On Similarity Solutions of a Heat Equation with a Nonhomogeneous Nonlinearity

Stathis Filippas^1 & Achilles Tertikas^{1,2}

Department of Mathematics^1 University of Crete 71409 Heraklion, Greece

Institute of Applied and Computational Mathematics^2, FORTH, 71110 Heraklion, Greece

October 20, 1999

Abstract We are interested in positive radially symmetric solutions of the semilinear equation Δw − y · ∇w 2 − Aw + |y|^lw^p = 0, in IR^n, n ≥ 3, where p > 1, l > −2 and A ≡^{l+2}_{2(p−1)} . This equation is satisfied by self-similar solutions of a semilinear heat equation. We prove existence and non existence of solutions for various values of the parameters l and p. When solutions exist we study their asymptotic behavior and discuss their uniqueness. Our proofs are based on various continuity, comparison and Pohozaev type arguments.

1 Introduction

We are interested in positive radially symmetric solutions of the semilinear equation: Δw − y · ∇w 2 − Aw + |y|^lw^p = 0, in IR^n, n ≥ 3, (1.1) where p > 1, l > −2 and A ≡^{l+2}_{2(p−1)} . Equation (1.1) is derived from the semilinear heat equation:

u_t = Δu + |x|^lu^p. (1.2) It is shown in [2] that solutions of (1.2) that are initially bounded may become infinite in finite time; see also [11, 13] for various extensions. This equation can be thought of, as a perturbation, by a nonhomogeneous term, of the classical semilinear heat equation corresponding to the case l = 0. In this last case the asymptotic behavior of blowing up solutions, at least when 1 < p <^{n+2}_{n−2} , is described by special “backward self-similar solutions” of (1.2) of the form: u(x, t) = (−t)^{1/(p−1)}w(x/ √ −t), t < 0. (1.3) Substitution of this into (1.2) yields (1.1) with l = 0. This equation is by now well understood (cf [6], [3], [15] [5]).

Let us note that if we replace −t with t in (1.3) we then obtain a new equation for w (differing from (1.1) in the sign of the second and third term) which describes the so called “forward self-similar solutions”, related to the large time behavior of global solutions of (1.2). This equation has also received considerable attention (cf, e.g., [8, 4, 18]).

In the general case l > −2, standard scaling arguments suggest looking at special solutions of the form: u(x, t) = (−t)^{l+22(p−1)} w(x/ √ −t), t < 0. Plugging this into (1.2) we end up with the equation at hand (1.1). In analogy with the case l = 0, we expect that the study of (1.1) is a reasonable first step towards the understanding of the behavior of blowing up solutions of (1.2).

Besides its connection with problem (1.2), equation (1.1) can be thought of, as a lower order perturbation of the well known elliptic problem (cf [7]):

Δu + |x|^lu^p = 0. (1.4)

There is an extensive literature on equations related to (1.4), where questions about the existence, uniqueness or properties of the solutions are asked, for the Cauchy problem or for boundary value problems; see, e.g., [1, 9, 10, 17].

Associated to problem (1.2), as well as to its elliptic counterpart (1.4), are two critical exponents 1 < p_c < p^c defined by:

p_c = n + 2l + 2 n − 2 , p^c =

(n−2)^2 −2(l+2)(n+l)+2(l+2) √_{(n+l)2−(n−2)2} (n−2)(n−10−4l) n > 10 + 4l +∞ n ≤ 10 + 4l. When 1 < p < p_c equation (1.4) has no nontrivial positive bounded solutions whereas for p ≥ p_c it has infinitely many radial regular solutions, see e.g., [7]. Moreover for p >^{n+l}_{n−2} it admits the following singular solution:

U(r) = Kr^{− l+2p−1} , K ≡ ( (l + 2)(n − 2) (p − 1)^2 ( p − n + l n − 2 ))_{1/(p−1)} . It is straightforward to check that U is also a singular solution of (1.1).

By standard regularity theory, bounded solutions of (1.1) belong to C^2_{loc}(IR^n \{0})∩ C^α_{loc}(IR^n) for any α ∈ (0, l + 2). Thus, if l ≥ 0 bounded solutions are always classical, whereas for −2 < l < 0 they are meant to be weak solutions which are continuous but in general non differentiable.

When looking for radially symmetric solutions, (1.1) can be written in divergence form as: 1 σ (σw^′)^′ − Aw + r^lw^p = 0, σ(r) = r^{n−1}e^{−r2/4}. (1.5)

When l ≥ 0 the natural conditions at the origin that complement equation (1.5) are w(0) = a and w^′(0) = 0. If l < 0 however, due to the degeneracy of the equation (the nonlinear term of the equation becomes infinite at the origin) the last condition is being replaced by (σw^′)(0) := lim_{r↓0} σ(r)w^′(r) = 0,

which as we shall see in Section 2 implies that lim_{r↓0} rw^′(r) = 0.

As in the case l = 0, the properties of solutions of (1.1) depend crucially on the range of the exponent p. In fact we will prove:

Theorem A (a) Let 1 < p < p_c. Then, if −2 < l < 0 equation (1.1) admits a bounded positive radially symmetric and decreasing solution, whereas if l > 0 it has no bounded solutions.

(b) Let p_c < p < p^c. Then (1.1) has infinitely many positive bounded radial solutions.

If l = 0 and 1 < p < p_c it is known that (1.1) admits the constant (p − 1)^{−1/(p−1)} as its unique positive solution (cf [6]). In contrast, if l ≠ 0 equation (1.1) admits a nonconstant positive bounded solution or no bounded solutions at all, depending on l. When p_c < p < p^c however, the situation is quite similar as in the case l = 0 (cf [3], [15]). In addition to this existence result, we obtain various information on the asymptotic properties of solutions of (1.1).

An interesting question that we leave open in this work is whether the solution constructed for 1 < p < p_c and −2 < l < 0 is unique or not. We conjecture that it is unique.

