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All solutions in positive integers of the equation of the title are found. under the 
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1 

The main object of this paper is the solution of the equation 

x'=4q"/2+4q+ 1, (1.1) 

where x and a are positive integers, and q is a prime power. If a is even in 
(1.1 ), we are led to consider the equation 

x'=4qm+4q+ 1, (1.2) 

and if a is odd and q is a square, upon replacing q by & we are led to 

x'=4q"+4qZ+ 1. (1.3) 

In ( 1.3) we may assume that m is odd, since if m is even then ( 1.3) reduces 
back to (1.2). 

For any q, (1.2) has the trivial solution wz = 2, x = 2q + 1; similarly, ( 1.3) 
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has the trivial solution m = 1, x = 2q + 1. In this paper, we will prove the 
following theorem, confirming a conjecture of Calderbank [4]: 

THEOREM 1.1. Let q be a prime power, and x, m positive integers. The 
onZy non-trivial solutions to (1.2) are q = 3, (m, x) = (1, 5) and (3, 11). The 
only non-trivial solutions to (1.3) with m odd are q = 2, (m, x) = (1, 5), (3, 7), 
and (7,23). 

Equation (1.1) was derived by Calderbank in [4] as a necessary con- 
dition for the existence of certain codes. Knowing all the solutions of (l.l), 
one can list all possible parameter sets of the codes studied in [4]. We will 
make this application now. We quote Theorem 1.1 of [4]: 

THEOREM (Calderbank). Let C be an [n, k] code ouer GF(q) with exactl-v 
two non-zero weights w, and wZ, and with the property that the minimum 
weight in the dual code C’ is at least 4. If k = 2 then n = 2, w, = 1, and 
w2 = 2. 

(A) If k 2 3 and q = 2 then either 

(1) n=2kP’, w, =2k-2, and wZ=2kP1, or 

(2) k=4, n=5, w,=2, and w,=4. 

(B) Zfk>3 andq#2 then either 

(3) k = 3, q = 2”, n = 2” + 2, w1 = 2”, and w2 = 2” + 2, 

(4) k=4, n=q’+l, w,=(q-l)q, andw,=q’, 

(5) (q- l)n=u(qk’*+ I), w1 =~q(~-*)‘~, and 
w2 = (u + 1) q(kP2”2, where u is a positive integer 
and (2u+3)2=4qk”+4q+ 1, or 

(6) 2(q- l)n=(2u+ 1)q’kP”‘2+(q-2)-u(u+ 1)/q, 
w, = uqlkP3”*, and w2 = (u + 1) q’k-3)‘2, where 
u is a positive integer and (2~ + (2q + 1))’ = 4qfk+ ‘)I2 + 4q + 1. 

(We refer the interested reader to [4] for an explanation of the coding 
theory terminology.) 

Alternatives (5) and (6) of this theorem imply the existence of a solution 
to (1.1). Further, it is easy to see that trivial solutions of (1.1) correspond 
in (5) or (6) either to situation (4) or to degenerate situations (k = 1 or 
u = 0). Therefore, Theorem 1.1 and Calderbank’s theorem imply 

COROLLARY 1.2. Let C be as in Calderbank’s theorem. O&y the follow- 
ing values of k, n, w,, and w2 are possible: 

(1) For any q: k=2, n=2, w,=l, w2=2 
k = 4, n = q2 + 1, w, = (q - 1) q, w2 = q2. 
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Ia uddition, ,for 

(2) q=2:n=p 1, w,=2k-?, w,=2k-l. 

(3) q=3: k=5, n= 11, )t’, =6, w,=9 
k = 6, II = 56, M’, = 1, i,~? = 2. 

(4) q=4:k=6, n=78, w1 =56, w2=64 
k = 7, n = 430, upI = 320, 1.1’> = 352. 

(5) q=2”: k=3, n=2”+2, w,=2”, 1v~=2~+2. 

Codes exist with each of these parameter sets, with the possible exception 
of the [430,7] code over GF(4), whose existence still is an open problem 
(see L&41 ). 

Remarks. 1. Equation ( 1.1) for q = 3 (or, equivalently, Eq. (I .2) with 
q = 3) has been solved by Bremner et al. [2], Bremner and Morton [3], 
and the authors [6], all by essentially different arguments. Equation (1.1) 
for q = 4 (or, equivalently, (1.2) with q = 4 and (1.3) with q = 2) is one of 
those solved by Beukers in [ 1, p. 4081. Thus, the non-trivial solutions of 
( 1 .l ) and their corresponding parameter sets already were known (see 
[2, 41); what we do here is to show that all the other q’s give rise only to 
trivial solutions. 

