anăkoun sthn Ðdia klĹsh wc proc 98/2 = 49.

Gia na broÔme mÐa lÔsh, qrhsimopoioÔme ton EukleÐdeio algìrijmo: èqoume 98 = 2 · 34 + 30 34 = 1 · 30 + 4 30 = 7 · 4 + 2 4 = 2 · 2,

Ĺra 2 = 30 − 7 · 4 = 30 − 7 · 34 + 7 · 30 = 8 · 30 − 7 · 34 = 8 · 98 − 23 · 34.

PollaplasiĹzontac epÐ 30 paÐrnoume

34 · (−690) + 98 · 240 = 60, dhladă 34 · (−4) ≡ 34 · (−690) ≡ 60(mod 98).

Mia lÔsh thc isotimÐac eÐnai h x1 = −4 (mod 98), opìte oi lÔseic eÐnai

45 (mod 98), 94 (mod 98).

11. OrÐzoume M1 = 11 · 17 = 187, M2 = 6 · 17 = 102 kai M3 = 6 · 11 = 66. H isotimÐa 187y ≡ 1 (mod 6) èqei lÔsh thn b1 = 1. H isotimÐa 102y ≡ 1 (mod 11) èqei lÔsh thn b1 = 4. H isotimÐa 66y ≡ 1 (mod 17) èqei lÔsh thn b1 = 8. ’Ara, o

x = c1M1b1 + c2M2b2 + c3M3b3 = 5 · 187 · 1 + 4 · 102 · 4 + 3 · 66 · 8 = 4151 eÐnai lÔsh tou sustămatoc. Dhladă, lÔsh eÐnai h klĹsh 785 (mod 1122).

12. LÔste to sÔsthma x ≡ 1 (mod 2) x ≡ 2 (mod 3) x ≡ 3 (mod 4) x ≡ 4 (mod 5) x ≡ 5 (mod 6) x ≡ 0 (mod 7), qrhsimopoiÿntac to Kinèziko jeÿrhma upoloÐpwn. Tèloc, breÐte th mikrìterh jetikă lÔsh tou sustămatoc.

13. AfoÔ (a, p) = 1 èqoume a^{p−1} ≡ 1 (mod p). An loipìn x ≡ a^{p−2}b (mod p), tìte ax ≡ a^{p−1}b ≡ b (mod p). Apì to parapĹnw blèpoume eÔkola ìti:

(a) H isotimÐa 6x ≡ 5 (mod 11) èqei lÔsh thn x ≡ 6^9 · 5 (mod 11). AfoÔ 6^3 = 216 ≡ 7 (mod 11), èqoume 6^9 ≡ 7^3 = 343 ≡ 2 (mod 11). ’Ara, 6^9 · 5 ≡ 10 (mod 11) eÐnai h lÔsh. (b) H isotimÐa 3x ≡ 17 (mod 29) èqei lÔsh thn x ≡ 3^{27} · 17 (mod 29). Tÿra, 3^{27} = 27^9 = (−2)^9 = 2^5 · (−16) ≡ 3 · (−16) = −48 ≡ 10 (mod 29). ’Ara, 3^{27} · 17 ≡ 170 ≡ 25 (mod 29)

eÐnai h lÔsh.

16. ParathroÔme ìti p − k ≡ −k (mod p) gia kĹje k = 1, . . . , q =^{p−1}_2 . ’Ara,

(−1)^q (q!)^2 = q! · (−q)(−q + 1) · · · (−1) ≡ q!(p − q)(p − q + 1) · · · (p − 1) = (p − 1)! ≡ −1 (mod p)

apì to jeÿrhma tou Wilson. Dhladă, p | 1 + (−1)^q (q!)^2.

’Epetai ìti p | (−1)^q ( 1 + (−1)^q (q!)^2 ) = (−1)^q + (q!)^2. Me Ĺlla lìgia,

(q!)^2 + (−1)^q ≡ 0 (mod p).

17. ’Estw m ènac sÔnjetoc fusikìc. An o m den eÐnai tèleio tetrĹgwno, tìte grĹfetai sth morfă m = d · k ìpou 1 < d < k < m. Tìte, oi d kai k eÐnai dÔo apì touc fusikoÔc pou emfanÐzontai sto ginìmeno (m − 1)! = 1 · 2 · · · (m − 1). ’Ara, m = d · k | (m − 1)!.

’Estw ìti m = d^2 kai m ≠ 4. Tìte, d > 2 Ĺra d < 2d < d^2 = m. ’Opwc prin, oi d kai 2d eÐnai dÔo apì touc fusikoÔc pou emfanÐzontai sto ginìmeno (m − 1)! = 1 · 2 · · · (m − 1). ’Ara, m = d^2 | d · (2d) | (m − 1)!.

Se kĹje perÐptwsh, an o m eÐnai sÔnjetoc kai m ≠ 4 tìte (m − 1)! ≡ 0 (mod m). ’Otan m = 4 èqoume 3! = 6 ≡ 2 (mod 4) (aută eÐnai h mình exaÐresh).

KefĹlaio 4

O tetragwnikìc nìmoc antistrofăc

4.1 H tĹxh enìc akeraÐou wc proc n

’Estw n > 1 ènac fusikìc arijmìc. To jeÿrhma tou Euler mac lèei ìti an a ∈ Z kai (a, n) = 1, tìte

(4.1.1) a^{ϕ(n)} ≡ 1 (mod n)

ìpou ϕ eÐnai h sunĹrthsh tou Euler. UpĹrqoun dhladă pĹnta dunĹmeic tou a pou eÐnai isìtimec me 1 wc proc n.

Orismìc. ’Estw n > 1 kai a ∈ Z me (a, n) = 1. H tĹxh tou a wc proc n eÐnai o mikrìteroc fusikìc k gia ton opoÐo a^k ≡ 1 (mod n). Parathrăste ìti o 1 èqei tĹxh 1 wc proc kĹje n.

Paradeigma: Ac upojèsoume ìti n = 7 kai a = 2. UpologÐzontac tic dunĹmeic tou 2 paÐrnoume tic isotimÐec

2^1 ≡ 2, 2^2 ≡ 4, 2^3 ≡ 1, 2^4 ≡ 2, 2^5 ≡ 4, 2^6 ≡ 1, . . .

wc proc 7. Epomènwc o 2 èqei tĹxh 3 wc proc 7.

Parathrăseic: (a) An a ≡ b (mod n) tìte a^s ≡ b^s (mod n) gia kĹje s ≥ 1. ’Epetai eÔkola ìti oi a kai b èqoun thn Ðdia tĹxh wc proc n. (b) An (a, n) = d > 1, tìte h grammikă isotimÐa

(4.1.2) ax ≡ 1 (mod n) den èqei lÔsh. Autì ìmwc shmaÐnei ìti den upĹrqei s ≥ 1 tètoioc ÿste a^s ≡ 1 (mod n): giatÐ tìte, o x = a^{s−1} ja ătan lÔsh thc (4.1.2). Autìc eÐnai o lìgoc pou apaitoÔme thn (a, n) = 1 prokeimènou na orÐsoume thn tĹxh tou a wc proc n.

(g) Sto parĹdeigma pou dÿsame parapĹnw, h tĹxh tou a = 2 ătan k = 3, enÿ ϕ(n) = ϕ(7) = 6. Dhladă, k | ϕ(n). Autì isqÔei teleÐwc genikĹ ìpwc deÐqnei to epìmeno jeÿrhma.

Jeÿrhma 4.1.1 ’Estw n > 1 kai a ∈ Z me (a, n) = 1. An o a èqei tĹxh k wc proc n, tìte

(4.1.3) a^s ≡ 1 (mod n) an kai mìno an k | s.

Eidikìtera, k | ϕ(n).

Apìdeixh: An s = kx gia kĹpoion fusikì x, tìte apì thn a^k ≡ 1 (mod n) paÐrnoume

(4.1.4) a^s = (a^k)^x ≡ 1^x = 1 (mod n).

AntÐstrofa, ac upojèsoume ìti a^s ≡ 1 (mod n). GrĹfoume s = kq + r ìpou 0 ≤ r < k. Tìte a^{kq} ≡ 1 (mod n), Ĺra

(4.1.5) a^r ≡ a^{kq} a^r = a^s ≡ 1 (mod n).

AfoÔ h tĹxh tou a eÐnai k kai 0 ≤ r < k, anagkastikĹ èqoume r = 0. Dhladă, o s eÐnai pollaplĹsio tou k.