In a large class of problems, the uniqueness of positive solutions with “finite energy” (that is ∫ |∇u|^2 < ∞), in IR^n is strongly linked to the uniqueness of positive solutions of the corresponding Dirichlet problems (cf [1, 9, 10, 17, 14]). In this direction, let B_R be a ball of radius R centered at the origin, and consider the Dirichlet problem for (1.1) in B_R with zero boundary conditions. We then show:

Theorem B Let 1 < p < p_c and −2 < l < 0. There exists an R_0 depending on p, n, l, such that the Dirichlet problem for (1.1) in B_R has a unique bounded radial solution if 0 < R < R_0.

The method we use (based on ideas of [10]) breaks down for large R. This is not accidental since we do not have uniqueness for large R, at least under some assumptions on l.

In this work we focus our attention to radial solutions only. The existence or not, of nonradial solutions of (1.1) remains an interesting question.

Most of the ideas we use, work for the special case l = 0 and in many occasions simplify the existing arguments. The rest of the paper is organized as follows. In the first three Sections we consider the case −2 < l < 0 and 1 < p < p_c. At first we show the existence of a radially decreasing solution. We then study the asymptotic behavior of this solution, and finally in Section 3 we discuss its uniqueness and prove Theorem B. In Section 4 we show the nonexistence part of Theorem A(a) whereas in the last Section we consider the super critical case and prove Theorem A(b).

2 Existence of a radially decreasing solution

In this Section we consider the case −2 < l < 0 and 1 < p < p_c. We look for positive radially symmetric solutions of the semilinear equation: w^{′′} + ( n − 1 r − r 2 ) w^′ − Aw + r^lw^p = 0, (2.1)

or equivalently, (σw^′)^′ − Aσw + σr^lw^p = 0, σ = r^{n−1}e^{− r24} , with initial condition w(0) = a > 0.

We will use a shooting argument. Let I_+ denote the set of the initial values a = w(0) > 0, for which the corresponding solutions take on a positive minimum before hitting the r-axis (if they ever hit). We also denote by I_− the set of initial values for which the solutions are monotone decreasing until they cross the r-axis. By continuity, both sets are easily seen to be open. If we prove that they are nonempty, we then obtain the existence of at least an initial value in R^+ − I_+ ∪ I_− ≠ ∅ to which there corresponds a radially symmetric and decreasing solution of (2.1).

To prove that I_+ is nonempty we will look at low shootings that is, small values of a. To this end we set: u(r, a) = w(r)/a so that (σu^′)^′ − Aσu + σr^la^{p−1}u^p = 0, u(0, a) = 1. (2.2) Using a continuous dependence argument, we will show that for small a solutions of (2.2) stay close to the solution of the limiting linear problem:

(σu^′_L)^′ − Aσu_L = 0, u_L(0) = 1,

on compact intervals [0, R].

Lemma 2.1 Let l > −2. For every ϵ ∈ (0, 1) and R > 0, there exists an a_0 > 0 such that for 0 < a < a_0 we have that: |u(r, a) − u_L(r)| ≤ ϵ, in [0, R].

Proof: After integrating twice, using (σu^′)(0) = 0, one can easily check that equation (2.2) may be recast in the following integral form:

u(r, a) = 1 + ∫_r 0 K(r, s)u(s, a) ( A − s^la^{p−1}u^{p−1}(s, a) ) ds, (2.3) with K(r, s) ≡ σ(s) ∫_r s σ^{−1}(λ)dλ, 0 ≤ s ≤ r. Notice that 0 ≤ K(r, s) = s^{n−1}e^{−s2/4} ∫_r s λ^{−(n−1)}e^{λ2 /4}dλ ≤ s^{n−1}e^{r2/4} ∫_r s λ^{−(n−1)}dλ = e^{r2/4} n − 2 s^{n−1} ( 1 s^{n−2} − 1 r^{n−2} ) ≤ e^{r2/4} n − 2 s ≡ C(r)s. Therefore, the integrand in the right hand side of (2.3) is of the order O(s^{1+l}) for s near zero and the integral is well defined for l > −2.

The integral form of the corresponding linear problem is:

u_L(r) = 1 + A ∫_r 0 K(r, s)u_L(r)ds. (2.4) Subtract (2.4) from (2.3) to get: u(r, a) − u_L(r) = A ∫_r 0 K(r, s) (u(s, a) − u_L(s)) ds −a^{p−1}A ∫_r 0 K(r, s)s^lu^{p−1}(s, a)ds. (2.5) Fix an ϵ ∈ (0, 1) and an R > 0. Let us take an a_0 > 0 small enough (we will precise it later) so that |u(r, a) − u_L(r)| ≤ ϵ, in [0, r_0], (2.6) for some r_0(a_0). This is of course always possible since u(0, a) = u_L(0) = 1 and they are both continuous. We will show that by choosing a_0 sufficiently small we can ensure that r_0 = R.

From (2.5), (2.6) and the estimate of K(r, s) we have for r ∈ (0, r_0): |u(r, a) − u_L(r)| ≤ AC(R) ∫_r 0 s|u(s, a) − u_L(s)|ds + a^{p−1}C(R) ∫_r 0 s^{1+l} ( 1 + sup_{(0,r0)}|u_L(r)| )_p ds ≤ AC(R) ∫_r 0 s|u(s, a) − u_L(s)|ds + a^{p−1}_0 C(R)R^{2+l} l + 2 ( 1 + sup_{(0,R)}|u_L(r)| )_p . Applying now Gronwall’s inequality we end up with: |u(r, a)−u_L(r)| ≤ a^{p−1}_0 C(R)R^{2+l} l + 2 ( 1 + sup_{(0,R)}|u_L(r)| )_p e^{12 AC(R)R2} , in (0, r_0). (2.7)

It follows that by choosing a_0 small enough so that the right hand side of (2.7) is less than ϵ, we can take r_0 = R and the Lemma is proved. • Remark 2.1 It follows from (2.3) that w^′(r) = O(r^{1+l}) as r → 0, and therefore rw^′(r) = O(r^{2+l}) → 0 as r → 0, as mentioned in the Introduction. In addition we have that w^{′′}(r) = O(r^l).

