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Chapter 1

Introduction

The roto-translational group RT is the group comprising rotations and trans-
lations of the Euclidean plane. It is 3-dimensional Lie group, isomorphic to
R? x S! with multiplication given by

(x,y,0) % (', y,0") = (x + 2" cos @ — 3/ sin 6,y + 2’ sin + /' cos 0,6 + 6'),

for all (z,y,0),(z',y,0') € R? x S*'. The group RT constitutes a model
of sub-Riemannian Geometry that does not come from a nilpotent (Carnot)
group. And this is in contrast to the well known case of the Heisenberg group;
that is the Lie group whose underlying manifold is R? and the multiplication
is

(iL’, Y, t) ’ ($,7 y/v t/) = (fﬂ + l’/, Y+ y/7 t+ t'— 2($y/ - xly))a

for all (x,y,t),(2',y,t') € R3.

Embedding two-dimensional surfaces into 3-dimensional sub-Riemannian
manifolds is an extremely interesting topic; for the case of the Heisenberg
group there is a quite extensive bibliography, illustratively, see [10], [9], [4],
as well as the references therein. Suppose that a surface .¥ is embedded in
a 3-dimensional sub-Riemannian manifold M. If p € %, then consider the
horizontal tangent space of .¥ at p to be the horizontal tangent space of M at
p. Under some conditrions, one can then define a horizontal normal vector
to . at p, which in the concept of sub-Riemannian Geometry of surfaces
plays the role of the normal vector in the Euclidean case. A horizontal mean
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curvature H), is then defined by means of the horizontal normal vector field
and the natural question is then which of these surfaces are horizontally
minimal, i.e., they have everywhere vanishing horizontal mean curvature.

In [11], Platis proved that when a € surface is embedded in the Heienberg
group which is a straight ruled surface, then it is horizontally minimal and
locally contactomorphic to the complex plane. The term contactomorphic
here is in the broad sense: The Heisenberg group carries a contact structure
compatible with iis sub-Riemannian one, and therefore an embedded surface
inherits a 1-form by pulling back the contact form of the Heisenberg group.
A straight ruled surface in this context is the counterpart of a developable
surface in the Euclidean case; it is well known that those surfaces have every-
where vanishing Gaussian curvature and are locally isometric to the complex
plane. The analogies are quite transparent.

In this thesis we take upon the question if a straight ruled surface in the
roto-translational group is horizontally minimal. We prove that indeed this
is the case, working in the universal cover 4 of R7T . The techniques we use
are mainly those that have been used in [11]. Thus we present a quite large
class of surfaces which solve the minimal surface problem in ¢4 (and in R7T)
in the case of ¢ surfaces.

The roto-translation group has some interesting applications; in the follow-
ing we mention a few. There is an application to the neuro-biological image
completion, in fact in the prediction of injuries and in geometrical model
in mechanics and robotics. In the first case it has been proved that the
solutions to the minimal surface problem in the roto-translational group are
linked with the method that the brain completes missing visual data in the
first layer of the visual cortex (V1), see [2]. The virtual cortex (V1) consists
of the simple cells that are sensitive to brightness gradients with particular
orientation. Simple cells are arranged in columns with the same orientantion
and the columns have a hypercolumn structure which represent all possible
orientantions.The model of this hypercolumn structure is R? x S! which is
precisely the roto-translational group R7T. In [5] it is invastigated the above
solutions to the minimal surface problem with Dirichlet boundary conditions
and is given a method by characterising the smooth minimal surfaces as
ruled surfaces to compute a minimal spanning surface with fixed boundary
data. In addition, it is described a number of obstacles in existence and



uniqueness; however, under suitable conditions, smooth minimal spanning
surfaces with good properties exists. These results have great application to
the neuro-biological image completion model but also to contracting disoc-
clusion algorithms in digital image processing.

In the second case the roto-translational group plays a major role in the
prediction and prevention of musculo-skeletal injuries is an important aspect
of preventive health science. For instance, the motion of human’s knees and
ankles are translated by the roto-translational group, see [6].

In mechanics an interesting exaple is the motion of the hovercraft. The hov-
ercraft is a promising future vehicle as it can move though water and any kind
of ground require accurate route marking and positioning systems combined
with suitable obstacle avoidance capabilities. The hovercraft is modeled as
a planar rigid body subject to an external force. Its configuration space is
again the roto-translation group. The hovercaft dynamics contrabillity and
control algorithm for steerings is investigated in [8].

Finally the RT has an interesting application in robotics. For instance, the
motion of a robot in the plane and the links of the robot such as its mechan-
ical arms are usually modelled as rigid bodies; hence they can be investigated
with the help of RT, see [12].

This thesis is organised as follows: In Chapter 2 we introduce the roto-
translation group R7 and its universal cover ¢ and study their geometric
features. Chapter 3 is devoted to the study of the horizontal geometry of €
surfaces embedded in ¢. In Chapter 4 we describe straight ruled surfaces
and prove our main theorem: A straight ruled surface in ¢ is horizontally
minimal.
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Chapter 2

The roto-translational group
and its universal cover

In this preliminary chapter we discuss the general geometric features our
ambient spaces, that is, the roto-translational group R7T and its universal
cover 4 = RT in Sections 2.1, 2.2, respectively.

2.1 The roto-translational group

The roto-translational group R7T is defined as the set comprising rotations
and translations of the Euclidean space R?; this set has a non-Abelian group
structure see Section 2.1.1. It is also isomorphic with R? x S! with the
multiplication given by (2.1), see Section 2.1.2. Its Lie Algebra is discussed
in Section 2.1.3 and the proof that R7 is not a nilpotent group is in Section
2.1.4.
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2.1.1 Definition and group structure

We consider the space R? and for fixed (z,y) € R* we denote by T, the
translation in the direction of (x,y):

Tiew(a,b) = (x+a,y+0b), (a,b)€R.
Now for fixed § € S* denote by Ry the rotation in an angle 6:
Ry(a,b) = (acos® — bsinf, asinf + bcosd), (a,b) € R?.
We now fix both a (z,y) and a 6 in R? and S', respectively.

Definition 2.1. The roto-translation R1{, ) is the composition T{, ) o Ry.
Explicitly,

RT(x,y,H)(aa b) = (x 4+ acosf —bsinb, y+ asinf + bcosb).

The roto-translation group is the set RT comprising roto-translations.

The next elementary proposition shows that R7T is actually a group.

Proposition 2.2. The set R7T has a (non abelian) group structure.

