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DEDICATED TO THE MEMORY OF PROFESSOR L.J. MORDELL 

The diophantine equation of the title has been solved by Ljunggren, by indirect 
use of the p-adic method (use is made of intermediate algebraic extensions). It is 
generally accepted that an immediate application of the p-adic method for the 
aforementioned equation is impossible. In this paper, however, this view was 
overthrown by first solving .Y’ t 3 = 4~~ and then .Y’ - 3s~” -J’ = I with direct 
application of the p-adic method, avoiding the use of intermediate algebraic 
extensions. fulfilling thus a desire of Professor Mordell. The method used in this 
paper has a general character. as it is shown in Appendix B, where three more 
examples are given. 

0. INTRODUCTION 

The equation of the title is the standard example of an equation in which 
the p-adic method cannot be directly applied (see 11, 21). Indeed, the 
equation, 

tZ - 3t + 1 = 0, (0.1) 

has a positive discriminant (=8 l), therefore, if { is a root, there are two 
fundamental units in Q(c). On the other hand it is known that we may take 
5, 11 as a pair of fundamental units, where 7 is another root of (0.1) so that 
the equation of the title, which is equivalent to 

Norm(x + &J) = 1, 

becomes 
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On equating the coefficient of r’ in the right-hand side to zero we get an 
equation with two unknowns U, u and thus the p-adic method is not directly 
applicable. 

Ljunggren [4] works in the field Q(& (I’*) and solves (0.2). As a result he 
proves that the only integers satisfying the equation of the title are 
(-L.v) = (1, O), (0, -l), (-1, I), (2, l), (-3,2), (1, -3). 

However, the adjunction of <I’* to the field Q(r) makes Ljunggren’s proof 
complicated and, as Professor Mordell says [ 1, Chap. 23, Theorem 81, “a 
simpler method of proof is obviously desirable.” 

The present paper is the fulfillment of Professor Mordell’s desire. at least 
as far as it avoids the use of intermediate algebraic extensions and applies 
the p-adic method directly. 

The method used in this paper has a general character and can be applied 
for solving f(X,~l) = 1 in integers, where f is an integral binary cubic form 
with positive discriminant (see Appendix B). 

The p-adic method is thus always applicable for such equations and three 
more examples are given in Appendix B. 

1. THE COMPLETE SOLUTION IN INTEGERS OF x2 + 3 = 4~~ 

Write this equation as 

2x’ = (2~)’ - 6, (1.1) 

and work in Q($), where pu3 = 6, the class-number is 1, 1 - 6~ + 3,~’ is a 
fundamental unit, and 1. p, ~1’ form a fundamental basis. We note also that 
(2) = (2 -,u)3 is the factorization of (2) into prime divisors. 

Now. from (l.l), 

2X2 = (2y -/f)(4.V2 + 2-v/l +p2), 

and since XJJ $0 (mod 3). the factors in the right-hand side have (2 -,u) as 
their only common prime divisor. On the other hand we have 
Norm(2Jl -p) = (2~)~ - 6 = 2 (mod 4), which means that 2~ - ,u is divisible 
by 2 -p but by no higher power. Thus, having also in mind that 2~l-p~ 
2 - p, and 1 - 6,~ + 3~’ are all positive, we get 

2~,- ,u = (2 - ,u)( 1 - 6,~ + 3p2)‘(u + u,u + wp2)*, i=Oor 1. (1.2) 

Comparing coefficients of p, ,u* in (1.2) in the case i = 1 gives 

6u2 - 8v2 ~ 39w2 - 13~ - 16uw + 72~~ = 0, (1.3) 

13u*- 72~’ + 96w2 + 32uv - 144~~ + 156vw= 1. (1.4) 
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If F(u, u, W) is an integral quadratic form representing zero, then 

F=LN$aM’, 

for some a in Z, where L, M, N are linear forms. In the case of (1.3) we find 
a = 1 and 

L=-u+4v-4w, M=-2u+2v+3w, N=-2u-3v+ 12~. 

where the determinant of the coefficients of U, v, w is equal to -1. Therefore, 
since (u, v, w) = 1, we also have (L, M, N) = 1. Hence, on taking --u, -v, -W 
instead of U, v, w, if necessary, the equation LN + M2 = 0 implies 

L=m2, M=Wl, N= -n2, m, n in Z. 