As a consequence of Lemma 2.1 we have:

Lemma 2.2 I_+ contains a (positive) neighborhood of zero.

Proof: It is easy to see that u(r, a) is a decreasing function of r, near zero, for a small but fixed. Indeed, the integrand in (2.3) is negative for r near zero. Consequently u(r^′, a) < 1 for some r^′.

On the other hand, for a, R, as in Lemma 2.1, u(R, a) will stay close to u_L(R) and since u_L(r) is an increasing function it follows that u(R, a) > 1.

We conclude that u(r, a) takes on a minimum in [0, R] while staying positive. Since the same holds true for w(r, a) the Lemma is proved. • We next see what happens for high shootings, that is, for large values of w(0). We use the following normalization: u(r, β) ≡ w(β^{− 12A} r)/β, so that u(r, β) satisfies: u^{′′}(r, β)+ n − 1 r u^′(r, β)+r^l|u(r, β)|^{p−1}u(r, β)−β^{− 1A} ( r 2 u^′(r, β) + Au(r, β) ) = 0, (2.8)

with u(0, β) = 1. We will compare solutions of (2.8) with the solution of the limiting problem (β = ∞):

u^{′′}_∗ (r) + n − 1 r u^′_∗(r) + r^l|u_∗(r)|^{p−1}u_∗(r) = 0, u_∗(0) = 1. (2.9)

It is known that problem (2.9), with l > −2 and 1 < p < p_c, has a unique solution in (0, R_1) for some R_1 > 0 which is decreasing in this interval, and u_∗(R_1) = 0 (cf [12]). This solution can of course be extended to (0, R_1 + δ) for some δ > 0 so that u_∗(r) < 0 and u^′_∗(r) < 0 in (R_1, R_1 + δ).

Lemma 2.3 Let l > −2. For every ϵ > 0 there exists a β_0 > 0 such that for β > β_0: |u(r, β) − u_∗(r)| < ϵ in [0, R_1 + δ]. Proof: We will use an argument quite similar to that used in Lemma 2.1. The integral form of the equation: u^{′′} + n − 1 r u^′ = f, u(0) = 1, is easily seen to be: u(r) = 1 + ∫_r 0 L(r, s)f(s)ds, with: L(r, s) ≡ s n − 2 ( 1 − s^{n−1} r^{n−1} ) , 0 ≤ s ≤ r. We denote by C a constant not necessarily the same in each appearance, which may depend on n, p, R_1 + δ, and sup_{(0,R1+δ)}u_∗(r) but not on β.

The following estimates are easily deduced from the definition of the kernel L(r, s): 0 ≤ L(r, s) ≤ Cs, | | | | ∂L(r, s) ∂s | | | | < C. (2.10)

For some ϵ ∈ (0, 1) and r_0 > 0 we have the a priori estimate:

|u(r, β) − u_∗(r)| < ϵ in [0, r_0). (2.11)

Using the integral form of both u(r, β) and u_∗(r) we calculate: u(r, β) − u_∗(r) = ∫_r 0 L(r, s)s^l ( |u_∗(s)|^{p−1}u_∗(s) − |u(s, β)|^{p−1}u(s, β) ) ds

+ 1 2 β^{−1/A} ∫_r 0 L(r, s)su^′(s, β)ds + Aβ^{−1/A} ∫_r 0 L(r, s)u(s, β)ds. (2.12) Using (2.10), (2.11) and standard inequalities we estimate the terms of the right hand side of (2.12) in the interval (0, r_0). | ∫_r 0 K(r, s)s^l ( |u_∗(s)|^{p−1}u_∗(s) − |u(s, β)|^{p−1}u(s, β) ) ds| ≤ C ∫_r 0 s^{1+l}|u_∗(s) − u(s, β)|ds. For the third term we have that: | ∫_r 0 L(r, s)u(s, β)ds| ≤ C. Finally for the second term we get ∫_r 0 L(r, s)su^′(s, β)ds = − ∫_r 0 ∂L(r, s) ∂s su(s, β)ds − ∫_r 0 L(r, s)u(s, β)ds, therefore | ∫_r 0 L(r, s)su^′(s, β)ds| ≤ C. Putting everything together we have: |u(r, β) − u_∗(r)| ≤ C ∫_r 0 s^{1+l}|u(s, β) − u_∗(s)|ds + β^{−1/A}C.

Applying now Gronwall’s inequality we end up with: |u(r, β) − u_∗(r)| ≤ Cβ^{−1/A}, in (0, r_0), for some constant C independent of β. We can now complete the proof as in Lemma 2.1. We omit further details. • Remark 2.2: We note that Lemmas 2.1 and 2.3 hold true for any p > 1 and l > −2. As a consequence of the above Lemma we have:

Lemma 2.4 I_− contains a neighborhood of infinity.

Proof: For β sufficiently large, it follows from Lemma 1.3 that u(r, β) will cross the raxis at a point R^′ near R_1. It remains to show that u(r, β) is also decreasing as long as it is positive.

Suppose u(r, β) takes on a positive minimum at some point r_m ∈ (0, R^′) At this point we have: u(r_m, β) ( r^l_mu^{p−1}(r_m, β) − β^{−1/A}A ) = u^{′′}(r_m, β) ≤ 0 =⇒ r^l_mu^{p−1}(r_m, β) ≤ β^{−1/A}A. Since β is large, r_m stays out of a neighborhood of zero, say (0, ρ). In the interval (ρ, R_1 +δ) equation (2.8) contains no singular term, and we can use standard arguments to show that u^′(r, β) stays arbitrarily close to u^′_∗(r) in (ρ, R_1 + δ) for large β (e.g. differentiate the equation and use an argument as in Lemma 2.1. Since u^′_∗(r) < 0 in (ρ, R_1 +δ) the same is true for u^′(r, β). Consequently, u(r, β) (and w(r, β))is decreasing as required, and the Lemma is proved. • Remark 2.3: We have thus shown that for large β, w(r, β) is monotone and crosses the r-axis at a point R_β ≈ β^{−1/2A}R_1 → 0 as β → +∞. On the other hand, it follows from the previous analysis that if β̂ ≡ inf I_− then w(r, β̂) is a decreasing solution of (2.1) . We conclude by continuity that, for any R ∈ (0, +∞) the Dirichlet problem for (2.1) in a ball B_R centered at the origin and of radius R, admits a radially symmetric and decreasing solution.