Proof. Let RT(y ¢y and RT(,, ) be two elements of R7T. Then
RT(w y 0y © B (ay,0) = (Tlary) © Bor) © (T(ay) © Ro).

Since
Ry o T(z,y) = TR’Q(%y) o R@U
we have
Ry 00 Rl(aye) = Twy)© Try(ey) © Re 0 Ry

T(a:’,y’)—i—Re/(a:,y) o R0+9’-

The following hold:

RT(mvyﬁ) © RT(07070) = RT(mvyﬁ)’ RT(;,]-y,@) = RT(xlvy/ﬁ/)’
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where

¥ = —wcosh —ysinf, 1y =axsinf —ycosh, O —0.

To prove the above relations, let first (a, b, c) be such that RT(q )0 RT (5 4.0) =
RT ;4.0 for all (z,y,0). Then we must have

(a+zcosc—ysine, b+ xsinc+ycose,§ +¢) = (x,y,0),
that is, the equations

a—+xcosc—ysinc =z,
b+ zsinc+ ycosc =y,
0+c=20,

have to have solution for all (z,y,6). Solving the system we obtain a = b =
¢ = 0. To prove the second relation, suppose that for fixed (x,y,#) there
exists a (2/,4',0') such that

RT3.0) 0 Ry 0y = RT(0,0,0)-
This is equivalent to
(x + 2" cos@ —y'sinf,y + 2’ sinh + y' cos 6,0 +6") = (0,0,0),
hence to the system of equations

x+ 2 cosh — 1y sinf =0,
y+a'sinf + 4y cos = 0,
6+ 0" =0.

Solving the system in z’, %/, 0" we obtain the result. O

2.1.2 The R? x S! model

The R? x S model for RT is obtained in the following manner: Define a
map RT — R? x St given by

RT(xvyﬁ) = <x7 y7 9)
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It is clear that this map is a bijection. Moreover, (R7, o) is isomorphic to
the set (R? x S, %), where  is the multiplication given by

(,9,0) % (2,9, 0') = ((z,y) + Ro(2, /), 0+ '), (2.1)
ie.,
(x,y,0)x(2',y',0') = (x+2" cos—y sin b, y+a'sin@+1y cosb,0+0"). (2.2)

In this model, the neutral element of RT is (0,0,0), and the inverse element
of (x,y,0) is (—xcos@ — ysinf, zsinh — ycosb, —0).

Remark 2.3. (Matrix model for R7T). There exists a matrix model for
RT: The matrix representation of elements in R7 is

RT:{(IE Zl))|R€SO(2), beRQ}.

This suggests clearly that R7T may also be viewed as the group R? x SO(2)
with multiplication the matrix multiplication.

2.1.3 Lie group structure

The roto-translational group is a Lie group with underlying manifold R? x S*.
We describe now a basis for its Lie algebra. We consider the following vector
fields:

0 X3 = sin 92 — cos GQ (2.3)

0 0
— B — 1 B _ — .
X1 =cos— +sinf—, Xs 50" e 3y

ox oy

Proposition 2.4. The vector fields X7, X5, X3 as in (2.3) are left-invariant
vector fields.

Proof. Consider an arbitrary a = (a1, as,a3) € RT and the left multiplica-
tion map L,: for any (x,y,0) € RT we have

Lo(z,y,0) = (a1 + x cosaz — ysinas, as + wsinas + ycosas, 6 + az).
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Clearly, L, is differentiable. The matrix of the differential of L, is

cosas —sinas 0
dL, = | sinas cosas 0] . (2.4)
0 0 1

Thus we have

0 . 0
dL.(Xy) = cos@dLa(%) —l—smedLa(a—y)
= COSQ(COSG 3 +sina 2) —i—sin@(— sina 2 + cosa _)
= 38:E Say 38m 3ay
= (cosfcosaz — sin f sin ag)((% + (cos @ sinaz + sin 6 cos ag)%
a . o)
= cos(f + Clg)% + sin(6 + a3)8_y
— Xl(La).
Also,
dL (X)—dL (2>_2_X(L)
a 2) — a 89 - 80 - 2 als
and finally,
ALo(Xs) = sin0dLu() - cosfdL,(-)
a\<*3 - a O a ay

= sinf(cos CL3% + sin aga—y) — cos f(— sin ag% + cos aga—y)

0
= (sinfcosaz + cosfsin ag)% + (sin @ sinaz — cos 6 cos ag)a—y

= sin(6 + ag)(% — cos(6 + ag)%
- Xg(La>.
Therefore X, X5, X35 are all left-invariant. O

Corollary 2.5. The vector fields X, X5, X5 span the 3-dimensional tangent
space (Lie algebra) T'(RT) = tt at each point, that is,

tt = span{Xl, XQ, X3}
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Corollary 2.6. Since the determinant of the Jacobian of L, equals to 1, the
Haar measure for R7T is the Lebesgue measure in R? x S*.

Proposition 2.7. We have the following Lie bracket relations for the left-
invariant vector fields X, X5, X5 of RT:

[XlaXQ] = X37 [X27X3] = X17 [X17X3] = 0. (25)

Proof. We calculate straightforwardly: First,

o 0 .0 0
[Xl,XQ} = [COSQ%,%} + [81n06—y,%]
= smG% — CoS 0(9_1/
= Xs.
Next,
(X, X3] = XoX3— X3X,
o/ . .0 0
= 20 <sm9% — COoS 98_3/)
= oS 0% + sin 9%
= Xl.
Finally,
0 .0 .0 0
(X1, X3] = <cos 9% + sin Ha—y> (sm 6% — cos Ga—y)
.0 0 0 o0
—<sm 0% — Cos Oa—y) (cos 9% + sin 98_3/)

= 0.
[l

Corollary 2.8. If vy = span{X;, Xo} and v; = span{X3}, then the Lie
algebra rt may be written as

tt =0y D vq.



11 2.1. The roto-translational group

2.1.4 'R7T is not nilpotent

In contrast to the Heisenberg group case, the roto-translational group R7T is
not nilpotent, see Proposition 2.10 below. We first recall the definition of a
nilpotent group: We start by defining the descending central series of a Lie

algebra g: e
+

gV =g, " =[gg").
Recall here that if a and b be two subspaces of a Lie algebra g, then we write
[a,b] = span{[X, Y]} with X €a, YV €b.
The following hold; their proof is straightforward:

(a) g™ c g for every k;

(b) g™ =gV for some n implies g™ = g™ for every m > n.

