56 #2891 J. London Math. Soc. (2) 
Complete atomic Boolean lattices. 
 15 (1977), no. 3, 387--390.
06A23
Let H be a Hilbert space, let L be a collection of subspaces of H, and let AlgL denote the collection of operators on H that leave each subspace in L invariant. In this paper the author shows that L is a complete atomic Boolean lattice if and only if L is strongly reflexive and AlgL is semi-simple.

Reviewed by Johnny A. Johnson 

57 #3030 Proc. Amer. Math. Soc. 
Semisimple completely distributive lattices are Boolean algebras. 
 68 (1978), no. 2, 217--219.
06A35 (06A23)
The author proves the theorem of the title using characterizations of completely distributive lattices due to G. N. Raney [same Proc. 4 (1953), 518--522; MR 15, 389] and W. E. Longstaff [J. London Math. Soc. (2) 11 (1975), no. 4, 491--498; MR 52 #15036].

Reviewed by R. Beazer 

57 #7176 Mathematika
Rank one elements of Banach algebras. 
 24 (1977), no. 2, 178--181.
46H15
Let A be a Banach algebra. An element s of A is called a "single" element if, whenever asb=0 for some a, b in A, at least one of as, sb is zero. We say that an element u in A acts compactly if the map a ( uau of A into itself is compact. The authors show that an element s of a semisimple Banach algebra A has an image of rank one in some faithful representation of A if and only if s is single and acts compactly. Indeed, there is a faithful representation of A in which all compactly acting, single elements have images of rank one. A subsidiary result characterizes the socle of A as the set of all finite sums of compactly acting, single elements.

Reviewed by Peter Dixon 

80j:03087 Proc. Amer. Math. Soc. 
Nontrivially pseudocomplemented lattices are complemented. 
 77 (1979), no. 1, 155--156.
03G10 (06C15)
A lattice L is said to be pseudocomplemented if it is bounded and for each a in L there is a largest element a* with a(a*=0. This a* is called the pseudocomplement of a. A pseudocomplemented lattice is nontrivially pseudocomplemented if each nonunit element has a nonzero pseudocomplement. The author proves that nontrivially pseudocomplemented lattices are complemented.

Reviewed by Anna Romanowska 

82b:47057 Bull. London Math. Soc.
Abelian algebras and reflexive lattices. 
 12 (1980), no. 3, 165--168.
47D25 (06D10 47A15)
The authors prove the following interesting theorem: Let L be a completely distributive subspace lattice in a Hilbert space H. Then AlgL is abelian if and only if L is an atomic Boolean algebra with one-dimensional atoms. 

Complete distributivity is a purely lattice-theoretic condition which is stronger than distributivity. Completely distributive subspace lattices were first considered in a paper by the second author [J. London Math. Soc. (2) 11 (1975), no. 4, 491--498; MR 52 #15036] where they were shown to be reflexive.

Reviewed by J. A. Erdos 

84f:47053 J. London Math. Soc. (2)
Approximants, commutants and double commutants in normed algebras. 
 25 (1982), no. 3, 499--512.
47D30 (06D10 47A15)
Let L be a lattice of subspaces of a normed linear space and let AlgL be the algebra of all bounded operators on the space which leave invariant each element of L. The author characterizes completely distributive lattices as those for which AlgL has a suitably rich supply of rank-one operators. He also shows that if L is a complete atomic Boolean lattice then every finite rank operator in AlgL is a sum of rank-one operators (in the Hilbert space case this result is due to W. E. Longstaff [Canad. J. Math. 28 (1976), 19--23; MR 53 #1294]). Finally, the author discusses the commutant and second commutant of AlgL for a completely distributive lattice L and obtains a necessary and sufficient condition for AlgL to be abelian.

Reviewed by Christopher Lance 

85g:06008 Fund. Math.
Completely distributive lattices. 
 119 (1983), no. 3, 227--240.
06D10
The author gives a unifying proof of several equivalent conditions for a lattice to be completely distributive. A new characterization in terms of maps of lattices is also included. It is further proved that a completely distributive lattice is a complete atomic Boolean lattice if and only if the intersection of all its maximal ideals is 0. Examples are given to show that the above statement may not be true if the assumptions are weakened.

