Eisagwgă sthn AnĹlush I

Panepisthmio Krhthc Tmhma Majhmatikwn Fjinopwro 2001

Mèroc tou parìntoc daktulografăjhke apì touc SofÐa PatrwnÐdou kai IwĹnnh Toulìpoulo sta plaÐsia tou èrgou E.P.E.A.E.K {MajhmatikĹ gia to 2001: Anamìrfwsh kai anabĹjmish twn Majhmatikÿn spoudÿn sthn EllĹda}.

Perieqìmena

1 Oi pragmatikoÐ arijmoÐ 5 1.1 Diatetagmèna sÿmata . . . . . . . . . . . . . . . . . . . . . . . . . . 5 1.2 To axÐwma thc plhrìthtac . . . . . . . . . . . . . . . . . . . . . . . . 7 1.3 Orismìc twn fusikÿn kai twn rhtÿn arijmÿn . . . . . . . . . . . . . 9 1.4 Arqimădeia idiìthta twn pragmatikÿn arijmÿn . . . . . . . . . . . . 12 1.5 ParĹrthma: Tomèc Dedekind . . . . . . . . . . . . . . . . . . . . . . 15 1.6 Askăseic . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

2 AkoloujÐec 23 2.1 Orismìc tou orÐou - idiìthtec sugklinousÿn akoloujiÿn . . . . . . . 23 2.2 SÔgklish monìtonwn akoloujiÿn . . . . . . . . . . . . . . . . . . . . 27 2.3 KibwtismoÐ diasthmĹtwn . . . . . . . . . . . . . . . . . . . . . . . . . 28 2.4 UpakoloujÐec - Jeÿrhma Bolzano-Weierstrass . . . . . . . . . . . . . 30 2.5 AkoloujÐec Cauchy . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30 2.6 ShmeÐa sussÿreushc - anÿtero kai katÿtero ìrio akoloujÐac . . . . 32 2.7 ParĹrthma: apì thn Arqimădeia idiìthta kai thn idiìthta Cauchy èpetai to axÐwma thc plhrìthtac . . . . . . . . . . . . . . . . . . . . 36 2.8 Askăseic . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

3 Sunèqeia sunartăsewn 45 3.1 ’Oria sunartăsewn . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45 3.2 Sunèqeia sunartăsewn: orismoÐ - basikèc idiìthtec . . . . . . . . . . 47 3.3 Qarakthrismìc thc sunèqeiac me qrăsh akoloujiÿn . . . . . . . . . . 49 3.4 BasikĹ jewrămata gia suneqeÐc sunartăseic . . . . . . . . . . . . . . 50 3.4.1 To jeÿrhma endiĹmeshc timăc . . . . . . . . . . . . . . . . . . 50 3.4.2 To jeÿrhma elĹqisthc kai mègisthc timăc . . . . . . . . . . . 52 3.4.3 ParadeÐgmata kai efarmogèc . . . . . . . . . . . . . . . . . . 53 3.5 Sunèqeia sÔnjethc kai antÐstrofhc sunĹrthshc . . . . . . . . . . . . 55 3.6 Askăseic . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

4 Omoiìmorfh sunèqeia 63 4.1 ArqikĹ paradeÐgmata - orismìc . . . . . . . . . . . . . . . . . . . . . 63 4.2 Qarakthrismìc thc omoiìmorfhc sunèqeiac mèsw akoloujiÿn . . . . 64

4.3 Omoiìmorfh sunèqeia suneqÿn sunartăsewn se kleistĹ diastămata . 66 4.4 ParadeÐgmata kai efarmogèc . . . . . . . . . . . . . . . . . . . . . . 67 4.5 Askăseic . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

5 To oloklărwma Riemann 73 5.1 O orismìc tou Darboux . . . . . . . . . . . . . . . . . . . . . . . . . 73 5.2 To kritărio oloklhrwsimìthtac tou Riemann . . . . . . . . . . . . . 76 5.3 DÔo klĹseic Riemann oloklhrÿsimwn sunartăsewn . . . . . . . . . 80 5.4 Idiìthtec tou oloklhrÿmatoc Riemann . . . . . . . . . . . . . . . . . 82 5.5 ParĹrthma: o orismìc tou Riemann gia to oloklărwma - isodunamÐa me ton orismì tou Darboux . . . . . . . . . . . . . . . . . . . . . . . 88 5.6 Askăseic . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92

6 ParĹgwgoc 97 6.1 ParĹgwgoc sÔnjethc kai antÐstrofhc sunĹrthshc . . . . . . . . . . 97 6.1.1 O kanìnac thc alusÐdac . . . . . . . . . . . . . . . . . . . . . 97 6.1.2 ParĹgwgoc antÐstrofhc sunĹrthshc. . . . . . . . . . . . . . . 99 6.2 Jeÿrhma tou Rolle kai jeÿrhma mèshc timăc - krităria monotonÐac . 100 6.3 Idiìthta Darboux gia thn parĹgwgo . . . . . . . . . . . . . . . . . . 103 6.4 Aprosdiìristec morfèc . . . . . . . . . . . . . . . . . . . . . . . . . . 105 6.5 Melèth sunartăsewn mèsw paragÿgwn . . . . . . . . . . . . . . . . . 109 6.6 To jemeliÿdec jeÿrhma tou ApeirostikoÔ LogismoÔ . . . . . . . . . 112 6.7 Askăseic . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114

7 Ekjetikă kai logarijmikă sunĹrthsh 119 7.1 Orismìc mèsw tou oloklhrÿmatoc . . . . . . . . . . . . . . . . . . . 119 7.2 O {fusiologikìc} orismìc . . . . . . . . . . . . . . . . . . . . . . . . 125 7.3 Askăseic . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 128

KefĹlaio 1

Oi pragmatikoÐ arijmoÐ

Gia mia austhră jemelÐwsh twn ennoiÿn tou ApeirostikoÔ LogismoÔ (sÔgklish, sunèqeia, paragÿgish kai oloklărwsh) qreiĹzetai na èqoume sth diĹjesă mac exÐsou austhrĹ jemeliwmèno to sÔsthma twn arijmÿn me touc opoÐouc ja doulèyoume: to sÔnolo R twn pragmatikÿn arijmÿn san èna plărwc diatetagmèno sÿma. Ja akoloujăsoume thn axiwmatikă mèjodo: ja deqtoÔme thn Ôparxh enìc tètoiou sustămatoc arijmÿn kai ja perigrĹyoume ta shmantikĹ uposÔnola twn fusikÿn, twn akeraÐwn kai twn rhtÿn arijmÿn mèsa se autì. H pio fusiologikă poreÐa thc diadoqikăc jemelÐwshc twn fusikÿn, twn akeraÐwn, twn rhtÿn kai katìpin twn pragmatikÿn arijmÿn eÐnai kĹti pou ja èprepe na dei kaneÐc toulĹqiston mia forĹ. XefeÔgei ìmwc apì touc skopoÔc autoÔ tou majămatoc (pĹrte kĹpoio mĹjhma JewrÐac Sunìlwn). Gia na pĹrete mia geÔsh, sto parĹrthma autoÔ tou kefalaÐou suzhtĹme tic tomèc tou Dedekind.

1.1 Diatetagmèna sÿmata

’Ena mh kenì sÔnolo Σ lègetai diatetagmèno sÿma an ikanopoieÐ ta exăc: (a) Axiÿmata thc prìsjeshc. Gia kĹje zeugĹri x, y stoiqeÐwn tou Σ upĹrqei akribÿc èna stoiqeÐo tou Σ pou sumbolÐzetai me x + y kai lègetai Ĺjroisma twn x, y. H prĹxh pou stèlnei to zeugĹri (x, y) sto x + y lègetai prìsjesh kai èqei tic akìloujec idiìthtec:

• Prosetairistikìthta: gia kĹje x, y, z ∈ Σ, (x + y) + z = x + (y + z).

• Antimetajetikìthta: gia kĹje x, y ∈ Σ , x + y = y + x.

• UpĹrqei èna stoiqeÐo tou Σ pou sumbolÐzetai me 0, tètoio ÿste gia kĹje x ∈ Σ, x + 0 = 0 + x = x.

• Gia kĹje x ∈ Σ upĹrqei èna stoiqeÐo tou Σ pou sumbolÐzetai me −x, tètoio ÿste x + (−x) = (−x) + x = 0.

Lème oti to Σ me thn prĹxh thc prìsjeshc eÐnai Abeliană omĹda. ApodeÐxte oti to 0 kai to −x (dojèntoc tou x) orÐzontai monosămanta. O −x eÐnai o antÐjetoc tou x. H afaÐresh sto Σ orÐzetai apì thn x − y = x + (−y), x, y, ∈ Σ. (b) Axiÿmata tou pollaplasiasmoÔ. Gia kĹje zeugĹri x, y ∈ Σ upĹrqei akribÿc èna stoiqeÐo tou Σ pou sumbolÐzetai me xy kai lègetai ginìmeno twn x, y. H prĹxh pou stèlnei to zeugĹri (x, y) sto xy lègetai pollaplasiasmìc kai èqei tic akìloujec idiìthtec:

• Prosetairistikìthta: gia kĹje x, y, z ∈ Σ, (xy)z = x(yz).

• Antimetajetikìthta: gia kĹje x, y ∈ Σ, xy = yx.

• UpĹrqei èna stoiqeÐo tou Σ diaforetikì apì to 0 pou sumbolÐzetai me 1, tètoio ÿste gia kĹje x ∈ Σ, x1 = 1x = x. • Gia kĹje x ∈ Σ me x ≠ 0 upĹrqei èna stoiqeÐo tou Σ pou sumbolÐzetai me x^{−1}, tètoio ÿste xx^{−1} = x^{−1}x = 1.

ApodeÐxte oti to 1 kai to x^{−1} (dojèntoc tou x ≠ 0) orÐzontai monosămanta. O x^{−1} eÐnai o antÐstrofoc tou x ≠ 0. H diaÐresh sto Σ orÐzetai apì thn x y = xy^{−1}, x, y ∈ Σ, y ≠ 0. (g) H epimeristikă idiìthta sundèei ton pollaplasiasmì me thn prìsjesh: gia kĹje x, y, z ∈ Σ, èqoume x(y + z) = xy + xz. (d) Idiìthtec thc diĹtaxhc. UpĹrqei èna uposÔnolo Θ tou Σ, pou lègetai to sÔnolo twn jetikÿn stoiqeÐwn tou Σ, tètoio ÿste:

• gia kĹje x ∈ Σ isqÔei akribÿc èna apì ta akìlouja: x ∈ Θ, −x ∈ Θ, x = 0. • an x, y ∈ Θ tìte x + y ∈ Θ kai xy ∈ Θ.

To sÔnolo Θ orÐzei mia diĹtaxh sto sÿma Σ wc exăc: lème oti x < y an kai mìno an y − x ∈ Θ. GrĹfontac x ≤ y ennooÔme: eÐte x < y ă x = y. Apì ton orismì, x ∈ Θ ⇐⇒ x > 0. Apì tic idiìthtec tou Θ èpontai oi exăc idiìthtec thc diĹtaxhc <:

• gia kĹje x, y ∈ Σ isqÔei akribÿc èna apì ta akìlouja: x < y, x > y, x = y. • an x < y kai y < z, tìte x < z.

• an x < y tìte gia kĹje z, x + z < y + z.

• an x < y kai z > 0, tìte xz < yz.

To sÔnolo Q twn rhtÿn arijmÿn me tic fusiologikèc prĹxeic prìsjeshc kai pollaplapasiasmoÔ eÐnai to tupikì parĹdeigma diatetagmènou sÿmatoc. ’Olec oi algebrikèc idiìthtec tou Q èpontai apì ton katĹlogo twn idiotătwn pou dÿsame pio pĹnw. Ta sÔnola N kai Z twn fusikÿn kai twn akeraÐwn den ikanopoioÔn ìla ta axiÿmata tou diatetagmènou sÿmatoc (perimènete prÿta na orÐsoume autĹ ta sÔnola kai katìpin elègxte touc parapĹnw isqurismoÔc).

1.2 To axÐwma thc plhrìthtac

Apì th stigmă pou se èna diatetagmèno sÿma Σ èqoume orismènh th diĹtaxh <, mporoÔme na milĹme gia uposÔnola tou Σ pou eÐnai Ĺnw ă kĹtw fragmèna. Orismìc. ’Estw Σ èna diatetagmèno sÿma. ’Ena uposÔnolo A tou Σ lègetai

• Ĺnw fragmèno, an upĹrqei α ∈ Σ me thn idiìthta: x ≤ α gia kĹje x ∈ A.

• kĹtw fragmèno, an upĹrqei α ∈ Σ me thn idiìthta: x ≥ α gia kĹje x ∈ A.

• fragmèno, an eÐnai Ĺnw kai kĹtw fragmèno.

KĹje α ∈ Σ pou ikanopoieÐ ton parapĹnw orismì lègetai Ĺnw frĹgma (antÐstoiqa, kĹtw frĹgma) tou A.

Paratărhsh: ’Estw A ⊆ Σ kai α èna Ĺnw frĹgma tou A, dhladă x ≤ α gia kĹje x ∈ A. KĹje stoiqeÐo α_1 tou Σ pou eÐnai megalÔtero tou α eÐnai epÐshc Ĺnw frĹgma tou A: an x ∈ A tìte x ≤ α ≤ α_1. TeleÐwc anĹloga, an A ⊆ Σ kai α èna kĹtw frĹgma tou A, tìte kĹje stoiqeÐo α_1 tou Σ pou eÐnai mikrìtero apì to α eÐnai epÐshc kĹtw frĹgma tou A.

FusiologikĹ, prospajeÐ kaneÐc na dei an upĹrqei kĹpoio elĹqisto Ĺnw frĹgma (antÐstoiqa, mègisto kĹtw frĹgma) tou A sto Σ.

Orismìc. (a) ’Estw A èna Ĺnw fragmèno uposÔnolo tou diatetagmènou sÿmatoc Σ. Lème oti to α ∈ Σ eÐnai elĹqisto Ĺnw frĹgma tou A an

• to α eÐnai Ĺnw frĹgma tou A kai

• an α_1 eÐnai Ĺllo Ĺnw frĹgma tou A tìte α ≤ α_1.

(b) ’Estw A èna kĹtw fragmèno uposÔnolo tou diatetagmènou sÿmatoc Σ. Lème oti to α ∈ Σ eÐnai mègisto kĹtw frĹgma tou A an

• to α eÐnai kĹtw frĹgma tou A kai

• an α_1 eÐnai Ĺllo kĹtw frĹgma tou A tìte α ≥ α_1.

To elĹqisto Ĺnw frĹgma tou A (an upĹrqei) eÐnai monadikì. Apì ton orismì eÐnai fanerì oti an α, α_1 eÐnai dÔo elĹqista Ĺnw frĹgmata tou A tìte α ≤ α_1 kai α_1 ≤ α, dhladă α = α_1. OmoÐwc, to mègisto kĹtw frĹgma tou A (an upĹrqei) eÐnai monadikì.

Sthn perÐptwsh pou upĹrqoun, ja sumbolÐzoume to elĹqisto Ĺnw frĹgma tou A me sup A (to supremum tou A) kai to mègisto kĹtw frĹgma tou A me inf A (to infimum tou A). Ta inf A, sup A mporeÐ na anăkoun ă na mhn anăkoun sto sÔnolo A. Prìtash 1.2.1 ’Estw A uposÔnolo tou Σ kai α ∈ Σ. Tìte, α = sup A an kai mìno an isqÔoun ta exăc:

(a) To α eÐnai Ĺnw frĹgma tou A, (b) Gia kĹje ε > 0 upĹrqei x ∈ A tètoio ÿste x > α − ε.

Apìdeixh: Upojètoume prÿta oti α = sup A. Apì ton orismì tou supremum, ikanopoieÐtai to (a). Gia to (b), èstw ε > 0. An gia kĹje x ∈ A Ðsque h x ≤ α − ε, tìte to α − ε ja ătan Ĺnw frĹgma tou A. Apì ton orismì tou supremum ja èprepe na èqoume α ≤ α − ε → ε ≤ 0, to opoÐo eÐnai Ĺtopo. ’Ara, gia to tuqìn ε > 0 upĹrqei x ∈ A (to x exartĹtai bèbaia apì to ε) pou ikanopoieÐ thn x > α − ε.

AntÐstrofa, èstw α ∈ Σ pou ikanopoieÐ ta (a) kai (b). Eidikìtera, to A eÐnai Ĺnw fragmèno. Ac upojèsoume oti to α den eÐnai to supremum tou A. Tìte, upĹrqei β < α to opoÐo eÐnai Ĺnw frĹgma tou A. Jètoume ε = α − β > 0. Tìte, x ≤ β = α − ε gia kĹje x ∈ A. Autì èrqetai se antÐfash me to (b). □

Orismìc. Lème oti èna diatetagmèno sÿma Σ ikanopoieÐ to axÐwma thc plhrìthtac an

KĹje mh kenì kai Ĺnw fragmèno uposÔnolo A tou Σ èqei elĹqisto Ĺnw frĹgma α ∈ Σ.

’Ena diatetagmèno sÿma Σ pou ikanopoieÐ to axÐwma thc plhrìthtac lègetai plărwc diatetagmèno sÿma.

’Askhsh. ’Estw Σ èna plărwc diatetagmèno sÿma. DeÐxte oti kĹje mh kenì kĹtw fragmèno uposÔnolo A tou Σ èqei mègisto kĹtw frĹgma.

’Olh h douleiĹ pou ja kĹnoume se autì to mĹjhma basÐzetai sthn exăc paradoqă:

To sÔnolo R twn pragmatikÿn arijmÿn eÐnai èna plărwc diatetagmèno sÿma.

MporeÐ kaneÐc na deÐxei oti upĹrqei {mìno èna} plărwc diatetagmèno sÿma. DÔo plărwc diatetagmèna sÿmata eÐnai isìmorfa (blèpe M. Spivak, KefĹlaio 29).

1.3 Orismìc twn fusikÿn kai twn rhtÿn arijmÿn

Deqtăkame to R san èna plărwc diatetagmèno sÿma. Ja orÐsoume tÿra san uposÔnolĹ tou to sÔnolo N twn fusikÿn, to sÔnolo Z twn akeraÐwn, kai to sÔnolo Q twn rhtÿn arijmÿn.

Orismìc. ’Ena uposÔnolo A tou R lègetai epagwgikì an ikanopoieÐ ta exăc: • 1 ∈ A • an x ∈ A tìte kai x + 1 ∈ A.

UpĹrqoun epagwgikĹ uposÔnola tou R: gia parĹdeigma, to Ðdio to R, to sÔnolo {x ∈ R : x ≥ 1}, to sÔnolo {1} ∪ {x ∈ R : x ≥ 1 + 1}. Apì thn Ĺllh pleurĹ, oi dÔo idiìthtec tou orismoÔ mac lène oti an to A ⊆ R eÐnai epagwgikì tìte 1 ∈ A, 2 := 1 + 1 ∈ A, 3 := 2 + 1 ∈ A k.o.k., dhladă to A perièqei touc {gnwstoÔc mac} fusikoÔc arijmoÔc. Autèc oi parathrăseic mac odhgoÔn ston akìloujo orismì. Orismìc. ’Enac pragmatikìc arijmìc x lègetai fusikìc an anăkei se ìla ta epagwgikĹ uposÔnola tou R. Dhladă, to sÔnolo N twn fusikÿn arijmÿn eÐnai to N = ⋂ { A ⊆ R, A epagwgikì }. Prìtash 1.3.1 To N eÐnai epagwgikì sÔnolo kai perièqetai se kĹje epagwgikì uposÔnolo tou R (eÐnai to mikrìtero epagwgikì uposÔnolo tou R).

Apìdeixh: DeÐqnoume prÿta oti to N eÐnai epagwgikì:

(a) Gia kĹje epagwgikì A ⊆ R èqoume 1 ∈ A. ’Ara, 1 ∈ N.

(b) ’Estw x ∈ N, dhladă x ∈ A gia kĹje epagwgikì A ∈ R. Apì ton orismì tou epagwgikoÔ sunìlou, x + 1 ∈ A gia kĹje epagwgikì A ⊆ R, Ĺra x + 1 ∈ N. Apì ta (a) kai (b), to N ikanopoieÐ kai tic dÔo idiìthtec tou epagwgikoÔ sunìlou.

Gia ton deÔtero isqurismì, èstw A èna epagwgikì uposÔnolo tou R. Apì ton orismì tou fusikoÔ arijmoÔ, kĹje fusikìc anăkei sto A, dhladă N ⊆ A. □

Prìtash 1.3.2 O fusikìc arijmìc 1 eÐnai to elĹqisto stoiqeÐo tou N.

Apìdeixh: To sÔnolo A = {x ∈ R : x ≥ 1} eÐnai epagwgikì: Profanÿc 1 ∈ A kai an x ≥ 1 tìte x + 1 > 1 (diìti 1 > 0). ’Omwc N ⊂ A, Ĺra gia kĹje x ∈ N isqÔei x ≥ 1. □ To gegonìc oti to N eÐnai to mikrìtero epagwgikì uposÔnolo tou R diatupÿnetai suqnĹ sthn exăc morfă.

Jeÿrhma 1.3.1 (Arqă epagwgăc): ’Estw Π(n) mia (majhmatikă) prìtash pou exartĹtai apì ton fusikì n. An h Π(1) alhjeÔei kai gia kĹje n ∈ N èqoume Π(n) alhjăc ⇒ Π(n + 1) alhjăc , tìte h Π(n) alhjeÔei gia kĹje fusikì n.

Apìdeixh: JewroÔme to sÔnolo A = {x ∈ N : Π(x) alhjeÔei}. To A eÐnai epagwgikì:

(a) 1 ∈ A diìti, apì thn upìjesh, h Π(1) alhjeÔei.

(b) An x ∈ A tìte x ∈ N kai h Π(x) alhjeÔei opìte, pĹli apì thn upìjesh, h Π(x + 1) alhjeÔei kai x + 1 ∈ N, dhladă x + 1 ∈ A.

’Epetai oti N ⊆ A, diìti to N eÐnai to mikrìtero epagwgikì uposÔnolo tou R. IsqÔei mĹlista oti N = A, afoÔ apì ton orismì tou to A eÐnai uposÔnolo tou N. AfoÔ kĹje fusikìc anăkei sto A, h Π(n) alhjeÔei gia kĹje fusikì n. □

Prìtash 1.3.3 An n ∈ N kai n ≠ 1, tìte n − 1 ∈ N.

Apìdeixh: Jètoume A = {x ∈ N : x = 1 ă x − 1 ∈ N}. Ja deÐxoume oti to A eÐnai epagwgikì:

(a) 1 ∈ A apì ton orismì tou A.

(b) An x ∈ A tìte upĹrqoun dÔo endeqìmena: x = 1 opìte x + 1 ∈ A (afoÔ (x + 1) − 1 = 1 ∈ N) ă x ∈ N kai x − 1 ∈ N, opìte x + 1 ∈ N kai (x + 1) − 1 = x ∈ N dhladă x + 1 ∈ A.

’Epetai oti A ⊇ N (dhladă A = N). □

Prìtash 1.3.4 ’Estw n ∈ N. AnĹmesa ston n kai ston n + 1 den upĹrqei kanènac fusikìc arijmìc.

Apìdeixh: Jètoume A = {n ∈ N : an x ∈ R kai n < x < n + 1 tìte x /∈ N}. Ja deÐxoume oti to A eÐnai epagwgikì:

(a) 1 ∈ A : to sÔnolo B = 1 ∪ {x ∈ R : x ≥ 2} eÐnai epagwgikì, Ĺra an 1 < x < 2 èqoume x /∈ B apfl ìpou èpetai oti x /∈ N (giatÐ?).

(b) ’Estw n ∈ A. Upojètoume oti n + 1 < x < n + 2. An x ∈ N èqoume: x > 2 opìte x − 1 ∈ N apì thn Prìtash 1.3.3. ’Omwc n < x − 1 < n + 1 dhladă n /∈ A, Ĺtopo. ’Ara x /∈ N, pou shmaÐnei oti n + 1 ∈ A.

’Epetai oti A = N, to opoÐo apodeiknÔei to zhtoÔmeno. □

Jeÿrhma 1.3.2 (Arqă tou elaqÐstou) KĹje mh kenì uposÔnolo tou N èqei elĹqisto stoiqeÐo.

Apìdeixh: ’Estw A ⊆ N, A ≠ ∅. OrÐzoume

B = {x ∈ N : o x kai ìloi oi mikrìteroÐ tou fusikoÐ den anăkoun sto A}. To B den eÐnai epagwgikì (alliÿc ja eÐqame A = ∅). ’Ara, dÔo prĹgmata mporeÐ na sumbaÐnoun:

(a) 1 /∈ B. Tìte 1 ∈ A kai apì thn Prìtash 1.3.2 to A èqei elĹqisto stoiqeÐo. (b) UpĹrqei x ∈ B me x + 1 /∈ B. Autì shmaÐnei oti ìloi oi fusikoÐ pou eÐnai mikrìteroi tou x + 1 den anăkoun sto A kai x + 1 /∈ B, dhladă x + 1 ∈ A.

O x + 1 eÐnai to elĹqisto stoiqeÐo tou A. An y ∈ N kai y < x + 1 tìte y ≤ x (giatÐ apì thn Prìtash 1.3.4 den upĹrqei fusikìc anĹmesa ston x kai ston x + 1). ’Omwc x ∈ B Ĺra y /∈ A. □ Qrăsimec eÐnai kai oi parakĹtw morfèc thc arqăc thc epagwgăc (apodeÐxte tic mìnoi/mìnec sac):

Prìtash 1.3.5 ’Estw Π(n) mia prìtash pou exartĹtai apì ton fusikì n. An h Π(n) alhjeÔei gia kĹpoion n_0 ∈ N kai Π(n) alhjeÔei ⇒ Π(n + 1) alhjeÔei, gia kĹje n ∈ N, tìte h Π(n) alhjeÔei gia kĹje fusikì n ≥ n_0.

Prìtash 1.3.6 ’Estw Π(n) mia prìtash pou exartĹtai apì to fusikì n. An h Π(1) alhjeÔei kai isqÔei oti Π(k) alhjeÔei gia kĹje k ≤ n ⇒ Π(n + 1) alhjeÔei, tìte h Π(n) alhjeÔei gia kĹje fusikì n.

Orismìc. ’Enac pragmatikìc arijmìc lègetai akèraioc an eÐnai o 0 ă an eÐnai fusikìc ă an o antÐjetìc tou eÐnai fusikìc. To sÔnolo twn akeraÐwn sumbolÐzetai me Z. Dhladă, Z = {x ∈ R : x = 0 ă x ∈ N ă − x ∈ N}. Prìtash 1.3.7 An x ∈ Z tìte x − 1 ∈ Z kai x + 1 ∈ Z.

Apìdeixh: DiakrÐnoume periptÿseic:

(a) x ∈ N, x ≠ 1. Tìte x + 1 ∈ N ⊆ Z kai x − 1 ∈ N ⊆ Z apì thn Prìtash 1.3.3.

(b) x = 1. Tìte x + 1 = 2 ∈ N ⊆ Z kai x − 1 = 0 ∈ Z.

(g) x = 0. Tìte x + 1 = 1 ∈ N ⊆ Z kai x − 1 = −1 ∈ Z giatÐ −(−1) = 1 ∈ N. (d) −x ∈ N. Tìte −x + 1 ∈ N dhladă −(x − 1) ∈ N, dhladă x − 1 ∈ Z. An x = −1 tìte x + 1 = 0 ∈ Z enÿ an x ≠ −1 èqoume −x ∈ N, −x ≠ 1 opìte −x − 1 ∈ N ⇒ −(x + 1) ∈ N ⇒ x + 1 ∈ Z. □

Prìtash 1.3.8 An x ∈ Z tìte den upĹrqei kanènac akèraioc anĹmesa ston x kai ston x + 1.

Apìdeixh: ’Askhsh: diakrÐnete periptÿseic ìpwc sthn Prìtash 1.3.7. □

Orismìc. ’Enac pragmatikìc arijmìc onomĹzetai rhtìc an eÐnai phlÐko akeraÐwn. To sÔnolo twn rhtÿn sumbolÐzetai me Q. Dhladă, Q = { x ∈ R : x = m n , m ∈ Z, n ∈ Z, n ≠ 0 } . MporoÔme pĹnta na upojètoume oti o x ∈ Q grĹfetai sth morfă x = m n , m ∈ Z, n ∈ N. EÔkola elègqoume oti to Q eÐnai diatetagmèno sÿma me tic prĹxeic kai thn diĹtaxh pou epĹgontai apì to R. EÐnai mĹlista puknì diatetagmèno sÿma, me thn exăc ènnoia: an p, q ∈ Q kai p < q, tìte upĹrqei s ∈ Q tètoioc ÿste p < s < q (anĹmesa se dÔo rhtoÔc upĹrqei Ĺlloc rhtìc: sugkrÐnete me tic ProtĹseic 1.3.4 kai 1.3.8). Gia thn apìdeixh thc {puknìthtac}, pĹrte s = (p + q)/2.

1.4 Arqimădeia idiìthta twn pragmatikÿn arijmÿn

H Arqimădeia idiìthta ousiastikĹ mac lèei oti to N den eÐnai Ĺnw fragmèno uposÔnolo tou R:

Arqimădeia idiìthta twn pragmatikÿn: ’Estw ε kai a ∈ R me ε > 0. UpĹrqei fusikìc arijmìc n ∈ N tètoioc ÿste nε > a.

Apìdeixh: An ìqi, tìte to sÔnolo A = {nε : n ∈ N} eÐnai Ĺnw fragmèno apì to a. ’Estw β = sup A. Tìte β − ε < β, Ĺra to β − ε den eÐnai Ĺnw frĹgma tou A. Epomènwc, mporoÔme na broÔme n_0 ∈ N me n_0ε > β − ε. ’Epetai oti (n_0 + 1)ε > β, Ĺtopo afoÔ to β eÐnai Ĺnw frĹgma tou A. □

Prìtash 1.4.1 KĹje mh kenì uposÔnolo tou Z pou eÐnai kĹtw fragmèno èqei elĹqisto stoiqeÐo.

Apìdeixh: ’Estw A ≠ ∅ kĹtw fragmèno uposÔnolo tou Z. UpĹrqei x ∈ R tètoioc ÿste x ≤ a gia kĹje a ∈ A. Apì thn Arqimădeia idiìthta twn pragmatikÿn èpetai oti upĹrqei n ∈ N me n > −x, dhladă −n < x ≤ a gia kĹje a ∈ A. UpĹrqei dhladă m ∈ Z pou eÐnai kĹtw frĹgma tou A (pĹrte m = −n), kai mĹlista {gnăsio} me thn ènnoia oti m ∈ Z kai m < a gia kĹje a ∈ A.

JewroÔme to sÔnolo B = {a − m : a ∈ A} ⊆ N. To B èqei elĹqisto stoiqeÐo, to opoÐo onomĹzoume β. Dhladă,

β = a_0 − m gia kĹpoio a_0 ∈ A kai β ≤ a − m gia kĹje a ∈ A.

Tìte, o a_0 eÐnai to elĹqisto stoiqeÐo tou A: profanÿc a_0 ∈ A, kai gia kĹje a ∈ A èqoume a_0 − m ≤ a − m ⇒ a_0 ≤ a. □ Jeÿrhma 1.4.1 (Akèraio mèroc) Gia kĹje x ∈ R upĹrqei monadikìc akèraioc m ∈ Z tètoioc ÿste m ≤ x < m + 1. Apìdeixh: To sÔnolo A = {n ∈ Z : n > x} eÐnai mh kenì (giatÐ?) kai kĹtw fragmèno apì to x. Apì thn Prìtash 1.4.1, to A èqei elĹqisto stoiqeÐo : ac to poÔme n_0. AfoÔ n_0 − 1 /∈ A, èqoume n_0 − 1 ≤ x. Jètoume m = n_0 − 1. EÐdame oti m ≤ x. EpÐshc n_0 ∈ A, dhladă m + 1 > x. ’Ara, m ≤ x < m + 1. Gia th monadikìthta ac upojèsoume oti m ≤ x < m + 1 kai m_1 ≤ x < m_1 + 1 ìpou m, m_1 ∈ Z. ’Eqoume m < m_1 + 1 ⇒ m ≤ m_1 (giatÐ?) kai m_1 < m + 1 ⇒ m_1 ≤ m. ’Ara m = m_1. □ Orismìc. O akèraioc m pou mac dÐnei to prohgoÔmeno jeÿrhma (kai o opoÐoc exartĹtai kĹje forĹ apì ton x) lègetai akèraio mèroc tou x, kai sumbolÐzetai me [x]. Dhladă, o [x] prosdiorÐzetai apì tic [x] ∈ Z kai [x] ≤ x < [x] + 1.

Gia parĹdeigma, [2.7] = 2, [−2.7] = −3.

H Ôparxh tou akeraÐou mèrouc kai h Arqimădeia idiìthta twn pragmatikÿn arijmÿn mac exasfalÐzoun thn puknìthta tou Q sto R: anĹmesa se opoiousdăpote dÔo pragmatikoÔc arijmoÔc mporoÔme na broÔme ènan rhtì. Jeÿrhma 1.4.2 An x, y ∈ R, tìte upĹrqei rhtìc p me thn idiìthta x < p < y. Apìdeixh: ’Eqoume y − x > 0 kai apì thn Arqimădeia idiìthta upĹrqei fusikìc n ∈ N tètoioc ÿste n(y − x) > 1, dhladă nx + 1 < ny. Tìte, nx < [nx] + 1 ≤ nx + 1 < ny, dhladă x < [nx] + 1 n < y. AfoÔ o p =^{[nx]+1}_n eÐnai rhtìc, h apìdeixh eÐnai plărhc. □

Jeÿrhma 1.4.3 (’Uparxh n-ostăc rÐzac) ’Estw x ∈ R, x > 0 kai n ∈ N. UpĹrqei monadikìc y > 0 tètoioc ÿste y^n = x.

[O y sumbolÐzetai me^n √ x ă x^{1/n}. Profanÿc mac endiafèrei mìno h perÐptwsh n ≥ 2.]

Apìdeixh: H monadikìthta eÐnai aplă: an 0 < y_1 < y_2 tìte y^n_1 < y^n_2 gia kĹje n ∈ N. Gia thn Ôparxh jewroÔme to sÔnolo E = {t ∈ R : t > 0 kai t^n < x}. To E eÐnai mh kenì kai Ĺnw fragmèno: ’Eqoume ( x 1 + x )_n < x 1 + x < x (giatÐ?), Ĺra E ≠ ∅, kai (1 + x)^n > 1 + x > x, Ĺra kĹje t ∈ E frĹssetai apì pĹnw apì ton 1 + x.

Apì to axÐwma thc plhrìthtac, upĹrqei to y = sup E. Ja deÐxoume oti y^n = x. (a) ’Estw oti y^n < x. Ja broÔme h > 0 tètoion ÿste y + h ∈ E (Ĺtopo, giatÐ o y èqei upotejeÐ Ĺnw frĹgma tou E). Gia kĹje h > 0 èqoume

(y + h)^n − y^n = h ( (y + h)^{n−1} + (y + h)^{n−2}y + . . . + y^{n−1} ) ≤ nh(y + h)^{n−1}. Ja epilèxoume h < 1 opìte mporoÔme apì tÿra na upojèsoume oti (y + h)^n − y^n ≤ nh(y + 1)^{n−1}.

Jèloume h > 0 tètoion ÿste (y + h)^n < x. Dhladă (y + h)^n − y^n < x − y^n. ArkeÐ na isqÔei nh(y + 1)^{n−1} < x − y^n ă, isodÔnama, h < x − y^n n(y + 1)^{n−1} . Apì ta parapĹnw eÐnai fanerì oti an

0 < h < min ( 1, x − y^n n(y + 1)^{n−1} ) , tìte (y + h)^n < x, dhladă y + h ∈ E, Ĺtopo.