Definition 2.9. A Lie algebra g is nilpotent if there exists a positive integer
i such that g # {0} and gV = {0}.

Proposition 2.10. For every n > 2 we have
™ = span{ X, X3}.

Thus R7T is not nilpotent.

Proof. For n = 2 we have

t? = t,et] = {A[X0, Xo] + Ao Xo, Xa] + As[ Xy, X5]}
= span{Xj, X3}.

Now we suppose that the statement it is true for some n > 2, that is,
™ = span{X;, X3}.
Then for (n + 1) we have
et = [ot, ot™] = [et, span{ X, X3}] = span{X;, X5}

We notice that R7T is not a Carnot group as it is not nilpotent.
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2.2 The universal cover ¢4 of R7T

Instead of working with R7T, we choose from now on to work with its uni-
versal cover which we shall denote by ¢. This group is R? with coordinates
(z,y,0) and with multiplication given in the same manner as in R7. Actu-
ally, it also has the same left-invariant vector fields, its Haar measure is just
the Lebesgue measure in R? and of course, 4 is not nilpotent. The advant-
age of working with ¢ is that ¢ is simply connected whereas R7T is not. In
this way, we shall always have a bijective correspondence between the group
automorphisms of ¢ and its Lie algebra, which is tt. The contact form (Sec-
tion 2.2.1), the horizontal tangent bundle H(¥4) = (X;, X5) (Section 2.2.2),
and the sub-Riemannian distance in ¢ (Section 2.2.3) are discussed in this
section.

2.2.1 Invariant contact form

We may construct a left-invariant contact form w for ¢ so that ker w = Vj
and its Reeb field is X3 as follows: Let w = adx + Bdy + ~vdf be the wished
form of ¢. Solving the system:

W(Xl) == CU(XQ) =0 LU(X3) == 1,

we get
w = sin @dz — cos dy. (2.6)
On the other hand,
dw = cos 8df N dz + sin 6df A dy

and for each X we have dw(X, X3) = 0; this shows that X3 is the Reeb field
of w. Finally, we show that w A dw equals to minus the Lebesque measure on
R3: Indeed,
wAdw = (sinfdxr — cosfdy) A (cos0df N dx + sin 0dO A dy)
= sin®Odx A df A dy — cos® Ody A df A dx
—sin?@dx A dy A df — cos? Odz A dy A df = —dx A dy A d6.

Now we have:
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Proposition 2.11. The contact form w is left-invariant.

Proof. Let L,, a = (a1, as, ag) be a left-translation. We calculate straightfor-
wardly:
L'w = sin(f + as)d(a; + x cosaz — ysinas)
—cos(f + az)d(as + xsinaz + y cos ag)
= sin(0 + as)(cos azdr — sin azdy)
— cos(6 + a3)(sin azdx + cos azdy)
= (cosagsin(f + az) — sinaz cos(0 + az))dx
—(cos az cos(f + az) + sinag sin(0 + a3))dy

= sinfdx — cosfdy = w.

2.2.2 The horizontal tangent space of ¢

Consider now the distribution H, defined as the subbundle v, of the tangent
bundle spanned at every point by the left invariant frame X5, X5. From the
construction of w we have that H = span{X;, Xo} = kerw. We call H the
horizontal distribution of 4. It is clearly non-integrable, since [ X, Xo] = Xj.

Definition 2.12. A €2 curve 7 : [a,b] — ¢ with
v(t) = (z(t),y(t),0(t)) €Y,
is called horizontal if

Y(t) € Hy)(¢) for every t € [a,b].

In other words, horizontal curves are curves for which the component of
the speed vector 7 in the direction of X3 vanishes.

Proposition 2.13. The ¢ curve v(t) = (z(t), y(t), 6(t)) is horizontal if and
only if it satisfies the differential equation

&(t)sinO(t) — y(t) cosO(t) = 0, (2.7)

and the following cases may occur:
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i) v is a straight line of the form
x =const., O(t) =2kt +w/2, kELZ, (2.8)

or,
y =const., O(t)=2xkr+t7, K€ELZL. (2.9)

In the first case, the horizontal tangent is

Y(t) = £y (t) X,
and in the second case, the horizpntal tangent is

Y(t) = £i(t) X
i) y(t) = (z(t), y(t),0(t)) where
0(t) = tan~* (@) :
The horizontal tangent is then

Y(t) = F (D) X1 + £s(t) Xa.

Here, 7(t) = (x(t),y(t)) is the projection of v in R?, |¥(t)| is its Euc-
lidean norm and k() is the signed curvature of ().

Proof. From relations (2.3) we may write

0
— = cos X, +sin X3,

ox

0

0~

0 .

8_y =sinfX; — cos6.X5.

Therefore
. 0 0 . 0
i) = a5+ i+ 005
= (&(t)cosB(t) +y(t)sind(t)) Xy
+0X,

+(x(t) sinO(¢t) — y(t) cos 6(t)) Xs.



15 2.2. The universal cover ¢4 of RT

Hence it follows by definition that ~ is horizontal if and only if Equation
(2.7) holds. To track down all horizontal curves, we consider the trivial cases
first, that is,

#(t) =0 and y(t) =0,

for t € 1. In the first case, y(t) # 0 since 7 is regular, therefore 0(t) =
2km+m/2, k € Z and the horizontal line is the straight line given by Equation
(2.8). Similarly, for the second case we obtain the straight lines given by
Equation (2.9). The formulae for their respective horizontal tangents follow.

Suppose now that &(t) # 0 for ¢ € I. Then we may write (2.7) as

0(t) = tan™* (%) :

Taking the derivative in both sides we obtain
N (GLORSIO1ID)
(&(t)* + (4(1))*

i.e., A(t) is the signed curvature k,(t) of the projection 7(t) = (x(t),y(t)) of
v(t) in the plane. Since

(2(t) cos O(t) + y(t) sin O(t))* = cos® O(t)((t) + y(t )tan H(t))

1+ tan?6(t) ( + i(t)

1 (@) + (())2)

(()? i(t))2
LB @)

= (&(1))* + (9(1))*,

the formula for the horizontal tangent follows.