Eidikìtera, afoÔ a^{ϕ(n)} ≡ 1 (mod n) sumperaÐnoume ìti k | ϕ(n). □

Parathrăseic: (a) SÔmfwna me to Jeÿrhma 4.1.1, an gia parĹdeigma jèloume na broÔme thn tĹxh tou 2 wc proc 13, arkeÐ na dokimĹsoume touc ekjètec s = 1, 2, 3, 4, 6, 12 (touc diairètec tou ϕ(13) = 12). MporeÐte na epalhjeÔsete ìti h tĹxh tou 2 wc proc 13 eÐnai Ðsh me k = 12.

(b) ’Ena {antÐstrofo erÿthma} pou prokÔptei apì to Jeÿrhma 4.1.1 eÐnai to exăc. DÐnontai n > 1 kai k | ϕ(n). EÐnai pĹnta swstì ìti upĹrqei a ∈ Z me (a, n) = 1 o opoÐoc èqei tĹxh Ðsh me k? H apĹnthsh eÐnai arnhtikă: an n = 12 tìte ϕ(12) = 4. Oi klĹseic pou eÐnai prÿtec proc ton 12 eÐnai oi 1, 5, 7, 11 (mod 12). ParathroÔme ìti 1^1 ≡ 1 (mod 12) kai 5^2 ≡ 7^2 ≡ 11^2 ≡ 1 (mod 12). Dhladă, enÿ 4 | ϕ(12) den upĹrqei a ∈ Z o opoÐoc na èqei tĹxh Ðsh me 4.

Jeÿrhma 4.1.2 ’Estw n > 1 kai a ∈ Z me (a, n) = 1. An o a èqei tĹxh k wc proc n, tìte a^i ≡ a^j (mod n) an kai mìno an i ≡ j (mod k).

Apìdeixh: Upojètoume prÿta ìti i > j kai a^i ≡ a^j (mod n). Tìte, n | a^j (a^{i−j} −1) kai afoÔ (a^j , n) = 1 blèpoume ìti n | (a^{i−j} − 1). AfoÔ a^{i−j} ≡ 1 (mod n), to Jeÿrhma 4.1.1 deÐqnei ìti k | (j − i), dhladă j ≡ i (mod k).

AntÐstrofa, an i = j + kq tìte a^i = (a^k)^q a^j ≡ 1^ka^j = a^j (mod n). □

Pìrisma 4.1.1 ’Estw n > 1 kai a ∈ Z me (a, n) = 1. An o a èqei tĹxh k wc proc n, tìte oi a, a^2, . . . , a^k eÐnai anisìtimoi mod n. □

To epìmeno erÿthma pou ja mac apasqolăsei eÐnai an mporoÔme amèswc na upologÐsoume thn tĹxh tou a^s wc proc n an gnwrÐzoume thn tĹxh tou a wc proc n.

Jeÿrhma 4.1.3 ’Estw n > 1 kai a ∈ Z me (a, n) = 1. An o a èqei tĹxh k wc proc n, tìte h tĹxh tou a^s wc proc n isoÔtai me k/(k, s).

Apìdeixh: GrĹfoume d = (k, s) kai sumbolÐzoume me r thn tĹxh tou a^s. UpĹrqoun k_1, s_1 ∈ N me (k_1, s_1) = 1 tètoioi ÿste k = k_1d kai s = s_1d. ParathroÔme ìti

(4.1.6) (a^s)^{k1} = (a^{s1 d})^{k/d} = (a^k)^{s1} ≡ 1 (mod n).

Apì to Jeÿrhma 4.1.1,

(4.1.7) r | k_1 = k d = k (k, s) . Apì thn Ĺllh pleurĹ, afoÔ

(4.1.8) a^{sr} = (a^s)^r ≡ 1 (mod n),

èqoume k | sr dhladă k_1d | s_1dr. Autì shmaÐnei ìti k_1 | s_1r kai afoÔ (k_1, s_1) = 1 sumperaÐnoume ìti k/(k, s) = k/d = k_1 | r. □

Pìrisma 4.1.2 ’Estw n > 1 kai a ∈ Z me (a, n) = 1. An o a èqei tĹxh k wc proc n, tìte o a^s èqei ki autìc tĹxh k wc proc n an kai mìno an (k, s) = 1. □

4.2 Prwtarqikèc rÐzec

’Estw n > 1 kai a ∈ Z me (a, n) = 1. O a lègetai prwtarqikă rÐza tou n an h tĹxh tou a wc proc n eÐnai Ðsh me ϕ(n).

Parathrăseic: EÐnai eÔkolo na elègxete ìti o 3 eÐnai prwtarqikă rÐza tou 7. H tĹxh tou eÐnai Ðsh me 6 = ϕ(7). Genikìtera, ja doÔme ìti an o n eÐnai prÿtoc tìte èqei prwtarqikèc rÐzec.

UpĹrqoun sÔnjetoi arijmoÐ pou èqoun prwtarqikèc rÐzec: gia parĹdeigma, o 9 = 3^2 èqei prwtarqikă rÐza ton 2. Ja doÔme ìmwc ìti oi {perissìteroi} fusikoÐ den èqoun prwtarqikèc rÐzec. Akribèstera, oi mìnoi fusikoÐ pou èqoun prwtarqikèc rÐzec eÐnai oi 2, 4, p^k, 2p^k ìpou p perittìc prÿtoc kai k ≥ 1.

Prin proqwrăsoume sthn apìdeixh autÿn twn isqurismÿn, ac doÔme mia aplă efarmogă twn prwtarqikÿn rizÿn.

Prìtash 4.2.1 An (a, n) = 1 kai o a eÐnai prwtarqikă rÐza tou n, tìte oi akèraioi a, a^2, . . . , a^{ϕ(n)} sqhmatÐzoun èna plărec anhgmèno sÔsthma upoloÐpwn wc proc n.

Apìdeixh: Apì to Pìrisma 4.1.1 oi a, a^2, . . . , a^{ϕ(n)} eÐnai anisìtimoi wc proc n. To plăjoc touc isoÔtai me ϕ(n) kai apì thn (a, n) = 1 èpetai ìti eÐnai ìloi sqetikĹ prÿtoi proc ton n. ’Ara, sqhmatÐzoun èna plărec anhgmèno sÔsthma upoloÐpwn wc proc n. □

DeÐqnoume prÿta ìti kĹje prÿtoc p èqei prwtarqikèc rÐzec. H mèjodoc sqetÐzetai me mia aplă sunèpeia tou jewrămatoc tou Lagrange.

Lămma 4.2.1 ’Estw p perittìc prÿtoc kai d | (p − 1). Tìte, h isotimÐa

(4.2.1) x^d − 1 ≡ 0 (mod p)

èqei akribÿc d lÔseic.

Apìdeixh: ’Eqoume p − 1 = dk gia kĹpoion fusikì k. ’Ara,

(4.2.2) x^{p−1} − 1 = (x^d − 1)g(x),

ìpou g(x) = x^{d(k−1)} + · · · + x^d + 1 eÐnai èna poluÿnumo bajmoÔ dk − d = p − 1 − d. Apì to mikrì jeÿrhma tou Fermat, h x^{p−1} − 1 ≡ 0 (mod p) èqei akribÿc p − 1 lÔseic. Apì to jeÿrhma tou Lagrange, h g(x) ≡ 0 (mod p) èqei to polÔ p − 1 − d lÔseic.

’Omwc apì thn (4.2.2) blèpoume ìti kĹje lÔsh thc x^{p−1} −1 ≡ 0 (mod p) pou den eÐnai lÔsh thc g(x) ≡ 0 (mod p) eÐnai lÔsh thc x^d − 1 ≡ 0 (mod p) (qrhsimopoiăste to gegonìc ìti o p eÐnai prÿtoc). ’Epetai ìti h x^d − 1 ≡ 0 (mod p) èqei toulĹqiston p − 1 − (p − 1 − d) = d lÔseic.

Tèloc, apì to jeÿrhma tou Lagrange, to plăjoc twn lÔsewn thc x^d − 1 ≡ 0 (mod p) eÐnai to polÔ Ðso me d kai autì sumplhrÿnei thn apìdeixh. □

Jeÿrhma 4.2.1 ’Estw p perittìc prÿtoc kai èstw d | (p − 1). Tìte upĹrqoun ϕ(d) akèraioi, anisìtimoi wc proc p, oi opoÐoi èqoun tĹxh Ðsh me d.