3 Asymptotic behavior of positive solutions

In the previous Section we showed the existence of a radially decreasing solution in the case where −2 < l < 0 and 1 < p < p_c. Here we will study the asymptotic properties of positive solutions when p and l are as before. At first we will derive the asymptotic behavior of bounded solutions and then we will discuss the case of unbounded solutions. Our first goal is to prove the following:

Proposition 3.1 Let w(r) be a bounded, positive and radially symmetric solution of (2.1). Then, for large values of r, w(r) is a decreasing function and lim r→+∞ w(r)r 2A = c_0, for some positive constant c_0. In addition, w(r)r^{2A} is an increasing function of r in (0, +∞).

To prove this Proposition we will use several Lemmas. At first we have: Lemma 3.2 Every bounded solution of (2.1) is eventually monotone decreasing in r. Proof: Equation (2.1) can be written as:

(σw^′)^′ = σw(A − r^lw^{p−1}). (3.1) Given that w is bounded, we see that for large r, say r > R, we have that (σw^′)^′ is positive, that is, σw^′ is an increasing function of r. If w^′ were positive at some point r_0 > R, then σw^′ would have stayed positive and increasing for all r > r_0. But then, since σ(r) is positive and decreases to zero, we would have that w^′ goes to infinity, a contradiction. Consequently, w^′(r) < 0 for r > R. • We next show that the solution decreases to zero.

Lemma 3.3 lim_{r→+∞} w(r) = 0.

Proof: Since w(r) is decreasing and positive it has a nonnegative limit. Let us call this limit c and assume that it is strictly positive c > 0. Integrating (3.1) along a sequence of points {r_n} → +∞ at which |w^′(r_n)| < 1, we get: σw^′(r) = ∫_{+∞} r σw(A − s^lw^{p−1})ds. Using this expression and L’Hopital’s rule we compute that rw^′(r) → 2Ac > 0, as r → +∞, which is clearly a contradiction. Thus, c = 0. • We want to find the rate at which w(r) tends to zero. Following [5] we have:

Lemma 3.4 For large values of r we have that: w(r) ≤ Cr^{−2A}, for some constant C, independent of r.

Proof: We first prove a weaker estimate. Since w(r) decreases to zero, for any μ < A and r large we have: w^{′′} − r 2 w^′ − μw ≥ 0. On the other hand for large values of r, say r ≥ r_0, the function W = Mr^{−2θ}, with M > 0 and θ < μ satisfies: W^{′′} − r 2 W^′ − μW ≤ 0.

Taking M large enough so that W (r_0) > w(r_0) we conclude by comparison that

w(r) ≤ W (r) = Mr^{−2θ}, (3.2)

for any θ < A and r ≥ r_0.

We next improve this estimate. Set z = wr^{2A}. Then, z satisfies the equation: z^{′′} − 1 2 rz^′ + n − 1 − 4A r z^′ + z ( z^{p−1} − 2A(n − 2 − 2A) ) r^2

= 0. (3.3)

From (3.2) and the fact that w^′(r) < 0 for large r, we easily get that for any δ > 0: z(r) < Cr^δ, and z^′(r) ≤ Cr^{δ−1}. It then follows from (3.3) that the quantity (z^{′′}/r − z^′/2) is integrable near infinity. Integrating by parts this quantity in (r, ∞) we find that lim_{r→+∞}z(r) exists and the Lemma is proved. • We are now ready to complete the proof of Proposition 3.1: End of proof of Proposition 3.1: We make the following change of variables: v(s) = w(r)r^{2A}, s = ln r, so that v(s) satisfies in (−∞, +∞): v^{′′} − (θ + 1 2 e^{2s})v^′ + cv + v^p = 0, (3.4)

with

θ ≡ 4A + 2 − n > 0, (1 < p < p_c) and c ≡ 2A(2A + 2 − n). We define the energy functional: E[v](s) = 1 2 v^{′2} + c 2 v^2 + 1 p + 1 v^{p+1}. It is straightforward to verify that: v(−∞) = 0, E[v](−∞) = 0, dE ds = ( θ + 1 2 e^{2s} ) v^{′2} > 0. We conclude that E[v](s) > 0 for all s.

We now show that v(s) is an increasing function of s ∈ (−∞, +∞). It is enough to show that v(s) does not have a maximum at any point s ∈ (−∞, +∞). Suppose on the contrary it has a maximum at a point s_0. There are two possibilities: either v(s) takes on a positive minimum after s_0 or else v(s) decreases to a nonnegative constant at infinity. In both cases we get a contradiction. For instance, let us assume that v(s) takes a minimum at a point s_1 > s_0. Using the monotonicity of the energy, we get:

0 < E[v](s_0) = v^2_0 ( c 2 + 1 p + 1 v^{p−1}_0 ) ≤ v^2_1 ( c 2 + 1 p + 1 v^{p−1}_1 ) = E[v](s_1), which is impossible since v_1 < v_0. Similarly we exclude case (ii). Consequently, v(s) is increasing, and since it is also bounded (from the previous Lemma), it converges to a positive constant. • Concerning the large time behavior of any positive shooting (including the ones that might be unbounded at infinity) we show the following result, which will be used in the next Section.

Proposition 3.5 Every positive and radially symmetric solution of (2.1) satisfies for large r:

w(r) ≤ C_0r^{− lp−1} , (3.5) for some positive constant depending only on p.

