Critical Phenomena in Linear Elliptic Problems

ACHILLES TERTIKAS^�

Department of Mathematics

University of Crete 71409 Heraklion, Greece

September 25, 1996, Revised July 25, 1997

Abstract

In this article we consider the existence and nonexistence of principal eigenvalues for the linear elliptic equation −Δu = λV (x)u in IR^N and u ∈ D^{1,2}(IR^N ), where N ≥ 3, and V ∈ L^1_{loc}(IR^N ) with V^>≠0 in IR^N .

We establish that when potential V has strong singularities phenomena which appear under critical exponent nonlinearities (Brezis and Nirenberg), are present in linear problems as well.

1 Introduction and statement of the main results

In this work we are interested in the existence of (positive) principal eigenvalues for linear elliptic equations of the form : −Δu = λV (x)u in IR^N and u ∈ D^{1,2}(IR^N ), (1.1) where N ≥ 3, D^{1,2}(IR^N ) is the space of functions find after completing the space of C^∞_0 (IR^N ) functions with

the norm ( ∫ IR^N |∇u| 2 dx)^{1/2}, and V ∈ L^1_{loc}(IR^N ) with V^>≠0 in IR^N . The type of potentials we have in mind will include potentials behaving like^1_{|x|2} , which appear in Hardy’s inequality.

This type of problem arises in Population Genetics. In particular we arrive at (1.1) when we linearize nonlinear models such as those of Nagylaki [30, 31], or Slatkin [41]. It is then expected that branches of solutions to the nonlinear problem will bifurcate from the zero solution. This will happen at those values of the parameter λ which correspond to eigenvalues of our linear problem. The work that has been done in this direction [24, 42] supports it at least under certain conditions on the potential V and nonlinearities.

Another source is when you are dealing with supercritical semilinear elliptic equations in IR^N (see Ni [22]), and especially when you linearize around the singular ground state, or around ground states.

Also, similar types of problems arise in quantum mechanics, where spectral properties of the Schrödinger operator in IR^N play a fundamental role. This time the interest focuses on negative eigenvalues of operators of the form A(V ) = −Δ−λV in the L^2(IR^N ) space. We refer to S. Agmon [3], M. S. Birman-M. Z. Solomyak [9], B. Simon [40] and the references therein.

The existence of principal eigenvalues for similar type of problems has been studied previously by W. Allegretto [4], K. J. Brown, C. Cosner and J. Fleckinger [12], D. Daners [14], Z. Jin [23], M. Murata [29] and

�Research partially supported by EC Human Capital and Mobility scheme, contract no: ERBCHRXCT-930409.

G. Rozenblioum-M. Solomyak [37]. In [4, 12, 37], the approach to the problem is by studying an appropriate self-adjoint operator in a suitable Hilbert space. The main step in this approach is to find suitable function spaces for V , that will ensure precompactness in the seminorm ( ∫ IR^N V u 2(x) dx)^{1/2}. That is, for any bounded sequence u_k (in a suitable Hilbert space), there exists a subsequence u_{nk} and u such that ∫ IR^N V u 2 n_k dx → ∫ IR^N V u 2 dx as k → +∞. In [29, 33], the approach is by a very careful analysis of the asymptotics of the Green function of a suitable linear operator.

Our approach is by introducing the Rayleigh quotient I[u] = ∫ IRN |∇u|2 dx ∫ IRN V u2 dx , to study the minimization

problem λ_{cr} = inf { ∫ IR^N |∇u| 2 dx ∫ IR^N V u 2 dx , u ∈ A } with A = { u ∈ C^∞_0 (IR^N ) , ∫ IR^N V u^2 dx > 0 } . (1.2)

Typically λ_{cr} will be an eigenvalue of (1.1) if the infimum λ_{cr}, is attained by some u ∈ D^{1,2}(IR^N ). The main advantage of this approach is that we do not require precompactness in the seminorm ( ∫ IR^N V u 2 dx)^{1/2}, for all bounded sequences in D^{1,2}(IR^N ).

We recall that over the last twenty years, there has been a tremendous success in dealing with problems which lack compactness see for example Aubin [5], A. Barhi and J.M. Coron [6], V. Benci and G. Cerami [7], H. Brezis [10], H. Brezis and L. Nirenberg [11], J.F. Escobar [16], D.G. Figueiredo and B. Ruf [19], M. Flucher [20], P.L.Lions [27] and references therein. One aspect, that has been influential and we believe connected to this work, is related to the model introduced by Brezis-Nirenberg [11]

−Δu = u^{N +2N −2} + λu in Ω , u = 0 on ∂Ω , (1.3)

where Ω is a bounded domain. Here one approach was to introduce the ratio J_λ[u] = ∫ Ω |∇u|2 dx−λ ∫ Ω u2 dx ( ∫ Ω |u| 2N N −2 dx)^{N −} 2 N and establish (as by Lieb), that if S_λ = infJ_λ[u] < S_0 = infJ_0[u], then the infimum S_λ is attained. It was then proved that this was the case for 0 < λ < λ_1 and N ≥ 4, where λ_1 is the first eigenvalue of the Laplacian with Dirichlet boundary conditions. The case N = 3 was much more delicate ; there exists 0 < λ^∗ < λ_1, such that S_λ < S_0 for λ^∗ < λ < λ_1 and S_λ = S_0 for 0 < λ < λ^∗. A similar delicate phenomenon appeared under nonlinear subcritical perturbations when N = 3 again. In the same work there was a so called “curious example” where the delicate phenomenon appeared for N = 4.

We would like to apply a similar technique to our problem but first someone has to identify the “asymptotic problem”, which in the previous problem was the one with λ = 0. P. L. Lions [27, 26] , in dealing with (nonlinear) problems of best constants in unbounded domains, introduced the method of Concentration- Compactness to handle, among other things, problems with critical exponents. It is worth mentioning that P. L. Lions used various invariances (mainly dilations) to identify the “asymptotic problem”. There, the nonlinearity prevented point concentrations into the minimizing sequence. Related to this is the fact that

the following Hardy’s best constant problem (^{N−2}_2 )^2 = inf{ ∫ IRN |∇u|2 dx ∫ IRN u2 |x|2 dx , u ∈ D^{1,2}(IR^N ), u≢0}, does not attain a minimizer.

We now describe the method we use to resolve the problem. Suppose {u_k}_{k∈IN} is a minimizing sequence of (1.2) with the property ∫ IR^N V u 2 k dx = 1, k = 1, 2, . . . and ∫ IR^N |∇uk| 2 dx → λ_{cr} as k → +∞. In order to avoid mass leaving at infinity, we introduce for R > 0, the following series of minimization problems (B_R = B_R(0)), μ_R = inf I[u] over the admissible set A_R = { u ∈ C^∞_0 (IR^N − B_R) , ∫ IR^N −B_R V u 2 dx > 0 }, where we set μ_R = +∞, if set A_R is empty. It is then easy to see that for all R > 0, λ_{cr} ≤ μ_R and that μ_R is a nondecreasing function of R. We then denote C^∞ := lim_{R→∞} μ_R and call C^∞, the concentration of the potential V at infinity (which may be +∞). We then have :

Theorem 1.1 Suppose N ≥ 3, and that 0 < λ_{cr} < C^∞. Then there exists a subsequence {u_{nk} }_{k∈IN} of the minimizing sequence, with the property: For each ε > 0, there exists R_0 = R_0(ε) such that for all R ≥ R_0, ∫ B_R V u^2_{nk} (x) dx ≥ 1 − ε, k = 1, 2, . . . (1.4)

In a similar way, to avoid loss of compactness at points, we consider for x_0 ∈ IR^N and r > 0 the minimization problems:

λ_r(x_0) = inf { ∫ B_r (x0) |∇u| 2 dx ∫ B_r (x0) V u 2 dx , u ∈ C^∞_0 (B_r(x_0)) and ∫ B_r (x0) V u^2 dx > 0 } . (1.5)

Again we set λ_r(x_0) = +∞ , when there is no admissible function u ∈ C^∞_0 (B_r(x_0)) to satisfy ∫ B_r (x0) V u 2 dx > 0 . We then define C(x_0) := lim_{r→0}+ λ_r(x_0) , and we will call C(x_0), the concentration of the potential V , at point x_0. Sometimes we will use the notation C(x_0; V ) to avoid confusion.

Definition 1 A point x_0 ∈ IR^N , is called critical singular point for the potential V ,when 0 < C(x_0) < +∞, whereas it is called subcritical point for the potential V , when C(x_0) = +∞ .

Definition 2 A potential V is called a critical potential iff 0 < min{ inf_{x0∈IR}N C(x_0), C^∞} < +∞, whereas is called a subcritical potential iff C(x_0) = + ∞ for all x_0 ∈ IR^N , and C^∞ = + ∞ .

