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Preface

Topological complexity is a numerical homotopy invariant which arises from the
problem of designing motion planning algorithms. The algorithmic motion planning
problem is central in robotics and requires the application of tools of algebraic topology.
A motion planning algorithm of a given mechanical system with configuration space of
states X is a function which associates to a pair (z,y) € X x X a continuous motion
from = to y or in other words a continuous path in X with initial point z and terminal
point y. Stated more precisely, let PX denote the space of all continuous paths in X
endowed with the compact-open topology. The endpoints map 7 : PX — X x X given
by m(v) = (7(0),v(1)) is a fibration. A motion planning algorithm is a (not necessarily
continuous) section of . The discontinuities of motion planning algorithms provide a
measure of the complexity of robot navigation. On the other hand, a continuous section
of 7 exists if and only if X is contractible. Thus, the discontinuities of motion planning
algorithms may reflect homotopy properties of X. Thus, outside robotics topological
complexity is an interesting numerical homotopy invariant which may help to understand
the nature of some geometric problems.

The topological complexity T'C'(X) of a path-connected space X is a positive integer
(or infinity) and is defined in an analogous way as its Lusternik-Schnirelmann category
catX. They are both special cases of the more general notion of the genus of a fibra-
tion introduced and studied by A.S. Schwarz in [20]. The Schwarz genus (or sectional
category) of a fibration p : F — B is the smallest positive integer k such that B can be
covered by k open sets Uy, Us,...,U; for which there are continuous sections s; : U; — E,
1 < i <k, for p. The topological complexity TC(X) is the genus of the endpoints
fibration 7 : PX — X x X and depends only on the homotopy type of X.

The study of the notion of topological complexity was initiated by M. Farber in [8]
and [9]. It is a new active area of research. In this work we present some basic parts
of the research that has been done during the last twelve years giving emphasis to the
computation of the topological complexity of a large number of spaces. In the first
chapter we give the basic prperties of the notion and its relation to the Lusternik-
Schnirelmann category. In the second chapter we give cohomological lower bounds using
the notion of sectional category weight of a cohomology class with respect to a fibration.
The last chapter is devoted to the still open problem of the calculation of the topological
complexity of the real projective spaces and its relation to the immersion problem.
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Chapter 1

Introduction to topological
complexity

1.1 Basic properties of topological complexity

For a topological space X we consider the space PX of paths in X, i.e. continuous maps
~v: I — X, equiped with the compact-open topology. Also, we consider the continuous
map 7 : PX — X x X defined by 7(y) = (7(0),7v(1)), which is called the endpoints
fibration of X because of the following:

Lemma 1.1.1 The map 7 is a fibration for any space X.
Proof Let f: Y — PX be a continuous map of a space Y into the space PX, and let

F:Y xI— X x X beahomotopy such that F'(y,0) = nf(y) for all y € Y. We write
F = (F1, Fy) for the components of F. Let H : Y x I x I — X be defined by

Fl(y,t—?)st), ifo<s<i
~ S — 3 X
H(y,t,s) = f(y)( _§;>, if §<s<1-3
3
Fy(y,3s+ (t—3)), if1-£<s<1

The map H is continuous and induces a continuous map H : Y x I — PX with

H(y,t)(s) = H(y,t,s). Also, H(y,0) = f(y) fory € Y and mo H = F, i.e. H lifts F.

The endpoints fibration 7 rarely admits a continuous section. Actually, the following
holds.

Proposition 1.1.2 Given a nonempty space X the fibration m : PX — X x X has a
continuous section s : X x X — PX if and only if the space X is contractible.

Proof Suppose that there is a continuous section s : X x X — PX of w. This means
that s(z,y) is a path in X starting at = and ending at y for all z,y € X. We fix a point
xo € X, and define a map F : X x I — X by F(z,t) = s(z,x0)(t) for z € X and t € I.
Then F' is a homotopy of 1x to the constant map with value xg, thus X is contractible.

3
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Conversely, suppose that the space X is contractible. Then there is a point zg € X
and a homotopy F : X x I — X satisfying F(x,0) = x and F(z,1) = z¢ for all z € X.
Let s : X x X — PX be the map defined by s(x,y) = F(-,z)* F(-,y) !, where * denotes
the concatenation. The map s is a continuous section of 7. [ |

Remark: The fact that there is always a continuous section of 7 for a contractible space
X is a special case of the fact that every fibration over a contractible base space has a
continuous section.

Let p: E — B be a fibration with B contractible and E non-empty. If g is any point
of E, xy = p(Zp) and F : BxI — B is a homotopy such that F'(z,0) = zp and F(z,1) =z
for z € X then the homotopy lifting property gives a homotopy F : B x I — E with
F(x,0) =g forz € Band po F = F, i.e. F lifts F. Since p(F(1,z)) =z for all z € B,
the map s = F(1,-) : B — E is a continuous section.

{O}XBL\),E

0,1]xB—X B

Definition 1.1.3 If X is a path-connected space we define the topological complexity
TC(X) of X as the least positive integer k such that there is a covering of X x X by
k open subsets Uy,Us, ..., U, C X x X and there are continuous maps s; : Uy — PX,
1 <¢ <k with mos; =iy, where iy, : U; = X x X s the inclusion map. If no such k
exists we define TC(X) = oo.

The statement 7 o s; = iy, in this definition means that s; is a section of 7| -1y,

7T71(UZ') — Uj;.

U, —* 5 pPX

lﬂ

X x X

The Proposition 1.1.2 says that TC(X) = 1 if and only if the space X is contractible.

The topological complexity of a path-connected space is a special case of the
more general notion of Schwarz genus of a fibration. The Schwarz genus (or sectional
category) of a fibration p : E — B is defined to be the minimal cardinality of open
coverings of the base space B consisting of sets on each of which there exist a continuous
section.

Remark: For a subspace G C X x X, there is a continuous section s : G — PX of « if
and only if there is a homotopy of maps s; : G — X, 0 <t < 1 such that sg, s; are the
projections of G onto the first and the second coordinates, respectively.

Example: Let us show that TC(S™) = 2 for n odd. Since S™ is not contractible, by
Proposition 1.1.2, TC(S™) > 1. Thus, it suffices to show that T'C'(S™) < 2. To do this,
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we consider the sets Uy = {(A,B) € S" x S": A# —B} and Uy = {(4,B) € " x S":
A # B} and define s; : Uy — PS™, s9 : Uy — PS™ as follows:

For (A, B) € Uy, s1(A, B) is the unique shortest arc of S™ connecting A and B passed
with velocity of constant length.

For (A, B) € Us, s2(A, B) is the concatenation of the shortest arc from A to —B
with constant velocity and a path moving from —B to B. For the constraction of the
path from —B to B, we consider a tangent vector field v on S™ which is nonzero at each
point. Such a tangent vector field exists, since n is odd. Then we consider the spherical
arc from —B to B:

—cos7t- B +sinnt -

Example: Assuming that n is even, we will show that T'C'(S™) < 3. We define Uy, 51
as in the odd dimensional case. Then we consider a tangent vector field v on S™, which
vanishes at a point By € S™ and is nonzero at all points B € S™, B # By. Setting
Us ={(A,B) € S" x S": A # B and B # By} we define sg : Uy — PS™ as in the odd
dimensional case. If we choose a point C' € S", C # By, — By then the set Y = 5" — C
is homeomorphic with R”, hence there is a continuous section s : U3 =Y x Y — PS".
Since S™ x S™ — (U, UUz) = {(—Bo, By)}, the sets Uy, Uz, Us cover S™ x S™ and therefore
TC(S™) < 3. We shall prove later that actually TC'(S™) = 3 when n is even.

The following Theorem shows that the topological complexity depends only on the
homotopy type of X.

Theorem 1.1.4 If there are continuous maps f : X = Y and g : Y — X between
topological spaces X andY such that fo g~ 1y, then TC(Y) <TC(X).

Proof It suffices to show that if U is an open set in X x X which admits a continuous
section of the endpoints fibration mx of X then the set V = (¢9x¢)"1(U) C Y xY admits
a continuous section of my. For then, if k = TC(X) and Uy UUsU...UUr = X x X is
an open covering of X x X such that each U; admits a continuous section of 7wx, then
the sets V; = (g x ¢)"Y(U), i = 1,2,...,k, form an open covering of Y x Y on each
member of which there is a continuous section of 7y, thus TC(Y) < T'C(X). Suppose
that U is an open set in X x X that admits a continuous section s : U — PX of mx. We
define a continuous section o : V' — PY of my for the set V = (g x g)~}(U) as follows.
We consider a homotopy h; : Y — Y, 0 <t <1, with hy = 1y and h; = fog. For
(A, B) € V we define the path o(A,B) : [ — V by

hsi(A), for 0 <t < %
o(A, B)(t) = | f(s(gA,gB)(3t — 1)), for 1 <t <32
hsa—1)(B), for2<t<1. |

Corollary 1.1.5 (Homotopy Invariance) If two spaces X and Y have the same homo-
topy type then TC(X) =TC(Y).

Corollary 1.1.6 If a space X retracts to a subspace A C X then TC(X) > TC(A).
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Equivalent characterizations of topological complexity can be given for special classes
of spaces.

Definition 1.1.7 Let A be a subspace of a topological space X. We say that A is a
neighborhood retract in X if A is a retract of some open neighborhood of itself.

Definition 1.1.8 A topological space X is called a Euclidean Neighborhood Retract
(ENR) if it is homeomorphic to a neighborhood retract in R™ for some n.

A subspace X C R” is an ENR if and only if it is locally compact and locally
contractible. (see [5], chapter 4, section 8)

Proposition 1.1.9 Let X be an ENR. We define the following numbers:

o k= k(X) is the least positive integer k with the property that there is a sequence
Uy CcUsC...C Uy =X xX of k open subsets and a section s : X x X — PX of
the fibration T such that the restrictions s|y, ,—v,, 1 = 1,2,...,k—1 are continuous.

o [ = I(X) is the least positive integer | with the property that there is a sequence
FiCF, C...CFp=XxX ofl closed subsets and a section s : X x X — PX of
7 such that the restrictions s|p,, ,~r,, 1 = 1,2,...,1 — 1 are continuous.

o r = r(X) is the least positive integer r with the property that there is a splitting
GiUGyU...UG, = X x X of X x X consisting of r pairwise disjoint, locally
compact subspaces of X x X each of which admits a continuous section of 7.

o g = q(X) is the least positive integer q with the property that there is a splitting
G1UGyU...UG; = X x X of X x X consisting of q locally compact subspaces of
X x X each of which admits a continuous section of m.