(b) ’Estw oti y^n > x. Ja broÔme h > 0 tètoion ÿste (y −h)^n > x (Ĺtopo, giatÐ tìte o y − h ja ătan Ĺnw frĹgma tou E mikrìtero apì to sup E). Gia kĹje 0 < h < y, èqoume

y^n − (y − h)^n = h ( y^{n−1} + y^{n−2}(y − h) + . . . + (y − h)^{n−1} ) < nhy^{n−1}, Ĺra (y − h)^n − x > y^n − x − nhy^{n−1} > 0 an h < y^n − x ny^{n−1} . Epomènwc, an 0 < h < (y^n − x)/(ny^{n−1}) (elègxte oti autìc o arijmìc eÐnai mikrìteroc apì ton y), èqoume (y − h)^n > x, Ĺtopo.

AnagkastikĹ y^n = x, kai autì oloklhrÿnei thn apìdeixh. □

Jeÿrhma 1.4.4 To Q eÐnai gnăsio uposÔnolo tou R.

Apìdeixh: ’Estw y > 0 tètoioc ÿste y^2 = 2. Ja deÐxoume oti y /∈ Q. ’Estw oti y = m/n, ìpou m, n ∈ N kai o mègistoc koinìc diairèthc twn m kai n eÐnai 1. Eidikìtera oi m, n den eÐnai kai oi dÔo Ĺrtioi. ’Eqoume m^2 = 2n^2, Ĺra o m eÐnai Ĺrtioc (to tetrĹgwno perittoÔ eÐnai perittìc). ’Estw m = 2k, k ∈ N. Tìte n^2 = 2k^2, Ĺra kai o n eÐnai Ĺrtioc (Ĺtopo). □

Orismìc. KĹje pragmatikìc arijmìc pou den eÐnai rhtìc lègetai Ĺrrhtoc.

Jeÿrhma 1.4.5 Oi Ĺrrhtoi eÐnai puknoÐ sto R: an x, y ∈ R kai x < y, tìte upĹrqei q Ĺrrhtoc me x < q < y.

Apìdeixh: ’Eqoume x < y kai √ 2 > 0, Ĺra x/ √ 2 < y/ √ 2. Apì to Jeÿrhma 1.4.2, upĹrqei rhtìc p me x √ 2 < p < y √ 2 . MporoÔme na upojèsoume oti p ≠ 0 (alliÿc ja paÐrname Ĺllon rhtì p^′ anĹmesa ston x/ √ 2 kai ston p = 0). ’Epetai oti o q := p √ 2 eÐnai Ĺrrhtoc (giatÐ?) kai x < q = p √ 2 < y. □ Orismìc (apìluth timă): ’Estw x ∈ R. H apìluth timă |x| tou x eÐnai o pragmatikìc arijmìc |x| = { x , an x ≥ 0

−x , an x < 0.

EÔkola elègqoume oti ikanopoioÔntai ta exăc:

• |x| ≥ 0 gia kĹje x ∈ R, me isìthta an kai mìno an x = 0. • |x + y| ≤ |x| + |y| gia kĹje x, y ∈ R.

1.5 ParĹrthma: Tomèc Dedekind

Upojètoume edÿ oti to sÔnolo Q twn rhtÿn arijmÿn èqei oristeÐ, kai ìlec tou oi idiìthtec jewroÔntai gnwstèc. Ja perigrĹyoume thn kataskeuă tou R mèsw twn tomÿn Dedekind. Ta stoiqeÐa tou R ja eÐnai kĹpoia uposÔnola tou Q, oi legìmenec tomèc. H idèa pÐsw apì ton orismì touc eÐnai oti kĹje pragmatikìc arijmìc prosdiorÐzetai apì to sÔnolo twn rhtÿn pou eÐnai mikrìteroÐ tou:

’Askhsh: Gia kĹje x ∈ R orÐzoume A_x = {q ∈ Q : q < x}. Qrhsimopoiÿntac ìsa eÐdame stic paragrĹfouc §1.1 - §1.4, deÐxte oti x = y ⇐⇒ A_x = A_y.

Gia parĹdeigma, o √ 2 kajorÐzetai plărwc apì to sÔnolo {q ∈ Q : q^2 < 2}. Genikìtera, x = sup A_x gia kĹje x ∈ R.

Orismìc. ’Ena uposÔnolo α tou Q lègetai tomă an ikanopoieÐ ta exăc: • α ≠ ∅, α ≠ Q. • an p ∈ α, q ∈ Q kai q < p, tìte q ∈ α. • an p ∈ α, upĹrqei q ∈ α tètoioc ÿste p < q.

H trÐth idiìthta mac lèei oti mia tomă a den èqei mègisto stoiqeÐo. H deÔterh èqei tic exăc Ĺmesec sunèpeiec pou ja fanoÔn qrăsimec:

• an p ∈ α kai q /∈ α, tìte p < q. • an r /∈ α kai r < s, tìte s /∈ α. ShmeÐwsh: Se ìlh autăn thn parĹgrafo qrhsimopoioÔme ta ellhnikĹ grĹmmata α, β, γ gia tomèc (=mellontikoÔc pragmatikoÔc arijmoÔc) kai ta latinikĹ p, q, r, s gia rhtoÔc arijmoÔc.

Băma 1: OrÐzoume R = {α ⊆ Q : to α eÐnai tomă}. Autì ja eÐnai telikĹ to sÔnolo twn pragmatikÿn arijmÿn.

Băma 2: Prÿta orÐzoume thn diĹtaxh sto R. An α, β eÐnai dÔo tomèc, tìte

α < β ⇐⇒ to α eÐnai gnăsio uposÔnolo tou β.

’Askhsh: DeÐxte oti an α, β eÐnai tomèc, tìte akribÿc mia apì tic α < β, α = β, β < α isqÔei.

Băma 3: To (R, <) ikanopoieÐ to axÐwma thc plhrìthtac. Dhladă, an A eÐnai mh kenì uposÔnolo tou R kai upĹrqei tomă β ∈ R tètoia ÿste α ≤ β gia kĹje α ∈ A, tìte to A èqei elĹqisto Ĺnw frĹgma.

Apìdeixh: OrÐzoume γ thn ènwsh ìlwn twn stoiqeÐwn tou A. Dhladă γ = {q ∈ Q : ∃α ∈ A me q ∈ α}. Ja deÐxoume oti γ = sup A.

(a) To γ eÐnai tomă: Prÿton, γ ≠ ∅: afoÔ A ≠ ∅, upĹrqei α_0 ∈ A. AfoÔ α_0 ≠ ∅, upĹrqei q ∈ α_0. Tìte, q ∈ γ. Prèpei epÐshc na deÐxoume oti γ ≠ Q: UpĹrqei q ∈ Q me q /∈ β. An α ∈ A, tìte α ≤ β, Ĺra q /∈ α. Epomènwc, q /∈ ∪{α : α ∈ A} dhladă q /∈ γ. ’Ara, to γ ikanopoieÐ thn prÿth sunjăkh tou orismoÔ thc tomăc.

Gia thn deÔterh, èstw p ∈ γ kai q ∈ Q me q < p. UpĹrqei α ∈ A me p ∈ α kai q < p, Ĺra q ∈ α. AfoÔ α ⊆ γ, èpetai oti q ∈ γ.

Gia thn trÐth, èstw p ∈ γ. UpĹrqei α ∈ A me p ∈ α. AfoÔ to α eÐnai tomă, upĹrqei q ∈ α me p < q. Tìte, q ∈ γ kai p < q.

(b) To γ eÐnai Ĺnw frĹgma tou A: An α ∈ A, tìte α ⊆ γ dhladă α ≤ γ.

(g) To γ eÐnai to elĹqisto Ĺnw frĹgma tou A: ’Estw β_1 ∈ R Ĺnw frĹgma tou A. Tìte β_1 ≥ α gia kĹje α ∈ A, dhladă β_1 ⊇ α gia kĹje α ∈ A, dhladă β_1 ⊇ ⋃ {α : α ∈ A} = γ, dhladă β_1 ≥ γ. □ Băma 4: OrÐzoume mia prĹxh + (prìsjesh) sto R wc exăc: an α, β ∈ R, tìte α + β = {p + q : p ∈ α, q ∈ β}. (a) DeÐqnoume oti to α + β eÐnai tomă, kai eÔkola epalhjeÔoume oti α + β = β + α kai α + (β + γ) = (α + β) + γ gia kĹje α, β, γ ∈ R.

(b) OrÐzoume 0^∗ = {q ∈ Q : q < 0} kai deÐqnoume oti to 0^∗ ∈ R kai eÐnai to oudètero stoiqeÐo thc prìsjeshc: α + 0^∗ = 0^∗ + α = α gia kĹje α ∈ R. (g) An α ∈ R, to −α orÐzetai wc exăc: −α = {q ∈ Q : upĹrqei r ∈ Q, r > 0 me − q − r /∈ α}. DeÐxte oti to −α ∈ R kai α + (−α) = (−α) + α = 0^∗.

’Epetai oti h prĹxh + sto R ikanopoieÐ ta axiÿmata thc prìsjeshc. □ Băma 5: To sÔnolo Θ twn jetikÿn stoiqeÐwn tou R orÐzetai tÿra me fusiologikì trìpo: α ∈ Θ ⇐⇒ 0^∗ < α. DeÐxte oti an α ∈ R, tìte isqÔei mia akribÿc apì tic α ∈ Θ, α = 0^∗, −α ∈ Θ. Băma 6: OrÐzoume mia prĹxh pollaplasiasmoÔ, prÿta gia α, β ∈ Θ: An α > 0^∗ kai β > 0^∗, jètoume αβ = {q ∈ Q : upĹrqoun r ∈ α, s ∈ β, r > 0, s > 0 me q ≤ rs}. (a) DeÐqnoume oti to αβ eÐnai tomă kai αβ = βα, α(βγ) = (αβ)γ an α, β, γ ∈ Θ. (b) OrÐzoume 1^∗ = {q ∈ Q : q < 1}. Tìte, α1^∗ = 1^∗α = α gia kĹje α ∈ Θ. (g) An α ∈ Θ, o antÐstrofoc α^{−1} tou α orÐzetai apì thn:

α^{−1} = {q ∈ Q : q ≤ 0 ă q > 0 kai upĹrqei r ∈ Q, r > 1 me (qr)^{−1} /∈ α}. DeÐxte oti α^{−1} ∈ Θ kai αα^{−1} = α^{−1}α = 1^∗.

Oloklhrÿnoume ton orismì tou pollaplasiasmoÔ jètontac

αβ = (−α)(−β) , an α, β < 0^∗ −[(−α)β] , an α < 0^∗, β > 0^∗ −[α(−β)] , an α > 0^∗, β < 0^∗ kai α0^∗ = 0^∗α = 0^∗.

MporoÔme tÿra na doÔme oti ikanopoioÔntai ìla ta axiÿmata tou pollaplasiasmoÔ, kajÿc kai h epimeristikă idiìthta tou pollaplasiasmoÔ wc proc thn prìsjesh. Den ja mpoÔme se perissìterec leptomèreiec (an jèlete sumbouleuteÐte ton Spivak, KefĹlaio 28).

{To R me bĹsh thn parapĹnw kataskeuă eÐnai èna plărwc diatetagmèno sÿma.}

Băma 7: An q ∈ Q orÐzoume q^∗ = {r ∈ Q : r < q}. KĹje q^∗ eÐnai tomă, dhladă q^∗ ∈ R. EÔkola deÐqnoume oti: (a) an p, q ∈ Q, tìte p^∗ + q^∗ = (p + q)^∗. (b) an p, q ∈ Q, tìte p^∗q^∗ = (pq)^∗.

(g) an p, q ∈ Q, tìte p^∗ < q^∗ an kai mìno an p < q.

Epomènwc, h apeikìnish I : Q → R me I(q) = q^∗ diathreÐ tic prĹxeic thc prìsjeshc kai tou pollaplasiasmoÔ, kajÿc kai thn diĹtaxh. MporoÔme loipìn na blèpoume to Q san èna diatetagmèno uposÿma tou R mèsw thc taÔtishc Q ←→ Q^∗ (ìpou Q^∗ = {q^∗ : q ∈ Q} ⊂ R).

1.6 Askăseic

1. ApodeÐxte oti ta parakĹtw isqÔoun sto R: (a) An x < y + ε gia kĹje ε > 0, tìte x ≤ y. (b) An x ≤ y + ε gia kĹje ε > 0, tìte x ≤ y. (g) An |x − y| ≤ ε gia kĹje ε > 0, tìte x = y. (d) An a < x < b kai a < y < b, tìte |x − y| < b − a. 2. (a) An |a − b| < ε, tìte upĹrqei x tètoioc ÿste |a − x| < ε 2 kai |b − x| < ε 2 . (b) IsqÔei to antÐstrofo?

(g) ’Estw oti a < b < a+ε. BreÐte ìlouc touc x ∈ R pou ikanopoioÔn tic |a−x| <^ε_2 kai |b − x| <^ε_2 .

3. ’Estw a, b ∈ R kai n ∈ N. DeÐxte oti

a^n − b^n = (a − b) n−1∑ k=0 a^kb^{n−1−k}.

An 0 < a < b, deÐxte oti na^{n−1} ≤ b^n − a^n b − a ≤ nb^{n−1}. 4. (a) An a_1, . . . , a_n > 0, deÐxte oti

(1 + a_1) . . . (1 + a_n) ≥ 1 + a_1 + . . . + a_n.

(b) An 0 < a_1, . . . , a_n < 1, tìte

1−(a_1+. . .+a_n) ≤ (1−a_1) . . . (1−a_n) ≤ 1−(a_1+. . .+a_n)+(a_1a_2+a_1a_3+. . .+a_{n−1}a_n).

5. (a) An x ≥ −1, tìte (1 + x)^n ≥ 1 + nx. (b) An 0 < x < 1/n, tìte (1 + x)^n < 1/(1 − nx). (g) An 0 ≤ x ≤ 1, tìte 1 − nx ≤ (1 − x)^n ≤ 1 1 + nx . (d) IsqÔoun oi anisìthtec ( 1 + 1 n )_n < ( 1 + 1 n + 1 )_{n+1} kai ( 1 + 1 n )_{n+1} > ( 1 + 1 n + 1 )_{n+2} . 6. (a) An sin(x/2) ≠ 0, tìte 1 2 + n∑ k=1 cos(kx) = sin ( (n +^1_2 )x ) 2 sin(x/2) . (b) An sin x ≠ 0, tìte n∑ k=1 cos((2k − 1)x) = sin(2nx) 2 sin x . (g) An sin(x/2^n) ≠ 0, tìte n∏ k=1 cos ( x 2^k ) = 1 2^n sin x sin(x/2^n) .

7. (Anisìthta arijmhtikoÔ-gewmetrikoÔ mèsou) An x_1, . . . , x_n > 0, tìte

x_1x_2 . . . x_n ≤ ( x_1 + . . . + x_n n )_n . Isìthta isqÔei an kai mìno an x_1 = x_2 = . . . = x_n.

EpÐshc, an x_1, x_2, . . . , x_n > 0, tìte

x_1x_2 . . . x_n ≥ ( n 1 x_1 + . . . + 1 x_n )_n .

8. (a) Anisìthta Cauchy-Schwarz: (_n ∑ k=1 a_kb_k )_2 ≤ (_n ∑ k=1 a^2_k ) (_n ∑ k=1 b^2_k ) .

(b) Anisìthta tou Minkowski: (_n ∑ k=1 (a_k + b_k)^2 )_{1/2} ≤ (_n ∑ k=1 a^2_k )_{1/2} + (_n ∑ k=1 b^2_k )_{1/2} .

9. An a_1 ≥ a_2 ≥ . . . ≥ a_1 > 0 kai b_1 ≥ b_2 ≥ . . . ≥ b_n > 0, tìte

a_1b_n + a_2b_{n−1} + . . . + a_nb_1 n ≤ a_1 + . . . + a_n n · b_1 + . . . + b_n n ≤ a_1b_1 + . . . + a_nb_n n . 10. ’Estw Σ èna plărwc diatetagmèno sÿma. DeÐxte oti kĹje mh kenì kĹtw fragmèno uposÔnolo A tou Σ èqei mègisto kĹtw frĹgma. 11. BreÐte to supremum kai to infimum twn sunìlwn A = { 1 + (−1)^n +

(−1)^{n+1} n : n ∈ N }

kai B = { 1 2^n + 1 3^m : n, m ∈ N } . 12. ’Estw A, B mh kenĹ fragmèna uposÔnola tou R me A ⊆ B. DeÐxte oti

inf B ≤ inf A ≤ sup A ≤ sup B.

13. ’Estw A mh kenì fragmèno uposÔnolo tou R me inf A = sup A. Ti sumperaÐnete gia to A?

14. Swstì ă lĹjoc? An x = sup A kai ε > 0, tìte upĹrqei a ∈ A me x − ε < a < x. 15. EÐnai to kenì sÔnolo Ĺnw ă kĹtw fragmèno? Pÿc ja orÐzate to sup ∅ ă to inf ∅? 16. ’Estw A, B mh kenĹ, fragmèna uposÔnola tou R. DeÐxte oti to A ∪ B eÐnai fragmèno kai

sup(A ∪ B) = max{sup A, sup B} , inf(A ∪ B) = min{inf A, inf B}.

17. ’Estw A, B mh kenĹ, fragmèna uposÔnola tou R. OrÐzoume A + B = {a + b : a ∈ A, b ∈ B}. DeÐxte oti

sup(A + B) = sup A + sup B , inf(A + B) = inf A + inf B.

18. ’Estw A, B mh kenĹ, fragmèna sÔnola jetikÿn pragmatikÿn arijmÿn. OrÐzou- me A · B = {ab : a ∈ A, b ∈ B}. DeÐxte oti sup(A · B) = sup A · sup B , inf(A · B) = inf A · inf B.

19. ’Estw A mh kenì, fragmèno uposÔnolo tou R. An t ∈ R, orÐzoume tA = {ta : a ∈ A}. DeÐxte oti

(a) an t ≥ 0 tìte sup(tA) = t sup A kai inf(tA) = t inf A. (a) an t < 0 tìte sup(tA) = t inf A kai inf(tA) = t sup A.

20. ’Estw A mh kenì uposÔnolo tou R kai a_0 ∈ A me thn idiìthta: gia kĹje a ∈ A, a ≤ a_0. DeÐxte oti a_0 = sup A.

21. ’Estw A, B mh kenĹ uposÔnola tou R me thn exăc idiìthta: gia kĹje a ∈ A kai gia kĹje b ∈ B, a ≤ b. DeÐxte oti sup A ≤ inf B.

22. ’Estw A, B ìpwc sthn prohgoÔmenh Ĺskhsh. An epiplèon A ∪ B = R, deÐxte oti upĹrqei a ∈ R tètoioc ÿste eÐte A = {x ∈ R : x < a} ă A = {x ∈ R : x ≤ a}. 23. ’Estw A, B mh kenĹ, fragmèna uposÔnola tou R me thn exăc idiìthta: gia kĹje a ∈ A upĹrqei b ∈ B tètoio ÿste a ≤ b. DeÐxte oti sup A ≤ sup B.

24. ’Estw A sÔnolo jetikÿn pragmatikÿn arijmÿn me sup A < 1. Upojètoume oti to A èqei thn exăc idiìthta: an a, b ∈ A kai a < b, tìte a/b ∈ A. DeÐxte oti sup A ∈ A.

25. ’Estw N ∈ N, N ≥ 2 kai x ∈ R. DeÐxte oti upĹrqoun m, n ∈ Z me 0 < n ≤ N tètoioi ÿste |nx − m| < 1 N . 26. ’Estw x Ĺrrhtoc. DeÐxte oti upĹrqoun Ĺpeiroi to plăjoc rhtoÐ m/n me m ∈ Z, n ∈ N, tètoioi ÿste | |x − m n | | < 1 n^2 . 27. ’Estw n ∈ N pou den eÐnai tetrĹgwno fusikoÔ arijmoÔ. DeÐxte oti upĹrqei M > 0 tètoioc ÿste | |√n − m k | | ≥ 1 Mk^2 gia kĹje m, n ∈ N.

28. Gia kĹje x ∈ R orÐzoume A_x = {q ∈ Q : q < x}. DeÐxte oti x = y ⇐⇒ A_x = A_y . 29. ’Estw a_1, a_2, . . . , a_n, . . . jetikoÐ pragmatikoÐ arijmoÐ me thn idiìthta a_{n+1} < a_n/2 gia kĹje n ∈ N. DeÐxte oti inf{a_n : n ∈ N} = 0. 30. ’Estw a_1, . . . , a_n jetikoÐ pragmatikoÐ arijmoÐ. DeÐxte oti upĹrqei 1 ≤ m ≤ n−1 me thn idiìthta | | | | m∑ k=1 a_k − n∑ k=m+1 a_k | | | | ≤ max{a^1, . . . , a^n}. Upìdeixh: Jewrăste touc arijmoÔc

b_m = m∑ k=1 a_k − n∑ k=m+1 a_k, m = 1, . . . , n − 1 kai b_0 = − n∑ k=1 a_k , b_n = n∑ k=1 a_k. DeÐxte oti dÔo diadoqikoÐ apì autoÔc eÐnai eterìshmoi. 31. ’Estw n ∈ N.

(a) DeÐxte oti h sunĹrthsh

f(x) = [x] + [ x + 1 n ] + · · · + [ x + n − 1 n ] − [nx] eÐnai periodikă me perÐodo 1/n. Dhladă, f ( x +^1_n ) = f(x) gia kĹje x ∈ R.

(b) UpologÐste thn timă f(x) ìtan 0 ≤ x < 1/n. (g) DeÐxte thn tautìthta

[nx] = [x] + [ x + 1 n ] + · · · + [ x + n − 1 n ]

gia kĹje x ∈ R kai kĹje n ∈ N.

KefĹlaio 2

AkoloujÐec

2.1 Orismìc tou orÐou - idiìthtec sugklinousÿn akoloujiÿn

Mia sunĹrthsh a : N → R (me pedÐo orismoÔ to sÔnolo twn fusikÿn arijmÿn) lègetai akoloujÐa. AntÐ na sumbolÐzoume tic timèc thc me a(1), a(2), . . ., grĹfoume

a_1, a_2, a_3, . . .

kai lème oti o arijmìc a_n eÐnai o n-ostìc ìroc thc akoloujÐac. H Ðdia h akoloujÐa sumbolÐzetai me {a_n}_{n∈N}, {a_n}, (a_n) ă akìma piì aplĹ me a_n qwrÐc autì na prokaleÐ sÔgqush.

Orismìc Lème oti h akoloujÐa a_n sugklÐnei ston pragmatikì arijmì a (kai grĹfoume lim a_n = a ă lim_n a_n = a ă a_n → a an isqÔei to exăc:

Se osodăpote mikră perioqă (a − ε, a + ε) tou a brÐskontai telikĹ ìloi oi ìroi thc (a_n).

Parathrÿntac oti x ∈ (a−ε, a+ε) an kai mìno an |x−a| < ε, mporoÔme na dÿsoume ton exăc austhrì orismì: h (a_n) sugklÐnei ston a an:

Gia kĹje ε > 0 upĹrqei fusikìc n_0 = n_0(ε) me thn idiìthta: an n ∈ N kai n ≥ n_0(ε), tìte |a_n − a| < ε.

Parathrăseic (a) Ston parapĹnw orismì, o deÐkthc n_0 exartĹtai kĹje forĹ apì to ε. ’Oso ìmwc mikrì ki an eÐnai to ε, mporoÔme na broÔme n_0(ε) tètoion ÿste ìloi oi ìroi pou èpontai tou a_{n0} na brÐskontai{ε-kontĹ} ston a. SkefteÐte thn prospĹjeia epilogăc tou n_0(ε) san èna epfl Ĺpeiron paiqnÐdi me ènan antÐpalo o opoÐoc epilègei oloèna kai mikrìtero ε > 0.

(b) Lème oti a_n → +∞ (h akoloujÐa teÐnei sto +∞) an gia kĹje M > 0 (osodăpote megĹlo) upĹrqei fusikìc n_0 = n_0(M) tètoioc ÿste

an n ≥ n_0, tìte a_n > M.

AntÐstoiqa, lème oti a_n → −∞ (h akoloujÐa teÐnei sto −∞) an gia kĹje M > 0 (osodăpote megĹlo) upĹrqei fusikìc n_0 = n_0(M) tètoioc ÿste

an n ≥ n_0, tìte a_n < −M.

Qrhsimopoiăsame th lèxh {teÐnei} sto ±∞: sumfwnoÔme pwc mia akoloujÐa (a_n) sugklÐnei mìno an sugklÐnei se kĹpoion pragmatikì arijmì a (o opoÐoc lègetai kai ìrio thc (a_n)). Se ìlec tic Ĺllec periptÿseic ja lème oti h akoloujÐa apoklÐnei. Gia na exoikeiwjoÔme me ton orismì dÐnoume austhrèc apodeÐxeic merikÿn basikÿn idiotătwn twn sugklinousÿn akoloujiÿn.

Jeÿrhma 2.1.1 (Monadikìthta tou orÐou) An a_n → a kai a_n → b, tìte a = b.

Apìdeixh: JewroÔme tuqìn ε > 0. AfoÔ a_n → a, upĹrqei fusikìc n_1(ε) tètoioc ÿste gia kĹje n ≥ n_1, |a_n − b| < ε. OmoÐwc, afoÔ a_n → b upĹrqei fusikìc n_2(ε) tètoioc ÿste gia kĹje n ≥ n_2, |a_n − b| < ε. PĹrte kĹpoion fusikì n pou na eÐnai megalÔteroc apì ton n_1 kai apì ton n_2 (giatÐ autì eÐnai dunatì?). Tìte, |a − b| = |(a − a_n) + (a_n − b)| ≤ |a − a_n| + |a_n − b| < 2ε. H anisìthta |a − b| < 2ε isqÔei loipìn gia kĹje ε > 0. Autì shmaÐnei oti a = b (giatÐ?).

’Alloc trìpoc: Upojètoume oti a ≠ b. QwrÐc periorismì thc genikìthtac, mporoÔme na upojèsoume oti a < b. An pĹroume ε = (b − a)/4, tìte a + ε < b − ε. Dhladă, (a − ε, a + ε) ∩ (b − ε, b + ε) = ∅. Gifl autì to ε > 0, ìpwc parapĹnw, mporoÔme na broÔme n ∈ N to opoÐo na ikanopoieÐ tautìqrona tic |a_n − a| < ε kai |a_n − b| < ε. ’Omwc tìte, a_n ∈ (a − ε, a + ε) ∩ (b − ε, b + ε), to opoÐo eÐnai Ĺtopo. □

Jeÿrhma 2.1.2 JewroÔme treÐc akoloujÐec a_n, b_n, γ_n pou ikanopoioÔn ta exăc:

(a) a_n ≤ b_n ≤ γ_n gia kĹje n ∈ N. (b) lim a_n = lim γ_n = L Tìte, lim b_n = L.

Apìdeixh: ’Estw ε > 0. AfoÔ a_n → L kai γ_n → L, upĹrqoun n_1(ε), n_2(ε) fusikoÐ tètoioi ÿste |a_n − L| < ε an n ≥ n_1 kai |γ_n − L| < ε an n ≥ n_2. IsodÔnama,

L − ε < a_n < L + ε an n ≥ n_1 kai L − ε < γ_n < L + ε an n ≥ n_2. Epilègoume n_0(ε) = max{n_1(ε), n_2(ε)}. An n ≥ n_0, tìte L − ε < a_n ≤ b_n ≤ γ_n < L + ε dhladă, an n ≥ n_0 èqoume |b_n − L| < ε. Me bĹsh ton orismì, b_n → L. □ • BebaiwjeÐte oti èqete katalĹbei thn diadikasÐa apìdeixhc: an jèloume na deÐxoume oti t_n → t, prèpei gia aujaÐreto (mikrì) ε > 0 - h apìdeixh xekinĹei me thn frĹsh {èstw ε > 0} - na broÔme fusikì n_0 (pou exartĹtai apì to ε) me thn idiìthta: n ≥ n_0(ε) ⇒ |t_n − t| < ε. • Ja èqete parathrăsei oti oi prÿtoi m ìroi (m = 2, 10 ă 10^{10} -to Ðdio kĹnei-) den ephreĹzoun th sÔgklish ă mh miac akoloujÐac. Dhladă, gia kĹje k ∈ N h akoloujÐa (a_n) sugklÐnei an kai mìno an h akoloujÐa (b_n) = (a_{n+k}) sugklÐnei, kai mĹlista lim_n a_n = lim_n a_{n+k}.

Orismìc H akoloujÐa (a_n) lègetai fragmènh an mporoÔme na broÔme kĹpoion M > 0 me thn idiìthta |a_n| ≤ M gia kĹje n ∈ N. Jeÿrhma 2.1.3 KĹje sugklÐnousa akoloujÐa eÐnai fragmènh. Apìdeixh: ’Estw oti a_n → a ∈ R. PaÐrnoume ε = 1 > 0. MporoÔme na broÔme n_0 ∈ N ÿste |a_n − a| < 1 gia kĹje n ≥ n_0. Dhladă, an n ≥ n_0, tìte |a_n| < 1 + |a|. Jètoume M = max{|a_1|, . . . , |a_{n0} |, 1 + |a|} kai eÔkola elègqoume oti |a_n| ≤ M gia kĹje n ∈ N (diakrÐnete periptÿseic: n ≤ n_0 kai n > n_0). ’Ara, h (a_n) eÐnai fragmènh. □

Jeÿrhma 2.1.4 An a_n → a kai b_n → b, tìte a_nb_n → ab.

Apìdeixh: Jèloume na deÐxoume oti h diaforĹ |a_nb_n − ab| eÐnai mikră ìtan to n eÐnai megĹlo. GrĹfoume : |a_nb_n − ab| = |a_n(b_n − b) + b(a_n − a)| ≤ |a_n||b_n − b| + |b||a_n − a|.

H a_n mènei fragmènh apì to Jeÿrhma 2.1.3, enÿ mporoÔme na kĹnoume tic |b_n − b| kai |a_n − a| ìso mikrèc jèloume (gia megĹla n).

TupikĹ: ’Estw M Ĺnw frĹgma thc |a_n| kai èstw ε > 0. UpĹrqei n_0 ∈ N t.w. an n ≥ n_0 na èqoume |b_n − b| < ε 2M kai |a_n − a| < ε 2(1 + |b|) . [H monĹda sto 1+|b| eÐnai gia prolhptikoÔc lìgouc - gia thn perÐptwsh pou b = 0. Oi ε 2M ,^ε_{2(1+|b|)} eÐnai kĹpoioi jetikoÐ arijmoÐ kai pĹnw touc efarmìzoume thn upìjesh oti a_n → a, b_n → b.] ’Estw n ≥ n_0. Tìte, |a_nb − ab| ≤ |a_n||b_n − b| + |b||a_n − a| < M ε 2M + |b| ε 2(1 + |b|) < ε. AfoÔ to ε ătan tuqìn, èpetai oti a_nb_n → ab. □

Jeÿrhma 2.1.5 An a_n → a kai b_n → b ≠ 0, tìte^{an}_{bn} →^a_b .

Apìdeixh: ArkeÐ na deÐxoume oti^1_{bn} →^1_b . (giatÐ?) SiwphrĹ upojètoume oti b_n ≠ 0 (ÿste o^1_{bn} na eÐnai kalĹ orismènoc). ’Opwc ìmwc ja doÔme, h upìjesh oti b ≠ 0 mac lèei oti telikĹ b_n ≠ 0 (kai autì èqei shmasÐa gia th sÔgklish). Isqurismìc Apì kĹpoion deÐkth kai pèra |b_n| > |b| 2 . [Efarmìzoume to oti b_n → b me ε =^{|b|}_2 > 0. UpĹrqei n_1 ∈ N t.w. an n ≥ n_1 tìte |b_n − b| <^{|b|}_2 ⇒ |b_n| >^{|b|}_2 .] Ac doÔme ti jèloume na kĹnoume mikrì: (∗) | | | 1 b_n − 1 b | | | = |b − b_n| |b_n||b| < 2|b − b_n| |b|^2 an n ≥ n_1.

TupikĹ: ’Estw ε > 0. UpĹrqei n_2 ∈ N t.w. |b − b_n| <^{ε|b|2}_2 gia kĹje n ≥ n_2. EpÐshc, eÐdame oti upĹrqei n_1 ∈ N t.w. |b_n| >^{|b|}_2 gia kĹje n ≥ n_1. Epilègoume n_0 = max{n_1, n_2}. An n ≥ n_0, h (∗) dÐnei | | | 1 b_n − 1 b | | | < 2|b − b_n| |b|^2 < ε. Me bĹsh ton orismì,^1_{bn} →^1_b (Ĺra kai^{an}_{bn} → a ·^1_b =^a_b ). □

Jeÿrhma 2.1.6 ’Estw (a_n) fragmènh akoloujÐa, kai b_n → 0. Tìte a_nb_n → 0. Apìdeixh: ’Eqoume kĹpoion M > 0 t.w. |a_n| ≤ M gia kĹje n ∈ N. ’Estw ε > 0 AfoÔ b_n → 0, upĹrqei n_0 ∈ N t.w. |b_n| = |b_n − 0| < ε M gia kĹje n ≥ n_0. ’Epetai oti, an n ≥ n_0 tìte |a_nb_n| = |a_n||b_n| < M ε M = ε. □ Afănoume san Ĺskhsh thn apìdeixh kĹpoiwn Ĺllwn basikÿn protĹsewn gia th sÔgklish akoloujiÿn.

’Askhsh. ApodeÐxte ta exăc:

1. An a_n → a kai b_n → b, tìte a_n + b_n → a + b. 2. An a_n ≤ b_n gia kĹje n ∈ N kai a_n → a, b_n → b, tìte a ≤ b. 3. An a_n ≤ M gia kĹje n ∈ N kai a_n → a, tìte a ≤ M.

2.2 SÔgklish monìtonwn akoloujiÿn

Orismìc Mia akoloujÐa (a_n) lègetai:

• aÔxousa, an a_{n+1} ≥ a_n gia kĹje n ∈ N. • fjÐnousa, an a_{n+1} ≤ a_n gia kĹje n ∈ N. • gnhsÐwc aÔxousa, an a_{n+1} > a_n gia kĹje n ∈ N. • gnhsÐwc fjÐnousa, an a_{n+1} < a_n gia kĹje n ∈ N.

Se kĹje mia apì tic parapĹnw periptÿseic lème oti h (a_n) eÐnai monìtonh. Paratărhsh EÔkola elègqoume oti an h (a_n) eÐnai aÔxousa tìte (∗) n ≤ m =⇒ a_n ≤ a_m. (stajeropoiăste to n kai deÐxte oti an a_n ≤ a_m tìte a_n ≤ a_{m+1}). AntÐstoiqo sumpèrasma isqÔei gia ìlouc touc Ĺllouc tÔpouc monotonÐac ston parapĹnw orismì.

H diaÐsjhsh upodeiknÔei oti an mia akoloujÐa eÐnai monìtonh kai fragmènh, tìte prèpei na sugklÐnei. Gia parĹdeigma, an h (a_n) eÐnai aÔxousa kai Ĺnw fragmènh, tìte oi ìroi thc susswreÔontai sto elĹqisto Ĺnw frĹgma tou sunìlou A = {a_n : n ∈ N}. Ja dÿsoume austhră apìdeixh gifl autì:

Jeÿrhma 2.2.1 (SÔgklish monìtonwn akoloujiÿn) KĹje monìtonh kai fragmènh akoloujÐa sugklÐnei.

