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ABSTRACT

The Mathematics Across the Curriculum Project at Dartmouth College produced a number of new
courses integrating mathematics with a humanistic discipline such as literature, art, or philosophy. These
courses all were free of any prerequisite and attracted a wide variety of students. The mathematical topics
were chosen for their relative modernity and sophistication, e.g. group theory, infinity, or the fourth
dimension. How does one come up with math that can be offered in these interdisciplinary courses? How do
you present it in away that isn't trivial? What sort of understanding is it reasonable to expect students to
carry away as aresult of such aclass? Why isit worth the trouble to educate this body of studentsin this
particular way? In thistalk we will consider these questions and get a glimpse into some unusual courses.
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*When | Heard the Learned Astronomer

When | heard the learned astronomer,

When the proofs, the figures, were ranged in columns before me,

When | was shown the charts and diagrams, to add, divide, and measure them,

When | sitting heard the astronomer where he lectured with much gpplause in the lecture-room,
How soon unaccountable | became tired and sick,

Till risng and gliding out | wandered off by mysdf,

In the mydticdl moig night-air, and from time to time,

Looked up in perfect silence at the stars.

Wadt Whitman



Proofs and figures

Class begins and the students arrive, homework in hand. The work, consisting of block-printed
mandalas and smal handwritten tables, is not dropped on the front desk for the benefit of the
ingtructor, but posted on the blackboards for dl to see. The first ten minutes of this two-hour class
is an art exhibit. The homework problem was to design two mandalas whose symmetry groups
were of the same order but not isomorphic. The calculations accompanying each design are the
group tables associated to its symmetry group. The designs are beautiful, but most solve he
mathematical question the same way. One a a time the students comment on their work,
acknowledging that their choice (“Mine are dso a D4 and a Z8’) was usudly the popular one.
Once in a while the problem is solved incorrectly and the students themselves point that out. No
comments are necessary from the instructor except for an indication when to move on to the next
piece. All is going exactly as expected until J.P.’s mandaa

A few weeks earlier J.P. had brought in a sort of paper bracelet with ymmetric fishes
swimming on the indde and outside of it. He wanted to know if it qudified asa“manddad’ for the
purposes of an earlier assgnment. That discussion (without firm resolution, by the way) together
with the instructor’ s assurance that there were |ots more groups out there besides the dihedrd and
cyclic ones, led JP. to a clever solution to this week’s problem. The paper bracelet he brought in
on this day had six horizontaly symmetrical motifs and could be flipped insde out to yiedld atota of
twelve symmetries. JP. believed that the resulting symmetry group was neither Z12 nor D6, but
how could he be sure? The answer to his question involved a discussion of clock arithmetic, direct
products of groups, and methods for telling two groups apart by counting the number of subgroups
of agiven order. All findly agreed that J.P. had made an object whose symmetry group is Z2 x
Z6.

One purpose of this paper is to argue that courses like the one described above, and
experiences such as those of JP., are essentid to educating a population to quantitative literacy.
Please notice that | am not saying that every student should take such a course or have such an
experience, but students should have access to such experiences if they desire them. | would like
to emphasize the point that educating a populaion to accomplish a certain thing is a completely
different proposition from educeting a large number of individuas to some dubious Plaonic
mathematica ided. JP. and his fellow classmates had a strong intellectua experience that taught
them something about what it is to do mathematics, how mathematics informs the arts, and what
modern mathematicians are sometimes thinking about. Such understanding can only come from a
freely chosen course of study that spesks to individud interests. It cannot come from a forced
march through statistics or calculus or any other course.

The students in J.P.’s course were not generadly math or science mgjors. If anything, most
were the so-cdled “math avoiders’ that we sometimes dread to teach. Yet, those twenty or so
students now have a deeply embedded knowledge of very eementary group theory. They say
that they bore roommeates and friends by congtantly pointing out examples of D4 in fabric and
architecture. They talk about these groups as if they were persona acquaintances, as they are.
We can't predict what they will do with this knowledge later. But we can say that the ideas of
group theory will be carried into vocations and Stuations that they wauld not otherwise have
entered. This effect is an extremely pragmatic outcome of educating a population as such, rather



than as an aggregate of individuals held to a single standard. Intellectud diversity in the nationa
population would be a blessed thing.

