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ABSTRACT

In this study | shall consider educational aspects of the development of ratio and proportion, focusing on
the arithmetization undergone by these conceptsin the light of the relations between mathematics and music.
Since such relations, even if confined to the context of ratio and proportion, are fairly wide-reaching and
also that the process of arithmetization is quite complex, we shall concentrate mainly on the instructional
aspects of a structural peculiarity presented in such a fascinating dynamics. This peculiarity isthe so-called
compounding ratios a curious feature present in the structure of ratio since the Classical Period whose
irregular transformation into the operator multiplication is quite representative of the importance of
theoretical music in the arithmetization of ratios. As a consequence we shall also point out features of the
differences between identity and proportion, which are capable of being didactically explored with a
mathematic-musical approach.

The reason for choosing nusic for the present approach is not only historical, but more specifically
didactic insofar as the subtle semantic differences between compounding and multiplication and also
between identity and proportion are clearer if one thinks of ratios as musical intervals when looking at such
constructs. Grattan-Guinness argues that the well-known difficulties in teaching fractions can be alleviated
by converting the latter into ratios, and thus using a musical approach. These considerations corroborate the
need to explore didactically specific contexts in which differences between given constructs manifest
themselves more clearly.

In order to fulfil the aforementioned aim we shall first of all introduce some historical aspects of ratio in
mathematical-musical contexts as well as of the corresponding structure in which compounding makes
sense, and then follow these with examples of the practice of compounding on the monochord and by the
didactic-epistemological aspectsthat underlie such apractice.



1. Historic consider ations: compoundingratiosor musical
intervals?

There are severa themes on the relation between mathematics and music or even between
ratios and musicd intervals, which can be explored in mathematics education. We will concentrate
here on an intriguing characteristic of the structure originaly associated with the concept of ratio,
namely compounding ratios, which we could cal an operator, dthough it never attained the status
of a technica term in mathematics (Sylla, 1984, p.19). Such an operator occurred tacitly in
contexts involving ratios since the Classica period up to the 17th century, being eventualy
superseded by multiplication.

The structura change is from conceptions of operations -- compounding ratios -- strongly tied
to contiguous musica intervals to theories that admit the composition of generd ratios --
multiplication -- with an essentiadly arithmetic character, for example, the idea that aratio is equa
to a number. The point is how to approach in classroom dynamics an epistemological change such
as this, which occurred in the course of the development of ratio, in such a way that one succeeds
in creating an ordinary situation in which such a difference manifests itself more clearly than it
doesin purely arithmetical domains.

When one considers that this transitory structure with which ratios were very partialy and
irregularly equipped over a long period of their history is derived from musical contexts and aso
that compounding makes no sense out of musical contexts, it is quite reasonable to take music as
the scenario for approaching such differences, since here the previous structure attached to ratio
stands out. But before moving on to the instructiona aspects of such a topic, we will have to delve
into compounding ratios in more detail.

Some indicators of the different theories attached to the concept of ratio are found in
connection with issues such as Euclid's restriction on the operation of composition with ratios
implied in definitions 9 and 10, Book V as wdl as in propostion 23, Book VI (Heath, 1956,
p.248). Such operations consisted of compounding ratios of the type ab with b:c to produce ac,
which then alows the repetition of this process with ¢.d and so on.

This operation, which had strong musica affinities, required in genera that given a sequence of
ratios to be compounded the second term of a ratio should equd the first term of the next ratio.
Quite apart from the interest, which it holds for the historian of science, this ontologica difference
deserves attention in educationa contexts. We will try to propose now how to explore in didactic-
pedagogica contexts these two completely different understandings of ratio, one geometric-
musical where ratio has no semantic proximity with number and the other, where ratio is
semanticaly a number, capable of being multiplied in the same way as numbers are multiplied. In
order to emphasize such an important epistemological change present in the history of ratio, we
will make use of musical contexts.