Apìdeixh: QwrÐc blĹbh thc genikìthtac upojètoume oti h a_n eÐnai aÔxousa. Apì thn upìjesh, to sÔnolo A = {a_n : n ∈ N} eÐnai Ĺnw fragmèno (kai bèbaia mă kenì). Apì to axÐwma thc plhrìthtac, upĹrqei to elĹqisto Ĺnw frĹgma tou. ’Estw a = sup A. Ja deÐxoume oti a_n → a.

’Estw ε > 0. AfoÔ a − ε < a, o a − ε den eÐnai Ĺnw frĹgma tou A. Dhladă, upĹrqei n_0 ∈ N t.w. a − ε < a_{n0} . Epeidă h a_n eÐnai aÔxousa, gia kĹje n ≥ n_0 èqoume a_{n0} ≤ a_n kai epeidă o a eÐnai Ĺnw frĹgma tou A, a_n ≤ a. Dhladă, an n ≥ n_0 tìte a − ε < a_{n0} ≤ a_n ≤ a < a + ε ’Epetai oti |a_n − a| < ε. □

Me parìmoio trìpo apodeiknÔontai ta exăc:

• An h (a_n) eÐnai fjÐnousa kai kĹtw fragmènh, tìte a_n → inf{a_n : n ∈ N}.

• An h (a_n) eÐnai aÔxousa kai den eÐnai Ĺnw fragmènh, tìte teÐnei sto +∞.

• An h (a_n) eÐnai fjÐnousa kai den eÐnai kĹtw fragmènh, tìte teÐnei sto −∞.

Ac doÔme gia parĹdeigma thn apìdeixh tou deÔterou isqurismoÔ: ’Estw M > 0. O M den eÐnai Ĺnw frĹgma tou sunìlou {a_n : n ∈ N}, Ĺra upĹrqei n_0 ∈ N tètoioc ÿste a_{n0} > M. AfoÔ h (a_n) eÐnai aÔxousa, gia kĹje n ≥ n_0 èqoume a_n ≥ a_{n0} > M. AfoÔ o M > 0 ătan tuqÿn, a_n → +∞.

2.3 KibwtismoÐ diasthmĹtwn

Mia efarmogă tou Jewrămatoc 2.2.1 eÐnai h {arqă tou kibwtismoÔ}:

Jeÿrhma 2.3.1 An R ⊃ [a_1, b_1] ⊇ . . . ⊇ [a_n, b_n] ⊇ [a_{n+1}, b_{n+1}] ⊇ . . ., tìte ∞⋂ n=1 [a_n, b_n] ≠ ∅.

An epiplèon b_n − a_n → 0, tìte to sÔnolo ⋂_∞ n=1[a_n, b_n] perièqei akribÿc ènan pragmatikì arijmì (eÐnai monosÔnolo).

Apìdeixh: Apì thn upìjesh [a_n, b_n] ⊇ [a_{n+1}, b_{n+1}] èpetai oti a_n ≤ a_{n+1} kai b_n ≥ b_{n+1} gia kĹje n ∈ N. ’Ara, h (a_n) eÐnai aÔxousa kai h (b_n) fjÐnousa.

Ja deÐxoume oti oi (a_n), (b_n) eÐnai fragmènec akoloujÐec: An m > n, tìte b_n ≥ b_m ≥ a_m enÿ an m < n tìte a_m ≤ a_n ≤ b_n. Dhladă, a_1 ≤ a_m ≤ b_n ≤ b_1 gia kĹje m, n ∈ N. H (a_n) eÐnai Ĺnw fragmènh p.q. apì ton b_1, kai h (b_n) eÐnai kĹtw fragmènh p.q. apì ton a_1.

Apì to jeÿrhma sÔgklishc monìtonwn akoloujiÿn, upĹrqoun a, b ∈ R t.w. a_n → a kai b_n → b. AfoÔ a_n ≤ b_n gia kĹje n ∈ N, eÔkola blèpoume oti a ≤ b. EpÐshc, h monotonÐa twn (a_n), (b_n) dÐnei a_n ≤ a kai b ≤ b_n gia kĹje n ∈ N, dhladă (∗) [a, b] ⊆ ∞⋂ n=1 [a_n, b_n]. (ìpou sumfwnoÔme oti [a, b] = {a} = {b} an a = b). Eidikìtera, ∞⋂ n=1 [a_n, b_n] ≠ ∅. Ja deÐxoume oti [a, b] = ∞⋂ n=1 [a_n, b_n]. ’Estw x ∈ ⋂_∞ n=1[a_n, b_n]. Tìte, a_n ≤ x ≤ b_n gia kĹje n ∈ N, Ĺra a = lim_n a_n ≤ x ≤ lim_n b_n = b ⇒ x ∈ [a, b].

’Ara, [a, b] ⊇ ∞⋂ n=1 [a_n, b_n]. kai h isìthta èpetai apì thn (∗).

An upojèsoume oti b_n − a_n → 0, èqoume b − a = lim_n b_n − lim_n a_n = lim_n (b_n − a_n) = 0.

Dhladă, a = b. ’Ara to sÔnolo ⋂_∞ n=1[a_n, b_n] perièqei akribÿc ènan pragmatikì arijmì: ton a(= b). □

2.4 UpakoloujÐec - Jeÿrhma Bolzano-Weierstrass

Orismìc H akoloujÐa (b_k) lègetai upakoloujÐa thc (a_n) an upĹrqei mia gnăsia aÔxousa akoloujÐa fusikÿn arijmÿn n_1 < n_2 < . . . < n_k < . . . tètoia ÿste

b_k = a_{nk} gia kĹje k ∈ N.

(Me Ĺlla lìgia, oi ìroi thc (b_k) eÐnai oi a_{n1} , a_{n2} , . . . , a_{nk} , . . . ìpou n_1 < n_2 < . . . < n_k < . . . ). FusikĹ, kĹje akoloujÐa èqei pollèc upakoloujÐec.

Jeÿrhma 2.4.1 KĹje akoloujÐa èqei toulĹqiston mia monìtonh upakoloujÐa.

Apìdeixh: ’Estw (a_n) tuqoÔsa akoloujÐa. Lème oti h (a_n) èqei shmeÐo korufăc ton ìro a_k an a_k ≥ a_m gia kĹje m ≥ k. DiakrÐnoume dÔo periptÿseic: (a) h (a_n) èqei Ĺpeira shmeÐa korufăc: UpĹrqoun dhladă n_1 < n_2 < . . . < n_k < . . . t.w. oi ìroi a_{n1} , . . . , a_{nk} , . . . na eÐnai shmeÐa korufăc. Apì ton orismì tou shmeÐou korufăc a_{n1} ≥ a_{n2} ≥ . . . ≥ a_{nk} ≥ . . . , dhladă h upakoloujÐa (a_{nk} ) eÐnai fjÐnousa.

(b) h (a_n) èqei peperasmèna to plăjoc shmeÐa korufăc: UpĹrqei dhladă n_1 ∈ N (to teleutaÐo shmeÐo korufăc ă o n_1 = 1 an den upĹrqoun shmeÐa korufăc) me thn idiìthta: an n ≥ n_1, upĹrqei n^′ > n t.w. a_n′ > a_n.

BrÐskoume n_2 > n_1 t.w. a_{n1} > a_{n2} , katìpin brÐskoume n_3 > n_2 t.w. a_{n3} > a_{n2} kai oÔtw kajexăc. UpĹrqoun dhladă n_1 < n_2 < . . . < n_k < . . . t.w. a_{n1} < a_{n2} < . . . < a_{nk} < . . . . ’Ara, h (a_n) èqei toulĹqiston mia aÔxousa upakoloujÐa. □

’Amesh sunèpeia eÐnai to Jeÿrhma Bolzano-Weierstrass:

Jeÿrhma 2.4.2 (Bolzano-Weierstrass) KĹje fragmènh akoloujÐa èqei sugklÐnousa upakoloujÐa.

Apìdeixh: ’Estw (a_n) fragmènh akoloujÐa. Apì to Jeÿrhma 2.4.1 h (a_n) èqei monìtonh upakoloujÐa (a_{nk} ). H (a_{nk} ) eÐnai monìtonh kai fragmènh, Ĺra sugklÐnei. □ 2.5 AkoloujÐec Cauchy

Orismìc Mia akoloujÐa (a_n) lègetai akoloujÐa Cauchy an gia kĹje ε > 0 upĹrqei n_0 = n_0(ε) ∈ N t.w. an m, n ≥ n_0(ε), tìte |a_n − a_m| < ε.

Dhladă, an apì kĹpoio deÐkth kai pèra ìloi oi ìroi thc akoloujÐac (a_n) eÐnai anĹ dÔo {ε-kontĹ}.

Paratărhsh An h (a_n) eÐnai akoloujÐa Cauchy, tìte gia kĹje ε > 0 upĹrqei n_0 = n_0(ε) ∈ N t.w.

an n ≥ n_0(ε), tìte |a_n − a_{n+1}| < ε.

To antÐstrofo den isqÔei: an, apì kĹpoion deÐkth kai pèra, diadoqikoÐ ìroi eÐnai kontĹ, den èpetai oti h akoloujÐa eÐnai Cauchy. Gia parĹdeigma, jewrăste thn

a_n = 1 + 1 √ 2 + . . . + 1 √ n . Tìte, |a_{n+1} − a_n| = 1 √ n + 1 → 0 ìtan n → ∞, ìmwc |a_{2n} − a_n| = 1 √ n + 1 + . . . + 1 √ 2n > √ n √ 2 → +∞ ìtan n → ∞, apfl ìpou blèpoume oti h (a_n) den eÐnai akoloujÐa Cauchy (giatÐ?).

Prìtash 2.5.1 KĹje akoloujÐa Cauchy eÐnai fragmènh.

Apìdeixh: ’Estw (a_n) akoloujÐa Cauchy. PĹrte ε = 1 > 0 ston orismì: upĹrqei n_0 ∈ N t.w. |a_n − a_m| < 1 gia kĹje n, m ≥ n_0. Eidikìtera, |a_n − a_{n0} | < 1 gia kĹje n ≥ n_0. Dhladă, |a_n| < 1 + |a_{n0} | gia kĹje n ≥ n_0.

Jètoume M = max{|a_1|, . . . , |a_{n0−1}|, 1 + |a_{n0} |} kai eÔkola epalhjeÔoume oti |a_n| ≤ M gia kĹje n ∈ N. □

Prìtash 2.5.2 An mia akoloujÐa Cauchy (a_n) èqei sugklÐnousa upakoloujÐa, tìte h (a_n) sugklÐnei.

Apìdeixh: Upojètoume oti h (a_n) eÐnai akoloujÐa Cauchy kai oti h upakoloujÐa (a_{nk} ) sugklÐnei sto a ∈ R. Ja deÐxoume oti a_n → a. ’Estw ε > 0. UpĹrqei k_0 ∈ N t.w. gia kĹje k ≥ k_0 |a_{nk} − a| < ε 2 . EpÐshc, upĹrqei k_1 ∈ N t.w. gia kĹje n, m ≥ k_1 |a_n − a_m| < ε 2 .

Jètoume k_2 = max{k_0, k_1}. ’Estw k ≥ k_2. Tìte n_k ≥ k_2 ≥ k_0, Ĺra |a_{nk} − a| < ε 2 . EpÐshc n_k, k ≥ k_2 ≥ k_1 Ĺra |a_{nk} − a_k| < ε 2 . ’Epetai oti |a_k − a| ≤ |a_k − a_{nk} | + |a_{nk} − a| < ε 2 + ε 2 = ε. Dhladă, |a_k − a| < ε gia kĹje k ≥ k_2. Autì shmaÐnei oti a_n → a. □

Jeÿrhma 2.5.1 Mia akoloujÐa (a_n) sugklÐnei an kai mìno an eÐnai akoloujÐa Cauchy.

Apìdeixh: Upojètoume prÿta oti a_n → a ∈ R. ’Estw ε > 0. UpĹrqei n_0 ∈ N t.w. |a_n − a| < ε 2 gia kĹje n ≥ n_0.

’Estw n, m ≥ n_0. Tìte, |a_n − a_m| ≤ |a_n − a| + |a − a_m| < ε 2 + ε 2 = ε. ’Ara, h (a_n) eÐnai akoloujÐa Cauchy.

Gia thn antÐstrofh kateÔjunsh: èstw (a_n) akoloujÐa Cauchy. Apì thn Prìtash 2.5.1, h (a_n) eÐnai fragmènh. Apì to Jeÿrhma Bolzano-Weierstrass, h (a_n) èqei sugklÐnousa upakoloujÐa. Tèloc, apì thn Prìtash 2.5.2 èpetai oti h (a_n) sugklÐnei. □ Autì to kritărio sÔgklishc eÐnai polÔ qrăsimo. Pollèc forèc jèloume na exasfalÐsoume thn Ôparxh orÐou gia mia akoloujÐa qwrÐc na mac endiafèrei h timă tou orÐou. ArkeÐ na deÐxoume oti h akoloujÐa eÐnai Cauchy, dhladă oti oi ìroi thc eÐnai {kontĹ} gia megĹlouc deÐktec, kĹti pou den apaiteÐ na mantèyoume ek twn protèrwn poiì eÐnai to ìrio. AntÐjeta, gia na xekinăsoume kai mìno na douleÔoume me ton orismì tou orÐou, prèpei ădh na xèroume poiì eÐnai to upoyăfio ìrio (SugkrÐnete touc dÔo orismoÔc: {a_n → a} kai {(a_n) akoloujÐa Cauchy}.)

2.6 ShmeÐa sussÿreushc - anÿtero kai katÿtero ìrio akoloujÐac

Skopìc mac se autăn thn parĹgrafo eÐnai na meletăsoume pio prosektikĹ tic upakoloujÐec miac fragmènhc akoloujÐac. An h akoloujÐa sugklÐnei se kĹpoion pragmatikì arijmì, tìte h katĹstash eÐnai polÔ aplă.

Jeÿrhma 2.6.1 ’Estw (a_n) mia akoloujÐa. Upojètoume oti a_n → a. An (a_{nk} ) eÐnai tuqoÔsa upakoloujÐa thc (a_n), tìte a_{nk} → a.

Apìdeixh: ’Estw ε > 0. AfoÔ a_n → a, upĹrqei k_0 = k_0(ε) ∈ N t.w. |a_k − a| < ε gia kĹje k ≥ k_0. ’Eqoume n_k ≥ k gia kĹje k ∈ N, Ĺra n_k ≥ k_0 an k ≥ k_0. ’Epetai oti gia kĹje n ≥ k_0 èqoume |a_{nk} − a| < ε. Autì shmaÐnei oti a_{nk} → a. □ Dhladă, ìlec oi upakoloujÐec miac sugklÐnousac akoloujÐac sugklÐnoun kai mĹlista sto Ðdio ìrio: to ìrio thc akoloujÐac. Me Ĺlla lìgia: an mia akoloujÐa èqei dÔo upakoloujÐec pou sugklÐnoun se diaforetikĹ ìria, tìte apoklÐnei. Orismìc ’Estw (a_n) mia akoloujÐa. Lème oti o x ∈ R eÐnai shmeÐo sussÿreushc thc (a_n) an upĹrqei upakoloujÐa (a_{nk} ) thc (a_n) me a_{nk} → x.

Lămma 2.6.1 O x eÐnai shmeÐo sussÿreushc thc (a_n) an kai mìno an gia kĹje ε > 0 kai kĹje m ∈ N upĹrqei n ≥ m t.w. |a_n − x| < ε.

Apìdeixh: Upojètoume prÿta oti o x eÐnai shmeÐo sussÿreushc thc (a_n). UpĹrqei loipìn upakoloujÐa (a_{nk} ) thc (a_n) me a_{nk} → x.

’Estw ε > 0 kai m ∈ N. UpĹrqei k_0 ∈ N t.w. |a_{nk} − x| < ε gia kĹje k ≥ k_0. JewroÔme ton k_1 = max{m, k_0}. Tìte n_{k1} ≥ k_1 ≥ m kai k_1 ≥ k_0, Ĺra |a_{nk1} −x| < ε. AntÐstrofa: paÐrnoume ε = 1 kai m = 1. UpĹrqei n_1 ≥ 1 t.w. |a_{n1} − x| < 1. Sth sunèqeia pĹrnoume ε =^1_2 kai m = n_1 + 1. UpĹrqei n_2 ≥ n_1 + 1 > n_1 t.w. |a_{n2} − x| <^1_2 .

EpagwgikĹ brÐskoume n_1 < n_2 < . . . < n_k < . . . t.w. |a_{nk} − x| < 1 k (kĹnete mìnoi sac to epagwgikì băma). EÐnai fanerì oti a_{nk} → x. □ Ac pĹroume tÿra mia fragmènh akoloujÐa (a_n). UpĹrqei M > 0 t.w. |a_n| ≤ M gia kĹje n ∈ N. JewroÔme to sÔnolo

K = {x ∈ R : x eÐnai shmeÐo sussÿreushc thc (a_n)}.

To K eÐnai mh kenì: Apì to Jeÿrhma Bolzano-Weierstrass upĹrqei toulĹqiston mia upakoloujÐa (a_{nk} ) thc (a_n) pou sugklÐnei. To ìrio thc (a_{nk} ) eÐnai ex orismoÔ stoiqeÐo tou K.

To K eÐnai fragmèno: An x ∈ K, upĹrqei a_{nk} → x kai afoÔ −M ≤ a_{nk} ≤ M gia kĹje k, èpetai oti −M ≤ x ≤ M.

Apì to axÐwma thc plhrìthtac prokÔptei oti upĹrqoun ta: sup K kai inf K.

Lămma 2.6.2 ’Estw (a_n) fragmènh akoloujÐa kai

K = {x ∈ R : x eÐnai shmeÐo sussÿreushc thc (a_n)}.

Tìte, sup K ∈ K kai inf K ∈ K.

Apìdeixh: ’Estw a = sup K. Jèloume na deÐxoume oti o a eÐnai shmeÐo sussÿreushc thc (a_n), kai sÔmfwna me to Lămma 2.6.1 arkeÐ na doÔme oti gia kĹje ε > 0 kai m ∈ N upĹrqei n ≥ m t.w. |a_n − a| < ε.

’Estw ε > 0 kai m ∈ N. AfoÔ a = sup K, upĹrqei x ∈ K t.w. a −^ε_2 < x ≤ a. O x eÐnai shmeÐo sussÿreushc thc (a_n), Ĺra upĹrqei n ≥ m t.w. |a_n − x| <^ε_2 . Tìte, |a_n − a| ≤ |a_n − x| + |x − a| < ε 2 + ε 2 = ε. Me anĹlogo trìpo deÐqnoume oti inf K ∈ K. □ Orismìc ’Estw (a_n) mia fragmènh akoloujÐa. An

K = {x ∈ R : x eÐnai shmeÐo sussÿreushc thc (a_n)},

orÐzoume

• lim sup a_n = sup K, to anÿtero ìrio thc (a_n), • lim inf a_n = inf K to katÿtero ìrio thc (a_n).

Me bĹsh to Lămma 2.6.2, to lim sup a_n eÐnai to mègisto stoiqeÐo kai to lim inf a_n eÐnai to elĹqisto stoiqeÐo tou K antÐstoiqa:

Jeÿrhma 2.6.2 ’Estw (a_n) fragmènh akoloujÐa. To lim sup a_n eÐnai o megalÔteroc pragmatikìc arijmìc x gia ton opoÐo upĹrqei upakoloujÐa (a_{nk} ) thc (a_n) me a_{nk} → x. To lim inf a_n eÐnai o mikrìteroc pragmatikìc arijmìc y gia ton opoÐo upĹrqei upakoloujÐa (a_n′_k ) thc (a_n) me a_n′_k → y. □

To anÿtero kai to katÿtero ìrio miac fragmènhc akoloujÐac perigrĹfontai mèsw twn perioqÿn touc wc exăc:

Jeÿrhma 2.6.3 ’Estw (a_n) fragmènh akoloujÐa pragmatikÿn arijmÿn kai èstw x ∈ R. Tìte, (1) x ≤ lim sup a_n an kai mìno an: gia kĹje ε > 0 to {n ∈ N : x − ε < a_n} eÐnai Ĺpeiro.

(2) x ≥ lim sup a_n an kai mìno an: gia kĹje ε > 0 to {n ∈ N : x + ε < a_n} eÐnai peperasmèno.

(3) x ≥ lim inf a_n an kai mìno an: gia kĹje ε > 0 to {n ∈ N : a_n < x + ε} eÐnai Ĺpeiro.

(4) x ≤ lim inf a_n an kai mìno an: gia kĹje ε > 0 to {n ∈ N : a_n < x − ε} eÐnai peperasmèno.

(5) x = lim sup a_n an kai mìno an: gia kĹje ε > 0 to {n ∈ N : x − ε < a_n} eÐnai Ĺpeiro kai to {n ∈ N : x + ε < a_n} eÐnai peperasmèno.

(6) x = lim inf a_n an kai mìno an: gia kĹje ε > 0 to {n ∈ N : a_n < x + ε} eÐnai Ĺpeiro kai to {n ∈ N : a_n < x − ε} eÐnai peperasmèno.

Apìdeixh: (1:⇒) ’Estw ε > 0. UpĹrqei upakoloujÐa (a_{nk} ) thc (a_n) me a_{nk} → lim sup a_n, Ĺra upĹrqei k_0 t.w. gia kĹje k ≥ k_0 a_{nk} > lim sup a_n − ε ≥ x − ε. ’Epetai oti to {n : a_n > x − ε} eÐnai Ĺpeiro.

(2:⇒) ’Estw ε > 0. An upărqan n_1 < n_2 < . . . < n_k < . . . me a_{nk} > x + ε, tìte h (a_{nk} ) ja eÐqe sugklÐnousa upakoloujÐa (a_{nks} ) (apì to Jeÿrhma Bolzano- Weierstrass) me a_{nks} → y ≥ x + ε. ’Omwc tìte ja eÐqame

lim sup a_n ≥ y ≥ x + ε ≥ lim sup a_n + ε

to opoÐo eÐnai Ĺtopo. ’Ara, to {n : a_n > x + ε} eÐnai peperasmèno. (1: ⇐) ’Estw oti x > lim sup a_n. Tìte upĹrqei ε > 0 tètoioc ÿste an y = x − ε na èqoume x > y > lim sup a_n. Apì thn upìjesă mac, to {n ∈ N : y < a_n} eÐnai Ĺpeiro. ’Omwc y > lim sup a_n opìte apì thn (2: ⇒) to sÔnolo {n ∈ N : y < a_n} eÐnai peperasmèno (grĹyte y = lim sup a_n + ε_1 gia kĹpoio ε_1 > 0). Oi dÔo isqurismoÐ èrqontai se antÐfash.

(2:⇐) ’Omoia, upojètoume oti x < lim sup a_n kai brÐskoume y tètoion ÿste x < y < lim sup a_n. AfoÔ y > x, sumperaÐnoume oti to {n ∈ N : y < a_n} eÐnai peperasmèno (aută eÐnai h upìjesă mac) kai afoÔ y < lim sup a_n sumperaÐnoume oti to {n ∈ N : y < a_n} eÐnai Ĺpeiro (apì thn (1:⇒).) ’Etsi katalăgoume se Ĺtopo. H (5) eÐnai Ĺmesh sunèpeia twn (1) kai (2).

Gia tic (3), (4) kai (6) ergazìmaste ìmoia. □

Mia enallaktikă perigrafă twn lim sup a_n kai lim inf a_n dÐnetai apì to epìmeno jeÿrhma:

Jeÿrhma 2.6.4 ’Estw (a_n) fragmènh akoloujÐa.

(a) Jètoume b_n = sup{a_k : k ≥ n}. Tìte, lim sup a_n = inf{b_n : n ∈ N}. (b) Jètoume γ_n = inf{a_k : k ≥ n}. Tìte, lim inf a_n = sup{γ_n : n ∈ N}.

Apìdeixh: DeÐqnoume prÿta oti oi arijmoÐ inf{b_n : n ∈ N} kai sup{γ_n : n ∈ N} orÐzontai kalĹ:

Gia kĹje n ∈ N, isqÔei γ_n ≤ a_n ≤ b_n (giatÐ?). EpÐshc, h (b_n) eÐnai fjÐnousa, enÿ h (a_n) eÐnai aÔxousa (giatÐ?). AfoÔ h (a_n) eÐnai fragmènh, èpetai oti h (b_n) eÐnai fjÐnousa kai kĹtw fragmènh, enÿ h (γ_n) eÐnai aÔxousa kai Ĺnw fragmènh. ’Ara, b_n → inf{b_n : n ∈ N} := b kai γ_n → sup{γ_n : n ∈ N} := γ (Jeÿrhma 2.2.1).

Ja deÐxoume oti lim sup a_n = b. Apì to Lămma 2.6.2, upĹrqei (a_{nk} ) upakoloujÐa thc (a_n) me a_{nk} → lim sup a_n. ’Omwc, a_{nk} ≤ b_{nk} kai b_{nk} → b (giatÐ?). ’Ara, lim sup a_n = lim a_{nk} ≤ lim b_{nk} = b.

Gia thn antÐstrofh anisìthta deÐqnoume oti o b eÐnai shmeÐo sussÿreushc thc (a_n). ’Estw ε > 0 kai m ∈ N. UpĹrqei n ≥ m t.w. |b − b_n| <^ε_2 . AllĹ, b_n = sup{a_k : k ≥ n}, Ĺra upĹrqei k ≥ n ≥ m t.w. b_n ≥ a_k > b_n −^ε_2 dhladă |b_n − a_k| <^ε_2 . ’Epetai oti |b − a_k| ≤ |b − b_n| + |b_n − a_k| < ε 2 + ε 2 = ε. Apì to Lămma 2.6.1, o b eÐnai shmeÐo sussÿreushc thc (a_n), kai apì to Jeÿrhma 2.6.2 paÐrnoume b ≤ lim sup a_n.

Me anĹlogo trìpo deÐqnoume oti lim inf a_n = γ. □

Teleiÿnoume me ènan qarakthrismì thc sÔgklishc gia fragmènec akoloujÐec (o opoÐoc sumplhrÿnei to Jeÿrhma 2.6.1).

Jeÿrhma 2.6.5 ’Estw (a_n) fragmènh akoloujÐa. H (a_n) sugklÐnei an kai mìno an lim sup a_n = lim inf a_n.

Apìdeixh: ’Estw oti a_n → a. Apì to Jeÿrhma 2.6.1, gia kĹje upakoloujÐa (a_{nk} ) thc (a_n) èqoume a_{nk} → a. Epomènwc, o a eÐnai to monadikì shmeÐo sussÿreushc thc (a_n). ’Eqoume K = {a}, Ĺra

lim sup a_n = lim inf a_n = a.

AntÐstrofa: èstw ε > 0. Apì to Jeÿrhma 2.6.3, o arijmìc a = lim sup a_n = lim inf a_n èqei thn idiìthta:

Ta sÔnola {n ∈ N : a_n < a − ε} kai {n ∈ N : a_n > a + ε} eÐnai peperasmèna.

Dhladă, to sÔnolo {n ∈ N : |a_n − a| > ε} eÐnai peperasmèno. IsodÔnama, upĹrqei n_0 ∈ N me thn idiìthta: gia kĹje n ≥ n_0, |a_n − a| ≤ ε. AfoÔ to ε > 0 ătan tuqìn, èpetai oti a_n → a. □

2.7 ParĹrthma: apì thn Arqimădeia idiìthta kai thn idiìthta Cauchy èpetai to axÐwma thc plhrìthtac

Sto KefĹlaio 1 deqtăkame oti to R eÐnai èna diatetagmèno sÿma pou ikanopoieÐ to axÐwma thc plhrìthtac: kĹje mh kenì, Ĺnw fragmèno uposÔnolì tou èqei elĹqisto Ĺnw frĹgma. Qrhsimopoiÿntac thn Ôparxh supremum deÐxame thn Arqimădeia idiìthta:

(∗) An a ∈ R kai ε > 0, upĹrqei n ∈ N tètoioc ÿste nε > a.

Qrhsimopoiÿntac kai pĹli to axÐwma thc plhrìthtac, deÐxame oti kĹje monìtonh kai fragmènh akoloujÐa sugklÐnei. San sunèpeia părame to Jeÿrhma Bolzano- Weierstrass: kĹje fragmènh akoloujÐa èqei sugklÐnousa upakoloujÐa. Autì me th seirĹ tou mac epètreye na deÐxoume thn {idiìthta Cauchy} twn pragmatikÿn arijmÿn:

(∗∗) KĹje akoloujÐa Cauchy pragmatikÿn arijmÿn sugklÐnei se pragmatikì arijmì.

Se autăn thn parĹgrafo ja deÐxoume oti to axÐwma thc plhrìthtac eÐnai logikă sunèpeia twn (∗) kai (∗∗). An dhladă deqtoÔme to R san èna diatetagmèno sÿma pou èqei thn Arqimădeia idiìthta kai thn idiìthta Cauchy, tìte mporoÔme na apodeÐxoume to {axÐwma thc plhrìthtac} san jeÿrhma:

Jeÿrhma 2.7.1 ’Estw R^∗ èna diatetagmèno sÿma me tic akìloujec idiìthtec:

1. An a ∈ R^∗ kai ε ∈ R^∗ , ε > 0, tìte upĹrqei n ∈ N tètoioc ÿste nε > a. 2. KĹje akoloujÐa Cauchy stoiqeÐwn tou R^∗ sugklÐnei se stoiqeÐo tou R^∗ .

Tìte, kĹje mh kenì kai Ĺnw fragmèno A ⊂ R^∗ èqei elĹqisto Ĺnw frĹgma.

ShmeÐwsh: To sÔnolo N, oi akoloujÐec Cauchy, to elĹqisto Ĺnw frĹgma enìc sunìlou klp. orÐzontai akribÿc ìpwc kai sto R: N eÐnai to mikrìtero epagwgikì uposÔnolo tou R^∗ , h akoloujÐa (a_n) eÐnai akoloujÐa Cauchy an gia kĹje ε > 0 upĹrqei n_0(ε) ∈ N tètoioc ÿste |a_n − a_m| < ε an n, m ≥ n_0(ε), kai oÔtw kajexăc. Apìdeixh: ’Estw A mh kenì kai Ĺnw fragmèno uposÔnolo tou R^∗ . XekinĹme me tuqìn stoiqeÐo a_0 ∈ A (upĹrqei afoÔ A ≠ ∅). ’Estw b Ĺnw frĹgma tou A. Apì thn sunjăkh 1, upĹrqei k ∈ N gia ton opoÐo a_0 + k > b. Dhladă, upĹrqei fusikìc k me thn idiìthta

gia kĹje a ∈ A, a < a_0 + k.

Apì thn arqă tou elaqÐstou (pou eÐnai sunèpeia thc 1) èpetai oti upĹrqei elĹqistoc tètoioc fusikìc. Ac ton poÔme k_1. Tìte,

• Gia kĹje a ∈ A isqÔei a < a_0 + k_1.

• UpĹrqei a_1 ∈ A tètoioc ÿste a_0 + (k_1 − 1) ≤ a_1.

EpagwgikĹ ja broÔme a_0 ≤ a_1 ≤ . . . ≤ a_n ≤ . . . sto A kai k_n ∈ N pou ikanopoioÔn ta exăc:

• Gia kĹje a ∈ A isqÔei a < a_{n−1} +^{kn}_{2n−1} . • a_{n−1} +^{kn−1}_{2n−1} ≤ a_n.

Apìdeixh tou epagwgikoÔ bămatoc: ’Eqoume a_n ∈ A kai apì thn sunjăkh 1 upĹrqei elĹqistoc fusikìc k_{n+1} me thn idiìthta: gia kĹje a ∈ A, a < a_n + k_{n+1} 2^n . Autì shmaÐnei oti upĹrqei a_{n+1} me

a_n + k_{n+1} − 1 2^n ≤ a_{n+1}. Isqurismìc 1: H (a_n) eÐnai akoloujÐa Cauchy. PrĹgmati, èqoume a_{n−1} + k_n − 1 2^{n−1} ≤ a_n < a_{n−1} + k_n 2^{n−1} , Ĺra |a_n − a_{n−1}| < 1 2^{n−1} . An loipìn n, m ∈ N kai n < m, tìte |a_m − a_n| ≤ |a_m − a_{m−1}| + |a_{m−1} − a_{m−2}| + · · · + |a_{n+1} − a_n| < 1 2^{m−1} + 1 2^{m−2} + . . . + 1 2^n < 1 2^{n−1} . An ta n, m eÐnai arketĹ megĹla, autì gÐnetai ìso jèloume mikrì. Pio sugkekrimèna, an mac dÿsoun ε > 0, upĹrqei n_0 ∈ N t.w 1/2^{n0−1} < ε, opìte gia kĹje n, m ≥ n_0 èqoume |a_m − a_n| < ε. □ AfoÔ to R^∗ èqei thn idiìthta Cauchy, upĹrqei o a^∗ = lim a_n. Isqurismìc 2: O a^∗ eÐnai to elĹqisto Ĺnw frĹgma tou A.

(a) O a^∗ eÐnai Ĺnw frĹgma tou A: ac upojèsoume oti upĹrqei a ∈ A me a > a^∗. MporoÔme na broÔme ε > 0 t.w a > a^∗ + ε. ’Omwc, a < a_{n−1} + k_n 2^{n−1} ≤ a_n + 1 2^{n−1} gia kĹje n ∈ N. ’Ara,

a^∗ + ε < a_n + 1 2^{n−1} =⇒ a^∗ + ε ≤ lim ( a_n + 1 2^{n−1} )

=⇒ a^∗ + ε ≤ a^∗, to opoÐo eÐnai Ĺtopo.

(b) An a^{∗∗} eÐnai Ĺnw frĹgma tou A, tìte a^{∗∗} ≥ a^∗: èqoume a^{∗∗} ≥ a_n gia kĹje n ∈ N (giatÐ?), Ĺra a^{∗∗} ≥ lim a_n = a^∗.

Apì ta (a) kai (b) eÐnai safèc oti a^∗ = sup A. □

2.8 Askăseic

1. ApodeÐxte me ton orismì oti oi parakĹtw akoloujÐec sugklÐnoun sto 0:

a_n = n n^3 + n^2 + 1

, b_n = √ n^2 + 2 − √ n^2 + 1, c_n = n sin(n!) n^2 + 1 kai d_n = 1 2^n , an n = 1, 4, 7, 10, 13, . . . 1 n^2 +1 , alliÿc.

2. ApodeÐxte me ton orismì oti

n^2 − n n^2 + n → 1, 1 + 2 + · · · + n n + 2 − n 2 → − 1 2 , 1 √ n^2 + 1 2n∑ k=1 (−1)^{k−1}k → −1.

3. ’Estw (a_n), (b_n) dÔo akoloujÐec me a_n → a kai b_n → b. (a) DeÐxte oti a_n + b_n → a + b.

(b) An a_n ≤ b_n gia kĹje n ∈ N, deÐxte oti a ≤ b. (g) An m ≤ a_n ≤ M gia kĹje n ∈ N, deÐxte oti m ≤ a ≤ M. (d) DeÐxte oti |a_n| → |a|. (e) DeÐxte oti^k √ |a_n| →^k √ |a| (k ≥ 2). 4. ’Estw a_1, a_2, . . . , a_k > 0. DeÐxte oti

b_n :=^n √ a^n_1 + a^n_2 + · · · + a^n_k → max{a_1, a_2, . . . , a_k}.

5. (a) ’Estw a > 0. DeÐxte oti^n √ a → 1. (b) DeÐxte oti^n √ n → 1. 6. (a) ’Estw a ∈ R me |a| < 1. DeÐxte ìti h akoloujÐa b_n = a^n sugklÐnei sto 0.