Hence, 

24 = 20n2 + 36nm - 33m2, U= lln2+20nm- 18m2, 

w = 6n2 + 1 lnm - 1Om’. 

Substituting in (1.4) we get 

-4n3m - 3m4 = 1. 

from which (n, m) = &( 1, -1). Then u = -49, v = -27, w = -15, and from 
(1.2) y = 7, and consequently, x = 137. 

Next let us suppose that i = 0 in (1.2). Then, 

v2 - 3w2 - uv + 2UW = 0, (1.5) 

u2 - 12w2 - 4UV + 12W = 1. (1.6) 

From (1.5) we find 

u = (u f d)/2, (1.7) 

where d2 = u2 + 12w2 - 8uw = (u - 2ul)(u - 6~). 
Since (u, 2w) = 1, we also have (u - 2w, u ~ 6w) = 1 and we may take 

u-2w=m2, u - 6w = n2, d=mn, mn odd. 

On substituting m, II by m + n and m - n, respectively, we find 

u=m2$4mn$n2, w  = mn, d=m’-n2. (1.8) 

so that, from (1.7), either 

v=m2 +2mn, (1.9) 
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or u = H’ + 2nm, which, however, results from (1.9) on interchanging m and 
II (this interchange does not alter the expressions for u and w in (1.8)). On 
substituting from (1.8) and (1.9) in (1.6) we find 

n4 - 6n2m2 - 4nm’ - 3m’ = 1. (1.10) 

That is, 

Norm(n - m6) = 1, where rY4-6ti2-46-3=0, 6real. (1.11) 

We work in Q(S), where we have two fundamental units. Note that 

cc), = gl? + P), w2 = f(1 + 62), (1.12) 

are algebraic integers because 

f+6+86+ 13rY2+i+-’ and co; = 1 + 6 + 2iP. 

In Appendix A we prove that in the order Z [ 1. 6,0,. w2] we may take as 
fundamental units, 

E, = -3 + Q2 = 4(-5 f lY2), &,=lYtw,=$(1+28+62). (1.13) 

Therefore, from (1.11) we have (note that the only roots of 1 in Q(a) are 
*l), 

n - mi? = *EYE:, p, q rational integers. (1.14) 

We have 

e; = I + 6 - iv, E; = 1 + 26 f 3ti2 + 8-‘, F, &* = 4(-l - 36 + 6” + IF), 

and since ~7~4 is in Z[S] while c,,sz,sIs2 are not in Z(S], we conclude that 
p and q must be even. We may write (1.14) as 

n - mB = *E~“F:~‘, p’, q’ rational integers. 

Now consider the units, 

r/, = 1 + C.0, - 3w, = i(-1 f 6 - 3rY2 + P), 

~~2=6-w,+w2=~(I+6+B2-B3). 

(1.15) 

An easy calculation shows that r/, = F;’ ET’, r12 = 
ET = -q; ‘q2 -‘, F: = -q;‘q2, so that 

n - m6 = *q~f$. 