Then these numbers are equal to TC(X), i.e., TC(X)=k=1=r =q.
We shall use the following elementary Lemmas.

Lemma 1.1.10 If X is a normal space and X = UyUUsU...UU,, where Uy, Us, ..., U,
are open subsets of X then there are closed sets Fy, Fy, ..., F, such that F; C U; for all
itand X =FMUFFKU...UF,.

Proof We proove the lemma by induction on n. First, we suppose that X = U; U U,
where X is normal and U;, Us are open sets. Then, the sets X — Uy, X — Us are closed
and disjoint, thus there are disjoint open sets O1 D X — Uy and O2 D X — Us, since X
is normal. The sets F; = X — O1,Fy = X — Oy are closed, F; C U; and X = F; U Fs.
This proves the lemma in the case n = 2.

Now, let n > 2 and assume that the conclusion is true for n —1 sets U1, Us, ..., U,_1.
Suppose that X = Uy U...U U, where X is normal and Uy,...,U, are open sets.
There are closed sets F; C Uy and G C U, U ... U U, with X = F; UG. Since G is
normal and G = (U N G) U ... U (U, N G), by our assumption, there are closed sets
K cUUG,...,F, C U, UG in G such that G = F, U ... U F,,. Hence, we have
constructed a finite sequence Fi, ..., F;, with the required properties. |
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The next lemma is Exercise 2 at the end of Charter 4 in [5].

Lemma 1.1.11 Let Y be an ANR and X be a binormal space, i.e., X X I is a normal
space. Let A C X be a closed set and f,g : X — Y be continuous maps such that
fla =~ gla. Then there exists an open set A CV C X such that fly ~ g|v.

Proof Let M = X x {0} UX x{1}UA X [ and H : f|a ~ g|la. We set F(z,0) = f(x),
F(z,1) = g(z) for z € X and F(a,t) = H(a,t) for a € A, t € I to get a well defined
continuous map F' : M — Y. Since Y is an ANR and M is a closed subset of the
normal space X x I, there exist an open set M C U C X x I and a continuous extension
F:U — Y of F. Since each a € A has an open neighborhood N, in X such that
N, x I C U, there exists an open set A C V C X such that Ax I Cc V xI C U.

Obviously, F|V><I S flv ~=glv. |

Proof of Proposition 1.1.9 Let TC'(X) = s. The proposition will be prooved, showing
the inequalities s > k,s > [,k >r,l >r,r > q,q > s.

For the first inequality, we consider an open covering of X x X consisting of s open
sets W1, Wa, ..., W, such that each W; admits a continuous section s; of 7. We put U; =
WiU...UW; fori=1,...,s and define a section s : X x X — PX by s(x,y) = s;(z,y)
where i is the smallest index with the property (x,y) € W;. Hence Uy C Uy C ... C
Us = X x X and, since Uj41 — U; = Wiy — (Wl U...uU W,) and s = s; in Ujy1 — Uy, it
follows that s|y, , —y, is a continuous map.

For the second inequality, using Lemma 1.1.10 for the metrizable, hence normal space
X x X, we obtain closed sets Vi,..., Vs in X x X such that each V; is contained in W;
and V1U...UVs = X x X. Applying the same argument as in the first inequality, using
the sets V; in place of U; we conclude the second inequality.

For the inequality & > r, we consider a sequence U; C ... C Up = X x X of k open
sets in X x X such that each of the sets U;+1 —U;. i =0,1,...,k—1 admits a continuous
section of m. We set G; = U; — (U3 U...UU;—1). Then the sets G; are locally compact.
(see [6], Theorem 6.5, p. 239) Also, since the sets G; cover X x X and they are pairwise
disjoint, we have k > 7.

Similarly, it follows that [ > r.

The inequality r > ¢ is trivial.

For the last inequality ¢ > s, we consider a covering of X x X consisting of s
locally compact subsets G1,Ga, ..., G such that each G; admits a continuous section
s; : G; — PX. The map s; : G; — PX corresponds to a homotopy hi : G; — X between
the projections ki, hi of G; onto the first and the second coordinates, respectively. Since
G, is locally compact, there is an open set W; C X x X such that G; = G;NW;. (see [6],
Theorem 6.5, p. 239) It follows that there is an open set U; with G; C U; C W; such
that the projections of U; onto the first and the second coordinates are homotopic by a
homotopy H} : U; — X by Lemma 1.1.11. This homotopy H}, 0 < t < 1, corresponds to
a continuous section S; : U; — PX. Since the sets U; cover X x X and each U; admits
a continuous section S; : U; — PX, we conclude that g > s. |

If we only assume that X is a locally compact metrizable space then
TC(X) > max{k(X),[(X)} and min{k(X),[(X)} > r(X). If in addition X is
ANR, then Proposition 1.1.9 above remains still true. This follows from the arguments
of the proof. Recall that a space X is called absolute neighborhood retract (ANR) if for
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every normal space Y, closed subspace A C Y, and every continuous map f : A — X
there exists a continuous extension of f to a neighborhood of A (inY).

Example: Let Y be an ENR space for which the suspension X = XY is ENR. The
space X is the quotient of Y x I identifying the points of the subspaces Y x 0 and Y x 1
into two single points p and ¢, respectively. Also, all points x € X — p are assosiated with
continuous paths o, in X — p starting at ¢ and ending at x that depend continuously on
X —p. We will show that TC'(X) < 3. We consider the sequence F} C Fy C F3 = X x X
of closed subsets with F; = {(p,p)} and F» = p x X U X x p. We define a section
s: XxX — PX of 7 as follows. We set s(p, p) to be the constant loop at the point p. For
r € X —p we define s(p, r) = Yo *0,, and s(z,p) = s(p, x)~! = the inverse path of s(p, x),
where 7 is a fixed path in X from p to g. Since Fo—F; = {p} x (X —{p})U(X —{p}) x{p},
we have defined the map s in Fy. For (z,y) € F3 — F5 = (X — p) x (X — p) we define
s(z,y) = o' x 0,. From the construction of s, the maps s|p,_p,_, for i = 1,2,3 are
continuous and the inequality T'C'(X) < 3 follows from Proposition 1.1.9.

1.2 LS category and topological complexity

The definition of topological complexity is inspired by the notion of Lusternik-
Schnirelmann category.

Definition 1.2.1 Let X be a topological space. A set A C X is called categorical if the
inclusion 1 : A — X is nullhomotopic.

Definition 1.2.2 The category catX of a space X is defined to be the least positive
integer k such that there are k open categorical subsets Uy, ..., Uy of X that cover X. If
no such integer k exists, we put catX = oo.

We observe that a non-empty space X is contractible if and only if catX = 1. Also,
if X is a suspension (of some space) then catX < 2. In particular catS™ = 2.

Like topological complexity, the Lusternik-Schnirelmann category of a space X can
be thought of as the Schwarz genus of a particular fibration. Let X be path-connected
and fix a point g € X. Let PpX = {vy|y: I — X with v(0) = x¢} be the space of paths
in X with initial point zg equiped with the compact-open topology. The continuous
map 7 : PpX — X sending each path v € PyX to (1) is a fibration. Actually it
is the fibration induced from the endpoints fibration 7 : PX — X x X by the map
f:X — X x X defined by f(x) = (x9,2). (Identifying each path v € Py X to (v,v(1))
we take PoX = {(v,z) € PX x X|n(v) = f(x)}) (see [19], corollary 8, p. 99)

PX = f*(PX) — X PX
TO=PT2 ™
!
X X x X

Since there is a continuous section of my over an open set U C X if and only if
U is categorical, the Schwarz genus of the fibration my is the Lusternik-Schnirelmann
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category of X.

The next proposition shows that this number is a topological invariant.

Proposition 1.2.3 If X and Y are topological spaces and f : X —Y and g:Y — X
are continuous maps such that f o g ~ 1y then catX > catY .

Proof Let U C X be open and categorical. Then g~!(U) is open and categorical (in Y).
In fact, the inclusion map j : g~ (U) < Y is nullhomotopic, since j = 1y oj ~ foglg—
and the map f o g| g-1(v) 1s nullhomotopic because so is the map flu. Thus, a collection
of open categorical subsets of X that cover X pulls back to a covering of Y consisting
of open categorical sets and the inequality catX > catY follows. |

Corollary 1.2.4 If two spaces X and Y have the same homotopy type then catX =
caty .

Proposition 1.2.5 Let R be a commutative ring with a unity and let X be a topological
space. If uy,...,ur € H*(X;R) are non-zero cohomology classes of positive degree and
Uy — - — ug # 0 then catX > k.

Proof Let catX < k and let X = Uy U...U Uy, where each U; is open and categorical.
We consider the cohomology sequence of the pair (X, U;)

- HY(X,U;;R) —2—~ HY(X;R) —— HYU;; R) — - --
Since U; 1is categorical, the induced by the inclusion homomorphism
HY(X;R) — H%U;;R) in the above exact sequence is trivial for ¢ > 0. Thus,
by exactness, the homomorphisms j : HY(X,U; R) — HY(X;R) for ¢ > 0 are

epimorphisms. Hence u; = j;(4;) for some w; € H*(X,U;; R).

The commutativity of the diagram

X ! (X, AU B)
A A

X x X 2, (x A)x (X,B)

shows that j*A* = A*(j7 x j3), where A is the diagonal map and j,ji,j2 are the
inclusions. Thus j*(a — b) = j*A*(a x b) = A*(ji x j3)(a x b) = A*(j§7(a) x 75(b)) =
ji(a) — ji(b). This means that

jru — =) = ji(m) — - — ji(ug)
Cw— e £0,
where j : X — (X,U1UUU]€),]1X‘—>(X,UZ) Since H*(X,Ulu...UUk;R):

H*(X,X;R) = 0, we see that uj — -+ — ux = 0, and so j*(u; — -+ — u,) =0, a
contradiction. |
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Example: We will show that catRP"™ = catCP™ = n 4+ 1. The cohomology ring of
RP" with coefficients in Zs is H*(RP™;Zs) = Zsla]/ < a™*! >, where a is an element
of degree 1 and a™ # 0. Proposition 1.2.5 says that catRP™ > n. In the case of the
complex projective space CP™, we have

Z forq=0,2,...,2n

HYCP™;7Z) =
( ) {0 for g #0,2,...,2n

and
H*(CP™Z) = Z[a)/ < ™t >,

where a is an element of degree 2 and a” # 0. Hence catCP™ > n. Writ-
ing points of CP"™ in homogeneous coordinates [zg,...,z2,|, the open subsets
Ui = {lz0,...,2n) € CP™ : z; # 0}, 0 < i < n, which define the standard
complex manifold structure on CP", form an open covering consisting of categorical
sets, thus catCP™ < n+1. We obtain that catCP"™ = n+1 and similarly catRP"™ = n+1.