2.2.3 Sub-Riemannian product, Carnot-Carathéodory
distance

The sub-Riemannian structure of ¢ which is compatible with its contact
structure is given by defining an inner product (-, ), at each point p € ¢ so
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that X; and X, form an orthonormal basis of the horizontal tangent space
H,. That is,

(X1, X1)p = (X, Xo)p =1, (X3, Xy), = (Xp, X)), =0,

and the induced norm shall be denoted by || - ||. We define the horizontal
length of a curve v to be

()= [ @i = [ /60 (0002 + (o), (el e
which is of course

@1 = () (X2)50)* + (3(8), (X2)a)7)
= [(&(6)* + (5())” + £2(0)]

The Carnot-Caratheodory distance of two arbitrary points p,q € ¢ is

dee(p, q) = igf (),

1/2

where v is a horizontal curve joining p and gq.

2.2.4 FEuclidean distance

Let (z,y,0) be the real coordinates in ¢. We define a distance dy by

dy(p,p') = ()" *pl

for each p = (x,y,0), p' = (¢/,v/,0') € 4. Here | - | is the Euclidean norm of
R3. By calculating straightforwardly we have

dg(p,p') = |(—2'cos@ — 1y sinl 2'sind — 1y cost, —0") x (x,y,0)]
= |(z—2")cost + (y—y')sind, (y —y')cost — (x — 2')sin 6,6 — |
= V0 —aP+y—y)P+0-0)7

That is, dy is just the Euclidean distance in R3. Note that by definition

dy(p,p') = dy((p') ' % p,(0,0,0)). (2.10)
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The distance dg is invariant by left-translations, that is by the left action of ¢
onto itself: Let a = (a1, a2, a3) € 4 and L, the corresponding left-translation.
Thus since for each p,p’ € ¢4 we have that (2.10) holds, it suffices to show
that

d%(La(p)a La(o)) = d%(p7 O)

For this, we have

d%(La (p)a La(o))

d%(La(p)’ a)

— dy(a™ % Lu(p),0)
dg<La—1 (La(p>) 0

,0) = dy(p,0).

The metric dy is invariant by the following action of SO(2) on ¥:

Ay :SO2)x Y — @
(o, (z,9y,0)) — (xcos¢—ysing, xsing + ycoso,H).

Indeed,

dy(Ay(p), Ap(p')) = |cosp(x — 2') — sinp(y — '), sind(x — ') + cos p(y — v/'),0 — &'
= dy(p,p').

It is also invariant by the following action of R:

AbZR2 XY — ¥
((bl,bQ),(a:,y,H)) — ($+b1,y+b2,9).

It is here clear that

dy (Ap(p), Ap(p')) = d (p, 1')-

We conclude that dg remains invariant by the left action of ¢.

Remark 2.14. One may prove that the only isometries of dy are in fact
coming from the left action of 4. Any other isometry of R?® does not induce
a left-invariant isometry of dg, see [7].
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Chapter 3

Horizontal geometry of %7
surfaces embedded in ¥4

In this chapter we deal with some basic features of the horizontal geometry
of €? surfaces embedded in the universal cover ¢ of the roto-translational
group R7T. We take upon the manner of resentation in [11]. In Section 3.1 we
introduce our surfaces in study and define their horizontal tangent space and
their horizontal normal. 6 surfaces admit an 1-form; this is just the pull-
back of the contact form w of ¢. This induced 1-form is studied in Section
3.2. The notion of the horizontal mean curvature of a ¢? surface embedded
in ¢ is found in Section 3.3 and finally, graphs are studied in Section 3.4.

3.1 %2 surfaces in ¥

Our object of study is €2 surfaces emebedded in 4, that is, R®. We review the
well known %62 surfaces in Section 3.1.1. Being embedded in ¢, 62 surfaces
have a horizontal tangent space at each point, that is, the horizontal tangent
space of ¢ at this point. To this horizontal space there can be defined
a horizontal normal vector, pretty much in the same way that the usual
euclidean normal is defined, see Section 2.2.2. In contrast to the euclidean
case, this horizontal normal cannot be defined at all points of the €2 surface;

19
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there is an exceptional set. But outside this set, a unit horizontal normal
vector fiels is defined properly, see Section 3.1.3. Finally, we define horizontal
area in Section 3.1.4.

3.1.1 Regular surfaces

By a ¢? surface we shall primarily mean a reqular surface in R3, that is, a
countable collection of surface patches o, : U, — V,,, where U, and V,, are
open sets of R? and R?, respectively, such that:

1. Each o, is a €2 homeomorphism.

2. The differential (o, ). is everywhere of rank 2.

Let p be an arbitrary point of . and suppose that o : U — R3,

U(uv U) = (x(u, U)a y(”? U)? Q(u, U)) )

is a surface patch of . such that p = g(ug) for some ug = (ug,vy) € U. The
tangent plane T,(.%) of . at p is spanned by the vectors

(0u)p = T (uo) (5%),, + yu(uo) (5‘%>,, + 0, (1) (%) |
(00)p = (o) (%)p + yu (o) <3%)p + 0,(ug) (%)

and the normal N, of .7 at p is the exterior product (o), A (0,)p:

%= 000000 (57) 90,00 (57) 000 (55)

Here,

9(y, 0)
d(u,v)

= Yu(10)0,(10) — Y (10)0,(uo)

uo

Oy, 0)y — \

and similarly for the other determinants.
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3.1.2 Horizontal tangent space, horizontal normal

Definition 3.1. Let .% be a regular surface and p € .. The horizontal
tangent plane H,(.) of .7 at p is defined to be the horizontal plane H,(%¥).

To determine exactly H,(.#), we first introduce an exterior product in ¢:

Definition 3.2. If a,b € T(¥), the tangent bundle of ¢, are such that

a = a1X1 -+ a2X2 + CI,3X3 and b= lel + bQXQ + ngg,

we define
X X X5

CL/\gb = | a1 a9 as | = (agbg—CLgbg)X1—|—((Igbl—albg)X2+(a1b2—a2b1)X3.
by by b3

(3.1)

Definition 3.3. The vector field aA? b shall be called the exterior 4-product
of a and b.

Some elementary properties of the exterior ¢-product are found in the

next proposition.

Proposition 3.4. The following hold.