-&,-'Ez. i.e., 

(1.16) 
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where a = -9’ -p’. b = q’ -p’. We now show that a = b = 0. We have 

7: = 13 + 126 + 22lY* - lOiF. yI: = 4 + 48 + 70: - 26j, 

q, q2 = -7 - 68 - 118’ + 56’, 

and since qy v$ is in Z [ 61, we must have a = b (mod 2). If ab is odd then, 

$g ~ r, v2(B2)‘h-1,/2 _ 
i 
1 + 8’ + IV (mod 2). as \ b = ’ (mod 4, 
1 +6+6’ (mod2), lb-3(mod4), 

and the coefficient of I?* in IIY~~$ cannot be zero. Thus a and b are both even. 
Now, 

q’: = 1 - 41 where <E 1 + ti3 (mod4). (1.17) 

r; = 1 + 45 where {- 1 + 6* (mod4). (1.18) 

(As before, we consider congruences in Z( LJ]. Similarly, it is easy to verify 
that in vyqt the coefficients of ff’ and ti3 can simultaneously be congruent to 
0 (mod 4) only if a 3 0 (mod 4) and b = 0 (mod 8). Now put a = 4A, b = 8B 
with A. B rational integers, so that (1.16) becomes 

Now, in view of (1.17) and (1.18) we get, respectively, 

?yy = [ 1 - 4.4 + 42( )I + 42( ) ?? f 4’( ) ?Y2 + [-4A + 42( )] 6’, 

r/;B=(l+4B+42( )]+4*( )s+[4B+4’( )]6’+4*( )a”. 

On multiplying the above relations and equating coefficients of 6* and a3 
to zero we get a system in A and B as 

B+4( )=O, -Af4( )=O. 

By a well-known theorem of Skolem 13, p. 1801, this system has only the 
solution (A, B) = (0, 0), because 

1 I i -y f 0 (mod 2). 

Thus (1.16) is possible only if a = b = 0 (note that this fact was proved 
without using the fact that E,, &2 is a pair of fundamental units in the order 
Z[‘,@,w,, w2]). Then n-+1, m=O, and from (1.8) and (1.9), u=l, 
u = M’ = 0, and, finally, from (1.2), J’ = 1 and, consequently, x = f 1. 

Thus we have proved 
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THEOREM 1. The odv integer solutions of x2 + 3 = 4~1~ are (x, y) = 
(*I, I), (&37, 7). 

COROLLARY. The only integer solutions of y2 =x3 - 48 are (x.J~) = 
(4, k4), (28, i 148), while the only integer solutions of y’ + y + 1 = x3 are 
(x.y) = (l,O), (1, -1). (7, 18), (7, -19). 

Proof From y* + 48 =x3, on factorizing the left-hand side in 
Q((-3)“*), we can easily show that x and y are even. Then, it is clear that 
J’- 4 (mod 8) and x = 0 (mod 4). Put y = 4Y, Y odd, x=4X, so that 
yz + 48 =x3 becomes Y* + 3 = 4X3, which, by Theorem 1, has as its only 
solution (X, Y) = (1, f 1) and (7, *37). These give, respectively, 
(x,.v) = (4, *4), (28. zt 148). 

Next consider again y* = x3 - 48 and put y = 8Y + 4, x = 4X. This gives 
Y?+Y+1=X3 and since the only solutions of yZ =x3 -- 48 are 
(x. y) = (4, &4), (28, !L 148), the only integer solutions of Y* + Y -+ 1 = X3 
are (X, Y) = (l,O), (1, -l), (7. 18), (7, -19). This completes the proof. 

2. THE COMPLETE SOLUTION IN INTEGERS OF .x3 - 3Xy’ -y3 = 1 

Now consider the cubic form 

j-(x, y) = x3 ~ 3x$ - y3. 

Its quadratic and cubic covariants are, respectively, 

H(x, .I>) = 9(X2 + Xj’ + y2) and G(x,y) = 27(x3 + 6?c2y + 3.u~’ -y3), 

while its discriminant is D = 8 1. 
Now, from the well-known relation, 

G2+27D.f2=4H3 

(e.g., see [ 1, Chap. 24 I), we get, whenf(x, ~1) = 1 

(x3 + 6x*? + 3.~~’ -y3)* + 3 =4(x2 + xy +Y*)~. 

In view of Theorem 1, we now have to solve the systems, 

(x3 + 6x*y + 3xy2 -j13, x2 + xy +j~~) = (-1, l), (1, 1). (-37, 7) (37, 7). 