Reviewed by Khee-Meng Koh
90e:47035 Proc. Centre Math. Anal. Austral. Nat. Univ., 20,
Strong density of finite rank operators in subalgebras of B(X). 
Workshop/Miniconference on Functional Analysis and Optimization (Canberra, 1988), 83--99, 
 
Austral. Nat. Univ., Canberra, 1988. 
47D25 (46B20 47A15)
This paper surveys results concerning reflexivity of a subspace lattice and the relation with denseness of the finite-rank operators in the corresponding operator algebra. In particular, attention is drawn to the case of a complete atomic Boolean algebra. In the second section, this is related to the notion of a strong M-basis. Finally, some new examples are given. {For the entire collection see MR 90c:00012.}

Reviewed by Kenneth R. Davidson
91k:47104 Linear Algebra Appl.
 On the rank of operators in reflexive algebras. 
 142 (1990), 211--235.
47D25 (46L99 47C05)
Let A be a Banach algebra of operators on a fixed Hilbert space. An element S of A is said to be single in A if, whenever A and B are operators in A for which ASB=0, then either AS=0 or SB=0. It is obvious that a rank-one operator will be single in any algebra in which it lies, but, if an algebra is "small" enough, there may be single operators that are not rank-one. Since the property of being single is purely algebraic, while the property of being rank-one is a spatial concept, the relationship between rank-ones and single operators may throw light on the connection between the algebraic and spatial structures of the algebra. In particular, single operators have turned out to be a useful tool in studying representations of C*-algebras, socles of Banach algebras, and homomorphisms of strongly reflexive operator algebras. This excellent paper explores the behavior of single operators in reflexive algebras. A number of results are given in which every single operator must be of rank one; for instance, this must happen if the lattice is a complete atomic Boolean lattice, or if the lattice is an ordinal sum of a nest and any strongly reflexive lattice, or a direct product of nests. In case the lattice is an ordinal sum of two complete atomic Boolean subspace lattices, a sharp upper bound for the rank of single elements is produced. The present paper should be of great interest to anyone who studies algebraic properties of reflexive algebras.

Reviewed by Robert L. Moore
91j:47017 Proc. Amer. Math. Soc.
 Counterexamples concerning bitriangular operators. 
 112 (1991), no. 3, 783--787.
47A66 (47A15 47A65 47D25)
An operator T is said to be triangular if there is a basis {e1, e2, ...} with respect to which the matrix of T is upper triangular. Say that T is bitriangular if both T and T* are triangular. The class was recently introduced by D. Herrero and the reviewer ["The Jordan form of a bitriangular operator", J. Funct. Anal., to appear]. These operators are always quasisimilar to a canonical Jordan operator, and inherit many of their nice properties. The purpose of this note is to show that various properties, relating to hyperinvariant subspaces, are not always inherited, and can be analysed by means of the notion of a strong M-basis. 

For a subset Γ of C, let H(T, Γ) denote the closed span of {ker(T-γ)k: γ(Γ, k ( 1 }. This is always hyperinvariant. Bitriangularity means H(T, C) =  H(T*, C) = H. The reviewer and Herrero asked whether it is true that H(T, Γ1 ( Γ2) = H(T, Γ1) (        H(T, Γ2), that H(T, Γ) (  H(T*, C \ Γ) = H, and various related questions. In general the answer is no. 

A basis {fi}of H is called an M-basis if there is a biorthogonal system {fi*} of H* (i.e. fi*(fj) = δij) which is total in H  ( (kerf i* = 0 ). A basis is called a strong M-basis if ({fi : i ( I} = ({kerfi* : i ( I} for all subsets I of (. This is a strictly stronger notion. If λi ( 0,(Σ |λi| ||fi|| ||fi*|| < (, let T = Σ λi  fi ( fi*. The authors show that T is bitriangular if {fi} is an M-basis. However, various good properties, including a positive answer to the questions above, are equivalent to {fi} being a strong M-basis.