Before proving this result we present an auxiliary Lemma:

Lemma 3.6 There is no positive solution of (2.1) such that for r large, say r ≥ r_0: w(r) > ( 1 p − 1 ) 1_{p−1} r^{− lp−1} . (3.6)

Proof: Assuming that (3.6) holds we will reach a contradiction. Using the w- equation and (3.6) we get for r ≥ r_0: (σw^′)^′ = σw(A − r^lw^{p−1}) < l 2 σw^pr^l < 0. (3.7)

Thus, σw^′ is a decreasing function. If we assume that w^′(r_1) < 0 for some r_1 > r_0 then w^′ < 0 for all r > r_1 contradicting (3.7). We conclude that w(r) is an increasing function for r ≥ r_0.

Integrating (3.7) and using the monotonicity of w we get: σw^′(r) > − l 2 w^p(r) ∫_{+∞} r σ(s)s^lds, or, using L’Hopital’s rule, w^′ w^p > − l 2 ∫_{+∞} r σ(s)s^lds σ(r) ≈ −lr^{l−1}. It then follows that: ( − 1 p − 1 1 w^{p−1} + r^l )_′ ≥ 0. Since the quantity inside the parenthesis tends to zero it should be negative, whence we obtain that w^{p−1}r^l ≤^1_{p−1} , which contradicts (3.6). • We are now ready prove Proposition 3.5.

Proof of Proposition 3.5: We will use the following change of variables: s = ln r, q(s) = w(r)r^{lp−1} .

We then obtain the following equation for q(s): e^{−2s}q^{′′} − ( 1 2 − θ_1e^{−2s})q^′ − ( 1 p − 1 − θ_2e^{−2s})q + q^p = 0, (3.8)

with

θ_1 ≡ n − 2 − 2l p − 1 > 0, θ_2 ≡ − l p − 1 (n − 2 − l p − 1 ) > 0. Let q̄ be a constant such that :

q̄ > q_0 ≡ ( p + 1 2(p − 1) ) 1_{p−1} > ( 1 p − 1 ) 1_{p−1} ≡ k. We will show that q(s) cannot oscillate about q̄ for large values of s. Since it cannot stay above q̄ (from Lemma 3.6) it follows that q(s) ≤ q̄ which is the same as (3.5).

We define the energy functional: E[q](s) = 1 2 e^{−2s}q^{′2} − 1 2 ( 1 p − 1 + θ_2e^{−2s})q^2 + 1 p + 1 q^{p+1}. A straightforward calculation, using the q-equation, yields: dE ds = ( 1 2 − (1 + θ_1 + θ_2)e^{−2s})q^{′2} + e^{−2s}θ_2(q − q^′)^2.

We conclude that for large values of s the energy E is monotone increasing.

Let us assume that q(s) oscillates about q̄ in order to get a contradiction. Then q will have an infinite sequence of maxima and minima which we denote by q_{Mi} and q_{mj} respectively. Clearly, we have q_{Mi} > q̄, whereas it follows easily from the q-equation that q_{mj} < k. An easy computation then shows that for s large enough, E[q_{Mi} ] > 0 and E[q_{mi} ] < 0 which clearly contradicts the monotonicity of E. • Remark 3.1 Proposition 3.5 is valid for any p > 1 and any positive radially symmetric solution, even the singular ones.

Remark 3.2 Let us consider the special case l = 0. By slightly adapting the arguments in Lemma 3.6, it is not difficult to check that Proposition 3.5 holds true in this case as well. Thus, all radial positive solutions of equation (1.1) are eventually bounded. Since we know that (1.1) admits a unique bounded positive solution w = (p − 1)^{−1/(p−1)} (cf [6]) we conclude that all shootings w(0) = a < +∞ cross the r-axis, (except when a = (p − 1)^{−1/(p−1)}), if l = 0.

4 About uniqueness

A natural question is the question of uniqueness of the solution constructed. Numerical experiments suggest that Problem (1.1) admits a unique radial solution, something that we have not been able to prove at this stage. Let us however consider the Dirichlet problem: Δw − y · ∇w 2 − Aw + |y|^lw^p = 0, w > 0 in B_R, w = 0 on ∂B_R, (4.1)

where B_R denotes the ball in IR^n of radius R centered at the origin. We know that for any R > 0 equation (4.1) admits a radially symmetric and decreasing solution (cf Remark 2.3). On the other hand we expect that in general (4.1) will have non monotone radial solutions as well. Indeed, let as consider a shooting w(r, a) with a ∈ I_+. Then, at least when l is very close to zero we can get by continuity that w(r, a) will cross the r-axis at some point r_0 (cf Remark 3.2). Thus, at B_{r0} we get two different solutions.

Using ideas from [10] we show:

Theorem 4.1 Let −2 < l < 0 and 1 < p < p_c. There exists an R_0 depending on p, n, l, such that if 0 < R ≤ R_0 equation (4.2) has a unique bounded radial solution.

As we have seen we can write equation (4.1) as:

(σw^′)^′ − Aσw + σr^lw^p = 0, (σw^′)(0) = w(R) = 0. (4.2)

To prove this Theorem we will use several Lemmas. At first we have:

Lemma 4.2 If w, w̄ are two positive solutions of (4.2) they intersect each other at least once.

Proof: Multiply the w - equation by w̄ and integrate by parts. Then, do the same with the w̄-equation and subtract the two expressions to get: ∫_R 0 ww̄(w^{p−1} − w̄^{p−1})σr^l = 0. If we assume that, say, w(r) > w̄(r) we get an obvious contradiction. • We next show:

Lemma 4.3 Let w(0) > w̄(0). Then (_w w̄ )_′ < 0 until at least w and w̄ intersect each other.

Proof: Let W (r) = w^′w̄ − ww̄^′. It is straightforward to verify that (σW )(0) = 0 and (using the equation): (σW )^′ = −σr^lww̄(w^{p−1} − w̄^{p−1}). It then follows that W (r) < 0 as long as w > w̄ and the Lemma is proved. • These are standard facts that hold true for any R > 0, including the case R = ∞.

