
PANEPISTHMIO KRHTHS�TMHMA MAJHMATIKWNQeimerinì ex�mhno 2010-11M214 DIAFORIKH GEWMETRIA � TELIK�H EXETASHDID�ASKWN: I.D. PLATHS'Osoi kratoÔn ton bajmì th proìdou gr�foun to Mèro A. Oi upìloipoi to Mèro B. Sto graptìsa anagr�yte to Mèro me to opo�o ja asqolhje�te. Mhn gr�yete jèmata kai apì ta dÔo mèrh!1. Mero A: Diarkeia Exetash 2 wre1. Se èna tm ma epif�neia sv, e�nai F = M = 0.a) (1.5) De�xte ìti se k�je shme�o oi prwtarqikè kampulìthte tou sve�nai oi
κ1 =

L

E
κ2 =

N

Gkai ta prwtarqik� dianÔsmata e�nai ta svu kai svv.b) (1.5) Upolog�ste ti prwtarqikè kampulìthte kai ta prwtarqik� dianÔsmata tou tm matoepif�neia svìpousv(u, v) = (u cos v, u sin v, u), (u, v) ∈ R+ × (0, 2π).Ti e�dou shme�a e�nai ta shme�a th sv?2. 'Estw to paraboloeidè z = x2 + y2 kai m�a paramètris  tousv(u, v) = (u, v, u2 + v2), (u, v) ∈ R
2.a) (1.5) De�xte ìti oi asumptwtikè grammè tou sve�nai oi monoparametrikè oikogèneie twnparabol¸n y = c, z = x2 + c kai x = c z = y2 + c ìpou c stajerè.b) (1.5) Qwr� na upolog�sete ti prwtarqikè kampulìthte, bre�te thn kampulìthta Gauss Kkai thn mèsh kampulìthta H tou svkai apode�xte ìti

√
8H = K1/4(K1/2 + 2).3. a) (1) De�xte ìti den up�rqei epif�neia me pr¸th kai deÔterh jemeli¸dh morf  ant�stoiqa

I = du2 + u2dv2, II = du2 − dv2, (u, v) ∈ R+ × R.(Ja sa qreiaste� o tÔpo K = −G−1/2(G1/2)uu).b) (1.5) Jewre�ste gnwstì ìti h apeikìnish (u, v, 0) 7→ (cos u, sin u, v) e�nai isometr�a th �-peirh lwr�da 0 < x < 2π tou epipèdou xy ston orjì kÔlindro x2 + y2 = 1 (ìpou èqoumeafairèsei thn euje�a x = 1, y = 0 tou kul�ndrou). Bre�te ìle ti gewdaisiakè tou orjoÔkul�ndrou, qrhsimopoi¸nta to gegonì ìti oi gewdaisiakè enì epipèdou e�nai euje�e.g) (1.5) 'Estw P èna shme�o m�a epif�neia S me mèsh kampulìthta H kai tèssera k�jetametaxÔ tou efaptìmena dianÔsmata th S sto P pou sqhmat�zoun me to prwtarqikì di�nusma
t1 gwn�e θ, θ + π/2, θ + 3π/2 kai θ + π ant�stoiqa. An κi

n, i = 1, 2, 3, 4 e�nai oi k�jetekampulìthte pou antistoiqoÔn se aut� ta dianÔsmata, de�xte qrhsimopoi¸nta to Je¸rhmatou Euler ìti
κ1

n + κ2
n + κ3

n + κ4
n = 4H.1



M214 DIAFORIKH GEWMETRIA � TELIK�H EXETASH 22. Mero B: Diarkeia Exetash 3 wre1. (1) 'Estw f = f(t) le�a sun�rthsh kai èstw g h kampÔlh me tÔpog(t) =