Apìdeixh: Gia kĹje d | (p−1) jètoume ψ(d) to plăjoc twn x ∈ S_p := {1, . . . , p−1} pou èqoun tĹxh Ðsh me d. AfoÔ ϕ(p) = p − 1, h tĹxh kĹje stoiqeÐou x tou S_p eÐnai diairèthc tou p − 1. Dhladă, oi diairètec d tou p − 1 epĹgoun mia diamèrish tou S_p. Me Ĺlla lìgia,

(4.2.3) p − 1 = ∑ d|p−1 ψ(d).

Apì thn Ĺllh pleurĹ, to Jeÿrhma 2.4.1 deÐqnei ìti

(4.2.4) p − 1 = ∑ d|p−1 ϕ(d).

An deÐxoume ìti ψ(d) ≤ ϕ(d) gia kĹje d | p − 1, tìte oi (4.2.3) kai (4.2.4) deÐqnoun ìti ψ(d) = ϕ(d) gia kĹje d | p − 1, dhladă ton isqurismì tou Jewrămatoc.

DiakrÐnoume dÔo periptÿseic:

(a) An ψ(d) = 0, tìte profanÿc ψ(d) ≤ ϕ(d).

(b) ’Estw ìti ψ(d) > 0. Tìte, upĹrqei a ∈ S_p o opoÐoc èqei tĹxh Ðsh me d. Oi fusikoÐ a, a^2, . . . , a^d eÐnai anisìtimoi wc proc p kai gia kĹje s = 1, . . . , d èqoume

(4.2.5) (a^s)^d = (a^d)^s ≡ 1 (mod p).

Dhladă, oi a, a^2, . . . , a^d eÐnai ìlec oi lÔseic thc x^d − 1 ≡ 0 (mod p).

Apì ta parapĹnw èpetai ìti an k ∈ S_p kai h tĹxh tou k wc proc p eÐnai Ðsh me d, tìte o k eÐnai lÔsh thc x^d − 1 ≡ 0 (mod p) Ĺra prèpei na anăkei sthn klĹsh kĹpoiou a^s, s = 1, . . . , d. Me Ĺlla lìgia, ψ(d) eÐnai to plăjoc twn a^s, 1 ≤ s ≤ d pou èqoun tĹxh Ðsh me d. ’Omwc, to jeÿrhma 4.1.3 deÐqnei ìti o a^s èqei tĹxh d an kai mìno an d/(d, s) = d, dhladă (d, s) = 1. To plăjoc twn 1 ≤ s ≤ d pou ikanopoioÔn thn (d, s) = 1 eÐnai exfl orismoÔ Ðso me ϕ(d). ’Ara, se aută thn perÐptwsh èqoume ψ(d) = ϕ(d). □ Jeÿrhma 4.2.2 KĹje perittìc prÿtoc p èqei prwtarqikèc rÐzec.

Apìdeixh: Apì to prohgoÔmeno jeÿrhma upĹrqoun ϕ(p − 1) = ϕ(ϕ(p)) akèraioi, anisìtimoi wc proc p, oi opoÐoi èqoun tĹxh Ðsh me p − 1. Kajènac apì autoÔc eÐnai prwtarqikă rÐza tou p. □

To epìmeno jeÿrhma deÐqnei poioÐ fusikoÐ arijmoÐ èqoun prwtarqikèc rÐzec.

Jeÿrhma 4.2.3 An o n > 1 èqei prwtarqikèc rÐzec, tìte n = 2 ă n = 4 ă n = p^k ă n = 2p^k, ìpou p perittìc prÿtoc kai k ≥ 1.

Apìdeixh: JewroÔme thn kanonikă anaparĹstash n = p^{k1}_1 · · · p^{kr}_r tou n kai jètoume m_i = p^{ki}_i gia i = 1, . . . , r. EpÐshc, jewroÔme to elĹqisto koinì pollaplĹsio twn ϕ(m_i) (4.2.6) L = [ϕ(m_1), . . . , ϕ(m_r)].

’Eqoume

(4.2.7) ϕ(n) = ϕ(m_1) · · · ϕ(m_r ),

Ĺra L | ϕ(n).

Upojètoume ìti o a eÐnai prwtarqikă rÐza tou n. ParathroÔme ìti (a, m_i) = 1 gia kĹje i, Ĺra a^{ϕ(mi)} ≡ 1 (mod m_i) apì to jeÿrhma tou Euler. ’Epetai ìti a^L ≡ 1 (mod m_i) gia kĹje i = 1, . . . , r kai afoÔ oi m_i eÐnai anĹ dÔo sqetikĹ prÿtoi sumperaÐnoume ìti

(4.2.8) a^L ≡ 1 (mod n).

Apì thn Ĺllh pleurĹ, o a eÐnai prwtarqikă rÐza tou n Ĺra h tĹxh tou a wc proc n eÐnai ϕ(n). Apì thn (4.2.8) paÐrnoume ϕ(n) | L. Dhladă,

(4.2.9) ϕ(n) = ϕ(m_1) · · · ϕ(m_r ) = L = [ϕ(m_1), . . . , ϕ(m_r)].

Gia na isqÔei h (4.2.9), oi ϕ(m_i) prèpei na eÐnai anĹ dÔo sqetikĹ prÿtoi (giatÐ?). Autìc o periorismìc eÐnai ìpwc ja doÔme polÔ isqurìc:

(a) An o n èqei dÔo perittoÔc prÿtouc diairètec p_i kai p_j , tìte o ϕ(m_i) = ϕ(p^{ki}_i ) = p^{ki −1}_i (p_i − 1) eÐnai Ĺrtioc kai, omoÐwc, o ϕ(m_j ) eÐnai Ĺrtioc. (b) ’Ara, o n mporeÐ na èqei mÐa apì tic parakĹtw morfèc. (b1) n = p^k, ìpou p perittìc prÿtoc kai k ≥ 1.

(b2) n = 2^sp^k, ìpou p perittìc prÿtoc kai s, k ≥ 1. An ìmwc s ≥ 2, tìte o ϕ(2^s) = 2^{s−1} eÐnai Ĺrtioc kai den mporeÐ na eÐnai sqetikĹ prÿtoc me ton ϕ(p^k) = p^{k−1}(p−1). Dhladă, h mình dunată perÐptwsh edÿ eÐnai h n = 2p^k.

(b3) n = 2^s, ìpou s ≥ 1. ParathroÔme ìti oi 2, 4 èqoun prwtarqikèc rÐzec: o 1 eÐnai prwtarqikă rÐza tou 2 kai o 3 prwtarqikă rÐza tou 4 (giatÐ?). Ja deÐxoume ìti autèc eÐnai oi mìnec {dunĹmeic tou 2} pou èqoun prwtarqikèc rÐzec, apodeiknÔontac ìti an s ≥ 3 tìte, gia kĹje perittì a ∈ Z,

(4.2.10) a^{ϕ(2s )2} ≡ 1 (mod 2^s).

(oi perittoÐ akèraioi eÐnai oi mìnoi upoyăfioi gia prwtarqikèc rÐzec miac dÔnamhc tou 2). Parathrăste ìti ϕ(2^s)/2 = 2^{s−2}. ’Estw a perittìc. Gia s = 3 èqoume

(4.2.11) a^2 ≡ 1 (mod 8)

(Ĺskhsh). Upojètoume ìti

(4.2.12) a^{2r−2} ≡ 1 (mod 2^r).

Tìte, a^{2r−2} = 1 + t · 2^r Ĺra

(4.2.12) a^{2r−1} = (1 + t · 2^r)^2 = 1 + t · 2^{r+1} + t^2 · 2^{2r} ≡ 1 (mod 2^{r+1}).

Autì apodeiknÔei ton isqurismì mac me epagwgă.

SunoyÐzontac ta sumperĹsmata twn (b1)-(b3) èqoume ìti oi mìnoi fusikoÐ n > 1 pou ja mporoÔsan na èqoun prwtarqikèc rÐzec eÐnai oi n = 2 ă n = 4 ă n = p^k ă n = 2p^k, ìpou p perittìc prÿtoc kai k ≥ 1. □ ShmeÐwsh: AntÐstrofa apodeiknÔetai ìti oi n = 2, n = 4, n = p^k, n = 2p^k, ìpou p perittìc prÿtoc kai k ≥ 1, èqoun ìloi prwtarqikèc rÐzec (h apìdeixh paraleÐpetai).