In the sequel we shall repeatedly use the following simple observation.

Lemma 1.2.6 If X is path-connected and {A;}jecr is a collection of open categorical
subsets of X such that A;NAj =0 fori # j, then the union UjeJ Aj is also categorical.

Proof Since X is path-connected, all constant maps from a subspace of X to X are
homotopic. Thus, we may choose a collection of homotopies F; : A; x I — X, j € J,
such that Fj(-,0) =1i; : A; = X and Fj(,1) = b for some point b € X. If A =J,, 4,
we may define F' : A x I — X by F(y,t) = Fj(y,t) for y € A;, 0 <t < 1. Since
F]ijf = F; and the sets A; x I are open in A x I and disjoint and the maps Fj are
continuous, it follows that the map F' is a well defined continuous homotopy from the
inclusion map A < X to a constant map. |

Definition 1.2.7 Let m > 1 be an integer. We say that the (covering) dimension of a
Hausdorff space X is at most m, denoted dimX < m, if every collection of open sets in X
that covers X has an open refinement such that each point is contained at most in m+ 1
elements of this refinement. We write dimX = m if dimX <m and dimX £ m — 1.

Proposition 1.2.8 If X is a path-connected, paracompact and locally contractible space
and dimX < m, then catX < m+ 1. In other words, catX < dimX + 1.

Proof Let {U;};cs be a finite open covering of X consisting of categorical sets. Since
X is paracompact, there is a partition of unity {m;};c; subordinated to {U;};cs. For
x € X, we define S(z) = {j € J|m;(x) > 0}. The set S(z) is finite since x € suppm; for
finitely many j € J. Also, for a finite set S C J, we define

W(S) ={x € X|mi(z) < mj(x) for all i € J — S and 7;(z) > 0 for all j € S}.
We will proove that W (S) is open. Since W(S) = (;c; K; where
K; ={z € X|mi(z) <mj(z) for all i € J — S and 7;(z) > 0},

it suffices to proove that each set K; is open. In fact, a point x € K; has an open
neighborhood U, such that the set J, = {i € J|U, N suppm; # 0} is finite. We see that
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U:NK; = {yeUym(y) <mj(y) forall i € J — S and 7;(y) > 0}

= {y e U;lmi(y) < m;(y) for all i € J, — S and 7;(y) > 0}
- ( M K} niyeUdm(y) >0}
1€Jy—S

where KJ’ = {y € Uylmi(y) < mj(y)}. Therefore, U, N K; is open and hence so is
K; = UxeKj (Uz N Kj).

Also, if S ¢ S" and S" € S then W(S) N W (S’") = 0, because if z € W(S) N W(S")
then 7;(z) < mj(z) < mi(z) forie S’ —S,j € S— 5. We set

Wi = U{W(S(m))|x € X, S(z) has k elements}

for k =1,2,.... The sets W}, are open and since W(S) C U; for all j € S, Lemma 1.2.6
implies that the sets W}, are categorical.

If there is a number n such that U; NU; N...NU;,, = 0 for all distinct
J1572y -y Jnt1 € J, then Wy = () for k > n + 1. Thus, we obtain an open covering
of X consisting of n categorical sets.

Using this argument for an open refinement of a covering consisting of open cate-
gorical subsets of X such that each point contained at most in m + 1 elements of the

refinement, we obtain catX <m-+1. |}

Since each n-dimensional manifold has covering dimension at most n (see [18], The-
orem 2.15, p. 24) we obtain the following.

Corollary 1.2.9 If M is a path-connected n-manifold then catM < n + 1.

Example: We will show that catT™ = n 4+ 1. The cohomology ring H*(T™; Q) of the
n-torus 7™ with coefficients in Q is an exterior algebra on n generators, hence catT™ > n
by Proposition 1.2.5. Also, by Corollary 1.2.9, catT™ < n+1, and therefore catT™ = n+1.

Example: The above Proposition 1.2.8 is false without the hypothesis that X is
locally contractible. We consider the space X = |Jo-, Cy, where Cj, is the circle in
the plane R? with center at (1,0) and radius 1. We will show that the point (0,0)
has no neighborhoods which are categorical. If it is not true then some circle C), is
categorical with respect to X, hence with respect to R? — {z}, where z is any point in
the interior of C,. But this is false, since C), is a deformation retract of R? — {z} and
the inclusion map C,, < R? — {2} induces an isomorphism on the fundamental groups.
This means that catX = oco. Also, dimX = 1. In fact, if we take an open covering of
X then we can construct an open refinement of this covering as follows. We take an
open ball B with center at (0,0) such that the set B N X is contained in an element
of the covering. Then the set X — B consists of a finite number of disjoint arcs. We
cover these arcs by smaller open arcs such that no point of X is contained in three
of them. We choose the diameter of these small arcs to be very small (i.e. smaller
than a Lebesgue number of the covering) so that each small arc is contained in a set
of the covering. All small arcs together with B N X form an open refinement of the
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original covering such that no point of X belongs to more than two sets of the refinement.

Remark: If X is a Hausdorff space then catX < n if and only if there is a sequence V; C
Vo C...CV, =X of n open sets such that each of the differences V; — V;_; is contained
in an open categorical subset of X.(Here Vj = ) If there exists such a sequence, the
corresponding differences cover the space X, hence we obtain a covering of X consisting
of n open categorical subsets, and catX < n. Conversely, if catX < n then there are
open categorical sets Uy, ...,U, in X that cover X, hence the sets V; = Uy U...UU; for
i =1,...,n form a sequence as above.

The proof of the following proposition is taken from [3] and is included here for the
sake of completeness.

Proposition 1.2.10 If X and Y are path-connected spaces such that the space X XY
1s completely normal then

cat(X xY) < catX + caty — 1.

Proof Let catX = n and catY = m. Then there are sequences Uy C ... C U, = X
and V; C ... C V,,, =Y of open sets for X and Y, respectively, such that there exist
categorical open sets Z1,...,72, C X and Wy,...,W,, C Y with the property Z; D
U; — U;_1 and Wj D) V] — Vj_l. (Here Uy=Vy = O)
Setting C; = Ule U; X Vip1—; we define a sequence C7 C ... C Cpom—1 = X X Y.
(Here U; = X for i >n and V; =Y for j > m)
We see that
J+1 j+1
Ciq1—C; = U Ug X Vjyo — U Ug X Viy1-k
k=1 k=1
GH1 41
= |J Uk x Vjai) 0 (U x Vier)®
k=11=1
GH1j+1
= U ﬂ (Uk = Up) x Vigo—i) U (U x (Vjyoi — Vjg1-1))
k=11=1
j+1
= JWk = Us1) x (Virak = Vi1 s)
k=1
Jj+1
j+1
= U Al
k=1
where A7 = (U, = Uk-1) ¥ (Vjt2—k — Vjt1-k)-
In addition, Aﬁl C Zy x Wjio_k and the set Z; x W o_j is open and categorical
with respect to X x Y. Also, if & > [ then (Uy — Ug_1) C X — Ug_1, so (U — Up_1) N
(Ul — Ulfl) = @ and

AN ATTY = (U = Uka) X (Vipak = Vita#) 0 (U = Uica) X (Vigat = Vi)
= (Up = Up—1) N (U = Ui—1) x (Vigo—i = Vig1—k) N (Vjgo—1 — Viy1-1)
= 0
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Thus, for all k& # [, we have Aﬁl N A‘ZjJrl = AZ:H N A{H = (). Because the space
X XY is completely normal and Aiﬂ C Zyx X Wji2_, there are disjoint open categorical
neighborhoods of the sets Aiﬂ and A{ for k # [. Since these categorical neighborhoods
are disjoint and the space X XY is path-connected, their union is also categorical, hence
the union of the sets A{jl and A{ ! has a categorical open neighborhood.

Also, (AP U AT N AT = (AT N AT U AT N AT = 0 and (AT U AT N
ATt = () for distinct k,l,r. Therefore the sets Aiﬂ U A{ 1 and AT are separated by
disjoint categorical open neighborhoods, and the union A?:rl U A{ LU At is contained

in a categorical open set. We continue the process and we obtain that the set C; 1 — C}
is contained in a categorical open set. Therefore cat(X xY) <n+m — 1. |

Remark: Note that the product of two completely normal spaces may not be a normal
space. For example the space R,, which is the set of real numbers with the topology
having basis the intervals (a, b|, a < b, is completely normal, but R,, x R, is not normal.
(see [6], p. 144)

Proposition 1.2.11 If X is any path-connected metrizable space then
catX <TC(X) < 2catX — 1.

Proof Suppose that there is a continuous section s : U — PX of the endpoints fibration
7 over an open set U C X x X. Then the set V = {B € X|(Ao, B) € U} is open and
categorical, where Ag is a fixed point of X. In fact, the inclusion map iy : V <
X is homotopic to the constant map with value Ay by the homotopy V x I — X,
(B,t) — s(Ag, B)(t). Thus, if {U;} is an open covering of X x X such that each U;
admits a continuous section of 7 then the sets V; = {B € X|(Ao, B) € U;} form an
open covering of X by categorical sets, hence TC(X) > catX. Since by Proposition
1.2.10, cat(X x X) < 2catX — 1, it suffices to proove that TC(X) < cat(X x X). Let
U C X x X be an open categorical (in X x X) subset. Then, taking a homotopy
ht : U — X x X with hg = iy and hy = (Ag, Bg) for some (Ag, By) € X x X, we
construct a continuous section s : U — PX of 7 by sending each (A4, B) € U to the path
s(A, B) = prihi(A, B) * v % prah1_+(A, B), where * denotes the concatenation of paths,
pri, pro are the projections of X x X onto the first and the second factor and ~y is a path
from Ag to By. I

Corollary 1.2.12 Let X be a path-connected metrizable locally contractible space. Then
TC(X) <2dimX + 1.

Proof This is immediate consequence of the right inequality of Proposition 1.2.11 and
the inequality of Proposition 1.2.8. |

Corollary 1.2.13 If G is a connected Lie group then TC(G) = calG.