(b) Gia poièc timèc tou x ∈ R sugklÐnei h akoloujÐa (_{1−x2} 1+x^2 )_n ? 7. Upojètoume oti a_n → a. OrÐzoume mia deÔterh akoloujÐa jètontac

b_n = a_1 + . . . + a_n n . DeÐxte oti b_n → a.

8. ’Estw (a_n) akoloujÐa jetikÿn ìrwn me a_n → a > 0. DeÐxte oti

b_n = n 1 a_1 + . . . + 1 a_n → a kai γ_n =^n √ a_1 . . . a_n → a.

9. ’Estw (a_n) akoloujÐa me lim_n(a_{n+1} − a_n) = a. DeÐxte oti a_n n → a. 10. ’Estw (a_n) aÔxousa akoloujÐa me thn idiìthta

b_n := a_1 + . . . + a_n n → a. DeÐxte oti a_n → a.

11. ’Estw A mh kenì kai Ĺnw fragmèno uposÔnolo tou R. An a = sup A, deÐxte oti upĹrqei akoloujÐa (a_n) stoiqeÐwn tou A me lim_n a_n = a. 12. ’Estw a, b ∈ R. OrÐzoume thn akoloujÐa x_n = an − [bn]. ExetĹste an upĹrqei to lim_n x_n.

13. (a) ’Estw k > 1 kai a_n > 0 gia kĹje n ∈ N. An a_{n+1} ≥ ka_n gia kĹje n, deÐxte oti a_n → +∞.

(b) ’Estw 0 < k < 1 kai (a_n) akoloujÐa me thn idiìthta |a_{n+1}| ≤ k|a_n| gia kĹje n. DeÐxte oti a_n → 0.

(g) ’Estw a_n > 0 gia kĹje n, kai^{an+1}_{an} → l > 1. DeÐxte oti a_n → +∞.

(d) ’Estw a_n ≠ 0 gia kĹje n, kai | | |^{an+1}an | | | → l < 1. DeÐxte oti a^n → 0.

14. ’Estw a_n > 0 gia kĹje n ∈ N, kai a_n → a > 0. DeÐxte oti inf{a_n : n ∈ N} > 0. 15. OrÐzoume mia akoloujÐa (a_n) me a_1 = √ 2 kai a_{n+1} = √ 2a_n, n ∈ N. DeÐxte oti eÐnai aÔxousa kai Ĺnw fragmènh, kai breÐte to ìriì thc. 16. ’Estw a > 0. Jètoume x_1 = x > 0 kai

x_{n+1} = 1 2 ( x_n + a x_n ) . DeÐxte oti h (x_n), toulĹqiston apì ton deÔtero ìro thc kai pèra, eÐnai fjÐnousa kai kĹtw fragmènh apì ton √ a. BreÐte to lim_n x_n.

17. ’Estw x_1 = 1 kai x_{n+1} = x_n +^1_{x2n} . DeÐxte oti h (x_n) eÐnai aÔxousa kai breÐte to ìriì thc.

18. ’Estw 0 < x_1 < 1 kai x_{n+1} = 1 − √ 1 − x_n. DeÐxte oti h (x_n) eÐnai fjÐnousa.

BreÐte to ìrio thc x_n kai to ìrio thc x_{n+1}/x_n.

19. ’Estw (a_n) akoloujÐa jetikÿn pragmatikÿn arijmÿn. DeÐxte oti a_n → 0 an kai mìno an^1_{an} → +∞.

20. ’Estw (a_n) akoloujÐa jetikÿn pragmatikÿn arijmÿn me a_n → 0. DeÐxte oti to sÔnolo A = {a_n : n ∈ N} èqei mègisto stoiqeÐo.

21. ’Estw 0 < a_1 < b_1. OrÐzoume anadromikĹ dÔo akoloujÐec jètontac

a_{n+1} = √ a_nb_n kai b_{n+1} = a_n + b_n 2 . (a) DeÐxte oti h (a_n) eÐnai aÔxousa kai h (b_n) fjÐnousa. (b) DeÐxte oti oi (a_n), (b_n) sugklÐnoun kai èqoun to Ðdio ìrio.

22. ’Estw (a_n) mia aÔxousa akoloujÐa. DeÐxte oti kĹje upakoloujÐa thc (a_n) eÐnai epÐshc aÔxousa.

23. ’Estw (a_n) akoloujÐa jetikÿn arijmÿn. Upojètoume oti gia to sÔnolo A = {a_n : n ∈ N} isqÔei inf A = 0. DeÐxte oti h (a_n) èqei fjÐnousa upakoloujÐa pou sugklÐnei sto 0.

24. UpologÐste ta ìria twn akoloujiÿn: (a) a_n =^{1√}_{n2 +1} +^{1√}_{n2+2} + · · · +^{1√}_{n2 +n} . (b) b_n =^n_{an} , ìpou a > 1. (g) γ_n =^{1+22+33 +···+nn}

n^n .

(d) δ_n = (_{n√a+ n}√_b 2 )_n , ìpou a, b > 0.

25. Qrhsimopoiÿntac thn anisìthta 1 n + 1 + 1 n + 2 + . . . + 1 2n ≥ 1 2 , deÐxte oti h akoloujÐa a_n = 1+^1_2 +. . .+^1_n den eÐnai akoloujÐa Cauchy. SumperĹnete oti a_n → +∞.

26. JewroÔme thn akoloujÐa

a_n = 1 − 1 2 + 1 3 − 1 4 + . . . + (−1)^{n−1} n . DeÐxte oti h (a_n) eÐnai akoloujÐa Cauchy (Ĺra, sugklÐnei). 27. (a) ’Estw 0 < k < 1 kai akoloujÐa (a_n) gia thn opoÐa isqÔei |a_{n+1} − a_n| ≤ k|a_n − a_{n−1}|, n ≥ 2. DeÐxte oti h (a_n) eÐnai akoloujÐa Cauchy.

(b) OrÐzoume a_1 = a, a_2 = b kai a_{n+1} =^{an+an−1}_2 , n ≥ 2. ExetĹste an h (a_n) eÐnai akoloujÐa Cauchy.

(g) ’Estw x_1 = x kai x_{n+1} = q sin(x_n) + a, ìpou 0 < q < 1 kai a ∈ R. ExetĹste an h (x_n) eÐnai akoloujÐa Cauchy. 28. ’Estw (a_n) mia akoloujÐa. OrÐzoume b_n = sup{|a_{n+k} − a_n| : k ∈ N}. DeÐxte oti h (a_n) sugklÐnei an kai mìno an b_n → 0.

29. ’Estw (a_n) mia akoloujÐa. DeÐxte oti a_n → a an kai mìno an oi upakoloujÐec (a_{2k}) kai (a_{2k−1}) sugklÐnoun ston a. 30. OrÐzoume mia akoloujÐa (a_n) me a_1 > 0 kai

a_{n+1} = 1 + 2 1 + a_n . DeÐxte oti oi upakoloujÐec (a_{2k}) kai (a_{2k−1}) eÐnai monìtonec kai fragmènec. BreÐte, an upĹrqei, to lim_n a_n.

31. DeÐxte oti an mia monìtonh akoloujÐa èqei sugklÐnousa upakoloujÐa, tìte sugklÐnei.

32. BreÐte to anÿtero kai to katÿtero ìrio twn akoloujiÿn

a_n = (−1)^{n+1} ( 1 + 1 n ) , b_n = cos ( πn 3 ) + 1 n + 1

, γ_n = n^2((−1)^n + 1) + 2n + 1 n + 1 .

33. ’Estw (a_n), (b_n) fragmènec akoloujÐec. DeÐxte oti

lim inf a_n + lim inf b_n ≤ lim inf(a_n + b_n) ≤ lim sup(a_n + b_n) ≤ lim sup a_n + lim sup b_n.

34. ’Estw a_n > 0, n ∈ N. (a) DeÐxte oti

lim inf a_{n+1} a_n ≤ lim inf^n √ a_n ≤ lim sup^n √ a_n ≤ lim sup a_{n+1} a_n . (b) An lim^{an+1}_{an} = x, tìte^n √ a_n → x. 35. ’Estw (a_n) fragmènh akoloujÐa. DeÐxte oti

lim sup(−a_n) = − lim inf a_n kai lim inf(−a_n) = − lim sup a_n.

36. ’Estw (a_n) mia akoloujÐa kai èstw (x_k) akoloujÐa shmeÐwn sussÿreushc thc (a_n). Upojètoume oti x_k → x. DeÐxte oti o x eÐnai shmeÐo sussÿreushc thc (a_n). 37*. ’Estw x_1 = a, x_2 = b kai

x_{n+2} = x_n 3 + 2x_{n+1} 3 .

DeÐxte oti h (x_n) sugklÐnei kai breÐte to ìriì thc. [Upìdeixh: Jewrăste thn y_n = x_{n+1} − x_n kai breÐte anadromikì tÔpo gia thn (y_n).] 38*. ’Estw (a_n) akoloujÐa me thn idiìthta

a_{n+1} − a_n 2 → 0. DeÐxte oti a_n → 0. [Upìdeixh: an y_n = a_{n+1} −^{an}_2 , deÐxte oti

a_n = y_{n−1} + y_{n−2} 2 + . . . + y_1 2^{n−2} + a_1 2^{n−1} .] 39*. ’Estw (a_n) akoloujÐa me a_1 > 0, h opoÐa ikanopoieÐ thn a_n > a_1 + a_2 + . . . + a_{n−1}, n ≥ 2.

DeÐxte oti: gia kĹje 0 < q < 2 isqÔei^{an}_{qn} → +∞. 40*. ’Estw (a_n) fragmènh akoloujÐa pou ikanopoieÐ thn 2a_n ≤ a_{n−1} + a_{n+1}, n ≥ 2.

DeÐxte oti b_n := a_{n+1} − a_n → 0. [Upìdeixh: DeÐxte oti h (b_n) eÐnai monìtonh kai fragmènh.]

41*. OrÐzoume mia akoloujÐa wc exăc:

a_0 = 0, a_{2n+1} = 1 2 + a_{2n}, a_{2n} = a_{2n−1} 2 . BreÐte ìla ta shmeÐa sussÿreushc thc (a_n). [Upìdeixh: GrĹyte touc dèka prÿtouc ìrouc thc akoloujÐac.]

42*. ’Estw (x_n) akoloujÐa me thn idiìthta x_{n+1} − x_n → 0. An a < b eÐnai dÔo shmeÐa sussÿreushc thc (x_n), deÐxte ìti kĹje y ∈ [a, b] eÐnai shmeÐo sussÿreushc thc (x_n). [Upìdeixh: Apagwgă se Ĺtopo.]

44

KefĹlaio 3

Sunèqeia sunartăsewn

3.1 ’Oria sunartăsewn

Se autăn thn parĹgrafo aplÿc upenjumÐzoume ton orismì kai tic basikèc idiìthtec tou orÐou sunĹrthshc (to jèma autì èqei kalufjeÐ sto mĹjhma {Apeirostikìc Logismìc I}.)

Orismìc ’Estw A mh kenì uposÔnolo tou R kai x_0 ∈ R. Lème oti o x_0 eÐnai shmeÐo sussÿreushc tou A an gia kĹje δ > 0 mporoÔme na broÔme x ∈ A t.w. 0 < |x − x_0| < δ (isodÔnama: x ∈ (x_0 − δ, x_0 + δ) kai x ≠ x_0).

Dhladă, o x_0 eÐnai shmeÐo sussÿreushc tou A an osodăpote kontĹ ston x_0 mporoÔme na broÔme stoiqeÐa tou A diaforetikĹ apì ton x_0. Parathrăste oti den apaitoÔme apì ton x_0 na eÐnai stoiqeÐo tou A. ParadeÐgmata:

• An A = [0, 1] ∪ {2}, tìte 2 ∈ A allĹ o 2 den eÐnai shmeÐo sussÿreushc tou A. • An A = (0, 1), tìte 1 ∉ A allĹ o 1 eÐnai shmeÐo sussÿreushc tou A.

Orismìc (ìrio sunĹrthshc) ’Estw f : A → R mia pragmatikă sunĹrthsh kai x_0 shmeÐo sussÿreushc tou A. Lème oti to ìrio thc f kajÿc to x teÐnei sto x_0 upĹrqei kai isoÔtai me L ∈ R an:

Gia kĹje ε > 0 upĹrqei δ > 0 t.w.: an x ∈ A kai 0 < |x − x_0| < δ, tìte |f(x) − L| < ε. An ènac tètoioc arijmìc L upĹrqei, tìte eÐnai monadikìc (deÐxte to) kai grĹfoume L = lim_{x→x0} f(x) ă f(x) → L kajÿc x → x_0.

’Askhsh Dÿste orismoÔc gia ta: lim_{x→x0} f(x) = +∞, lim_{x→x0} f(x) = −∞, lim_{x→+∞} f(x) = L, lim_{x→+∞} f(x) = +∞ klp. (o +∞ eÐnai shmeÐo sussÿreushc tou A an se kĹje diĹsthma thc morfăc (a, +∞) upĹrqei stoiqeÐo tou A, anĹloga gia to −∞).

Orismìc (pleurikĹ ìria sunĹrthshc) ’Estw f : A → R pragmatikă sunĹrthsh, kai x_0 shmeÐo sussÿreushc tou A t.w. gia kĹje δ > 0 na upĹrqoun stoiqeÐa tou A sto (x_0 − δ, x_0). Lème oti:

• lim_{x→x}−_0 f(x) = L (o L eÐnai to pleurikì ìrio thc f kajÿc to x teÐnei sto x_0 apì aristerĹ) an: gia kĹje ε > 0 upĹrqei δ > 0 t.w. an x ∈ A kai x_0 − δ < x < x_0 tìte |f(x) − L| < ε. ’Estw x_0 shmeÐo sussÿreushc tou A t.w. gia kĹje δ > 0 na upĹrqoun stoiqeÐa tou A sto (x_0, x_0 + δ). Lème oti:

• lim_{x→x}+_0 f(x) = L (o L eÐnai to pleurikì ìrio thc f kajÿc to x teÐnei sto x_0 apì dexiĹ) an: gia kĹje ε > 0 upĹrqei δ > 0 t.w. an x ∈ A kai x_0 < x < x_0 +δ tìte |f(x) − L| < ε. Me bĹsh ton orismì mporeÐ kaneÐc na apodeÐxei tic akìloujec basikèc idiìthtec twn orÐwn (oi apodeÐxeic eÐnai anĹlogec me tic apodeÐxeic pou dÿsame gia tic antÐstoiqec idiìthtec twn orÐwn akoloujiÿn):

Jeÿrhma 3.1.1 ’Estw f, g : A → R dÔo pragmatikèc sunartăseic kai x_0 shmeÐo sussÿreushc tou A. Upojètoume oti f(x) → a ∈ R kai g(x) → b ∈ R kajÿc x → x_0. Tìte:

1. An f(x) → a_1 ìtan x → x_0, tìte a_1 = a (monadikìthta tou orÐou).

2. f(x) + g(x) → a + b ìtan x → x_0.

3. f(x)g(x) → ab ìtan x → x_0.

4. an b ≠ 0, tìte^{f (x)}_{g(x)} →^a_b ìtan x → x_0.

H Ôparxh tou orÐou sqetÐzetai me thn Ôparxh twn pleurikÿn orÐwn wc exăc:

Jeÿrhma 3.1.2 ’Estw f : A → R pragmatikă sunĹrthsh, kai x_0 shmeÐo sussÿreushc tou A t.w. gia kĹje δ > 0 na upĹrqoun stoiqeÐa tou A tìso sto (x_0 − δ, x_0) ìso kai sto (x_0, x_0 + δ). Tìte,

lim_{x→x0} f(x) = L ⇔ ta lim_{x→x−} 0 f(x) kai lim_{x→x+} 0 f(x) upĹrqoun kai isoÔntai me L.

BebaiwjeÐte oti ìla ta parapĹnw sac eÐnai oikeÐa. Anatrèxte sto biblÐo tou S. PhqwrÐdh (sel. 27−38) kai sto biblÐo tou M. Spivak (kefĹlaio 5) gia perissìterec leptomèreiec.

3.2 Sunèqeia sunartăsewn: orismoÐ - basikèc idiìthtec

1. H sunèqeia miac sunĹrthshc orÐzetai prÿta topikĹ: orÐzoume dhladă pìte mia sunĹrthsh f ja lègetai suneqăc se èna shmeÐo x_0 tou pedÐou orismoÔ thc.

Orismìc ’Estw f : A → R mia pragmatikă sunĹrthsh, kai x_0 ∈ A. Lème oti h f eÐnai suneqăc sto x_0 an: gia kĹje ε > 0 upĹrqei δ > 0 t.w. an x ∈ A kai |x − x_0| < δ, tìte |f(x) − f(x_0)| < ε. Parathrăseic: (a) Ston orismì thc sunèqeiac apaitoÔme to x_0 na anăkei sto pedÐo orismoÔ thc f. H timă f(x_0) proôpotÐjetai oÔtwc ă Ĺllwc apì ton Ðdio ton orismì.

(b) Den zhtĹme apì to x na ikanopoieÐ thn 0 < |x − x_0| < δ, na eÐnai dhladă to x diaforetikì apì to x_0. An x = x_0, h anisìthta |f(x) − f(x_0)| < ε ikanopoieÐtai katĹ tetrimmèno trìpo ìso mikrì ki an eÐnai to ε: |f(x_0) − f(x_0)| = 0 < ε gia kĹje ε > 0. (g) Den zhtĹme apì to x_0 na eÐnai shmeÐo sussÿreushc tou A. An x_0 ∈ A kai to x_0 den eÐnai shmeÐo sussÿreushc tou A (eÐnai ìpwc lème memonwmèno shmeÐo tou A), tìte h f eÐnai automĹtwc suneqăc sto x_0. O lìgoc eÐnai aplìc: afoÔ to x_0 den eÐnai shmeÐo sussÿreushc tou A, upĹrqei δ > 0 t.w. (x_0 −δ_0, x_0 +δ_0)∩A = {x_0} (giatÐ?). PĹrte tÿra tuqìn ε > 0. Epilègoume δ = δ_0 > 0. An x ∈ A kai |x − x_0| < δ = δ_0, tìte x = x_0, Ĺra |f(x)−f(x_0)| = 0 < ε. Me bĹsh ton orismì mac, h f eÐnai suneqăc sto x_0.

(d) An to x_0 ∈ A kai to x_0 eÐnai kai shmeÐo sussÿreushc tou A, tìte èqei nìhma na exetĹsoume tìso thn sunèqeia thc f sto x_0 ìso kai thn Ôparxh orÐou thc f kajÿc to x teÐnei sto x_0. Se autăn thn perÐptwsh, h paratărhsh (b) deÐqnei oti {h f eÐnai suneqăc sto x_0 ⇔ lim_{x→x0} f(x) = f(x_0)}.

2. Katfl analogÐa proc ton orismì twn pleurikÿn orÐwn, orÐzoume sunèqeia apì dexiĹ kai sunèqeia apì aristerĹ miac sunĹrthshc f : A → R sto x_0 ∈ A:

Orismìc (pleurikă sunèqeia) ’Estw f : A → R kai x_0 ∈ A. Lème oti:

• H f eÐnai suneqăc apì dexiĹ sto x_0 an gia kĹje ε > 0 upĹrqei δ > 0 t.w.

x ∈ A kai x_0 ≤ x < x_0 + δ =⇒ |f(x) − f(x_0)| < ε.

• H f eÐnai suneqăc apì aristerĹ sto x_0 an gia kĹje ε > 0 upĹrqei δ > 0 t.w. x ∈ A kai x_0 − δ < x ≤ x_0 =⇒ |f(x) − f(x_0)| < ε. Paratărhsh EÐnai eÔkolo na deÐte oti mia sunĹrthsh f : A → R eÐnai suneqăc sto x_0 ∈ A an kai mìno an eÐnai suneqăc apì dexiĹ kai apì aristerĹ sto x_0.

3. Apì ton orismì thc sunèqeiac se èna shmeÐo mporoÔme tÿra na perĹsoume ston orismì thc suneqoÔc sunĹrthshc:

Orismìc ’Estw f : A → R mia pragmatikă sunĹrthsh, kai B èna uposÔnolo tou A. Lème oti h f eÐnai suneqăc sto B an eÐnai suneqăc se kĹje shmeÐo x_0 ∈ B. Paratărhsh: Ta pedÐa orismoÔ sunartăsewn eÐnai tic perissìterec forèc diastămata. SumfwnoÔme pwc ìtan lème oti h f eÐnai suneqăc sto diĹsthma [a, b] ennooÔme oti h f eÐnai suneqăc se kĹje x_0 ∈ (a, b), suneqăc apì dexiĹ sto a kai suneqăc apì aristerĹ sto b.

4. To jeÿrhma pou akoloujeÐ dÐnei th sqèsh thc sunèqeiac me tic sunăjeic algebrikèc prĹxeic anĹmesa se sunartăseic. H apìdeixă tou eÐnai Ĺmesh, an qrhsimopoiăsete tic idiìthtec twn orÐwn sunartăsewn:

Jeÿrhma 3.2.1 ’Estw f, g : A → R kai x_0 ∈ A. Upojètoume oti oi f, g eÐnai suneqeÐc sto x_0. Tìte,

1. Oi f + g, fg eÐnai suneqeÐc sto x_0. 2. H^f_g eÐnai suneqăc sto x_0 an g(x_0) ≠ 0.

H stajeră sunĹrthsh f(x) = 0, x ∈ R kai h tautotikă sunĹrthsh g(x) = x eÐnai suneqeÐc sto R. Apì to Jeÿrhma 3.2.1 èpetai oti oi poluwnumikèc sunartăseic eÐnai suneqeÐc sto R kai oti kĹje rhtă sunĹrthsh eÐnai suneqăc se ìla ta shmeÐa tou pedÐou orismoÔ thc.

5. Ac exetĹsoume pio prosektikĹ ti shmaÐnei h frĹsh:

h f den eÐnai suneqăc sto x_0

ìpou x_0 eÐnai shmeÐo sto pedÐo orismoÔ thc f. UpĹrqoun trÐa endeqìmena:

• Ta pleurikĹ oria thc f kajÿc x → x_0 upĹrqoun kai lim_{x→x}−_0 f(x) = L = lim_{x→x}+_0 f(x), ìmwc h timă thc f sto x_0 den eÐnai o L: dhladă, f(x_0) ≠ L. Tìte lème oti sto x_0 parousiĹzetai Ĺrsimh asunèqeia (ă {epousiÿdhc} asunèqeia). H f sumperifèretai Ĺrista gÔrw apì to x_0, allĹ h timă thc sto x_0 eÐnai {lanjasmènh}.

• Ta pleurikĹ ìria thc f kajÿc x → x_0 upĹrqoun allĹ eÐnai diaforetikĹ: lim x→x^−_0 f(x) ≠ lim_{x→x+} 0 f(x). Tìte lème oti sto x_0 parousiĹzetai {asunèqeia a’ eÐdouc} (ă Ĺlma). H diaforĹ lim_{x→x}+_0 f(x) − lim_{x→x}−_0 f(x) eÐnai to {Ĺlma} thc f sto x_0.

• KĹpoio apì ta pleurikĹ ìria thc f kajÿc x → x_0 den upĹrqei. Tìte, lème oti sto x_0 parousiĹzetai asunèqeia b’ eÐdouc (ă {ousiÿdhc asunèqeia}.)

BebaiwjeÐte oti ìla ta parapĹnw sac eÐnai oikeÐa. Anatrèxte sto biblÐo tou S. PhqwrÐdh (sel. 38−48) kai sto biblÐo tou M. Spivak (KefĹlaio 6) gia perissìterec leptomèreiec kai paradeÐgmata.

3.3 Qarakthrismìc thc sunèqeiac me qrăsh akoloujiÿn

’Estw f : A → R kai x_0 ∈ A. Ja dÿsoume ènan qarakthrismì thc sunèqeiac thc f sto x_0 mèsw akoloujiÿn (apodÐdetai ston Germanì majhmatikì Heine).

Jeÿrhma 3.3.1 H f : A → R eÐnai suneqăc sto x_0 ∈ A an kai mìno an: gia kĹje akoloujÐa (x_n) shmeÐwn tou A me x_n → x_0, h akoloujÐa (f(x_n)) sugklÐnei sto f(x_0).

Apìdeixh: Upojètoume prÿta oti h f eÐnai suneqăc sto x_0. ’Estw x_n ∈ A me x_n → x_0. Ja deÐxoume oti f(x_n) → f(x_0): ’Estw ε > 0. AfoÔ h f eÐnai suneqăc sto x_0, upĹrqei δ > 0 tètoioc ÿste: an x ∈ A kai |x−x_0| < δ, tìte |f(x)−f(x_0)| < ε (autìc eÐnai akribÿc o orismìc thc sunèqeiac thc f sto x_0).

’Eqoume upojèsei oti x_n → x_0. ’Ara, gifl autì to δ > 0 mporoÔme na broÔme n_0(δ) ∈ N t.w.: an n ≥ n_0(δ) tìte |x_n − x_0| < δ (autìc eÐnai akribÿc o orismìc thc sÔgklishc thc (x_n) sto x_0).

SunduĹzontac ta parapĹnw èqoume: an n ≥ n_0(δ), tìte |x_n − x_0| < δ Ĺra |f(x_n) − f(x_0)| < ε. AfoÔ to ε > 0 ătan tuqìn, f(x_n) → f(x_0).

[ShmeÐwsh: To n_0 pou brăkame exartĹtai apì to δ, ìmwc to δ sto prÿto băma thc apìdeixhc exartĹtai apì to ε, Ĺra to n_0 exartĹtai apì to ε pou mac dìjhke.]

Gia thn antÐstrofh kateÔjunsh ja doulèyoume me apagwgă se Ĺtopo. Upojètoume oti gia kĹje akoloujÐa (x_n) shmeÐwn tou A me x_n → x_0, h akoloujÐa (f(x_n)) sugklÐnei sto f(x_0). Upojètoume epÐshc oti h f den eÐnai suneqăc sto x_0 kai ja katalăxoume se Ĺtopo.

AfoÔ h f den eÐnai suneqăc sto x_0, upĹrqei kĹpoio ε me thn exăc idiìthta:

(∗) Gia kĹje δ > 0 upĹrqei x ∈ A me |x−x_0| < δ kai |f(x)−f(x_0)| ≥ ε.

[Me lÐgh skèyh ja peisteÐte oti aută eÐnai h Ĺrnhsh thc prìtashc {h f eÐnai suneqăc sto x_0}: osodăpote kontĹ sto x_0 upĹrqei x ∈ A t.w. oi timèc f(x) kai f(x_0) na apèqoun arketĹ.]

QrhsimopoioÔme thn (∗) diadoqikĹ me δ = 1,^1_2 , . . . ,^1_n , . . .. Gia kĹje n ∈ N èqoume 1/n > 0 kai apì thn (∗) brÐskoume x_n ∈ A me |x_n − x_0| < 1/n kai |f(x_n) − f(x_0)| ≥ ε. EÐnai fanerì oti x_n → x_0 kai apì thn upìjesh pou kĹname prèpei h akoloujÐa (f(x_n)) na sugklÐnei sto f(x_0). Autì ìmwc eÐnai adÔnato afoÔ |f(x_n) − f(x_0)| ≥ ε gia kĹje n ∈ N. □

Paratărhsh: To Jeÿrhma 3.3.1 mporeÐ na qrhsimopoihjeÐ me dÔo diaforetikoÔc trìpouc:

• gia na deÐxoume oti h f eÐnai suneqăc sto x_0 arkeÐ na deÐxoume oti {x_n → x_0 =⇒ f(x_n) → f(x_0)}.

• gia na deÐxoume oti h f den eÐnai suneqăc sto x_0 arkeÐ na broÔme dÔo akoloujÐec x_n → x_0, y_n → x_0 t.w. lim_n f(x_n) ≠ lim_n f(y_n).

Aplì parĹdeigma: H sunĹrthsh tou Dirichlet

f(x) = { 1 , x ∈ Q 0 , x /∈ Q den eÐnai suneqăc se kanèna x_0 ∈ R. PrĹgmati: upĹrqei akoloujÐa (q_n) rhtÿn arijmÿn me q_n → x_0 kai akoloujÐa (a_n) arrătwn arijmÿn me a_n → x_0 (tìso oi rhtoÐ ìso kai oi Ĺrrhtoi eÐnai puknoÐ sto R). ’Omwc, f(q_n) = 1 → 1 kai f(a_n) = 0 → 0. Apì to Jeÿrhma 3.3.1 blèpoume oti h f den eÐnai suneqăc sto x_0.

3.4 BasikĹ jewrămata gia suneqeÐc sunartăseic

Se autăn thn parĹgrafo ja apodeÐxoume dÔo jemeliÿdh kai diaisjhtikĹ anamenìmena jewrămata gia suneqeÐc sunartăseic pou eÐnai orismènec se èna kleistì diĹsthma: to jeÿrhma endiĹmeshc timăc kai to jeÿrhma Ôparxhc mègisthc - elĹqisthc timăc. H apìdeixă touc apaiteÐ ousiastikă qrăsh tou axiÿmatoc thc plhrìthtac.

3.4.1 To jeÿrhma endiĹmeshc timăc

Ja exetĹsoume prÿta thn exăc perÐptwsh: DÐnetai mia suneqăc sunĹrthsh f : [a, b] → R me thn idiìthta f(a) < 0 kai f(b) > 0. Tìte, autì pou perimènei kaneÐc apì thn grafikă parĹstash thc f eÐnai oti gia kĹpoio shmeÐo c ∈ (a, b) ja isqÔei f(c) = 0 (h kampÔlh y = f(x) ja tmăsei ton orizìntio Ĺxona).

Jeÿrhma 3.4.1 ’Estw f : [a, b] → R suneqăc sunĹrthsh. Upojètoume oti f(a) < 0 kai f(b) > 0. Tìte, upĹrqei c ∈ (a, b) tètoio ÿste f(c) = 0.

Apìdeixh: Ja prospajăsoume na {broÔme} thn mikrìterh lÔsh thc exÐswshc f(x) = 0 sto (a, b). YĹqnoume dhladă gia kĹpoio c ∈ (a, b) gia to opoÐo f(c) = 0 kai f(x) < 0 gia kĹje x me a ≤ x < c.

H idèa eÐnai oti autì to c prèpei na eÐnai to supremum tou sunìlou ìlwn twn y ∈ (a, b) pou ikanopoioÔn to exăc:

gia kĹje x me a ≤ x < y isqÔei f(x) < 0.

OrÐzoume loipìn A = {y ∈ (a, b] : a ≤ x < y =⇒ f(x) < 0}. Isqurismìc 1 To A eÐnai mh kenì kai Ĺnw fragmèno.

Apìdeixh: EÐnai safèc oti o b eÐnai Ĺnw frĹgma gia to A. Gia na deÐxoume oti to A eÐnai mh kenì, skeftìmaste wc exăc: h f eÐnai suneqăc apì dexiĹ sto a kai f(a) < 0. PaÐrnoume ε =^{|f (a)|}_2 > 0. UpĹrqei δ > 0 t.w. an a ≤ y < a + δ na isqÔei |f(y) − f(a)| < |f(a)| 2 =⇒ f(y) ≤ f(a) + |f(a)| 2 = f(a) 2 < 0. Dhladă, h f paÐrnei arnhtikèc timèc sto [a, a + δ). An loipìn a < y < a + δ, tìte

gia kĹje x me a ≤ x < y isqÔei f(x) < 0,

to opoÐo shmaÐnei oti y ∈ A. ’Ara, (a, a + δ) ⊆ A (to A eÐnai mh kenì). □ Apì to axÐwma thc plhrìthtac upĹrqei o c = sup A. EpÐshc, a < c diìti (a, a + δ) ⊆ A. Isqurismìc 2 Gia ton c = sup A isqÔoun oi a < c < b kai f(c) = 0. Apìdeixh: DeÐqnoume prÿta oti c < b: ’Eqoume f(b) > 0 kai h f eÐnai suneqăc apì aristerĹ sto b. Gia ε =^{f (b)}_2 > 0 brÐskoume δ_1 > 0 t.w. b − δ_1 < x ≤ b =⇒ |f(x) − f(b)| < f(b) 2 =⇒ f(x) > f(b) 2 > 0. Tìte, kĹje x ∈ (b − δ_1, b] eÐnai Ĺnw frĹgma tou A. PrĹgmati, an y ∈ A tìte f(x) < 0 gia kĹje x ∈ [a, y) kai afoÔ f(x) > 0 sto (b − δ_1, b] èqoume y ≤ b − δ_1. Epomènwc, gia kĹje x ∈ (b − δ_1, b] isqÔei c = sup A ≤ b − δ_1 < x. Eidikìtera, c < b. Apì thn (a, a + δ) ⊆ A èqoume c ≥ a + δ > a, Ĺra a < c < b.

Mènei na deÐxoume oti f(c) = 0. Ja apokleÐsoume ta endeqìmena f(c) < 0 kai f(c) > 0. • ’Estw oti f(c) < 0. Apì thn sunèqeia thc f sto c, upĹrqei δ_2 > 0 t.w.

f(x) <^{f (c)}_2 < 0 sto (c−δ_2, c+δ_2) (giatÐ?). ’Omwc tìte, f(x) < 0 sto [a, c+δ_2) (giatÐ upĹrqei y ∈ A me y > c−δ_2, opìte f(x) < 0 sto [a, y)∪(c−δ_2, c+δ_2) = [a, c + δ_2)). Epomènwc, c + δ_2 ∈ A. Autì eÐnai Ĺtopo afoÔ c = sup A.

• ’Estw oti f(c) > 0. Tìte, upĹrqei δ_3 > 0 t.w. f(x) >^{f (c)}_2 > 0 sto (c − δ_3, c + δ_3). An pĹroume y ∈ A me y > c − δ_3 kai z me y > z > c − δ_3, tìte y ∈ A =⇒ f(z) < 0 enÿ z ∈ (c − δ_3, c + δ_3) =⇒ f(z) > 0 dhladă odhgoÔmaste se Ĺtopo. □ Me thn apìdeixh tou deÔterou isqurismoÔ oloklhrÿnetai kai h apìdeixh tou Jewrămatoc. □ San pìrisma paÐrnoume to jeÿrhma endiĹmeshc timăc:

Jeÿrhma 3.4.2 ’Estw f : [a, b] → R suneqăc sunĹrthsh. An f(a) < f(b) kai ρ ∈ (f(a), f(b)), tìte upĹrqei c ∈ (a, b) me f(c) = ρ. ’Omoia, an f(b) < f(a) kai ρ ∈ (f(b), f(a)), tìte upĹrqei c ∈ (a, b) me f(c) = ρ.

Apìdeixh: JewroÔme thn g(x) = f(x) − ρ. H g eÐnai suneqăc sto [a, b] kai g(a) = f(a) − ρ < 0, g(b) = f(b) − ρ > 0. Apì to Jeÿrhma 3.4.1 upĹrqei c ∈ (a, b) me g(c) = 0, dhladă f(c) = ρ.

Gia thn Ĺllh perÐptwsh, qrhsimopoiăste thn suneqă sunĹrthsh h(x) = ρ−f(x). □ 3.4.2 To jeÿrhma elĹqisthc kai mègisthc timăc

To deÔtero basikì jeÿrhma mac lèei oti an f eÐnai mia suneqăc sunĹrthsh sto [a, b], tìte h f eÐnai Ĺnw fragmènh kai kĹtw fragmènh, kai mĹlista paÐrnei mègisth kai elĹqisth timă. Gia thn apìdeixh ja qrhsimopoiăsoume ton qarakthrismì thc sunèqeiac mèsw akoloujiÿn.