2. Equation (1.1) has an additional application toward the 
classification of linear representations of partial quadrangles. We refer the 
interested reader to [4, 51. 

3. Some progress toward the solution of (1.1) was made by the 
authors in [6], and we will need to refer to several of the results there. Of 
particular importance is the fact that in (1.2) or (1.3), m must be large if q 
is large (the precise statement of this is in Sect. 3). In [6] a method of 
Beukers [ 11, based on hypergeometric polynomials, was applied; these 
same polynomials are used here in a p-adic context, leading to an upper 
bound for q in (1.2) and (1.3), excluding trivial solutions. The remaining 
(finitely many) q’s are treated on a case-by-case basis, sometimes involving 
a fair amount of computation. Congruence arguments are very effective for 
(1.2), but not (1.3); the latter is treated by factoring in the field Q(A), 
and applying the method developed in part II of [6]. 

Frits Beukers suggested the key plan of attack used to bound q, and we 
acknowledge his help with many thanks. Also, we are grateful to Robert 
Calderbank for helpful discussions about the coding theory aspects of this 
work. 

2 

In this section we prove some elementary lemmas about Eq. (1.2) and 
( 1.3 ). 
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LEMMA 2.1. In (1.2) m = 1 is possible only for q = 3. 

Proof Ifm=1,wehavex2-1=8q.Lets=j(x-l),sos(s+1)=2q.If 
q is even then s must be one, implying q = 1, a contradiction. Hence q is 
odd, and so s = 2 and q = s + 1 = 3, as claimed. 

From [6] we recall 

LEMMA 2.2. If m > 2, then (1.2) is impossible if m is even or if q is a 
square. 

(This is Proposition (A) of the introduction of [S]). 

LEMMA 2.3. h (1.3) m = 3 is possible only,for q = 2. 

Proof: The equation is x2 - 1 = 4q’(q + 1). Let s = 4(.x - l), so 
S(S + 1) = q2(q+ 1). It must be that q2/s or q’/s+ 1. In the first case, 
S(S + 1) > q2(q2 + 1) > q2(q + I), a contradiction. In the second, q2(q + 1) = 
s(s + 1) 2 q2(q2 - 1 ), and so we have 

q*-q-2$0, 

implying q = 2 as claimed. 

LEMMA 2.4. If m > 3 is odd and q is a square, then (1.3) has no solutions. 

Proof From Lemma 2.3 we may assume m b 5. Let q = r’, and let 
s=x-2r”, so s(x+2r”)=4r4+ 1. Note that .x>2rm, so sb 1, and we 
have 

4r4 + 1 = s(x + 2rm) > 4r5, 

which is obviously impossible. 

3 

In this section we use certain hypergeometric polynomials to bound q in 
(1.2) and (1.3). We write q =p.q p a prime. The first step is to show that the 
exponent m must be fairly large. 

LEMMA 3.1. (1)Zn (1.2), ifma isoddandq>lOOO, thenma51. 

(2) In (1.3), ifm>,5 is odd and q>40, then m>71. 

Proof. This result follows from Theorem I.1 of [6], which states that 
two solutions of an equation like (1.2) or (1.3) must have the exponents 
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very widely separated. Specifically, if the two exponents are n and n’, with 
11’ > II, this theorem states that 

(3.1) 

where c=D/q”, and D=4q+l for (1.2) and D=4q’+l for (1.3). 
For (1.2), we apply (3.1) to the two solutions 

(2q+ 1)‘=4q’+4q+ 1 and .?=4q”+4q+ 1 

to obtain 

m>;(log4q)- q 
r( 

. 1-3A= 
4q+ I 1 4 

For q > 1000, one can check easily that this implies m > 51, 
For (1.3) we apply (3.1) to the two solutions 

(2q’ + 1)’ = 4q4 + 4q’ + 1 and ?=4q”+4q’+ 1 

to obtain 

m>g(log4q’). ” 
F( 

. 1p3Jm 
4q’+ 1 > q2 . 

As before, one finds that m 3 71 if q > 40. 
We will use the usual hypergeometric function F, defined by the power 

series 

F(u,h,c,z)=l+~z+ ata+- l).Nh+ uz2+ ... 
c(c + 1). 1 .2 

Let G and H be the polynomials of degrees n, and n,, respectively, defined 
by 

G(z)=F(-n,-4, -n,, -a,=) and H(z)=F(-n,+$, --n,, -n,z). 