Definition 3 We say that a potential V , attains its infimum λ_{cr}(V ), when there exists ϕ ∈ D^{1,2}(IR^N ) such

that λ_{cr}(V ) = ∫ IRN |∇ϕ|2 dx ∫ IRN V ϕ2 dx . Connected with the problem we are studying is the following:

Problem : Suppose N ≥ 3 . Under what conditions a potential V ∈ L^1_{loc}(IR^N ) with V^>≠ 0 in IR^N is a “Hardy potential”, that is there exists a positive constant c = c(V ) such that ∫ IR^N V u^2 dx ≤ c ∫ IR^N |∇u|^2 dx, ∀ u ∈ C^∞_0 (IR^N ) ? (1.6)

Concerning the previous problem and we refer to S.Y.A. Chang, J.M. Wilson and T.H. Wolff [13], C.L. Fefferman [18], E. Sawyer and R.L. Wheeden [38], M. Schechter [39] and the references therein. In this direction various spaces (Fefferman-Phong, Morrey and weak-L^p spaces) play an important role (see also section 3 for the weak -L^p space).

In this work however we are trying to avoid a specific choice of the function space. For this we are working with a very general potential V , where we suppose that a-priori V is a “Hardy” potential. We moreover

assume throught this work, except in section 2, that the potential V satisfies (Notice we interpret V^>≠ 0 in IR^N , as V^>= 0 a.e. in IR^N and meas { V > 0 } > 0):

(H) V ∈ L^1_{loc}(IR^N ) with V^>≠ 0 in IR^N , λ_{cr}(V ) > 0 and for each δ > 0 the set Σ_δ = { x ∈ IR^N | C(x) ≤ δ } is finite or empty.

Theorem 1.2 Suppose N ≥ 3, V satisfies (H) and in addition 0 < λ_{cr} < C^∞, and 0 < λ_{cr} < C(x), ∀x ∈ IR^N . Then V attains its infimum.

It is then standard to see that λ_{cr} corresponds to the first eigenvalue of the problem (1.1). Also notice that the eigenfunction ϕ, might be taken of one sign, thus ϕ ≥ 0 in IR^N . Equation (1.1), throughout this work is understood in the distributional sense, that is ∫ IR^N ∇u ∇η dx = λ ∫ IR^N V uη dx, ∀η ∈ C ∞ 0 (IR^N ).

Let us consider now a critical potential V that does not attain its infimum. We are thinking of perturbing it by another potential g so that the new potential V + g to attain its infimum. That is we want to follow a similar procedure to what Brezis - Nirenberg [11] did. However the problem we now face is to find the right space for the potential g to make the previous procedure working. To this we take a perturbation g, that leaves the concentration function of V invariant, that is

C^∞(V + g) = C^∞(V ) and C(x; V + g) = C(x; V ) ∀ x in IR^N . (1.7)

Fortunately, this is the case if g is a subcritical potential! By doing this type of perturbations we obtain

Theorem 1.3 Suppose N ≥ 3 , and consider a critical potential V that satisfies (H) and a subcritical g, with g ∈ L^1_{loc}(IR^N ) and g^>≠ 0 in IR^N . Then there exists ε_0 ≥ 0 , such that the critical potential V + εg attains its infimum for all ε > ε_0.

The interest now is how small ε_0 can be. Can it be zero? Does a minimizer even exist for ε = ε_0 ? To answer some of the previous questions we consider the critical potential V_0(x) =^1_{1+|x|2} and the subcritical

potential g ∈ C(IR^N ) to satisfy g^>≠ 0 in IR^N , with compact support and define for ε > 0 , V_ε(x) = 1 1+|x|2 + εg(x), x ∈ IR N . Then :

Theorem 1.4 Suppose N ≥ 3. Then there exists ε_0 = ε_0(g) > 0 such that V_ε does attain its infimum (and the corresponding eigenvalue problem has an eigenvalue) for all ε > ε_0, but does not for 0 ≤ ε < ε_0.

Someone might see Theorem 1.4 (see also Theorem 4.6) as the analogue of the delicate phenomenon of Brezis-Nirenberg. What is worth noting is that in our problem this phenomenon occurs for any space dimension N ≥ 3. The next natural question is whether Theorem 1.4 holds for all critical potentials, that do not attain their infimum (instead of V_0(x) =^1_{1+|x|2} ). For this reason if we consider the critical

potential W_0(x) =^{2NN −2 +|x|2}_{(1+|x|2)2} , and take g ∈ L^1_{loc}(IR^N ) any subcritical potential with g^>≠ 0 in IR^N , to define

W_1(x) =^{2NN −2 +|x|2}

(1+|x|2)2 + g(x). Then :

Theorem 1.5 Suppose N ≥ 3. Then W_1 attains its infimum and the corresponding eigenvalue problem has a positive principal eigenvalue λ_{cr}.

To see that if we do not require u ∈ D^{1,2}(IR^N ) the eigenvalue problem that we consider might have lots of eigenvalues, we include a result proved in Murata [29], see also Theorem 5.1.

Proposition 1.6 Suppose N ≥ 3, then for all ε ≥ 0, the eigenvalue problem −Δu = λV_εu in IR^N , lim_{|x|→+∞} u(x) = 0, (1.8) has positive solutions for all 0 < λ ≤ λ_{cr}(V_ε).

Finally we consider the critical potential^1_{|x|2} that appears in Hardy’s inequality . Then our result reads

Theorem 1.7 Suppose N ≥ 3, and let g ∈ L^1_{loc}(IR^N ) be any subcritical potential with g^>≠ 0 in IR^N . Then the critical potential V (x) =^1_{|x|2} + g(x), attains its infimum in D^{1,2}(IR^N ).

It is worth noting that the scale invariance of the critical Sobolev exponent problem played an essential role in P.L. Lions [27] approach in order to avoid mass of escaping at infinity. In our case the scale invariance of the Hardy potential^1_{|x|2} does not prevent mass of escaping at infinity(and at zero); it helps in obtaining the escaping level though.

When instead we perturb a critical potential by another critical one, then nearly everything is possible and we refer for this to section 4. For example we have two critical potentials that do not attain their infimum, but their sum does!

It is also worth mentioning that the solutions we obtain, when potential V is critical, may have singularities. It is already known that solutions might have singularities if V is not in the Kato class, see M. Aizenman and B. Simon [1] or B. Simon [40] (see also section 3).

An alternative approach suggested by the referee in the case the potential V is smooth and positive, is by considering the Friedrichs L^2 extension P̃ of the operator P = −(V (x))^{−1}Δ in IR^N , and turning IR^N into a Riemannian manifold M with metric ds^2 = (V (x))^{−1} ∑_N i=1 dx^2_i . In this case it is easy to establish that C^∞ = infσ_{ess}(P̃ ) and our criterion for existence of eigenvalues reads 0 < λ_{cr} < infσ_{ess}(P̃ ), a well known criterion in spectral theory (see S. Agmon [2]). Then by using results from M. Murata [29], Y. Pinchover [33] one could give an alternative proof to some of the results of this work (for example Theorems 1.3, 1.4).

With our (nonlinear) approach we hope to give some light in the connections between linear and nonlinear theory. One of the advantages of our approach is the flexibility of it. For example, the same approach works in a number of other differential operators with potentials having continuous strong singularities. We intend to proceed further this point in a subsequent work.

The paper is organized as follows: Section 2 contains the proof of Theorem 1.1. Existence of minimizers is established in section 3, where in section 4 we consider the problem of perturbing a critical potential; finally in the last section we have the proofs of Theorems 1.5 , 1.7 and Proposition 1.6.

Acknowledgement

The author would like to thank Professors A. Baernstein II, J. M. Ball, K. J. Brown and T. Hoffman- Ostenhof for valuable conversations and Professor C. Stuart for suggesting the proof of Lemma 4.3. He would also like to thank Professors G. Rozenblioum-M. Solomyak and Z. Jin for providing him with their work [23, 37] prior publication and the referee for his suggestions to approach the problem via the criticality theory of [29, 33].

Parts of this work were announced in “ Reaction Diffusion Systems”, October 2-7,1995, Triest, Italy and “The Second World Congress of Nonlinear Analysts”, July 10-17, 1996 Athens, Greece.

2 The Concentration at infinity

This section is devoted in establishing Theorem 1.1. The proof will be similar in the spirit to the work of P. L. Lions [27]. We make extensive use of Sobolev inequality at various places.

Proof of Theorem 1.1 : For the proof we will use the Concentration-Compactness Lemma of Lions, with concentration function ϱ_k = |∇u_k|^2 + u^{2NN −2}_k + V u^2_k. We also denote L_k = ∫ IR^N ϱk dx, hence Lk ≥ ∫ IR^N |∇uk| 2 dx + ∫ IR^N V u 2 k dx, which in turn implies that we may suppose L_k → L ≥ λ_{cr} + 1, as k → +∞.

Step 1: Vanishing does not occur. We will first prove that there exists a sequence (y_k)_{k∈IN} ∈ IR^N such that ϱ_{nk} (. + y_k) is tight in IR^N . To this we suppose initially that vanishing occurs. That is for each R > 0, lim_{k→+∞} ( sup_{x∈IR}N ∫ B_R(x) ϱk(x) dx ) = 0 .