(∫ t

0

sin f(u)du,

∫ t

0

cos f(u)du, t

)
, t ∈ R+.Poia e�nai h kampulìthta th g? Bre�te to proshmasmèno k�jeto di�nusma kai thn proshmasmènhkampulìthta th probol  th g sto ep�pedo z = 0.2. 'Estw h monadia�a taqÔthta le�a kampÔlh tou q¸rou g(s) kai èstw b(s) to monadia�o amfik�-jeto di�nusm� th. 'Estw ep�sh κ(s), kai τ(s) 6= 1, h kampulìthta kai h strèyh th g(s) ant�stoiqa.JewroÔme thn kampÔlh d(s) = g(s) −

∫
τ(s)t(s)ds.De�xte ta akìlouja:a) (0.5) H d e�nai kanonik . Pìte e�nai monadia�a taqÔthta?b) (0.5) Upojètonta thn d monadia�a taqÔthta, upolog�ste thn kampulìthta κ̃(s) th d. (Jadiakr�nete dÔo peript¸sei).3. 'Estw to uperboloeidè S me kartesian  ex�swsh z = x2 − y2.a) (1) De�xte ìti h sv: R

2 → R
3 ìpousv(u, v) = (u, v, u2 − v2),e�nai kanonikì tm ma epif�neia kai ìti o A = {(R2,sv)} e�nai èna le�o �tla tou uperbo-loeidoÔ.b) (0.5) Bre�te thn ex�swsh tou efaptìmenou epipèdou th svsto tuqa�o shme�o.g) (0.5) 'Estw h apeikìnish (u, v, 0) 7→ (u, v, u2−v2) tou epipèdou z = 0 sto S. De�xte ìti e�naiamfidiafìrish kai bre�te an up�rqoun ta (u, v) ∈ R

2 sta opo�a e�nai ant�stoiqa e�te isometrik ,e�te sÔmmorfh e�te isembadik .d) (1)De�xte ìti oi asumptwtikè grammè tou sve�nai monoparametrikè oikogèneie twn eujei¸nme kartesianè exis¸sei y = ±x + c, z = ±2yc + c2 ìpou c stajerè.e) (1)Upolog�ste ti prwtarqikè kampulìthte kai ta prwtarqik� dianÔsmata tou svsto shme�osv(0, 0) = (0, 0, 0). Ti e�dou shme�o e�nai autì?st) (0.5) Bre�te thn kampulìthta Gauss K kai thn mèsh kampulìthta H tou svsto tuqìn shme�o.4.a) (1) De�xte ìti den up�rqei epif�neia me pr¸th kai deÔterh jemeli¸dh morf  ant�stoiqa
I = v2du2 + dv2, II = 2dudv, (u, v) ∈ R × R+.(Ja sa qreiaste� o tÔpo K = −E−1/2(E1/2)vv).b) (1.5) Jewre�ste gnwstì ìti h apeikìnish (u, v, 0) 7→ (cos u, v, sin u) e�nai isometr�a th �pei-rh lwr�da 0 < x < 2π tou epipèdou xy ston kÔlindro x2 + z2 = 1 (ìpou èqoume afairèseithn euje�a x = 1, z = 0 tou kul�ndrou). Bre�te ìle ti gewdaisiakè tou kul�ndrou, qrhsi-mopoi¸nta to gegonì ìti oi gewdaisiakè enì epipèdou e�nai euje�e.g) (1.5) 'Estw P èna shme�o m�a epif�neia S me mèsh kampulìthta H kai tèssera k�jetametaxÔ tou efaptìmena dianÔsmata th S sto P pou sqhmat�zoun me to prwtarqikì di�nusma

t1 gwn�e θ − π/2, θ, θ + π/2 kai θ + π ant�stoiqa. An κi
n, i = 1, 2, 3, 4 e�nai oi k�jete



M214 DIAFORIKH GEWMETRIA � TELIK�H EXETASH 3kampulìthte pou antistoiqoÔn se aut� ta dianÔsmata, de�xte qrhsimopoi¸nta to Je¸rhmatou Euler ìti
κ1

n + κ2
n + κ3

n + κ4
n = 4H.