1. aAN? b= —bA? a for each a,b € T(¥).
2. Clock rules:

XiAN Xo=X;3, XoAN? Xs=X1, X3AY X=X,

Proof. For the proof of (1) we have

Xl X2 XS Xl X2 X3
a /\% b= aq a9 as| = — b1 b2 b3 = -b /\g a.
by by b3 a1 G2 ag
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Now to prove (2) we write

X1 Xy X3
XA Xo=]1 0 0]=2X,,
0 1 0
and analogously for Xy AY X3 and X3 AY X;. O

We wish now to express the vector fields
9 9
ox’ Oy
in terms of the left-invariant vector fields X;, X3. Note that Xy = 0/06. To
do so, we write

X, = cos@a%7 + Sin@%,
X3 =sginf— — COSH2
5 Ox oy

By using simple Linear Algebra, we solve in 0/dx, /0y to obtain:

0
— = cos X, +sin 0 X3,
ox

g =sinfX; — cos 6.Xs5.
dy

Hence we have the following expressions for (o,), and (oy),:
(ou)p = (2u(uo) cosB(uo) + yu(uo) sin (1)) (X1)p + bu(10)(X2),
+(xy(up) sin f(ug) — yu(ug) cos 6(ug))(Xs),,
and
(00)p = (zu(uo)cos(uo) + y, (o) sin(uo))(X1), + 0,(10)(X2),
+(z,(up) sin B(ug) — y»(ug) cos f(ug))(X3),.
The exterior ¢-product of (o), and (o), is thus

(0u)p N (00)p = (6(3/, 0)uo cos 0(ug) — O(,0)y, Sine(u0)> (X1)p + 0(2,Y)u (X2)p

+ (8(:1:, 6)uo cos0(up) + O(y, 0)y, sin 9(u0)> (X3)p-
(3.2)
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We state now the definition of the horizontal normal at a point of a €
surface:

Definition 3.5. The horizontal normal N;‘ of . at p is the element of the
horizontal tangent space H, (%) which is the horizontal part of (7,,), A? (7,),:

N = (8(y, 0) uo €08 0(11g) —A(, ) ug sine(uo)) (X1)p+0(2,y)uo (X2)p- (33)

When [|[N]'|| # 0, we may define the unit horizontal normal ;! to p by

Nh
= P (3.4)
S A
where || - || denotes the norm of the sub-Riemannian product (-,-) in ¢.
Notice that we have
V;}; = (11)p(X1)p + (12)p(X2)p, (3.5)
where
(Y, 0)ug cos B(ug) — A(x,0)y, sin b(ug)
= N7 /
p
0z, y)u
(v2)p = >
TNl

The horizontal normal N; at a point p € . depends on the choice of the
surface patch as this follows from the next proposition.

Proposition 3.6. Let (U, o) and (U, &) are two overlapping patches at p =
o(ug) = &(tip). Then if ® = 07! 05 is the transition mapping, around p we
have

N3y = det(J(®)ug) Noy (3.6)

uo)'

Proof. For convenience, we shall drop o(ug) and &(11p) and shall write instead
o and &, respectively. The transition mapping is defined as ® : U — U such
that ®(a, ) = (u,v). Thus the Jacobian matrix of ® is
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According to the chain rule
. Ou +8v . Ou +8v
T o™ T T
Simple calculation then yields
5'7] /\g 5’@ = det(J((ID))au /\g Oy.
Thus
NI = det(J(®)) (o, ART g ),
that is,
NI = det(J(®)N”. (3.7)
m

3.1.3 Characteristic locus, unit horizontal normal field

Definition 3.7. Let . a regular surface. A point p € . is called non

characteristic if NI? # 0. The set of characteristic points
¢S ={pes | Ny =0},

is called the characteristic locus of .Z.

Remark 3.8. By definition, the points of €(.#) are given in a local chart

(U,0) by the equations

0(y,0) cos —I(z,0)sinf =0 and J(z,y) =0.

Away from points where the horizontal normal vanishes, a 4 horizontal

vector field 1%, of .7 is defined by

(stlﬂ)p = V;-
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3.1.4 Horizontal area

There is a notion of horizontal area (or perimeter) for ¢4. For a surface patch
oof & 0:U—R3 o=o0c(u,v), the horizontal area &/" (o) of o is

(o) = [ 180w,

where N"(u,v) = N;_L(u »- The measure | N?(u,v)||dudv is the local restric-
tion of the 3-dimensional Carnot-Carathéodory measure to .%.

3.2 The induced 1-form

There is a natural 1-form wy defined on every ¢ surface . embedded in
¢, it is just the pull-back to . of the contact form w of 4. We define wy
properly in Section 3.2.1 as well as contactomorphisms between embedded
¢? surfaces. Of course the term contactomorphism here is in a broad sence;
on . we always have wy A dwy = 0, since dim(¥) = 2. In Section 3.2.2
we prove Proposition 3.13: Away from characteristic points, wy defines an
integrable foliation whose integral curves are tangent to Jvs. Here, J is a
natural complex operator defined on the horizontal tangent space of .7, see
Equation (3.10), and v is the unit horizontal normal field to ..

3.2.1 The induced 1-form. Contactomorphisms

Let . be a regular surface in ¢ and denote by ¢ the inclusion map ¢ :
& — ¥4, given locally by the parametrisation o (u,v) = (x(u,v), y(u,v), 0(u,v)).

Definition 3.9. Let w be the contact form of ¢. The pullback wg = %,w
defines a 1-form wy on .. We call wy the induced 1-form of ..

The form wy in local parametrisation is given by

wy = o*w =sinf(x,du + x,dv) — cos O(y,du + y,dv)
=(sin 0z, — cos 0y, )du + (sin 6z, — cos Oy, )dv.



Chapter 3. Horizontal geometry of 6 surfaces embedded in ¢ 26

Definition 3.10. Let .% and . be regular surfaces and f :.% — .% be a
smooth diffeomorphism. We may assume a weaker condition, that is we will
require f to be a local diffeomorphism outside the characteristic locus of ./
and .%. The mapping f is called a local contactomorphism of . 7 if there
exists a smooth function A so that

ffws =g (3.8)

We stress here that if o : U — R3 is a surface patch for ., then since
f is a local diffeomorphism, & = f o ¢ is a surface patch for .% (with pos-
sible exception of characteristic points). It follows that f : .¥ — Y is a
contactomorphism if and only if

ws(u,v) = Mu, v)wy(u,v) for almost all (u,v) € U (3.9)

Using the induced 1-form we may give a coordinate-independent charac-
terisation of the characteristic locus:

Proposition 3.11. The characteristic locus €(.¥) is the (closed) set of points
of . at which wys = 0.

Proof. We have

wy(p) =0 for some p € .

<= wy(0y) = wy(oy,) for each chart(U, o), containing p
<= o, and o, € H,(.*)

= (0, X 0,)h =0

> peC(Y).