4.3 TetragwnikĹ upìloipa kai to sÔmbolo tou Legendre

’Estw p ènac perittìc prÿtoc kai èstw a, b, c ∈ Z me (a, p) = 1. JewroÔme thn isotimÐa

(4.3.1) ax^2 + bx + c ≡ 0 (mod p).

AfoÔ (a, p) = 1 kai o p eÐnai perittìc, èqoume (4a, p) = 1. ’Ara, h (4.3.1) eÐnai isodÔnamh me thn

(4.3.2) 4a(ax^2 + bx + c) ≡ 0 (mod p).

’Omwc

(4.3.3) 4a(ax^2 + bx + c) = (2ax + b)^2 − (b^2 − 4ac),

opìte jètontac y = 2ax + b kai s = b^2 − 4ac anagìmaste sthn epÐlush thc aploÔsterhc tetragwnikăc isotimÐac y^2 = s (mod p). An aută èqei lÔseic y, katìpin arkeÐ na lÔsoume th grammikă isotimÐa 2ax + b ≡ y (mod p) wc proc x.

To prìblhma loipìn me to opoÐo ja asqolhjoÔme se aută thn parĹgrafo eÐnai to exăc. DÐnontai ènac perittìc prÿtoc p kai ènac akèraioc a kai jèloume na doÔme pìsec lÔseic èqei h isotimÐa

(4.3.4) x^2 ≡ a (mod p).

MporoÔme amèswc na kĹnoume kĹpoiec aplèc parathrăseic. Apì to jeÿrhma tou Lagrange, h (4.3.4) èqei to polÔ dÔo lÔseic. EpÐshc, an p | a tìte h monadikă lÔsh thc (4.3.4) eÐnai h x ≡ 0 (mod p).

An tÿra (a, p) = 1 kai upĹrqei x_0 tètoioc ÿste x^2_0 ≡ a (mod p), tìte

(4.3.5) (p − x_0)^2 = p^2 − 2px_0 + x^2_0 ≡ x^2_0 ≡ a (mod p).

EpÐshc, oi x_0 kai p − x_0 eÐnai anisìtimoi mod p: alliÿc ja eÐqame p | 2x_0, to opoÐo eÐnai Ĺtopo afoÔ (x_0, p) = 1 kai o p eÐnai perittìc.

O prohgoÔmenoc sullogismìc deÐqnei ìti an (a, p) = 1 tìte h (4.3.4) èqei dÔo lÔseic ă kammÐa lÔsh.

Orismìc. ’Estw p ènac perittìc prÿtoc kai èstw a ∈ Z me (a, p) = 1. Lème ìti o a eÐnai tetragwnikì upìloipo tou p an h x^2 ≡ a (mod p) èqei (dÔo) lÔseic. Alliÿc, lème ìti o a den eÐnai tetragwnikì upìloipo tou p.

Paradeigma: Jèloume na doÔme poiĹ eÐnai ta tetragwnikĹ upìloipa tou 13. ArkeÐ na broÔme ta upìloipa thc diaÐreshc twn tetragÿnwn twn 1, 2, . . . , 12 me 13. ParathroÔme ìti

1^2 ≡ 12^2 ≡ 1 (mod 13) 2^2 ≡ 11^2 ≡ 4 (mod 13) 3^2 ≡ 10^2 ≡ 9 (mod 13) 4^2 ≡ 9^2 ≡ 3 (mod 13) 5^2 ≡ 8^2 ≡ 12 (mod 13) 6^2 ≡ 7^2 ≡ 10 (mod 13).

’Ara, ta tetragwnikĹ upìloipa tou 13 eÐnai oi 1, 3, 4, 9, 10, 12 (mod 13). Parathrăste ìti upĹrqoun 6 =^{13−1}_2 tetragwnikĹ upìloipa tou 13. EpÐshc, ta upìloipa thc diaÐreshc twn 1^2, 2^2, . . . , 6^2 =

(_{13−1} 2 )_2 me 13 eÐnai diaforetikĹ anĹ dÔo (kai mac dÐnoun ìla ta tetragwnikĹ upìloipa tou 13). Oi parathrăseic autèc isqÔoun teleÐwc genikĹ, ìpwc deÐqnei to epìmeno jeÿrhma.

Jeÿrhma 4.3.1 ’Estw p ènac perittìc prÿtoc. UpĹrqoun akribÿc (p − 1)/2 anisìtima wc proc p tetragwnikĹ upìloipa tou p, ta opoÐa anaparÐstantai apì touc

1^2, 2^2, . . . , ( p − 1 2 )_2 . Apìdeixh: ’Estw a_1, . . . , a_r ta tetragwnikĹ upìloipa tou p. Se kĹje a_i antistoiqoÔn dÔo lÔseic thc x^2 ≡ a_i (mod p), oi x_{i1} kai x_{i2}. ParathroÔme ìti an i ≠ j tìte x_{ik} ≢ x_{jl} (mod p) gia kĹje k, l = 1, 2 (alliÿc ja eÐqame a_i ≡ x^2_{ik} ≡ x^2_{jl} ≡ a_j (mod p)). Me Ĺlla lìgia, ta r tetragwnikĹ upìloipa tou p orÐzoun 2r diaforetikèc klĹseic (mod p) pou eÐnai epÐshc diaforetikèc apì thn 0 (mod p). ’Epetai ìti 2r ≤ p − 1. AntÐstrofa, deÐqnoume prÿta ìti oi 1^2, 2^2, . . . , (_{p−1} 2 )_2 eÐnai anisìtimoi wc proc p. Upojètoume ìti gia kĹpoiouc 1 ≤ x < y ≤ (p − 1)/2 isqÔei y^2 ≡ x^2 (mod p). Tìte, p | y^2 − x^2 = (y + x)(y − x). ’Omwc, 1 ≤ y − x < y + x ≤ p − 1 Ĺra o p den diaireÐ kanènan apì touc y − x, y + x. Katalăxame se Ĺtopo, Ĺra oi 1^2, . . . , (_{p−1} 2 )_2

anăkoun se diaforetikèc klĹseic wc proc p, dhladă orÐzoun (p − 1)/2 diaforetikĹ tetragwnikĹ upìloipa tou p. Autì shmaÐnei ìti r ≥ (p − 1)/2 kai h apìdeixh eÐnai plărhc. □ To epìmeno jeÿrhma (kritărio tou Euler) mac dÐnei, toulĹqiston jewrhtikĹ, ènan trìpo na apofasÐzoume an o a eÐnai ă den eÐnai tetragwnikì upìloipo tou p.

Jeÿrhma 4.3.2 ’Estw p ènac perittìc prÿtoc kai èstw a ∈ Z me (a, p) = 1. Tìte, o a eÐnai tetragwnikì upìloipo tou p an kai mìno an

(4.3.6) a^{p−12} ≡ 1 (mod p). Se antÐjeth perÐptwsh, isqÔei anagkastikĹ h

(4.3.7) a^{p−12} ≡ −1 (mod p).

Apìdeixh: Upojètoume prÿta ìti o a eÐnai tetragwnikì upìloipo tou p. Tìte upĹrqei x me (x, p) = 1 o opoÐoc ikanopoieÐ thn x^2 ≡ a (mod p). ’Epetai ìti

(4.3.8) x^{p−1} ≡ a^{p−12} (mod p).

’Omwc, x^{p−1} ≡ 1 (mod p) apì to mikrì jeÿrhma tou Fermat, opìte prokÔptei h (4.3.6).

Gia thn antÐstrofh kateÔjunsh parathroÔme prÿta ìti h

(4.3.9) x^{p−1} − 1 = (x^{p−12} − 1)(x^{p−12} + 1) ≡ 0 (mod p) èqei akribÿc p − 1 lÔseic apì to mikrì jeÿrhma tou Fermat. OrÐzoume A = {a : 1 ≤ a ≤ p − 1 kai a tetragwnikì upìloipo tou p}, B = {a : 1 ≤ a ≤ p − 1 kai a ìqi tetragwnikì upìloipo tou p}, C = {a : 1 ≤ a ≤ p − 1 kai a^{p−12} − 1 ≡ 0 (mod p)}, D = {a : 1 ≤ a ≤ p − 1 kai a^{p−12} + 1 ≡ 0 (mod p)}.