2. Practicing mathematics/music: compounding
ratiosintervals on the monochord

Compounding on the monochord is a case in point. Compounding in Euclid's sense must
definitely not be put in the same category as multiplication athough the former presents structural
smilarities with the latter. Both differences and similarities between compounding and
multiplication concerned with musical and arithmetical fields respectively can be better felt and
grasped with the help of an enriched reconstruction in learning/teaching context of the



monochord's experiment. Such reconstruction can encourage students with promising tendencies
in music to get interested in mathematics and vice-versa. Such crossing capacity not only
simulates the relationship between both areas and the related skills but aso demands
mathematics skills in musica contexts and musical skills in mathematica contexts through an
simple arrangement involving elementary concepts.

Concerning the pertinent part of workshop in mathematic¥music carried out in Sdo Paulo,
monochords were first handed out to the participants who were initiated into the perception of
basic musica concepts, such as musical interval, necessary for the following performance. Once
the students discovered by means of the monochord the ratios 1:2, 2.3 and 3:4 underlying the basic
Greek consonances octave, fifth and fourth, respectively, one can set problems like:

- Let L be the length, which produces a determined pitch in the monochord. What is the length
necessary to produce a pitch obtained raising the original one by an octave and a fifth, following
by the lowering of two fourths? Listen to the resulting pitch in the monochord and compare that
with the pitch obtained on the piano. Comment.

- Let do be the pitch corresponding to the length L. Which is the pitch provided by the length
32L/27? Indicate in terms of superposition of fourths, fifths and octaves, the successive steps to
reach that result. In raising a fourth from the given pitch, what are the pitch and length obtained?
Listen to resulting pitch in the monochord comparing it with the pitch obtained on the piano.

Such problems in particular, presented in a workshop with children between 11 and 14 years
oldin Estacdo Ciéncia -- a museum for dissemination of science, culture and technology within
the University of S&o Paulo --, for instance, demanded simultaneously musical and mathematical
aptitudes and/or at least could awaken curiosity of students who were at first interested exclusively
in either mathematics or music. Depending on where each student's greatest potentid lies, students
solve these kind of problems either by finding the interval and checking the compounding ratios
which provide it or by finding the combination of ratios that when compounded provide the
requested interval, and checking the interval.

Such problems provide one with the opportunity not only to experience, perhaps even
unconscioudly, the compounding of ratios but also to simulate operations with ratios in Greek and
medieval musical contexts, inasmuch as the students have as basic operational elements the perfect
consonances, that is, the discrete ratios 1:2, 2:3 and 3:4, which in this context have no categorical
relation with numbersin principle, but are merely instruments for comparison.

In order to illustrate my points, it may be worthwhile to describe some of the reactions that
occur in solving these problems. | will take as an example a workshop for students of the '8th serief
-- around 14 years old -- carried out at 'Escola de Aplicacéo’ in S0 Paulo. Because of size
limitations, 1 will confine my discussion to some approaches to the first problem as well as some
guestions, which were raised as a consequence. In this case, the solutions passed basically from a
geometric approach to an arithmetic one.

Firg of al, the students were familiarized in the workshops with intervals and compounding of
musica intervalgratios in the monochord. This experience enabled them to compound contiguous
intervals or mathematica ratios where the endpoint of the second magnitude of the firgt ratio
coincided with the first magnitude of the second ratio -- ratios of the type ab with b:c -- which is
what they saw in the monochord during the familiarization. The classroom was then divided into
groups comprising students of different tendencies in order not only to make possible different
kinds of interpretations of the problems but aso to provide an appreciation of the diversified
potential of each group since dl problems would eventualy clam the use of at least music and
mathematics skills.