Since λ_{cr} < C^∞, we may take R_0 large enough to satisfy λ_{cr} < μ_{R0} . We also take ϕ ∈ C^∞_b (IR^N ), satisfying 0 ≤ ϕ ≤ 1 in IR^N , with ϕ ≡ 0 in B_1 and ϕ ≡ 1 in IR^N − B_2. Hence u_kϕ(^._{R0} ) ∈ C^∞_0 (IR^N − B_{R0} ) and in addition by using Sobolev inequality in B_{2R0} − B_{R0} we have | | | | ∫ IR^N |∇(u_kϕ)|^2 dx − ∫ IR^N |∇u_k|^2ϕ^2 dx | | | | ≤ ≤ c (∫ B2_R0 −B_R0 |∇u_k|^2 dx )_{1/2} (∫ B2_R0 −B_R0 |u_k|^{2NN −2} dx ) N −2_{2N} + c (∫ B2_R0 −B_R0 |u_k|^{2NN −2} dx ) N −2_N

≤ c (∫ B2_R0 −B_R0 ϱ_k dx )^{N −2}_{2N} + c (∫ B2_R0 −B_R0 ϱ_k dx )^{N −2}_N , (2.1)

where the constants c are independent of R_0 and k. Notice that we also have ∫ IR^N |∇u_k|^2 dx = ∫ IR^N |∇(u_kϕ)|^2 dx + ∫ IR^N |∇(u_k(1 − ϕ))|^2 dx + 2 ∫ IR^N ∇(u_kϕ) ∇(u_k(1 − ϕ)) dx

≥ μ_{R0} ∫ IR^N V u^2_k dx − c ∫ B_R0 ϱ_k dx − c (∫ B2_R0 ϱ_k dx ) N −2_N (2.2)

for some constant c independent of R_0, k. We now pass to the limit k → +∞, to conclude λ_{cr} ≥ μ_{R0} , which is a contradiction.

Step 2: Dichotomy does not occur. In order to prove it we suppose that dichotomy does occur. We may therefore assume that there exists ā ∈ (0, L) such that for every ε > 0 there exist k_0 ≥ 1, R_0 > 0 and sequences R_0 < R_k → +∞ as k → +∞ , (y_k)_{k∈IN} ⊂ IR^N that satisfy for all k ≥ k_0, ∫ B_{Rk} (y_k )−B_R0 (y_k ) ϱ_{nk} dx + | | | | ∫ B_R0 (y_k ) ϱ_{nk} dx − ā | | | | + | | | | ∫ IR^N −B_{Rk} (y_k ) ϱ_{nk} dx − (L − ā) | | | | ≤ ε , (2.3)

We then consider the functions ξ, η with 0 ≤ ξ ≤ 1 , ξ ∈ C^∞_0 (IR^N ) and ξ ≡ 1 if |x| ≤ 1 , ξ ≡ 0 if |x| ≥ 2 . Also, 0 ≤ η ≤ 1 , η ∈ C^∞_0 (IR^N ) with η ≡ 1 if |x| ≥ 1 and η ≡ 0 if |x| ≤ 1/2 , and define ξ_k(x) = ξ(^{x−yk}_{R1} ), η_k (x) = η(^{x−yk}_{Rk} ) for k = 1, 2, . . . , where R_1 ≥ R_0 will be determined later on. We also observe that | | | | ∫ IR^N |∇u_k|^2 dx − ∫ IR^N |∇(ξ_k u_k)|^2 dx − ∫ IR^N |∇(η_k u_k)|^2 dx | | | | ≤ ≤ ∫ B_{Rk} (y_k )−B_R1 (y_k) |∇u_k|^2 dx + ∫ B2_R1 (y_k )−B_R1 (y_k )

|∇(ξ_k u_k)|^2 dx + ∫ B_{Rk} (y_k )−B 1 2^{Rk} (y_k ) |∇(η_ku_k)|^2 dx ≤ ε + c X^2_k , (2.4)

provided k is large enough so that 4R_1 ≤ R_k , where we put

X^2_k = ∫ B2_R1 (y_k )−B_R1 (y_k ) ( |∇ξ_k |^2u^2_k + ξ^2_k|∇u_k|^2 ) dx + ∫ B_{Rk} (y_k )−B 1 2^{Rk} (y_k ) ( |∇η_k|^2u^2_k + η^2_k|∇u_k|^2 ) dx .

However by taking large k, X^2_k ≤ ∫ R0≤|x−y_k|≤R_k |∇uk| 2 dx + c ( ∫ R0≤|x−y_k|≤R_k |uk| 2N N −2 dx)^{N −} 2_N

, where c = max { ( ∫ IR^N |∇ηk| N dx)^{2N} , ( ∫ IR^N |∇ξk| N dx)^{2N} } , is independent of k, R_k. We finally obtain X^2_k ≤ ε + c ε^{N −2N} for large k , which in turn implies that | | | ∫ IR^N |∇u_k|^2 dx − ∫ IR^N |∇(ξ_k u_k)|^2 dx − ∫ IR^N |∇(η_k u_k)|^2 dx | | | ≤ c (ε + ε N −2_N ) . (2.5)

We also have | ∫ IR^N V u 2 k dx − ∫ IR^N V (ξkuk) 2 dx − ∫ IR^N V (ηk uk) 2 dx | ≤ ε . If we denote α_k = ∫ IR^N V ξ 2 ku^2_k dx, β_k = ∫ IR^N V η 2 ku^2_k dx, then without loss of generality, we may assume that α_k → α and β_k → β as k → +∞, where 0 ≤ α , β ≤ 1 with | α − (1 − β) | ≤ ε .

In a similar fashion we can also establish that | | | ā − ∫ IR^N { |∇(ξ_ku_k)|^2 + |ξ_k u_k|^{2NN −2} + V |ξ_ku_k|^2 } dx | | | ≤ c (ε + ε^NN −2 ) (2.6)

and | | | | (L − ā) − ∫ IR^N { |∇(η_k u_k)|^2 + |η_ku_k|^{2NN −2} + V |η_ku_k|^2 } dx | | | ≤ c (ε + ε N N −2 ). (2.7)

Therefore we may find γ > 0 such that ∫ IR^N |∇(ξkuk)| 2 dx ≥ γ, ∫ IR^N |∇(ηk uk)| 2 dx ≥ γ for all k ∈ IN , ε > 0 small. Now, if for some sequence ε_k → 0^+, we have α_k = α(ε_k), and α_k either goes to zero or to

one, we deduce from (2.5), that ∫ IR^N |∇uk| 2 dx ≥ γ + λ_{cr} max {α_k, β_k} − c (ε_k + ε^{NN −2}_k ) , and by passing to the limit, that λ_{cr} ≥ γ + λ_{cr}, which is impossible. Therefore α and β stay away from zero as ε → 0^+ .

Our argument now depends on whether sequence {y_k}_{k∈IN} is bounded or not. Suppose first that it is bounded. Then we may suppose without loss of generality that y_k → y_0. Then by taking k large enough say k ≥ k_0, we will also have ∫ IR^N |∇(ηkuk)| 2 dx ≥ μ_{R0} ∫ IR^N V (ηk uk) 2 dx and ∫ IR^N |∇(ξk uk)| 2 dx ≥ λ_{cr} ∫ IR^N V (ξkuk) 2 dx where μ_{R0} is chosen to satisfy λ_{cr} < μ_{R0} . In connection with (2.5), we obtain ∫ IR^N |∇uk| 2 dx ≥ μ_{R0} α_k + λ_{cr}β_k − c (ε + ε^{NN −2} ), and by passing to the limit that

λ_{cr} ≥ μ_{R0} α + λ_{cr}β − c (ε + ε^{NN −2} ) . (2.8)

We arrive in a similar situation when sequence {y_k}_{k∈IN} is unbounded, the only difference will be that when |y_k| → +∞, we have ∫ IR^N |∇(ξk uk)| 2 dx ≥ μ_{R0} ∫ IR^N V (ξkuk)| 2 dx , which in turn implies λ_{cr} ≥ μ_{R0} β + λ_{cr}α − c (ε + ε^{NN −2} ) . In any case, by passing through a subsequence to the limit ε = 0 , we may suppose the existence of m, l ∈ (0, 1) with m + l = 1 and α(ε_k) → m, β(ε_k) → l as k → +∞, and by passing to the limit in (2.8) (similar is the situation in the other case), that λ_{cr} ≥ μ_{R0} m + λ_{cr}l , and finally arrive at the contradiction λ_{cr} ≥ μ_{R0} . Thus dichotomy is avoided.