Reviewed by Kenneth R. Davidson
94c:47026 
Unit ball density and the operator equation AX=YB. 
J. Operator Theory 25 (1991), no. 2, 383--397.
47A62 (47D25)   

It is shown that every bounded injective operator with dense range on Hilbert space has a sequence of finite-rank operators which act as an "approximate inverse": the sequences {ARn} and {RnA} are in the unit ball and converge strongly to the identity. Several interesting applications are given. The solutions to the operator equation  AX=YB are completely characterized when at least one of A and B is injective and has dense range. A new proof is given of the density of the finite-rank operators in the unit ball of a certain reflexive algebra of operators, and a similar result is obtained for some reflexive algebras with finite atomic lattices of invariant subspaces.

Reviewed by P. Rosenthal
92m:46022 Mem. Amer. Math. Soc.
Atomic Boolean subspace lattices and applications to the theory of bases. 
 91 (1991), no. 445, iv+94 pp.
46B15 (06E99 47A15 47D30)
Given a Banach space X, an atomic Boolean subspace lattice (ABSL) on X is a complete distributive lattice L of closed subspaces of X in which every element is complemented in the lattice-theoretic sense and every nonzero element is the join of the atoms it contains. As usual, the lattice operations here are taken to be intersection for meet and closed linear span for join. Implicit in this definition is the assumption that, in an ABSL L, every nonzero element of L contains an atom. The aim of this memoir is to describe some recent results concerning ABSLs, relating some of them to earlier work, and to provide some new examples. 

First, the authors consider the problem of characterizing those families of closed subspaces of X which arise as the set of atoms in an ABSL. They show that a set {Lγ : γ ( Γ} of nonzero closed subspaces of X is the set of atoms in an ABSL on X if and only if X is the quasi-direct sum of {Lγ : γ ( Γ} in the sense of M. S. Brodskii and G. E. Kisilevskii [Functional Anal. Appl. 1 (1967), no. 4, 322--324; MR 36 #3158], and also give a characterization involving a pointwise approximation property of the identity operator on X by certain finite-rank operators. 

The discussion then focuses on the so-called strong rank-one density property. A subspace lattice L on X is said to have the strong rank-one density property if the identity operator on X belongs to the closure in the strong operator topology of the algebra generated by the rank-one operators leaving invariant every element of L . It is not known whether every ABSL has this property, even on Hilbert space. A number of results are presented related to this question. In particular, it is shown that an ABSL on Hilbert space which is neither commutative nor has a certain extremely noncommutative property (property (G)) can be expressed as a type of product of these two classes of lattices. This reduces the above rank-one density problem on Hilbert space to those ABSLs with property (G). 

The authors then explore connections between bases in a Banach space and ABSLs in which the atoms are one-dimensional, such ABSLs being characterized in terms of strong M-bases. They turn next to what they call the slicing of the atoms of an ABSL. The notion of slicing involves selecting a nonzero subspace Kγ of each atom Lγ  (γ ( Γ) in an ABSL; the general problem is to consider properties of the lattice on the closed linear span of {Kγ : γ ( Γ} generated by the subspaces {Kγ : γ ( Γ} and, in particular, to ask when {Kγ : γ ( Γ} is the set of atoms of an ABSL on this closed linear span. In addition to some positive results, an example is given to show that the answer is negative, even for the case of three atoms in Hilbert space. In the final section of the memoir, the authors discuss when, for a given ABSL L, the algebra of operators leaving invariant every element of L has or does not have the double commutant property.
Reviewed by T.A. Gillespie
93e:47056 J. London Math. Soc. (2)
Finite rank operators leaving double triangles invariant. 
 45 (1992), no. 1, 153--168.
47D25 (47A15)    

A double triangle subspace lattice is defined to be a lattice D = { {0}, L1, L2, L3, X } of subspaces of a reflexive Banach space X such that Li ( Lj = 0 and Li ( Lj = X  for all 1 ≤ i < j ≤ 3. It is shown that AlgD contains a nonzero finite-rank operator if and only if L1 ∩ (L2  + L3) and L1(∩ (L2( + L3() are both nonzero. Every finite-rank operator in AlgD has even rank, and decomposes as the sum of rank-two operators in this algebra. The largest rank possible is twice the smaller of the dimensions of these two subspaces. 