M214 DIAFORIKH GEWMETRIA � TELIK�H EXETASH 43. Luseis�Mero A1.a) E�nai
FIIF−1

I =
1

EG

(
L 0
0 N

)
·
(

G 0
0 E

)
=

(
L/E 0

0 N/G

)
.Oi idiotimè tou e�nai κ1 = L/E kai κ2 = N/G kai ta idiodianÔsmata tou e�nai ta (0, 1)T kai

(1, 0)T ant�stoiqa. 'Ara ta prwtarqik� dianÔsmata e�nai ta t1 = 0 · svu + 1 · svv = svv kai
t2 = 1 · svu + 0 · svv = svu.b) 'Eqoume svu = (cos v, sin v, 1), svv = (−u sin v, u cos v, 0),

∴ E = 2, F = 0, G = u2, N =
1√
2
(− cos v,− sin v, 1).Ep�sh svuu = 0, svuv = (− sin v, cos v, 0), svvv = (−u cos v,−u sin v, 0),

∴ L = M = 0, N =
u√
2
.Apì to a) prokÔptei amèsw ìti κ1 = 0, κ2 = 1√

2u
kai t1 = svv, t2 = svu. Epeid  κ1 = 0 kai

κ2 > 0, ta shme�a e�nai parabolik� (pou e�nai eÔlogo efìson h epif�neia e�nai o parabolikìkÔlindro z2 = x2 + y2).2. a) 'Eqoume svu = (1, 0, 2u), svv = (0, 1, 2v),

∴ E = 1 + 4u2, F = 4uv, G = 1 + 4v2, N =
(−2u,−2v, 1)√
1 + 4u2 + 4v2

.Ep�sh svuu = svvv = (0, 0, 2), svuv = 0,

∴ L = N =
2√

1 + 4u2 + 4v2
, M = 0.Sunep¸ h ex�swsh twn asumptwtik¸n gramm¸n e�nai

Ldu2 + 2Mdudv + Ndv2 = 0 ⇐⇒ 2√
1 + 4u2 + 4v2

(du2 + dv2) = 0,

∴ du2 + dv2 = 0.'Ara du = dv = 0 apìpou prokÔptei u = c kai v = c. Gia u = c kai v = t pa�rnoumethn monoparametrik  oikogèneia kampÔlwn g1
c(t) = (c, t, c2 + t2) th opo�a oi kartesianèexis¸sei e�nai x = c, z = y2 + c. Gia u = t kai v = c pa�rnoume thn monoparametrik oikogèneia kampÔlwn g2

c(t) = (t, c, c2 + t2) th opo�a oi kartesianè exis¸sei e�nai y = c,
z = x2 + c.b)

K =
LN − M2

EG − F 2
=

4

(1 + 4u2 + 4v2)2
, H =

GL − 2FM + EN

2(EG − F 2)
=

2 + 4u2 + 4v2

(1 + 4u2 + 4v2)3/2
.



M214 DIAFORIKH GEWMETRIA � TELIK�H EXETASH 5Epeid  1 + 4u2 + 4v2 = 2K−1/2 e�nai
H =

1 + 2K−1/2

(2K−1/2)3/2
,kai prokÔptei to zhtoÔmeno met� ti aplopoi sei.3.a) E�nai

E = 1, F = 0, G = u2, L = 1, M = 0, N = −1.'Ara K = −1/u2 < 0. 'Omw apì ton dojènta tÔpo tou Theorema Egregium prokÔptei
K = 0. Sunep¸ apì to Je¸rhma 'Uparxh tètoia epif�neia den mpore� na up�rqei.b) Epeid  oi isometr�e apeikon�zoun gewdaisiakè se gewdaisiakè arke� na broÔme thn eikìnatwn eujei¸n