ParathroÔme ìti A ∪ B = {1, . . . , p − 1} kai kajèna apì ta A, B èqei akribÿc (p−1)/2 stoiqeÐa apì to Jeÿrhma 4.3.1. Apì thn (4.3.9) gÐnetai fanerì ìti C ∪D = {1, . . . , p − 1}. [An 1 ≤ a ≤ p − 1 tìte (4.3.10) p | a^{p−1} − 1 = (a^{p−12} − 1)(a^{p−12} + 1), Ĺra (4.3.11) p | a^{p−12} − 1 ă p | a^{p−12} + 1.

Epiplèon, mìno mÐa apì tic parapĹnw sqèseic mporeÐ na isqÔei, alliÿc ja eÐqame p | 2 (giatÐ?) to opoÐo eÐnai Ĺtopo.] EpÐshc, to jeÿrhma tou Lagrange mac exasfalÐzei ìti kajèna apì ta C, D èqei to polÔ (p − 1)/2 stoiqeÐa. SunduĹzontac me ta prohgoÔmena sumperaÐnoume ìti kajèna apì ta C, D èqei akribÿc (p−1)/2 stoiqeÐa (enallaktikĹ, o teleutaÐoc isqurismìc eÐnai Ĺmesh sunèpeia tou Lămmatoc 4.2.1).

Tèloc, apì to prÿto mèroc thc apìdeixhc èqoume A ⊆ C, Ĺra D ⊆ B. SugkrÐnontac plhjarÐjmouc paÐrnoume A = C kai B = D pou eÐnai akribÿc to zhtoÔmeno. □ Orismìc. ’Estw p ènac perittìc prÿtoc kai èstw a ∈ Z me (a, p) = 1. To sÔmbolo tou Legendre (_a p ) orÐzetai wc exăc: ( a p ) = 1 , an o a eÐnai tetragwnikì upìloipo tou p

−1 , an o a den eÐnai tetragwnikì upìloipo tou p.

An p | a, jètoume (_a p ) = 0. Me aută th sÔmbash, gia kĹje a ∈ Z o arijmìc 1+ (_a p ) isoÔtai me to plăjoc twn lÔsewn thc x^2 ≡ a (mod p). Oi basikèc idiìthtec tou sumbìlou tou Legendre apodeiknÔontai sthn epìmenh prìtash.

Prìtash 4.3.1 ’Estw p ènac perittìc prÿtoc kai èstw a, b ∈ Z me (a, p) = (b, p) = 1. IsqÔoun ta exăc:

(a) An a ≡ b (mod p) tìte (_a p ) = (_b p ) . (b) (_{a2} p ) = 1. (g) (_a p ) ≡ a^{p−12} (mod p). (d) (_{ab} p ) = (_a p ) (_b p ) . (e) (_1 p ) = 1 kai (_{−1} p ) = (−1)^{p−12} .

Apìdeixh: (a) An a ≡ b (mod p) tìte oi isotimÐec x^2 ≡ a (mod p) kai x^2 ≡ b (mod p) èqoun akribÿc tic Ðdiec lÔseic, dhladă o a eÐnai tetragwnikì upìloipo tou p an kai mìno an o b eÐnai tetragwnikì upìloipo tou p.

(b) H x^2 ≡ a^2 (mod p) èqei profană lÔsh thn x = a. AfoÔ (a, p) = 1 èqoume kai (a^2, p) = 1. ’Ara, o a^2 eÐnai tetragwnikì upìloipo tou p. (g) ’Eqoume (_a p ) = 1 an kai mìno an o a eÐnai tetragwnikì upìloipo tou p, to opoÐo apì to kritărio tou Euler isqÔei an kai mìno an a^{p−12} ≡ 1 (mod p). Entelÿc anĹloga, èqoume (_a p ) = −1 an kai mìno an a^{p−12} ≡ −1 (mod p). Se kĹje perÐptwsh,

(4.3.12) ( a p ) ≡ a^{p−12} (mod p).

(d) Qrhsimopoiÿntac to prohgoÔmeno sumpèrasma blèpoume ìti

(4.3.13) ( ab p ) ≡ (ab)^{p−12} = a^{p−12} b^{p−12} ≡ ( a p ) ( b p ) (mod p).

AfoÔ (4.3.14) p | ( ab p ) − ( a p ) ( b p ) kai ( ab p ) − ( a p ) ( b p ) ∈ {−2, 0, 2} anagkastikĹ èqoume

(4.3.15) ( ab p ) = ( a p ) ( b p ) . (e) H prÿth isìthta eÐnai sunèpeia tou (b) afoÔ 1 = 1^2. Gia th deÔterh parathroÔme ìti (4.3.16) ( −1 p ) ≡ (−1)^{p−12} (mod p)

kai qrhsimopoioÔme ìpwc prin to gegonìc ìti (4.3.17) p | ( −1 p ) − (−1)^{p−12} ∈ {−2, 0, 2} kai o p eÐnai perittìc. □ Oi idiìthtec pou apodeÐxame sthn Prìtash 4.3.1 eÐnai polÔ qrăsimec gia ton upologismì sumbìlwn tou Legendre.

Paradeigma: Jèloume na doÔme an h isotimÐa x^2 ≡ −38 (mod 13) èqei lÔseic. ProspajoÔme na upologÐsoume to

(4.3.18) ( −38 13 ) = ( −1 13 ) ( 38 13 ) = (−1)^{13−12} ( 38 13 ) = ( 38 13 ) . Wc edÿ qrhsimopoiăsame tic idiìthtec (d) kai (e). Tÿra, qrhsimopoiÿntac thn (a) paÐrnoume

(4.3.19) ( 38 13 ) = ( 12 13 ) kai qrhsimopoiÿntac tic (d) kai (b) blèpoume ìti

(4.3.20) ( 12 13 ) = ( 2^2 · 3 13 ) = ( 2^2 13 ) ( 3 13 ) = ( 3 13 ) . ArkeÐ loipìn na upologÐsoume to

(_3 13 ) . ’Omwc,

(4.3.21) ( 3 13 ) ≡ 3^6 = (27)^2 ≡ 1 (mod 13), Ĺra (4.3.22) ( −38 13 ) = ( 3 13 ) = 1,

dhladă h isotimÐa èqei dÔo lÔseic. □ To epìmeno jeÿrhma (Lămma tou Gauss) mac dÐnei ènan Ĺllo trìpo na blèpoume to sÔmbolo tou Legendre.

Jeÿrhma 4.3.3 ’Estw p ènac perittìc prÿtoc kai a ènac akèraioc me (a, p) = 1. JewroÔme to sÔnolo

(4.3.23) S = { a, 2 · a, . . . , p − 1 2 · a } . An n eÐnai to plăjoc twn stoiqeÐwn tou S pou afănoun upìloipo megalÔtero apì p/2 sth diaÐresă touc me ton p, tìte

(4.3.24) ( a p ) = (−1)^n.

Apìdeixh: EÐnai eÔkolo na elègxete ìti oi a, 2 · a, . . . ,^{p−1}_2 · a eÐnai prÿtoi proc ton p kai anisìtimoi wc proc p. Epomènwc ta upìloipa thc diaÐresăc touc me p qwrÐzontai se dÔo omĹdec:

(a) ta r_1, . . . , r_m ta opoÐa ikanopoioÔn thn 0 < r_i < p/2. (b) ta s_1, . . . , s_n ta opoÐa ikanopoioÔn thn p/2 < s_j < p.

[O p/2 den eÐnai akèraioc, Ĺra den mporeÐ na eÐnai upìloipo]. Oi r_i kai s_j anăkoun se diaforetikèc klĹseic wc proc p, Ĺra

(4.3.25) m + n = p − 1 2 , ìsoc dhladă eÐnai o plhjĹrijmoc tou S. JewroÔme tÿra touc arijmoÔc r_i, p − s_j , oi opoÐoi brÐskontai ìloi sto {1, . . . , (p − 1)/2}. ParathroÔme ìti (4.3.26) r_i ≠ p − s_j gia kĹje i = 1, . . . , m kai j = 1, . . . , n. PrĹgmati, upĹrqoun u, v ∈ {1, . . . , (p−1)/2} tètoioi ÿste r_i ≡ ua (mod p) kai s_j ≡ va (mod p). An r_i = p − s_j , tìte

(4.3.27) p = r_i + s_j | (u + v)a

kai afoÔ (a, p) = 1 prèpei na isqÔei h p | (u + v), to opoÐo apokleÐetai afoÔ 2 ≤ u + v ≤ p − 1. ’Epetai ìti to sÔnolo {r_1, . . . , r_m, p − s_1, . . . , p − s_n} sumpÐptei me to {1, . . . , (p − 1)/2}. Autì èqei sa sunèpeia (giatÐ?) thn (4.3.28)( p − 1 2 ) ! = r_1 · · · r_m(p − s_1) · · · (p − s_n) ≡ (−1)^nr_1 · · · r_ms_1 · · · s_n (mod p).