In the last part of the paper, conditions for semisimplicity and semiprimality are investigated.
Reviewed by Kenneth R. Davidson
94h:47082 
The decomposability of operators relative to two subspaces. 

Studia Math. 105 (1993), no. 1, 25--36.
47D15 (47A15) 

Suppose that two subspaces M and N of a Hilbert space H are given, where M and N span H and have empty intersection. Suppose that an operator T leaves both M and N invariant and say that T is M-N decomposable (not the authors' terminology) if T is the sum of two other operators, each leaving M and N invariant and, in addition, each of which annihilates one of the subspaces. Question: Is every T in Alg{M, N} decomposable in this way? The authors show that if the angle between M and N is positive, then the answer is yes; if the angle is zero, then there exist indecomposable trace class operators, but every finite-rank operator is decomposable. The question of decomposability is also considered for operators T which intertwine M and N in the sense that TM ( N and vice versa; the answers are the same in this case. As a delightfully clever application of these notions, the authors provide a clear proof of the fact (due to Papadakis) that no Arveson-type distance estimate holds for Alg{M, N} if the angle between the subspaces is zero. To be precise, the authors' work here is more general, since, for instance, the requirement that M ( N be zero can be relaxed; in this case, the condition that the angle be nonzero is replaced by the requirement that M+N be closed.

Reviewed by Robert L. Moore
94a:47069 
Spectral conditions and reducibility of operator semigroups. 

Indiana Univ. Math. J. 41 (1992), no. 2, 449--464.
47D03 (47A15) 

Let S be a multiplicative semigroup of bounded operators on a complex Hilbert space H. The following results are proved. If the spectrum is submultiplicative on S, i.e. spec(AB) ( spec(A)spec(B) for all A and B in S, and if S contains a nonquasinilpotent operator (in case dim H = ∞ ), or a nonzero singular matrix (in case dim H < ∞), then S is reducible in the sense that it has a nontrivial invariant subspace. If the spectral radius is submultiplicative on S and if S contains a unicellular operator in some Schatten class Cp, 1 ≤ p < ∞, then S is triangularizable, i.e. its lattice of invariant subspaces includes a maximal subspace chain. If the spectrum is permutable on S, i.e. spec(ABC) = spec(BAC) for every A, B and C in S, and if S contains a nonquasinilpotent compact operator, then S is reducible. In finite-dimensional spaces, permutability of the spectrum implies reducibility, and it implies triangularizability if S is a group.

Reviewed by A.R. Sourour
95c:47048 
On some algebras diagonalized by M-bases of l2. 

Integral Equations Operator Theory 17 (1993), no. 1, 68--94.
47D25 (46B15)
A total sequence {fn} of vectors in l2 is called an M-basis if there is a (necessarily unique) auxiliary total sequence {fn*} satisfying (fi,fj*) = δij. 

The authors study various subspace lattices and operator algebras associated with M-bases. A key question is how well such algebras are filled out by their rank-one members. The paper is a natural sequel to one by S. A. Argyros, M. S. Lambrou and W. E. Longstaff [Mem. Amer. Math. Soc. 91 (1991), no. 445, iv+94 pp.; MR 92m:46022] and takes recent operator-theoretic results into account. 

Three relevant operator algebras are A = the algebra of all operators having each  fn as an eigenvector, C = the closure of the linear span of the rank-one members of A in the strong operator topology, and B = the reflexive closure of C.. While it is easy to check that C = A when the {fn} are orthonormal, this can fail rather spectacularly in general; one new example presented here shows that C and A may even have different invariant subspace lattices. 