Proof ;From Proposition 1.2.11, we have TC(G) > catG. Let U C G be an open
categorical set. We will show that over the open set W = {(4,B) € G x G|A- B~ € U}
there is a continuous section s : W — PG of the endpoints fibration 7. Since G is
connected, there is a homotopy h; : U — G such that hg = iy and h; = e, where e is
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the identity element of G. Then we can define s : W — PG by s(A, B) = hy(A- B~ ')- B
for (A, B) € W. This argument shows that TC(G) < catG, bacause if catG = k and
Ui U...UUg =G is an open covering consisting of categorical (in G) sets then the sets
W; ={(A,B) € G xG|A-B~ ! € U;} for i = 1,...,k form an open covering of G x G
such that each set of this covering admits a continuous section of 7. |

Example: We have shown that catT™ = catRP™ = n + 1. Since 7" and RP? are
connected Lie groups (RP? is homeomorphic to the 3-dimensional rotation group
SO(3)), TC(T™) = catT™ = n + 1 and TC(RP?) = catRP3 = 4.

Remark: Proposition 1.2.10 is actually true if we only assume that X,Y are path-
connected normal spaces. Therefore Proposition 1.2.11 is true if X is normal and
Corollary 1.2.12 if X is paracompact, path-connected and locally contractible.

There is a product formula for topological complexity analogous to Proposition 1.2.10.

Theorem 1.2.14 For any path-connected metrizable spaces X and Y,
TCX xY)<TC(X)+TC(Y)—1.

Proof There are open coverings Uy U...UU, =X x X and V1U...UV,, =Y xY for
X x X and Y x Y, respectively, such that there is a continuous section s; : U; - PX
of mx for i« = 1,...,n and there is a continuous section o; : V; — PY of my for
j=1,...,m, where n = TC(X) and m = TC(Y). Since X x X is paracompact, there is
a partition of unity f; : X x X — R for ¢ = 1,...,n subordinated to the covering {U;}.
Similarly, there is a partition of unity g; : ¥ x Y — R for j = 1,...,m subordinated
to the covering {V;}. For non-empty sets S C {1,...,n} and T'C {1,...,m} we define
W(S,T) C (X xY) x (X xY) to be the set consisting of all 4-tuples (4, B,C,D) €
(X xY)x (X xY) such that f;(A,C)-g;(B,D) > fu(A,C)-gy(B, D) for all (i,j) € SxT
and for all (i/,5") ¢ S x T. The sets W (S, T) have the following properties:

1. Each set W(S,T) is open in (X xY) x (X xY).

2. W(S, T)NW(S",T') =0 whenever S x T ¢ §' x T" and ' x T" ¢ S x T.
3. The set W(S,T) is contained in U; x Vj for all (i,5) € S x T

4. On each W (S, T) there exists a continuous section W (S,T) — P(X x Y).

5. The sets W (S,T) cover (X xY) x (X xY).

The set W (.S, T') is the finite intersection of the open sets W((;;.’;/) for (i,7) € SxT and
(i',7") ¢ S" x T', where W((Z]?g/) is the set consisting of (4, B,C,D) € (X xY) x (X xY)
such that f;(A,C)-g;j(B,D) > fi(A,C)-gy(B, D). Hence, each W(S,T) is open in (X x
Y) x (X xY). The property 2 follows since f;j(A,C)-g;(B,D) > fi(A,C)-gj(B,D) >
fi(A,C)-g;(B, D) for (A,B,C,D) € W(S,T)NW(S",T'), (i,j) € (SxT)— (5 xT)
and (i',5") € (8" x T") — (S x T'). The property 3 follows from the fact that W(S,T) C
(suppfi) x (suppg;) C U; x Vj for (i,j) € S x T. The set W(S,T) admits the section
W(S,T) = P(X xY), (A, B,C,D) — (si(A,C),0;(B, D)), so the property 4 follows.
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For property 5, we choose (A, B,C,D) € (X xY) x (X xY). Let S be the set of
indices ¢ < n such that f;(A,C) = maxy<y fr(A,C) and let T be the set of j < m such
that g;(B, D) = maxj<,, i(B, D). Then (A, B,C,D) € W(S,T), hence the property 5
follows.

We define the sets

W= |J W(ST), k=23, n+m.
|S|+|T|=k

These sets form an open covering of (X xY') x (X xY). By property 2, if |S|+|T| =
|S’|4+|T"| = k then the sets W (S, T) and W (S’,T") either coincide (when S = S and T' =
T") or are disjoint (otherwise). Therefore, there is a continuous section Wy — P(X xY)
over each Wy, and the inequality follows. [ |

The method of proofs of Proposition 1.2.8 and Theorem 1.2.14 is a modification of
Milnor’ s procedure.

There is an upper bound for the topological complexity of the total space of a fibra-
tion in terms of the topological complexity of the fiber and the Lusternik-Schnirelmann
category of the cartesian product of the base space with itself. We will use it later in
Chapter 2.

Proposition 1.2.15 Let p : E — B be a fibration with B path-connected and let F' =
p~Y(xo) be the fiber of p over a point xg € B. Then TC(E) < TC(F) - cat(B x B).

Proof Let BxB=U;U...UUy, FxF =V, U...UV]; be open coverings such that each
Uj is categorical with respect to B x B and there is a continuous section s; : V; — PF
of the endpoints fibration 7p of F' over each V;, where k = cat(B x B), | = TC(F). A
homotopy of the inclusion map U; < B x B to the constant map U; — B x B with
constant value (xg, zo) corresponds to a continuous map h; : U; - PBxPB = P(BxB).
If (z,y) € U; then, setting hj(z,y) = (azy,bsy), Wwe have a,,(0) = z, azy(1) = o,
by (0) = 3. by (1) = 0.

We define B = {(e,w) € E x PB : w(0) = p(e)}. Since p is a fibration, there is a
continuous map A : B — PE such that for (e,w) € B, M(e,w)(0) = e and po A(e,w) = w.
(see [19], Theorem 8, chapter 2, section 7, p. 92)

We define a continuous map k; : (p x p)~1(U;) — F x F by sending each (e,e’) €
(pxp) 1 (U;) to (Ale,azy)(1), A(€,bsyy)(1)), where x = p(e), y = p(e’). The sets kj_l(Vi)
for j=1,...,k and for : = 1...,[ clearly form an open covering of £ x E. We define a
continuous section of the endpoints fibration 7g : PE — E x E over kj_l(Vi) by sending
each (e,e') € k:;l(VZ) to A(e, auy) * si(A(e, azy) (1), A(€',byy) (1)) * A(€/,bsy) ", where
x =p(e), y = p(e’). We obtain that TC(X) < kl. |}

1.3 Relative topological complexity

Definition 1.3.1 We define the relative topological complexity TCx(A) of a space X
with respect to a subspace A of X x X to be the Schwarz genus of the fibration 7| -1 ) :
771 (A) — A, where m denotes the usual fibration 7 : PX — X x X. Equivalently,
TCx(A) is the least integer k > 1 such that there exist k open subsets Uy, ..., Uy of A
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that cover A with the propery that the projections U; — X of each U; on the first and
the second factors are homotopic.

Lemma 1.3.2 Let X be a space and A C X xX. The following properties are equivalent:
e TCx(A)=1

o The projections A — X of A on the first and the second factors are homotopic.
(Equivalently, there is a continuous section A — PX of the fibration m : PX —
X x X over A)

e The inclusion map i : A — X x X is homotopic to a continuous map g : A - X x X
with g(A) C Ax = {(z,x) :x € X}.

Proof The equivalence of the first two properties follows immediately from the definition
of TCx(A). We shall proove the equivalence of the second and the third assertion. If
the projections pry, pro : A — X are homotopic then the map (pri,pre) : A - X x X
is homotopic to the map (pra,pra) : A — X x X, whose values are in Ax. Conversely,
if the third property is true then there is a homotopy s; = (s1z,82t) : A = X x X,
0 <t <1, such that the maps s19, s29 : A — X are the projections of A on the first and
the second factors, respectively, and s;; = so1. Hence, we have the continuous section
s:A— PX of m: PX — X x X defined by s(a,b) = s1¢(a,b) * so(a,b) ! for (a,b) € A.

Note that TCx(A) < TCx(B)if AC B C X x X, and in the case B = X x X, we
obtain TCx (A) < TC(X).

Lemma 1.3.3 Let A C B C X x X and suppose that the inclusion map B — X x X is
homotopic to a map B — X x X, whose values are in A. Then TCx(A) = TCx(B).

Proof Since TCx(A) < TCx(B), it suffices to proove that TCx(A) > TCx(B). Let
A = Uy U...UU; be an open covering of A such that the projections U; — X of
each U; on the first and the second factors are homotopic, where k = TCx(A). Let
hi : B — X x X be a homotopy such that hg is the inclusion and hi(B) C A. There is a
homotopy s; : U; x I — X such that s;(+,0), s;(-,1) are the projections of U; of the first
and the second factors, respectively. Setting W; = hl_l(Ui) we get an open covering of
B. On each W; there is a continuous section W; — PX of 7 : PX — X x X defined by
(2,y) = prihe(z,y) * s;(h1(z,y), ) * proh(z,y) ~L. This shows that TCx(A) > TCx(B).
i

Lemma 1.3.4 If X is an ENR and the subset A C X x X is locally compact then there
is an open set A C U C X x X such that TCx(A) =TCx(U).

Proof Let k =TCx(A) and let A =U; U...U Uy, where each U; is open in A and the
projections U; — X over each U; on the first and the second factors are homotopic. Since
A is locally compact and U; is open in A, we have U; = O;NA, where O; C X x X is open
(See [6], Theorem 6.5, p. 239). ;From Lemma 1.1.11, there is an open set U; € O; C O;
such that the projections O; — X are homotopic. Therefore TCx (A) = TCx (U), where
U:O~1U...U0k. I
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Proposition 1.3.5 If X is an ENR and X x X = A1U...UAy, where the sets Ay, ..., A
are locally compact then TC(X) < TCx (A1) + ...+ TCx(Ag).

Proof ;From Lemma 1.3.4, there are open sets Uy D Ai,...,Ur D Ajg such that
TCx(A;)) = TCx(U;) for © = 1,...,k. Since the sets U; form an open covering of
X x X, we have

TC(X) TCX(U1)+...+TCX(Uk)

= TCX(A1)+...+TCX(Ak). I
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Chapter 2

Cohomology and topological
complexity

2.1 Sectional category weight

Throughout this section we assume that a fixed fibration p : £ — B and a fixed com-
mutative ring R with a unity are given and we are interested in cohomology classes in
the cohomology ring H*(B; R). We denote by f*p: f*(F) — X the fibration induced
from p by a continuous map f : X — B (see [19], Chapter 2, Section 8, p.98) and by
genus(f*p) the Schwarz genus of f*p. Also, we write H*(B) instead of H*(B; R). The
following notion was introduced in [11].