Step 3: Completion of the proof. We complete the proof of Theorem 1.1 by establishing, that the sequence {y_k}_{k∈IN} is bounded. Suppose on the contrary that it is unbounded, without loss of generality we may take |y_k| → +∞. Then for each ε > 0 , ∃R such that ∫ B_R(y_k ) ϱn^k dx ≥ L − ε , and by defining the function

ξ(^{x−yk}_R ) u_k ( ξ as above), a computation like in (2.4) gives for large k, | | | | ∫ IR^N V u^2_k dx − ∫ IR^N V (ξu_k)^2 dx | | | | + | | | | ∫ IR^N |∇u_k|^2 dx − ∫ IR^N |∇(ξu_k)|^2 dx | | | | ≤ c (ε + ε N N −2 ) . (2.9)

Therefore by taking k large enough, to obtain suppξ ⊂ IR^N − B_{R0} , thus ∫ IR^N |∇u_k|^2 dx ≥ μ_{R0} ∫ IR^N V (ξu_k)^2 dx − c (ε + ε^{NN −2} ). (2.10)

We may also suppose that for some α = α(ε), 0 ≤ α ≤ 1, and α_k = ∫ IR^N V (ξuk) 2 dx → α, as k → +∞, to conclude from (2.10) , that | 1 − α | ≤ ε and λ_{cr} ≥ α μ_{R0} − c (ε + ε^{NN −2} ) . Then by passing to the limit ε → 0^+ (through a subsequence), we finally arrive at a contradiction.

3 Existence of minimizers

As in the previous section we consider a minimizing sequence {u_k}_{k∈IN} ⊂ A that satisfy I[u_k] → λ_{cr}, as k → +∞, and ∫ IR^N V u 2 k dx = 1. Then from Theorem 1.1 we have that when λ_{cr} < C^∞, we may assume that the sequence u_k converges weakly in D^{1,2} and a.e. to some u ∈ D^{1,2} . We may also suppose that the sequence V u^2_k is a tight sequence, that is for each ε > 0, there exists R_0 = R_0(ε) such that for R ≥ R_0, and all k, ∫ B_R V u 2 k dx ≥ 1 − ε. Our main concern in this section is to find conditions under which we can pass to the limit. For this we may extend the ball B_R into a new larger one, also extend u_k to have common compact support in the new ball, but also V u^2_k being tight and u_k ⇀ u in D^{1,2} and a.e. Hence we may suppose u_k → u in L^2_{loc}(IR^N ), |∇u_k|^2 ⇀ μ and V u^2_k ⇀ ν , as k → +∞, for some bounded nonnegative measures in IR^N . The main result in this section is to establish Theorem 1.2.

Throughout this section let Σ = { x_1, . . . , x_k, . . . } ⊂ IR^N , be the set of critical singular points of the potential V . Also, we set for j = 1, 2, . . . ν_j = lim_{r→0}+ ν( B(x_j , r) ), μ_j = lim_{r→0}+ μ( B(x_j , r) ). Then

Lemma 3.1 Suppose N ≥ 3, V satisfies (H) and that 0 < λ_{cr} < C^∞and 0 < λ_{cr} < C(x), ∀x ∈ IR^N . Then μ ≥ |∇u|^2 + ∞∑ j=1 μ_j δ_{xj} and ν(IR^N ) = ∫ IR^N V u^2 dx + ∞∑ j=1 ν_j . (3.2)

A description of the “Hardy potentials” in terms of capacity is given in Maz’ja [28] . We recall that the capacity of a compact set E relative to Ω, where E ⊂ Ω open ⊂ IR^N , is defined by Cap ( E, Ω ) = inf{ ∫ Ω |∇u|^2 dx, u ∈ C^∞_0 (Ω) with u ≥ 1 in E}, and we use the notation Cap E when Ω = IR^N . For some of the basic results concerning the capacity we refer to Maz’ja [28] . Then the result of Maz’ja [ Theorem of page 112 ] reads as follows (see also Theorem 4.2 in [28]):

Proposition 3.2 Suppose N ≥ 3, and V ∈ L^1_{loc}(IR^N ) with V^>≠ 0 in IR^N .

1. If there exists a positive constant β such that for all compact sets E ⊆ IR^N , ∫ E V dx ≤ β CapE , (3.3) then there exists c ≤ 4β such that for all u ∈ C^∞_0 (IR^N ) , ∫ IR^N V u^2 dx ≤ c ∫ IR^N |∇u|^2 dx . (3.4)

2. If (3.4) is valid for some constant c and for all u ∈ C^∞_0 (IR^N ) , then (3.3) holds for some constant β and for all compact sets E. In particular we may take β to satisfy β ≤ c.

We also recall some basic results concerning the weak L^{N2} space (or Marcinkiewicz space), which we denote by L^{N2 ,∞}. A measurable function f defined on a domain Ω ⊆ IR^N is said to belong to L^{N2 ,∞}(Ω) if and only if ||f|| N_{2 ,∞} = sup_{s>0} { s ( ν_f (s) )^{N2} } < +∞ , where the distribution function ν_f (s), is ν_f (s) = meas { x ∈ Ω, |f(x)| > s }. Another characterization of the space L^{N2 ,∞}(Ω) is in the following way (C. Bennett and R.Sharpley [8]) f is in L^{N2 ,∞}(Ω) if and only if ||f||^∗_{N2 ,∞} = sup_E |E|^{−1+ 2N} ∫ E |f| dx < +∞, and L^{N2 ,∞}(Ω) is a Banach space with norm || ||^∗_{N2 ,∞}. Then by using the immediate inequality (meas K)^{1− 2N} ≤ c(N) Cap K,

it is then easy to see that if V ∈ L^{N2 ,∞}(IR^N ) with V^>≠ 0 in IR^N , then V is a “Hardy potential”, that is λ_{cr}(V ) > 0. On the other hand if V /∈ L^{N2 ,∞}(IR^N ) then it is easy to see that this might lead to the non-existence of eigenvalues for the problem −Δu = λV u in IR^N , u > 0 in IR^N . (3.5) In particular, we have the following result:

Lemma 3.3 Suppose N ≥ 3 , V in C^α_{loc}(IR^N ) with V^>≠ 0 in IR^N . If in addition there exist E_k compact ⊂ IR^N , such that lim_{k→+∞}^1_{Cap Ek} ∫ E_k V dx = +∞, then λcr = 0. Moreover there is no λ > 0, so that

problem (3.5) has a (distributional) solution.

Proof: Suppose on the contrary that for some λ > 0, problem (3.5) has a solution u. Then under our hypotheses it is standard to see that the solution is a classical one. Also λ_{cr} = 0 follows from Proposition 3.2 part 2. From the definition of λ_{cr}, then follows the existence of x_0 ∈ IR^N , R > 0 such that λ_1, defined by

λ_1 = inf { ∫_{B(x0,R)} |∇u|_2 dx ∫ B(x0,R) V u 2 dx , u ∈ C^∞_0 (B(x_0, R)) , ∫ B(x0,R) V u^2 dx > 0 } (3.6)

satisfies 0 < λ_1 < λ. It is then standard the existence of a classical solution ϕ_1 to the problem −Δϕ_1 = λ_1V ϕ_1 in B(x_0, R), ϕ_1 = 0 on ∂B(x_0, R). We arrive at a contradiction by establishing ∫ B(x0,R) |∇ϕ_1 − ϕ_1 u ∇u|^2 dx + (λ − λ_1) λ_1 ∫ B(x0,R) |∇ϕ_1|^2 dx = 0. (3.7)

We also have (Maz’ja [28] Theorem 2 on page 129):

Proposition 3.4 Suppose N ≥ 3 , V in L^1_{loc}(IR^N ) with V^>≠ 0 in IR^N , Ω open, bounded subset of IR^N with smooth boundary.

1. Suppose for some small δ > 0, there exists K > 0 such that for any E compact ⊆ Ω with diam (E) ≤ δ ∫ E V dx ≤ K Cap (E, Ω) . (3.8) Then there exist c = c(N) such that for all u ∈ C^∞_0 (Ω) , ∫ Ω V u^2 dx ≤ c K ∫ Ω { |∇u|^2 + δ^{−2}|u|^2 } . dx (3.9)

2. Suppose (3.9) holds for some K, δ > 0. Then there is a constant of the form c K , with c = c(N) such that (3.8) holds as well.

We now connect the previous results with our concentration function and establish:

Lemma 3.5 Suppose N ≥ 3 and Ω is an open and bounded subset of IR^N with smooth boundary. If C(x) ≥ M for all x ∈ Ω̄, then there exist constants c = c(N) , δ_0 = δ_0(Ω) such that:

1. For any E closed ⊆ Ω with diam E ≤ δ_0, ∫ E V dx ≤^c_M Cap(E, Ω). 2. For any ϕ ∈ C^∞_0 (Ω) with 0 ≤ ϕ ≤ 1 in Ω, | ∫ Ω ϕ^2 dν − ∫ Ω V ϕ^2u^2 dx | ≤^c_{M1/2} .