3.2.2 Horizontal flow

In this section we wish to find conditions, so that a surface curve is horizontal.
By a surface curve on a €2 surface . we mean a 42 mapping v : I — .7,
where [ is an open interval of R. We start with the following proposition:
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3.2. The induced 1-form

Proposition 3.12. Suppose that o : U — ¢ is a surface patch. Let 3(s) =
(u(s),v(s)) be a €* curve on U such that v(t) = a(u(t),v(t)),t € I, is a €
surface curve. Then away from the characteristic locus €(S), «y is horizontal

if and only if

Y(t) € ker(wy )y, teL

In other words,

(sin Oz, — cos Oy, )t + (sin Oz, — cos Oy, )0 = 0,

where the dot denotes d/dt. In this case,

A= (cos Oz, + cos 0x,0 + sin Oy, u + sin Hyvz'))Xl + (eua + va)XQ.

Proof. For

we have using the chain rule that

,’y

(Tt + m)% + (Yot + yvi))é% + (0,0 + Hvb)%
(cos Oz, + cos Ox, 0 + sin Oy, @ + sin Oy, 0) X4

+(sin Oz, 0 + sin Oz, 0 — cos Oy, i — cos 0y,0) X3.

However, v is horizontal if and only if the component of X3 vanishes. That

is,

Moreover,

(sin Oz, — cos Oy, )u + (sin Oz, — cos By, )0 = 0.

v horizontal ©w(¥) =0
Sw(o,y) =0
&(0'w)(7) =0
Swz(Y) =0

<:>’y € ker wo
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We define a complex operator J on the horizontal tangent space of .¥ by
the relations

JXl = X2, JXQ - —Xl. (310)
If v = 11 Xy + 15 X5 is the unit horizontal normal field to ., then
Il = =1 X + 11 Xo,

The main proposition of this section is the following:

Proposition 3.13. The 1-form wy defines an integrable foliation of . (with
singularities at characteristic points) by horizontal surface curves. These
curves are tangent to Jv'.

Proof. Let

wy = (sin bz, — cos by, ) du + (sin 0z, — cos Oy, ) dv

A B

and a = || N"||. Consider

Indeed, applying V' to ws gives

ws(V) = (Adu+ Bdv) (__ L
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Now,

B A
oV = —o,— —0,
o o

B
= — ((mu cos 0 + y, sin0) Xy + 0, X5 + (x,sin 0 — y,, cos 9)X3>
e

—é ((az‘v cosf + y, sin0) X + 0, X5 + (x, sin — y, cos 9)X3>
o

c
(B(xu cos + y, sinf) — A(x, cos 0 + y, sin 8)
= X,
a
D
——
Bo, — A6,
+—X
a
E

(B(:cu sinf — y,, cos ) — A(x, sinf — y, cos 6)
_l’_

X3.
(6%

Here, straightforward calculations show that
C=-9(z,y), D=—sinfd(zx,0)+ cosf(y,0)
and
E = (sin Ox,—cos 0y, ) (x, sin 0—y, cos ) —(sin Oz, —cos Oy, ) (x, sin §—y, cos §) = 0.

Thus, 0.V € H(.) and

—0(z,y) sin00(x,0) + cos 00(y, 9) b
o,V = ——=X;| — Xo = =1 Xi + 11Xy =V,
N2l IN2] g
(3.11)
As wy is a 1-form defined in a two dimensional manifold we have the integ-
rability by Frobenius’ Theorem. ]

Definition 3.14. The foliation of .¥ by the integrale curves of Jv o is called
the horizontal flow of 7.
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3.3 Horizontal mean curvature

In horizontal geometry, the notion of horizontal mean curvature is the ana-
logue of Gaussian curvature for 42 surfaces embedded in R3?. We first state
the definition.

Definition 3.15. Let p be a non characteristic point of a regular surface .
and let also V;,Z = 11.X7 + 19 X5 be the horizontal normal of .¥ at p. The
horizontal mean curvature H"(p) of 7 at p is given by

H"(p) = (X1)p1 + (Xa)pra.

As in the Heisenberg group case, we have an equivalent geometric definition
of horizontal mean curvature. According to this definition, the horizontal
mean curvature at non characteristic points of a ¢ surface in 77 is just the
signed curvature of the projection to R? of the leaf of the horizontal flow
passing from p.

Proposition 3.16. Let . be a € surface in ¢4 and p € . a non character-
istic point. Let 1/} = 11 X + 115,X5 be the unit horizontal normal vector field
of ., and v be the unique unit speed surface curve passing from p, which is
tangent to JV;}. If 7 = prge7y is the projection of v on R2, p’ is the projection
of p and k4(p’) is the signed curvature of 7 at p’, then

ks(p') = H"(p).

Proof. We apply the chain rule to obtain

v = (n)ed + (11)yy + (v1)e0
= (cosO0X vy + sin 0 X3v1)(z, 0 + 2,0) + (sin X 14 — cos 0 X301) (Yot + y0)
‘|‘X21/1 (0uu + 91}1))

Recall that
A = (cos O(z, U+ x,0) +sin O(y, 0+ y,0)) X1 + (0,0 + 0,0) Xo = —10 X1 + 11 Xo.
Therefore

V1 = =1 X + (sinO(x, 0 + x,0) — cos O(y,t + y,0)) Xsvy + 11 Xory

= —I/QXll/l + V1X2V1.
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Similarly,
Ijg = —V2X1V2 + I/1X21/2.

Now, since vi + v3 we have v; Xov; = —15 Xo15. Therefore
Ijl = —I/2<X11/1 + X2V2)7
Ijz = Vl(XlVl + XQVQ).

Thus

Tt = (—th,th) = (-1 (Xavn + Xown), —1a(Xqv1 + Xovs))

= /is(_yla _y2)7
where k; is the signed curvature of the curve 7. This yields
Rg = X1V1 + XQI/Q

and the proof is complete. ]

A local description follows.

Proposition 3.17. Let . be a regular surface in ¢. In every surface patch
o = (z,y,0) with cos00(x,0) 4+ sin09(y,0) # 0 and sufficiently away from
the characteristic locus, the horizontal mean curvature is given by

d(v1,0) + cos 00(x, v2) + sin 00(y, v2)
cos 00(x,8) + sin 00(y, 6) 7

H" = (3.12)

where v;, 7 = 1,2 are the components of the unit normal vector v of ..