Here n = n, + n2 and n,, 12, are positive integers to be determined. From 
[ I] we recall the identities 

0 l2 G(z,=~~("~~~)("~")(-;)' 

(3.2) 
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From (3.2) it follows that (iz) G(4z) and (,:) H(4z) are polynomials with 
integral coeffkients (Lemma 3 of [ 1 I). We will choose n, and n, so that 
n, >n,. Hence, by (3.2) 

From Lemma 1 of [l] we have 

&7iH(4z)=(4z)“+‘. G(l)E(4z), (3.4) 

where E(4z) is a power series in -7 (with no negative powers of z). 
Specifically, see [ 1, p. 3901, 

E(z) = 
F(n2+1,n,+f,n+2,z) 
F(n,+l,n,+i,n+2, 1)’ 

but we will not need the exact form of E. We will renotate (3.4) as 

Here E,(z) is some power series in z, and the important thing about it is 
that the coefficients are integers, by Lemma 3 of [ 11. 

THEOREM 3.2. Let q be a power of a prime, x an integer, and m 2 3 an 
odd integer such that x2 = 4q” + 4q + 1. Then q -C 1020. 

Proof: We may assume q > 1000; write q =pf, p a prime. We use Q, to 
denote the usual p-adic completion of Q, and Z, to denote the p-adic 
integers. The p-adic valuation will be denoted by II . lip. 

Set z = -q in (3.5). Certainly the left side of (3.5) converges in Q, for 
z = -4, since G and H are polynomials, and ,,/s always converges if 
lIzlIP < 1. Hence E, (-4) is some number in Q,, and therefore in Z,, since 
the power series for E, has integral coefficients. Therefore, (3.5) implies 
that 
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Next, from the diophantine equation we have 

1+4q=s’ 1-F . 
( 1 

We may replace x by -x if necessary, so that x = 1 mod p. Then 

(3.7) 

for some < E Z,, since x is a p-adic unit. From (3.6) and (3.7), 

/~L.x~-qm~~~~pdq m(n+ll, 

where A= (,n2) G( -4q) and q = (,:) H( -4q); both are ordinary integers. 
Now, by the triangle inequality in Q,, 

Thus //l-x~I/,<qp’, where t=min(m,n+ l}. Let K=l-xv; then KEH, 
so 

q’lK (3.8) 

from the definition of the p-adic valuation. 
Now let a = 1 or 3, chosen so that m = a mod 4, and set 

3(m-a)+b m-a 
n, = 

4 
and n,=4+b, 

where b = 0 or 1, to be chosen so that K # 0. Note that n, > n2 since m > a 
obviously by Lemma 3.1. For i = 0,l let Gi and Hi be the G and H for 
b = i. If K = 0 for both. then 

‘%-4q)H,(-4q)-G,(-4q)H,(-4q)=o, 

which contradicts Lemma 4 of [ 11. Thus we may assume Kf 0, so 
I KI b q’, by (3.8). We use (3.3) to get an upper bound on K. Since 
(XI < 2qm’* + 1, 

I4 < I2 0 
[(l +4q)“‘+ (2q”‘2 + l)(l +4q)“2]. (3.9) 
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Note that m/2 + n, - n, = t a > 0, so the second term has the higher power 
of q. Since q > 1000 and ~ti > rz?, (3.9) implies 

(3.10) 

It remains to find an upper bound for (&). If k is a positive integer, it is 
easy to see by induction that 

From this it follows that 

If b = 0 then n = 4n, and so (&) has the form (“,“) above; if b = 1 it has the 
form (“,“zf ). Hence, by (3.8) and (3.10) 

(3.11) 

Depending on the values of a and 6, there are four cases that can occur. 
Since t=min{m,n+ 1) and n+ 1 =m-u+2b+l, we see that 

t=m if b=l, or (b=O and a=l); 

t=m-2 if b=O and a=3. 

If in (3.11) t = m, then 

The worst bound results from the largest b (b = 1), the smallest a (a = 1), 
and the smallest m (m=51, by Lemma3.1). If in (3.11) t=m-2, then 
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Again, nz = 51 provides the worst bound. In both cases one finds that 
q < 1020, as claimed. 

The next result bounds q in Eq. ( 1.3). The details are very similar to 
those in Theorem 3.2, so we will be more brief with the proof. 

THEOREM 3.3. Let q be a prime power, .Y an integer, and m 2 5 an odd 
integer, such that x2 = 4q” + 4q’ + 1. Then q < 40. 

Proqf: Write q = p’, as before. We may assume q> 40, and we have 
m>71 by Lemma 3.1. Set z= -q2 in (3.5) to get 

0 n G(-4q2)- I2 ~~H(-4qZ)=(-q=)“+‘.E,(-q=), 
n2 0 ‘12 

with E, ( -q2) E L,. Choosing the sign of x appropriately, we have 

Jl-Gi&-J~=.u+q”.[ 

for some FEZ,,. Let K=(;,)G(-4q2)--xH(-4q’)EZ. We have 

4’1 K where t=min{m,2n+2}. 

