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1. Av H, G o nivaxeg eAéyyou tootyulag xa Yevvitopag nivaxag aviiotolya evog xhdixa
C, va anodeiéete 6Tu:
G-H' =0xaw H-GT"=0

[ x&0e ypauud gi tou G, (1 < i < k) woyleu:
HgiT =0 (1)

36Tl ot g; anoteroly xwdixég Mé&ewg tou C. I'pdgovtag yia dheg Tig ypauués tou G
v (1) oe wopn Tvdxwny npoxinTel

HG" =0.

‘Avaoctpépovtag’ xat Ta dvo uékn g (1), éxovue
gH =0
yia xé6e yoouun tou G. Enouévag

GH" = HG" =o.

2. Av H o nivaxag eréyyou tootyuiag xat G o yevvitopag nivaxag, x@dixa C, va anodeiiete
6t o G elvaw nivaxag ehéyyou Lootulag xaL o H yevvitopag nivaxag Tou duixol x@duxa
C+.

I x40e x € CL, y € C oyde

Emopéveg xal yia tig ypapués g tov G, (1 <i < k), ot onoleg elvar xwdixég Mé€etg
tou C, woyle

gi-z' =0
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Y x40 z € C*. Te woppR mvéxwv N napandve oyéon ypdpeto
Gz'' =0, Vo € C*. (2)

Enopéverg o nivaxag G elvar o mivaxag eAéyyou Lootiuiag Tou xGduxa Cct.

H e&lowon (2) ouvendyetan:
+GT =0, Vo € C+. (3)

I'vopilovue nwg M (3) wyler yia xdbe ypauud tov H, hy, (1 < j < n—k). Autd
dwott HGT = 0. Enopévec 6heg ov ypauués hj, avhxouv otov xddixa CF xou o¢
(n — k) ypauuxde aveldptnra draviopata, napdyouy Tov xGdxa C . "Apa o H elvar
0 Yevvitopag nivaxag tou C.

. Na ouyxplvete ta @pdypata Hamming, Singleton, Gilbert - Varshamov xat Plotkin
yia duadixd xdduxa C étav [n,d] = [7,5],[8, 5], [15, 9].

T tov [7,5] xH3ixa éyovpe yia Tov aptBud xwdixdv MEewv M = 2%

e And 1o @pdyua Hamming:

M= 7 7
= (1)+(5)

OMh. M <4Hk <2

e Ané 1o @pdyua Singleton:
M S 27—5+1

omh. M <84k < 3.
e Ané 1o @pdyua Gilbert - Varshamov:
27

= (1)+(2)+(5)

dMh. 2F <39k <1, M <2.
e Télog, and 10 pedyua Plotkin éyouue:

2k <

2d
M <
—2d—n

ondéte yla n =7, d = 5:

M <3.03 42 <3.038n\ k=1.



"Apa, 6nug mpoxintel and ta dVo tekeutala Ppdyuata, UNAEYEL OTWGINTOTE XBOLXAS
(7,1,5].

Me 6uoto tpémo yia T0 Ypauuxd x@duxa [8, 5] éyouue:

e and 10 pedyua Hamming, M <64 k < 2,

e and 1o ppdyua Singleton, M < 2* 4 k < 4,

e anb 1o gpdyua Gilbert - Varshamov, 2F < 44 k < 2 xou
e and 10 pedyua Plotkin M <54 k < 2.

"Apa, Aoy Tou ppdyuatog Gilbert - Varshamov, undpyel onwodfnote 8,1, 5] xHduxas.

[a to ypauuixd xG8uxa [15, 9] éyouue:

e anb 1o pedyua Hamming, M <16 4 k < 4,

e oanb to gpdyma Singleton, M < 27 4k <7,

e an6 10 pedyua Gilbert - Varshamov, 2F < 33%h k<1 xau
e an6 10 pedyua Plotkin M < 6,4 k < 2.

"Apa, Moye tou gpdyuatog Gilbert - Varshamov, undpyet onwodnnote x@dduxag [15, 1, 9].

. Na anodeiete 6t ot ypauuxd duadixd xdduxa C, 6heg ov Aé&elg €youv dptio Bdpog A
oL WLOEg GOTLO XAl OL ULGEG TEPLTTO.