Proof. We have

(Vl)u = (V1)$xu + (Vl)yyu + (V1)9‘9u
oy oy oy
= A+ S+ D
8x$u+ 8yyu+ 59
= (cosOXqv1 + sin0X3vq)x, + (sin 0 X 01 — cos 0 X314y, + Xo110,

= (cos bz, + sinby,) X vy + 0, X101 + (sin 0z, — cos Oy, ) X341 (3.13)
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Similarly,

(12)y = (cos Oz, + sin Oy, ) Xqvo + 0, Xovs + (sin Oz, — cos 0y, ) Xsva, (3.14)
(1) = (cosOx, + sin 0y,) X vy + 0, X511 + (sin bz, — cos Oy,) Xsvy, (3.15)
(12)y = (cos Bz, + sin 0y,) X v5 + 6, Xo1v5 + (sin 0z, — cos Oy,) Xsve.  (3.16)

From Equations (3.13) and (3.15) we have the system in X;v; and Xovy:
(cos Oz, + sin Oy, ) X vy + 0, Xy = (v1)y + (cos Oy, — sin Oz,) X314
(cos Oz, + sin Oy, ) X1y + 0, Xovy = (11), + (cos 0y, — sinbz,) X3v.
Provided that the discriminant
D = cos00(x,0) + sinf0(y,0) # 0,

we then have

X d(v1,0) + Xsn (cosb0(y, ) —sin0(z,0)) (v, 0) + || N"||v1 Xsin
1 = = :
D D

Similarly, from Equations (3.14) and (3.16) we obtain
cos 00(x,va) +sin00(y, va) + O(z, y) Xs1e

KXol = D
cos00(z, 1) 4 sin00(y, vo) + | [N"||va X519
— 5 .
Now since X3(v? + v3) = 11 X3v; + 1. X3vs = 0, by adding we obtain the
formula (3.12) and the proof is complete. O

Remark 3.18. If cos00(x,0) + sinf0(y,0) = 0, then we obtain that the
vector X3 is in the tangent plane of p. Since the integral cirves of the vector
field X3 are all straight lines, it follows that there exists a straight line surface
segmant passing from p. Since .7 is €2, that means that around p .7 is a
plane, therefore H"(p) = 0.

3.4 Graphs

Let a function 6 = 0(z,y), (x,y) € U, U open in R% The graph Gy of ¢
admits a parametrisation by a unique surface patch

o(z,y) = (z,y,0(x,y))
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as a €? surface in Gy. Applying the formula we have found in this section
we have:

1. The horizontal normal at the arbitrary p = (z,y, 0(z,y) is
N]? = (=0, cosb(x,y) — 0,sinb(x,y))(X1), + (X2),.

Note that [|[N}'||* = 1+ (6, cos@ + 6,sin0)* # 0. Therefore the char-
acteristic locus of Gy is empty and the unit horizontal normal vector

field .
o N,
P [IN

is defined for all p € Gy.
2. The induced 1-form
wa, = sinb(z, y)dx — cosO(z, y)dy.

3. Since v, depends only on z,y we have

Hh = X11/1.

We also have the following.

Proposition 3.19. Suppose that Gy and Gy are the graphs of the functions
O(z,y) and ¢'(z,y) respectively, with (z,y) € U, U open in R?. Then Gy and
Gy are contactomorphic, if and only if

0'(z,y) = 0(z,y) + k7, kK €EZ.

Proof. Suppose first that
0 (z,y) =0(x,y) + rkm, KELZL
Then tan &' (x,y) = tan(z,y) and

wa, = sinf(z,y)dx — cos(z,y)dy
= cosf(z,y)(tan O(x, y)dx — dy)
= cos O(x,y)(tan 0’ (x, y)dzx — dy)
~ cosf(w,y) , ,
= cost(z.9) cos O (z,y)(tan 0 (x, y)dx + dy)

= lwa,,
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where

_ cosf(z,y)
Al y) = cost(x,y)

Conversely, if Gy, Gy are contactomorphic, then there exists A(x,y) such
that

sinf(x,y) = XNz, y)sin €' (z,y),
cosO(z,y) = Az, y) cos ' (z,y).

By dividing we obtain
tan6(z,y) = tan 0’ (x,y).
Therefore 0/ (x,y) = 0(z,y) + k7, Kk € Z. O

3.4.1 Examples
The plane R?

As our first example we consider the simplest graph G, that is when 6(z, y) =
0, (z,y) € R?. This represents the embedding of R? into ¢. We have

N =1t = (X3),, wg, =—dy

and the horizontal mean curvature is H' = 0. Note that in this case N, =
Nh.
p

The metric sphere

The second example is that of the metric sphere S?. We choose to represent
it as a graph Gy, 0(x,y) = 1 — 2% —y* > 0. The corresponding surface patch
is

a(x,y):(x,y,l—xQ—yQ), (Z’,y)GD,
where D = {(z,y) € R? : 22 + y? < 1}. We then have for p = (z,y,0(z,y))
that

NI? = (2zcos(1 — 2% — y?) + 2ysin(1 — 2° — ?))(X4), + (X2),
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and

, 2z cosO(z,y) + 2y sinb(z, y)
1 = ’

[INH]

1
[INM]

Vy =

Calculations show that

2+ (42? — 4y?) cos 0sin 0 — 4zy(cos® § — sin” 0)

Hh
((2z cos O + 2y sin 6)% + 1)1/2 ’

where 0(z,y) = 1 — 2 — y*. Note that H) ~ 2 for p close to the north pole.
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Chapter 4

Straight ruled surfaces in ¥

A straight ruled surface in ¢ is a surface which is formed by a union of straight
lines (the rulings of the surface). In this chapter we give the definition and
examine the features of the horizontal geometry of a straight ruled surface in
Section 4.1. Our main result lies in Section 4.2: Straight ruled surfaces are
horizontally minimal.

4.1 Straight ruled surfaces

We construct straight ruled surfaces in ¢ in Section 4.1.1 and examine their
regularity. Their horizontal normal and characteristic locus are in Section
4.1.2 and their induced 1-form is in Section 4.1.3.

4.1.1 Construction and regularity

To construct a straight ruled surface we start from a €2 curve v = (s),
where s lies in an open interval Iy, C R. The curve 7 is a (not necessarily
horizontal) smooth curve and V' = V (s) is a unit horizontal vector field along
v, 1.e.,

V(S) € ny(s)(g).