These systems are easily solved and the integer solutions that are found 
are (x,-v)= (l,O), (0,-l), (-1, l), (2, 1). (-3. 2), (l,-3). Thus we have 
proved 
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THEOREM 2. The only integer solutions of 

.x3 - 3X$2 -),3 = 1, 

are (x,Y) = (1, O), (0, -I>, (-1, I), (2, i), (-3, 2), (1, -3). 

APPENDIX A 

The purpose of this Appendix is to prove that in the order Z[l, I?, o,, 02], 
where a4 - 6rY2 - 46 - 3 = 0 and wi , CL)~ are given in (1.12), we may take as 
a pair of fundamental units E, and E? (see (1.13)). 

Our method is that used by Ljunggren in [S] and by Finkelstein and 
London in [6]. This method, however, is applicable only if we know two 
independent units and we want to test whether our guess that these units are 
also a pair of fundamental units is true. In general, Berwick’s method 171 can 
be much more effective, although very often the aid of a computer is needed. 
For a very interesting application of Berwick’s method see 181, where it is 
claimed that all integer solutions of )x3 - y’ / < 100 are known. 

We note first that ci, c2 are independent units, because a relation of the 
form cyez = f 1 is a special case of (1.14), which, as we have proved, is 
possible only if p = q = 0. 

Next we make some remarks. Any element of Z [ 1, I?, LUG, w2] is of the 
form +(a + b6 + cB2 + drY3), a, b, c, d rational integers. Let E be any unit in 
this order and suppose that, 

so that, 

E = [$(a + 68 + cti2 + dti3)]“, (A.1) 

The analogous expressions for the conjugates F’, E”, 6”’ of c together with 
the last relation, form a linear system with “unknowns” a, b, c, d, and coef- 
ficient matrix. 

CA.2) 

with determinant, the square of which is, in an absolute value, D = 12J . 3. 
Following Ljunggren, we denote by (-l)‘Di the determinant of the matrix 
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which results when we remove from (A.2) its ith line and third column. 
Then, some determinant calculations show that, 

d= ~(D,E”~+D~E’~~~+D~&““~ +Dj@/“), 

c=& (60,~“” + iYDze”“’ + I?“D~~““~ + i$“‘Dqff’ln). (A.3) 

b= ~[(B2-6)~,CI’n+(l1’?-6)~:~‘I:n 

The roots of the polynomial t’ - 6t’ - 4t - 3 are 

8~ 2.19549, 8’~ -2.190711, 8” z -0.30239 + i0.63121. 8,,, = $I, 

(complex conjugate of 8”) ) 8” 1 = 16”’ 1 z 0.6999. Now, 

D”‘z249.41532, ID,Iz5.00449, IDzlz 12.61831, (D,~=~D,1~31.38662, 

16’ - 61 z 1.8147643, 18”-6/z 1.2007853. ~ti”2-6~=/i?“‘2-6/z 
6.3 185324, 

E, z 1.4073822, E; =. -0.1003926, IEI’I = IF;“/ 2 2.6603511, 

~~ z 7.2028722, E; z 0.7088963, ( E$’ / = IF;” I z 0.44254. 

Now we need some lemmas concerning the units of the order 
Z[ 1, if, Q, 3 021. 

LEMMA 1. A relation of the form 

Ef E; = *<‘, p, q, r in Z, 

where [ is a unit of the form ;(a + b6 + ~8’) with 1 c( < 1 and 1 b) < 3 is 
impossible if both p and q are nonzero. 

ProojI Since E, , E, are independent units, the lemma will be proved if we 
show, that the only units i, as above, are is,, +c2. If c == 0, then 
Norm(a + b6) = f 16, i.e., a’ - 6a’b’ + 4ab” - 3b’ = f 16, which is 
impossible (mod 8). 