Initidly, they were asked to solve problem one using a ruler with only four divisons and a
compass. After visualizing how compounding operated in the monochord, students evinced
bascaly two tendencies in solving the problem: one tendency was to make the caculation by
aways transferring the ratios to the string and dividing the string into  as many parts as the
denominator and then taking the number of parts that were in the numerator -- in the case of 2:3
two parts of the strings previoudy divided in 3 parts -- which is clearly compounding in the
classic sense. Other students tried to find the resulting note -- in the case ala -- but tried to check
such a result by compounding the ratios 1:2, 2:3 and decompounding the ratios 3:4 two times, asin
the first case. In order to perform this operation they availed themselves of the operation, used in
the first step-by-step demonstrations, of the basic consonance -- octave, 1:2; fifth, 2:3; and fourth,
3:4.. In generd, they found the part of the string which when sounded resulted in the note la
without knowing precisaly to which ratio or note such a point or pitch corresponded.

In this first stage, no arithmetical interpretations resulted. They did the procedure as in the
demongtration of the consonances, in which we used rule and compass to build similar triangles in
order to divide a segment in 2,3 and 4 parts. The following question emerged:

-- Do we get the same result if | change the order of the procedure?

They figured it out from a musical point of view, an approach that makes the answer fairly
intuitive, since compounding is nothing but the 'addition’ and 'subtraction’ of intervals. Such an
interpretation makes the commutativity @ this operation more intuitive. It shows aso to some
extent how the musical context could facilitate the 'fedling' of the meaning of such a property in
the structure of ratio.

The situation provided aso a suitable context for moving on to the following question:

-- How could we compound musical intervals when we know only the lengths of the strings
whose ratio provide each interval? Again without metric ruler.

In this case some students tried to adapt by tria and error the first term of the second ratio to
the second term of the first by taking ratios equivaent to the second term expressed as multiples of
its two origind magnitudes. A musica solution also emerged. For this, they tried to hear the
intervals defined by each pair of strings by singing their compounding and sometimes keeping the
partid result in a keyboard in order to keep the tuning. They confirmed the result doing it
musically sometimes step by step, at other times at the end of the operation, based on the initia
musical auditive experience with intervals and consonances. They could do it amost
automatically, subsequently verifying the length of the string that corresponded to the discovered
pitch. To accomplish such an operation they must aways find the 'musica’ fourth proportion
insofar as in each step they have a reference ratio and the first factor of a second ratio that
provided the lower note over which the reference interval should be trandated.

Others students even tried a mixed solution by guessing through hearing the probable ratio
from which they could give a good guess as to the factor by which it was necessary multiply both
factors of the second ratio. In all cases the students often make use of a proportiona pair of strings
which are naturally not equa but that have some property, which makes them similar in some way
to the firg par. This feding of smilarity redizable by hearing is one important point that
pervaded many different situations in these workshops and both emphasized and eventually eased
the differentiation between proportionaly and equality, a feeling which disappeared when they
later faced the problem with an arithmetical approach using a metric ruler. The advantage of the
musical approach in comparison with the geometrica one consists in the fact that the former
provides the fedling, based on a perceptive sKill, that both pairs of magnitudes are not equa but



that at the same time they have a common attribute, which is musicaly the interval defined by
them. In the face of such similar ratios/intervals, some comments like the following were heard:

- They are not equal but oneis'asif' it were the other.

The rationalization of such a feding was refined when not only harmonic but aso melodic
versions of the same ratio were provided. Then some comments like the following one appeared:

- The notes 'walked' or ‘climbed’ with the same step:

They are probably doing albeit not necessarily conscioudy a musica or logarithmica
approach.

In order to provide a smilar visual perception by geometry, on the other hand, the four
magnitudes should be laid in a particular configuration -- not necessary in music --, which was
also approached -- as the following shows -- in order to strengthen such a differentiation.

In such a dynamics, the following question came out.

-- Could we calculate it only once?

Then similarity was introduced so that one could build precisely the proportiona second ratio
in such a way that its first term had the same neasure of the second term of the first ratio,
emphasizing a geometric/musical connotation to proportionality.