Let a = 1, 3, 5, or 7, chosen so that m = a mod 8. Set 

(3.12) 

3(m-a)+b m - a 
n, = 

8 
and n,=s+b, 

where b = 0 or 1, chosen as before so that K # 0. Hence, by (3.12), 

IKI 3q’. (3.13) 

From (3.3) it follows that 

I K( < 
i.> 

,:, [( 1 + 4q’)“’ + (2q”‘= + 1 )( 1 +4q2)“2]. 

The second term has the higher power of q, and the binomial coefhcient (,nZ) 
has the form (7) or (“,“:F), so estimating as before we have 

IKI <“z;‘i.(~~.(~~~.y’“‘+“-‘. 

This, combined with (3.13), shows that 
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We rewrite this as 

q<a l/(t-2n*--m/2) ~p/(l-2n2-m/2). nJlt-2nz-m/2) 
Y (3.14) 

It is straightforward to check that in all 8 cases (4 values of a and 2 of h), 
(3.14) implies q < 40. This completes the proof. 

4 

In this section we complete the treatment of Eq. (1.2). We are of course 
interested only in non-trivial solutions, so we exclude the case m = 2. We 
also exclude q = 3, since in this case (1.2) already has been solved, as was 
mentioned in Section 1. Applying Lemmas 2.1, 2.2 and Theorem 3.2, what 
remains to be considered are the cases in which all of the following hold: 

ma3isodd 

q is not a square 

q < 1020. 

(4.1) 

We will show that (1.2) is unsolvable under these restrictions by con- 
sidering the equation separately for each q satisfying (4.1). Fortunately, the 
vast majority of these q’s can be eliminated systematically by simple con- 
gruence arguments. Proposition (B) of the introduction in [6] allows one 
to eliminate q if any of the following happen: 

n14q + 1 for a prime n z 3 mod 4 (4.2) 

49+ 1 for a primen = 3, 5, or 6 mod 7 (4.3) 

qE4or7mod9 and rclq’-q+ 1 for a prime rr = 2 or 3 mod 5. (4.4) 

Note that 

(4.2) applies if q E 2 mod 3 
(4.3) applies if q E 2,4, 5 mod 7 or q z 4 mod 5 

(4.4) applies if q z 4,7 mod 9 and (q z 3 mod 7 or q z 2,3,4 mod 5). 

In particular, all odd powers of 2 and 5 are eliminated by (4.2); q = 7 is 
eliminated by (4.4), but q = 73 = 343 remains. In [6] it is proved that (1.2) 
has only the trivial solution for q = 3’; f> 1. Thus, except for q = 343, we 
may assume that 2, 3, 5,7jq. For such a q to survive conditions (4.2H4.4) 
it must lie in one of 13 residue classes mod 3 15 = 9 .5 .7-specifically, 

qz 1,73,76, 106, 118, 127, 136, 181,211,253,262,286,307mod315. (4.5) 
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The odd powers of primes q < 1020 satisfying (4.5) are (with 343) 

q=73, 127. 181,211,307,343,421,433,577,601,631, 757,811,883,937. 

(4.6 1 

The case q = 307 was settled in [6] (there are no non-trivial solutions). 
Some of the q’s in (4.6) can be eliminated by (4.2), (4.3) (4.4), as sum- 
marized in the table. 

Y 

Condition 

n 

181 211 577 811 883 937 

(4.3) (4.4) (4.3) (4.2) (4.3) (4.2) 

13 73 17 11 13 23 

We are left with 8 possible q’s, 

q = 73, 127,343,421,433,601,631,757. 

These will be treated individually by ad hoc congruence arguments. The 
general strategy is to show that m odd implies 4q” + 4q + 1 is a quadratic 
non-residue modulo a certain prime. Depending on q, it is necessary to 
consider various cases, usually depending on the residue class of m mod 6. 

First, even if (4.4) does not apply completely, it can in part. To be 
precise, (4.4) is the union of the following two statements: 

If q=4,7mod9 then m-5mod6. (4.7 1 

If qr3mod7 or q=2,3,4mod5 then m& 5mod6. (4.8) 

These are easy to prove. For (4.7), if m E 1,3 mod 6 then 4q” + 4q + 1 is 
divisible by 3 but not by 9, so cannot be a square. For (4.8), 4q” + 4q + 1 
will be a non-square mod 7 or mod n for some z for which q has order 6, if 
mz5mod6. 

We are ready now to dispose of the 8 remaining q’s. We denote 
4q”‘+4q+ 1 by R. 

q = 73. From (4.8), m f 5 mod 6. 73 has order 3 mod 1801, so 

if m-lmod6 
if m-3mod6. 