‘Eotw 6t o ypauuxdg xd3uxag C nepthapfBdver pla ) neptocdtepes xwdixég Aé&elg ue
nepttté Bdpos. Optlovue t diapépion tou C oe 8G0 unoctivora Cogq, %t Cepen ©G
e&nc:

Coaa = {z € C : w(z) neprttoc}

Ceven = {r € C : w(z) dpuog}.
Hpogaveg Coga N Cepen = 0 xat Cogg U Cepen, = C 0nbte
|Codd| + |Ceven| = |C| (4)

Ivoptlovpe entong nog toyler Yevxdtepa yla Ty andotacy tov u, v € Fs xau a-
duxbtepa oToUg YpauuLxols xGdixeg xaL yia to w(u B v) ot

w(u®v) =d(u,v) = w(u) +w) — 2w(uNov) (5)

émov uNwv = {u;,v; :u; =v;, 1 € {1,2,...,k}}. T va anodei&ouvue 61t Cogg = Ceyen,
Oewpolue ouvdptnon f : Cepen — Coda:

Va € Cepen, f(a) =a®x
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6mou x elvan wa tuyala AN oL Coga. To 61 Va € Copen f(a) € Coga, npoxintel agevég
ané v (5), dét w(a) detiog xar w(z) mepttTds XL agetépou and TNV xAELGTOHTNTA
touv C g mpog v npdén @. H ouvéptnon f elvar 1 — 1:

Vay, a2 € Cepen P& f(a1) = f(a2) <= (a1 ® ) = (a2 ® x) <= a1 = ay.

Enlong n f elva enl. YmnoBétovtag 6t dev elvan, undpyer b € Cogq : (a @ x) # b,
Va € Cepen- AnA.

Va € Cepen, (x®b) #a = (2B b) ¢ Ceyen-

Ané v (5) buwg mpoxinter 6L to (¢ @ b) S umopel va avixel 0Ute 610 Cyeq, SLOTL
w(z @ b) dptiog, epboov w(x), w(b) neptttol. "Apa (x ®b) ¢ C, dtono diét o C elvar
YEAUULXOS.

Enopéverg undpye. ouvdptnon f, 1 — 1 xau ent, and 10 Cepen, 670 Cohyq xat dpa
|Ce'uen| = |Codd|-

Avtuxabiotdvtag v tedeutala oyxéon otny (4) éyouvue:

C
‘Ceven‘ = |Codd‘ = %

H anédeln Lexivnoe unobétovtag 6tL undpyel Touldytoto wa xeduxh AéEn tou C' ue
neptttd Bdpog. Av dev undpyel olte ula, t6te Gheg oL xwdLxég AéLels éyouv dotio Bdpog
xaL dev umdpyet xdtL Tpog anddeldy.

. Av C 3uadixég (n, M, d) x&duxag émov n < 2 - d va anodeliete 4T

M < { 524 btav o M dptiog

2d 2 7
5o — 1 , 6tav o M nepLttig

. O yevviropag nivaxag x@ddixa C elva o

S~ =
=
[ Wl R
co o -
e Rl R S g
O = O =
—_ O =

Na tov ypddete otny xavovixy Tou Lopey.



Me npbabeor tng Ing xaw 4ng ypauurs Tou G xaw anobixeuoy Tou anotehéopatog TNy
1n ypauun npoxiniel o nivaxag

Glz

O = = =
—_—_0 O
_— O O O
O OO
OO = =
O = O =
—_ O = O

Me npbdoleon g 3ng xau 4ng yeauunis tou G xar anobfixeuor Tou anoteAéouatog
oty 41 Ypouuu meoxVnTeL o nivaxag

Gy =

= =
o = O O
—_— o O O
OO O =
OO = =
el =
—_ O = O

Me mpéobeon g Ing xau 2ng ypauunic tou G xar anobvixeuon tou anotehéopatog
oty 1n ypoauuy mpoxintel o nivaxag

Gs =

— == O
o = O O
— o O O
oo o
oo = O
— = O =
—_— O =

Exteldvtag tig Stadoyixés uetabéoeis omhédvy tou G (1,4), (3,4), (2, 3), (2, 5), npoxintet
o mivaxag

Gy =

o O O =
O O = O
o = OO
_ O O O
— == O
— = O
— O =

o onolog anotekel TNy xavovixt Lopey| tou G.

. Av G1, G5 yevwitopeg nivaxes 300 ypauuuxdy (n1, k, di) xaL (ng, k, dz) xedixowv avti-
otolywg, va anodellete 6TL oL xdIixes Ue yevvritopa mivaxa

|Gy 0
G—[O Gz}xat

G =[Gy, Gy



elvaw tou timov (ny + ng, 2 - k, min{dy, d2}) xow (ny + ne, k, d) avtictowya, énou d >
dy + ds.