Proof: Let ε > 0, then for each x ∈ Ω̄, there exists δ_x > 0 with the property λ_r(x) ≥ M − ε, for 0 < r ≤ 2δ_x. We then use the inclusion Ω̄ ⊂ ∪_{x∈}¯_ΩB(x, δ_x) , in connection with Lebesque’s lemma to obtain the existence of δ_0 > 0 , with the property : For any E closed ⊆ Ω with diam E ≤ δ_0, then there exists x_j ∈ Ω̄ such that E ⊂ B(x_j , δ_{xj} ) . Next we consider ϕ ∈ C^∞_0 ( B(x_j , δ_{xj} ) ∩ Ω ) , with ϕ ≥ 1 in

E, and use the monotonicity of λ_r(x_0) to conclude M − ε ≤ ∫ B(x_j ,2δ_{xj} )∩Ω |∇ϕ|2 dx ∫ B(x_j ,2δ_{xj} )∩Ω V ϕ2 dx , which in turn gives (M − ε) ∫ E V dx ≤ Cap (E , B(x_j , 2δ_{xj} ) ∩ Ω ) . Finally, Theorem 2 of Maz’ja [28] yields the existence of c = c(N) with, (M − ε) ∫ E V dx ≤ c Cap (E , Ω) . By the use of Proposition 3.4 we obtain ∫ Ω V (u_k − u)^2ϕ^2 dx ≤ c M − ε ∫ Ω { |∇ϕ(u_k − u)|^2 + δ^{−2}_0 ϕ^2(u_k − u)^2 } dx , k = 1, 2, . . . (3.10) for some constant c = c(N) . The result follows easily by passing to the limit in (3.10) and using the inequality | | | (∫ Ω V u^2_kϕ^2 dx )_{1/2} − (∫ Ω V u^2ϕ^2 dx )_{1/2}| | | 2 ≤ ∫ Ω V (u_k − u)^2ϕ^2 dx .

Proof of Lemma 3.1: We start noting that ∑ j∈IN μj δxj , is part of the singular part of the measure μ,

hence μ ≥ ∑ j∈IN μj δxj . Also by weak convergence μ ≥ |∇u|

2. Then the orthogonality gives the first part of (3.2). Working in a similar way, we have ν ≥ V u^2 + ∑ j∈IN νj δxj . Without loss of generality we may suppose that the critical singular set Σ is defined in such a way to satisfy C(x_k ) ≤ C(x_{k+1}), k = 1, 2, . . . Let ε > 0. Then for each k ∈ IN there exist R_k > 0 such that ν(B_{Rj} (x_j )) ≤ ν_j +^ε_{21+j} , j = 1, 2, . . . We also consider the set Σ_ε2 = {x ∈ Σ , C(x) ≤^1_{ε2} } ,and let us assume that for some m ∈ IN, Σ_ε2 = {x_1, . . . , x_m}. From Theorem 1.1 there exists a subsequence (which we keep the same notation) and R_0, such that for all R ≥ R_0, ∫ B_R V u 2 kdx ≥ 1 − ε, k = 1, 2, . . .. We also choose R large enough to satisfy Σ_ε2 ⊂ B_R and define Ω_ε = B_{2R} − ⋃_m i=1 B̄_{12 Ri} (x_i). Let us also consider ϕ ∈ C∞_0 (IRN ),

with 0 ≤ ϕ ≤ 1, ϕ ≡ 1 in B_R, ϕ ≡ 0 in IR^N − B_{2R} and η ∈ C^∞_b (IR^N ) with 0 ≤ η ≤ 1 in IR^N , η ≡ 1 in IR^N − ⋃_m i=1 B_{Ri} (x_i) and η ≡ 0 in ⋃_m i=1 B 1_{2 Ri (xi)}. Then 1 − ε ≤ ∫ B_R V u 2 kdx ≤ ∫ B2_R V u 2 kϕ^2dx, and by passing to the limit 1 − ε ≤ ∫ B2_R ϕ 2dν . But ∫ B2_R ϕ 2dν^<= ∫ B2_R − ⋃_m i=1 B̄ 1

2^{Ri}(^{xi})

ϕ^2η^2dν + ∑_m i=1 ∫ B_{Ri} (x_i) ϕ 2dν . We then use Lemma 3.5 to conclude ∫ Ω_ε ϕ 2η^2dν ≤ ∫ IR^N V u 2dx + c · ε , for some constant c = c(N). Hence ∫ B2_R ϕ^2dν ≤ ∫ IR^N V u^2dx + c · ε + m∑ i=1 ∫ B_{Ri} (x_i) ϕ^2dν

≤ ∫ IR^N V u^2dx + ∞∑ j=1 ν_j + (c + 1 2 ) ε. (3.11)

We then pass to the limit ε → 0^+ in (3.11), to obtain 1 ≤ ∫ IR^N V u 2dx + ∑_∞ j=1 ν_j , and the result then follows.

Proof of Theorem 1.2: We first claim that C(x_j )ν_j ≤ μ_j for j = 1, 2, . . ..

To prove this we consider a test function ϕ ∈ C^∞_0 (IR^N ) with 0 ≤ ϕ ≤ 1 in IR^N , ϕ ≡ 1 in B_1 and ϕ ≡ 0 in IR^N − B_2, and set u_k ϕ(^{x−xj}_R ) for k, j ∈ IN , to obtain for j ∈ IN and R > 0 ,

λ_{2R}(x_j ) ∫ 2B_R(x_j ) V ( u_kϕ ( x − x_j R ))_2 dx ≤ ∫ B2_R(x_j ) | | |∇ ( u_kϕ ( x − x_j R ))| | | 2 dx . (3.12)

Therefore,

λ_{2R}(x_j ) ∫ B_R(x_j ) V u^2_kdx ≤ ∫ B2_R(x_j ) |∇u_k|^2dx + ∫ B2_R(x_j )−B_R(x_j ) u^2_k|∇ϕ|^2dx + 2 ∫ B2_R(x_j ) (u_k − u) ϕ∇u_k · ∇ϕdx + 2 ∫ B2_R(x_j ) uϕ∇u_k · ∇ϕdx. (3.13) We now pass to the limit k → ∞ to conclude,

λ_{2R}(x_j ) ν (B_R(x_j )) ≤ μ (B_{3R}(x_j )) + ∫ B2_R(x_j )−B_R(x_j ) u^2|∇ϕ|^2dx + 2 ∫ B2_R(x_j ) u ϕ ∇u · ∇ϕdx. (3.14) But since ∫ B2_R(x_j ) u 2|∇ϕ|^2dx ≤ c ( ∫ B2_R(x_j )−B_R(x_j ) u 2N N −2 dx )^{N −} 2 N , where the constant c depends only on N, we could pass to the limit R → 0^+ in (3.14) and the result follows.

Next we complete the proof of the Theorem. We have from Lemma 3.1 ∫ IR^N |∇u| 2 dx + ∑ j∈IN μj ≤ λ_{cr}( ∫ IR^N V u 2 dx + ∑ j∈IN νj ), so by using our previous claim, we deduce that ∫ IR^N |∇u|^2 dx − λ_{cr} ∫ IR^N V u^2 dx ≤ ∑ j∈IN (λ_{cr} − C(x_j )) ν_j . (3.15)

Since ∫ IR^N |∇u| 2 dx − λ_{cr} ∫ IR^N V u 2 dx ≥ 0, it follows ν_j ≡ 0 , j = 1, 2, . . . , which completes the proof.

Corollary 3.6 Suppose N ≥ 3, V ∈ L^1_{loc}(IR^N ) with V^>≠ 0 in IR^N is a subcritical potential, that is C^∞ = +∞ and C(x) = +∞ for all x ∈ IR^N . Then V attains its infimum and the eigenvalue problem (1.1) has a positive principal eigenvalue.

Proof: The result follows from Theorem 1.2, once we prove that λ_{cr}(V ) > 0 . This is easily achieved by a partition of unity argument combined with Gagliardo- Nirenberg- Sobolev inequality.

Remark 3.1 It is worth mentioning that for N ≥ 3, with V^>≠ 0 in IR^N , then V is a subcritical potential in any of the following cases: 1) V ∈ L^{N/2}(IR^N ), 2) 2p > N and ∫ IR^N |x| 2p−N V p(x) dx < ∞ or 3) V ∈ L^{N2 ,∞}(IR^N ) with ν_V (s) = o(s^{−N/2}), as s → 0 and as s → ∞. Hence a positive principal eigenvalue to (1.1) exists in these cases.

In the theory of Schrödinger operators the Kato class of functions play an important role. We recall that for a measurable function f it belongs to the Kato class K^N_{loc}(IR^N ) (N ≥ 3) if for all R > 0, lim_{r→0} sup_{y∈BR} ∫ B_r (y) |f(x)| |x − y|^{N−2} dx = 0. (3.16)

The importance of the Kato class is due to the fact that when V ∈ K^N_{loc}(IR^N ), nonnegative distributional solutions of (1.1) are in fact continuous functions (they even satisfy a Harnack inequality), see M. Aizenman- B. Simon [40]. The connection of the Kato class with our results comes in a straightforward manner from Lemma (1.1) of E. Fabes, N. Garofalo and F.-H. Lin [17]. In particular, it is the easy to see that if

V ∈ K^N_{loc}(IR^N ) with V^>≠ 0 in IR^N , then C(x; V ) = +∞ for all x in IR^N . Hence we have

Corollary 3.7 Suppose N ≥ 3 and let V^>≠ 0 in IR^N , V ∈ K^N_{loc}(IR^N ) with λ_{cr}(V ) > 0. If in addition λ_{cr}(V ) < C^∞, then V attains its infimum and the eigenvalue problem (1.1) has a positive principal eigenvalue with the corresponding eigenfunction being continuous.