However, the Legendre symbols (w) and (w) both equal - 1. 

q = 127. From (4.8), m s 5 mod 6. 127 has orders 3 mod 5419 and 
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6mod13. If mElmod then R=8q+lmod5419, and if m-3mod6 
then R-4q-3 mod 13, but 

(!w)qTLg)= -1. 

q = 343. From (4.8), m + 5 mod 6. 343 has orders 3 mod 37 and 
6 mod 117307. If m = 1 mod 6 then R = 8q + 1 mod 117307, and if 
m-3mod6 then R=4q+5mod37, but 

(~)=(~)= -1. 

q=421. From (4.7), m = 5 mod 6, so m E 5, 11 mod 12. 421 has 
orders4mod13and12mod37.Ifm~5mod12,R~8q+lmod13;andif 
m = 11 mod 12, R = -4q’ + 4q + 1 mod 37. In both cases the appropriate 
Legendre symbol is - 1. 

q = 433. From (4.8), m zz 5 mod 6. 433 has order 6 mod 13 and 
mod14389. If m-lmod6, R=8q+lmod13, and if mE3mod6, 
R=4q- 3 mod 14389, both cases leading to the usual contradiction. 

q =601. 601 = 13 mod 49, so 7/R and consequently 49(R as well. 
This implies that 71m, for mod 49, 

R=4.(7.2-1)“+4=4 2’7’(-l)“-‘+4 

-4~(-1)“+56m~(-1)“‘~‘+4-7m since m is odd. 

Hence m = 7,21 mod 28. But each case leads to a contradiction mod 29. 

q=631. 631 has orders 3 mod 307, 6 mod 331, and 12 mod 13. If 
m = 1 mod 6, R 5 8q + 1 mod 307 and this is a quadratic non-residue. If 
m = 3 mod 6, R - 4q - 3 mod 331, again a non-square. If m = 5 mod 6, 
R = + 4q5 + 4q + 1 mod 13 and both are non-squares. 

q=757. From (4.8), m z 1,3 mod 6. 757 has order 3 mod 14713 
and this will rule out m = 1 mod 6, so m E 3,9, 15 mod 18. The first two are 
impossible mod 19, so m I 15 mod 18. If m E 1 mod 4, then R E 17 mod 5, a 
non-square, so it must be that m E 15 mod 36. Finally, this leads to a 
contradiction mod 37. 

5 

In this section we complete the treatment of Eq. (1.3). As was stated in 
Section 1, we assume m is odd in (1.3)-otherwise, (1.3) reduces to (1.2). 
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We exclude the trivial solution m = 1, and we also exclude the case y = 2, 
as ( 1.3) already has been solved in this case (see Sect. 1). Applying 
Lemmas 2.3, 2.4 and Theorem 3.3, it remains to consider (1.3) under the 
restrictions 

m 3 5 is odd 

q is not a square 

q 6 37. 

(5.1 ) 

The case q = 8 and 32 can be solved easily by known results. If q = 8, 
Eq. (1.3) takes the form 

which was solved by Beukers in [ 1, p. 4081. There are no solutions with 
m 3 5 and odd. For q = 32, the equation is 

2 = 25’n + 2 + 4097. 

We apply Corollary 2 to Theorem 1 of [ 11 to get 

implying nz ,< 8. From (5.1), the only possible m’s are 5 and 7, neither of 
which gives a solution to (1.3). 

The case q = 37 can be taken care of by slightly augmenting the results 
from Section 3. 

THEOREM 5.1. The equation x2 = 4 ’ 37” + 5477 has no solutions with odd 
m > 5. 

Proqf: Proceeding as in the proof of (2) of Lemma 3.1, one finds that 
m 3 63. On the other hand, the proof of Theorem 3.3 shows that m < 83, 
for if m 2 85, then in (3.14) it follows that q < 37. (Note that an upper 
bound for m can be obtained in this way for any q 3 27. The reason for the 
barrier at 27 is that as m -+ XJ, the right side of (3.14) approaches 
/j2. y312 z 24.6. As q decreases, the upper bound increases, and it is 
immediately useful only for q = 37.) 

Since 373 = - 1 mod 31, if m = 3 mod 6 then 4.37” + 5477 = 17 mod 31, 
but ($$) = - 1. Similarly, 373 = 1 mod 7 and this rules out m 3 5 mod 6, so 
m = 67, 73, or 79. But 4.37” + 5477 is a non-square mod 11 for the first 
two, and mod 17 for the last. Thus no solutions exist. 