‘Eotw C), Cy oL ypauuxol xGduxes ue yevvitopeg nivaxeg G, Ga avtiotorya xaw C
o x@duxag ue yevvitopa tov mixaxa G. O x@dduxag C elvon ypauuxds duétt Hétovtag
yua TG Ypauués tou G-

k

k k k
P rilgl, 0n,) © P 1(0n,, 87) = (@ rgt, P ujgf) = (Opy,0n,) = Opyny
=1 j=1

=1 j=1

mpoxUnTeL OTL Oa mEénel va Loy VeL:

k k
@ )‘zgll = Onl xa @ /J'jgj2 = Onz (6)
i=1 j=1

émou g, gj2 elvar ov Ypauués tov G, G avilotouya xaw A, pj € Fy yia 1 < 4,7 < k.
Abyew g yeauuxis avelaptnolas twv yeauudy Tou xalevis and toug Gq, Gy Loyvel
ané v (6) 6T

)\Z:/,LJZO, Vi, ]E{l,?,,k}

Enouéves ou 2k ypauués tou G elvan ypauuxd avedptntes, dnh. anoteloty Bdon tou
C xau dpa o C elvon Ypauuxds xHdxag Ufixoug ny + ng xo didotaong 2k.

la %46 a, b € Fs woyle 61

z = (z,y) = (aG41,bGs) € C (7)
onote
w(z) = w(z) + w(y) = w(aGh) + w(bGs) (8)
EV® AOYL YoauuLxXoTNTAG
i (C) = min{w(2) : 2 € C, 2 7 Onyiny } (9)

YrnoOétouue, ywplc BAaPN g yevxdtntag, 6t dy < dy. Téte Oétovtag b = 0 xon
a tétoo dote w(z = aG1) = Wpin(C — 0,,) = di, éyouvpe uéoon twv (7) (8), 6t
z2 # Opyin, XA

w(z) = w(z) + w(y) = w(eG) + w(0,,) = w(aG,) = dy = min{d,, ds}
[Mpogavde yia x&le 2" = (2',y') # 2, ue 2’ # Oy 4n,, Loylel and v (8) 6T

w(?) = w(z') + w(y) 2 w(z) = w(z)
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onéte péow s (9)
Amin (C) = w(z) = min{d,, dy}.

Enouéves o xh8uxag C elvan évag [ng + ng, 2k, min{d;, dy }] x@d3uxag.

O %Hduxag C' mou mapdyetal and tov nivaxa G’ elvan enlong ypauuxos didtt Hétovtag
YL TLS Ypappéq wouv G':

@ Ai( g1 7g1 (@ /\zgl ) @ Aig; ) (01, 00y) = 0py 4y

mpoxUnTeL OTL Oa mEénel va Loy VeL:

k k
P rigl = 0n, xa P Nigf =0, (10)
i=1 j=1

6mov gil, gf elvar oL Ypauués oy G, G avtiotouya xaw A; € Fy yia 1 <4 < k. Adyw
™ Yeauuxs avedaptnolas Tev Yeauudy tou xabevis and toug Gq, Gy woylel and
™ (10) 6t

)‘i :0, Vi € {1,2, ,]f}
Enouéves ol k ypauués tou G elvan ypauuuxd ave&dotnteg, dnA. anoteholy Bdomn tou
C" xau dpa o C' elvan ypauuixds x@duxag uixoug ny + ny xar Sldotaons k.

T x40e a € T woylel 6T

= (z,y) = (aGy,aGs) € C' (11)
ondTe
w(z) = w(zr) + w(y) = w(eG1) + w(aGs) (12)
EV® AOYL YpauuLxoTNnTAg
Amin(C') = min{w(z) : 2 € C', 2 # Opyiny } (13)

INa xabe a # 0 Loyvel:
x = aGy # 0,, xaL y = aGy # 0,
onéte ywa z = (x,y) éyovue and ) (12) bt
w(z) =w(z)+w(y) > d +do

evd edv a = 0k, ané v (11) ocuvendyetar 61Tt 2 = 0p,40,. Emouéves yia xdbe
2 % Opy 4y, OYVEL w(2) > di + do (uE TNV LodTNTa va Loy Vel epbooy w(aGr) = dy xa
w(aGy) = da, Y1a 10 3o a € F%) xow and ) (13) dppin(C') > di +da. "Apa, 0 xHGBxag
C’ elvaw évag [ng + ng, k,d > di + da] xHSxac.