If (cl = 1, then without loss of generality, we may suppose that c = 1. A 
simple calculation shows, 

Norm(a + 66 + I?‘) = a’ + 12a” + (-6b’ - 12b + 30) a2 

+ (4b3 + 12b’ - 24b - 20) a - 3b’ + 186’ - 12b + 9. 
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For any value of b, one among the two cases Norm(a + b6 + 6’) = k 16 is 
excluded (mod 3). Thus we are led to seven equations in a, which, as some 
simple calculations show, have no integer solutions, except when b = 0 (in 
which case a = -5), and b = 2 (in which case a = 1). This completes the 
proof. 

LEMMA 2. The unit F, is not a power with exponent # * 1 of any other 
unit. 

ProoJ If the lemma were not true, then E, would be a power with an 
exponent n > 1 of another unit $(a + b6 + CI?* + dS3). Since Norm(s,) = - 1, 
we would have n odd and, in particular, n > 3. Then, in view of (A.3) and 
the relation 1 E; 1 < 1, 

Therefore d = c = 0 and this is impossible (as noted in the proof of 
Lemma 1, there is no unit of the form +(a + be)). 

LEMMA 3. The unit E* is not a power with exponent # rt 1 of any other 
unit. 

The proof is completely analogous to that of Lemma 2 (now n > 2, 
I&;1 < 1, lE;i < 1). 

LEMMA 4. A relation of the form, 

E2E; = i”, i unit, y > 1, 0 < lrl <y/2, (A.4) 

is impossible (r, J’ integers). 

Proof. In view of Lemma 3, r # 0 in (A.4). Let r > 0. If y < 4, then 
b< l/Y<; and d<r/y<j. In (A.11 Put E = E,E;, 

;(a + b6 + c6* + dti3) = i. n =J. so that by (A.3) we have, 

lW& (lo11 IE2c,/"2 + lD,l l@;l"" + 2 lD,l lE;l"" l,y/"2), 0.84966, 

and similarly. 

IcIG$(~~D,I /E~E,~~‘* + IS’D,l IEJE;I”~ + 2 /6"0,1 le;'l"" l~;l"*) 

z 0.94034. 

Therefore d = c = 0 and this is impossible. 
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If 4’ > 5 then, 

Then d = c = 0 and, as before, this is impossible. 
Next suppose that in (A.4) Y < 0. Then, on substituting r by -r with r > 0, 

we find a relation, 

EL&lr = y, y> 1, 0 < r <y/2. 

In (A.1) we put E =E,E;‘, ~(a+b6+c62+d83)=[. n=p. so that by 
(A.3), 

Thus d = 0, 1 cl < 1, 1 b ( < 3 and this is impossible by Lemma 1. This 
completes the proof of the lemma. 

Now we are ready to prove that E, , s2 is a pair of fundamental units in the 
order Z[ 1, 6, o,, u2\. Following Ljunggren, we consider a pair a,, 6, of 
fundamental units in the order. Then, E, = +Sf;Sy and since U, u cannot both 
be even (Norm(c,) = -I), we may suppose that. 

F, = sys;, 6,, 6, fundamental units. 

By Lemma 2 we have (u, c) = 1, so that there exist m and n in Z such that 
mu - IZC = 1. Then 

(Epyy = (&;S*y‘, 

from which 

&;16,’ =/I“, &;a* = A” (/I = s:s;t>. 

Therefore, 
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and this means that E, and 1 form a pair of fundamental units. Then, there 
exist s and J’ such that, 

E2 & f = *A?‘. 

Since E,, s2 are positive, 4’ is odd in the case of the lower sign, so that the 
minus sign is absorbed in Ay. Therefore it suffices to consider the upper sign 
only. 

Without loss of generality we may suppose that y > 0. If JJ > 1, then put 
x=&+r, O<lr]<</2, so that we get, 

E2E; = [’ (i=k;k),JJ> 1,0<l4<)‘/2, 

which is impossible by Lemma 6. 
Therefore J’ = 1 and FOE.: = /2. Since Ed, ,? is a pair of fundamental units, 

the last relation shows that E,, Ed is also such a pair. Q.E.D. 