Jeÿrhma 3.4.3 ’Estw f : [a, b] → R suneqăc sunĹrthsh. UpĹrqoun m, M ∈ R t.w. gia kĹje x ∈ [a, b], m ≤ f(x) ≤ M. Dhladă, h f eÐnai Ĺnw kai kĹtw fragmènh.

Apìdeixh: Ac upojèsoume oti h f den eÐnai Ĺnw fragmènh. Tìte, gia kĹje M > 0 mporoÔme na broÔme x ∈ [a, b] me f(x) > M.

Epilègoume diadoqikĹ M = 1, 2, 3, . . . , n, . . . kai brÐskoume x_n ∈ [a, b] me f(x_n) > n, n ∈ N. JewroÔme thn akoloujÐa (x_n). AfoÔ a ≤ x_n ≤ b, h (x_n) eÐnai fragmènh. Apì to Jeÿrhma Bolzano-Weierstrass, upĹrqei upakoloujÐa (x_{nk} ) thc (x_n) me x_{nk} → x_0. AfoÔ a ≤ x_{nk} ≤ b gia kĹje k, èpetai oti x_0 ∈ [a, b].

H f eÐnai suneqăc sto x_0 kai x_{nk} → x_0. Apì to Jeÿrhma 3.3.1, f(x_{nk} ) → f(x_0). ’Ara, h (f(x_{nk} )) eÐnai fragmènh akoloujÐa. ’Omwc, f(x_{nk} ) > n_k ≥ k apì ton trìpo epilogăc twn x_{nk} , dhladă f(x_{nk} ) → +∞. Autì eÐnai Ĺtopo.

’Omoia deÐqnoume thn Ôparxh kĹtw frĹgmatoc (ă pio aplĹ, jewrăste thn −f: aută eÐnai suneqăc, Ĺra Ĺnw fragmènh sto [a, b] klp). □

KĹnontac èna akìma băma, deÐqnoume oti kĹje suneqăc sunĹrthsh f : [a, b] → R paÐrnei mègisth kai elĹqisth timă sto [a, b]:

Jeÿrhma 3.4.4 ’Estw f : [a, b] → R suneqăc sunĹrthsh. UpĹrqoun y_1, y_2 ∈ [a, b] tètoia ÿste f(y_1) ≤ f(x) ≤ f(y_2) gia kĹje x ∈ [a, b].

Apìdeixh: Apì to Jeÿrhma 3.4.3 xèroume oti to sÔnolo A = {f(x) : x ∈ [a, b]} eÐnai Ĺnw fragmèno. ’Estw ρ = sup A. Jèloume na deÐxoume oti upĹrqei y_2 ∈ [a, b] me f(y_2) = ρ.

Apì ton orismì tou supremum, gia kĹje n ∈ N mporoÔme na broÔme stoiqeÐo tou A sto (ρ − 1/n, ρ]. Dhladă, upĹrqei x_n ∈ [a, b] gia to opoÐo (∗) ρ − 1 n < f(x_n) ≤ ρ. H akoloujÐa (x_n) èqei sugklÐnousa upakoloujÐa (x_{nk} ). GrĹfoume y_2 gia to lim x_{nk} . AfoÔ a ≤ x_{nk} ≤ b gia kĹje k, èpetai oti y_2 ∈ [a, b]. AfoÔ h f eÐnai suneqăc sto y_2, sumperaÐnoume oti f(x_{nk} ) → f(y_2). ’Omwc, f(x_n) → ρ apì thn (∗). ’Ara,

f(y_2) = ρ = sup A.

Autì shmaÐnei oti f(x) ≤ f(y_2) gia kĹje x ∈ [a, b] (apì ton orismì tou A).

Gia thn elĹqisth timă ergazìmaste anĹloga. □

3.4.3 ParadeÐgmata kai efarmogèc

ParadeÐgmata: H sunèqeia thc f allĹ kai h upìjesh oti to pedÐo orismoÔ eÐnai kleistì diĹsthma eÐnai aparaÐthtec sta prohgoÔmena jewrămata. (a) JewroÔme thn sunĹrthsh

f(x) = x + 1 , −1 ≤ x < 0

0 , x = 0

1 − x , 0 < x ≤ 1.

H f den paÐrnei mègisth timă sto [−1, 1]. ’Eqoume 1 = sup{f(x) : x ∈ [−1, 1]}, allĹ o 1 den eÐnai timă thc f: parathrăste oti 0 ≤ f(x) < 1 gia kĹje x ∈ [−1, 1]. H f eÐnai asuneqăc sto 0.

(b) JewroÔme thn sunĹrthsh f(x) = { −1 , an 0 ≤ x ≤ 1

1 , 1 < x ≤ 2.

Tìte, f(0) < 0 kai f(2) > 0, allĹ den upĹrqei lÔsh thc f(x) = 0 sto [0, 2]. H f eÐnai asuneqăc sto 1.

(g) JewroÔme thn f(x) = 1/x sto (0, 1]. H f eÐnai suneqăc sto (0, 1], allĹ den eÐnai Ĺnw fragmènh. To pedÐo orismoÔ thc f den eÐnai kleistì diĹsthma.

Jeÿrhma 3.4.5 KĹje poluÿnumo perittoÔ bajmoÔ èqei toulĹqiston mia pragmatikă rÐza.

Apìdeixh: ’Estw P (x) = a_mx^m + a_{m−1}x^{m−1} + . . . + a_1x + a_0, ìpou a_m ≠ 0 kai m perittìc. GrĹfoume P (x) = a_mx^m ( 1 + a_{m−1} a_mx + . . . + a_1 a_mx^{m−1} + a_0 a_mx^m )

= a_mx^mg(x). EÐnai eÔkolo na deÐte oti lim x→+∞ g(x) = lim_{x→−∞} g(x) = 1.

’Ara, upĹrqoun M_1, M_2 > 0 tètoioi ÿste: an x < −M_1 ă x > M_2, tìte g(x) > 0.

Epilègoume tuqìn a < −M_1 kai tuqìn b > M_2. Tìte, g(a) > 0 kai g(b) > 0. Epomènwc, P (a)P (b) = a^2_mg(a)g(b)a^mb^m < 0 diìti a^2_m > 0, a^m < 0 kai b^m > 0 (se autì to shmeÐo qrhsimopoieÐtai h upìjesh oti o m eÐnai perittìc). Apì to jeÿrhma endiĹmeshc timăc, upĹrqei x ∈ (a, b) t.w. P (x) = 0. □ Jeÿrhma 3.4.6 ’Estw P (x) = a_mx^m + . . . + a_1x + a_0 poluÿnumo Ĺrtiou bajmoÔ me a_m > 0. UpĹrqei x_0 ∈ R t.w. P (x_0) ≤ P (x) gia kĹje x ∈ R (dhladă, h P paÐrnei elĹqisth timă).

Apìdeixh: ’Eqoume upojèsei oti o m eÐnai Ĺrtioc kai oti a_m > 0. ’Epetai oti lim x→+∞ P (x) = lim_{x→−∞} P (x) = +∞

(giatÐ?). JewroÔme thn timă P (0) = a_0. UpĹrqoun M_1, M_2 > 0 t.w. an x < −M_1 ă x > M_2 tìte P (x) > P (0).

JewroÔme ton periorismì thc P sto [−M_1, M_2]. H P eÐnai suneqăc sto kleistì diĹsthma [−M_1, M_2], epomènwc mporoÔme na efarmìsoume to Jeÿrhma 3.4.4: UpĹrqei x_0 ∈ [−M_1, M_2] me thn idiìthta (∗) P (x_0) ≤ P (x) gia kĹje x ∈ [−M_1, M_2]. AfoÔ 0 ∈ [−M_1, M_2], paÐrnoume P (x_0) ≤ P (0). ’Ara, (∗∗) P (x_0) ≤ P (0) < P (x) gia kĹje x /∈ [−M_1, M_2]. Apì tic (∗) kai (∗∗) sumperaÐnoume oti P (x_0) ≤ P (x) gia kĹje x ∈ R. □ Jeÿrhma 3.4.7 (Jeÿrhma stajeroÔ shmeÐou, Banach) ’Estw f : [0, 1] → [0, 1] suneqăc sunĹrthsh. UpĹrqei x_0 ∈ [0, 1] t.w. f(x_0) = x_0.

Apìdeixh: Jèloume na deÐxoume oti h suneqăc sunĹrthsh h(x) = f(x) − x mhdenÐzetai kĹpou sto [0, 1] (dhladă, oti to grĹfhmĹ thc tèmnei thn diagÿnio y = x).

An f(0) = 0 ă f(1) = 1 èqoume to zhtoÔmeno gia x_0 = 0 ă x_0 = 1 antÐstoiqa. Upojètoume loipìn oti f(0) > 0 kai f(1) < 1. Tìte, h(0) = f(0) > 0 kai h(1) = f(1) − 1 < 0. Apì to jeÿrhma endiĹmeshc timăc, upĹrqei x_0 ∈ (0, 1) t.w. h(x_0) = 0. Dhladă, f(x_0) = x_0. □

3.5 Sunèqeia sÔnjethc kai antÐstrofhc sunĹrth- shc Ja asqolhjoÔme me mia aplă perÐptwsh sÔnjeshc sunartăsewn: f eÐnai mia sunĹrthsh orismènh sto anoiktì diĹsthma (a, b) kai g mia deÔterh sunĹrthsh orismènh sto anoiktì diĹsthma (γ, δ). Upojètoume akìma oti {f(x) : x ∈ (a, b)} ⊆ (γ, δ) (dhladă, to pedÐo orismoÔ thc g perièqei thn eikìna thc f). Tìte, h sÔnjeth sunĹrthsh g ∘ f orÐzetai sto (a, b) mèsw thc (g ∘ f)(x) = g(f(x)), a < x < b. Jeÿrhma 3.5.1 An f kai g eÐnai dÔo sunartăseic ìpwc parapĹnw kai an (a) h f eÐnai suneqăc sto x_0 ∈ (a, b), (b) h g eÐnai suneqăc sto f(x_0) ∈ (γ, δ), tìte h g ∘ f eÐnai suneqăc sto x_0.

Apìdeixh: Aplă, me diplă efarmogă tou orismoÔ. ’Estw ε > 0. AfoÔ h g eÐnai suneqăc sto f(x_0), upĹrqei δ_1 > 0 t.w.

(∗) An y ∈ (γ, δ) kai |y − f(x_0)| < δ_1, tìte |g(y) − g(f(x_0))| < ε. H f eÐnai suneqăc sto x_0. ’Ara, gifl autì to δ_1 > 0 mporoÔme na broÔme δ_2 > 0 t.w.

(∗∗) An x ∈ (a, b) kai |x − x_0| < δ_2, tìte |f(x) − f(x_0)| < δ_1. ’Estw x ∈ (a, b) me |x − x_0| < δ_2. Tìte, y = f(x) ∈ (γ, δ) kai |y − f(x_0)| = |f(x) − f(x_0)| < δ_1, apì thn (∗∗). MporoÔme tÿra na qrhsimopoiăsoume thn (∗) me y = f(x). ’Epetai oti |g(f(x)) − g(f(x_0))| < ε dhladă, |(g ∘ f)(x) − (g ∘ f)(x_0)| < ε. AfoÔ to ε > 0 ătan tuqìn, h g ∘ f eÐnai suneqăc sto x_0. □ PernĹme tÿra ston orismì kai th sunèqeia thc antÐstrofhc sunĹrthshc.

Orismìc ’Estw f : I → R mia sunĹrthsh, ìpou I eÐnai èna diĹsthma (opoiasdăpote morfăc: [a, b], (a, b), [a, b), [a, +∞), (−∞, a) klp). Lème oti h f eÐnai èna proc èna (1-1) an gia kĹje x, y ∈ I me x ≠ y èqoume f(x) ≠ f(y). Paratărhsh: Mia 1-1 sunĹrthsh den eÐnai upoqrewtikĹ monìtonh. PĹrte gia parĹdeigma thn f : (0, 2) → R pou orÐzetai apì thn

f(x) = 4 − x , 0 < x < 1

2 , x = 1

x − 1 , 1 < x < 2.

H f eÐnai 1-1, ìmwc eÐnai fjÐnousa sto (0, 1) kai aÔxousa sto (1, 2). An pĹntwc mia 1-1 sunĹrthsh eÐnai monìtonh se kĹpoio diĹsthma, tìte eÐnai gnhsÐwc monìtonh (giatÐ?).

To jeÿrhma pou akoloujeÐ deÐqnei an mia suneqăc sunĹrthsh f : I → R eÐnai èna proc èna, tìte eÐnai gnhsÐwc monìtonh.

Jeÿrhma 3.5.2 ’Estw f : I → R suneqăc kai 1-1. Tìte, h f eÐnai gnhsÐwc aÔxousa ă gnhsÐwc fjÐnousa sto I.

Apìdeixh: Epilègoume tuqaÐa dÔo shmeÐa x_0 < y_0 sto I. ’Eqoume f(x_0) ≠ f(y_0), Ĺra f(x_0) < f(y_0) ă f(x_0) > f(y_0). Upojètoume oti f(x_0) < f(y_0) kai ja deÐxoume oti h f eÐnai gnhsÐwc aÔxousa (ìmoia deÐqnoume oti an f(x_0) > f(y_0) tìte h f eÐnai gnhsÐwc fjÐnousa).

’Estw x_1, y_1 ∈ I me x_1 < y_1. Jèloume na deÐxoume oti f(x_1) < f(y_1). JewroÔme tic sunartăseic h, g : [0, 1] → I me

h(t) = (1 − t)x_0 + tx_1 , g(t) = (1 − t)y_0 + ty_1.

Parathrăste oti h(t), g(t) ∈ I gia kĹje t ∈ [0, 1] (kajÿc to t diatrèqei to [0, 1], to h(t) kineÐtai apì to x_0 proc to x_1 kai to g(t) kineÐtai apì to y_0 proc to y_1 - afoÔ to I eÐnai diĹsthma, ta h(t), g(t) mènoun mèsa sfl autì).

Parathrăste epÐshc oti, lìgw twn x_0 < y_0 kai x_1 < y_1 èqoume

h(t) = (1 − t)x_0 + tx_1 < (1 − t)y_0 + ty_1 = g(t)

gia kĹje t ∈ [0, 1]. OrÐzoume H(t) = f(h(t))−f(g(t)). H H eÐnai suneqăc sunĹrthsh apì to Jeÿrhma 3.5.1. AfoÔ h(t) ≠ g(t) kai h f eÐnai 1-1, paÐrnoume H(t) ≠ 0 gia kĹje t ∈ [0, 1]. ’Omwc, H(0) = f(h(0)) − f(g(0)) = f(x_0) − f(y_0) < 0 apì thn upìjesă mac. ’Epetai oti H(t) < 0 gia kĹje t ∈ [0, 1]: an h H èpairne kĹpou jetikă timă, tìte ja èpairne kai thn timă 0 apì to jeÿrhma endiĹmeshc timăc (Ĺtopo). ’Eqoume loipìn f(h(t)) < f(g(t)) gia kĹje t ∈ [0, 1].

Eidikìtera, f(h(1)) < f(g(1)), dhladă f(x_1) < f(y_1). □

Den eÐnai dÔskolo na perigrĹyei kaneÐc thn eikìna f(I) miac suneqoÔc kai 1-1 sunĹrthshc f : I → R. Ac upojèsoume gia parĹdeigma oti to I eÐnai èna kleistì diĹsthma [a, b] kai oti h f eÐnai gnhsÐwc aÔxousa (apì to Jeÿrhma 3.5.2 h f eÐnai gnhsÐwc monìtonh). Tìte, h eikìna thc f eÐnai to kleistì diĹsthma [f(a), f(b)]. PrĹgmati, an a < x < b tìte f(a) < f(x) < f(b), dhladă f(x) ∈ [f(a), f(b)]. AntÐstrofa, an f(a) < c < f(b), apì to jeÿrhma endiĹmeshc timăc upĹrqei x ∈ (a, b) me f(x) = c.

An to I eÐnai diĹsthma anoiktì se kĹpoio ă kai sta dÔo apì ta Ĺkra tou (ă diĹsthma me Ĺkro kĹpoio apì ta ±∞), tìte qreiĹzetai perissìterh prosoqă. PĹli ìmwc, h eikìna f(I) thc f eÐnai kĹpoio diĹsthma I^′. OrÐzoume tìte thn antÐstrofh sunĹrthsh f^{−1} : I^′ → I thc f wc exăc: an y ∈ I^′, upĹrqei monadikì x ∈ I t.w. f(x) = y (h monadikìthta ofeÐletai sto oti h f eÐnai 1-1). Jètoume f^{−1}(y) = x. Dhladă, f^{−1}(y) = x ⇐⇒ f(x) = y. Paratărhsh: H f^{−1} èqei thn Ðdia monotonÐa me thn f. Gia parĹdeigma, ac upojèsoume oti h f eÐnai gnhsÐwc aÔxousa. ’Estw y_1, y_2 ∈ I^′ me y_1 < y_2. An ătan f^{−1}(y_1) ≥ f^{−1}(y_2), tìte ja eÐqame

f(f^{−1}(y_1)) ≥ f(f^{−1}(y_2)), dhladă y_1 ≥ y_2.

Autì eÐnai Ĺtopo, Ĺra f^{−1}(y_1) < f^{−1}(y_2), to opoÐo shmaÐnei oti h f^{−1} eÐnai gnhsÐwc aÔxousa.

Skopìc mac eÐnai na deÐxoume oti h antÐstrofh suneqoÔc kai 1-1 sunĹrthshc eÐnai epÐshc suneqăc.

Jeÿrhma 3.5.3 ’Estw f : I → R suneqăc kai 1-1 sunĹrthsh. Tìte, h f^{−1} eÐnai suneqăc.

Apìdeixh: MporoÔme na upojèsoume oti h f eÐnai gnhsÐwc aÔxousa. ’Estw y_0 ∈ I^′. Upojètoume oti to y_0 den eÐnai Ĺkro tou I^′ (oi Ĺllec periptÿseic elègqontai ìmoia). Tìte, y_0 = f(x_0) gia kĹpoio eswterikì shmeÐo tou I.

’Estw ε > 0. MporoÔme na upojèsoume oti x_0 − ε, x_0 + ε ∈ I (oÔtwc ă Ĺllwc, gia na elègxoume th sunèqeia mac endiafèroun ta mikrĹ ε > 0). Jèloume na broÔme δ > 0 t.w. |y − y_0| < δ kai y ∈ I^′ =⇒ |f^{−1}(y) − x_0| < ε. Gia thn epilogă tou δ douleÔoume wc exăc: afoÔ f(x_0 −ε) < y = f(x_0) < f(x_0 +ε), upĹrqoun δ_1, δ_2 > 0 t.w. f(x_0 − ε) = y_0 − δ_1 kai f(x_0 + ε) = y_0 + δ_2. Epilègoume δ = min{δ_1, δ_2} > 0.

An |y − y_0| < δ, tìte f(x_0 − ε) < y < f(x_0 + ε). Apì to jeÿrhma endiĹmeshc timăc, upĹrqei x ∈ I t.w. f(x) = y. To x eÐnai monadikì giatÐ h f eÐnai 1-1, kai

x_0 − ε < x < x_0 + ε

(giatÐ?). ’Ara, |f^{−1}(y) − f^{−1}(y_0)| = |x − x_0| < ε. Dhladă, h f^{−1} eÐnai suneqăc sto y_0. □

3.6 Askăseic

1. Qrhsimopoiÿntac ton orismì, deÐxte oti

lim_{x→0} √ 1 + x − √ 1 − x x = 1 kai lim_{x→+∞} √ x (√ x + a − √ x ) = a 2 , a ∈ R. BreÐte to pedÐo orismoÔ thc sunĹrthshc se kĹje mia apì tic parapĹnw periptÿseic. BebaiwjeÐte oti to x_0 (0 ă +∞ antÐstoiqa) eÐnai shmeÐo sussÿreushc tou pedÐou orismoÔ.

2. DeÐxte oti an a, b > 0 tìte

lim_{x→0+} x a [ b x ] = b a kai lim_{x→0+} b x [ x a ] = 0.

Ti gÐnetai ìtan x → 0^−? 3. JewroÔme thn sunĹrthsh h(x) = { 1 , x ∈ Q x , x /∈ Q. Meletăste to lim_{x→x0} h(x), x_0 ∈ R.

4. Meletăste wc proc th sunèqeia th sunĹrthsh f : [0, 1] → R me

f(x) = 0 , x /∈ Q ă x = 0 1 q , x =^p_q , p, q ∈ N, MKD(p, q) = 1.

5. ’Estw f : A → R kai x_0 ∈ A. An h f eÐnai suneqăc sto x_0 kai f(x_0) ≠ 0, deÐxte oti 1. an f(x_0) > 0, upĹrqei δ > 0 t.w. an |x − x_0| < δ kai x ∈ A tìte f(x) >

f (x_0)

2 > 0.

2. an f(x_0) < 0, upĹrqei δ > 0 t.w. an |x − x_0| < δ kai x ∈ A tìte f(x) <

f (x_0)

2 < 0.

6. ’Estw f suneqăc sto [a, b] kai f(x) = 0 gia kĹje x ∈ Q ∩ [a, b]. DeÐxte oti f(x) = 0 gia kĹje x ∈ [a, b].

7. ’Estw f : [a, b] → R suneqăc. OrÐzoume mia sunĹrthsh g wc exăc:

g(x) = f(a) , x = a max{f(t) : a ≤ t ≤ x} , a < x ≤ b. DeÐxte oti h g eÐnai suneqăc sto [a, b].

8. ’Estw f : [a, b] → R suneqăc. Upojètoume oti h f den èqei topikì mègisto ă elĹqisto se kanèna shmeÐo tou (a, b). DeÐxte oti h f eÐnai monìtonh sto (a, b). 9. ’Estw f : [a, b] → R suneqăc sunĹrthsh. An h f èqei topikì mègisto se dÔo diaforetikĹ shmeÐa x_1, x_2 tou [a, b], tìte upĹrqei x_3 anĹmesa sta x_1, x_2 sto opoÐo h f èqei topikì elĹqisto.

10. ’Estw a < b. DeÐxte oti h exÐswsh

x^2 + 1 x − a + x^6 + 1 x − b = 0 èqei toulĹqiston mia lÔsh sto (a, b).

11. ’Estw f : [a, b] → R suneqăc. Upojètoume oti gia kĹje x ∈ [a, b] upĹrqei y ∈ [a, b] tètoio ÿste |f(y)| ≤ |f(x)| 2 . DeÐxte oti upĹrqei z ∈ [a, b] tètoio ÿste f(z) = 0.

12. ’Estw P (x) = a_mx^m + . . . + a_1x + a_0 poluÿnumo me thn idiìthta a_0a_m < 0. DeÐxte oti h exÐswsh P (x) = 0 èqei jetikă pragmatikă rÐza.

13. ’Estw f : [0, 1] → R suneqăc sunĹrthsh me thn idiìthta f(x) ∈ Q gia kĹje x ∈ [0, 1]. DeÐxte oti h f eÐnai stajeră sunĹrthsh.

14. ’Estw f, g : [a, b] → R suneqeÐc sunartăseic pou ikanopoioÔn thn f^2(x) = g^2(x) gia kĹje x ∈ [a, b]. Upojètoume epÐshc oti f(x) ≠ 0 gia kĹje x ∈ [a, b]. DeÐxte oti g ≡ f ă g ≡ −f sto [a, b]. 15. ’Estw f : [0, 2] → R suneqăc sunĹrthsh me f(0) = f(2). DeÐxte oti upĹrqoun x, y ∈ [0, 2] me |x − y| = 1 kai f(x) = f(y).

16. ’Estw f : [a, b] → R suneqăc sunĹrthsh, kai x_1, x_2, . . . , x_n ∈ [a, b]. DeÐxte oti upĹrqei y ∈ [a, b] tètoio ÿste f(y) = f(x_1) + f(x_2) + · · · + f(x_n) n . 17. ’Estw f : R → R suneqăc sunĹrthsh me thn idiìthta f(x) = f ( x +^1_n ) gia kĹje x ∈ R kai kĹje n ∈ N. DeÐxte oti h f eÐnai stajeră.

18. ’Estw f : [a, b] → R aÔxousa sunĹrthsh. DeÐxte oti h f eÐnai suneqăc sto a an kai mìno an f(a) = inf{f(x) : a < x ≤ b}. 19. ’Estw f, g : [a, b] → R suneqeÐc sunartăseic tètoiec ÿste f(x) > g(x) gia kĹje x ∈ [a, b]. DeÐxte oti upĹrqei ρ > 0 t.w. f(x) > g(x) + ρ gia kĹje x ∈ [a, b].

20. ’Estw f : R → R suneqăc sunĹrthsh t.w. f(x) > 0 gia kĹje x ∈ R kai lim x→−∞ f(x) = limx→+∞ f(x) = 0. DeÐxte oti h f paÐrnei mègisth timă: upĹrqei y ∈ R t.w. f(y) ≥ f(x) gia kĹje x ∈ R. 21. ’Estw f : R → R suneqăc kai fjÐnousa sunĹrthsh. DeÐxte oti h f èqei monadikì stajerì shmeÐo: upĹrqei akribÿc ènac pragmatikìc arijmìc x_0 gia ton opoÐo f(x_0) = x_0.

22. Upojètoume oti h f eÐnai suneqăc sto [0, 1] kai f(0) = f(1). ’Estw n ∈ N. DeÐxte oti upĹrqei x ∈ [ 0, 1 −^1_n ] t.w. f(x) = f ( x +^1_n ) . 23. ’Estw f : [a, b] → R suneqăc sunĹrthsh kai x_1, x_2 ∈ [a, b]. DeÐxte oti gia kĹje t ∈ [0, 1] upĹrqei y_t ∈ [a, b] t.w.

f(y_t) = tf(x_1) + (1 − t)f(x_2).

24. ’Estw f : [−1, 1] → R suneqăc sunĹrthsh pou ikanopoieÐ thn x^2 + f^2(x) = 1 gia kĹje x ∈ [−1, 1]. DeÐxte oti eÐte f(x) = √ 1 − x^2 gia kĹje x ∈ [−1, 1] ă f(x) = − √ 1 − x^2 gia kĹje x ∈ [−1, 1].

25. ’Estw f : [a, b] → R kai x_0 ∈ (a, b). DeÐxte oti h f eÐnai suneqăc sto x_0 an kai mìno an gia kĹje monìtonh akoloujÐa (x_n) shmeÐwn tou [a, b] me x_n → x_0 isqÔei f(x_n) → f(x_0).

26. ’Estw f, g : R → R tètoiec ÿste lim_{x→+∞} f(x) = a kai lim_{x→+∞} g(x) = a. DeÐxte oti lim_{x→+∞}(g ∘ f)(x) = a.

27. ’Estw f : R → R periodikă sunĹrthsh me perÐodo T > 0. Upojètoume oti upĹrqei to lim_{x→+∞} f(x) = b. DeÐxte oti h f eÐnai stajeră.

28. ’Estw f : A → R. Upojètoume oti gia kĹje ε > 0 upĹrqei suneqăc sunĹrthsh g_ε : A → R me thn idiìthta: |f(x) − g_ε(x)| < ε gia kĹje x ∈ A. DeÐxte oti h f eÐnai suneqăc.

29. ’Estw f, g : [0, 1] → [0, 1] suneqeÐc sunartăseic. Upojètoume oti h f eÐnai aÔxousa kai g ∘ f = f ∘ g. DeÐxte oti oi f kai g èqoun koinì stajerì shmeÐo: upĹrqei y ∈ [0, 1] tètoio ÿste f(y) = y kai g(y) = y. [Upìdeixh: Xèroume oti upĹrqei x_1 ∈ [0, 1] me g(x_1) = x_1. An isqÔei kai h f(x_1) = x_1, èqoume teleiÿsei.

An ìqi, jewrăste thn akoloujÐa x_{n+1} = f(x_n), deÐxte oti eÐnai monìtonh kai oti ìloi oi ìroi thc eÐnai stajerĹ shmeÐa thc g. To ìriì thc ja eÐnai koinì stajerì shmeÐo twn f kai g (giatÐ?).]

30. (To Lămma tou anatèllontoc hlÐou) ’Estw f : R → R suneqăc sunĹrthsh. Lème oti h f èqei shmeÐo skiĹc sto x an mporoÔme na broÔme y > x me f(y) > f(x) (sqediĹste mia sunĹrthsh me polloÔc {lìfouc} kai {koilĹdec} kai breÐte ta shmeÐa skiĹc thc gia na exoikeiwjeÐte me ton orismì).

Upojètoume oti upĹrqei èna diĹsthma (a, b) t.w. kĹje x ∈ (a, b) na eÐnai shmeÐo skiĹc thc f allĹ ta Ĺkra a kai b na mhn eÐnai shmeÐa skiĹc thc f. (a) DeÐxte oti an x ∈ (a, b) tìte f(x) ≤ f(b). [Upìdeixh: ’Estw A_x = {y ∈ [x, b] : f(x) ≤ f(y)}. DeÐxte oti sup A_x = b.]

(b) DeÐxte oti f(a) ≤ f(b). [Upìdeixh: H f eÐnai suneqăc sto a.] (g) DeÐxte oti f(a) = f(b). [Upìdeixh: To a den eÐnai shmeÐo skiĹc thc f.]

62

KefĹlaio 4

Omoiìmorfh sunèqeia

4.1 ArqikĹ paradeÐgmata - orismìc

Ac jewrăsoume thn sunĹrthsh f(x) = x, x ∈ R. GnwrÐzoume oti h f eÐnai suneqăc sto R, kĹti pou eÔkola epibebaiÿnoume austhrĹ qrhsimopoiÿntac ton {eyilontikì} orismì:

’Estw x_0 ∈ R kai ε > 0. ZhtĹme δ > 0 tètoio ÿste |x − x_0| < δ =⇒ |f(x) − f(x_0)| < ε dhladă |x − x_0| < ε. H epilogă tou δ eÐnai profanăc: arkeÐ na pĹroume δ = ε. Parathrăste oti to δ pou brăkame exartĹtai mìno apì to ε pou dìjhke kai ìqi apì to sugkekrimèno shmeÐo x_0. H sunĹrthsh f metabĹlletai me ton {Ðdio rujmì} se olìklhro to pedÐo orismoÔ thc: an x, y ∈ R kai |x − y| < ε, tìte |f(x) − f(y)| < ε. Ac doÔme tÿra ti gÐnetai me thn sunĹrthsh g(x) = x^2. EÐnai pĹli gnwstì oti h g eÐnai suneqăc sto R (afoÔ g = f · f). An jelăsoume na to epibebaiÿsoume me ton eyilontikì orismì, jewroÔme x_0 ∈ R kai ε > 0, kai zhtĹme δ > 0 me thn idiìthta |x − x_0| < δ =⇒ |x^2 − x^2_0| < ε. An 0 < δ ≤ 1, èqoume

|x^2 − x^2_0| = |x − x_0| · |x + x_0| ≤ (|x| + |x_0|) · |x − x_0| ≤ (2|x_0| + 1)|x − x_0|.

An loipìn epilèxoume δ = min { 1,^ε_{2|x0|+1} } , tìte

|x − x_0| < δ =⇒ |x^2 − x^2_0| < (2|x_0| + 1)δ ≤ ε.

’Ara, h g eÐnai suneqăc sto x_0. Parathrăste ìmwc oti to δ pou epilèxame den exartĹtai mìno apì to ε pou mac dìjhke, allĹ kai apì to shmeÐo x_0 sto opoÐo elègqoume thn sunèqeia thc g. ’Oso pio makriĹ brÐsketai to x_0 apì to 0, tìso pio mikrì prèpei na epilèxoume to δ. Den upĹrqei kĹpoia omoiìmorfh epilogă tou δ pou na douleÔei gia dojèn ε kai kĹje x_0 ∈ R.

Autì faÐnetai apì ton exăc aplì upologismì: an x_0 > 0, tìte

|(x_0 + δ)^2 − x^2_0| = |δ^2 + 2δx_0| ≥ 2δx_0.

’Oso mikrì ki an gÐnei to δ, h posìthta 2δx_0 den mporeÐ na paramènei mikrìterh apì ε gia kĹje x_0 > 0.

’Askhsh Jewrăste thn g(x) = x^2 periorismènh sto kleistì diĹsthma [−M, M], ìpou M > 0. DÐnetai ε > 0. DeÐxte oti o δ(ε) = min { 1,^ε_{2M+1} } exasfalÐzei thn |x − x_0| < δ =⇒ |x^2 − x^2_0| < ε gia kĹje x_0 ∈ [−M, M].

Ta paradeÐgmata pou dÿsame deÐqnoun mia {parĹleiyă} mac ston orismì thc sunèqeiac. ’Enac pio prosektikìc orismìc ja ătan o exăc:

H f eÐnai suneqăc sto x_0 an gia kĹje ε > 0 upĹrqei δ(ε, x_0) > 0 tètoioc ÿste: an |x − x_0| < δ tìte |f(x) − f(x_0)| < ε.

O sumbolismìc δ(x_0, ε) ja èdeiqne oti to δ exartĹtai tìso apì to ε ìso kai apì to shmeÐo x_0. Sunartăseic ìpwc h f(x) = x pou mac epitrèpoun na epilègoume to δ anexĹrthta apì to x_0 dikaioÔntai xeqwristă melèth:

Orismìc ’Estw f : A → R mia sunĹrthsh. Lème oti h f eÐnai omoiìmorfa suneqăc sto A an gia kĹje ε > 0 mporoÔme na broÔme δ = δ(ε) > 0 t.w. an x, y ∈ A kai |x − y| < δ, tìte |f(x) − f(y)| < ε. ParadeÐgmata (a) H f(x) = x eÐnai omoiìmorfa suneqăc sto R. (b) H g(x) = x^2 eÐnai omoiìmorfa suneqăc se kĹje kleistì diĹsthma [−M, M], M > 0, ìqi ìmwc sto R (giatÐ?).

Paratărhsh An h f : A → R eÐnai omoiìmorfa suneqăc, tìte eÐnai suneqăc. PrĹgmati: èstw x_0 ∈ A kai ε > 0. Apì ton orismì thc omoiìmorfhc sunèqeiac, upĹrqei δ > 0 t.w. an x, y ∈ A kai |x − y| < δ tìte |f(x) − f(y)| < ε.

Epilègoume autì to δ. An x ∈ A kai |x−x_0| < δ, tìte |f(x)−f(x_0)| < ε (pĹrte y = x_0). AfoÔ to ε > 0 ătan tuqìn, h f eÐnai suneqăc sto x_0.

4.2 Qarakthrismìc thc omoiìmorfhc sunèqeiac mèsw akoloujiÿn

JumhjeÐte ton qarakthrismì thc sunèqeiac mèsw akoloujiÿn: an f : A → R, tìte h f eÐnai suneqăc sto x_0 ∈ A an kai mìno an gia kĹje akoloujÐa (x_n) me x_n ∈ A kai x_n → x_0, isqÔei f(x_n) → f(x_0).