Still without metric rule, it was possible to pose the following question:

-- Could we caculate the compounding of al ratios applying it at the end to the monochord?

One possibility was to do it andogicaly to the geometric procedure using now whole numbers,
which involves the knowledge that ab :: maimb -- proposition 18 of Book VII of The Elements --
going on working technicaly just with integers. In such a dynamics the following question came
out:

-- What do we do to compound ab with c:d when there is no integer m so that mc = a?

When we dedt only with geometrica magnitudes this question did not arise, since one can
always adapt one magnitude to another but that is not the case with whole numbers to be adapted
to each other using integer multiples.

In this case, one must multiply the numerator and denominator of both ratios, resulting as
factors ¢ and b respectively which make the origina compounding proportiond to (ac:bc).(bc:bd)
.. acbd. Based to some extent on the trid and error experience done before with geometrical
magnitudes, they tried now to do something analogical with integers represented geometrically
which resulted eventudly in the use of the Minima Common Multiple between b and c.

The compounding of dl ratios was curioudy very easily done with intervas, that is, from a
determinate interval with a certain low pitch, they could build the correspondent equivalent
interva -- proportiond ratio -- from hearing and feeling the same 'growth’ of interval.

The comments and questions mentioned above concerning the solution of the first problem
reflect to some extent the dynamics of this workshop. The example mentioned above tried to
reflect partialy how the workshops could provide a suitable environment to experience this
arithmetic sense of ratios, by introducing this approach before turning to the metric ruler.

The problem was repeated dlowing the use of metric rule and gradudly ratios and
compounding were equated to decimal numbers and multiplication respectively, thus diminishing
the emphasis in the differentiation between identity and proportiondlity.

It was possible to redlize that the problem became even more interesting insofar as one could
restrict the available tools for the solutions: compass, non-metric ruler, metric ruler, instruments -
which provide different meanings to ratio and proportion, and could get the student to operate at
times with compounding, and a other times with multiplication. Such an enriched arrangement
proves useful not only for illustrating the importance of ratio as a medium for comparison but also



and most importantly for providing a context for practicing the differentiation between both
compounding and multiplication as wel as between proportionaly and identity within a
meaningful practica situation.

3. Didactic-epistemological aspects

Besides the difference between compounding and multiplication, there are deeper differences
within the arithmetization of ratios that become transparent through the aforementioned
arrangement, such as that between identity and proportion. In Euclid, the idea of equality of ratios
is not as natura as that of numbers or magnitudes. Such a way of establishing relations between
ratios gains greater meaning when we consider that on the monaochord, for instance, do - sol and la
- m are the same intervals - in this case, afifth - but they are not equal, inasmuch as the latter isa
sixth above the former, or even that do-sol ‘is as la-mi. The identity is normally a philosophicaly
difficult concept to be worked out in learning/teaching dynamics. Stressing the distinction between
identity and proportion in mathematical/musical contexts, where such differences become clearer
when they are visble and ‘audible’, can ease such difficulty.

The problems and the device mentioned above also encourage the perception of such a
difference insofar as the students can hear the intervals provided by proportional ratios like 9:12
and 12:16 - both are fourths, that is, the same intervas, but they are not equal - which are
proportiond but definitely not identical. This elucidates by the use of mathematics and music the
differences and similarities between both concepts which aso contribute to the better
understanding of the identifications of ratio and fraction and of proportion and equality. It opens
several possihilities for exploration of such concepts in both contexts. For instance, they can find
the forth proportional and deduce what is the associated pitch or reciprocaly, given an interva,
they can figure out the note which will produce the same interval given a determinate lower pitch:
both Stuations ded with proportional magnitudes in mathematicd and musical contexts
simultaneoudly. The students must not necessarily be aware of the epistemologica procedure
underlying such dynamics. What is actualy important is that they experience such a situation and
thus establish a reference with which they can bridge and anchor the comprehension of future
Stuations involving these concepts. In the same way, the experience will enable them to detach
concepts associated with fixed areas and interweave them in a more general context.