This is in particular the case when V ∈ L^{N2 ,∞}(IR^N ) ∩ K^N_{loc}(IR^N ) and in addition λ_{cr}(V ) < C^∞.

4 Perturbing critical potentials

In this section we perturb critical potentials by subcritical ones and see how this effect the existence of minimizers to the corresponding minimization problems. Before doing this, we first study how the concentration function of a potential changes when we perturb it; that is we establish that when we perturb a critical potential by a subcritical one then the concentration function of the critical potential does not change. Notice that this is not the case when we perturb a critical potential by another critical potential. We start with the following lemma:

Lemma 4.1 Suppose N ≥ 3, and V satisfies (H). If g is a subcritical potential with g^>≠ 0 in IR^N , then C(x_0 ; V + g) = C(x_0; V ) ∀ x_0 ∈ IR^N and C^∞(V + g) = C^∞(V ). That is the concentration of a potential V, does not change under subcritical nonnegative perturbations of it.

Proof: We will only prove for x_0 ∈ IR^N , since the other case is similar. We assume that for r > 0 small enough, λ_r(x_0; V ) < +∞ and λ_r(x_0; g) < +∞ , since otherwise the proof is much easier. Then from the definition we have for u ∈ C^∞_0 (IR^N ) , ∫ B_r (x0)(V + g)u

2 dx ≤ (^1_{λr (x0;V )} +^1_{λr (x0;g)} ) ∫ B_r (x0) |∇u| 2 dx , which suggests that λ_r(x_0 ; V + g) ≥^1_{1λr (x0;V ) + 1λr (x0;g)} , and by passing to the limit r → 0^+, conclude that

C(x_0 ; V + g) ≥ C(x_0; V ). Since the reverse inequality is obvious the result then follows.

Remark 4.1 A similar statement to Lemma 4.1 holds when potential g is not of one sign, but instead |g| is a subcritical potential and V + g ≥ 0 in IR^N .

Lemma 4.2 Suppose N ≥ 3, and consider the potentials V, g that satisfy (H). We also suppose g to be a subcritical potential. Then there exists ε_1 ≥ 0 , such that λ_{cr}(V + εg) < λ_{cr}(V ), for ε > ε_1. Moreover, we may take as ε_1 =^{λcr (g)}_{λcr (V )} .

Proof: We observe initially that for ε > 0 , λ_{cr}(εg) =^1_ε λ_{cr}(g) and λ_{cr}(V + εg) ≤ λ_{cr}(εg). Hence if ϕ ∈ D^{1,2}(IR^N ) is the corresponding minimizer for the potential g, we have for ε > ε_0 =^{λcr (g)}_{λcr (V )} , λ_{cr}(V + εg) ≤ ∫ IR^N |∇ϕ| 2 dx ∫ IR^N (V + εg)ϕ 2 dx < ∫ IR^N |∇ϕ| 2 dx ε ∫ IR^N gϕ 2 dx < λ_{cr}(V ), (4.2)

which concludes the result.

Lemma 4.3 Suppose N ≥ 3 ,V satisfies (H) and u ∈ D^{1,2}(IR^N ) is a solution of −Δu = V (x)u in IR^N , u ≥ 0 in IR^N . (4.3) Then either u ≡ 0 or u > 0 in IR^N .

Proof:(Suggested by C. Stuart). Notice that we can apply Theorem 8.19 of Gilbarg and Trudinger [21], with z = −u ≤ 0 in IR^N , since Δz ≥ 0 in IR^N , and D^{1,2}(IR^N ) ⊂ W^{1,2}_{loc} (IR^N ).

Corollary 4.4 (Strict monotonicity) Suppose N ≥ 3 and V that satisfies (H) and attains its infimum. Then for any potential g that also satisfies (H), we have λ_{cr}(V + g) < λ_{cr}(V ).

The proof follows from Lemma 4.3. As a consequence of the previous Lemmas, we also obtain the proof of Theorem 1.3.

In critical exponent problems the S.Pohozaev [35] identity plays an essential role. The same is true for the linear problem (F. Rellich [35]). We have in particular the following standard by now result (see also H. Brezis [10]).

Proposition 4.5 Suppose N ≥ 3, and for some x_0 ∈ IR^N , V ∈ C^1_{loc}(IR^N − {x_0}). If the eigenvalue problem (1.1) has a solution u, for some λ > 0, then ∫ IR^N [2V (x) + (x − x_0) · ∇V (x)]u^2(x) dx = 0. (4.4)

It is then easy to see that when 2V (x) + (x − x_0) · ∇V (x) has a specific sign, this leads to nonexistence of eigenvalues. However, in connection with Theorem 1.3, a much stronger result holds. For this we give the following

Definition 4 A critical potential V^>≠ 0 , is called a strong Hardy type potential (SH), if there exists x_0 ∈ IR^N with V ∈ C^1_{loc}(IR^N − {x_0}) , which in addition satisfies:

2V (x) + ( x − x_0) ∇V (x) > 0 in IR^N − {x_0} . (4.5)

Theorem 4.6 Suppose N ≥ 3 and V ∈ C^1_{loc}(IR^N − {x_0}) is a strong Hardy type potential with λ_{cr}(V ) > 0.

Then for each g ∈ C(IR^N ) with compact support and g^>≠ 0 in IR^N , there exists ε_0 = ε_0(g) > 0 such that, the potential V_ε = V + εg does attain a minimizer for every ε > ε_0, but does not for 0 ≤ ε < ε_0.

In particular V_ε has a principal eigenvalue for all ε > ε_0, but has none for 0 ≤ ε < ε_0.

Proof : We first establish the result when g ∈ C^1(IR^N ) with g^>≠ 0 in IR^N and having compact support. In this case, it is easy to see, that there exists ε_1 > 0 such that the critical potential V + εg, is a strong Hardy type potential for 0 ≤ ε < ε_1. Next we define the set S = {ε > 0 , V + εg attains a minimizer }. Then by Theorem 1.3 in connection with Corollary 4.4, we obtain that S is an unbounded interval. In addition we have ε_0 = inf S ≥ ε_1 . It is then easy to conclude that for 0 ≤ ε < ε_0 the critical potential V + εg does not attain a minimizer and the eigenvalue problem has no principal eigenvalue.

Next we consider the general case when g ∈ C(IR^N ). Following the argument for the previous case, the result will follow once we prove the existence of ε_1 > 0, with the property the critical potential V + εg, does not attain a minimizer for 0 ≤ ε < ε_1. To this we consider any potential G ∈ C^1(IR^N ), that additionally

satisfies G^>≠ 0 inIR^N with compact support, and Suppg ⊂ { x ∈ IR^N | G(x) > 0 }. For the potential G there exists ε_2 > 0, such that the critical potential V + εG does not attain a minimizer for 0 ≤ ε ≤ ε_2. Also, from continuity there exists ε_3 > 0, with the property ε_3g ≤ ε_2G inIR^N . But then the critical potential V + ε_3g does not attain a minimizer. This in turn implies that the potential V + εg does not attain a minimizer for 0 ≤ ε ≤ ε_3 .

Proof of Theorem 1.4 : We observe that the critical potential V_0(x) =^1_{1+|x|2} is a strong Hardy type potential, since 2V_0(x) + x · ∇V_0(x) =^2_{(1+|x|2)2} , x ∈ IR^N , and then the result follows from Theorem 4.6.

Remark 4.2 As easily seen, similar results to Theorem 4.6 and Proposition 4.5 hold if the critical potential V satisfies the reverse inequality 2 V (x) + (x − x_0) ∇V (x) < 0 in IR^N − {x_0}, instead of (4.5).

Remark 4.3 We could improve Theorem 4.6 by allowing perturbations g to the critical (strong Hardy type) potential V , which do not have compact support, but then we should place some decaying assumptions (at infinity) on g , the nature of which will depend upon the asymptotics of the critical potential V at infinity.

Next we will see that if we perturb a critical potential by another critical one, nearly everything is possible. We start with two critical potentials that do not attain their infimum and contrary to what someone might expect the perturbed potential sometimes does attain its infimum.

Lemma 4.7 For N ≥ 3, we consider for a ∈ IR^+ the critical potentials V (x) =^1_{|x|2(1+|x|2)} and W_a(x) = a+|x|2 (1+|x|2)2 , x ∈ IR N − {0}. Then the potentials V, W_a do not attain their infimum for 0 ≤ a ≤^{2N}_{N−2} , whereas the potential V + W_a does not attain its infimum when 0 ≤ a ≤ 1, but it does when 1 < a ≤^{2N}_{N−2} .

We will give the proof of Lemma 4.7 in section 5.

Similarly let V be a strong Hardy type potential and g ∈ C(IR^N ) , g^>≠ 0 in IR^N with compact support and ε > 0. We define the critical potential V_ε = V + ε g. From Theorem 4.6 then follows that there exists ε_0 = ε_0(g) > 0 with the property V_ε attains its infimum when ε > ε_0 and does not attain it when 0 ≤ ε < ε_0. We will use the potentials V and V_ε for ε > ε_0, to see that when we perturb a critical potential, that does not attain its infimum (V ), by another critical potential, that does attain its infimum (V_ε for ε > ε_0), then V + V_ε might and might not attain its infimum.