To add, divide, and measur e

A class of about fifteen first year students, one of the “first year writing seminars’ at
Dartmouith, is trying to figure out how to admit the guests who arrive at arapid rate a Hilbert's
Hotd. Hilbert's Hotel has infinitely many rooms, numbered by the naturd numbers. Alas, the
ariving guests are evacuating a sSmilar motel chain—an infinite sequence of motels each
containing an infinite number of guests, dl enumerated by the naturd numbers. They arrive on a
sequence of very large buses, one for each motel. Can Hilbert's Hotel contain them al? The
students begin to argue. They are organized into three groups. One group solves the problem by
dividing the rooms in hdf and using only haf of them on the fird bus. They then divide the
remaining rooms in haf and use haf of those on the second bus, etcetera. The second group
assigns a prime number to each bus and an integer to each passenger on abus. The passenger is
put into the room corresponding to the bus's prime raised to the passenger’s integer, without
overlap. The third group of students tries to make a probabilistic argument. If the rooms are
assigned at random, they wonder, then aren’t the chances of using up al of them zero? So there
should dways be some room left, if assgnments are made a random. The desk clerk can stop
worrying. The ingtructor, however, looks unconvinced.

The students in the “How many angels?’ course are a completely different population from the
ones in the “Pattern” course of our first example. Although each of these courses had some math
lovers present, in this class dl of the students were very interested in math. Indeed, many of them
go on to mgor in the subject and some of that class of sixteen are now in graduate school. We
have found that when the required first year writing course centers on mathematics and the
humanities, it attracts a room full of prospective mgjors. When the course touches on advanced
subjects it gives the students a foretaste of the courses they will see asjuniors and seniors. By its
nature, it asks these mathematicaly inclined students to read and write about mathematics in a
different way from standard courses. In this course mathematical literacy is inseparable from the
usua sort of literacy, as dl mathematica learning is demonstrated through written essays.

A mathematician and a philosopher designed this course jointly. Each helped the other sdlect
readings and design exercises that would illuminate both the mathematics of infinity and the
philosophica debates that accompanied mathematicd developments. The philosopher visited
Dartmouth for a quarter to work with the mathematician. Each learned enough of the other’s
subject to fed at ease with the material. Each of the professors taught aversion of this course by
themsdves in their own department at their own ingdtitution. Neither could have done as well had
they designed the course aone.

Much applausein the lecture room

One of the most popular interdisciplinary courses at Dartmouth, with over a hundred students
in attendance, is a course on “Time", taught by Professor D in the mathematics department and
Professor B in comparative literature. The students have studied ancient methods of timekeeping



and dternative concepts of time from various cultures. It is late in the term and Professor D is
lecturing on relativity and Eingtein. The class listens and takes notes. After awhile, Professor B
interrupts Professor D.  She informs him that he is not making any sense. He has made
satements, but hasn't explained them to her satisfaction nor argued them convincingly. Then she
turns to the students. She points out that if she said completely incomprehensible things about a
piece of literature, they would never let her get away with it. They would question, disagree and
push hard until they at least understood why she made her claims. Why haven't they questioned
the professor of math on his unclear and ill-explained statements? Do they redly understand
everything he just sid? The students admit they do not. Why, then, this reverence for the
authority of the scientit? Why this unquestioning acceptance of nonsensica clams? Both
professors agreed that the ensuing discussion made that particular class the best day of the term.

This particular course came about because the mathematicians most interested in doing work
with the humanities were booked solid. Therefore others were enjoined to “make friends with a
humanist” in order to see if there were any areas of commonality that could form the basis for an
intellectudly strong course. Within a few months of making such a strategy explicit we had two
new collaborators in the humanities. In both cases, the mathematicians were flexible, rearranging
their interests around the aress of expertise of the humanities faculty members with whom they
worked. One goa was to keep the humanist feding secure in what sometimes seemed to be a
risky endeavor. The quite evident security displayed by Professor B in the above example owes
its remarkable character to the fact that Professors B and D are a married couple. (Y ou have no
excuse for not talking to a humanist, we had told D.)

Up in perfect silence

Rarely is it necessary to consult astronomica charts before offering a class, but the
“Renaissance Astronomy and the New Universe’ course can only run in terms where a planet is
vighble in the night sky for most of the term. The laboratory exercise depends on such a planet,
preferably Mars. If we are very lucky with scheduling, Mars will show us some retrograde motion
before the term is out. Mars offers two advantages over other planets. Firg, it travels relatively
quickly against the backdrop of the stars. Secondly, the “Mars problem” was the source of great
dissatisfaction with dl predictive modds of astronomica behavior prior to Kepler. So, the courseis
planned around the appearance of Mars in the night sky, which for some reason seems to like to
happen during winter quarter. The students are sent out to look for it and track its motion on clear
nights when the temperature drops below zero Fahrenheit. They become remarkably quick at
locating it.