Definition 2.1.1 The sectional category weight of a cohomology class & € H*(B) with
respect to p, denoted by wgt,(§), is defined to be the largest integer k > 0 such that
(&) = 0 for all continuous maps f : X — B with genus(f*p) < k. The sectional
category weight of the zero class is defined to be oco.

Note that the inequality genus(f*p) < k means that there are k open sets Uy, ..., Uy
that cover X and k continuous maps ¢; : U; — E, i = 1,...,k, such that po ¢; = fl|y,
fori=1,...,k.

Proposition 2.1.2 If{ € H*(B) then wgt,(§) > 1 if and only if p*(&§) = 0.

Proof Suppose firstly that p*(§) = 0. Let f : X — B be a continuous map with
genus(f*p) < 1. Then there is a section g : X — f*(FE) of f*p. The commutativity of
the diagram

shows that f*(£) = g*(f*p)"f*(§) = g"Ap*(§) = 0. Thus wgt,(£) = 1.
Conversely, if wgt,, () > 1 then genus(p*p) = 1, because the diagonal map A : E —
E x E = p*(E) is a section of p*p, so p*(§) = 0. |

19
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Definition 2.1.3 Let X be a space and let R be a commutative ring with a unity. The
TC-weight of a cohomology class w € H*(X x X) is defined to be the sectional category
weight wgt_(u) of u with respect to the endpoints fibration m: PX — X x X.

Corollary 2.1.4 wgt (u) > 1 if and only if A*(u) =0, where A : X — X x X 1is the
diagonal map.

Proof The map i : X — PX that sends each x € X to the constant path at the point =
is a homotopy equivalence. Thus the conclusion follows from Proposition 2.1.2 and the
commutativity of the diagram

PX

X ——XxXx 1

Proposition 2.1.5 If genus(p) < oo then wgt,(§) < genus(p) for all non-zero coho-
mology classes & € H*(B).

Proof Let { € H*(B) with wgt,(§) > genus(p). Then since genus(1*p) = genus(p) <
wet,(§), where 1: B — B is the identity map, we have = 1*(£) = 0. |

The above observation means that in order to find lower bounds of the Schwarz genus
of a fibration p it suffices to find non-zero cohomology classes of the highest possible
sectional weight with respect to p.

Proposition 2.1.6 If genus(p) < oo then

l
wgty (61— - — &) = Y wgt,(&)

i=1
for &, ..., & € H(B).

Proof Suppose that £ = & — -+ — & # 0 (In the case & — -+ — & = 0 we have
wet,(§1 — - — §) =00 > Z —_wet,(&i)). We put k; = wgt,(§;) and k = ki +-- -+ k.
Let f: X — B be a map with genus(f*p) < k. There is an open covering U1 U...UUj =
X of X such that there are k continuous maps ¢; : U; — E with po¢; = f|y,. We define
the families of sets Qy,...,¢; by

Q0 ={U1, Ui} = (Uit Uk by 0 = {Ussin g, UL

We also set A; to be the union of the family of sets ; fori=1,...,1.
Since genus((f|a,)*p) < ki = wgt, (&), we have f*(&;)|a, = f]A *(&) = 0 and so
f*(&) pulls back to a cohomology class in H*(X, A;). Thus we obtain f*(&) = f*(&1) —

@ =0 B

The propositions 2.1.5 and 2.1.6 above give the following.
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Proposition 2.1.7 If genus(p) < oo, &1,...,§ € H*(B) and & — ---— & # 0 then
l
genus(p) > Y wgt,(&).
i=1

Definition 2.1.8 Any cohomology class u € H*(X x X; R), where R denotes a commu-
tative ring with a unity, is called a zero-divisor if wgt,(u) > 1.

Note that from Corollary 2.1.4 the last statement is equivalent to A*(u) = 0.
If w e HI(X; R) then the cohomology class u =1xu—ux1€ HI(X x X;R) is a
zero-divisor, since A*(7) = A*(I1 xu) —A*(ux1l)=1—wu—u—1=u—u=0.

From Proposition 2.1.7 follows that

Proposition 2.1.9 If the cohomology classes ui,...,ur € H*(X x X;R) are zero-
divisors and uj — --- — uy # 0, then TC(X) > k.

Example: We have shown in Section 1.1 that T'C'(S™) = 2 for odd n and TC(S™) < 3
for even n. We will show that actually T'C'(S™) = 3 for n even.

Let v € H™(S™; Q) be a non-zero cohomology class of degree m. Then, setting
u=1xu—ux1, we have

|
|

(Ixu—uxl)—(1Ixu—uxl)

= 1><u2—(—1)n2u><u—u><u+u2><1

—(—D"uxu—uxu
— [t () ux,

hence w2 # 0 if n is even, and from Proposition 2.1.9 we get TC(S™) > 2 for n even.

Example: We will show that TC(CP") = 2n + 1. Let u € H?(CP™; Q) be a generator.
Since (1 x u) — (ux 1) =uxu=(ux1)— (1 xu), we have

2n
n

(1><u—u><1)2”—(—1)"< )(unxun)7é0.

Therefore, by Proposition 2.1.9, TC(CP™) > 2n. In addition, we have shown that
catCP™ = n+ 1 and Proposition 1.2.11 shows that TC(CP"™) < 2n + 1.

Example: We will show that
TC(S™ x -+ x 8™) =
—_—

n factors

By Theorem 1.2.14, we have

{n+1 if m is odd

2n+1 if m is even
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TC(S™ x ---x S™) TC(S™ x -+ x S™M)+TC(S™) -1
—— ——
n factors n—1 factors

IN

VARVAN

TC(S™ x -+ x S™) + kTC(S™) — k
—_—

n—k factors

VANVAN

TC(S™) + (n — D)TC(S™) — (n — 1)
n(TC(S™) — 1) +1,

and thus TC(S™ x --- x 8™) <n+1if mis odd and < 2n + 1 if m is even.

Let a € H™(S™;Q) be the fundumental class and let a; be the image of a under the
homomorphism pr} : H™(S™;Q) — H™(X;Q) induced by the projection pr; : X — S™
of X = 8™ x .- x 8™ onto the i-th factor. If u; =1xa; —a; x1 € H™(X x X;Q) then

U e Uy = Z (i)(aillv"'va;")x(a%_ilV"'Va}fi")#o’
74177Zn€{071}

and hence, by Proposition 2.1.9, TC(X) > n. So in the case that m is odd the conclusion
follows. In the case that m is even, we have u? =1x a% —(=1)™a; x a; —a; X ai+a? x1=
—2(a; x a;). Thus

ud o —ud = (=2)"ay — - —ay) X (a; — - — ap) #0,
and therefore, by Proposition 2.1.9, TC'(X) > 2n and the conlusion follows.

Example: We will show that TC(¥,) = 5, where ¥, is a compact orientable 2-
dimensional surface of genus g > 2.

There are cohomology classes uj,us,v1,v2 € H 1(29;(@) which form a symplectic
system. This means that the following properties are satisfied (see [15]):

1. u?anndv?zO.
2. Uy — vy =us — vg = A #0, where A € H2(Eg; Q) is the fundamental class.

3. uj— uj = v; — vj =v; — u; =0 for i # j.

Therefore
2 2
H(lxui—uixl)v(lxvi—vixl) = H(le+A><1+vixui—ui><vi)
i=1 i=1

= 24x A#0.

> 4. Also, the fact that 3, is a 2-manifold

;From Proposition 2.1.9 we have T'C(¥,)
g) < 2dim(Z,) +1 < 5.

and Corollary 1.2.12 imply that TC(%2
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Example: We will show that TC(RP") > 2" provided that 2" ! < n < 2". We consider
the zero-divisor 1 x a +a x 1 € HY(RP™ x RP";Zs), where a € H'(RP"™;Z3) is the
generator. We will show that the (2" — 1)-th power of this zero divisor

T 27—1 27‘_1 y T ,
(Ixa+ax1)? 1= Z(i)( , )a’xaQ —i-i

]
1=0

(QTi_l) = (270_1)(2;2_“2%"'(27"_2') are odd because
if ¢ = 2™k, where 0 < m < r and k is an odd positive integer, then ? = 2707:_’“, hence
(Ti_l) is a quotient of two odd integers. Also, the term (Tn_l)a" x a2 1

since @ is the generator and a™,a® ~1~" are non-zero. Therefore, by Kiinneth formula,

we get (1 x a+a x 1)2 71 £ 0. (see [15], Theorem 3.16, p.219)

is nonzero. In fact, the binomial coefficients

~" is non-zero,

2.2 Cohomology classes of weight greater than 1

In this section we will prove a criterion which provides cohomology classes of weight at
least 2 using stable cohomology operations, whose definition we recall first briefly.

Let p,q € Z and G,G be two abelian groups. A cohomology operation of type
(p,q|G,G") is a natural transformation

0: HP(—G) — HI(—; G

of sets. This means that to every topological pair (X, A) corresponds a function (not
necessarily homomorphism)

Ox,a) : HP(X, A;G) — HY(X, A; G")

so that for every continuous map f : (X, A) — (Y, B) we have a commutative diagramm

[
HP(Y,B;G) — X2 H(Y,B;G")
r I
(%
HP(X, A;G) — =2 HY(X, A; Q)

The cohomology operation 6 is called additive if 6x 4) is a homomorphism for each
topological pair (X, A).

For example, let (Cy, d) be a free chain complex and 0 — G' — G — G" — 0
be a short exact sequence of abelian groups. Since C, is free, we get a short exact
sequence of cochain complexes

0 —— Hom(C,G") —— Hom(C,G) —— Hom(C,G") —— 0

and therefore a natural transformation (the connecting homomorphism) /S
HY(C;G") — HIL(C; G") for each q € Z, called the Bockstein homomorphism. Setting
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C = AL(X,A) for a topological pair (X, A) we get an additive cohomology operation of
type (¢,q+ 1|G",G’) for each q € Z.

Another example of a (non-additive) cohomology operation is provided by taking
powers. More precisely, let R be a commutative ring with a unity. For every p,q € Z*
let 6, : H1(X, A; R) - H?(X, A; R) be defined by 6,(c) = oP, where the power is taken
with respect to the cup-product. Then, 6, is a cohomology operation of type (¢, pq|R, R).
It is in general non-additive. It is however additive if R = Zo and p = 2.

A stable cohomology operation of degree 7 is a sequence of additive cohomology op-
erations 0 : Hi(—;G) — H(—;G’") for each ¢ € Z, that is of type (q,q + i|G,G")
respectively, which commute with the (unreduced) suspension isomorphism H%(X;G) =
HIY(XX; Q) for every space X or equivalently, commute with the connecting homomor-
phisms 6* : H1(A; G) — H91(X, A; G) in the long exact sequence of every topological
pair (X, A).