Lemma 4.8 Suppose N ≥ 3 and let V be a strong Hardy type potential with λ_{cr} > 0. Then the critical potential V + V_ε does not attain its infimum for ε_0 < ε < 2ε_0, but it does for ε > 2ε_0 .

The proof of Lemma 4.8 follows easily from Theorem 4.6 by observing that V + V_ε = 2{V +^ε_2 g}, in IR^N . Notation For a critical potential V , we denote Σ(V ) the set of critical singular points of V , including +∞ in case C^∞(V ) < +∞ (that is Σ(V ) ⊂ IR^N ∪ {+∞}).

Lemma 4.8 suggests that perturbing a critical potential by another one is very sensitive in attaining its infimum, when the perturbed potentials have common critical singular points. For this reason we consider the case of adding two critical potentials that have disjoint critical sets. Our first result then is:

Theorem 4.9 Suppose N ≥ 3 and V_1, V_2 are two critical potentials that satisfy (H), and V_1 attains its infimum. If in addition we have Σ(V_1) ∩ Σ(V_2) = ∅ and λ_{cr}(V_1) ≤ λ_{cr}(V_2), then the critical potential V_1 + V_2 attains its infimum.

Proof: We first notice that by using Σ(V_1) ∩ Σ(V_2) = ∅ , we could easily establish, as in Lemma 4.1 that C(x; V_1 + V_2) = min{ C(x; V_1) , C(x; V_2) } ∀ x ∈ IR^N and C^∞(V_1 + V_2) = min{ C^∞(V_1) , C^∞(V_2) } . It is then a simple consequence of the strict monotonicity (Corollary 4.4) to conclude λ_{cr}(V_1 + V_2) < λ_{cr}(V_1) ≤ λ_{cr}(V_2) . Thus arriving at λ_{cr}(V_1 + V_2) < C^∞(V_1 + V_2) , and λ_{cr}(V_1 + V_2) < C(x; V_1 + V_2) , ∀ x ∈ IR^N . It is also fairly easy to see that V_1 + V_2 satisfies (H) as well. The result then follows from the Theorem 1.2.

In a similar fashion, we could establish:

Theorem 4.10 Let N ≥ 3 and V_1 , V_2 be two critical potentials that attain their infimum. If in addition Σ(V_1) ∩ Σ(V_2) = ∅, then the critical potential V_1 + V_2 attains its infimum.

5 Boundary Critical potentials

We start in this section by establishing a more general result than Proposition 1.6 (for another proof of Proposition 1.6, see Theorem 5.7 in Murata [29]). We believe that the existence of solutions should be well known to the specialists, but we have not find a reference for it. Instead we sketch a proof in the spirit of Z. Jin [23], see also Y. Pinchover [34]. What we expect to be new is that under the assumptions of our next theorem, all solutions tend to zero at infinity.

Theorem 5.1 Suppose N ≥ 3 , α_1, . . . , α_k ∈ IR^N , V is a locally Hölder continuous in IR^N − {α_1, . . . , α_k} with C(α_i) > 0, i = 1, 2, . . . , k and there exists c > 0 with 0^<≠ |x|^2V (x) ≤ c for large |x|. Then λ_{cr} > 0 and for every 0 < λ ≤ λ_{cr} , the equation −Δu = λV (x)u in IR^N − {α_1, . . . , α_k} , (5.2) has a positive solution u ∈ C^2(IR^N − {α_1, . . . , α_k}).

If in addition for some R_0 , { α_1, . . . , α_k } ⊂ B_{R0} , potential V satisfies ∫ IR^N −B_R0 V (x) |x|^{N −}2 dx = +∞ , then lim_{|x|→+∞} u(x) = 0 .

Proof: We give the proof for k = 1 . Let 0 < λ ≤ λ_{cr} . For R > 2 we first solve the problem −Δw = λV (x)w in B_R−^−B_{1/R} , w = 1 on ∂B_{1/R}, w = 0 on ∂B_R . (5.3) This is possible, since the first eigenvalue λ^R_1 of the problem −Δϕ_1 = λ^R_1 V (x)ϕ_1 in B_R−^−B_{1/R}, ϕ_1 = 0 on ∂B_R ∪ ∂B_{1/R}, satisfies , λ^R_1 > λ_{cr}. We then normalize the classical solution w of (5.3), by w(e) = 1 where e ∈ IR^N , |e| = 1 . Next we apply the Harnack inequality to each domain B_{R0} −^−B_{1/R0} (R_0 > 2) and establish the existence of C_{R0} such that for R ≥ R_0, w^R ≤ C_{R0} , in B 3_{4 R0} −^−B_{3/2R0} . Then by interior estimates, we obtain a new constant C_{R0} , with ||w^R||_C2,a_{(B1/2R0 −}¯_{B2/R0 )} ≤ C_{R0} for R ≥ R_0 . The result then follows by a diagonalization procedure.

We also use the Harnack inequality (Lemma 6.3 in Y. Pinchover [34]) to conclude the existence of a constant c independent of R) with u(x) ≤ c u(y) for all |x| = |y| = R ≥ R_0. (5.4) If we define ū(r) =^1_{|∂Br |} ∫ ∂B_r u(x) dS = ∫ ∂B_r− u dS, we then have (r

N−1 ū^′(r))^′ + r^{N−1} ∫ ∂B_r− λV u dS = 0. It is also not difficult to see that the monotonicity of ū and (5.4) suggests that if the result does not hold, there exists a > 0 such that u(x) ≥ a, for large |x|. Then an easy calculation gives for large r, say for r ≥ 1, rū^{′′}(r) + (N − 1)ū^′(r) + λar ∫ ∂B_r− V dS ≤ 0, and by integration, we obtain for r > 1 ,

rū^′(r) + (N − 2)ū(r) − {ū^′(1) + (N − 2)ū(1)} + λa c_N ∫ B_r −B1 V (x) |x|^{N−2} dx ≤ 0 . (5.5)

We may therefore suppose that there exists A > 0 with, rū^′(r) + (N − 2)ū(r) ≤ −A for r ≥ r_0, which in turn implies that for some c ∈ IR and r large, r^{N−2}ū(r) ≤ −^A_{N−2} r^{N−2} + c. This in turn implies lim_{r→+∞} sup ū(r) ≤ −^A_{N−2} < 0, and the result follows.

Proof of Theorem 1.5 : It is easy to see that u(x) = (1 + |x|^2)^{− N −24} is a positive solution of −Δu = (^{N−2}_2 )^2W_0u in IR^N . From Theorem 5.1 then follows λ_{cr}(W_0) = (^{N−2}_2 )^2. W_0 does not attain its infimum since function u is not in D^{1,2}(IR^N ). Next we establish the result when g has compact support and is locally Hölder continuous. To this it is enough to establish λ_{cr}(W_0 + g) < (^{N−2}_2 )^2. We suppose the contrary. Then also by Theorem 5.1, the problem −Δu = ( N − 2 2 )_2

(W_0 + g)u in IR^N , lim_{|x|→+∞} u(x) = 0, (5.6)

has a positive classical solution u. We then define f(r) = (1 + r^2)^{N −24} ∫ ∂B_r− u dS and h(r) = ( N−2 2 )^2 ∫ ∂B_r− gu dS for r > 0. Therefore

f(r) = f(0) − ∫_r 0 (1 + t^2)^{N −22} t^{N−1} ∫_t 0 s^{N−1} (1 + s^2)^{N −2}4 h(s) ds dt for r > 0. (5.7)

Since g has compact support, it follows that h(r) = 0 for large r. This in turn implies that for some c > 0, and r large enough f(r) ≤ −c ln r, hence getting a contradiction.

We finally consider the case of a general subcritical potential g. In this case we approximate from below function g ∈ L^1_{loc}(IR^N ) , by a non-negative Hölder continuous function ĝ with compact support that in

addition satisfies 0^<≠ ĝ ≤ g in IR^N . We then apply the previous step to conclude that λ_{cr}(W_0 + ĝ) < (^{N−2}_2 )^2, and the result then follows.

Proof of Theorem 1.7 : The result will follow from Theorem 1.2 once we prove λ_{cr}(^1_{|x|2} + g) < (^{N−2}_2 )^2. We may suppose on the contrary that for some g Hölder continuous with compact support, λ_{cr}(^1_{|x|2} + g) = (^{N−2}_2 )^2. Then by applying Theorem 5.1 we obtain a positive solution u ∈ C^2(IR^N − {0}) that satisfies −Δu = (^{N−2}_2 )^2 (^1_{|x|2} + g) u in IR^N − {0} and lim_{|x|→+∞} u(x) = 0. Then set f(r) = r^{N −22} ∫ ∂B_r− u dS, and h(r) = (^{N−2}_2 )^2 ∫ ∂B_r− gu dS. It is then easy to see that there exist α, β ∈ IR such that f(r) = α + β ln r − ∫_r 1 1 t ∫_t 1 s^{N/2}h(s) ds dt, r > 0 . Then using the positivity of f close to zero, we obtain β ≤ 0 , which combined with the fact that h has compact support, implies the existence of k > 0 , f(r) ≤ −k ln r for r large enough. Hence getting a contradiction.