ax + by + c = 0, |a|2 + |b|2 6= 0th lwr�da mèsw th (u, v, 0) 7→ (cos u, sin u, v). Diakr�noume peript¸sei: An h euje�a e�naith morf  x = c, c ∈ (0, 2π) tote h eikìna th e�nai h kampÔlh (cos c, sin c, v) (katakìrufheuje�a). An h euje�a e�nai th morf  y = c, y ∈ R, tote h eikìna th e�nai h kampÔlh
(cos u, sin u, c) (kÔklo). An tèlo h euje�a e�nai th morf  y = ax + b, x ∈ (0, 2π) kai a mhmhdenik  stajer�, tìte h eikìna th e�nai h kampÔlh (cos u, sin u, au + b) (èlika).g) SÔmfwna me to Je¸rhma tou Euler èqoume

κ1
n = κ1 cos2 θ + κ2 sin2 θ,

κ2
n = κ1 cos2(θ + π/2) + κ2 sin2(θ + π/2),

κ3
n = κ1 cos2(θ + π) + κ2 sin2(θ + π),

κ4
n = κ1 cos2(θ + 3π/2) + κ2 sin2(θ + 3π/2),ìpou κ1 kai κ2 e�nai oi prwtarqikè kampulìthte sto P . Efìson

cos(θ + π/2) = − sin θ, sin(θ + π) = sin θ,

cos(θ + π) = − cos θ, sin(θ + π) = − sin θ,

cos(θ + 3π/2) = sin θ, sin(θ + 3π/2) = − sin θ,prokÔptei prosjètonta kat� mèlh kai qrhsimopoi¸nta thn tautìthta cos2 θ + sin2 θ = 1,
3∑

i=1

κi
n = 2(κ1 + κ2)

= 4H.



M214 DIAFORIKH GEWMETRIA � TELIK�H EXETASH 64. Luseis�Mero B1. Sumbol�zoume me tele�a thn d/dt. Tìteġ(t) = (sin f(t), cos f(t), 1) ⇒ ‖ġ(t)‖ =
√

2,g̈(t) = (ḟ(t) cos f(t),−ḟ(t) sin f(t), 0).Sunep¸ h kampulìthta κ(t) th g e�nai �sh me
κ(t) =

‖ġ(t) × g̈(t)‖
‖ġ(t)‖3

=
|ḟ(t)|

2
.H probol  th g sto ep�pedo z = 0 e�nai h kampÔlhg̃(t) =

(∫ t

0

sin f(u)du,

∫ t

0

cos f(u)du

)
. t ∈ R+.ParathroÔme ìti e�nai monadia�a taqÔthta. To proshmasmèno k�jeto di�nusma e�nai to

hs(t) = Rπ/2(sin f(t), cos f(t)) = (− cos f(t), sin f(t)).Apì thn �llh
¨̃g(t) = (ḟ(t) cos f(t),−ḟ(t) sin f(t)) = κs(t)(− cos f(t), sin f(t))apìpou pa�rnoume κs(t) = −f(t).2.a) Oloklhr¸nonta èqoume ḋ = t− τt = (1− τ)t. 'Ara ‖ḋ‖ = |1− τ | 6= 0 kai h ḋ e�nai kanonik .E�nai monadia�a taqÔthta ìtan |1 − τ | = 1, dhlad  ìtan τ = 0   τ = 2.b) E�nai d̈ = (1 − τ)κh. 'Ara κ̃ = κ ìtan τ = 0 kai κ̃ = −κ ìtan τ = 2.3.a) Pr¸to trìpo: H sve�nai omoiomorfismì apì to R

2 sto S ∩ R
3: Pr�gmati, e�nai 1�1:sv(u, v) = sv(u′, v′) ⇐⇒ (u, v, u2 − v2) = (u′, v′u′2 − v′2) ⇒ (u, v) = (u′, v′),e�nai profan¸ suneq  kai h ant�strof  th sv−1 : R

3 ∩ S → R
2 pou d�netai apìsv−1(x, y, z) = (x, y)e�nai suneq . To sve�nai kanonikì efìsonsvu = (1, 0, 2u), svv = (0, 1,−2v),