Apì thn Ĺllh pleurĹ, oi r_i, s_j antistoiqoÔn stic klaseic upoloÐpwn twn stoiqeÐwn tou S. ’Ara,

(4.3.29) r_1 · · · r_ms_1 · · · s_n ≡ (p−1)/2 ∏ u=1 (ua) = a^{p−12} ( p − 1 2 ) ! (mod p).

Apì tic (4.3.28) kai (4.3.29) blèpoume ìti

(4.3.30) ( p − 1 2 ) ! ≡ (−1)^na^{p−12} ( p − 1 2 ) ! (mod p)

kai afoÔ ((_{p−1} 2 ) !, p ) = 1 paÐrnoume

(4.3.31) (−1)^na^{p−12} ≡ 1 (mod p).

’Epetai ìti

(4.3.32) ( a p ) ≡ a^{p−12} ≡ (−1)^n (mod p)

apì thn Prìtash 4.3.1 (g). □

Mia prÿth efarmogă tou Lămmatoc tou Gauss dÐnei to epìmeno jeÿrhma, sto opoÐo upologÐzetai h timă tou sumbìlou

(_2 p ) . Jeÿrhma 4.3.4 ’Estw p ènac perittìc prÿtoc. Tìte,

(4.3.33) ( 2 p ) = (−1)^{p2−18} .

Dhladă,

(_2 p ) = 1 an p = 8k ± 1 kai

(_2 p ) = −1 an p = 8k ± 3.

Apìdeixh: Apì to Lămma tou Gauss èqoume

(4.3.34) ( 2 p ) = (−1)^n,

ìpou n to plăjoc twn x ∈ S = {2, 4, 6, . . . , p−1} pou afănoun upìloipo megalÔtero apì p/2 sth diaÐresă touc me p. AfoÔ ìla ta stoiqeÐa tou S ikanopoioÔn thn 0 ≤ x < p, arkeÐ na metrăsoume pìsa apì autĹ eÐnai megalÔtera apì p/2.

Dhladă, rwtĹme gia poiĹ 1 ≤ k ≤ (p − 1)/2 isqÔei 2k > p/2 ă isodÔnama k > p/4. Profanÿc,

(4.3.35) n = p − 1 2 − [ p 4 ] . DiakrÐnoume tèsseric periptÿseic (o p eÐnai perittìc): (a) An p = 8k + 1, tìte n = 8k 2 − [ 8k + 1 4 ] = 4k − 2k = 2k. (b) An p = 8k + 3, tìte n = 8k + 2 2 − [ 8k + 3 4 ] = (4k + 1) − 2k = 2k + 1.

(g) An p = 8k + 5, tìte n = 8k + 4 2 − [ 8k + 5 4 ] = (4k + 2) − (2k + 1) = 2k + 1.

(d) An p = 8k + 7, tìte n = 8k + 6 2 − [ 8k + 7 4 ] = (4k + 3) − (2k + 1) = 2k + 2.

Epomènwc, (−1)^n = 1 ìtan p = 8k ± 1 kai (−1)^n = −1 ìtan p = 8k ± 3. Tèloc, parathrăste ìti o^{p2−1}_8 eÐnai Ĺrtioc ìtan p = 8k ± 1 kai perittìc ìtan p = 8k ± 3, opìte to sumpèrasma mporeÐ na diatupwjeÐ eniaÐa mèsw thc (4.3.33). □

4.4 O tetragwnikìc nìmoc antistrofăc

’Estw p kai q dÔo perittoÐ prÿtoi. Tìte, ta sÔmbola tou Legendre (_p q ) kai (_q p ) orÐzontai kai ta dÔo. O tetragwnikìc nìmoc antistrofăc mac eptrèpei na upologÐzoume to èna apì ta dÔo an gnwrÐzoume thn timă tou Ĺllou. IsqÔei pĹnta h isìthta

(4.4.1) ( p q ) ( q p ) = (−1)^{p−12 q−12} .

’Opwc ja doÔme, sunduĹzontac autì to apotèlesma me ta apotelèsmata thc prohgoÔmenhc paragrĹfou, mporoÔme eÔkola kai grăgora na apofasÐzoume an o a eÐnai tetragwnikì upìloipo tou perittoÔ prÿtou p gia kĹje akèraio a me (a, p) = 1.

Ja dÿsoume mia apìdeixh tou tetragwnikoÔ nìmou antistrofăc pou basÐzetai sthn exăc sunèpeia tou Lămmatoc tou Gauss.

Lămma 4.4.1 An p eÐnai ènac perittìc prÿtoc kai a eÐnai ènac perittìc akèraioc me (a, p) = 1, tìte

(4.4.2) ( a p ) = (−1)^N ,

ìpou

(4.4.3) N = (p−1)/2 ∑ k=1 [ ka p ] .

Apìdeixh: ’Opwc sthn apìdeixh tou Jewrămatoc 4.3.3, jewroÔme to sÔnolo

(4.4.4) S = { a, 2 · a, . . . , p − 1 2 · a } . Gia kĹje k = 1, . . . , (p − 1)/2 grĹfoume (4.4.5) ka = q_kp + t_k, ìpou q_k ∈ Z kai 1 ≤ t_k ≤ p − 1. Tìte,

(4.4.6) [ ka p ] = q_k gia kĹje k, Ĺra (4.4.7) ka = [ka/p]p + t_k. Me to sumbolismì thc apìdeixhc tou Jewrămatoc 4.3.3, an t_k < p/2 o t_k eÐnai ènac apì touc r_1, . . . , r_m, enÿ an t_k > p/2 o t_k eÐnai ènac apì touc s_1, . . . , s_n.

Prosjètontac loipìn katĹ mèlh paÐrnoume

(4.4.8) (p−1)/2 ∑ k=1 ka = (p−1)/2 ∑ k=1 [ka/p]p + n∑ i=1 r_i + n∑ j=1 s_j .

’Omwc, sthn apìdeixh tou Jewrămatoc 4.3.3 eÐdame ìti oi r_1, . . . , r_m, p−s_1, . . . , p−s_n eÐnai mia anadiĹtaxh twn 1, 2, . . . , (p − 1)/2. ’Ara,

(4.4.9) (p−1)/2 ∑ k=1 k = m∑ i=1 r_i + n∑ j=1 (p − s_j ) = pn + m∑ i=1 r_i − n∑ j=1 s_j . Afairÿntac tic dÔo teleutaÐec isìthtec katĹ mèlh, paÐrnoume

(4.4.10) (a − 1) (p−1)/2 ∑ k=1 k = p (p−1)/2 ∑ k=1 [ka/p] − n + 2 n∑ j=1 s_j .

Tÿra qrhsimopoioÔme to gegonìc ìti oi p kai a eÐnai perittoÐ: paÐrnontac klĹseic wc proc 2 sthn (4.4.10) èqoume

(4.4.11) 0 · (p−1)/2 ∑ k=1 k ≡ 1 · (p−1)/2 ∑ k=1 [ka/p] − n (mod 2).

Dhladă,

(4.4.12) n ≡ N = (p−1)/2 ∑ k=1 [ ka p ] (mod 2).

’Ara,

(4.4.13) ( a p ) = (−1)^n = (−1)^N ,

ìpou h prÿth isìthta eÐnai akribÿc to sumpèrasma tou Jewrămatoc 4.4.3. □

Jeÿrhma 4.4.1 (Tetragwnikìc nìmoc antistrofăc, Gauss) An p kai q eÐnai diakekrimènoi perittoÐ prÿtoi, tìte

(4.4.14) ( p q ) ( q p ) = (−1)^{p−12 q−12} .

Apìdeixh: JewroÔme to orjogÿnio sto xy-epÐpedo pou èqei korufèc ta (0, 0), (p/2, 0), (0, q/2) kai (p/2, q/2). Me R sumbolÐzoume to eswterikì tou orjogwnÐou (den sumperilambĹnontai oi pleurèc tou).