Proof of Lemma 4.7 : By using the inequality^1_{|x|2(1+|x|2)} ≤^1_{|x|2} , x ∈ IR^N −{0} follows λ_{cr}(V ) = (^{N−2}_2 )^2. In a similar fashion from Theorem 1.5 we obtain λ_{cr}(W_a) = (^{N−2}_2 )^2 for 0 ≤ a ≤^{2N}_{N−2} and λ_{cr}(W_a) < (^{N−2}_2 )^2, for a >^{2N}_{N−2} . We have in addition that W_a does not attain its infimum for 0 ≤ a ≤^{2N}_{N−2} and it does for

a >^{2N}_{N−2} . The later follows by using the splitting^{a+|x|2}_{(1+|x|2)2} =^{2NN −2 +|x|2}_{(1+|x|2)2} +^{a − 2NN −2}_{(1+|x|2)2} . V does not attain its infimum since (see also remark 4.3), 2 V (x) + x · ∇V (x) = −^2_{(1+|x|2)2} < 0 in IR^N − {0}. We now consider the potential V + W_a and have V (x) + W_a(x) =^1_{|x|2} +^{a−1}_{(1 + |x|2)2} . The result then follows from Theorem 1.7 for 1 < a ≤^{2N}_{N−2} . Part 1 of the Lemma follows by contradiction. That is if V + W_a attains its infimum for some 0 ≤ a < 1 , then it follows from the previous splitting that the potential^1_{|x|2} should attain its infimum, which is impossible.

References

[1] M. Aizenman and B. Simon, “Brownian Motion and Harnack Inequality for Schrödinger Operators”, Comm. Pure Appl.Math. XXXV (1982), 209-273.

[2] S. Agmon, “Bounds on exponential decay of eigenfunctions of Schrödinger operators”, in “Schrödinger operators”, ed. S. Graffi, Lecture Notes in Maths 1159, Springer-Verlag, 1985, 1-38.

[3] S. Agmon, “Spectral Theory of Schrödinger Operators on Euclidean and on Non-Euclidean Spaces”, Comm. Pure Appl. Math. XXXIX (1986), S3-S16.

[4] W. Allegretto, “Principal Eigenvalues for indefinite elliptic problems in IR^N ”, Proc. Amer. Math. Soc.

116 (1992), 701-706.

[5] T. Aubin, “Equations différentielles nonlinéaires et probléme de Yamabe concernant la courbure scalaire”, J.Math. Pures Appl. (9) 55 (1976), 269-296.

[6] A. Barhi and J. M. Coron, “On the nonlinear Elliptic Equation Involving the Critical Sobolev exponent : The Effect of the Topology of the Domain ”, Comm. Pure Appl. Math. XLI (1988), 253-294.

[7] V. Benci and G. Cerami, “Existence of positive solutions of the equation −Δu + a(x) u = u^{(N+2)/(N−2)} in IR^N ”, J. Funct. Anal. 88 (1990), 90-117.

[8] C. Bennett and R. Sharpley, “Interpolation of Operators”, Vol. 129 in Pure and Applied Maths, Academic Press, 1988.

[9] M. S. Birman and M. Z. Solomyak, “Schrödinger Operator. Estimates for number of bound states as Function-Theoretical Problem”, Amer. Math. Soc. Transt. 2, 150 (1992), 1-54.

[10] H. Brezis, “Elliptic Equations with Limiting Sobolev Exponents-The Impact of Topology”, Comm. Pure Appl. Math. XXXIX (1986), S17-S39.

[11] H. Brezis and L. Nirenberg,“Positive Solutions of Nonlinear Elliptic Equations Involving Critical Sobolev Exponents”, Comm. Pure Appl. Math. XXXVI (1983), 437 - 477 .

[12] K. J. Brown, C. Cosner and J. Fleckinger, “Principal eigenvalues for problems with indefinite weight function on IR^N ”, Proc. Am. Math. Soc. 109 (1990), 147-155.

[13] S. Y. A. Chang, J. M. Wilson and T. H. Wolff, “Some weighted norm inequalities concerning the Schrödinger operator”, Comment. Math. Helvetici 60(1985), 217-246 .

[14] D. Daners, “Principal Eigenvalues for some Periodic-Parabolic Operators on IR^N and Related Topics”, J. Diff.Eqs 121(1995), 293-313.

[15] E. B. Davies and B. Simon, “L^p Norms of Non-critical Schrödinger Semigroups”, J. Funct. Anal. 102 (1991), 95-115.

[16] J. F. Escobar, “Conformal deformation of a Riemannian metric to a scalar flat metric with constant mean curvature on the boundary”, Ann. of Math. 136(1992), 1-50 .

[17] E. B. Fabes, N. Garofalo and F.-H. Lin, “A Partial Answer to a Conjecture of B. Simon concerning Unique Continuation”, J. Funct. Anal. 88 (1990), 194-210.

[18] C. L. Fefferman, “The Uncertainty Principle”, Bull. Am. Math. Soc. 9 (1983), 129-206. [19] D. G. Figueiredo and B. Ruf, “Existence and Non-existence of Radial Solutions for Elliptic Equations with Critical Exponent in IR^2”, Comm. Pure Appl. Math. XLVIII (1995), 639-655.

[20] M. Flucher, “Extrernal functions for the Trudinger-Moser inequality in 2 dimensions”, Comment. Math.

Helvetici 67 (1992), 471-497.

[21] D. Gilbarg and N. Trudinger, “Elliptic Partial Differential Equations of Second Order”, Springer-Verlag, New York, 1983.

[22] C. Gui, W-M. Ni and X. Wang, “On the Stability and Instability of Positive Steady States of a Semilinear Heat Equation in IR^N ”, Comm. Pure Appl. Math. XLV (1992), 1153 - 1181 .

[23] Z. Jin, “Principal Eigenvalues with indefinite weight functions”, Trans. Am. Math. Soc. 349,5 (1997), 1945-1959.

[24] T. Küpper and A. Tertikas, “A global branch of positive solutions above the continuous spectrum for problems with indefinite nonlinearities”, Proc. Roy. Soc. Edinburgh 126A(1996), 465-482.

[25] E. Lieb, “Sharp constants in the Hardy-Littlewood-Sobolev and related inequalities”, Ann. of Math. 118 (1983), 349-374.

[26] P. L. Lions, “The Concentration - Compactness Principle in the Calculus of Variations. The locally compact case”. Part I, and Part II, Ann. Inst. H. Poincaré Sect. A (N.S.) 1 (1984), 109-145 and 223-283.

[27] P. L. Lions, “The Concentration - Compactness Principle in the Calculus of Variations. The limit case”.Part I, and Part II, Pev. Mat. Ibero. 1 (1) (1985), 145-201 and 1 (2) (1985), 45-121.

[28] V. G. Maz’ja, “Sobolev Spaces”. Springer–Verlag 1985.

[29] M. Murata, “Structure of positive solutions to (−Δ + V )u = 0 in IR^N ”, Duke Math. J. 53, 4 (1986), 869-943.

[30] T. Nagylaki, “Conditions for the existence of clines”, Genetics, 80 (1975), 595-615. [31] T. Nagylaki, “The diffusion model for migration and selection in a dioecious population”, J. Math. Biol.

34 (1996), 334-360.

[32] R. D. Nussbaum and Y. Pinchover, “On variational principles for the generalized principal eigenvalue of second order elliptic operators and some applications”, J. D’ Analyse Math. 59 (1992), 161-177.

[33] Y. Pinchover, “Criticality and Ground States for Second-Order Elliptic Equations”, J. Diff. Equs.

80(1989), 237-250.

[34] Y. Pinchover, “On positive Liouville theorems and asymptotic behaviour of solutions of Fuchsian type elliptic operator”, Ann. Inst. Henri Poincaré 11(3) (1994), 313-341.

[35] S. Pohozaev, “Eigenfunctions of the equation Δu + λf(u) = 0”, Soviet Math. Dokl. 6(1965), 1408-1411. [36] F. Rellich, “Darstellung der eigenwerte von Δu+λu = 0 durch ein Randintegral ”, Math. Zeit. 46(1940), 635-636.

[37] G. Rozenblioum and M. Solomyak, “On principal Eigenvalues for Indefinite Problems in the Euclidean Space”, (preprint 1995).

[38] E. Sawyer and R. L. Wheeden , “Weighted Inequalities for fractional Integrals on Euclidean and Homogeneous spaces ”, Amer. J. Math. 114 (1992), 813-874.

[39] M. Schechter, “The spectrum of the Schrödinger operator”, Trans. Am. Math. Soc. 312 (1989), 115-128. [40] B. Simon, “Schrödinger Semigroups”, Bull. Amer. Math. Soc. (N.S.) 7, (3) (1982), 447-525. [41] M. Slatkin, “Gene flow and selection in a cline”, Genetics, 75 (1973), 733-756. [42] A. Tertikas, “On Continuous Bifurcation”(in preparation).