The aforementioned arrangement in teaching/learning as well as the long history of ratio and
proportions show that, within the rich semantic field associated with these concepts, ratio was a
natura vehicle for human beings to use in comparing different contexts through proportions, that
is, analogies. In this sense, the proposition that 3:2 corresponds to a fifth, as well as that one that
the aforementioned intervals of fourths are proportional mean that these two concepts pertaining to
mathematical and/or musical fields are capable of being compared to one another by means of the
ratio of numbers and the interva between notes through proportions. In this sensg, it is possible to
experience that the geometrica/musica propostion A:B::C.D is semanticadly distinct from yet
structuraly smilar to the arithmetical proposition A+B = C+D, as well as that the corresponding
cases in which ratios are not proportional and fractions are not equal.

Reciprocally, by means of the device of the monochord, ratio and proportions are viewed as
instruments for evaluating the degree of smilarities between different contexts. Such a device can
aso help the comprehension of the categorical distinction between ratio and proportion—
sometimes misunderstood—inasmuch as ratio is clearly viewed as a definition involving two
magnitudes of the same kind whereas proportion functions in al the aforementioned Situations



either as a logical proposition to which one may attribute a valuation or as a tool to make a
proposition true. In the case, such a difference is experienced through the question about the
plausibility of the equality between two intervals or of the proportion between two ratios. The
differences between these two mathematical entities are less ambiguous when understood in this
way than when viewed in purely arithmetical contexts.

4. Conclusion

The present musical approach widens our comprehenson of ratio and proportion in
mathematics not only because of its historical-cultural contextualization and the interdisciplinary
aspect which~underlies it, but aso, and most importantly, because of the role that analogica
thought plays in the construction of meaning, in this case, that of ratio and proportion. If we
wanted to extend Kieren's argument (Kieren, 1976, p.102) about rational numbers to ratios, we
could claim that to understand the ideas of ratios, one must have adequate experience with their
many interpretations. The aforementioned device not only provides a fertile ground for the
understanding of the subtle differences and structural similarities underlying the diversity of
interpretations associated with ratio and proportions but aso contributes to constructing and to
experiencing in a broader way their associated meanings.

In a general sense, discovering common schemes and archetypes is an efficient way of
constructing concepts that concern in principle different areas. An analogy or metaphor used in a
sensible and discerning way may re-configure a student’s thought in a prablematic Situation of
learning, enabling a better understanding of matters that escape immediate intuition, or that seem
too abstract to him/her, such as the many interpretations associated with ratio and proportions as
well as with the wide variety of structures historically associated with them.

REFERENCES
- Grattan-Guinness, I. "Numbers, Magnitudes, ratios, and proportions in Euclid's Elements : How did he
handle them?’ Historia Mathematica 23 (1996): 355-375.
- Grattan-Guinness, |. "Alguns aspectos negligenciados na compreensdo e ensino de nimeros e sistemas
numeéricos.” Zetetiké7, nimero: 11 (1999): 9-27.
- Heath, T. L., ed. Euclid. The thirteen books of the Elements. vol.2. New York: Dover Publications, INC.,
1956.
- Katz, V.J. "The study of ratios .” In A history of mathematics: an introduction, edited by V.J. Katz, 289-
293. Columbia: Harper Collins College publidhers, 1993.
- Kieren, T.E. "On the mathematical, cognitive and instructional foundations of rational number” In Number
and measurement, edited by Lesh, R.S., 101-144. Ohio: Eric Clearinghouse for Science, mathematics, and
Environmental Education, 1976.
- Sylla, E.D. "Compounding ratios. Bradwardine, Oresme, and the first edition of Newton's Principia” In
Transformation and tradition in the sciences. Essays in honor of |. Bernard Cohen, edited by E.
Mendelsohn, 11-43. Cambridge: Cambridge University Press, 1984.



