
EISAGWGH STHN ANALUSH II

Telikì Diag¸nisma-Earinì Ex�mhno 2011-Did�skwn:NÐkoc Frantzikin�khc

Di�rkeia treic ¸rec me kleistèc ìlec tic shmei¸seic.

(1) (2 Mon�dec) (i) DeÐxte ìti e�n mÐa fragmènh sun�rthsh f : [0, 1] → R eÐnai oloklhr¸simh
sto di�sthma [a, 1] gia k�je a > 0 tìte eÐnai oloklhr¸simh kai sto di�sthma [0, 1].

(ii) D¸ste par�deigma (me apìdeixh) mÐac sun�rthshc f : [0, 1] → R h opoÐa eÐnai oloklhr¸simh
sto di�sthma [a, 1] gia k�je a > 0 ìmwc den eÐnai oloklhr¸simh sto di�sthma [0, 1].

(2) (2 Mon�dec) (i) 'Estw f : R→ R suneq c kai tn → 0. DeÐxte ìti h akoloujÐa sunart sewn
(fn) me tÔpo fn(x) = f(x+ tn) sugklÐnei omoiìmorfa sthn f(x) sto di�sthma [0, 1].

(ii) 'Estw f : R→ R suneq c. DeÐxte ìti gia k�je t ∈ R h sun�rthsh ft(x) = |f(x+ t)− f(x)|
eÐnai oloklhr¸simh sto di�sthma [0, 1] kai

lim
t→0

∫ 1

0
|f(x+ t)− f(x)| dx = 0.

(3) (3 Mon�dec) 'Estw (fn) akoloujÐa sunart sewn me tÔpo

fn(x) = nx(1− x2)n, x ∈ [0, 1].

(i) DeÐxte ìti limn→∞ fn(x) = 0 gia k�je x ∈ [0, 1] kai ìti h sÔgklish eÐnai omoiìmorfh sto
di�sthma [1/2, 1].

(ii) DeÐxte ìti

lim
n→∞

∫ 1

0
fn(x) dx =

1

2
.

(iii) SugklÐnei h akoloujÐa sunart sewn (fn) omoiìmorfa sto di�sthma [0, 1]?

(4) (3 Mon�dec) (i) BreÐte ta x ∈ R gia ta opoÐa sugklÐnoun oi seirèc
∞∑
n=1

1

n2 + x2
,

∞∑
n=1

xn
2

2n
.

EÐnai oi sunart seic pou orÐzontai suneqeÐc sto pedÐo orismoÔ touc?

(ii) DeÐxte ìti h sun�rthsh

f(x) =

{
ex−1
x x 6= 0,

1 x = 0

eÐnai oloklhr¸simh sto [0, 1]. Ekfr�ste to olokl rwma
∫ 1
0 f(x)dx wc seir�, kai deÐxte ìti∫ 1

0 f(x)dx ≥ 5/4.

(5) (2 Mon�dec) 'Estw f : R→ R sun�rthsh h opoÐa anaptÔsetai se dunamoseir� me kèntro to 0
kai aktÐna sÔgklishc R = +∞. Upojètoume ìti f(1/n) = 0 gia k�je n ∈ N. DeÐxte ìti f(x) = 0
gia k�je x ∈ R.

Kal  epituqÐa !!


