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Di�rkeia 4 ¸rec.

(1) (2 mon�dec) 'Estw ξ1, ξ2, . . . anex�rthtec tuqaÐec metablhtèc me P(ξn = 0) = 1/n kai
P(ξn = 1) = 1− 1/n gia k�je n ∈ N.

(i) DeÐxte ìti to ìrio limn→∞ ξn den up�rqei sqedìn bèbaia.

(ii) DeÐxte ìti to ìrio limn→∞
ξ1+···+ξn

n
up�rqei sqedìn bèbaia kai upologÐste to.

(2) (2 mon�dec) 'Estw ξ1, ξ2, . . . anex�rthtec tuqaÐec metablhtèc me ξn ∼d U [−1/n, 1/n] (h ξn
èqei sun�rthsh puknìthtac n

2
1[−1/n,1/n]).

(i) DeÐxte ìti h seir�
∑∞

n=1 ξn sugklÐnei sqedìn bèbaia.

(ii) DeÐxte ìti h seir�
∑∞

n=1 |ξn| apoklÐnei sqedìn bèbaia.

(3) (2 mon�dec) 'Estw ξ, η tuqaÐec metablhtèc me timèc sto [0, 1]. DeÐxte ìti oi ξ, η èqoun thn
Ðdia sun�rthsh katanom c an kai mìno an Eξk = Eηk gia k = 0, 1, 2, . . ..

(4) (2 mon�dec) (i) D¸ste par�deigma tuqaÐwn metablht¸n (ξn) ¸ste ξn →P 0 ìmwc ξn 6→L2
0

kai tuqaÐwn metablht¸n (ηn), η, orismènec ston Ðdio q¸ro pijanìthtac, ¸ste ηn →d η ìmwc
ηn 6→P η.

(ii) 'Estw (ξn) akoloujÐa tuqaÐwn metablht¸n, orismènec ston Ðdio q¸ro pijanìthtac, ¸ste
ξn →d 0. DeÐxte ìti ξn →P 0.

(5) (2 mon�dec) 'Estw ξ1, ξ2, . . . anex�rthtec kai isìnomec tuqaÐec metablhtèc me jetikèc timèc
kai Eξ1 <∞.

(i) Jètoume

Xn =

√
ξ1 · · · ξn
bn

ìpou b = E(
√
ξ1) kai Fn = σ(ξ1, . . . , ξn). DeÐxte ìti h akoloujÐa (Xn,Fn) eÐnai martingale.

(ii) Ean epiplèon Eξ1 = 1 kai P(ξ1 = 1) < 1 deÐxte ìti ξ1 · · · ξn → 0 sqedìn bèbaia.

(6) (2 mon�dec) 'Estw ξ1, ξ2, . . . anex�rthtec kai isìnomec tuqaÐec metablhtèc me Eξ1 = 1 kai
Eξ21 < ∞. Jètoume Sn = ξ1 + · · · + ξn. DeÐxte ìti h akoloujÐa

√
Sn −

√
n sugklÐnei kat�

katanom  kai upologÐste to ìrio thc.