We are left with Eq. (1.3), where m 2 5 is odd and q = 3, 5, 7, 11, 
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13, 17, 19, 23,27, 29, or 31. For each of these q’s, (1.3) will be treated by 
factoring in the field Q(h) and applying the method developed in [6, 71. 
Accordingly, we will change the notation of (1.3) to fit that of [6]-the 
equation will be written as 

.v* - q(2q’xZ)2 = s, (5.21 

where m=4k+2j+ 1, x=qk, s=4q2+ 1, andj=O or 1, depending on the 
residue class of m mod 4. Note that in (5.2) qlx, since m >, 5. The general 
strategy is to express 2q’x2 in (5.2) as a term of a second-order recurrence 
sequence (this is done in [6]) and to work with various moduli to show 
that in the recurrence sequence, x cannot be a power of q. The cases q = 3 
and 27 can be treated quickly using a result from [6]. 

THEOREM 5.2. The equation y2 =4q” +4q* + 1, with odd m 3 5, is 
unsolvable if q = 3 or 27. 

Proof. For q= 3, the equation has the form (5.2 with s= 37. In the 
field CL?($), 37 factors as (7+2$).(7-2 3). We will apply 1 
Theorem II.1 of [6]. We define sequences {un} and {u,,j, both satisfying 
the recurrence z, + 9 = 4z, + 1 - z,, , by u,=O, U, = 1, v,,=2, and u1 =4. The 
theorem says that there is exactly one integer ke [0, 171 such that 

b, = 7~4, + vk z 0 mod 18, 

and one checks easily that in this case k = 14. Further, b,, is congruent to 
2 mod 5 and 6 mod 17. Since 

the same theorem shows that (5.2) is impossible if 31x. But we must have 
31x, since m > 5; hence no solutions exist. 

The proof is similar for q = 27. Here s = 2917 (a prime), and 2917 factors 
as (55 + 6 3). (55 - 6 ,,I’?). In this case, 

bk=55uk+3vk=Omod 18 

for k = 12, and b,, z 1 mod 5 and 27 mod 53. Since 

(i$)=(i!& -1, 

no solutions exist, for the same reason. 

For the remaining q’s we need to set up some notation. We will work in 
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the field Q(h), and we denote as usual Q= & if q=2,3 mod 4 and 

o = +(l + A) if q E 1 mod 4. We denote the fundamental unit in Q!(A) 
by e +,fL>, and we use a + hs to denote a typical element of a complete 
system of pair-wise non-conjugate and non-associate elements of Z[w] 
having norm s = 4q2 + 1. We define J by 

J= Norm(e +,f&) = k 1. 

and we define E, w,,, w, by 

E=2e, wo=b, w,=af+be if qz2,3mod4 

E = 2e +,h ~a,, = b, w, = af + be + bf if qslmod4 

We make use of the recurrence sequences {u,,}, {un), {MI,}, all satisfying 
the recurrence 

where (un> and (u,} have the initial values 

u,=O, u,=l, 2+,=2, u,=E. 

In part II of [6] it is shown that (5.2) implies that 

2q’.x? = + w, if q = 2, 3 mod 4, (5.3) 

01 

4q’x”= +w, if qzlmod4, (5.4) 

for some integer Y. From [6] we recall the congruences 

W ~ + 2nt = J”‘w, mod U, (5.5) 

W,+Znr-(-l)fJn’w,modv,. (5.6) 

Our general strategy is based on the fact that modulo any integer N, the 
sequence {w,} is periodic with period, say, P(N). Consequently, if w, is 
fixed mod A’, r is fixed mod P(N); in many cases, one can derive a con- 
tradiction from this modulo one of the U’S or u’s, using the relations 
(5.3))( 5.6). 

For the values of q for which (1.3) has not yet been solved, we have 
Table I. In each case we have factored s into primes, and the collection of 
numbers a + bo forms a complete set of pairwise non-conjugate, non- 
associate integers with norm S. 
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TABLE I 

4 e f J E s a b=wO w, 

5 0 1 -1 1 101 9 4 

1 8 3 1 16 191 15 2 

11 10 3 1 20 5.91 296 89 

32 I 

13 1 1 -1 3 617 25 4 

17 3 2 -1 8 13.89 
233 148 
37 -4 

19 170 39 1 340 5 172 
951 218 

39 -2 

23 24 5 1 48 29.73 { 

415 86 

4-l -2 

29 2 1 -1 5 5.673 i 

156 67 

61 -4 

31 1520 273 1 3040 5.169 
993 178 

63 2 

13 

61 

1778 

166 

33 

1206 

54 

74149 

1181 

4139 

187 

357 

49 

541649 

20239 

In treating Eq. (5.2) for q = 23 and 31, it is necessary to use the fact that 
x = qk is a power of q. For the other q’s, it is possible to show that (5.2) is 
unsolvable under the weaker condition that x merely be divisible by q. 