To proceed further we make the following change of variables:

u = wf with f(r) = r^{l+2(n−1)p+3} e^{− r} 2 2(p+3) ,

so that u satisfies the equation:

B(r)u^{′′} + C(r)u^′ + G(r)u + u^p = 0, (4.3)

with B(r) = r^{−l}f^{p−1}, C(r) = r^{−l}f^{p−1} ( σ^′ σ − 2 f^′ f ) , G(r) = r^{−l}f^{p−1} ( 2 ( f^′ f )_2 − f^{′′} f − σ^′ σ f^′ f − A ) . The choice of f made above, is such that B^′(r) = 2C(r) so that if we define the energy functional: E[u](r) = 1 2 Bu^{′2} + 1 2 Cu^2 + 1 p + 1 u^{p+1}, the following simple identity holds: dE dr = 1 2 G^′(r)u^2. (4.4)

It is straightforward to check that E[u](0) = 0. Integrating then (4.4), we get:

2E[u](r) = Bu^{′2} + Cu^2 + 2 p + 1 u^{p+1} = ∫_r 0 G^′(s)u^2. (4.5)

The properties of the function G will play a crucial role in the method we use. Since G is known explicitly, we just calculate to get:

G(r) = − r^{− 2(pc−p)(n−2)} p+3 (p + 3)^2 e^{− r} 2(p−1) 2(p+3) ( ar^4 − br^2 + c ) , where: a = p + 1 2 > 0, b = 1 2 (l + 2n − 2)(p − 1) + (p + 3) (n − A(p + 3)) ,

c = (l + 2n − 2)((n − 2)(p + 3) − (l + 2n − 2)) > 0.

We then have that G(r) → −∞ as r → 0 and 0 > G(r) → 0 as r → ∞. If we differentiate G we will get an expression of the form G^′ = Z(r)P_3(r^2), where Z(r) is a function of constant sign and P_3(r^2) is a cubic polynomial in r^2. We conclude that either G is monotone increasing in (0, +∞) or else, it has exactly one local maximum r_0 > 0 and one local minimum R_0 > r_0 > 0, so that G increases in (0, r_0) and (R_0, ∞) and decreases in (r_0, R_0). For reasons that we will explain later (cf Remark after the proof of the Theorem), G(r) is not monotone for the current range of p and l, therefore the points r_0 and R_0 always exist.

In fact, the point R_0 defines the maximum interval (0, R_0) for which we will prove uniqueness for the Dirichlet problem (4.2).

From now on we consider equation (4.2) in the interval (0, R_0). It will be clear that the same arguments work for any R ≤ R_0.

At first we notice that because of (4.4) and the discussion above, the energy E[u](r) is increasing in (0, r_0) and then decreases in (r_0, R_0) until it reaches the value E[u](R_0) = Bu^{′2} > 0. We therefore conclude that E is positive in (0, R_0).

We next show:

Lemma 4.4 If w, w̄ are two positive solutions of (4.2) they intersect each other exactly once in (0, R_0). As a consequence, w/w̄ = u/ū is monotone in (0, R_0).

Proof: From Lemma 4.2 they intersect at least once, so it is enough to show that they do not intersect for a second time. Clearly, it is equivalent to show that this property holds true for u = wf and ū = w̄f.

Let r_0 be, as before, the point at which G attains its maximum in (0, R_0). We set: μ = u(r_0) ū(r_0) . We assume for definiteness that w(0) > w̄(0) which by Lemma 4.3 implies that initially (_u ū )_′ < 0.

Let us suppose that u and ū intersect each other for a second time in order to get a contradiction. By the mean value theorem there will be a (first) point τ between the two intersection points of u and ū at which: ( u(τ) ū(τ) )_′ = 0, or, u^′(τ) = u(τ) ū(τ) ū^′(τ). (4.6)

We may assume that τ > r_0 (the other case is similar and simpler). We clearly have:

u(r) > μū(r), for r ∈ (0, r_0), and u(r) < μū(r), for r ∈ (r_0, R_0). (4.7)

We now use the energy identity (4.5) with r = τ. Multiply the ū-identity by μ^2 and subtract it from the u-identity to get:

B(u^{′2} − μ^2ū^{′2}) + G(u^2 − μ^2ū^2) + 2 p + 1

(u^{p+1} − μ^2ū^{p+1})

= ∫_τ 0 G^′(s)(u^2(s) − μ^2ū^2(s))ds > 0. (4.8)

To see why the right hand side is positive, we just split the integral from 0 to r_0 and from r_0 to R_0 and use the definition of r_0 and (4.7). Concerning the left hand side we can use (4.6) to rewrite it as: LHS = (u^2 − μ^2ū^2) ū^2 ( Bū^{′2} + Gū^2 +

2ū^2 p + 1 u^{p+1} − μ^2ū^{p+1} u^2 − μ^2ū^2 ) .

Using (4.7) and the fact that u(τ) < ū(τ) the last term in the big parenthesis above is easily seen to be greater than^2_{p+1}ū^{p+1}. On the other hand, the factor outside the parenthesis is negative because of (4.7). Consequently we have: LHS < 2 (u^2 − μ^2ū^2) ū^2 E[u](τ) < 0, which contradicts (4.8). We conclude that u and ū cannot intersect for a second time, as desired.

As a matter of fact we have shown that the ratio (u/ū)^′ = (w/w̄)^′ is different from zero in (0, R_0). Hence, the last statement of the Lemma follows. • We can now give the proof of the Theorem.