In the language of the above memoir, the M-basis {fn} is strong if and only if B = A, while the lattice LatA has the strong rank-one density property if and only if C = A. D. R. Larson and W. R. Wogen [J. Funct. Anal. 92 (1990), no. 2, 448--467; MR 91i:47010] answered the central question of the memoir by constructing an example where C ( B = Α. 

One way to construct an M-basis is to start with an orthonormal basis {en} and a sequence {an} of positive reals, setting f2n = e2n and f2n-1 = -a2n-1e2n-2 + e2n-1 + a2ne_2n. Motivated by the Larson-Wogen example, the reviewer and H. A. Shehada began a systematic investigation of this "staircase" setting [J. Operator Theory 29 (1993), no. 2, 249--267]. 

In the present paper the authors obtain rather definitive results in the staircase setting. In particular they show that B = A if and only if one of the sequences {(1n a2k-1/a2k} or {(1n a2k/a2k+1} fails to be square summable. They also prove that the pathology exhibited by the Larson-Wogen example is worst possible in the sense that C always coincides with its reflexive 2-closure. Finally, they show that if a2n-1 = a2n, then the algebra A admits an SOT-SOT continuous automorphism which is not spatial.
Reviewed by Edward Azoff
95i:47082 J. Operator Theory
On the reflexive algebra with two invariant subspaces. 
 30 (1993), no. 2, 267--299.
47D25 (47A15)
This paper is a penetrating study of some basic structural and related properties of those algebras of operators acting on a Hilbert space H of the elementary form Alg(L, M), where L and M are closed linear subspaces of H with trivial intersection and dense span. If N is a set of subspaces of H then AlgN is by definition the algebra of all operators which leave every member of N invariant. These are the reflexive operator algebras. So those of the form A = Alg(L, M) are in many ways the simplest nontrivial reflexive algebras. The authors resolve some basic issues. They determine when A + A* is ultraweakly dense in B(H), answering a question of the reviewer and F. Gilfeather. They examine the set A + S*, where S is the A-module of all operators T that map L into M and M into L, and show that A + S* is always ultraweakly dense in B(H), but is only equal to B(H) when the angle between L and M is positive. They study compact perturbations of A, showing that A + K is always norm-closed, but that it is not equal to the set of operators X for which (I-P)XP is compact for all A-invariant projections unless A is hyperreflexive. They show that A + K remains invariant under compact perturbations of the operator expressing the angle between the subspaces L and M only when the angle is positive. They also show that the essential commutant (commutant modulo the compacts) of A is the sum of its commutant and the compacts.

Reviewed by David Larson
95b:47053 
Spatiality of isomorphisms between certain reflexive algebras. 

Proc. Amer. Math. Soc. 122 (1994), no. 4, 1065--1073.
47D25
M. Papadakis has shown recently that if {M1, N1} and {M2, N2}are pairs of subspaces in generalised generic position (M ( N = M( ( N( = 0, dim(M( ( N) = dim(N ( M() then the reflexive operator algebras Alg{M1, N1} and Alg{M2, N2} are spatially isomorphic if they are algebraically isomorphic. The authors of the paper under review show that in fact every algebraic isomorphism is spatially implemented. The proof uses the following delicate result which is perhaps of independent interest. Let M ( H be a proper operator range and let T ( B(H). If ran(WT-TW) ( M for all operators W leaving M invariant then ran(T-λ) ( M for some unique scalar λ.
Reviewed by Stephen Power
95k:46014 J. Approx. Theory
Some counterexamples concerning strong M-bases of Banach spaces.
 79 (1994), no. 2, 243--259.
46B15 (47D15)
An M-basis of a Banach space X is a biorthogonal system {fn, fn*}n ( (, where fn (  X, fn* ( X*, n ( (, X is the closed subspace spanned by {fn}, and {fn*} separates the points of X. An M-basis {fn, fn*}n ( (  is called a strong M-basis if in addition every element x in X is in the closed linear subspace spanned by {fn : fn*(x) ( 0}. An M-basis {fn, fn*}n ( (  is said to be finitely series-summable if, for any ε > 0 and for any finite set of elements x1, x2, ... , xk in X, there exists a finite sum F of the form Σ λn (fn ( fn*) where λn are scalars such that ||Fxi-xi || < ε, i = 1,2, ... ,k. The authors show that, for any Banach space with basis, there exists a strong M-basis which is not finitely series-summable. A strong M-basis {fn, fn*}n ( ( is given in X=c0 or c such that {f*n} spans X* {fn*} fails to be a strong M-basis of X*. The construction of a strong M-basis which fails to be finitely series-summable is used to show that, for a Banach space X with basis, there is an atomic Boolean subspace lattice on X with precisely four atoms but which fails to have the strong rank-one density property. (For a subspace lattice L, let AlgL denote the set of all operators on X which leaves invariant all subspaces in L. The lattice L is said to have the strong rank-one density property if the algebra generated by rank-one operators in AlgL is dense in AlgL in the strong operator topology.)