MetrĹme to plăjoc twn shmeÐwn (n, m) me akèraiec suntetagmènec ta opoÐa anăkoun sto R. AfoÔ oi p kai q eÐnai perittoÐ, èqoume (n, m) ∈ R an kai mìno an ikanopoioÔntai oi 1 ≤ n ≤ (p − 1)/2 kai 1 ≤ m ≤ (q − 1)/2. Dhladă, to plăjoc autÿn twn shmeÐwn eÐnai

(4.4.15) L = p − 1 2 · q − 1 2 .

Tÿra jewroÔme th diagÿnio tou R pou sundèei ta (0, 0) kai (p/2, q/2). H exÐswsh autăc thc eujeÐac eÐnai y = (q/p)x, dhladă py = qx. An kĹpoio apì ta shmeÐa (n, m) anăke sth diagÿnio, ja eÐqame pm = qn. AfoÔ (p, q) = 1 ja paÐrname q | m kai p | n, to opoÐo eÐnai adÔnato afoÔ 1 ≤ n ≤ (p − 1)/2 kai 1 ≤ m ≤ (q − 1)/2. ’Ara, ta shmeÐa (n, m) anăkoun se èna apì ta dÔo trÐgwna T_1 (kĹtw apì th diagÿnio) kai T_2 (pĹnw apì th diagÿnio) sta opoÐa qwrÐzei h diagÿnioc to R.

Tÿra, xanametrĹme ta akèraia shmeÐa (n, m) tou R wc exăc. Gia kĹje shmeÐo (k, 0), 1 ≤ k ≤ (p − 1)/2, ta akèraia shmeÐa pou brÐskontai sthn katakìrufh pou orÐzei to (k, 0) kai mèsa sto T_1 eÐnai ekeÐna ta (k, y) gia ta opoÐa 0 < y < kq/p. ’Ara, to plăjoc touc eÐnai Ðso me [kq/p]. Prosjètontac wc proc k blèpoume ìti to plăjoc twn akeraÐwn shmeÐwn sto T_1 isoÔtai me

(4.4.16) (p−1)/2 ∑ k=1 [kq/p]. Entelÿc anĹloga blèpoume ìti to plăjoc twn akeraÐwn shmeÐwn sto T_2 isoÔtai me

(4.4.17) (q−1)/2 ∑ l=1 [lp/q]. ’Ara, to plăjoc L twn akeraÐwn shmeÐwn sto R ikanopoieÐ thn

(4.4.18) L = p − 1 2 · q − 1 2 = (p−1)/2 ∑ k=1 [kq/p] + (q−1)/2 ∑ l=1 [lp/q]. Apì to Lămma 4.4.1 blèpoume ìti ( p q ) ( q p ) = (−1)^{∑(q−1)/2l=1 [lp/q]}(−1)^{∑(p−1)/2k=1 [kq/p]} = (−1)^{∑(q−1)/2l=1 [lp/q]+∑(p−1)/2k=1 [kq/p]} = (−1)^{p−12 · q−12} .

Autìc eÐnai akribÿc o tetragwnikìc nìmoc antistrofăc. □ Paradeigma: UpologÐzoume to sÔmbolo tou Legendre

(_{196} 23 ) : DiadoqikĹ èqoume

(4.4.19) ( 196 23 ) = ( 12 23 )

giatÐ 196 = 23 · 8 + 12, kai

(4.4.20) ( 12 23 ) = ( 2^2 23 ) ( 3 23 ) = ( 3 23 ) . ArkeÐ loipìn na upologÐsoume to

(_3 23 ) . Apì ton tetragwnikì nìmo antistrofăc,

(4.4.21) ( 3 23 ) ( 23 3 ) = (−1)^{11} = −1.

EpÐshc,

(4.4.22) ( 23 3 ) = ( 2 3 ) ≡ 2 ≡ −1 (mod 3)

dhladă

(4.4.23) ( 23 3 ) = −1. ’Ara,

(4.4.24) ( 196 23 ) = (−1) ( 23 3 ) = 1.

4.5 Askăseic

1. ApodeÐxte tic parakĹtw protĹseic:

(a) An o a èqei tĹxh 2k wc proc ton perittì prÿto p, tìte a^k ≡ −1 (mod p). (b) An o a èqei tĹxh n − 1 wc proc ton n, tìte o n eÐnai prÿtoc. 2. ’Estw n ≥ 1. DeÐxte ìti ìloi oi perittoÐ prÿtoi diairètec tou n^2 + 1 eÐnai thc morfăc 4k + 1.

3. ’Estw r mia prwtarqikă rÐza tou n. DeÐxte ìti o r^k eÐnai prwtarqikă rÐza tou n an kai mìno an (k, ϕ(n)) = 1.

4. ’Estw r mia prwtarqikă rÐza tou perittoÔ prÿtou p. DeÐxte ìti: (a) An p ≡ 1 (mod 4) tìte o −r eÐnai epÐshc prwtarqikă rÐza tou p. (b) An p ≡ 3 (mod 4) tìte o −r èqei tĹxh (p − 1)/2 wc proc p. 5. Na lujoÔn oi tetragwnikèc isotimÐec

x^2 + 7x + 10 ≡ 0 (mod 11) kai 5x^2 + 6x + 1 ≡ 0 (mod 23).

6. An o p = 2^k + 1 eÐnai prÿtoc, deÐxte ìti kĹje akèraioc pou den eÐnai tetragwnikì upìloipo tou p eÐnai prwtarqikă rÐza tou p. 7. UpologÐste thn timă twn sumbìlwn tou Legendre ( 19 23 ) , ( −23 59 ) , ( 20 31 ) , ( 18 43 ) , ( −72 131 ) .

8. ’Estw p ènac perittìc prÿtoc kai a ènac akèraioc me (a, p) = 1. DeÐxte ìti h Diofantikă exÐswsh x^2 + py + a = 0

èqei akèraia lÔsh an kai mìno an (_{−a} p ) = 1.

9. (a) ’Estw p ènac perittìc prÿtoc kai èstw a, b ∈ Z prÿtoi proc ton p. DeÐxte ìti toulĹqiston ènac apì touc a, b kai ab eÐnai tetragwnikì upìloipo tou p. (b) DeÐxte ìti gia kĹje prÿto p upĹrqei n ∈ N tètoioc ÿste

p | (n^2 − 2)(n^2 − 3)(n^2 − 6).

10. An o perittìc prÿtoc p ikanopoieÐ thn p ≡ 1 (mod 4), deÐxte ìti (p−1)/2 ∑ a=1 ( a p ) = 0.

[Upìdeixh: (_a p ) = (_{p−a} p ) .] 11. ’Estw p ènac perittìc prÿtoc. An (_a p ) = −1, deÐxte ìti ∑ k|a k^{p−12} ≡ 0 (mod p).

12. An oi p kai q eÐnai perittoÐ prÿtoi kai ikanopoioÔn thn p = q + 4x gia kĹpoion akèraio x, deÐxte ìti ( x p ) = ( x q ) . 13. Na lujeÐ h tetragwnikă isotimÐa x^2 ≡ 11 (mod 35).

14. Na brejoÔn ìloi oi perittoÐ prÿtoi p gia touc opoÐouc (_{−3} p ) = 1.

15. Na brejoÔn ìloi oi perittoÐ prÿtoi pou èqoun tetragwnikì upìloipo ton 5. 16. ’Estw p ènac perittìc prÿtoc. An p ≡ 1 (mod 4), deÐxte ìti p−1∑ k=1 k ( k p ) = 0 kai_{p−1} ∑ k=1 (k/p)=1 k = p(p − 1) 4 .

UpodeÐxeic - apantăseic 1. (a) Apì thn upìjesh èqoume p | a^{2k} − 1 = (a^k − 1)(a^k + 1).

’Omwc o p den mporeÐ na diaireÐ ton a^k − 1 (o a ja eÐqe tĹxh mikrìterh ă Ðsh tou k enÿ èqoume upojèsei ìti h tĹxh tou wc proc p eÐnai Ðsh me 2k). ’Ara, p | a^k + 1, to opoÐo shmaÐnei ìti a^k ≡ −1 (mod p).

(b) An o n eÐnai sÔnjetoc, tìte ϕ(n) < n − 1 (giatÐ?). Apì to jeÿrhma tou Euler, an (a, n) = 1 tìte a^{ϕ(n)} ≡ 1 (mod n), Ĺra o a èqei tĹxh kĹpoion diairèth tou ϕ(n), dhladă kĹpoion fusikì gnăsia mikrìtero tou n − 1.