O antÐstoiqoc qarakthrismìc thc omoiìmorfhc sunèqeiac èqei wc exăc:

Jeÿrhma 4.2.1 ’Estw f : A → R mia sunĹrthsh. H f eÐnai omoiìmorfa suneqăc sto A an kai mìno an gia kĹje zeugĹri akoloujiÿn (x_n), (y_n) sto A me x_n − y_n → 0 isqÔei f(x_n) − f(y_n) → 0. Apìdeixh: Upojètoume prÿta oti h f eÐnai omoiìmorfa suneqăc sto A. ’Estw (x_n), (y_n) dÔo akoloujÐec sto A me x_n −y_n → 0. Ja deÐxoume oti f(x_n)−f(y_n) → 0:

’Estw ε > 0. Apì ton orismì thc omoiìmorfhc sunèqeiac, upĹrqei δ > 0 t.w. (∗) x, y ∈ A kai |x − y| < δ =⇒ |f(x) − f(y)| < ε. AfoÔ x_n − y_n → 0, upĹrqei n_0(δ) ∈ N tètoioc ÿste: an n ≥ n_0 tìte |x_n − y_n| < δ. ’Estw n ≥ n_0. Tìte, |x_n − y_n| < δ kai x_n, y_n ∈ A, opìte h (∗) dÐnei |f(x_n) − f(y_n)| < ε. AfoÔ to ε > 0 ătan tuqìn, sumperaÐnoume oti f(x_n) − f(y_n) → 0.

AntÐstrofa: ac upojèsoume oti

x_n, y_n ∈ A kai x_n − y_n → 0 =⇒ f(x_n) − f(y_n) → 0.

Ja deÐxoume oti h f eÐnai omoiìmorfa suneqăc sto A. ’Estw oti den eÐnai. Tìte, upĹrqei ε > 0 me thn exăc idiìthta:

Gia kĹje δ > 0 upĹrqoun x_δ , y_δ ∈ A me |x_δ − y_δ| < δ allĹ |f(x_δ ) − f(y_δ)| ≥ ε. Epilègontac diadoqikĹ δ = 1, 1/2, . . . , 1/n, . . ., brÐskoume zeugĹria x_n, y_n ∈ A t.w. |x_n − y_n| <^1_n allĹ |f(x_n) − f(y_n)| ≥ ε. JewroÔme tic akoloujÐec (x_n), (y_n). Apì thn kataskeuă èqoume x_n − y_n → 0, allĹ den mporeÐ na isqÔei h f(x_n) − f(y_n) → 0 (giatÐ?). Autì eÐnai Ĺtopo, Ĺra h f eÐnai omoiìmorfa suneqăc sto A. □ ParadeÐgmata (a) JewroÔme thn sunĹrthsh f(x) =^1_x sto (0, 1]. H f eÐnai suneqăc allĹ den eÐnai omoiìmorfa suneqăc. Gia na to doÔme, arkeÐ na broÔme dÔo akoloujÐec (x_n), (y_n) sto (0, 1] pou na ikanopoioÔn thn x_n − y_n → 0 allĹ na mhn ikanopoioÔn thn^1_{xn} −^1_{yn} → 0.

PaÐrnoume x_n =^1_n kai y_n =^1_{2n} . Tìte, x_n, y_n ∈ (0, 1] kai

x_n − y_n = 1 n − 1 2n = 1 2n → 0 allĹ f(x_n) − f(y_n) = 1 x_n − 1 y_n = n − 2n = −n → −∞. (b) JewroÔme thn sunĹrthsh g(x) = x^2 sto R. OrÐzoume x_n = n +^1_n kai y_n = n. Tìte, x_n − y_n = 1 n → 0 allĹ g(x_n) − g(y_n) = ( n + 1 n )_2 − n^2 = 2 + 1 n^2 → 2 ≠ 0. ’Ara, h g den eÐnai omoiìmorfa suneqăc sto R.

Paratărhsh To Jeÿrhma 4.2.1 deÐqnei ki autì oti kĹje omoiìmorfa suneqăc sunĹrthsh eÐnai suneqăc: èstw f : A → R omoiìmorfa suneqăc sunĹrthsh kai èstw x_0 ∈ A. ’Estw (x_n) akoloujÐa sto A me x_n → x_0. JewroÔme thn stajeră akoloujÐa y_n = x_0, n ∈ N. Tìte,

x_n − y_n = x_n − x_0 → 0,

opìte to Jeÿrhma 4.2.1 mac dÐnei

f(x_n) − f(x_0) = f(x_n) − f(y_n) → 0,

dhladă f(x_n) → f(x_0). Apì to Jeÿrhma 3.3.1 h f eÐnai suneqăc sto x_0.

4.3 Omoiìmorfh sunèqeia suneqÿn sunartăsewn se kleistĹ diastămata

Stic prohgoÔmenec paragrĹfouc eÐdame oti h sunĹrthsh g(x) = x^2 den eÐnai omoiìmorfa suneqăc sto I = R allĹ eÐnai omoiìmorfa suneqăc se kĹje diĹsthma thc morfăc I = [−M, M], M > 0 (osodăpote megĹlo ki an eÐnai to M). Autì pou isqÔei genikĹ eÐnai oti kĹje sunĹrthsh f : [a, b] → R pou eÐnai suneqăc eÐnai kai omoiìmorfa suneqăc:

Jeÿrhma 4.3.1 ’Estw f : [a, b] → R suneqăc sunĹrthsh. Tìte, h f eÐnai omoiìmorfa suneqăc sto [a, b].

Apìdeixh: Ac upojèsoume oti h f den eÐnai omoiìmorfa suneqăc. Tìte, ìpwc sthn apìdeixh tou Jewrămatoc 4.2.1, mporoÔme na broÔme ε > 0 kai dÔo akoloujÐec (x_n), (y_n) sto [a, b] me x_n − y_n → 0 kai |f(x_n) − f(y_n)| ≥ ε gia kĹje n ∈ N.

Oi (x_n) kai (y_n) eÐnai fragmènec akoloujÐec (giatÐ?). Apì to Jeÿrhma Bolzano- Weierstrass, upĹrqoun upakoloujÐa (x_{nk} ) thc (x_n) kai x ∈ [a, b] me x_{nk} → x. Tìte, y_{nk} = x_{nk} − (x_{nk} − y_{nk} ) → x − 0 = x. Apì thn sunèqeia thc f sto x èpetai oti f(x_{nk} ) → f(x) kai f(y_{nk} ) → f(x).

Dhladă, f(x_{nk} ) − f(y_{nk} ) → 0. Autì eÐnai Ĺtopo afoÔ eÐqame |f(x_n) − f(y_n)| ≥ ε gia kĹje n ∈ N. ’Ara, h f eÐnai omoiìmorfa suneqăc sto [a, b]. □

Paratărhsh To gegonìc oti h f ătan orismènh sto kleistì diĹsthma [a, b] qrhsimopoiăjhke me dÔo trìpouc. Prÿton, mporèsame na broÔme sugklÐnousec upakoloujÐec twn (x_n), (y_n) (jeÿrhma Bolzano-Weierstrass). DeÔteron, mporoÔsame na poÔme oti to koinì ìrio x autÿn twn upakoloujiÿn exakoloujeÐ na brÐsketai sto pedÐo orismoÔ [a, b] thc f. Qrhsimopoiăsame dhladă to exăc: an a ≤ z_n ≤ b kai z_n → z, tìte a ≤ z ≤ b. ’Askhsh ApodeÐxte to Jeÿrhma 4.3.1 qrhsimopoiÿntac ton eyilontikì orismì. Ta bămata eÐnai ta exăc (upojètoume oti f : [a, b] → R eÐnai mia suneqăc sunĹrthsh kai oti mac èqoun dÿsei kĹpoio ε > 0). (a) OrÐzoume A = {z ∈ [a, b] : ∃δ > 0 t.w. an x, y ∈ [a, z] kai |x − y| < δ tìte |f(x) − f(y)| < ε}. DeÐxte oti to A eÐnai mh kenì kai Ĺnw fragmèno.

(b) ’Estw ρ = sup A. DeÐxte oti ρ = b. [Upìdeixh: An ρ < b, breÐte h > 0 t.w. ρ + h ∈ A.] (g) DeÐxte oti to b = sup A anăkei sto A.

’Ara, upĹrqei δ > 0 t.w. an x, y ∈ [a, b] kai |x − y| < δ, tìte |f(x) − f(y)| < ε. Autì shmaÐnei oti h f eÐnai omoiìmorfa suneqăc sto [a, b]. H apìdeixh pou dÿsame eÐnai polÔ pio aplă, o lìgoc ìmwc eÐnai oti qrhsimopoiăsame polÔ shmantikĹ apotelèsmata ìpwc to jeÿrhma Bolzano-Weierstrass.

4.4 ParadeÐgmata kai efarmogèc

’Ola ta paradeÐgmata suneqÿn allĹ ìqi omoiìmorfa suneqÿn sunartăsewn pou sunantăsame wc tÿra ătan paradeÐgmata mh fragmènwn sunartăsewn.

OrÐzoume f(x) = cos(x^2), x ∈ R. H f eÐnai suneqăc sto R kai |f(x)| ≤ 1 gia kĹje x ∈ R. ’Omwc h f den eÐnai omoiìmorfa suneqăc: gia na to deÐte, jewrăste tic akoloujÐec x_n = √ (n + 1)π kai y_n = √ nπ. Tìte,

x_n − y_n = √ (n + 1)π − √ nπ = (n + 1)π − nπ √ (n + 1)π + √ nπ = π √ (n + 1)π + √ nπ → 0, allĹ |f(x_n) − f(y_n)| = | cos((n + 1)π) − cos(nπ)| = 2

gia kĹje n ∈ N. Apì to Jeÿrhma 4.2.1 èpetai to sumpèrasma. UpĹrqoun loipìn fragmènec suneqeÐc sunartăseic pou den eÐnai omoiìmorfa suneqeÐc (sqediĹste thn grafikă parĹstash thc cos(x^2) gia na deÐte to lìgo: gia megĹla x, h f anebaÐnei apì thn timă −1 sthn timă 1 kai katebaÐnei apì thn timă 1 sthn timă −1 ìlo kai pio grăgora - se kĹpoia diastămata, o rujmìc metabolăc thc gÐnetai polÔ megĹloc).

Jeÿrhma 4.4.1 ’Estw f : A → R omoiìmorfa suneqăc sunĹrthsh kai (x_n) akoloujÐa Cauchy sto A. Tìte, h (f(x_n)) eÐnai akoloujÐa Cauchy.

Apìdeixh: ’Estw ε > 0. UpĹrqei δ > 0 t.w. an x, y ∈ A kai |x − y| < δ tìte |f(x) − f(y)| < ε. H (x_n) eÐnai akoloujÐa Cauchy, Ĺra upĹrqei n_0(δ) t.w. m, n ≥ n_0(δ) =⇒ |x_n − x_m| < δ. ’Omwc tìte, m, n ≥ n_0(δ) =⇒ |x_n − x_m| < δ =⇒ |f(x_n) − f(x_m)| < ε. AfoÔ to ε > 0 ătan tuqìn, h (f(x_n)) eÐnai akoloujÐa Cauchy. □

To prohgoÔmeno jeÿrhma deÐqnei oti kĹje omoiìmorfa suneqăc sunĹrthsh stèlnei akoloujÐec Cauchy se akoloujÐec Cauchy. Autì den eÐnai genikĹ swstì gia suneqeÐc sunartăseic: jewrăste thn f(x) =^1_x sto (0, 1]. H x_n =^1_n eÐnai akoloujÐa Cauchy sto (0, 1], ìmwc h f(x_n) = n den eÐnai akoloujÐa Cauchy.

EÐdame oti kĹje suneqăc sunĹrthsh f orismènh se kleistì diĹsthma eÐnai omoiìmorfa suneqăc. Ja exetĹsoume to exăc erÿthma:

’Estw f : (a, b) → R suneqăc sunĹrthsh. Pÿc mporoÔme na elègxoume an h f eÐnai omoiìmorfa suneqăc sto (a, b)?

Jeÿrhma 4.4.2 ’Estw f : (a, b) → R suneqăc sunĹrthsh. H f eÐnai omoiìmorfa suneqăc sto (a, b) an kai mìno an upĹrqoun ta lim_{x→a}+ f(x) kai lim_{x→b}− f(x).

Apìdeixh: Upojètoume prÿta oti upĹrqoun ta lim_{x→a}+ f(x) kai lim_{x→b}− f(x). OrÐzoume mia {epèktash} g thc f sto [a, b], jètontac

g(x) = lim_{y→a}+ f(y) , x = a f(x) , a < x < b lim_{y→b}− f(y) , x = b.

H g eÐnai suneqăc sto kleistì diĹsthma [a, b] (giatÐ?), Ĺra omoiìmorfa suneqăc. Ja deÐxoume oti h f eÐnai ki aută omoiìmorfa suneqăc sto (a, b). ’Estw ε > 0. AfoÔ h g eÐnai omoiìmorfa suneqăc, upĹrqei δ > 0 t.w. an x, y ∈ [a, b] kai |x − y| < δ tìte |g(x) − g(y)| < ε.

JewroÔme x, y ∈ (a, b) me |x − y| < δ. Tìte, apì ton orismì thc g èqoume |f(x) − f(y)| = |g(x) − g(y)| < ε. AntÐstrofa, upojètoume oti h f eÐnai omoiìmorfa suneqăc sto (a, b) kai deÐqnoume oti upĹrqei to lim_{x→a}+ f(x) (h Ôparxh tou Ĺllou pleurikoÔ orÐou apodeiknÔetai me ton Ðdio trìpo).

Ja deÐxoume oti an (x_n) eÐnai akoloujÐa sto (a, b) me x_n → a, tìte h (f(x_n)) sugklÐnei. Autì eÐnai Ĺmeso apì to Jeÿrhma 4.4.2: h (x_n) sugklÐnei, Ĺra h (x_n) eÐnai akoloujÐa Cauchy, Ĺra h (f(x_n)) eÐnai akoloujÐa Cauchy, Ĺra h (f(x_n)) sugklÐnei se kĹpoion pragmatikì arijmì L.

EpÐshc, to ìrio thc (f(x_n)) eÐnai anexĹrthto apì thn epilogă thc (x_n): èstw (y_n) mia Ĺllh akoloujÐa sto (a, b) me y_n → a. Tìte, x_n −y_n → 0. Apì to Jeÿrhma 4.2.1, f(x_n) − f(y_n) → 0. Xèroume ădh oti lim f(x_n) = L, Ĺra f(y_n) = f(x_n) − (f(x_n) − f(y_n)) → L + 0 = L.

MporoÔme tÿra na deÐxoume oti lim_{x→a}+ f(x) = L (Ĺskhsh: mimhjeÐte thn apìdeixh tou qarakthrismoÔ thc sunèqeiac mèsw akoloujiÿn). □ Orismìc ’Estw f : A → R mia sunĹrthsh. Lème oti

• h f eÐnai Lipschitz suneqăc an upĹrqei M > 0 t.w. gia kĹje x, y ∈ A |f(x) − f(y)| ≤ M|x − y|. • h f eÐnai sustolă an upĹrqei 0 < M < 1 t.w. gia kĹje x, y ∈ A |f(x) − f(y)| ≤ M|x − y|. Profanÿc, kĹje sustolă eÐnai Lipschitz suneqăc.

Jeÿrhma 4.4.3 KĹje Lipschitz suneqăc sunĹrthsh eÐnai omoiìmorfa suneqăc. Apìdeixh: ’Estw f : A → R kai M > 0 t.w. |f(x) − f(y)| ≤ M|x − y| gia kĹje x, y ∈ A. An mac dÿsoun ε > 0, epilègoume δ =^ε_M . Tìte, gia kĹje x, y ∈ A me |x − y| < δ èqoume |f(x) − f(y)| ≤ M|x − y| ≤ Mδ = ε. ’Epetai oti h f eÐnai omoiìmorfa suneqăc sto A. □

Jeÿrhma 4.4.4 (Jeÿrhma stajeroÔ shmeÐou, Banach) ’Estw f : R → R sustolă. UpĹrqei monadikì y ∈ R t.w. f(y) = y.

Apìdeixh: Apì thn upìjesh upĹrqei 0 < M < 1 t.w. |f(x) − f(y)| ≤ M|x − y| gia kĹje x, y ∈ R. H f eÐnai Lipschitz suneqăc, Ĺra omoiìmorfa suneqăc. Epilègoume tuqìnta x_1 ∈ R. OrÐzoume mia akoloujÐa (x_n) mèsw thc x_{n+1} = f(x_n), n ∈ N. Tìte, |x_{n+1} − x_n| = |f(x_n) − f(x_{n−1})| ≤ M|x_n − x_{n−1}| gia kĹje n ≥ 2. EpagwgikĹ apodeiknÔoume oti |x_{n+1} − x_n| ≤ M^{n−1}|x_2 − x_1| gia kĹje n ≥ 2. ’Epetai oti an n > m sto N, tìte |x_n − x_m| ≤ |x_n − x_{n−1}| + · · · + |x_{m+1} − x_m| ≤ (M^{n−2} + . . . + M^{m−1})|x_2 − x_1| = 1 − M^{n−m} 1 − M M^{m−1}|x_2 − x_1| ≤ M^{m−1} 1 − M |x_2 − x_1|. AfoÔ 0 < M < 1, èqoume M^m → 0. ’Ara, gia dojèn ε > 0 mporoÔme eÔkola na broÔme n_0(ε) t.w. an n > m ≥ n_0 na isqÔei |x_n − x_m| < ε.

Epomènwc, h (x_n) eÐnai akoloujÐa Cauchy kai autì shmaÐnei oti sugklÐnei: upĹrqei y ∈ R t.w. x_n → y. Ja deÐxoume oti f(y) = y: apì thn x_n → y kai thn sunèqeia thc f blèpoume oti f(x_n) → f(y). ’Omwc x_{n+1} = f(x_n) kai x_{n+1} → y, Ĺra f(x_n) → y. Apì thn monadikìthta tou orÐou akoloujÐac prokÔptei h f(y) = y.

To y eÐnai to monadikì stajerì shmeÐo thc f. ’Estw z ≠ y me f(z) = z. Tìte, 0 < |z − y| = |f(z) − f(y)| ≤ M|z − y|, dhladă 1 ≤ M, to opoÐo eÐnai Ĺtopo. □

ParadeÐgmata (a) Mia omoiìmorfa suneqăc sunĹrthsh den eÐnai katfl anĹgkhn Lipschitz suneqăc. Jewrăste thn f(x) = √ x sto [0, 1]. H f eÐnai suneqăc sto [0, 1], epomènwc eÐnai omoiìmorfa suneqăc. ’Omwc,

|f(1/n^2) − f(0)| = 1 n = n | | 1 n − 0 | | gia kĹje n ∈ N. An upărqe M > 0 t.w. |f(x) − f(y)| ≤ M|x − y| gia kĹje x, y ∈ [0, 1], ja èprepe na isqÔei M ≥ n gia kĹje n ∈ N (giatÐ?), to opoÐo eÐnai Ĺtopo.

(b) H sunĹrthsh f(x) = √ x eÐnai sustolă sto [1, +∞), Ĺra omoiìmorfa suneqăc.

PrĹgmati, an x, y ≥ 1 tìte |f(x) − f(y)| = | √ x − √ y| = |x − y| √ x + √ y ≤ 1 2 |x − y|.

4.5 Askăseic

1. ’Estw f : I → R kai g : J → R omoiìmorfa suneqeÐc sunartăseic t.w. {f(x) : x ∈ I} ⊆ J. DeÐxte oti h g ∘ f eÐnai omoiìmorfa suneqăc.

2. ’Estw f : [a, b] → R suneqăc sunĹrthsh kai èstw ε > 0. DeÐxte oti mporoÔme na qwrÐsoume to [a, b] se peperasmèna to plăjoc diadoqikĹ upodiastămata tou idÐou măkouc ètsi ÿste: an ta x, y anăkoun sto Ðdio upodiĹsthma, tìte |f(x) − f(y)| < ε. 3. ’Estw f : R → R suneqăc kai periodikă sunĹrthsh. Dhladă, upĹrqei T > 0 t.w. f(x + T ) = f(x) gia kĹje x ∈ R. DeÐxte oti h f eÐnai omoiìmorfa suneqăc. 4. ’Estw f : R → R suneqăc sunĹrthsh me thn exăc idiìthta: gia kĹje ε > 0 upĹrqei M = M(ε) > 0 t.w. an |x| ≥ M tìte |f(x)| < ε. DeÐxte oti h f eÐnai omoiìmorfa suneqăc.

5. ’Estw f : R → R omoiìmorfa suneqăc sunĹrthsh. DeÐxte oti upĹrqoun A, B > 0 t.w. |f(x)| ≤ A|x| + B gia kĹje x ∈ R. 6. ’Estw f : R → R suneqăc, fragmènh kai monìtonh sunĹrthsh. DeÐxte oti h f eÐnai omoiìmorfa suneqăc.

7. ’Estw A mh kenì uposÔnolo tou R. OrÐzoume f : R → R me f(x) = inf{|x − a| : a ∈ A} (f(x) eÐnai h {apìstash} tou x apì to A). DeÐxte oti (a) |f(x) − f(y)| ≤ |x − y| gia kĹje x, y ∈ R. (b) h f eÐnai omoiìmorfa suneqăc.

8. ExetĹste an oi parakĹtw sunartăseic eÐnai omoiìmorfa suneqeÐc.

1. f : R → R me f(x) = 3x + 1. 2. f : [2, +∞) → R me f(x) =^1_x . 3. f : (0, π] → R me f(x) =^1_x sin^2 x. 4. f : R → R me f(x) =^1_{x2+4} . 5. f : R → R me f(x) =^x_{1+|x|} . 6. f : [−2, 0] → R me f(x) =^x_{x2+1} . 7. f : R → R me f(x) = x sin x. 8. f : [0, +∞) → R me f(x) =^{cos(x2)}_{x+1} .

9. ’Estw f, g : I → R omoiìmorfa suneqeÐc sunartăseic. DeÐxte oti (a) h f + g eÐnai omoiìmorfa suneqăc sto I.

(b) h f · g den eÐnai anagkastikĹ omoiìmorfa suneqăc sto I, an ìmwc oi f, g upotejoÔn kai fragmènec tìte h f · g eÐnai omoiìmorfa suneqăc sto I.

10. ’Estw f : (a, b) → R omoiìmorfa suneqăc sunĹrthsh. DeÐxte oti h f eÐnai fragmènh: upĹrqei M > 0 t.w. |f(x)| ≤ M gia kĹje x ∈ (a, b).

11. (a) ’Estw f : [0, +∞) → R suneqăc sunĹrthsh. Upojètoume oti upĹrqei a > 0 t.w. h f na eÐnai omoiìmorfa suneqăc sto [a, +∞). DeÐxte oti h f eÐnai omoiìmorfa suneqăc sto [0, +∞). (b) DeÐxte oti h f(x) = √ x eÐnai omoiìmorfa suneqăc sto [0, +∞).

12. ApodeÐxte oti h sunĹrthsh f : (0, 1) ∪ (1, 2) → R me f(x) = 0 an x ∈ (0, 1) kai f(x) = 1 an x ∈ (1, 2) eÐnai suneqăc allĹ den eÐnai omoiìmorfa suneqăc.

KefĹlaio 5

To oloklărwma Riemann

5.1 O orismìc tou Darboux

Se autăn thn parĹgrafo dÐnoume ton orismì tou oloklhrÿmatoc Riemann gia fragmènec sunartăseic pou orÐzontai se èna kleistì diĹsthma. Gia mh arnhtikèc sunartăseic to oloklărwma dÐnei to embadìn tou qwrÐou pou perikleÐetai anĹmesa sto grĹfhma thc sunĹrthshc, ton orizìntio Ĺxona y = 0 kai tic katakìrufec eujeÐec x = a kai x = b.

Orismìc ’Estw [a, b] èna kleistì diĹsthma.

(a) Diamèrish tou [a, b] ja lème kĹje peperasmèno uposÔnolo Δ = {x_0, x_1, . . . , x_n} tou [a, b] me x_0 = a, x_n = b. Ja upojètoume pĹnta oti ta x_k ∈ Δ eÐnai diatetagmèna wc exăc: a = x_0 < x_1 < . . . < x_k < x_{k+1} < . . . < x_n = b. Ja grĹfoume Δ = {a = x_0 < x_1 < . . . < x_n = b} gia na tonÐsoume autăn akribÿc thn diĹtaxh. Parathrăste oti apì ton orismì, kĹje diamèrish Δ tou [a, b] perièqei toulĹqiston dÔo shmeÐa: to a kai to b (ta Ĺkra tou [a, b]).

(b) KĹje diamèrish Δ = {a = x_0 < x_1 < . . . < x_n = b} qwrÐzei to [a, b] se n upodiastămata [x_k , x_{k+1}], k = 0, 1, . . . , n − 1. OnomĹzoume plĹtoc thc diamèrishc Δ to megalÔtero apì ta măkh autÿn twn upodiasthmĹtwn. Dhladă, to plĹtoc thc diamèrishc isoÔtai me

max{x_1 − x_0, x_2 − x_1, . . . , x_n − x_{n−1}}.

Parathrăste oti den apaitoÔme autĹ ta n upodiastămata na èqoun to Ðdio măkoc (ta x_k den eÐnai upoqrewtikì na isapèqoun).

(g) H diamèrish Δ_1 lègetai eklèptunsh thc Δ an Δ ⊆ Δ_1, dhladă an prokÔptei apì thn Δ me thn prosjăkh ki Ĺllwn (peperasmènwn to plăjoc) shmeÐwn. Tìte lème oti h Δ_1 eÐnai leptìterh apì thn Δ.

(d) ’Estw Δ_1, Δ_2 dÔo diamerÐseic tou [a, b]. H koină eklèptunsh twn Δ_1, Δ_2 eÐnai h diamèrish Δ = Δ_1 ∪ Δ_2. EÔkola blèpoume oti h Δ eÐnai diamèrish tou [a, b] kai oti an Δ^′ eÐnai mia diamèrish leptìterh tìso apì thn Δ_1 ìso kai apì thn Δ_2 tìte Δ^′ ⊇ Δ (dhladă, h Δ = Δ_1 ∪ Δ_2 eÐnai h mikrìterh dunată diamèrish pou ekleptÔnei tìso thn Δ_1 ìso kai thn Δ_2).

JewroÔme tÿra mia fragmènh sunĹrthsh f : [a, b] → R kai mia diamèrish Δ = {a = x_0 < x_1 < . . . < x_n = b} tou [a, b]. H Δ diamerÐzei to [a, b] sta upodiastămata [x_0, x_1], [x_1, x_2], . . . , [x_k, x_{k+1}], . . . , [x_{n−1}, x_n]. Gia kĹje k = 0, 1, . . . , n − 1 orÐzoume touc pragmatikoÔc arijmoÔc

m_k(f, Δ) = m_k = inf{f(x) : x_k ≤ x ≤ x_{k+1}} kai M_k(f, Δ) = M_k = sup{f(x) : x_k ≤ x ≤ x_{k+1}}.

’Oloi autoÐ oi arijmoÐ orÐzontai kalĹ: h f eÐnai fragmènh sto [a, b], epomènwc kai se kĹje upodiĹsthma [x_k, x_{k+1}]. Gia kĹje k, to sÔnolo {f(x) : x_k ≤ x ≤ x_{k+1}} eÐnai mh kenì kai fragmèno uposÔnolo tou R, Ĺra èqei supremum kai infimum.

Gia kĹje diamèrish Δ tou [a, b] orÐzoume tÿra to Ĺnw kai to kĹtw Ĺjroisma thc f wc proc thn Δ me ton exăc trìpo: ∑ (f, Δ) = n−1∑ k=0 M_k(x_{k+1} − x_k)

eÐnai to Ĺnw Ĺjroisma thc f wc proc Δ kai ∑ (f, Δ) = n−1∑ k=0 m_k(x_{k+1} − x_k )

eÐnai to kĹtw Ĺjroisma thc f wc proc Δ.

Paratărhsh: EÐnai fanerì oti gia kĹje diamèrish Δ isqÔei (∗) ∑ (f, Δ) ≤ ∑ (f, Δ) afoÔ m_k ≤ M_k kai x_{k+1} − x_k > 0, k = 0, 1, . . . , n − 1. Se sqèsh me to {embadìn} pou prospajoÔme na orÐsoume, prèpei na skeftìmaste to kĹtw Ĺjroisma ∑ (f, Δ) san mia prosèggish apì kĹtw kai to Ĺnw Ĺjroisma ∑ (f, Δ) san mia prosèggish apì pĹnw.

IsqÔei ìmwc mia polÔ pio isqură anisìthta apì thn (∗):

Lămma 5.1.1 ’Estw f : [a, b] → R fragmènh sunĹrthsh kai Δ_1, Δ_2 dÔo diamerÐseic tou [a, b]. Tìte, (∗∗) ∑ (f, Δ_1) ≤ ∑ (f, Δ_2).

Parathrăste oti h (∗) eÐnai eidikă perÐptwsh thc (∗∗): arkeÐ na pĹroume Δ = Δ_1 = Δ_2 sto Lămma.

Apìdeixh: H apìdeixh thc (∗∗) ja basisteÐ ston akìloujo isqurismì:

’Estw Δ = {a = x_0 < x_1 < . . . < x_k < x_{k+1} < . . . < x_n = b} kai x_k < y < x_{k+1} gia kĹpoio k = 0, 1, . . . , n − 1. An Δ_1 = Δ ∪ {y} = {a = x_0 < x_1 < . . . < x_k < y < x_{k+1} < . . . < x_n = b}, tìte ∑ (f, Δ) ≤ ∑ (f, Δ_1) ≤ ∑ (f, Δ_1) ≤ ∑ (f, Δ). Dhladă, me thn prosjăkh enìc shmeÐou y sthn diamèrish Δ, to Ĺnw Ĺjroisma thc f {mikraÐnei} enÿ to kĹtw Ĺjroisma thc f {megalÿnei}.

Apìdeixh tou isqurismoÔ: Jètoume m^{(1)}_k = inf{f(x) : x_k ≤ x ≤ y} kai m^{(2)}_k = inf{f(x) : y ≤ x ≤ x_{k+1}}. Tìte, m_k ≤ m^{(1)}_k kai m_k ≤ m^{(2)}_k (diìti A ⊆ B =⇒ inf B ≤ inf A). GrĹfoume ∑ (f, Δ_1) = [m_0(x_1 − x_0) + . . . + m^{(1)}_k (y − x_k ) + m^{(2)}_k (x_{k+1} − y) + . . .

+m_{n−1}(x_n − x_{n−1})] ≥ [m_0(x_1 − x_0) + . . . + m_k(x_{k+1} − x_k) + . . . + m_{n−1}(x_n − x_{n−1})] = ∑ (f, Δ). ’Omoia deÐqnoume oti ∑ (f, Δ_1) ≤ ∑ (f, Δ). □ Gia na apodeÐxoume thn (∗∗) jewroÔme thn koină eklèptunsh Δ = Δ_1 ∪ Δ_2 twn Δ_1 kai Δ_2. H Δ prokÔptei apì thn Δ_1 me diadoqikă prosjăkh peperasmènwn to plăjoc shmeÐwn. An efarmìsoume ton isqurismì peperasmènec to plăjoc forèc, paÐrnoume ∑ (f, Δ_1) ≤ ∑ (f, Δ).

’Omoia blèpoume oti ∑ (f, Δ) ≤ ∑ (f, Δ_2). Apì thn Ĺllh pleurĹ, ∑ (f, Δ) ≤ ∑ (f, Δ). SunduĹzontac ta parapĹnw, èqoume ∑ (f, Δ_1) ≤ ∑ (f, Δ) ≤ ∑ (f, Δ) ≤ ∑ (f, Δ_2). □

JewroÔme tÿra ta uposÔnola tou R A = {∑ (f, Δ) : Δ diamèrish tou [a, b] }

kai B = {∑ (f, Δ) : Δ diamèrish tou [a, b] } .

Apì to Lămma 5.1.1 èqoume: gia kĹje a ∈ A kai kĹje b ∈ B isqÔei a ≤ b. ’Ara, sup A ≤ inf B (’Askhsh 1.6.17). An loipìn orÐsoume san kĹtw oloklărwma thc f sto [a, b] to ∫_b a f(x)dx = sup {∑ (f, Δ) : Δ diamèrish tou [a, b] }

kai san Ĺnw oloklărwma thc f sto [a, b] to ∫_b a f(x)dx = inf {∑ (f, Δ) : Δ diamèrish tou [a, b] }

èqoume ∫_b a f(x)dx ≤ ∫_b a f(x)dx. Orismìc Mia fragmènh sunĹrthsh f : [a, b] → R lègetai Riemann oloklhrÿsimh an ∫_b a f(x)dx = ∫_b a f(x)dx. H koină aută timă lègetai oloklărwma Riemann thc f sto [a, b] kai sumbolÐzetai me ∫_b a f(x)dx ă ∫_b a f.

5.2 To kritărio oloklhrwsimìthtac tou Riemann

O orismìc tou oloklhrÿmatoc pou dÿsame sthn prohgoÔmenh parĹgrafo eÐnai dÔsqrhstoc: den eÐnai eÔkolo na ton qrhsimopoiăsei kaneÐc gia na apofanjeÐ an mia fragmènh sunĹrthsh eÐnai oloklhrÿsimh ă ìqi. To kritărio oloklhrwsimìthtac pou akoloujeÐ eÐnai polÔ piì eÔqrhsto:

Jeÿrhma 5.2.1 ’Estw f : [a, b] → R fragmènh sunĹrthsh. H f eÐnai Riemann oloklhrÿsimh an kai mìno an gia kĹje ε > 0 mporoÔme na broÔme diamèrish Δ tou [a, b] tètoia ÿste ∑ (f, Δ) − ∑ (f, Δ) < ε. Apìdeixh: Upojètoume prÿta oti h f eÐnai Riemann oloklhrÿsimh. Dhladă, ∫_b a f(x)dx = ∫_b a f(x)dx = ∫_b a f(x)dx.

’Estw ε > 0. Apì ton orismì tou kĹtw oloklhrÿmatoc, upĹrqei diamèrish Δ_1 tou [a, b] tètoia ÿste ∫_b a f(x)dx < ∑ (f, Δ_1) + ε 2 . Apì ton orismì tou Ĺnw oloklhrÿmatoc, upĹrqei diamèrish Δ_2 tou [a, b] tètoia ÿste ∫_b a f(x)dx > ∑ (f, Δ_2) − ε 2 . JewroÔme thn koină eklèptunsh Δ = Δ_1 ∪ Δ_2. Tìte, ∑ (f, Δ) − ε 2 ≤ ∑ (f, Δ_2) − ε 2 < ∫_b a f(x)dx = ∫_b a f(x)dx < ∑ (f, Δ_1) + ε 2 ≤ ∑ (f, Δ) + ε 2 , apfl ìpou èpetai oti 0 ≤ ∑ (f, Δ) − ∑ (f, Δ) < ε. AntÐstrofa: upojètoume oti gia kĹje ε > 0 upĹrqei diamèrish Δ_ε tou [a, b] tètoia ÿste ∑ (f, Δ_ε) < ∑ (f, Δ_ε) + ε.

Tìte, gia kĹje ε > 0 èqoume ∫_b a f(x)dx ≤ ∫_b a f(x)dx ≤ ∑ (f, Δ_ε) < ∑ (f, Δ_ε) + ε ≤ ∫_b a f(x)dx + ε. Epeidă to ε > 0 ătan tuqìn, èpetai oti ∫_b a f(x)dx = ∫_b a f(x)dx, dhladă h f eÐnai Riemann oloklhrÿsimh. □ ParadeÐgmata: Ja qrhsimopoiăsoume to Jeÿrhma 5.2.1 gia na exetĹsoume an oi parakĹtw sunartăseic eÐnai Riemann oloklhrÿsimec: (a) H sunĹrthsh f : [0, 1] → R me f(x) = x^2.

Gia kĹje n ∈ N jewroÔme thn diamèrish Δ_n tou [0, 1] se n Ðsa upodiastămata măkouc 1/n: Δ_n = { 0 < 1 n < 2 n < . . . < n − 1 n < n n = 1 } .