Reviewed by Bor-Luh Lin
96h:47008 C. R. Math. Rep. Acad. Sci. Canada
Spectral synthesis and reflexive operators. 
 17 (1995), no. 5, 193--196.
47A15 (46B15)
Summary: "We announce results which connect some aspects of basis theory with results about reflexivity of operators. These include an example of a non-reflexive compact operator which allows spectral synthesis. The selection problem for strong M-bases is shown to have a negative solution in Hilbert space. The results show that a number of statements in the literature are incorrect."
99e:46012 J. London Math. Soc. (2)
Block strong M-bases and spectral synthesis. 
 57 (1998), no. 1, 183--195.
46B15 (47A15 47B07)
In this paper, a sequence is called a very strong M-basis if every block sequence is strongly M-basic. In the first part of the paper these sequences are studied in Hilbert spaces and very simple examples of strong but not very strong M-bases are produced. In the main part a subspace version of these sequences is investigated by means of the concept of strong completeness. The last part of the paper concerns operators in a Hilbert space that allow spectral synthesis (that is, every invariant subspace of the operator is the span of root vectors corresponding to nonzero eigenvalues). By means of the results of the main part it is proved that, if A is a compact injective operator such that all the root vectors of A are eigenvectors, then A allows spectral synthesis if and only if any linearly independent set of eigenvectors is strongly M-basic. At this point the authors show that some results in the literature on spectral synthesis are not valid.

Reviewed by Paolo Terenzi
99i:47067 J. Math. Anal. Appl.
Spectral decompositions of isometries on cp.
 215 (1997), no. 1, 190--211.
47B49 (47A10 47B10 47D03)
From the introduction: "In this work we examine questions concerning the spectral decompositions of one-parameter isometric groups on cp,1 ( p ( ∞ - spaces also known as the von Neumann-Schatten class - as well as of single isometries on these spaces. 

"These investigations proceed based mainly on results that can be classified as belonging to three branches of analysis: one branch includes the concrete representations of isometries and of one-parameter groups of isometries on cp, the second deals with applications and results of an underlying calculus, and the third deals with recently developed techniques of transferring various Hilbert-space phenomena within the framework of Banach spaces, especially those possessing UMD structure. 

"The blending of these branches follows the pattern of Karayannakis [Trans. Amer. Math. Soc. 311 (1989), no. 1, 147--166; MR 90c:47068; Ann. Mat. Pura Appl. (4) 165 (1993), 1--21; MR 95c:47065] for 1<p<∞; for p=∞, results of R. V. Kadison [Ann. Of Math. (2) 54 (1951), 325--338; MR 13, 256a] and J. R. Ringrose [Compact non-self-adjoint operators, Van Nostrand Reinhold, London, 1971; Zbl 223.47012] along with triangular truncation theory are involved and the form of an `echelon-type truncation' emerges requiring further investigation. Finally, for p=1 duality is involved. 

"The present work is organized into three sections: In Section 0 we present the basic definitions and theoretical tools that will be used throughout as well as a technical theorem instrumental for all the subsequent results of the paper. 

"In Section I we examine the spectral decompositions and the logarithms of a class of nontrivial `discrete type' isometries on cp,1<p<∞. 

