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Parakal¸ na mou parad¸sete tic lÔseic sac prin thn TrÐth 26 MartÐou.

(1) (1 mon�da) 'Estw ξ mh arnhtik  tuqaÐa metablht  me 0 < Eξ < ∞. DeÐxte ìti gia k�je
λ ∈ (0, 1) èqoume

P(ξ ≥ λEξ) ≥ (1− λ)2 (E ξ)2

E ξ2

(2) (1 mon�da) 'Estw ξ mh arnhtik  tuqaÐa metablht . DeÐxte ìti

E ξk = k

∫ ∞

0

tk−1P(ξ > t)dt

gia k�je k ∈ N. Upìdeixh: Fubini.

(3) (1 mon�da) DeÐxte ìti oi tuqaÐec metablhtèc ξ, η eÐnai anex�rthtec an kai mìno an

E(f(ξ)g(η)) = Ef(ξ) · Eg(η)

gia ìlec tic Borel-metr simec f, g : R→ R (¸ste oi f(ξ) kai g(η) na eÐnai oloklhr¸simec).

(4) (2 mon�dec) 'Estw ξ, η fragmènec tuqaÐec metablhtèc.

(i) DeÐxte ìti h tautìthta E(ξη) = Eξ · Eη mporeÐ na isqÔei akìmh kai an oi ξ, η den eÐnai
anex�rthtec.

(ii) DeÐxte ìti ean E(ξkηl) = Eξk · Eηl gia k�je k, l ∈ N, tìte oi ξ, η eÐnai anex�rthtec.

(5) (2 mon�dec) 'Estw ξ, η fragmènec anex�rthtec tuqaÐec metablhtèc kai E η = 0.

(i) DeÐxte ìti E|ξ + η| ≥ E|ξ|.

(ii) Genikìtera, deÐxte ìti E|ξ + η|k ≥ E|ξ|k gia k�je k ∈ N.

Upìdeixh: E|ξ + η|k =
∫

R2 |x+ y|kdPξ,η(x, y) =
∫

R2 |x+ y|kdPη(y)dPξ(x).

(6) (2 mon�dec) 'Estw v1, . . . , vn ∈ Rn me ‖vi‖ ≤ 1, p1, . . . , pn ∈ [0, 1], kai v = p1v1+· · ·+pnvn.
DeÐxte ìti up�rqoun ε1, . . . , εn ∈ {0, 1} ¸ste to di�nusma w = ε1v1 + · · ·+ εnvn na ikanopoieÐ

‖v − w‖ ≤
√
n

2
.

Upìdeixh: P(ξi = 1) = pi.

(7) (2 mon�dec) 'Estw k ∈ N kai a > 2/k. DeÐxte ìti ean o fusikìc N eÐnai arket� meg�loc,
tìte up�rqei uposÔnolo tou {1, 2, . . . , N} me toul�qiston N1−a stoiqeÐa to opoÐo den perièqei
kamÐa arijmhtik  prìodo m kouc k.