The Steenrod squares is a sequence of stable cohomology operations (Sq');>o each
of degree i respectively, where G = G’ = Zs. More precisely, for every topological pair
(X, A) and each i > 0 we have a sequence of homomorphisms

Sq': HI(X, A; Zy) — HIT(X, A; Zy)

for all ¢ € Z and they satisfy the following axioms:

(i) Sq° = id

(i) If 0 € HY(X, A;Zs), then Sqi(c) = 0? =0 — 0.

(iii) If o € H(X, A;Zs) and i > ¢, then Sq'(o) = 0.

(iv) If 0 € H* (X, A;Z2), T € H*(Y, B; Z2) and the pair {X x B, A x Y} is excisive
in X xY, then

S¢* (o x 1) = Z Sq'(0) x S¢(r) (Cartan formula)
itj=k
It follows from naturality and the definition of the cup-product that
S¢* (o —7)= > S¢'(0) — S¢ (7).
itj=k

The stability of Sq* can be shown to follow from the above four axioms as well the
following property:
(v) Sq! is the Bockstein homomorphism defined from the coefficient exact sequence

0 ZQ > Z4 > ZQ 0

(see [2], [7], [15] and [17] for details)

The Steenrod cyclic reduced power operations are analogues of the Steenrod squares
for odd prime p > 2.

For a prime p > 2, the Steenrod cyclic reduced power operations is a sequence
of stable cohomology operations (P?);>0, each of degree 2i(p — 1) respectively, where
G = G' = Z,. For every topological pair (X,A) and ¢ > 0 we have a sequence of
homomorphisms

P': HY(X, A; Z,) — HIP20-Y(X A;7,)

for all ¢ € Z, which satisfy the following axioms:
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(i) P

(11) Ifa € H2Z(X A;Zy), then Pi(o) = oP.

(iii) If o € HY(X, A;Zy) and 2i > q, then P (o) = 0.

(iv) If 0 € H*(X, A;Zyp), T € H*(Y, B;Z),) and the pair {X x B, A x Y'} is excisive
in X x Y, then

ProxT)= Z Pi(0) x P/(1) (Cartan formula)
it+j=k
As in the case of Steenrod squares, we have a corresponding Cartan formula for

cup-products and the stability is implied from these four axioms. (see [2], [15])

Definition 2.2.1 The excess of a stable cohomology operation 6 is the largest integer
e(0) such that (u) = 0 for every u € H4(X; G) with q < e().

By axioms (i) and (ii), the excess of the Steenrod square Sq’ is e(S¢") = i and for odd
prime p the excess of the Steenrod cyclic power operation P’ is e(P?) = 2i. If iq,..., i,
are positive integers and 0 = Sq'1Sq" - -- S¢', then axiom (iii) implies that

e(f) > max{iy —igy1 — - —in|l <k <n}.

If moreover iy, > 2igy1 for all 1 < k < n, then

1 — Z 1 < ip_ 1—5 1

I=k+1

and therefore

> max{ig —igr1 — - —in|l <k <n}
1=l — iy
n—1

= > (ik — 2igs1) + in.

k=1

We now describe a method of finding cohomology classes of TC-weight greater than
1 given a stable cohomology operation 6 : H*(—; R) — H*T'(—; R'), where R and R’ are
two commutative rings with a unity.

If u € H1(X; R) then we denote by u the cohomology class

u=1lxu—uxleHY(X x X;R)

and recall that @ is a zero-divisor, i.e. wgt,(u) > 1. Also,

0(u) = 0(pry(u) — pri(u)) = 0(pra(u)) — 0(pri(u)) = pr3y(0(u)) — pri(0(u)) = 6(u),

since pri(u) = ux 1 and pri(u) = 1 x u, where pri,pro : X x X — X are the projections.

We will need the following.

Lemma 2.2.2 Let f = (f1, f2) : Y — X X X be a continuous map and 7 : PX — X x X
be the endpoints fibration. Then genus(f*m) < k if and only if there are k open sets
Ui,...,U, CY that coverY and fi|u, ~ falu, for alli=1,... k.
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Proof Let U C Y be an open set. It suffices to show that there exist a local section
of f*m over U if and only if fi|y ~ fo|u. A local section s : U — f*(PX) exists if and
only if there exist a continuous map J : U — PX with mo J = f|y. In fact, if such a
map J exists then we define s(y) = (y, Jy). Also, a continuous map J : U — PX with
moJ = f|y is assosiated to a homotopy F' : fi|y ~ f2|y, defined by evaluation, and
conversely. [

Theorem 2.2.3 Let § : H*(—; R) — H**'(—; R') be a stable cohomology operation of
degree i, where R and R' are two commutative rings with a unity, and let u € H1(X; R)

be a cohomology class with g < e(0). Then wgt,(0(u)) = wgt.(0(u)) > 2.

Proof Let f = (f1, f2) : ¥ — X x X be a continuous map such that genus(f*m) < 2. It

suffices to show that f*(f(u)) = 0. By Lemma 2.2.2, there are open subsets A, B C Y,
AUB =Y with fi|a ~ fo|la and fi|p ~ f2| 5. We consider the element in H?(Y; R)

fr@) = f*(pra(w)) = f*(pri(u)) = (prof)"(u) — (prif)"(u) = fi(u) = f3(w),

where pri,pro : X x X — X are the projections. We take the Mayer-Vietoris sequence
. —— H"Y(ANB;R) —2 HYY;R) 28 HY(A,R)P HI(B;R) — -~

where j4 : A —= Y, jp : B — Y are the inclusion maps. Since j} f*(u) = 0 and
Jsf*(@) = 0, there exists w € HI (AN B;R) such that f*(u) = d(w). Therefore

f0(u) = f(0(m) = 6(f*(w)) = 6(6(w)) = §(f(w)) = 0, by naturality and since 6 is
stable. |

Example: The short exact sequence 0 — Z 2y 7 — Zy — 0 induces a long exact
sequence

Sy HY(X;Z) — 2 HY(X,Z) —— HY(X;Zs) —2 HH(X;Z) —— ---

for any space X, where  is the corresponding Bockstein homomorphism.
Recall that for even n

Z forq=0
H,(RP",Z) = Zs for 0 <q<n,qodd
0 otherwise

and for odd n

Z for g=0,n

Hy(RP™,Z) = Zs for 0<q<n,qodd

0 otherwise
(see [2], chapter 4, section 14, p. 218). If 0 < ¢ < n, it follows from the Universal Coeffi-
cient Theorem that H4(RP";Z) = Ext(Hy—1(RP™;Z); Z), since Hom(Hy,(RP™;Z),7) =
0. Therefore for even n
Z forq=0
Zy for q =
HIRPY7Z) =72 4= n

Zo for 0 < g <mn,q even

0 otherwise
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and for odd n
Z forq=0,n
HYRP™Z) =< Zy for0<q<mn,qeven

0 otherwise

In the case of the real projective space RP™, n > 2, the above long exact sequence
implies that the Bockstein homomorphism 3 : H'(RP";Zs) — H?*(RP™;Z) is an iso-
morphism.

If y € H>(RP™;Z) is a generator then y = (z) for a generator x € H'(RP™;Zy).
Since the excess of the Bockstein stable cohomology operation is 1, it follows from The-
orem 2.2.3 that

wgtz(1 xy—yx1)>2.

2.3 Topological Complexity of lens spaces

In this section we will apply Theorem 2.2.3 in order to compute the topological
complexity of lens spaces.

Let m > 1 be an integer. Recall that the lens space L2"*! is defined to be the
orbit space S?"*1/Z,, of the action of Z,,, regarding it as the multiplicative group
{z € C|z™ = 1}, on the unit sphere S*"*! = {(z0,21,...,21) € C""|20)? + |21]? +
oo+ |zn|? = 1} € C*! defined by pointwise multiplication (see [15], example 2.43, p.
144). The Hopf fibration 7 : §?"*! — CP™ factors through L?"*! so we have a map
72 L2+ — CP™. Over the set U; = {[20, ..., 2n] € CP"|z; # 0} there is a trivialization
¢ : n HU;) — Ui x St with ¢;(20, ..., 2n) = ([20- -+, 2a), zi/|2i|), where [z0,. .., z,] are
the homogeneous coordinates of a point. This means that ¢; is homeomorphism and the
following diagram is commutative

o

7771<Ui) y U; X St
X‘ ‘%ojection
The inverse of ¢; is given by ¢; '([20,...,2n),\) = ]zi]%_(zo,...,zn). It follows that

¢; induces a trivialization ¢; : 7 Y U;)/Zm — U; x (SY)Zm) ~ U; x St ie., ¢; is
homeomorphism and we have the commutative diagam

i

1~ (Ui)/ L Ui x (8 /Zm)

X %ction
U,

i

(Note that =1 (U;)/Zy, = 7~ 1(U;) and the orbit space topology of the action of Z,, on
n~1(U;) coincides with the subspace topology induced by L27+1).

Proposition 2.3.1 TC(L2"1) < 4n + 2.



28 CHAPTER 2. COHOMOLOGY AND TOPOLOGICAL COMPLEXITY

Proof The map 7 : L?"*! — CP" is a fibration with fiber S!, since it is a fiber bundle
with trivializations the maps qgi, 1 =0,1,...,n and the base space CP"™ is metrizable.
Proposition 1.2.15 implies that TC(L?"*!) < TC(S!) - cat(CP™ x CP") = 2cat(CP™ x
CP™). By Proposition 1.2.10 and the proof of Proposition 1.2.11 we have 2n + 1 =
TC(CP™) < cat(CP™ x CP™) < 2cat(CP™) — 1 = 2n + 1. Hence, cat(CP™ x CP™) =
TC(CP™) =2n+ 1 and the inequality follows. |}

The homology groups of the lens space L27+! are given by

7Z forqg=0,2n+1
Hy (L2 7)) = S Zyy for 0 < g < 2n+1,q odd

0 otherwise
and, by the Universal Coefficient Theorem, it follows that

Lo, for 0 <qg<2n+1

Hq(L%?H;ZTn) - {0 forg>2n+1

We choose a generator z € H'(L2"*1;Z,,) and we consider the Bockstein homomorphism
B HY(L2 . 7,,) — H?*(L?"Y Z,,) assosiated to the short exact sequence of abelian

groups 0 — Zy, =% Zyp2 — Zym — 0. The element y = B(x) € H2(L2 1 Z,,) is a
generator since [ is an isomorphism (see [15], example 3E.1, p. 303). Also, for all
the elements y* € H?(L2"*1:Z,,) and x — y* € H¥* T (L2"T1Z,,) are generators. As a
ring,

H* (Lt L) & L[, y) ) < g™ 0 — ky >,
where k = m/2 if m is even and k = 0 if m is odd (see [15], example 3.41, p. 251 and
example 3E.2, p. 304).