THEOREM 5.3. The diophantine equations 

y2-4qx4=4q*+ 1 and y* - 4q3x4 = 4q2 + 1 

are impossible if q(x, for q = 5, 7, 11, 13, 17, 19, or 29. 

An immediate consequence of this theorem is 

COROLLARY 5.4. The equation y2 = 4q” + 4q2 + 1 has no solutions with 
odd m > 5 for the q’s listed above. 

Proof of Corollary 5.4. We write, as before, m = 4k + 2j + 1, and x = qk. 
Since m 2 5, k > 1, so qlx. Depending on the value of j, the equation takes 
one of the two forms treated in the theorem. Thus no solutions exist. 

Proof of Theorem 5.3. First, since qlx, we have w, = 0 mod q2 in (5.3) or 
(5.4). We treat each q separately: 

q = 5. In (5.4) we have w, = 0 mod 5 and mod 4. The first implies 
that r G 3 mod 5, and the second that r is even. Hence r = 8, 18 mod 20. If 
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rE8mod20, then r=8,28mod40, and so w,~r3mod41, and (5.4) 
becomes 

4..5’.?- f3mod41. 

But this is impossible since (A) = + 1 and (g) = - 1. So r = 18 mod 20. 
Since ~1, = 0 mod 25, this implies that r = 58 mod 100. Now apply (5.5): we 
get w, = w5B mod liz5, and ~1~~ = 75025, which is divisible by 3001. Thus 
(5.4) implies that 

4.5’~’ = + w, = + w5R = T 325 mod 3001; 

but this is impossible since (&) = - 1 and (&) = + 1. 

q = 7. In (5.3) we have M’, = 0 mod 7 and mod 2. These imply that 
r=4 mod 7 and r=Omod 2, so r-4mod 14. Now (5.5) implies that 
w, = w4 mod u,. We have u7 = 7.2350153 and M’~ = 247394, so (5.3) implies 

2 ’ 7’~’ E 4247394 mod 2350153, 

which is impossible. 

q = 11. Consider the first pair (a, b) = (296, 89). One checks that 
~,~Omod2~11impliesrr7mod22,soby(5.6),~,~+~~,modu,,.Now 

i, =4.5.9961203701989 and w,=2.56045954041, so (5.3) implies an 
ympossible congruence mod 9961203701989. 

Now consider the second pair (a, b) = (32, 7). In this case r = 5 mod 22, 
so (5.6) implies that M.,-&w5modo,,. But 51v,, and w,=lmod5, so 
(5.3) says that 

2.11 ‘.x’ = + 1 mod 5, 

clearly impossible. 

q = 13. In (5.4) we have w, divisible by 13 and by 4; these imply 
that r = 20, 46 mod 52. Applying (5.5) we see that MI,= w20,w46 mod ~4,~. 
Now u,,=13.118717and -w,,=w,,=7124mod 118717. From theseone 
sees that (5.4) leads to a contradiction mod 118717. 

q = 17. Consider the first pair (a, b) = (233, 148). In (5.4) we have 
4. 171w,, and this forces r- 10 mod 34, so by (5.5), w,- +w,, mod u,~. 
Now u,, = 17.20824391977457 and u’,~ = 16.11430725403; one finds that 
(5.4) leads to a contradiction mod 20824391977457. 

For the second pair (a, h) = (37, -4), one finds that w, 3 f ws mod o,, 
in a similar way. We have v,~ = 4.364909962777361 and ws = 4.30752303, 
and (5.4) leads to a contradiction mod 364909962777361. 
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q = 19. For the first pair (a, 6) = (951,218) w, even implies r even, 
which in turn implies w, E f 3 mod 17. Now (5.3) says that 

2.19j.~*z +3mod 17, - 

an impossible congruence. 
For the second pair (a, h) = (39, - 2), 191 w, implies r E 17 mod 19, and 

so ~1, s - 1 mod 37. Now (5.3) says that 

2.19’~’ E + 1 mod 37, 

and this forcesj= 1. Finally, M’,.- +2, +51, 153 mod 113, so 

all of which are impossible. 

q = 29. For the first pair (a, 6) = (156,67), IV,. E 2 mod 5 for every 
r, and so (5.4) is impossible. 

For the second pair (a, b) = (61, -4) 4.291~7, implies that 
r = lo,68 mod 116. The sequence {w,} mod 233 is periodic with 
period 116, so one finds that w, = T 41 mod 233. Finally, (5.4) says that 

4.29j.~* s + 41 mod 233, - 

which is impossible. This finishes the proof of Theorem 5.3. 

Remark. From the proof, one can see that except for q = 5, we only 
needed w, divisible by q and not q*. From (5.3) and (5.4), we have qlwI for 
j= 1 regardless of x. This means that the second equation in the statement 
of the theorem (i.e., (5.2) with j= 1) is impossible for any x, not just those 
divisible by q. 