2. ’Estw p ènac perittìc prÿtoc diairèthc tou n^2 + 1. Tìte n^2 ≡ −1 (mod p), Ĺra n^4 = (n^2)^2 ≡ (−1)^2 = 1 (mod p).

’Epetai ìti h tĹxh tou n wc proc p isoÔtai me 4 (giatÐ?). ’Ara 4 | ϕ(p) = p − 1, opìte upĹrqei k ∈ Z tètoioc ÿste p − 1 = 4k.

3. Xèroume ìti h tĹxh tou r^k wc proc n eÐnai Ðsh me d/(k, d) ìpou d h tĹxh tou r wc proc n. AfoÔ o r eÐnai prwtarqikă rÐza tou n èqoume d = ϕ(n). Dhladă h tĹxh tou r^k wc proc n eÐnai Ðsh me ϕ(n)/(k, ϕ(n)). O r^k ja eÐnai ki autìc prwtarqikă rÐza tou n an kai mìno an ϕ(n)/(k, ϕ(n)) = ϕ(n), dhladă an kai mìno an (k, ϕ(n)) = 1.

4. (a) ’Estw k h tĹxh tou −r wc proc p. Tìte, k | ϕ(p) = p − 1 kai den mporoÔme na èqoume k = (p − 1)/2 giatÐ o (p − 1)/2 eÐnai Ĺrtioc opìte ja eÐqame r^{(p−1)/2} = (−r)^{(p−1)/2} ≡ 1 (mod p), to opoÐo den isqÔei afoÔ o r eÐnai prwtarqikă rÐza tou p. An loipìn k ≠ p − 1, tìte k < (p − 1)/2 opìte 2k < p − 1 kai r^{2k} = [(−r)^k]^2 ≡ 1^2 = 1 (mod p), to opoÐo eÐnai pĹli Ĺtopo. ’Epetai ìti k = p − 1, dhladă o −r eÐnai prwtarqikă rÐza tou p. (b) ’Opwc prin blèpoume ìti h tĹxh k tou −r wc proc p den mporeÐ na eÐnai mikrìterh apì (p − 1)/2. EpÐshc, o (p − 1)/2 eÐnai perittìc Ĺra (−r)^{(p−1)/2} = −r^{(p−1)/2}. ArkeÐ loipìn na deÐxoume ìti r^{(p−1)/2} ≡ −1 (mod p). Autì prokÔptei apì thn p | r^{p−1} − 1 = (r^{(p−1)/2} − 1)(r^{(p−1)/2} + 1).

O p den diaireÐ ton r^{(p−1)/2} −1 (giatÐ h tĹxh tou r wc proc p eÐnai p−1), Ĺra p | r^{(p−1)/2} +1. 5. (a) H x^2 + 7x + 10 ≡ 0 (mod 11) eÐnai isodÔnamh me thn 4x^2 + 28x + 40 = (2x + 7)^2 − 9 ≡ 0 (mod 11) giatÐ (4, 11) = 1. Jètoume y = 2x + 7 kai lÔnoume thn y^2 ≡ 9 (mod 11) h opoÐa èqei tic profaneÐc lÔseic y ≡ 3 (mod 11) kai y ≡ −3 (mod 11).

ArkeÐ loipìn na lÔsoume tic

2x + 7 ≡ 3 (mod 11) kai 2x + 7 ≡ −3 (mod 11).

IsodÔnama, tic

2x ≡ −4 ≡ 7 (mod 11) kai 2x ≡ −10 ≡ 1 (mod 11).

Oi lÔseic touc eÐnai oi x ≡ 9 (mod 11) kai x ≡ 6 (mod 11). (b) ’Omoia.

7. QrhsimopoioÔme tic basikèc idiìthtec tou sumbìlou tou Legendre kai ton tetragwnikì nìmo antistrofăc. (a) (_{19} 23 ) = (−1)^{9·11}

(_{23} 19 ) = − (_4 19 ) = − (_{22} 19 ) = −1. (b) (_{−23} 59 ) = (−1)^{29}

(_{23} 59 ) = −(−1)^{11·29}

(_{59} 23 ) = (_{13} 23 ) = (−1)^{6·11}

(_{23} 13 ) = (_{10} 13 ) = (_2 13 ) (_5 13 ) = − (_5 13 ) = − (_{13} 5 ) = − (_3 5 ) = − (_5 3 ) = − (_2 3 ) = 1. (g) (_{20} 31 ) = (_{22} 31 ) (_5 31 ) = (_5 31 ) = (−1)^{2·15}

(_{31} 5 ) = (_{31} 5 ) = (_1 5 ) = 1.

Ta upìloipa sÔmbola tou Legendre upologÐzontai me ton Ðdio trìpo.

8. An upĹrqoun akèraioi x, y tètoioi ÿste x^2 + py + a = 0, tìte x^2 + a ≡ 0 (mod p) dhladă h tetragwnikă isotimÐa x^2 ≡ −a (mod p) èqei lÔseic. Epomènwc, (_{−a} p ) = 1.

AntÐstrofa, an (_{−a} p ) = 1, tìte upĹrqei x ∈ Z tètoioc ÿste x^2 ≡ −a (mod p), dhladă p | x^2 +a. ’Ara, upĹrqei akèraioc y tètoioc ÿste x^2 +a = py. ’Epetai ìti x^2 +p(−y)+a = 0.

9. (a) AfoÔ oi a, b eÐnai prÿtoi proc ton p isqÔei kai h (ab, p) = 1. GnwrÐzoume ìti ( ab p ) = ( a p ) ( b p ) . AfoÔ oi treÐc autoÐ arijmoÐ paÐrnoun tic timèc ±1, den mporoÔn na eÐnai ìloi Ðsoi me −1 (ja eÐqame −1 = 1). ’Ara, kĹpoio apì ta trÐa sÔmbola tou Legendre paÐrnei thn timă 1, dhladă toulĹqiston ènac apì touc a, b kai ab eÐnai tetragwnikì upìloipo tou p. (b) An p ≠ 2, 3, paÐrnoume a = 2 kai b = 3 sto (a). KĹpoioc apì touc 2, 3 kai 2 · 3 = 6 eÐnai teragwnikì upìloipo tou p. ’Ara, upĹrqei n ∈ N tètoioc ÿste

p | n^2 − 2 ă p | n^2 − 3 ă p | n^2 − 6.

Se kĹje perÐptwsh, p | (n^2 − 2)(n^2 − 3)(n^2 − 6).

An p = 2 ă p = 3 to zhtoÔmeno isqÔei me n = 2 ă n = 3 antÐstoiqa.

10. O (p − 1)/2 eÐnai Ĺrtioc, Ĺra gia kĹje a = 1, . . . , (p − 1)/2 èqoume

(p − a)^{(p−1)/2} ≡ (−a)^{(p−1)/2} = a^{(p−1)/2} (mod p).

Apì to kritărio tou Euler èpetai ìti ( a p ) = ( p − a p ) .

Epomènwc, 2 (p−1)/2 ∑ a=1 ( a p ) = (p−1)/2 ∑ a=1 ( a p ) + (p−1)/2 ∑ a=1 ( p − a p ) = p−1∑ a=1 ( a p ) .

’Omwc to sÔmbolo (_a p ) paÐrnei tic timèc 1 kai −1 apì (p − 1)/2 forèc kajÿc to a kineÐtai apì 1 wc p − 1 (oi misèc timèc tou a eÐnai tetragwnikĹ upìloipa tou p kai oi Ĺllec misèc ìqi). ’Ara, to teleutaÐo Ĺjroisma eÐnai Ðso me mhdèn. ’Epetai to zhtoÔmeno.

11. ’Otan o k diatrèqei touc diairètec tou a, o k/a diatrèqei touc diairètec tou a kai ( k p ) ( a/k p ) = ( a p ) = −1, Ĺra ( k p ) = − ( a/k p ) . ’Ara, 2 ∑ k|a ( k p ) = ∑ k|a ( k p ) + ∑ k|a ( a/k p ) = 0.

EpÐshc, apì to kritărio tou Euler, ∑ k|a k^{p−12} ≡ ∑ k|a ( k p ) (mod p).

’Ara, ∑ k|a k^{p−12} ≡ 0 (mod p).