Proposition 2.3.2 Let k,l be two integers, 0 < k,l < n, k+1 > 0 and m does not
divide (kH). Then TC(L2"H1) > 2(k +1+1).

Proof By Kiinneth formulas, the cross product homomorphism
% H* L2n+1 ®H* L2n+1 )_> H*(L%H—l % L?:LH_l;Zm)

is a ring isomorphism (see [15], Theorem 3.16, p. 219). Therefore H*(L2"+1 x L2+1:7,)
is a free Z,,-module with basis the elements z%1y™ x x°2y"2, where s1,s9 € {0,1} and
0 < rq1,79 < n. Also, the excess of the Bockstein stable cohomology operation is 1, hence
Theorem 2.2.3 implies that wgt,(7) > 2. We have

k+1
(y)k-i-l (lxy yxl)k—H _ 1ka+l+~--+(—1)k< N >yk><yl+---—|-(—1)k+lyk+l><1

and T — (7)**' = A — B, where A and B are given by

k+1

Azlx(azyk+l)+---+(—l)k< i

>yk « (:Eyl) I (_1)k+1yk+l X
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and
k+1 (k41 k ! k(.. k+l
B =y (O (T ) g ) <1
Since (kk l) is not divisible by m, it follows that the terms (—1)k(k+l)y x (zy') and
(kzl) ko ) are not 0, and thus Z — (7)**! # 0. Therefore by Proposition 2.1.7

TC(L,%’;“) > 2(k + nD+1. |
Corollary 2.3.3 If m > 3 then TC(L3)) = 6. In the case m =2, TC(L3) = 4.

Proof By Proposition 2.3.1, TC(L2,) < 6, and by Proposition 2.3.2 with k =1 =1 we
obtain TC(L3,) > 6 for m > 2. In the case m = 2 we observe that Lj = RP3. |

Let p be a prime. We denote the p-adic representation of a positive integer n by
n=mng+np+--+nppk =ngni...nk, where 0 < n; < p, ny # 0. Also, we set n; =0
for i > k.

Lemma 2.3.4 Let p be a prime and let m,n be positive integers with p-adic represen-
tations n = ngny... and m = mgmyq ..., respectively. The maximal value of k > 0
such that p* divides ("—;m) equals to the number of the values of © > 0 for which either
(a) ni +m; > p or (b) there exists r > 0 such that n; +m; = ni—1 + mij—1 = -+ =
Ni—p+mi—p =p—1and nj—r—1 +m;—r—1 > p.

Proof We first show that for the integer n = ngni...n; the maximal integer [ > 0

such that p' divides n! is equal to [ = [+ + [ﬁ] We have [2] = nq...ng, [1%] =
Ny Mhy et [ﬁ] = nyg and we observe that each factor of n! that the first term at its

p-adic representation is not 0, is relative prime to p and each other factor is divisible by
p. Therefore

n! = p[%]<n )]C p[p]Jr[p%](nQ o TZk)'C - .= p[%]—t—-l-[pik]nklc _ p[C

(Here C denotes an integer relative prime to p).

Let p® be the maximal power of p that divides (”;m) Then p~3 (”Zm) = (p”:,";), is
an integer relative prime to p and the maximal power of p that divides the numerator
must be equal to the maximal power of p that divides the denominator, that is

2 [ (] = 2 )

=1

hence

(5B BD -5 @G- -5

i=1

where {x} = x — [z] is the fractional part of z. Each term of this sum is 0 or 1, because it
is an integer and belongs to (—1 2) Also, a term of the sum is 1 if and only if the number

{ S+ { 1} = "0+m0 + ”;)erl +-+ w is at least 1. It suffices to show that the

second statement is true if and only if at least one of the properties (a) and (b) is true
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for the integer ¢ — 1. If (a) or (b) is true for ¢ — 1 then it is obvious that {I%} + {I%} > 1.
For the converse, we suppose that this number is > 1 and that the properties (a) and
(b) are false and we will arrive at a contradiction. Then n;_1 +m;_1 = p — 1, otherwise
since n; + m; < 2p — 2 we take

ng +m nt+m ni—1 + m;— -2 1 1
0 : 0 11'711_’_”__’_ i-ttmio_p +(2p—2)<*2+*3+"'>:1-
p p p p p p
Similarly, we have n;_1 +m;_1=---=mn1+mq1 =ng+mg=p— 1, hence
no +m ny+m Ni—1 + Mm;— 1 1
0 : 0 1i_11 ...+M<(p_1)(7+72+“->:1,
p p p p p

which contradicts to the hypothesis that the above sum is > 1. |

Let p be an odd prime and let n be a positive integer with p-adic repesentation

n = noni .... We define a sequence r9(n),r1(n),...,ri(n),... of nonegative integers as
follows: If 2n; < p then r;(n) = 0 and if 2n; > p then r;(n) is the maximal value of k > 1
such that n;4; =m0 = =n45-1 = (p— 1)/2. Also we set

() = > riln)

=0
In the case p = 2, we define aa(n) to be the number of ones in the dyadic representation
of n.

Proposition 2.3.5 If p is a prime and p®»™*! divides m then TC(L2"*1) = 4n + 2.

Proof Since the number o,(n) counts the integers ¢ > 0 for which 2n; > p and the
integers ¢ > 0 for which n; =n;—1 =---=n;_, = (p—1)/2 and 2n;_,_1 > p, it follows
by Lemma 2.3.4 that p2r(™) ig the maximal power of p that divides (277) Hence m does
not divide (2:) and by Propositions 2.3.1 and 2.3.2 we have TC(L2"+1) = 4n + 2. |

Corollary 2.3.6 If p is an odd prime divisor of m and n; < (p —1)/2 for all i, where
n =mngni ... is the p-adic representation of n, then TC(L*"*1) = 4n + 2.

Corollary 2.3.7 Ifk > 1 and az(n) <k —1 then TC(LZ}™) = 4n + 2.



Chapter 3

Topological Complexity of real
projective spaces

3.1 An upper bound for TC(RP")

In this section we will give an upper bound of TC(RP™), n > 1, connected to the minimal
dimension of R¥ in which RP™ can be immersed. As we know from Chapter I, we have

n+1<TCRP") <2n+1.

Especially, if n is a power of 2, then the last example of section 2.1 gives TC(RP"™) = 2n
or 2n + 1. We will prove that the former holds.

We regard a point of RP™ as a line in R"*! which passes from the origin, i.e. as a
1-dimensional linear subspace of R"t1,

Theorem 3.1.1 If an immersion i : RP" — R¥ exists then TC(RP") < k + 1.

Proof Projecting orthogonally the vector fields 8%1’ cee % on R¥, where z1,...,x}
are the standard coordinates of R¥, we define k smooth vector fields v1,...,v; on RP™,

i.e. v;(A) is the orthogonal projection of %(’L(A)) onto T4RP™ for all A € RP". It is
obvious that the tangent vectors vi(A),...,vr(A) span the tangent space TARP"™ for all
A e RP™.

Recall that the tangent space T4RP™ is naturally identified with the orthogonal
complement of the line A in R™*! Therefore, each nonzero tangent vector v € TARP",
where A € RP", is assosiated with a line ¥ in R™*! which passes through the origin
and it is orthogonal to A. Also, the vector v induces an orientation of the 2-dimensional
linear subspace of R"*! that contains the lines A and 9.

We define the subsets Uy, Uy,...,Ur C RP™ x RP™ by setting (A, B) € Uy if and
only if the lines A and B make an acute angle and, for j = 1,...,k, (A,B) € U;

if and only if v;(A) # 0 and the lines B and vj(A) make an acute angle. The map
S™x 8" — R, (x,y) — | < x,y > |, where <,> is the usual inner product, factors
through a map ¢ : RP" x RP" — R under the quotient map p x p : S" x S —
RP™ x RP™ and Uy = ¢ (R — {0}), hence the set Uy is open in RP" x RP". Each
set Uj, 7 =1,...,k, is also open, since it is the inverse image of the open set Uy under
the map ¢; x 1 : O; x RP" — RP"™ x RP", where O; = {A € RP"|vj(A) # 0} and

31
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g; : O; — RP™ is the map ¢;(A) = @ In addition, we will show that the sets
Uj, 0 < j < k, cover the space RP™ x RP". Let (A,B) € RP™ x RP". Since the

vectors v;(A), 1 < j < k, span the tangent space TARP", the lines A and m for all
j=1,...,k with vj(A) # 0 span the space R""!. We choose nonzero vectors A, B and

vj(A) in the lines A, B and v;(A), respectively. There are scalars A and A; such that

B =M+ \u;(4),
j
thus
0<[BP=<B,B>=A<AB>+)Y )\ <v;(4),B>.
J

Hence either < A, B >+ 0 or < v;(A), B > 0 for some j. This means that at least one
of the sets U; contains the pair (4, B).

Now, we will construct a continuous section s; : U; — PRP"™ of the endpoints
fibration = : PRP™ — RP™ x RP"™ over each set U;. If (A,B) € Uy then we define
s0(A, B) to be the path in RP™ which follows from rotation of the line A towards the
line B with constant velocity in the 2-plane containing the lines A and B in the direction
of the acute angle. For j =1,...,k and A € RP" with v;(A) # 0, we define R;(A) to
be the path in RP™ which follows from rotation of the line A towards to the line v;(A)
with constant velocity in the 2-plane containing the lines A and v;(A) in the direction
of the orientation determined by the tangent vector v;(A). We define s; by setting
sj(A, B) = Rj(A) * so(vj(A), B) for all pairs (A, B) € U;. Therefore, TC(RP") < k+ 1.
|

The following corollary is an application of the Whitney theorem, which says that
every C*°-manifold of dimension n > 1 can be immersed into R*"~! (see [1], Theorem
3.8, p. 86).

Corollary 3.1.2 TC(RP") < 2n for all n.

In section 2.1 we have shown that TC(RP™) > 2" whenever n > 2"~1. So we obtain
the following.

Corollary 3.1.3 Ifn is a power of 2 then TC(RP"™) = 2n.

3.2 Nonsingular maps

Another upper bound for TC(RP™) can be obtained from the existece of a certain kind
of maps.