THEOREM 5.4. The equation y* = 4q” + 4q2 + 1 has no solutions with odd 
~235, [fq=23 or 31. 

Proof: We write the equation in the form (5.2), with x = qk. Note that 
k 2 1, since M >, 5. 

q = 23. Consider the first pair (a, b) = (415, 86). From (5.3), w, is 
even, and this implies r is even, so that W,S 1 mod 5. Now (5.3) implies 
that 

2.23/x2= +l mod5 - , 
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which forces ,j = 1, so we have 46.x’ = k +v,. The values of $I’, mod 47 are 
periodic with period 6: 

rmod6 0 1 7 3 4 5 

w, mod 41 -8 3 I1 x --3 -11 

Since r is even, if 46x’ = - M’,, we have xyz= -8, 11, -3mod47, all of 
which are impossible. So 46x’ = + M’,. Now look at u’, mod 11: 

r mod 10 0 1 2 3 4 5 6 7 8 9 

w, mod 11 -2 3 3 -2 0 2 -3 -3 2 0 

Since x is a power of 23, 11 1 M’,, sor=0,2,6,8mod10.Ifr~0,2mod10 
then we get 46.x’ - -2,3 mod 11, a contradiction. If r E 8 mod 10 then, by 
(5.5), Ml,=rvs mod u5. Now 2351/u,, and UJ~- -614mod2351; one finds 
that the equation 46x2 = u’, leads to a contradiction mod 2351. We are left 
with the possibility that r = 6 mod 10. Looking at M’, mod 3. we have 

rmod4 0 I 2 3 

w, mod 3 -I -1 I 1 

Since 46x’ = w, and r is even, it must be that r E 2 mod 4, so r E 6 mod 20. 
Then, by (5.6), w, = wg mod u,; but 1879)u, and ~1~ = 506 mod 1879, so one 
gets a contradiction mod 1879. 

Now consider the second pair (n. 6) = (47, -2). As for the first pair, one 
finds that r is even, and j = 0 to avoid a contradiction mod 5. Thus (5.3) 
takes the form 2x2 = f w,. The values of ~1, mod 11 are 

r mod 10 0 I 2 3 4 5 6 7 8 9 

w, mod 11 4 0 4 5 5 4 0 4 -5 --5 

We have r even and r # 6, since 11 1 x. Using the fact that 2x2 = _+ )v,, we 
have the possibilities 

2x2 = w,, r=2,4mod 10 (5.7) 

2x2 = -w,, r=O, 8mod 10. (5.8) 

If rr2 mod 10, then w,- w2 mod Us, by (5.5), Now 41[u, and 
w2 E - 1 mod 41, so (5.7) implies 2x2 E - 1 mod 41, which is impossible 
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because x is a power of 23 (that is, no power of 23 is congruent to 
20 mod 41). If r = 4 mod 10 then w, z wq mod Us, leading to a contradiction 
mod 2351 (which divides z+). If r = 8 mod 10 then w, = ws mod us, again 
leading to a contradiction mod 2351. Finally, assume r = 0 mod 10. Since 
231~ we have r- 5 mod 23, and so r s 120 mod 230. The values of 
w, mod 229 have period 230, and w,*,, = -91 mod 229. Thus (5.8) implies 
that 2x2 = 91 mod 229, a contradiction. 

q = 31. Consider the first pair (a, b) = (993, 178). In order to have 
2lwr2 we need r even. The values of w, mod 5 and mod 19 have period 4: 

rmod4 0 1 2 3 

w, mod 5 -2 -1 2 1 

w,mod 19 I -3 -1 3 

If r = 0 mod 4, then (5.3) implies 

2.31 i+2k~ l(-2)mod 5, 

which shows that the minus sign holds. Then, viewing the same equation 
mod 19, one sees that j = 0; since 31~ - 7 mod 19, we have 

2*72kz -7mod 19 9 

which is impossible since the powers of 7 mod 19 are 1, 7, and 11. In the 
same way one can eliminate the case r = 2 mod 4. 

Now consider the second pair (a, h) = (63, 2). One finds that w, divisible 
by 2.31 implies r = 52 mod 62. The values of w, mod 373 have period 
372 = 6.62, so we consider the six cases r = 52, 114, 176, 230, 300, 
362 mod 372. The cases r = 114, 176, 300, and 362 all lead to impossible 
congruences mod 373. The cases r= 52,238 lead to the congruences 
3 1 2k = + 48, + 170 mod 373 (depending on the value of j), all of which are 
impossible. This completes the proof, and also completes the solution of 
Eq. (1.3). 
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