Our students have a modern educeation and they “know” that the earth is not the center of the
universe, that the stars and planets do not rotate around it, but that our predecessors believed it so
due to the gppearance of the night sky. They consider the Copernican model to be an obvious
truth. Most of them have never redly looked at the sky. Many come from cities where you can't
seethe stars.

Textbooks evidently paint a picture of early astronomers as quaint old gentleman who were at
the mercy of alot of silly assumptions and lack of atelescope. The students learn otherwise as
they proceed to make every possible error in measuring the location of Mars. They try to use



landmarks to judge where a dar is, a mistake Ptolemy would never have made. After some
discussion they abandon that method. Of course, they “knew” al dong that the night sky moves
al night. They learn to use the zodiac the same way our ancestors did. After a few months of
observation they learn afew things.

Firgt, there are some kinds of science in which data is absurdly hard to obtain. One of the
things Europe imported during the renaissance was the star record kept by Arabic astronomers for
a thousand years. As the students go out night after cloudy night, they begin to understand the
priceless nature of such data. Sometimes they complain that the course should be held in aless
cloudy locetion, but are reminded by the instructor where Copernicus and Tycho Brahe were
living. It was not so different.

Second, the students eventudly come to see the Ptolemaic system as the most natura
explanation for cdegtiad maotion. They make a full turn and begin to wonder why anybody would
have believed Copernicus a dl. Then the course gets interesting, because this is the right
question.  Another thing astronomers obtained in Renaissance times was “Euclid’s Elements of
Geometry”, one of the great Greek intellectual mathematica advances. The students read
Copernicus (in English) to see how closdly he imitated the rhetoric of Euclid. Copernicus had two
things a his disposa—a mountain of vauable rare data and an irrefutable form of argument, the
mathematical proof. How these factors interacted, which was more important to his argument,
and how surrounding beliefs and historical forces contributed to the discussion; al become part of
the answer to that question.

Charts and diagrams

All four of the courses de scribed above were a success at some level and we are sure to offer
al of them repeatedly a Dartmouth. We have severd more successes, including a math and
music course and a mathematical science fiction course, not described in this paper. Some
courses attract science and math mgjors, mogt attract the so-caled “math avoiders’. Some are
very large, some quite small. Some require two ingructors, others only one.  Some require
problem sets, others require papers, artwork, or musical composition. Extensive eva uation shows
that the courses are a success by ddinesting for us what kind of things the students learned,
whether they fdt they learned alot, and whether faculty felt the students were doing good work.
However, for each course the details are different. What a potentiad math major gets out of the
Infinity course cannot be compared directly to what an English mgor in the Time course takes
away. Nonetheless, after many years of tracking these courses we are confident of their varied
kinds of worth. The question we must ask is this: what accounts for success? | will offer you
some design principles that have guided us in the hope that they will serve you as well as they
have served us.

Before creating any courses it is important to achieve some consensus, preferably across
departments, as to why you are doing so. What isthe god of al thiswork? It isfairly easy to get
faculty to agree that calculus serves the sciences better than it serves students in other disciplines,
but that observation alone does not tell us why we need other courses or what they should look
like. Itisdifficult to get humanists in particular to articulate a mathematica god for their mgjors.



It is worth the trouble to do so, however. Here are the sentiments a amdl group of humanigs
produced when we locked them in aroom with us for severd hours:

“A humanist needs to understand that mathematics is a human endeavor too.”

“There must be some overwhelmingly important cultura advances in math that everyone ought
to know about.”

“There should be less of a plit between the cultures of science and humanities.”

These ideas have been stated more eloquently elsewhere, but no matter. They were ours and
s0 we could use them as a basis for action rather than persuasion.

Plan on offering a variety of courses because one sze definitely does not fit al. As our
evauators have shown via survey ingruments and interviews, students choose courses based on
their current interests, not on their perceived preparation for the course. Unless you have made
your entire career out of teaching required courses, you know yoursef that thisistrue. | believeit
safe to extend this observation to their actual learning. Mathematics connected with a subject that
aready interests a student ought to be learned more readily and retained longer than any topic
visted during a forced march. Furthermore, every faculty member knows from persond
experience the quaity of educationd experience tha results from having a class full of people
who have freely chosen to be there.