H sunĹrthsh f(x) = x^2 eÐnai aÔxousa sto [0, 1], epomènwc ∑ (f, Δ_n) = f(0) 1 n + f ( 1 n ) 1 n + . . . + f ( n − 1 n ) 1 n = 1 n ( 0 + 1^2 n^2 + 2^2 n^2 + . . . + (n − 1)^2 n^2 )

= 1^2 + 2^2 + . . . + (n − 1)^2 n^3 = (n − 1)n(2n − 1) 6n^3 = 2n^2 − 3n + 1

6n^2 = 1 3 − 1 2n + 1 6n^2 kai ∑ (f, Δ_n) = f ( 1 n ) 1 n + f ( 2 n ) 1 n + . . . + f (n n ) 1 n = 1 n ( 1^2 n^2 + 2^2 n^2 + . . . + n^2 n^2 )

= 1^2 + 2^2 + . . . + n^2 n^3 = n(n + 1)(2n + 1) 6n^3 = 2n^2 + 3n + 1

6n^2 = 1 3 + 1 2n + 1 6n^2 . ’Epetai oti ∑ (f, Δ_n) − ∑ (f, Δ_n) = 1 n . ’Ara, gia kĹje ε > 0 mporoÔme na broÔme diamèrish Δ tou [a, b] tètoia ÿste ∑ (f, Δ) − ∑ (f, Δ) < ε. ArkeÐ na pĹroume n ∈ N me 1/n < ε kai Δ = Δ_n.

Apì to Jeÿrhma 5.2.1 sumperaÐnoume oti h f eÐnai Riemann oloklhrÿsimh. MporoÔme mĹlista na broÔme thn timă tou oloklhrÿmatoc. Gia kĹje n ∈ N, 1 3 − 1 2n + 1 6n^2 = ∑ (f, Δ_n) ≤ ∫_1 0 x^2dx =

∫_1 0 x^2dx =

∫_1 0 x^2dx ≤ ∑ (f, Δ_n) = 1 3 + 1 2n + 1 6n^2 . AfoÔ 1 3 − 1 2n + 1 6n^2 → 1 3 kai 1 3 + 1 2n + 1 6n^2 → 1 3 , èpetai oti 1 3 ≤ ∫_1 0 x^2dx ≤ 1 3 . Dhladă, ∫_1 0 x^2dx = 1 3 . (b) H sunĹrthsh tou Dirichlet f : [0, 1] → R me

f(x) = { 1 , x ∈ Q 0 , x /∈ Q. Ja deÐxoume oti h f den eÐnai Riemann oloklhrÿsimh. ’Estw Δ tuqoÔsa diamèrish tou [0, 1]. Dhladă, Δ = {0 = x_0 < x_1 < . . . < x_k < x_{k+1} < . . . < x_n = 1}.

UpologÐzoume to kĹtw kai to Ĺnw Ĺjroisma thc f wc proc thn Δ. Gia kĹje k = 0, 1, . . . , n − 1 upĹrqoun rhtìc q_k kai Ĺrrhtoc α_k sto (x_k , x_{k+1}). AfoÔ f(q_k) = 1, f(α_k) = 0 kai 0 ≤ f(x) ≤ 1 sto [x_k , x_{k+1}], sumperaÐnoume oti m_k = 0 kai M_k = 1. Sunepÿc, ∑ (f, Δ) = n−1∑ k=0 m_k(x_{k+1} − x_k ) = n−1∑ k=0 0 · (x_{k+1} − x_k) = 0 kai ∑ (f, Δ) = n−1∑ k=0 M_k(x_{k+1} − x_k) = n−1∑ k=0 1 · (x_{k+1} − x_k ) = 1.

AfoÔ h Δ ătan tuqoÔsa diamèrish tou [0, 1], paÐrnoume ∫_1 0 f(x)dx = 0 kai

∫_1 0 f(x)dx = 1. ’Ara, h f den eÐnai Riemann oloklhrÿsimh. (g) H sunĹrthsh f : [0, 1] → R me

f(x) = 3 , x =^1_2 0 , x ≠^1_2 .

Ja deÐxoume oti h f eÐnai Riemann oloklhrÿsimh, kai ∫_1 0 f(x)dx = 0.

’Estw ε > 0. Ja broÔme diamèrish Δ tou [0, 1] tètoia ÿste 0 ≤ ∑ (f, Δ) − ∑ (f, Δ) < ε. H diamèrish Δ ja eÐnai thc morfăc Δ = { 0 < 1 2 − δ < 1 2 + δ < 1 } , ìpou to δ ja epilegeÐ katĹllhla (kai ja exartĹtai apì to dojèn ε).

EÔkola blèpoume oti ∑ (f, Δ) = 0 · ( 1 2 − δ ) + 0 · (2δ) + 0 · ( 1 − 1 2 − δ ) = 0 kai ∑ (f, Δ) = 0 · ( 1 2 − δ ) + 3 · (2δ) + 0 · ( 1 − 1 2 − δ ) = 6δ, Ĺra 0 ≤ ∑ (f, Δ) − ∑ (f, Δ) = 6δ < ε an, gia parĹdeigma, epilèxoume δ = ε/12. Apì to kritărio oloklhrwsimìthtac tou Riemann (Jeÿrhma 5.2.1) h f eÐnai Riemann oloklhrÿsimh.

Epiplèon, gia kĹje diamèrish Δ = {0 = x_0 < x_1 < . . . < x_n = 1} tou [0, 1] èqoume ∑ (f, Δ) = 0, epomènwc ∫_1 0 f(x)dx = ∫_1 0 f(x)dx = sup {∑ (f, Δ) : Δ diamèrish tou [0, 1] } = 0.

5.3 DÔo klĹseic Riemann oloklhrÿsimwn sunartăsewn

Qrhsimopoiÿntac to kritărio oloklhrwsimìthtac tou Riemann (Jeÿrhma 5.2.1) ja deÐxoume oti oi monìtonec kai oi suneqeÐc sunartăseic f : [a, b] → R eÐnai Riemann oloklhrÿsimec.

Jeÿrhma 5.3.1 An h f : [a, b] → R eÐnai monìtonh sunĹrthsh, tìte h f eÐnai Riemann oloklhrÿsimh.

Apìdeixh: QwrÐc periorismì thc genikìthtac upojètoume oti h f eÐnai aÔxousa. H f eÐnai profanÿc fragmènh: gia kĹje x ∈ [a, b] èqoume f(a) ≤ f(x) ≤ f(b).

’Ara, èqei nìhma na exetĹsoume thn Ôparxh oloklhrÿmatoc gia thn f.

’Estw ε > 0. Ja broÔme n ∈ N arketĹ megĹlo ÿste an

Δ_n = { a, a + b − a n , a + 2(b − a) n , . . . , a + n(b − a) n = b }

eÐnai h diamèrish tou [a, b] se n Ðsa upodiastămata, na isqÔei ∑ (f, Δ_n) − ∑ (f, Δ_n) < ε. Jètoume x_k = a + k(b − a) n , k = 0, 1, . . . , n. Tìte, afoÔ h f eÐnai aÔxousa èqoume ∑ (f, Δ_n) = n−1∑ k=0 M_k(x_{k+1} − x_k ) = n−1∑ k=0 f(x_{k+1}) b − a n = b − a n · (f(x_1) + · · · + f(x_n)) , enÿ ∑ (f, Δ_n) = n−1∑ k=0 m_k(x_{k+1} − x_k ) = n−1∑ k=0 f(x_k) b − a n = b − a n · (f(x_0) + · · · + f(x_{n−1})) .

’Ara, ∑ (f, Δ_n) − ∑ (f, Δ_n) =

[f(x_n) − f(x_0)](b − a) n = [f(b) − f(a)](b − a) n , to opoÐo gÐnetai mikrìtero apì to ε > 0 pou mac dìjhke, arkeÐ to n na eÐnai arketĹ megĹlo. Apì to Jeÿrhma 5.2.1, h f eÐnai Riemann oloklhrÿsimh. □

Jeÿrhma 5.3.2 An h f : [a, b] → R eÐnai suneqăc sunĹrthsh, tìte h f eÐnai Riemann oloklhrÿsimh.

Apìdeixh: ’Estw ε > 0. H f eÐnai suneqăc sto kleistì diĹsthma [a, b], Ĺra omoiìmorfa suneqăc. MporoÔme loipìn na broÔme δ > 0 me thn exăc idiìthta: An x, y ∈ [a, b] kai |x − y| < δ, tìte |f(x) − f(y)| <^ε_{b−a} . MporoÔme epÐshc na broÔme n ∈ N tètoio ÿste b − a n < δ.

QwrÐzoume to [a, b] se n upodiastămata tou idÐou măkouc^{b−a}_n . JewroÔme dhladă thn diamèrish

Δ_n = { a, a + b − a n , a + 2(b − a) n , . . . , a + n(b − a) n = b } . OrÐzoume x_k = a + k(b − a) n , k = 0, 1, . . . , n. ’Estw k = 0, 1, . . . , n − 1. H f eÐnai suneqăc sto kleistì diĹsthma [x_k, x_{k+1}], Ĺra paÐrnei mègisth kai elĹqisth timă se autì. UpĹrqoun dhladă y^′_k, y^{′′}_k ∈ [x_k , x_{k+1}] t.w.

M_k = f(y^′_k) kai m_k = f(y^{′′}_k ).

Epiplèon, to măkoc tou [x_k, x_{k+1}] eÐnai Ðso me^{b−a}_n < δ, Ĺra |y^′_k − y^{′′}_k | < δ. Apì thn epilogă tou δ paÐrnoume M_k − m_k = f(y^′_k) − f(y^{′′}_k ) = |f(y^′_k) − f(y^{′′}_k )| < ε b − a . ’Epetai oti ∑ (f, Δ_n) − ∑ (f, Δ_n) = n−1∑ k=0 (M_k − m_k)(x_{k+1} − x_k)

< n−1∑ k=0 ε b − a (x_{k+1} − x_k ) = ε b − a (b − a) = ε. Apì to Jeÿrhma 5.2.1, h f eÐnai Riemann oloklhrÿsimh. □

5.4 Idiìthtec tou oloklhrÿmatoc Riemann

Se autăn thn parĹgrafo apodeiknÔoume austhrĹ merikèc apì tic pio basikèc idiìthtec tou oloklhrÿmatoc Riemann. Oi apodeÐxeic twn upoloÐpwn eÐnai mia kală Ĺskhsh pou ja sac bohjăsei na exoikeiwjeÐte me tic diamerÐseic, ta Ĺnw kai kĹtw ajroÐsmata klp.

Jeÿrhma 5.4.1 An f(x) = c gia kĹje x ∈ [a, b], tìte ∫_b a f(x)dx = c(b − a).

Apìdeixh: ’Estw Δ = {a = x_0 < x_1 < . . . < x_n = b} diamèrish tou [a, b]. Gia kĹje k = 0, 1, . . . , n − 1 èqoume m_k = M_k = c. ’Ara, ∑ (f, Δ) = ∑ (f, Δ) = n−1∑ k=0 c(x_{k+1} − x_k ) = c(b − a). ’Epetai oti ∫_b a f(x)dx = c(b − a) = ∫_b a f(x)dx. ’Ara, ∫_b a f(x)dx = c(b − a). □ Jeÿrhma 5.4.2 ’Estw f, g : [a, b] → R oloklhrÿsimec sunartăseic. Tìte, h f + g eÐnai oloklhrÿsimh kai ∫_b a [f(x) + g(x)]dx = ∫_b a f(x)dx + ∫_b a g(x)dx. Apìdeixh: ’Estw Δ = {a = x_0 < x_1 < . . . < x_n = b} diamèrish tou [a, b]. Gia kĹje k = 0, 1, . . . , n − 1 orÐzoume

m_k = inf{(f + g)(x) : x_k ≤ x ≤ x_{k+1}} , M_k = sup{(f + g)(x) : x_k ≤ x ≤ x_{k+1}}

m^′_k = inf{f(x) : x_k ≤ x ≤ x_{k+1}} , M^′_k = sup{f(x) : x_k ≤ x ≤ x_{k+1}} m^{′′}_k = inf{g(x) : x_k ≤ x ≤ x_{k+1}} , M^{′′}_k = sup{g(x) : x_k ≤ x ≤ x_{k+1}}.

Gia kĹje x ∈ [x_k, x_{k+1}] èqoume m^′_k + m^{′′}_k ≤ f(x) + g(x). ’Ara, m^′_k + m^{′′}_k ≤ m_k. OmoÐwc, gia kĹje x ∈ [x_k, x_{k+1}] èqoume M^′_k + M^{′′}_k ≥ f(x) + g(x). ’Ara,

M^′_k + M^{′′}_k ≥ M_k.

’Epetai oti ∑ (f, Δ) + ∑ (g, Δ) ≤ ∑ (f + g, Δ) ≤ ∑ (f + g, Δ) ≤ ∑ (f, Δ) + ∑ (g, Δ). ParathroÔme oti ∫_b a (f + g)(x)dx = sup {∑ (f + g, Δ) : Δ diamèrish tou [a, b] }

≥ sup {∑ (f, Δ) + ∑ (g, Δ) : Δ diamèrish tou [a, b] }

= sup {∑ (f, Δ_1) + ∑ (g, Δ_2) : Δ_1, Δ_2 diamerÐseic tou [a, b] }

= sup {∑ (f, Δ_1) : Δ_1 diamèrish tou [a, b] }

+ sup {∑ (g, Δ_2) : Δ_2 diamèrish tou [a, b] }

= ∫_b a f(x)dx + ∫_b a g(x)dx. (h mesaÐa isìthta afănetai san Ĺskhsh). ’Omoia, ∫_b a (f + g)(x)dx ≤ ∫_b a f(x)dx + ∫_b a g(x)dx. ’Ara, ∫_b a f(x)dx + ∫_b a g(x)dx = ∫_b a f(x)dx + ∫_b a g(x)dx ≤ ∫_b a (f + g)(x)dx

≤ ∫_b a (f + g)(x)dx ≤ ∫_b a f(x)dx + ∫_b a g(x)dx = ∫_b a f(x)dx + ∫_b a g(x)dx. Autì shmaÐnei oti ∫_b a (f + g)(x)dx = ∫_b a (f + g)(x)dx, dhladă h f + g eÐnai Riemann oloklhrÿsimh, kai mĹlista ∫_b a [f(x) + g(x)]dx = ∫_b a f(x)dx + ∫_b a g(x)dx. □ Jeÿrhma 5.4.3 ’Estw f : [a, b] → R oloklhrÿsimh kai èstw t ∈ R. Tìte, h tf eÐnai oloklhrÿsimh sto [a, b] kai ∫_b a (tf)(x)dx = t ∫_b a f(x)dx. Apìdeixh: Ac upojèsoume prÿta oti t > 0. ’Estw Δ = {a = x_0 < x_1 < . . . < x_n = b} diamèrish tou [a, b]. An gia k = 0, 1, . . . , n − 1 orÐsoume

m_k = inf{(tf)(x) : x_k ≤ x ≤ x_{k+1}} , M_k = sup{(tf)(x) : x_k ≤ x ≤ x_{k+1}} kai m^′_k = inf{f(x) : x_k ≤ x ≤ x_{k+1}} , M^′_k = sup{f(x) : x_k ≤ x ≤ x_{k+1}}, eÐnai fanerì oti m_k = tm^′_k kai M_k = tM^′_k.

’Ara, ∑ (tf, Δ) = t ∑ (f, Δ) kai ∑ (tf, Δ) = t ∑ (f, Δ). ’Epetai oti ∫_b a (tf)(x)dx = t ∫_b a f(x)dx kai ∫_b a (tf)(x)dx = t ∫_b a f(x)dx. AfoÔ h f eÐnai oloklhrÿsimh, èqoume ∫_b a f(x)dx = ∫_b a f(x)dx. ’Epetai oti h tf eÐnai Riemann oloklhrÿsimh, kai ∫_b a (tf)(x)dx = t ∫_b a f(x)dx. An t < 0, h mình allagă sto prohgoÔmeno epiqeÐrhma eÐnai oti tÿra m_k = tM^′_k kai M_k = tm^′_k. Sumplhrÿste thn apìdeixh mìnoi sac. Tèloc, an t = 0 èqoume tf ≡ 0. ’Ara, ∫_b a tf = 0 = 0 · ∫_b a f. □ Pìrisma 5.4.1 An f, g : [a, b] → R eÐnai dÔo oloklhrÿsimec sunartăseic kai t, s ∈ R, tìte h tf + sg eÐnai oloklhrÿsimh sto [a, b] kai ∫_b a (tf + sg)(x)dx = t ∫_b a f(x)dx + s ∫_b a g(x)dx. □ Jeÿrhma 5.4.4 ’Estw f : [a, b] → R fragmènh sunĹrthsh kai èstw c ∈ (a, b). H f eÐnai oloklhrÿsimh sto [a, b] an kai mìno an eÐnai oloklhrÿsimh sta [a, c] kai [c, b]. Tìte, isqÔei ∫_b a f(x)dx = ∫_c a f(x)dx + ∫_b c f(x)dx. Apìdeixh: Upojètoume prÿta oti h f eÐnai oloklhrÿsimh sta [a, c] kai [c, b]. ’Estw ε > 0. UpĹrqoun diamerÐseic Δ_1 tou [a, c] kai Δ_2 tou [c, b] tètoiec ÿste ∑ (f, Δ_1) ≤ ∫_c a f(x)dx ≤ ∑ (f, Δ_1) kai ∑ (f, Δ_1) − ∑ (f, Δ_1) < ε 2 kai ∑ (f, Δ_2) ≤ ∫_b c f(x)dx ≤ ∑ (f, Δ_2) kai ∑ (f, Δ_2) − ∑ (f, Δ_2) < ε 2 . To sÔnolo Δ = Δ_1 ∪ Δ_2 eÐnai diamèrish tou [a, b] kai isqÔoun oi ∑ (f, Δ) = ∑ (f, Δ_1) + ∑ (f, Δ_2) , ∑ (f, Δ) = ∑ (f, Δ_1) + ∑ (f, Δ_2).

Apì tic parapĹnw sqèseic paÐrnoume ∑ (f, Δ) − ∑ (f, Δ) = (∑ (f, Δ_1) − ∑ (f, Δ_1) )

+ (∑ (f, Δ_2) − ∑ (f, Δ_2) )

< ε 2 + ε 2 = ε. AfoÔ to ε > 0 ătan tuqìn, h f eÐnai oloklhrÿsimh sto [a, b] (kritărio oloklhrwsimìthtac tou Riemann). Epiplèon èqoume ∑ (f, Δ) ≤ ∫_b a f(x)dx ≤ ∑ (f, Δ) kai ∑ (f, Δ) ≤ ∫_c a f(x)dx + ∫_b c f(x)dx ≤ ∑ (f, Δ) (giatÐ?). Epomènwc, | | | ∫_b a f(x)dx − (∫_c a f(x)dx + ∫_b c f(x)dx ) | | | | ≤ ∑ (f, Δ) − ∑ (f, Δ) < ε kai afoÔ to ε > 0 ătan tuqìn, ∫_b a f(x)dx = ∫_c a f(x)dx + ∫_b c f(x)dx. AntÐstrofa: upojètoume oti h f eÐnai oloklhrÿsimh sto [a, b] kai jewroÔme ε > 0. UpĹrqei diamèrish Δ tou [a, b] t.w. ∑ (f, Δ) − ∑ (f, Δ) < ε. An c /∈ Δ jètoume Δ^′ = Δ ∪ {c}, opìte pĹli èqoume ∑ (f, Δ^′) − ∑ (f, Δ^′) ≤ ∑ (f, Δ) − ∑ (f, Δ) < ε

(giatÐ?). MporoÔme loipìn na upojèsoume oti c ∈ Δ. OrÐzoume Δ_1 = Δ ∩ [a, c] kai Δ_2 = Δ ∩ [c, b]. Oi Δ_1, Δ_2 eÐnai diamerÐseic twn [a, c] kai [c, b] antÐstoiqa, kai ∑ (f, Δ) = ∑ (f, Δ_1) + ∑ (f, Δ_2) , ∑ (f, Δ) = ∑ (f, Δ_1) + ∑ (f, Δ_2).

AfoÔ (∑ (f, Δ_1) − ∑ (f, Δ_1) ) + (∑ (f, Δ_2) − ∑ (f, Δ_2) )

= ∑ (f, Δ) − ∑ (f, Δ) < ε, èpetai oti ∑ (f, Δ_1) − ∑ (f, Δ_1) < ε , ∑ (f, Δ_2) − ∑ (f, Δ_2) < ε.

AfoÔ to ε > 0 ătan tuqìn, to kritărio oloklhrwsimìthtac tou Riemann mac exasfalÐzei oti h f eÐnai oloklhrÿsimh sta [a, c] kai [c, b]. Tÿra, apì to prÿto mèroc thc apìdeixhc paÐrnoume thn isìthta ∫_b a f(x)dx = ∫_c a f(x)dx + ∫_b c f(x)dx. □ Jeÿrhma 5.4.5 ’Estw f : [a, b] → R oloklhrÿsimh sunĹrthsh. Upojètoume oti m ≤ f(x) ≤ M gia kĹje x ∈ [a, b]. Tìte, m(b − a) ≤ ∫_b a f(x)dx ≤ M(b − a). O arijmìc 1 b − a ∫_b a f(x)dx eÐnai h mèsh timă thc f sto [a, b].

Apìdeixh: ArkeÐ na diapistÿsete oti gia kĹje diamèrish Δ tou [a, b] isqÔei m(b − a) ≤ ∑ (f, Δ) ≤ ∑ (f, Δ) ≤ M(b − a) (to opoÐo eÐnai polÔ eÔkolo). □

’Askhsh ’Estw f, g : [a, b] → R oloklhrÿsimec sunartăseic. DeÐxte oti: (a) h |f| eÐnai oloklhrÿsimh kai | | | | ∫_b a f(x)dx | | | | ≤ ∫_b a |f(x)|dx.

(b) h f^2 eÐnai oloklhrÿsimh. (g) h f · g eÐnai oloklhrÿsimh.

TeleutaÐa paratărhsh: Wc tÿra orÐsame to ∫_b a f(x)dx mìno sthn perÐptwsh a < b (douleÔame me kleistì diĹsthma [a, b]). Gia praktikoÔc lìgouc epekteÐnoume ton orismì kai sthn perÐptwsh a ≥ b wc exăc: (a) an a = b, jètoume ∫_a a f = 0 (gia kĹje f).

(b) an a > b kai h f : [b, a] → R eÐnai oloklhrÿsimh, orÐzoume ∫_b a f(x)dx = − ∫_a b f(x)dx. ’Olec oi idiìthtec pou apodeÐxame se autăn thn parĹgrafo, ektìc apì thn | | | ∫_b a f(x)dx | | | ≤ ∫_b a |f(x)|dx, exakoloujoÔn na isqÔoun.

5.5 ParĹrthma: o orismìc tou Riemann gia to oloklărwma - isodunamÐa me ton orismì tou Darboux

O orismìc pou dÿsame gia to poièc fragmènec sunartăseic f : [a, b] → R eÐnai Riemann oloklhrÿsimec ofeÐletai ston Darboux. O prÿtoc austhrìc orismìc thc oloklhrwsimìthtac dìjhke apì ton Riemann kai eÐnai o exăc:

Orismìc ’Estw f : [a, b] → R fragmènh sunĹrthsh. Lème oti h f eÐnai oloklhrÿsimh sto [a, b] an upĹrqei ènac pragmatikìc arijmìc I me thn exăc idiìthta:

Gia kĹje ε > 0 mporoÔme na broÔme δ > 0 tètoio ÿste: an Δ = {a = x_0 < x_1 < . . . < x_n = b} eÐnai diamèrish tou [a, b] me plĹtoc mikrìtero apì δ kai an ξ_k ∈ [x_k, x_{k+1}], k = 0, 1, . . . , n − 1 eÐnai tuqoÔsa epilogă shmeÐwn apì ta upodiastămata pou orÐzei h Δ, tìte | | | | n−1∑ k=0 f(ξ_k)(x_{k+1} − x_k ) − I | | | | < ε. Se autăn thn perÐptwsh lème oti o I eÐnai to ∫_b a f(x)dx (o I eÐnai to oloklărwma thc f sto [a, b]).

Sumbolismìc: Sunăjwc grĹfoume ξ gia thn epilogă shmeÐwn {ξ_0, ξ_1, . . . , ξ_{n−1}} kai ∑ (f, Δ, ξ) gia to Ĺjroisma n−1∑ k=0 f(ξ_k)(x_{k+1} − x_k).

Parathrăste oti tÿra to ξ {eisèrqetai} upoqrewtikĹ ston sumbolismì ∑ (f, Δ, ξ) afoÔ gia thn Ðdia diamèrish Δ mporoÔme na èqoume pollèc diaforetikèc epilogèc {ξ_0, ξ_1, . . . , ξ_{n−1}} me ξ_k ∈ [x_k, x_{k+1}].

H basikă idèa pÐsw apì ton orismì eÐnai oti ∫_b a f(x)dx = lim ∑ (f, Δ, ξ) ìtan to plĹtoc thc Δ teÐnei sto mhdèn kai ta ξ_k epilègontai aujaÐreta sta upodiastămata pou orÐzei h Δ. Epeidă den èqoume sunantăsei tètoiou eÐdouc {ìria} wc tÿra, katafeÔgoume sthn {eyilontikă mèjodo}.

Skopìc autăc thc paragrĹfou eÐnai h apìdeixh thc isodunamÐac twn dÔo orismÿn oloklhrwsimìthtac:

Jeÿrhma 5.5.1 ’Estw f : [a, b] → R fragmènh sunĹrthsh. H f eÐnai oloklhrÿsimh katĹ Darboux an kai mìno an eÐnai oloklhrÿsimh katĹ Riemann.

Apìdeixh: Upojètoume prÿta oti h f eÐnai oloklhrÿsimh katĹ Riemann. GrĹfoume I gia to oloklărwma thc f me ton orismì tou Riemann.

’Estw ε > 0. MporoÔme na broÔme mia diamèrish Δ = {a = x_0 < x_1 < . . . < x_n = b} (me arketĹ mikrì plĹtoc) tètoia ÿste gia kĹje epilogă shmeÐwn ξ = {ξ_0, ξ_1, . . . , ξ_{n−1}} me ξ_k ∈ [x_k , x_{k+1}] na isqÔei | | | | n−1∑ k=0 f(ξ_k)(x_{k+1} − x_k) − I | | | | < ε 4 . Gia kĹje k = 0, 1, . . . , n − 1 mporoÔme na broÔme ξ^′_k, ξ^{′′}_k ∈ [x_k , x_{k+1}] t.w. m_k > f(ξ^′_k) − ε 4(b − a) , M_k < f(ξ^{′′}_k ) + ε 4(b − a) . ’Ara, ∑ (f, Δ) > n−1∑ k=0 f(ξ^′_k)(x_{k+1} − x_k) − ε 4 > I − ε 2 kai ∑ (f, Δ) < n−1∑ k=0 f(ξ^{′′}_k )(x_{k+1} − x_k) + ε 4 < I + ε 2 .

’Epetai oti ∑ (f, Δ) − ∑ (f, Δ) < ε, dhladă h f eÐnai oloklhrÿsimh katĹ Darboux. EpÐshc,

I − ε 2 < ∫_b a f(x)dx ≤ ∫_b a f(x)dx < I + ε 2 , kai afoÔ to ε > 0 ătan tuqìn, ∫_b a f(x)dx = ∫_b a f(x)dx = I. Dhladă, ∫_b a f(x)dx = I. AntÐstrofa: upojètoume oti h f eÐnai oloklhrÿsimh me ton orismì tou Darboux. ’Estw ε > 0. UpĹrqei diamèrish Δ = {a = x_0 < x_1 < . . . < x_n = b} tou [a, b] t.w. ∑ (f, Δ) − ∑ (f, Δ) < ε 4 . H f eÐnai fragmènh, dhladă upĹrqei M > 0 tètoioc ÿste |f(x)| ≤ M gia kĹje x ∈ [a, b]. Epilègoume δ = ε 6nM > 0. ’Estw Δ^′ diamèrish tou [a, b] me plĹtoc mikrìtero apì δ, h opoÐa eÐnai kai eklèptunsh thc Δ. Tìte, gia kĹje epilogă ξ shmeÐwn apì ta upodiastămata pou orÐzei h Δ^′ èqoume ∫_b a f(x)dx − ε 4 < ∑ (f, Δ) ≤ ∑ (f, Δ^′) ≤ ∑ (f, Δ^′, ξ) ≤ ∑ (f, Δ^′) ≤ ∑ (f, Δ) < ∫_b a f(x)dx + ε 4 . Dhladă, | | | ∑ (f, Δ^′, ξ) − ∫_b a f(x)dx | | | < ε 2 . ZhtĹme na deÐxoume to Ðdio prĹgma gia tuqoÔsa diamèrish Δ_1 me plĹtoc mikrìtero apì δ (mia tètoia diamèrish den èqei kanèna lìgo na eÐnai eklèptunsh thc Δ).

’Estw Δ_1 = {a = y_0 < y_1 < . . . < y_m = b} mia tètoia diamèrish tou [a, b]. Ja {prosjèsoume} sthn Δ_1 èna-èna ìla ta shmeÐa x_k thc Δ ta opoÐa den anăkoun sthn Δ_1 (autĹ eÐnai to polÔ n − 1).

Ac poÔme oti èna tètoio x_k brÐsketai anĹmesa sta diadoqikĹ shmeÐa y_l < y_{l+1} thc Δ_1. JewroÔme thn Δ_2 = Δ_1∪{x_k} kai tuqoÔsa epilogă ξ^{(1)} = {ξ_0, ξ_1, . . . , ξ_{m−1}} me ξ_l ∈ [y_l, y_{l+1}], l = 0, 1, . . . , m − 1. Epilègoume dÔo shmeÐa ξ^′_l ∈ [y_l, x_k ] kai ξ^{′′}_l ∈ [x_k, y_{l+1}] kai jewroÔme thn epilogă shmeÐwn ξ^{(2)} = {ξ_0, ξ_1, . . . , ξ_{l−1}, ξ^′_l, ξ^{′′}_l , . . . , ξ_{m−1}} pou antistoiqeÐ sthn Δ_2. ’Eqoume | | | | ∑ (f, Δ_1, ξ^{(1)}) − ∑ (f, Δ_2, ξ^{(2)}) | | | | = |f(ξ^l)(y^{l+1} − y^l) − f(ξ^′l)(x^k − y^l) −f(ξ^{′′}_l )(y_{l+1} − x_k)| ≤ 3M max_l |y_{l+1} − y_l| < 3Mδ = ε 2n . Antikajistÿntac thn dosmènh (Δ_1, ξ^{(1)}) me ìlo kai leptìterec diamerÐseic (Δ_k, ξ^{(k)}) pou prokÔptoun me thn prosjăkh shmeÐwn thc Δ, metĹ apì n to polÔ bămata ftĹnoume se mia diamèrish Δ_0 kai mia epilogă shmeÐwn ξ^{(0)} me tic exăc idiìthtec:

(a) h Δ_0 eÐnai koină eklèptunsh twn Δ kai Δ_1, kai èqei plĹtoc mikrìtero apì δ.

(b) afoÔ h Δ_0 eÐnai eklèptunsh thc Δ, èqoume | | | | ∑ (f, Δ_0, ξ^{(0)}) − ∫_b a f(x)dx | | | | < ε 2 . (g) afoÔ kĹname to polÔ n bămata gia na ftĹsoume sthn Δ_0 kai afoÔ se kĹje băma ta ajroÐsmata apeÐqan to polÔ^ε_{2n} , èqoume | | | ∑ (f, Δ_1, ξ^{(1)}) − ∑ (f, Δ_0, ξ^{(0)}) | | | < n ε 2n = ε 2 . Dhladă, gia thn tuqoÔsa diamèrish Δ_1 plĹtouc < δ kai gia thn tuqoÔsa epilogă ξ^{(1)} shmeÐwn apì ta upodiastămata thc Δ_1, èqoume | | | | ∑ (f, Δ_1, ξ^{(1)}) − ∫_b a f(x)dx | | | | < | | | | ∑ (f, Δ_1, ξ^{(1)}) − ∑ (f, Δ_0, ξ^{(0)} | | | | + | | | | ∑ (f, Δ_0, ξ^{(0)}) − ∫_b a f(x)dx | | | | < ε 2 + ε 2 = ε. ’Epetai oti h f eÐnai oloklhrÿsimh me ton orismì tou Riemann, kajÿc kai oti ta dÔo oloklhrÿmata eÐnai Ðsa. □

5.6 Askăseic

1. Qrhsimopoiÿntac to kritărio oloklhrwsimìthtac tou Riemann apodeÐxte oti oi parakĹtw sunartăseic eÐnai oloklhrÿsimec: (a) f : [0, 1] → R me f(x) = x. (b) f : [0, π/2] → R me f(x) = sin x.

2. ExetĹste an oi parakĹtw sunartăseic eÐnai oloklhrÿsimec sto [0, 2] kai upologÐste to oloklărwmĹ touc (an upĹrqei): (a) f(x) = x + [x].

(b) f(x) = 1 an x =^1_k gia kĹpoio k ∈ N, kai f(x) = 0 alliÿc. (g) f(x) = x + [x] an x ∈ Q kai f(x) = 0 alliÿc.

3. ’Estw f : [a, b] → R oloklhrÿsimh sunĹrthsh me thn idiìthta: f(x) = 0 gia kĹje x ∈ [a, b] ∩ Q. DeÐxte oti ∫_b a f(x)dx = 0.

4. ’Estw f : [a, b] → R sunĹrthsh me thn idiìthta ∑ (f, Δ) = ∑ (f, Δ) gia kĹje diamèrish Δ tou [a, b]. DeÐxte oti h f eÐnai stajeră. Poiì eÐnai to oloklărwmĹ thc?

5. ’Estw f, g, h : [a, b] → R treÐc sunartăseic pou ikanopoioÔn thn f(x) ≤ g(x) ≤ h(x) gia kĹje x ∈ [a, b]. Upojètoume oti oi f, h eÐnai oloklhrÿsimec kai ∫_b a f(x)dx = ∫_b a h(x)dx = I. DeÐxte oti h g eÐnai oloklhrÿsimh kai ∫_b a g(x)dx = I.

6. ’Estw f : [0, 1] → R Lipschitz suneqăc sunĹrthsh t.w. |f(x) − f(y)| ≤ M|x − y| gia kĹje x, y ∈ [0, 1]. DeÐxte oti | | | ∫_1 0 f(x)dx − 1 n n∑ k=1 f ( k n ) | | | ≤ M 2n gia kĹje n ∈ N.

7. ’Estw f : [a, b] → R oloklhrÿsimh sunĹrthsh. DeÐxte oti h |f| eÐnai oloklhrÿsimh. OmoÐwc, oti h f^2 eÐnai oloklhrÿsimh.

8. ’Estw f : [a, b] → R oloklhrÿsimh sunĹrthsh kai c ∈ R. OrÐzoume g : [a + c, b + c] → R me g(x) = f(x − c). DeÐxte oti h g eÐnai oloklhrÿsimh kai ∫_b a f(x)dx = ∫_{b+c} a+c g(x)dx.

9. ’Estw f : R → R suneqăc kai periodikă sunĹrthsh me perÐodo T > 0. DeÐxte oti, gia kĹje x_0 ∈ R ∫_{x0+T} x_0 f(x)dx = ∫_T 0 f(x)dx. 10. ’Estw c > 0 kai f : [ca, cb] → R oloklhrÿsimh sunĹrthsh. DeÐxte oti h g : [a, b] → R pou orÐzetai apì thn g(t) = f(ct) eÐnai oloklhrÿsimh kai ∫_{cb} ca f(t)dt = c ∫_b a f(ct)dt.