∴ svu × svv = (−2u, 2v, 1) 6= 0.Tèlo oA e�nai le�o �tla pou apotele�tai apì ton monadikì q�rth svepeid  sv(R2) = S∩R
3 = S.DeÔtero trìpo: 'Ameso pìrisma tou Jewr mato 4.1.b) 'Estw tuqa�o shme�o (x0, y0, z0) = sv(u0, v0). H ex�swsh tou efaptomènou epipèdou e�nai

(−2x0, 2y0, 1) · (x − x0, y − y0, z − z0) = 0 ⇐⇒ 2x0x − 2y0y − z = 3y2
0 − 3x2

0.g) An f e�nai h (u, v, 0) 7→ (u, v, u2−v2) kai s̃vh paramètrish tou epipèdou R
2 ∋ (u, v) 7→ (u, v, 0),tìte h F : R

2 → R
2 pou or�zetai apì thn F = s̃v−1 ◦ f ◦ sve�nai h tautotik  apeikìnish kaisunep¸ h f e�nai amfidiafìrish. H pr¸th jemeli¸dh morf  tou s̃ve�nai h du2 + dv2 en¸ tousve�nai h (1 + 4u2)du2 − 8uvdudv + (1 + 4v2)dv2.Gia na e�nai h f isometr�a prèpei

1 = 1 + 4u2, 0 = −4uv, 1 = 1 + 4v2.



M214 DIAFORIKH GEWMETRIA � TELIK�H EXETASH 7Oi parap�nw sqèsei isqÔoun mìno sto (0, 0). Gia na e�nai h f sÔmmorfh prèpei na up�rqei
λ 6= 0, 1 tètoio ¸ste

λ · 1 = 1 + 4u2, λ · 0 = −4uv, λ · 1 = 1 + 4v2.Autè oi sqèsei den mporoÔn na isqÔoun poujen�. Tèlo gia thn isembadikìthta ja prèpeina isqÔei
1 = 1 + 4u2 + 4v2apìpou pa�rnoume p�li (u, v) = (0, 0).d) svuu = (0, 0, 2), svvv = (0, 0,−2), svuv = 0,

∴ L = −N =
2√

1 + 4u2 + 4v2
, M = 0.Sunep¸ h ex�swsh twn asumptwtik¸n gramm¸n e�nai

Ldu2 + 2Mdudv + Ndv2 = 0 ⇐⇒ 2√
1 + 4u2 + 4v2

(du2 − dv2) = 0,

∴ du2 − dv2 = 0.'Ara du = ±dv apìpou prokÔptei u = v + c kai u = −v + c. Gia u = v + c kai v = tpa�rnoume thn monoparametrik  oikogèneia kampÔlwn g1
c(t) = (t + c, t, 2ct + c2) th opo�a oikartesianè exis¸sei e�nai x = y + c, z = 2cy + c2. Gia u = −v + c kai v = t pa�rnoume thnmonoparametrik  oikogèneia kampÔlwn g2

c(t) = (−t+c, t,−2ct+c2) th opo�a oi kartesianèexis¸sei e�nai x = −y + c, z = −2cy2 + c2.e) E�nai
FIIF−1

I =
2

(1 + 4u2 + 4v2)3/2

(
1 + 4u2 −4uv
−4uv 1 + 4v2

)
,�ra sto (0, 0) o p�naka e�nai o (

2 0
0 2

)
.Sunep¸ oi prwteÔouse kampulìthte e�nai oi κ1 = κ2 = 2, to shme�o e�nai omfalikì kaik�je efaptìmeno di�nusma sto (0, 0, 0) e�nai prwtarqikì.st)

K =
LN − M2

EG − F 2
=

−4

(1 + 4u2 + 4v2)2
, H =

GL − 2FM + EN

2(EG − F 2)
=

4u2 − 4v2

(1 + 4u2 + 4v2)3/2
.4. Oi lÔsei e�nai an�loge me autè tou jèmato 3 tou Mèrou A.