Proof of Theorem 4.1: We will use the same argument by contradiction as in the previous Lemma. Let r_0 and μ be as before. We will use the identity (4.5) with r = R_0. Multiply the ū-identity with μ^2 and subtract it from the u-identity to get:

u^{′2}(R_0) − μ^2ū^{′2}(R_0) = ∫_{R0} 0 G^′(s)(u^2(s) − μ^2ū^2(s))ds > 0 (4.9)

The right hand side is positive by the same reasoning as in Lemma 4.4. Assuming, as before, for definiteness that w(0) > w̄(0) it follows from Lemma 4.4 that we also have (_u ū )_′ < 0 in (0, R_0). Using L’Hopital’s rule we get:

u^′(R_0) ū^′(R_0) = u(R_0) ū(R_0)

≤ μ =⇒ u^{′2}(R_0) − μ^2ū^{′2}(R_0) ≤ 0,

which contradicts (4.9). • Remark 4.1 It is clear that if the function G(r) were monotone decreasing in (0, ∞) for some choice of p, n, l then by the previous argument, we would obtain uniqueness for all R including the case R = +∞. To see that this is impossible let us consider a non monotone shooting for equation (4.2). If it crosses the r-axis at some point r_0 we then contradict the uniqueness for the Dirichlet problem, since as we have already seen (4.2) admits a monotone solution in (0, r_0). If on the other hand it stays always positive we then contradict the uniqueness for the Cauchy problem: Notice that although w may increase, the transformed u function will tend to zero because of Proposition 3.5, and the previous arguments go through. We therefore conclude that G is not monotone.

This is a rather unusual way of proving that an explicitly known function is not monotone, but to do it directly the calculations are quite involved (even using MAPLE).

5 Nonexistence of solutions

We continue our study of the semilinear elliptic equation (1.1) which we now write in divergence form as: ∇(ρ∇w) − Aρw + ρ|y|^l|w|^{p−1}w = 0, ρ = e^{− |y|} 2 4 . (5.1)

We will show that for l > 0 and 1 < p ≤ p_c the above equation admits no positive bounded solutions. To prove this, we will construct a suitable Pohozaev identity by combining three simpler identities.

Multiplying equation (5.1) by w and then integrating by parts over IR^n we get the first identity: ∫ |∇w|^2ρ + A ∫ w^2ρ − ∫ |y|^l|w|^{p+1}ρ = 0. (5.2) We next multiply equation (5.1) by |y|^2w and integrate by parts to get: ∫ |y|^2|∇w|^2ρ − n ∫ |w|^2ρ + (A + 1/2) ∫ |y|^2w^2ρ − ∫ |y|^{l+2}|w|^{p+1}ρ = 0 (5.3)

The third identity comes from multiplying (5.1) by (y · ∇w) and integrating by parts. After some calculations we find: 2 − n 2 ∫ |∇w|^2ρ − An 2 ∫ |w|^2ρ + n + l p + 1 ∫ |w|^{p+1}|y|^lρ

+ 1 4 ∫ |y|^2|∇w|^2ρ + A 4 ∫ |y|^2w^2ρ − 1 2(p + 1) ∫ |y|^{l+2}|w|^{p+1}ρ = 0. (5.4)

To obtain the sought for Pohozaev identity we form the combination: n + l p + 1

(5.2) − A 4(A + 1/2)

(5.3) + (5.4) = 0.

So far we have not used the specific value of A, i.e. the fact that A =^{l+2}_{2(p−1)} . If we use this value of A, we get after grouping similar terms:

(n − 2)(p_c − p) 2(p + 1) ∫ |∇w|^2ρ + A(n − 2)(p_c − p)l 2(p + 1)(p + l + 1) ∫ w^2ρ

+ p − 1 4(p + l + 1) ∫ |y|^2|∇w|^2ρ + (p − 1)l 4(p + 1)(p + l + 1) ∫ |y|^{l+2}|w|^{p+1}ρ = 0. (5.5)

Noting that all coefficients in (5.5) are positive for the current range of p, l, we conclude that equation (5.1) admits no nontrivial bounded solutions.

Remark 5.1 The above calculations were made without much care about the convergence of the integrals involved. Notice however that ρ decays like a Gaussian and it is standard to show that these integrals are well defined not only for bounded solutions, but for w in a much wider class. Moreover, the result holds without any assumption of radial symmetry or positivity of the solutions.

Remark 5.2 Identity (5.5) generalizes the Pohozaev identity derived in [6] and it reduces to it, in the special case l = 0.

6 Existence of infinite solutions

In this Section we will consider the case p > p_c. It is well known that when l = 0 and p_c < p < p^c equation (1.1) has infinitely many solutions (cf [3, 15]). We will show that the same happens for l > −2. More precisely we have:

Proposition 6.1 For p_c < p < p^c and l > −2 there exists an infinite family of positive radial solutions of (1.1), say w_{2L}(r), L = 1, 2 . . .. In addition we have that w_{2L}(r)r^{2A} → c_{2L}, as r → +∞, for suitable positive constants c_{2L}.

The proof of this Proposition is based on the study of the intersection properties of solutions of the equation with the singular solution U(r). At first we have:

Lemma 6.2 Let p >^{n+l}_{p−1} , and w(r) be a solution of equation (1.1). Then w(r) cannot intersect U(r) more than twice after r_∗ = ( pK^{p−1}/A )_{1/2} while staying positive.

Proof: Set h = w − U with U(r) = Kr^{−2A} Then h satisfies: h^{′′} = ( r 2 − n − 1 r ) h^′ + ( A − r^lg(r) ) h, (6.1)

where g(r) = w^p(r) − w^p_0(r) w(r) − U(r) . For 0 < w(r) < U(r) we have that g(r) ≤ pU^{p−1}(r). Therefore, for r > r_∗ we get: A − r^lg(r) ≥ A − pU^{p−1}(r)r^l = A − pK^{p−1}r^{−2} > 0. (6.2) Suppose there is a point r^′ > r_∗ at which h(r^′) = 0 and h^′(r^′) < 0. It follows from (6.1) and (6.2) that for r > r^′ we will have that h^{′′} < 0 until at least w ≤ 0, and the Lemma is proved. • We next show:

Lemma 6.3 Let p >^{n+l}_{p−1} . For a sufficiently small, w(r, a) has at most two intersection points with U(r) before w(r, a) = 0.

Proof: Fix an R > r_∗ (r_∗ as in Lemma 6.2) and an ϵ ∈ (0, 1/2). From Lemma 2.1 we know that there exists an a_0 such that for 0 < a < a_0: | | | w(r, a) a − u_L(r) | | | ≤ ϵ, in [0, R]. Choose a small enough, so that a(u_L(R) + ϵ) < U(R) = KR^{−2A}. Since u_L is an increasing function we have that: 0 < w(r, a) < a(u_L(R) + ϵ) < U(R), in [0, R].