APPENDIX B 

The method used in this paper has a general character. Indeed, letfbe an 
integral binary cubic form. We suppose further thatfis irreducible and has a 
positive discriminant D (if D < 0, then Q(a), wheref(a, 1) = 0, has only one 
fundamental unit E and we are led to an equation x -~a = f~‘, so that the 
p-adic method is directly applicable). 

Let H(x, y), G(x, y) be, respectively, the quadratic and cubic covariants of 
f(x,~), Then, from the well-known relation, 

G2 f21D.f’=4H3, 

we get, whenf(x, y) = 1, 

G2 + 210 = 4H3. 

Thus, any solution (X0, Y,) of 

X2 = 4Y3 ~ 270 (B.1) 

leads to a system 

G(x, y) = X,, H(x, .v) = Y,, 

which is easily solved in x,)1. 
Thus, the problem is to solve (B. 1). By a well-known result of Mordell [ 91, 

(B. 1) leads to a finite number of equations, 

F(n, m) = 1, 03.2) 
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where F is an integral binary quartic form with invariants g, = 0 and 
g, = 270. The discriminant of F is thus -2839D2 and therefore, any order in 
Q(S), where F(B. 1) = 0 (6 real), has two fundamental units s,, c~. Since 
(8.2) is equivalent to Norm(n - ma) = 1, we have 

We have now two unknowns u, u (rational integers) and two equations 
relating them (which result in equating coefficients of a2 and 6” in the right- 
hand side to zero), so that the p-adic method applies directly. 

We give three more examples of the application of this method. 

(1) To solve 

x3 - 9xy2 - 9-v’ = 1. (B.3) 

For this equation we have, 

H=27(~~+3xy+3t’~)=27H,, G=243(X” + 6x’y + 9x$ + 3y’) I= 2436,. 

D=3h, 

and we are led to 

(which is equivalent to X2 + 432 = Y”). Working in Q(4”‘) we get two 
equations F(n, m) = 1. One of them is impossible (mod 3) and the other is 
reducible over Z, so that we are led to 

(n + 3m)(n3 - 15n’m + 27nm’ - 45m3) = 1, 

from which we easily find that (n, m) = (k 1,O) is the only integral solution. 
Then, (G,,H,)=(kl,l) and (s,y)=(l,O),(-2,1), (1,-l) are the only 
solutions to (B.3). 

(2) To solve 

x3 - 9xy2 - 6~’ = 1. (B.4) 

In analogy with the previous example, we are led to an equation, 

G;+2=3H;, 

or, equivalently, 

x2 + 18 = Y3, P.5) 
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and the last equation leads to quartic equations F(n, m) = 1. In this way it is 
proved in [6] that (X, I’) = (*3,3) are the only solutions to (B.5). Therefore 
G, = f 1, H, = 1 and after some easy calculations we find that (x,y) = (1,0) 
is the only solution to (B.4). 

(3) To solve 

x3 - 9xv2 - 2y3 = 1. P.6) 

Now we are led to an equation, 

G;+26=H;. 

This leads, as before, to quartic equations F(n, m) = 1, which are solved in 
[S]. Thus, the only solutions found are (G,, H,) = (k 1, 3), (+207, 35), from 
which we conclude that (x, y) = (1,0) is the only integral solution to (B.6). 

It should be noticed, however, that in Examples 2 and 3 the forms F(n, m) 

are irreducible over Z (and, of course, this is what in general happens: 
Example 1 is an exception), so that a pair of fundamental units in some 
order (e.g., the maximal order) of a quartic number-field have to be found. 
As one can see in Appendix A, this is a rather tedious task. 

Note added in proof: While this paper was in preparation for publication, 1 found out that, 
concerning the general remarks of Appendix 9. I was anticipated by W. Ljunggren 1 101. 
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