It is dso worth noting that alowing students to sort themsaves by their own interests is
something mathematics departments have traditionally avoided in structuring mathematics
curricula, relying instead on a battery of tests of mathematical preparation and sorting students
entirely by level. When courses are arranged in a single linear pattern of prerequisites for each
other, you have automatically constructed a “sieve’. The probability is high tha the student will
eventualy encounter materid that isn't interesting enough to prompt him or her to take the seque,
30 the student opts out of the only sequence available. No amount of good teaching or technology
can change that: it is forced upon teachers and students dike by the basic structure of the system.
When there are multiple points of entry to a variety of kinds of mathematics at wide ranging
levels, then at least the potentid exidts for the system to avoid being a Seve. The potentia
goplication of this smple observation to the problem of attracting women and minorities into these
classesis obvious, aswe say in mathematics dl too often.

Work the system because a course that satisfies no curricular need will not be well
subscribed. In other words, take an inventory of the types of requirements a student must satisfy.
Is there a quantitative requirement? Some of your new math and humanities courses should
satidfy it. Is there awriting requirement? Some could be constructed explicitly to satisfy that. At
Dartmouth, there is an interdisciplinary requirement, and those courses staffed by two faculty
members from different departments can be made to satisfy it. We aso have requirements such
as technology and applied science and western culture, each of which is satisfied by one of our
courses. This part of the strategy is essentia to making sure new courses are well attended from
the outset and can therefore judtify their existence to the administration as well as the department
offering the course.

Additiondly, the kind of student who enrolls in a course is closdly connected with the type of
credit offered. A math and humanities course carrying quantitative credit is likely to be taken by
“math avoiders’ who see it as a palatable way to satisfy that requirement. A smilar course
satisfying the writing requirement will, insteed, be heavily atended by potentid math mgors.



Plan for variance. Some of the traditiona one-track sequencing of math courses can be
explained as an attempt to lower variance among students, the better to target content and
pedagogy to the correct level. To alarge extent it succeeds so that we can have a fairly good
idea of the background of someone entering second semester caculus, for example. On the other
hand, aprerequisite-free course such as “Peattern”, the first example in this paper, has a huge
vaiety of sudents in it. The variation in math background goes from high school agebra and
geometry right through fairly advanced caculus. Furthermore, there is alarge art component to
the class, and the variance for that subject is far greater than for math. Some are planning to
magor in art and others have never taken aclassin art of any kind, nor art history. And aswe dl
know, when you put those two factors together the variances sum.

The indructor is left with two options.  Either one can proceed to ddiver lectures and other
activities, assuming everyone knows nothing, or else one must rethink pedagogy to capitdize on
the variance among students. In other words, the instructor has the option of learning to use the
variance in student background to advantage. Carefully thought out assgnment of students to
groups, coupled with well-chosen activities, can turn students into helpful tutors for one another.
The interdisciplinary subject matter lends itsdf well to this because different students have
different areas of strength and can thus be leaders at different moments. Discussions can be very
rich.

Sometimes the subject matter lends itsef well to the first strategy. In the math and science
fiction course (not described here) much of the mathematics has to do with the fourth dimension.
It is completely safe for the instructor to assume that nobody in the class knows anything about
this topic, and to proceed accordingly. In the best situation, there would be opportunities for both
of these approaches in any given course.

Some conclusions. In imitation of the courses it describes, this paper is trying to make
severd pardld points smultaneously. Firg of dl, interdisciplinary courses in math and humanities
are completely viable if built to respond to both faculty and student interest.  Students are not
dlergic to intdlectud work in mathematics if they find the topic inherently interesting. Second, a
road to quantitative literacy that is broad enough for everyone to travel must have a multiplicity of
entry points and natural connections to other subjects. Any one course proposing to solve the
Q.L. problem is doomed to failure, because it cannot possibly respond to the needs and interests of
an entire student population. Third, diversity of knowledge is a good thing in any populaion. The
population can hold more knowledge that way.

Findly, it is unfortunately necessary to point out that there are some goas of a college
educeation that we do not often acknowledge and that | have rarely heard spoken doud. We
spend alot of energy discussing preparation for citizenship and the job market, yet life conssts of
more than our duties. My suspicion is that the courses described above are successful because
they a0 respond to another human need. We crave ddight and pleasure, whether in getting a
new understanding of how part of the world works or from the joy of fruitful intellectua activity.
Surdy if we can think broadly enough to put “quantitative’ and “literacy” into the same phrase,
we might also draw “mathematics’, “delight” and “pleasure’ in with the same breath of fresh air.