In particular, w(r, a) has no intersection points with U in [0, R]. Since R > r_∗, it follows that w(r, a) has at most two intersection points with U before w(r, a) = 0. • We next have:

Lemma 6.4 Let p_c < p < p^c. For any integer L ≥ 1, there exists a β_L such that for β > β_L, w(r, β) has at least 2L + 2 intersection points with U(r) before w(r, β) = 0.

Proof: This is a consequence of Lemma 2.3 and the fact that u_∗(r) has infinite many intersections with U(r), (cf [16]).

Take an R big enough so that u_∗ has 2L + 2 intersections with U in (0, R). From Lemma 2.3 it follows that the same is true for u(r, β) for β big, say β ≥ β_L. Consequently, w(r, β) has 2L + 2 intersections with U in (0, Rβ^{− 1}2A ). • To show the existence of infinite solutions we now work as in [15]. We define the set:

A_{2L} = {α > 0 | w(r, α) has at least 2L + 2 intersections with U before w = 0}

and set α_{2L} = infA_{2L}. From the Lemmas proved above we have that A_{2L} is nonempty and α_{2L} > 0. It then follows by continuity that w(r, α_{2L}) is a positive solution of (1.1) with exactly 2L intersections with the singular solution U. We refer to [15] for the detailed argument.

It remains to prove the asymptotic behavior of these solutions. Since w_{2L}(r) has an even number of intersections with the singular solution, we have that for large values of r: w_{2L}(r) < U(r) = Kr^{−2A}. We now use the change of variables already used in Lemma 3.4, z = wr^{2A}. Then z is bounded and satisfies equation (3.3) which we write in the form: 1 η (ηz^′)^′ + z(z^{p−1} − μ) r^2

= 0 (6.3)

where η ≡ r^{n−1−4A}e^{−r2/4}, and μ = K^{p−1} (K > 0 for the current range of p). Since the last term in (6.3) is of negative sign, we conclude that, for large r, z(r) cannot attain a maximum. Consequently, it is either increasing or decreasing. In either case we get that z(r) → c ≥ 0. It remains to show that c ≠ 0.

Assuming that z decreases to zero we will reach a contradiction. Integrating (6.3) from r to ∞ we get: −ηz^′(r) = ∫_∞ r z(μ − z^{p−1})η s^2 ds < μ ∫_∞ r zη s^2 ds. Using the fact that z decreases and then L’Hopital’s rule we have: −z^′(r) < μz(r) η ∫_∞ r η s^2 ds ≈ −μz(r) η η^′r^2 ≈ 2μ z(r) r^3 .

It then follows that for r near infinity: ( lnz(r) − μ r^2 )_′ ≥ 0, which contradicts the assumption that z decreases to zero.

References

[1] Adimurthi, Yadava S. L., An elementary proof of the uniqueness of positive radial solutions of a quasilinear Dirichlet Problem Arch. Rat. Mech. Anal., vol. 127, 1994, 219-229.

[2] Bandle C., Levine H. A., On the existence and nonexistence of global solutions of reaction-diffusion equations in sectorial domains, Trans. A.M.S., vol. 316, 1989, pp 595-622.

[3] Budd C. J., Qi Y.-W., The existence of bounded solutions of a semilinear elliptic equation, J.D.E., vol. 82, 1989, pp. 207-218.

[4] Escobedo M., Kavian O., Matano H., Large time behavior of solutions of a dissipative semilinear heat equation, Comm. P.D.E., vol 20, 1995, pp 1427- 1452.

[5] Giga Y, On elliptic equations related to self-similar solutions for nonlinear heat equations, Hiroshima Math. J., vol. 16, 1986, pp 541-554.

[6] Giga Y. and Kohn R. V., Asymptotically self similar blowup of semilinear heat equations, Comm. Pure Appl. Math., 38, 1985, pp. 297-319.

[7] Gidas B. and Spruck J., Global and local behaviour of positive solutions of nonlinear elliptic equations, Comm. Pure Appl. Math., 34, 1981, pp 525-598.

[8] Haraux A., Weissler F. B., Non uniqueness for a semilinear initial value problem, Indiana Univ. Math. J., vol 31, 1982, pp 167-189.

[9] Kwong K. M., Uniqueness of positive solutions of Δu − u + u^p = 0 in IR^n, Arch. Rat. Mech. Anal., vol. 105, 1989, pp 243-266.

[10] Kwong K. M., Li Yi; Uniqueness of radial solutions of semilinear elliptic equations, Trans. A.M.S., vol. 333, 1992, pp 339-363.

[11] Levine H. A., The role of critical exponents in blow-up theorems, SIAM Review, vol. 32, 1990, pp 262-288.

[12] Ni W.-M., Yotsutani S., Semilinear elliptic equations of Matukuma-type and related topics, Japan J. Appl. Math., vol. 5, 1988, pp 1-32.

[13] Pinsky R. G., Existence and nonexistence of global solutions for u_t = Δu + a(x)u^p in IR^n, J.D.E., vol. 113, 1997, pp 152-177.

[14] Tertikas A., Uniqueness and nonuniqueness of positive solutions for a semilinear elliptic equation in IR^n, Diff. and Int. Eqns., vol. 8, 1995, pp 829-848.

[15] Troy W. C., The existence of bounded solutions of a semiliner heat equations, SIAM J. Math. Anal., vol. 18, 1987, pp 332-336.

[16] Xuefeng W., On the Cauchy problem for reaction diffusion equations, Trans.

A.M.S., vol. 337, 1993, pp 549-590.

[17] Yanagida E., Yotsutani S. Classification of the structure of positive radial solutions to Δu + K(|x|)u^p = 0 in IR^n, Arch. Rat. Mech. Anal., vol. 124, 1993, pp 239-259.

[18] Yanagida E., Uniqueness of rapidly decaying solutions to the Haraux-Weissler equation, J.D.E., vol. 127, 1996, pp 561-570.