Definition 3.2.1 A continuous map f : R™ x R™ — R¥ such that
(i) f(ax,By) = aff(x,y) for al a,p € R and all x,y € R™ and
(i1) f(z,y) # 0 for all x,y € R™ — {0}

1s called a nonsingular map.
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Example: We will construct a nonsingular map f : R x R* — R?"~1. We recall
that there is an infinite number of vectors in a n-dimensional vector space such that
any n of them are linearly independent. Indeed, given vectors vy,...,vg, kK > n, in the
Euclidean space R™ such that any n of them are linearly independent, we may find a
vector w which does not belong to the (n — 1)-dimensional subspace of R™ spanned by
the vectors v;,,...,v;, , forall 1 <4y < iy < --- < ip—1 < k. This is true, because a
(n — 1)-dimensional suspace V' of R™ has measure 0 in R” in the sence that there is a
sequence of rectangles whose union covers V and of total length less than a given positive
number, hence, the space R™ cannot be covered by a finite number of (n—1)-dimensional
subspaces. Now, we consider 2n — 1 linear transformations aq, s, ..., a9, 1 : R* = R
such that any n of them are linearly independent in the dual space of R™. For z,y € R"
we define f(z,y) to be the point of R~ whose j-th coordinate is a;(x)a;(y). The
property (ii) of the definition of the nonsingular map follows from the fact that for
x € R™ — {0} the number of the real numbers a;(z),...,a,—1(x) which are nonzero
is at least n. In fact, if this is not true, then n of the numbers oy (z), ..., aon—1(x) are
zero, say aq(x) =0,...,a,(z) = 0. Since the linear functionals oy, ..., a, span the dual
space of R", we have that a(x) = 0 for every linear functional «, which is a contradiction.

Example: Nonsingular maps do not always exist. If kK < n then there is no nonsingular
map f : R" x R” — RF. Indeed, if such a map f exists then applying the Borsuk-Ulam
theorem to the map S"~' — R¥ ¢ R*"~! z — f(z,y), where y € R" — {0} is fixed, we
have f(z,y) = f(—z,y) for some x € S"~!, therefore, f(x,y) = 0, which contradicts

property (ii).

Proposition 3.2.2 If there exists a nonsingular map f : R"t1 x Rt — RF such that
the first coordinate of f(x,x) is positive for all x # 0, then TC(RP™) < k.

Proof Suppose that ¢ : R"*! x R — R is a continuous function such that
(i) ¢z, py) = Aug(z,y) for every x, y € R*™ and A\, p € R, and
(ii) ¢(z,z) > 0 for = # 0.
The set
Vo = {(u,v) € §" x 8" : ¢(u,v) > 0}

is an open neighborhood of the diagonal in S™ x S™, by property (ii). On V; we can
define a continuous section 7 of the endpoints fibration of S™ such that 7(u,v) is the
path obtained by rotating u toward v, if u # v, and is the constant path with value wu,
if u = v. More precisely, the oriented angle 0 < 6 < 7 from v to v is determined by
cosf = (u,v). Let

v — (u,v)u
(1 = (u,v)?)/?

be the unique unit vector in the plane spanned by w and v such that (u,J(u,v)) is an
orthonormal basis which defines the same orientation with (u,v). For 0 < ¢ < 1, we
define

J(u,v) =

(cosOt)u + (sinOt)J (u,v),if u # v

u,if u = v.

T(u,v)(t) = {

Let p : S™ — RP™ be the quotient map. If (u,v), (v/,v") € Vj, are such that (pxp)(u,v) =
(p x p)(u',0"), then (—u,—v) = (u/,v'), and therefore 7(u',v")(t) = —7(u,v)(t). This
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shows that 7 induces a continuous section s, of the endpoints fibration of RP™ on the
open neighborhood Uy = (p x p)(Vy) of the diagonal in RP™ x RP".
If ¢ has only property (i), then we put

Vg = {(u,v) € 8" x S" : u # f+v and ¢(u,v) > 0}

and we define a continuous section 7 on Vy of the endpoints fibration of S™ by the same
formula

T(u,v)(t) = (cos Ot)u + (sin 6t)J (u, v).
Again 7 induces a continuous section sy : Uy — PRP™ of the endpoints fibration of RP"
on the open set Uy = (p x p)(Vy).

Now if we have a nonsingular map f : R**! x R**! — R* and f = (f1, fo, ..., fx) such
that fi(x,z) > 0 for all  # 0, then {Uy,, Uy,, ..., Uy, } is an open covering of RP™ x RP"
on each member of which there is a continuous section of the endpoints fibration of RP".
This completes the proof. |

We will construct a nonsingular map f : R® x R® — R® such that the first coordinate
of f(z,r) is positive for z # 0. For this purpose, we identify the set R® with the
set O of octonions, that is, we write an element (¢,z,y, z,s,u,v,w) € R® in the form
t+ix+ jy+ kz + s+ mu+ nv + ow, where 1, j, k,l, m,n, o are generalized square roots
of —1. The multiplication of i, j, k,l, m,n, o is defined by the following table.

i j k [ m n 0

-1k -5 m =l -0 n

-k -1 n o -l —-m
j - -1 o -n m -l
-m -n —-o -1 1 j k

l -0 n -1 -1 =k 3
0 I —-m -5 k =1 —i
-n m l -k -7 i -1

033&@%_@.

Also, we identify the set R* of quadraples (,z,y,2) of real numbers with the set
H of quaternions ¢ + ix + jy + kz, where i, j, k are generalized square roots of —1 with
ij =k=—ji,jk =1=—kj, ki = j = —ik. Octonions are written in the form t+iz+ jy+
kz+ls+mu+nv+ow = Q+ RI, where () and R are the quaternions Q) = t+iz+jy+kz
and R = s+ iu + jv + kw. In addition, we define the conjugate of a quaternion and an
octonion by

t+ix+jy+kz=1t—iz—jy—kz

and

t+ix+jy+kz+Ils+mu+nv+ow=t—ir—jy—kz—Ils—mu—nv—ow.

We define now a nonsingular map f : R® x R® — R® by setting f(A4, B) = AB. Hence,
Proposition 3.2.2 implies that TC(RP") < 8. Also, we obtain by Proposition 1.2.11 and
the fact that catRP™ = n+1 that TC(RP™) > n+ 1, so we have the following corollary.

Corollary 3.2.3 TC(RP7) =8

Remark: In analogy with octonions we can use complex numbers and quaternions to
define nonsingular maps ¢ : R? x R? — R? and h : R* x R* — R*. In the same way, we
define g(z,w) = zw for complex numbers z, w and h(A, B) = AB for quaternions A, B.
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3.3 Topological Complexity of RP" and the immersion
problem

The calculation of TC(RP™) for all n > 1, by finding a general formula as in the case
of TC(CP™), turns out to be a very difficult problem. Actually, the main results of the
last two sections can be reversed. Firstly, the following is proved in [13].

Theorem 3.3.1 The topological complexity of RP™ is equal to the smallest positive
integer k such that there exists a nonsingular map R* T x R*T1 — RF,

Secondly, a converse of Theorem 3.1.1 holds in the following form.

Theorem 3.3.2 For n # 1, 3, 7, the topological complexity of RP™ is equal to the
smallest positive integer k such that RP™ can be immersed into R¥~1.

Thus, the problem of computing T'C(RP™) is equivalent to the immersion problem
for real projective spaces. This is a classical problem in Topology, on which a lot of
work has been done starting with results of H. Hopf and H. Whitney around 1940,
but nevertheless remains unsolved in general. By now many important immersion and
nonimmersion results for RP™ have been proved. The proof of Theorem 3.3.2 is based
on some of them. We refer to [4] for a historical survey.

JFrom the above follows that TC'(RP") is a nondecreasing function of n, i.e. n <m
implies that TC(RP™) < TC(RP™). Another proof of this can be found in [14]. It
would be desirable to have a simple direct proof of this.



36CHAPTER 3. TOPOLOGICAL COMPLEXITY OF REAL PROJECTIVE SPACES



Bibliography

[1] M. Adachi, Embeddings and immersions, Translations of Mathematical Monographs
vol. 124, Amer. Math. Soc., 1993.

[2] G. Bredon, Topology and Geometry, Springer, 1993.

[3] O. Cornea, G. Lupton, J. Oprea and D. Tanré, Lusternik-Schnirelmann Category,
Mathematical Surveys and Monographs vol. 103, Amer. Math. Soc., 2003.

[4] D.M. Davis, Immersions of projective spaces: A historical survey, Contemporary
Mathematics vol. 148, Amer. Math. Soc., 1993.

[5] A. Dold, Lectures on Algebraic Topology, Springer, 1972.
[6] J. Dugundji, Topology, Allyn and Bacon, 1966.

[7] D.B.A. Epstein and N. E. Steenrod, Cohomology operations, Princeton University
Press, 1962.

[8] M. Farber, Topological Complexity of Motion Planning, Discrete Comput. Geom. 29
(2003), 211-221.

[9] M. Farber, Instabilities of robot motion, Topology and its Applications 140 (2004),
245-266.

[10] M. Farber, Invitation to Topological Robotics, European Mathematical Society,
2008.

[11] M. Farber and M. Grant, Symmetric motion planning, ” Topology and Robotics”,
Contemporary Mathematics vol. 438, Amer. Math. Soc. 2007, p.p. 85-104.

[12] M. Farber and M. Grant, Robot motion planning, weights of cohomology classes
and cohomology operations, Proc. Amer. Math. Soc. 136 (2008), 3339-3349.

[13] M. Farber, S. Tabachnikov and S. Yuzvinsky, Topological Robotics: Motion Plan-
ning in Projective Spaces, International Mathematics Research Notices 34 (2003),
1853-1870.

[14] J.M. Garcia Calcines and L. Vandembroucq, Topological complexity and the homo-
topy cofibre of the diagonal map, Math. Z. 274 (2013), 145-165.

[15] A. Hatcher, Algebraic Topology, Cambridge University Press, 2002.

37



38 BIBLIOGRAPHY

[16] I.M. James, On category in the sense of Lusternik-Schnirelmann, Topology 17 (1978),
331-348.

[17] R.E. Mosher and M.E. Tangora, Cohomology operations and applications in homo-
topy theory, Harper and Row Publishers, 1968.

[18] J.R. Munkres, Elementary Differential Topology, Princeton University Press, 1966.
[19] E.H. Spanier, Algebraic Topology, McGraw-Hill, 1966.

[20] A.S. Svarc, The genus of a fiber space, Amer. Math. Soc. Transl. 55 (1966), 49-140.



