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50 PUAAN&SLO0 Aoxrcewv-Xeipnepwwd EEqunvo 2018
IMapddoon: ITapacxevh 23 Noesufpilov (xdde pwépa xaduotépnong -10%).
IMapadwote Tic aoxnoeg 2, 3, 5, 8, 9 xaw 600l punopoLy TNy 10 aAhiwg tnv 6.

(1) Aépe 6T plo oxohovdia petpriowewy ouvopthoewy f,: B — R, n € N, cuyxhivel xotd yétpo
oe plo ouvdptnon f (xou ypdgouue f, =™ f) edv yio xdde € > 0 éyoupe

Tim m({z € B: [fu(2) — f(2)] > £}) = 0.

(i) Eotww m(E) < +o00. Aci€te 6n edv f,, = f oyeddv navtol 1 f, =L f <6te f, o™ f.

(ii) Aetlte 6t edv f, =™ f t61€ dev éneton unoypewTXd 6T f, — f oyeddv navtol, undpyel
Opwe vtooxoroudia fp, Tétol WoTE f, — f oYed6V mavtol. Xuumepdvete OTL XUTd UETEO
OPLO UETEY|OWUWY CUVIPTACEWY Elvol UETEROT CcUVAETNOT).

(2) (i) Eoto f: RT — R ohoxinpdowrn ouvéptnon, T: R — R? avtiotpéduun omexdvion, xou
T-': R — RY Lipschitz amewxovion ue Lipschitz otadepd L o¢ mpog TNy euxAeldio UeTELxn
otov R%. Aciéte 6m n ouvdptnon f o T elvon ohoxAnpwoudn xaL 6Tt

[raana<c [ @) dr

yio xdmota otordepd C' > 0 1) omola e€optdton uévo and to d xan 1o L.

Y ro6deEn: 'Eyovue del 611 1o {nroduevo woylel ywo f = 1g xaw d =1 pye ¢ = L. yw I'a
yewxd d € N nopbpoto emysionua doudeder my. ue C = (Vd L)’ Trodéote howmdv 61t w0
Cnroduevo woylel v f = 1g.

(ii) Eoto f: RT — R ohoxdnpdown ouvdptnon xa T: RY — RY avtiotpédipoc ypoupxdc
uetaoynuatiopos. Aetlte 6tL 1 ouvdptnon f o T elvar ohoxhnpaaoiun xou

RdJYTYx))d$==I<k¢CTN_1 Rdf(ﬁ)dx

(IT&pte wc dedopévo 6Tt o Timog wyver v f € C*(RY).)

(3) (i) Eow f,:[0,1] = R, n € N opotbuoppo @pporyuévec UETEHOWES CUVOPTACELS TETOIES
Mo TE fol fol@) - fr(x) doz =0 v x&de n # m. Acilte 6T

lim — Z fo(z) =0 oyeddv yia xdde = € [0,1].

N—oo N

N2 2
72 Doy fn(x)| dz =0.

YTrodedn: Acilte mpdto 6Tt limy o fo

(ii) 'Eoto (an)nen axohoudio dapopetixdv axcpolwy. Aeilte ot

N
1
lim N Z cos(2ma,x) =0  oyeddv vy xdde z € [0, 1].

N—oo
n=1




(4) (i) Eow p,q € [1,400] ye 1/p+1/g = 1. Edv ||fo — fll;» — 0 %ot ||gn — 9|« — O,
oci&te ot || frugn — f9ll;2 — 0.

(ii) Eotww r,s,t € [1 ool e r < s < t. AetEre on || fll. < IFI% - 115" 6mou o 6

IXAVOTOLEL = 1 = g + =0 . Yuunepdvete 6Tt LN Lt C L°.

(5) (1) Edv f:[0,1] — R eivor petpriown, ei€te 6t || fll ooy < I1f1pap Yio x80e p,g €
[1,+oc] pep < q.

(ii) Edv f: [0, 1] — R etven petpfiown, dei€te ot limy oo || fll 1ojo 1) = I1fll oopo -

(6) Eotww f: [0,1] = RT ohoxhnpioun cuvdptnon. Aet&te dtL tor mopaxdte eivor loodivaar:
(1) Trdpyer Yetuxt) otodepd ¢1 t€tow OOTE || f| popo 1) < c1p yio xdde p € N.

(ii) YTrdpyer Yetixh) otadepd ¢ Tétow doe [|e2/ < +o0.

HLI[O,H

(7) 'Eotw A C R™ xou B C R% pe Yetnd e€otepind pétpo. Aclite 61 10 oOvoho A x B
etvan petpRowo utoohvoho Tou R gy yon pévo av T A xou B elvon petprioya. Se auth Ty
TEPITTWON EYOUUE Mipdy+dy (A X B) = mpa, (A) - Mpa, (B).

(8) (i) Eotw E petphiotwo unoclvoro tou R2. Edv oyeddv yio xdde z € R éyovue m({y: (z,y) €
E}) =0, dellte 6t oyedov v xdde y € R éyovpe m({z: (z,y) € E}) = 0.

(ii) 'Eotw E Borel utocivoho tou R Aefte 6t yio xdde = € R 1o olvoro E, = {y: (z,y) €
E} etvar Borel vtosUvolo tou R.

Yrodely: Acilte 6Tt 0 0UVoro TwV E mou €youy auth Ty W810TNTa lvan o-dAyeBpa.

(9) (i) Eoto f:[0,1] = R yetpnown. Edv n ouvdetnon f(x) — f(y) elvor ohoxinpddoyun oo
wovadiado teTpdywvo, detlte ot f € LY([0,1]).

(ii) 'Eoto f: R = R yetprown pe neplodo 1, dnhadn, f(t 4+ 1) = f(t) yioa xdde t € R. Edv

/ fla+1t) — f(z)] dx <1

v xde t € R, delEte 6t f € LY([0,1]).

(10)‘ Aéue éva xhelo 10 TapahAnAOYEopOo ‘XA’ €4V oL TAEUEES Tou elvol TUPIAANAES GTOUC
AP TECLAVOUC BEOVEC %Ol TOUAYLOTOVY piot amd auTég el axépono urxos. Aceilte oTL €dv xdmoto
XAEWOTO TUPUAANAGY PO UTOREl VoL YWELoTEL OE “XUAL’, U1 EMLXAAVTTOUEVO TURUAANAGY QoL
T6TE eivan xou To Bo ‘nand’.

Yrodeln: Beelte f: R = R tétowx wote fff(x) dr =0 av xa uévo av b —a € Z.