37
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At any point g € v, say ¢ = 7(s), we consider the straight line passing from
¢ in the direction of V(s). Then a point p on the straight line satisfies

p="(s) +vV(s)

for some v. The straight ruled surface Z(7) is the union of all such lines,
therefore it admits a parametrisation by the (single) surface patch o : I
R — R3, where

o(s,v) =~(s) + vV (s). (4.1)

If v =(x,y,0) and V = aX; + bX5, a® + b* = 1, we write equivalently
U(Sa U) = (i‘(‘g? U), @j(S, U)a é(S, U))
= ((5),5(),6(s)) +v(a(s)(X1)rs) + b(8)(X2)y(s)) -

However, as
(X1) = cosf(s) g + sin0(s) ﬁ = (cosf(s),sinf(s),0)
1)y(s) = cosf(s e » s s By " = (cosf(s),s s),0),

0
(X2> (s) — <_> = (0707 1)7
! 09/ )

we have
o(s,v) = (x(s) + va(s) cosb(s),y(s) + va(s)sinb(s),d(s) + vb(s)). (4.2)
We calculate (denoting d/ds by dot)

Fs = i + vacosf — vasin 66, UYs = § 4 vasinb + vacos 00, 6, =0+ vb,

T, =acosl, 1y,=asinf, 6,=0.

Proposition 4.1. Provided that v is not a horizontal straight line of the
form -
x = const., 6 =2kmr+ BL keZ, (4.3)

or,
y=const.,, 0=2kntmw keEZ, (4.4)

and V' is not tangent to 7, the surface patch o as in (4.2) is a regular surface
patch for the straight ruled surface Z(7).
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Proof. The surface patch o is clearly smooth. Moreover, we have

d(5,0) = by+wvsinf(ab— ab) + ab(vbcosf — sinh),
d(#,0) = bi+wvcosB(ab— ab) — aB(vbsinf + cosh),
d(&,7) = a(ising— gcosh) — vab.
Therefore
Og X Oy = (by + vba sin @ + vabl cos 0 — af sin § — vabsin 6’) Oy

— (b:i: + vab cos 0 — vabl sin @ — af cos @ — vab cos 0) Oy
+ (aﬁc sin 6 — ay cosf — vd29) 0p.
We suppose now that the component of dy is equal to 0, i.e.,
aisin® — aycosf — va*d = 0
Then as a v-polynomial it is equal to 0 if and only if
a(isinf —gcosf) =0 and a%f = 0.

If a = 0 then since V' = aX; + bX5 is unit we obtain b = =£1; therefore the
0, and the 0, component, respectively, become +y and +& which cannot
be both zero. If a # 0 then we must have @sinf — gcosf = 0 and 6 = 0.
Therefore v is a horizontal straight line of the form (4.3) or (77?).

In the first case, the 9, component vanishes and the d, component becomes
equal to
by £+ v(ba — ab).

Since a # 0 this vanishes only if b = 0; therefore a = +1 and V = +X, is
tangent to . The second case may be treated in a similar manner. O
From the proof of Proposition 4.1 we obtain the following.

Corollary 4.2. With the assumptions of Proposition 4.1, there exists an
open U C I, xR so that Z(7) is the graph of some function (s, v), (s,v) € U.
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4.1.2 Horizontal normal and characteristic locus

The horizontal normal vector field as well as the charcteristic locus of a
straight ruled surface are described in the following proposition.

Proposition 4.3. Let Z(v) be a straight ruled surface admitting a ¢ para-
metrisation as in (4.1). Then at non characteristic points the unit horizontal
normal vector field to Z(v) is

Vig(y) = V.
The characteristic locus €(Z()) is the set

{(s,’u) eI, xR : 6(s) = tan"! (%) and b(s) :0}. (4.5)

Proof. For the horizontal normal we calculate
os = (&(s)cos(0(s) +vb(s)) + y(s) sin(6(s) + vb(s)) + va(s)) X
(9(5 +Ub( )Xo
+ (2(s) sin(f(s) + vb(s)) — y(s) cos(A(s) + vb(s))) X3,

and
= a(s)X; + b(s)Xe = V(s).
Therefore
N" = (g, A o) = n(s,v) (=b(s) X1 + a(s)Xy) = n(s,v)IV (s).
Here

n(s,v) = a(s)sin(0(s) + vb(s)) — y(s) cos(O(s) + vb(s)). (4.6)
In our investigation to find all characteristic points of Z(7), we note first
that the characteristic locus contains points (s,0); at these points

#(s)sinf(s) — y(s) cosb(s) = 0.

Thus if v is horizontal then all its points are characteristic. In the general
case we may write the equation n(s,v) = 0 as

0(s) + vb(s) = tan™! (%) :
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This vanishes at points (s,v) where

0(s) = tan™" (ﬁ) and  b(s) = 0.

Therefore the characteristic locus is thus given by (4.5) and the proof is
complete. ]

The following corollary gives a formula for the horizontal area of a regular
straight ruled surface Z(v), away from characteristic points:

Corollary 4.4. Let Z() be a regular straight ruled surface in ¢ with para-
metrisation given by Equation (4.1). Then its horizontal area is

@) = [ [ ntsvldse
U
where U C I, x R which does not comprise characteristic points and 7 is as

in Equation (4.6).

4.1.3 Induced 1-form

The induced 1-form wey,) of the straight ruled surface Z(7) is given by
Way) = P(s,v)ds + Q(s,v)du, (4.7)
where

a(s) sin(vb(s)) — a(s)0(s) cos(vb(s))) :

e
—
“Cn
4
SN—
|
3
—
\.CIJ
4
S~—
+
4
/N

4.2 Straight ruled surfaces are horizontally
minimal

In this section we prove our main theorem.
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Theorem 4.5. A straight ruled surface Z(7) in 9 is horizontally minimal:
Its horizontal mean curvature is identically zero.

Proof. As we showed above, the unit horizontal normal vector field of ~ is
V;L =JV = V1X1 + V2X2 = —le + (IXQ.

In case when . . . B
D = cos00(z,0) + sinf0(y,0) # 0,

we may apply Proposition 3.17. For this we calculate

- b 0 .
w1, 8) = ‘e‘m o| = 70
T+ wvacosf —ovasinf a
o(z,v9) = = —adacos ¥,
a cos 6 0
(i, vs) = y+va s;nsfn; va cos 0 8 o aising.

Thus we have

D-H" = 0(v1,0) + cos00(Z,v,) + sin 00(7, v2)
= —bb— adcos?f — aasin®f
= —aa — bb
= 0.

Here, the last equation is induced after differentiating the relation a?+b? = 1.
In case when D = 0 we have that the unit horizontal normal is X5, i.e., a = 0,
b = 1. But then we also have H" = 0. O
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