"In Section II we address similar questions as in Section I but for a nontrivial class of one-parameter groups of isometries in which the single isometries already examined can be naturally embedded. We also obtain concrete representations for certain associated Nagy operators and Arveson's spectral subspaces, as applications of the results of Sections 0 and I. Finally, we examine similar questions for the non-UMD cases p=∞ and p=1."

98f:47006 Studia Math.
Non-reflexive pentagon subspace lattices. 
 125 (1997), no. 2, 187--199.
47A15
Let H be a complex separable infinite-dimensional Hilbert space, and let B(H) denote the collection of bounded linear operators on H. If L is a family of subspaces of H, then AlgL denotes the set of operators in B(H) which leave every member of L invariant. For F ( B(H), LatF denotes the set of subspaces of H which are invariant under every member of F. Clearly L ( LatAlgL, and if L = LatAlgL, then L is called reflexive. 

If K, L, and M are closed subspaces of H satisfying K ( M = (0), K ( L =  H, and L ( M, then the set  P = {(0), K, L, M, H} is called a pentagon subspace lattice. The gap-dimension of P is dim(M(L). Halmos showed that every pentagon P with gap-dimension 1 is reflexive, and he asked whether every pentagon is reflexive [P. R. Halmos, J. London Math. Soc. (2) 4 (1971), 257--263; MR 44 #5808]. W. E. Longstaff and P. Rosenthal proved the answer was negative by constructing a non-reflexive pentagon with gap-dimension 2 (although they did not fully determine AlgLatP) [Proc. Amer. Math. Soc. 75 (1979), no. 1, 85--86; MR 81a:47009]. 

The paper under review continues these investigations into the relationship between the gap-dimension and the order interval [L,M]LatAlgP = {N ( LatAlgP : L ( N ( M} in LatAlgP. The main purpose of the paper is to present various examples illustrating these relationships. The authors show that if n = dim(M(L) < ∞, the order interval [L,M]LatAlgP can be either (i) a nest with n+1 elements, (ii) an atomic Boolean algebra with n atoms, or (iii) the set of all subspaces S of H with L ( S ( M. The constructions are based upon a result of C. Foias [Indiana Univ. Math. J. 21 (1971/72), 887--906; MR 45 #2516].
Reviewed by Timothy D. Hudson
2003a:47137 
Pentagon subspace lattices on Banach spaces. 
J. Operator Theory 46 (2001), no. 2, 355--380.
47L35 (47A15)
There is a considerable body of work concerning commutative lattices of subspaces on Hilbert and Banach spaces; in particular, nest algebras have been extensively studied. The truth is that, considered abstractly, commutative lattices are not in themselves very complicated. Non-commutative lattices, on the other hand, can be much less tractable; even small lattices are tricky. The authors of this paper have all been interested for some time in pentagonal lattices. Let K, L, and M be subspaces of a Banach space X (whose projections do not necessarily commute). Suppose that K ( M = 0, K ( L =  X, and L ( M. Then the lattice consisting of these three subspaces, together with the zero subspace and X, is a pentagon lattice. Pentagon lattices do not have to be reflexive, as has been known for some time. 

A number of results are proved in this paper. First, some technical results concerning finite-rank operators are considered. Next, it is shown that any isomorphism between the algebras of two pentagon lattices must be quasi-spatial (i.e., Tφ(A) = AT for a one-to-one, densely defined (but possibly unbounded) map T.) 

If the space involved is a Hilbert space H, let A and M be an operator and a subspace, respectively, where M and R(A) do not intersect. A particular pentagon lattice is defined on H ( H, formed from the graphs of A and -A and the space G(A) ( M. This lattice is called P(A; M). If AlgP(A; M) is isomorphic to AlgP(B; N), then there must be an invertible operator T such that T(R(A)) = R(B) and T(M) = N. Moreover, if A(A) is the set of operators leaving invariant the operator range R(A), then every isomorphism from A(A) onto A(B) is implemented by an invertible operator T such that T(R(A)) = R(B).
Reviewed by Robert L. Moore