11. ’Estw f : [a, b] → R suneqăc sunĹrthsh me f(x) ≥ 0 gia kĹje x ∈ [a, b]. DeÐxte oti ∫_b a f(x)dx = 0 an kai mìno an f(x) = 0 gia kĹje x ∈ [a, b]. 12. ’Estw f : [−b, b] → R oloklhrÿsimh sunĹrthsh. (a) An f(−x) = −f(x) gia kĹje x ∈ [−b, b], deÐxte oti ∫_b −b f(x)dx = 0. (b) An f(−x) = f(x) gia kĹje x ∈ [−b, b], deÐxte oti ∫_b −b f(x)dx = 2 ∫_b 0 f(x)dx. 13. ’Estw f : [a, b] → R gnhsÐwc aÔxousa kai suneqăc sunĹrthsh. DeÐxte oti ∫_b a f(x)dx = bf(b) − af(a) − ∫_{f (b)} f (a) f^{−1}(x)dx.

14. ’Estw f : [0, +∞) → [0, +∞) gnhsÐwc aÔxousa kai suneqăc sunĹrthsh me f(0) = 0. DeÐxte oti gia kĹje a, b > 0 ab ≤ ∫_a 0 f(x)dx + ∫_b 0 f^{−1}(x)dx me isìthta an kai mìno an f(a) = b.

15. ’Estw f : [a, b] → R oloklhrÿsimh sunĹrthsh. DeÐxte oti gia kĹje ε > 0 mporoÔme na broÔme suneqă sunĹrthsh g_ε : [a, b] → R me g_ε ≤ f kai | | | | ∫_b a f(x)dx − ∫_b a g_ε(x)dx | | | | < ε. 16. ’Estw f : [a, b] → R suneqăc sunĹrthsh me thn idiìthta: gia kĹje suneqă g : [a, b] → R isqÔei ∫_b a f(x)g(x)dx = 0. DeÐxte oti f(x) = 0 gia kĹje x ∈ [a, b].

17. ’Estw f : [a, b] → R suneqăc sunĹrthsh me thn idiìthta: gia kĹje suneqă g : [a, b] → R pou ikanopoieÐ thn g(a) = g(b) = 0, isqÔei ∫_b a f(x)g(x)dx = 0. DeÐxte oti f(x) = 0 gia kĹje x ∈ [a, b]. 18. ’Estw f : [a, b] → R oloklhrÿsimh. DeÐxte oti | | | ∫_b a f(x)dx | | | ≤ ∫_b a |f(x)|dx. 19. ’Estw f, g : [a, b] → R oloklhrÿsimec sunartăseic. DeÐxte thn anisìthta Cauchy-Schwarz: (∫_b a f(x)g(x)dx )_2 ≤ (∫_b a f^2(x)dx ) · (∫_b a g^2(x)dx ) .

20. ’Estw f : [0, 1] → R oloklhrÿsimh sunĹrthsh. DeÐxte oti (∫_1 0 f(x)dx )2 ≤ ∫_1 0 f^2(x)dx. IsqÔei to Ðdio an antikatastăsoume to [0, 1] me tuqìn diĹsthma [a, b]? 21. ’Estw f : [a, b] → R suneqăc sunĹrthsh me thn exăc idiìthta: upĹrqei M > 0 t.w. |f(x)| ≤ M ∫_x a |f(t)|dt gia kĹje x ∈ [a, b]. DeÐxte oti f(x) = 0 gia kĹje x ∈ [a, b].

22. ’Estw f : [0, 1] → R suneqăc sunĹrthsh. OrÐzoume mia akoloujÐa (a_n) jètontac

a_n =

∫_1 0 f(x^n)dx.

DeÐxte oti a_n → f(0). 23. DeÐxte oti h akoloujÐa

γ_n = 1 + 1 2 + 1 3 + . . . + 1 n − ∫_n 1 1 x dx sugklÐnei.

24. OrÐzoume mia sunĹrthsh f : [0, 1] → R me

f(x) = 0 , x /∈ Q ă x = 0 1 q , x =^p_q , p, q ∈ N, MKD(p, q) = 1.

DeÐxte oti h f eÐnai oloklhrÿsimh kai ∫_1 0 f(x)dx = 0.

25. ’Estw f : [a, b] → R oloklhrÿsimh sunĹrthsh. Skopìc autăc thc Ĺskhshc eÐnai na deÐxoume oti h f èqei pollĹ shmeÐa sunèqeiac. (a) UpĹrqei diamèrish Δ tou [a, b] tètoia ÿste ∑ (f, Δ) − ∑ (f, Δ) < b − a (giatÐ?).

DeÐxte oti upĹrqoun a_1 < b_1 sto [a, b] tètoia ÿste b_1 − a_1 < 1 kai

sup{f(x) : a_1 ≤ x ≤ b_1} − inf{f(x) : a_1 ≤ x ≤ b_1} < 1.

(b) H f eÐnai oloklhrÿsimh sto [a_1, b_1]. DeÐxte oti upĹrqoun a_2 < b_2 sto (a_1, b_1) tètoia ÿste b_2 − a_2 < 1/2 kai

sup{f(x) : a_2 ≤ x ≤ b_2} − inf{f(x) : a_2 ≤ x ≤ b_2} < 1 2 . (g) EpagwgikĹ orÐste kibwtismèna diastămata [a_n, b_n] ⊆ (a_{n−1}, b_{n−1}) me măkoc mikrìtero apì 1/n tètoia ÿste sup{f(x) : a_n ≤ x ≤ b_n} − inf{f(x) : a_n ≤ x ≤ b_n} < 1 n . (d) H tomă autÿn twn kibwtismènwn diasthmĹtwn perièqei akribÿc èna shmeÐo. DeÐxte oti h f eÐnai suneqăc se autì.

(e) Tÿra deÐxte oti h f èqei Ĺpeira shmeÐa sunèqeiac sto [a, b] (den qreiĹzetai perissìterh douleiĹ!).

26. ’Estw f : [a, b] → R oloklhrÿsimh (ìqi anagkastikĹ suneqăc) sunĹrthsh me f(x) > 0 gia kĹje x ∈ [a, b]. DeÐxte oti ∫_b a f(x)dx > 0.

27. ’Estw f : [0, 1] → R oloklhrÿsimh sunĹrthsh. DeÐxte oti h akoloujÐa

a_n = 1 n n∑ k=1 f ( k n )

sugklÐnei sto

∫_1 0 f(x)dx. [Upìdeixh: Qrhsimopoiăste ton orismì tou Riemann.]

28. ’Estw g : [a, b] → R fragmènh sunĹrthsh. Upojètoume oti h g eÐnai suneqăc pantoÔ, ektìc apì èna shmeÐo x_0 ∈ (a, b). DeÐxte oti h g eÐnai oloklhrÿsimh. 29. ’Estw f : [a, b] → R suneqăc sunĹrthsh kai g : [a, b] → R oloklhrÿsimh sunĹrthsh me mh-arnhtikèc timèc. DeÐxte oti upĹrqei ξ ∈ [a, b] tètoio ÿste ∫_b a f(x)g(x)dx = f(ξ) ∫_b a g(x)dx.

30. ’Estw f : [0, +∞) → R suneqăc sunĹrthsh me

lim_{x→0+} f(x) = a.

DeÐxte oti lim_{x→0+} 1 x ∫_x 0 f(t)dt = a. 31. ’Estw f : [0, 1] → R fragmènh sunĹrthsh me thn idiìthta: gia kĹje 0 < b ≤ 1 h f eÐnai oloklhrÿsimh sto diĹsthma [b, 1]. DeÐxte oti h f eÐnai oloklhrÿsimh sto [0, 1].

32. ApodeÐxte oti h sunĹrthsh f : [−1, 1] → R me f(x) = sin^1_x an x ≠ 0 kai f(0) = 2 eÐnai oloklhrÿsimh.

KefĹlaio 6

ParĹgwgoc

JewroÔme gnwstì ton orismì kajÿc kai tic basikèc idiìthtec twn paragÿgwn. Gia perissìterec leptomèreiec mporeÐte na sumbouleuteÐte ta biblÐa twn S. PhqwrÐdh kai M. Spivak. ParakĹtw kalÔptoume mìno ta jèmata pou perigrĹfontai ston odhgì spoudÿn.

6.1 ParĹgwgoc sÔnjethc kai antÐstrofhc sunĹrth- shc 6.1.1 O kanìnac thc alusÐdac

’Estw f : A → R. Lème oti to x_0 eÐnai eswterikì shmeÐo tou pedÐou orismoÔ A thc f an upĹrqei δ > 0 tètoio ÿste (x_0 − δ, x_0 + δ) ⊆ A.

Jeÿrhma 6.1.1 ’Estw g : A → R kai f : B → R dÔo sunartăseic. Upojètoume oti {g(x) : x ∈ A} ⊆ B. ’Estw x_0 eswterikì shmeÐo tou A tètoio ÿste to y_0 = g(x_0) na eÐnai eswterikì shmeÐo tou B. Upojètoume oti oi parĹgwgoi g^′(x_0) kai f^′(y_0) upĹrqoun. Tìte, h f ∘ g eÐnai paragwgÐsimh sto x_0 kai

(f ∘ g)^′(x_0) = f^′(g(x_0))g^′(x_0).

Apìdeixh: H f ∘ g eÐnai kalĹ orismènh sto A. Akìma kai an den eÐqame thn upìjesh oti {g(x) : x ∈ A} ⊆ B, oi upìloipec upojèseic arkoÔn gia na deÐxoume oti h f ∘ g eÐnai kalĹ orismènh se mia perioqă tou x_0: h g eÐnai paragwgÐsimh, Ĺra suneqăc sto x_0. To g(x_0) eÐnai eswterikì shmeÐo tou B, Ĺra upĹrqei δ > 0 tètoio ÿste (g(x_0) − δ, g(x_0) + δ) ⊆ B. Apì th sunèqeia thc g sto x_0 mporoÔme na broÔme δ_1 > 0 t.w.

x ∈ (x_0 − δ_1, x_0 + δ_1) ⇒ g(x) ∈ (g(x_0) − δ, g(x_0) + δ),

Ĺra h f(g(x)) orÐzetai kalĹ gia |x − x_0| < δ_1. Jèloume na deÐxoume oti lim_{x→x0} f(g(x)) − f(g(x_0)) x − x_0 = f^′(g(x_0))g^′(x_0),

dhladă oti f(g(x)) − f(g(x_0)) x − x_0 − f^′(g(x_0))g^′(x_0) → 0

ìtan x → x_0. GrĹfoume thn parapĹnw diaforĹ me ton exăc trìpo:

f(g(x)) − f(g(x_0)) x − x_0 − f^′(g(x_0))g^′(x_0) = [ f(g(x)) − f(g(x_0)) x − x_0 − f^′(g(x_0)) g(x) − g(x_0) x − x_0 ]

+f^′(g(x_0)) [ g(x) − g(x_0) x − x_0 − g^′(x_0) ] . AfoÔ g(x) − g(x_0) x − x_0 → g^′(x_0)

ìtan x → x_0, o deÔteroc ìroc tou ajroÐsmatoc teÐnei sto 0. ArkeÐ loipìn na deÐxoume oti

f(g(x)) − f(g(x_0)) − f^′(g(x_0))(g(x) − g(x_0)) x − x_0 → 0 ìtan x → x_0.

’Estw ε > 0. H g eÐnai paragwgÐsimh sto x_0, Ĺra upĹrqei δ_2 < δ_1 tètoio ÿste 0 < |x − x_0| < δ_2 ⇒ | | |g(x) − g(x^0) x − x_0 − g^′(x_0) | | | < 1 opìte | | | g(x) − g(x_0) x − x_0 | | | < |g^′(x^0)| + 1 =: M.

H f eÐnai paragwgÐsimh sto x_0, Ĺra upĹrqei δ_3 < δ_2 tètoio ÿste 0 < |y − g(x_0)| < δ_3 ⇒ | | | | f(y) − f(g(x_0)) y − g(x_0)

− f^′(g(x_0)) | | | | < ε M .

Dhladă, an |y − g(x_0)| < δ_3 tìte

|f(y) − f(g(x_0)) − f^′(g(x_0))(y − g(x_0))| ≤ ε M · |y − g(x_0)|. PĹli apì thn sunèqeia thc g sto x_0, upĹrqei δ_4 < δ_3 tètoio ÿste: an |x − x_0| < δ_4 tìte |g(x) − g(x_0)| < δ_3, opìte

|f(g(x)) − f(g(x_0)) − f^′(g(x_0))(g(x) − g(x_0))| ≤ ε M · |g(x) − g(x_0)|, Ĺra, an 0 < |x − x_0| < δ_4 èqoume | | | f(g(x)) − f(g(x_0)) − f^′(g(x_0))(g(x) − g(x_0)) x − x_0 | | | ≤ ε M · | | | g(x) − g(x_0) x − x_0 | | | < ε. AfoÔ to ε > 0 ătan tuqìn, èpetai to zhtoÔmeno. □

6.1.2 ParĹgwgoc antÐstrofhc sunĹrthshc.

Jeÿrhma 6.1.2 . ’Estw f gnhsÐwc monìtonh kai suneqăc sunĹrthsh sto (a, b). Upojètoume oti h f eÐnai paragwgÐsimh sto x_0 ∈ (a, b) kai oti f^′(x_0) ≠ 0. Tìte, h f^{−1} eÐnai paragwgÐsimh sto f(x_0) kai

(f^{−1})^′(f(x_0)) = 1 f^′(x_0) . Apìdeixh: QwrÐc blĹbh thc genikìthtac mporoÔme na upojèsoume oti h f eÐnai gnhsÐwc aÔxousa. H f^′(x_0) upĹrqei, dhladă lim_{x→x0} f(x) − f(x_0) x − x_0 = f^′(x_0).

Epiplèon èqoume upojèsei oti f^′(x_0) ≠ 0, Ĺra lim_{x→x0} x − x_0 f(x) − f(x_0) = 1 f^′(x_0) . ’Estw ε > 0. MporoÔme na broÔme δ > 0 tètoio ÿste: an x_0 − δ < x < x_0 + δ kai x ≠ x_0, tìte (1) | | | x − x_0 f(x) − f(x_0) − 1 f^′(x_0) | | | < ε. Jètoume

y_1 = f ( x_0 − δ 2 ) kai y_2 = f ( x_0 + δ 2 ) .

Tìte, to (y_1, y_2) eÐnai èna anoiqtì diĹsthma pou perièqei to f(x_0), Ĺra upĹrqei δ_1 > 0 t.w.

(f(x_0) − δ_1, f(x_0) + δ_1) ⊆ (y_1, y_2) = ( f ( x_0 − δ 2 ) , f ( x_0 + δ 2 )) . ’Estw y ≠ f(x_0) pou ikanopoieÐ thn |y − f(x_0)| < δ_1. Tìte, y = f(x) gia kĹpoio x ≠ x_0 me x ∈ ( x_0 −^δ_2 , x_0 +^δ_2 ) . ’Ara,

f^{−1}(y) − f^{−1}(f(x_0)) y − f(x_0) = x − x_0 f(x) − f(x_0) kai 0 < |x − x_0| < δ 2 , opìte h (1) dÐnei | | | | f^{−1}(y) − f^{−1}(f(x_0)) y − f(x_0) − 1 f^′(x_0) | | | | < ε. Afou to ε > 0 ătan tuqìn, èpetai oti lim y→f (x_0) f^{−1}(y) − f^{−1}(f(x_0)) y − f(x_0) = 1 f^′(x_0) . Dhladă, h f^{−1} eÐnai paragwgÐsimh sto f(x_0) kai

(f^{−1})^′(f(x_0)) = 1 f^′(x_0) . □

6.2 Jeÿrhma tou Rolle kai jeÿrhma mèshc timăc - krităria monotonÐac

’Estw f : [a, b] → R suneqăc sunĹrthsh. Upojètoume oti h f eÐnai paragwgÐsimh sto (a, b): dhladă, gia kĹje x ∈ (a, b) orÐzetai kalĹ h efaptomènh thc grafikăc parĹstashc thc f sto (x, f(x)). JewroÔme thn qordă AB me Ĺkra ta shmeÐa (a, f(a)) kai (b, f(b)). An thn metakinăsoume parĹllhla proc ton eautì thc, kĹpoia stigmă ja gÐnei efaptomènh tou grafămatoc thc f se kĹpoio shmeÐo (x_0, f(x_0)), ìpou x_0 ∈ (a, b). H klÐsh thc efaptomènhc ja prèpei na isoÔtai me thn klÐsh thc qordăc AB. Dhladă, f^′(x_0) = f(b) − f(a) b − a . Sto prÿto mèroc autăc thc paragrĹfou dÐnoume austhră apìdeixh autoÔ tou isqurismoÔ (Jeÿrhma Mèshc Timăc). ApodeiknÔoume prÿta mia eidikă perÐptwsă tou: to jeÿrhma tou Rolle.

Jeÿrhma 6.2.1 ’Estw f : [a, b] → R suneqăc sto [a, b] kai paragwgÐsimh sto (a, b). Upojètoume epiplèon oti f(a) = f(b) = 0. Tìte, upĹrqei x_0 ∈ (a, b) tètoio ÿste f^′(x_0) = 0.

Apìdeixh: Ac upojèsoume prÿta oti h f eÐnai stajeră sto [a, b], dhladă f(x) = c gia kĹje x ∈ [a, b]. Tìte, f^′(x) = 0 gia kĹje x ∈ (a, b) kai opoiodăpote apì autĹ ta x mporeÐ na paÐxei to rìlo tou x_0.

’Estw loipìn oti h f den eÐnai stajeră sto [a, b]. Tìte, upĹrqei x_1 ∈ (a, b) t.w. f(x_1) ≠ 0 kai qwrÐc blĹbh thc genikìthtac mporoÔme na upojèsoume oti f(x_1) > 0. H f eÐnai suneqăc sto [a, b], Ĺra paÐrnei mègisth timă: upĹrqei x_0 ∈ [a, b] t.w

f(x_0) = max{f(x) : x ∈ [a, b]} ≥ f(x_1) > 0.

Eidikìtera, to x_0 brÐsketai sto anoiktì diĹsthma (a, b). Apì thn upìjesă mac h f eÐnai paragwgÐsimh sto x_0.

• An x < x_0, tìte f(x) ≤ f(x_0) Ĺra^{f (x)−f (x0)}_{x−x0} ≥ 0. Epomènwc,

f^′(x_0) = lim_{x→x−} 0 f(x) − f(x_0) x − x_0 ≥ 0.

• An x > x_0, tìte f(x) ≤ f(x_0) Ĺra^{f (x)−f (x0)}_{x−x0} ≤ 0. Epomènwc,

f^′(x_0) = lim_{x→x+} 0 f(x) − f(x_0) x − x_0 ≤ 0.

’Epetai oti f^′(x_0) = 0. □

To Jeÿrhma Mèshc Timăc eÐnai Ĺmesh sunèpeia tou jewrămatoc tou Rolle.

Jeÿrhma 6.2.2 ’Estw f : [a, b] → R suneqăc sto [a, b] kai paragwgÐsimh sto (a, b). Tìte, upĹrqei x_0 ∈ (a, b) tètoio ÿste

f^′(x_0) = f(b) − f(a) b − a . Apìdeixh: OrÐzoume mia sunĹrthsh g : [a, b] → R me g(x) = f(x) − f(a) − f(b) − f(a) b − a (x − a). H g eÐnai suneqăc sto [a, b], paragwgÐsimh sto (a, b) kai eÔkola elègqoume oti g(a) = g(b) = 0. SÔmfwna me to jeÿrhma tou Rolle, upĹrqei x_0 ∈ (a, b) t.w g^′(x_0) = 0. Dhladă,

f^′(x_0) − f(b) − f(a) b − a = 0. □ Mia parallagă (kai genÐkeush) tou Jewrămatoc Mèshc Timăc eÐnai to jeÿrhma mèshc timăc tou Cauchy:

Jeÿrhma 6.2.3 ’Estw f, g : [a, b] → R suneqeÐc sto [a, b] kai paragwgÐsimec sto (a, b). Upojètoume epiplèon oti

(a) oi f^′ kai g^′ den èqoun koină rÐza sto (a, b). (b) g(b) − g(a) ≠ 0. Tìte upĹrqei x_0 ∈ (a, b) tètoio ÿste f(b) − f(a) g(b) − g(a) = f^′(x_0) g^′(x_0) . Apìdeixh: OrÐzoume mia sunĹrthsh h : [a, b] → R me h(x) = (f(b) − f(a))g(x) − (g(b) − g(a))f(x). H h eÐnai suneqăc sto [a, b] kai paragwgÐsimh sto (a, b). EpÐshc, h(a) = f(b)g(a) − g(b)f(a) = h(b) Apì to Jeÿrhma 6.2.2 upĹrqei x_0 ∈ (a, b) tètoio ÿste

h^′(x_0) = h(b) − h(a) b − a = 0,

dhladă (f(b) − f(a))g^′(x_0) = (g(b) − g(a))f^′(x_0).

ParathroÔme oti g^′(x_0) ≠ 0: an eÐqame g^′(x_0) = 0, tìte ja ătan (g(b)−g(a))f^′(x_0) = 0 kai afoÔ apì thn upìjesă mac g(b) − g(a) ≠ 0 ja èprepe na èqoume f^′(x_0) = 0. Dhladă oi f^′ kai g^′ ja eÐqan koină rÐza. MporoÔme loipìn na diairèsoume kai èqoume f(b) − f(a) g(b) − g(a) = f^′(x_0) g^′(x_0) . □ Parathrăseic: (a) PaÐrnontac g(x) = x sto Jeÿrhma 6.2.3, paÐrnoume san eidikă perÐptwsă tou to Jeÿrhma Mèshc Timăc: afoÔ g^′(x) = 1, oi f^′ kai g^′ den èqoun koină rÐza sto (a, b) (h g^′ den èqei kammÐa rÐza sto (a, b)). EpÐshc, g(b) − g(a) = b − a ≠ 0. Apo to Jeÿrhma 6.2.3 upĹrqei x_0 ∈ (a, b): f(b) − f(a) b − a = f^′(x_0) 1 = f^′(x_0).

(b) H upìjesh oti oi f^′ kai g^′ den èqoun koină rÐza sto (a, b) eÐnai aparaÐthth. PĹrte gia parĹdeigma f, g : [−1, 1] → R me f(x) = x^2 kai g(x) = x^3. Tìte, f(1) − f(−1) g(1) − g(−1) = 1 − 1 1 − (−1)

= 0.

’Omwc f^′(x) g^′(x) = 2x 3x^2 = 2 3x , x ≠ 0.

’Ara den upĹrqei x ∈ (−1, 1) tètoio ÿste

f^′(x) g^′(x) = 0.

To prìblhma eÐnai oti f^′(0) = g^′(0) = 0.

To Jeÿrhma Mèshc Timăc mac epitrèpei na apodeÐxoume to exăc kritărio monotonÐac:

Jeÿrhma 6.2.4 ’Estw f : [a, b] → R paragwgÐsimh sunĹrthsh.

(a) An h f eÐnai aÔxousa, tìte f^′(x) ≥ 0 gia kĹje x ∈ (a, b). AnĹloga, an h f eÐnai fjÐnousa tìte f^′(x) ≤ 0 gia kĹje x ∈ (a, b).

(b) An f^′(x) ≥ 0 gia kĹje x ∈ (a, b), tìte h f eÐnai aÔxousa sto [a, b]. AnĹloga, an f^′(x) ≤ 0 gia kĹje x ∈ (a, b), tìte h f eÐnai fjÐnousa sto [a, b].

Apìdeixh: (a) ’Estw x ∈ (a, b). AfoÔ h f eÐnai aÔxousa, eÔkola blèpoume oti f(y) − f(x) y − x ≥ 0 gia kĹje y ∈ (a, b) me y ≠ x. Epomènwc,

f^′(x) = lim_{y→x} f(y) − f(x) y − x ≥ 0. H apìdeixh thc f^′(x) ≤ 0 gia fjÐnousa f eÐnai entelÿc anĹlogh.

(b) Me thn upìjesh oti f^′(x) ≥ 0 sto (a, b), deÐqnoume oti an a < x < y < b tìte f(x) ≤ f(y). JewroÔme ton periorismì thc f sto [x, y]. H f eÐnai suneqăc sto [x, y] kai paragwgÐsimh sto (x, y), opìte efarmìzontac to Jeÿrhma Mèshc Timăc brÐskoume ξ ∈ (x, y) t.w. f^′(ξ) = f(y) − f(x) y − x . AfoÔ f^′(ξ) ≥ 0, èpetai to zhtoÔmeno. Entelÿc anĹloga deÐqnoume oti an f^′(x) ≤ 0 sto (a, b), tìte h f eÐnai fjÐnousa. □

6.3 Idiìthta Darboux gia thn parĹgwgo

Lème oti mia sunĹrthsh f : I → R èqei thn idiìthta Darboux (idiìthta thc endiĹmeshc timăc) an: gia kĹje x < y sto I me f(x) ≠ f(y) kai kĹje pragmatikì arijmì ρ anĹmesa stouc f(x) kai f(y) mporoÔme na broÔme z ∈ (x, y) t.w. f(z) = ρ. Apì to Jeÿrhma EndiĹmeshc Timăc èpetai oti kĹje suneqăc sunĹrthsh f : I → R èqei thn idiìthta Darboux.

Ja deÐxoume oti h parĹgwgoc miac paragwgÐsimhc sunĹrthshc èqei pĹnta thn idiìthta Darboux (an kai den eÐnai pĹnta suneqăc sunĹrthsh).

Jeÿrhma 6.3.1 ’Estw f : (a, b) → R paragwgÐsimh sunĹrthsh. Tìte, h f^′ èqei thn idiìthta Darboux.

Apìdeixh: ’Estw x < y ∈ I me f^′(x) ≠ f^′(y). QwrÐc blĹbh thc genikìthtac mporoÔme na upojèsoume oti f^′(x) < f^′(y). Upojètoume oti f^′(x) < ρ < f^′(y) kai ja broÔme z ∈ (x, y) t.w. f^′(z) = ρ. H f eÐnai paragwgÐsimh sto x, dhladă lim_{h→0+} f(x + h) − f(x) h = f^′(x) < ρ. ’Ara upĹrqei h_1 > 0 tètoioc ÿste f(x + h) − f(x) h < ρ gia kĹje 0 < h < h_1.

’Omoia h f eÐnai paragwgÐsimh sto y, dhladă lim h→0^− f(y + h) − f(y) h = f^′(y) > ρ. ’Ara upĹrqei h_2 > 0 tètoioc ÿste f(y − h) − f(y) −h = f(y) − f(y − h) h > ρ gia kĹje 0 < h < h_2.

JewroÔme ton arijmì δ =^1_2 min{h_1, h_2} > 0. Tìte, (1) f(x + δ) − f(x) δ < ρ kai (2) f(y − δ + δ) − f(y − δ) δ > ρ. OrÐzoume tÿra thn sunĹrthsh g_δ : [x, y − δ] → R me g_δ(t) = f(t + δ) − f(t) δ . • H g_δ eÐnai suneqăc sto [x, y − δ] kai apì tic (1) kai (2) blèpoume oti g_δ(x) < ρ < g_δ(y − δ). Apì to jeÿrhma endiĹmeshc timăc èpetai oti upĹrqei t ∈ (x, y − δ) tètoioc ÿste g_δ(t) = ρ ⇒ f(t + δ) − f(t) δ = ρ.

• H f eÐnai suneqăc sto [t, t + δ] kai paragwgÐsimh sto (t, t + δ). Apì to Jeÿrhma Mèshc Timăc èpetai oti upĹrqei z ∈ (t, t + δ) tètoioc ÿste

f^′(z) = f(t + δ) − f(t) t + δ − t = f(t + δ) − f(t) δ = ρ. □

ParĹdeigma JewroÔme thn sunĹrthsh f(x) = { x^2 sin(^1_x ), x ≠ 0 0, x = 0.

H f èqei parĹgwgo se kĹje x ∈ R kai

f^′(x) = { 2x sin(^1_x ) − cos(^1_x ), x ≠ 0 0, x = 0.

H f^′ den eÐnai suneqăc sto x_0 = 0: to ìrio thc 2x sin(^1_x ) − cos(^1_x ) kajÿc to x → 0 den upĹrqei. Apì to prohgoÔmeno ìmwc jeÿrhma, h f^′ prèpei na èqei thn idiìthta thc endiĹmeshc timăc (epalhjeÔste to).

’Askhsh ’Estw f : (a, b) → R paragwgÐsimh sunĹrthsh. An h f^′ eÐnai asuneqăc se kĹpoio shmeÐo x_0 ∈ (a, b), deÐxte oti h asunèqeia thc f^′ sto x_0 eÐnai ousiÿdhc (den upĹrqei to ìrio lim_{x→x0} f^′(x)).

6.4 Aprosdiìristec morfèc

TupikĹ paradeÐgmata thc katĹstashc pou ja mac apasqolăsei se autăn thn parĹgrafo eÐnai ta exăc: jèloume na exetĹsoume an upĹrqei to ìrio lim_{x→x0} f(x) g(x) ìpou f, g eÐnai dÔo sunartăseic paragwgÐsimec dexiĹ kai aristerĹ apì to x_0, me g(x) ≠ 0 an to x ≠ x_0 brÐsketai kontĹ sto x_0, kai

lim_{x→x0} f(x) = lim_{x→x0} g(x) = 0

ă p.q.

lim_{x→x0} f(x) = lim_{x→x0} g(x) = +∞.

Tìte lème oti èqoume aprosdiìristh morfă^0 ă^∞ antÐstoiqa.

Oi kanìnec tou l’Hospital mac epitrèpoun suqnĹ na broÔme tètoia ìria (an upĹrqoun) me thn boăjeia twn paragÿgwn twn f kai g. Ja apodeÐxoume austhrĹ merikoÔc apì autoÔc touc kanìnec.

Jeÿrhma 6.4.1 ’Estw f, g : (a, x_0) ∪ (x_0, b) → R paragwgÐsimec sunartăseic me tic exăc idiìthtec:

(a) g(x) ≠ 0 kai g^′(x) ≠ 0 gia kĹje x ∈ (a, x_0) ∪ (x_0, b). (b) lim_{x→x0} f(x) = lim_{x→x0} g(x) = 0.

An upĹrqei to lim_{x→x0}^{f ′(x)}_{g′ (x)} , tìte upĹrqei kai to lim_{x→x0}^{f (x)}_{g(x)} kai lim_{x→x0} f(x) g(x) = lim_{x→x0} f^′(x) g^′(x) . Apìdeixh: OrÐzoume tic f kai g sto x_0 jètontac f(x_0) = g(x_0) = 0. AfoÔ

lim_{x→x0} f(x) = lim_{x→x0} g(x) = 0,

oi f kai g gÐnontai tÿra suneqeÐc sto (a, b). Ja deÐxoume oti lim x→x^+_0 f(x) g(x) = lim_{x→x+} 0 f^′(x) g^′(x) . ’Eqoume f(x) g(x) = f(x) − f(x_0) g(x) − g(x_0) gia kĹje x ∈ (x_0, b). Oi f^′, g^′ den èqoun koină rÐza sto (x_0, x) giatÐ h g^′ den mhdenÐzetai poujenĹ. EpÐshc g(x) ≠ 0, dhladă g(x) − g(x_0) ≠ 0. Efarmìzontac loipìn to Jeÿrhma Mèshc Timăc tou Cauchy mporoÔme gia kĹje x ∈ (x_0, b) na broÔme ξ_x ∈ (x_0, x) tètoio ÿste f(x) g(x) = f^′(ξ_x) g^′(ξ_x) . ’Estw tÿra oti lim_{x→x0}^{f ′(x)}_{g′ (x)} = L kai èstw ε > 0. MporoÔme na broÔme δ > 0 tètoio ÿste:

An x_0 < ξ < x_0 + δ, tìte | | | f^′(ξ) g^′(ξ) − L | | | < ε. An x_0 < x < x_0 + δ, tìte | | | | f(x) g(x) − L | | | | = | | | | f^′(ξ_x) g^′(ξ_x) − L | | | | < ε (giatÐ x_0 < ξ_x < x < x_0 + δ). ’Ara, lim x→x^+_0 f(x) g(x) = L = lim_{x→x+} 0 f^′(x) g^′(x) . Me anĹlogo trìpo deÐqnoume oti lim_{x→x}−_0^{f (x)}_{g(x)} = L. □

Jeÿrhma 6.4.2 ’Estw f, g : (a, +∞) → R paragwgÐsimec sunartăseic me tic exăc idiìthtec:

(a) g(x) ≠ 0 kai g^′(x) ≠ 0 gia kĹje x > a. (b) lim_{x→+∞} f(x) = lim_{x→+∞} g(x) = 0.

An upĹrqei to lim_{x→+∞}^{f ′ (x)}_{g′ (x)} , tìte upĹrqei kai to lim_{x→+∞}^{f (x)}_{g(x)} kai lim x→+∞ f(x) g(x) = lim_{x→+∞} f^′(x) g^′(x) . Apìdeixh: OrÐzoume f_1, g_1 : ( 0,^1_a ) → R me f_1(x) = f ( 1 x ) , g_1(x) = g ( 1 x ) . Oi f_1, g_1 eÐnai paragwgÐsimec kai

f^′_1(x) g^′_1(x) = −^1_{x2} f^′

(_1 x ) −^1_{x2} g^′

(_1 x ) = f^′ (_1 x ) g^′ (_1 x ) . ’Eqoume lim_{x→0}+ f_1(x) = lim_{x→+∞} f(x) = 0 kai lim_{x→0}+ g_1(x) = lim_{x→+∞} g(x) = 0 (giatÐ?). EpÐshc, g_1 ≠ 0 kai g^′_1 ≠ 0 sto (0, 1/a). Tèloc,

lim_{x→0+} f^′_1(x) g^′_1(x)

= lim_{x→0+} f^′ (_1 x ) g^′ (_1 x ) = lim_{x→+∞} f^′(x) g^′(x) . ’Ara, efarmìzetai to Jeÿrhma 6.4.1 gia tic f_1, g_1 kai èqoume

lim_{x→0+} f_1(x) g_1(x)

= lim_{x→0+} f^′_1(x) g^′_1(x)

= lim_{x→+∞} f^′(x) g^′(x) . Dhladă, lim x→+∞ f(x) g(x) = lim_{x→+∞} f^′(x) g^′(x) . □ Ac doÔme kai mia tupikă perÐptwsh kanìna l’Hospital gia aprosdiìristh morfă ∞ ∞ . Jeÿrhma 6.4.3 ’Estw f, g : (a, b) → R paragwgÐsimec sunartăseic me tic exăc idiìthtec:

(a) g(x) ≠ 0 kai g^′(x) ≠ 0 gia kĹje x ∈ (a, b). (b) lim_{x→a}+ f(x) = lim_{x→a}+ g(x) = +∞.

An upĹrqei to lim_{x→a}+^{f ′(x)}_{g′ (x)} , tìte upĹrqei kai to lim_{x→a}+^{f (x)}_{g(x)} kai lim_{x→a+} f(x) g(x) = lim_{x→a+} f^′(x) g^′(x) .

Apìdeixh: ’Estw L = lim_{x→a}+^{f ′(x)}_{g′ (x)} kai èstw ε > 0. MporoÔme na broÔme δ_1 > 0 tètoio ÿste: an a < ξ < a + δ_1 tìte | | | f^′(ξ) g^′(ξ) − L | | | < ε 2 . Epeidă lim_{x→a}+ f(x) = lim_{x→a}+ g(x) = +∞, mporoÔme na broÔme δ_2 > 0 tètoio ÿste f(x) > f(a + δ_1) kai g(x) > g(a + δ_1)

gia kĹje a < x < a + δ_2. Autì shmaÐnei (mazÐ me tic upìloipec upojèseic tou jewrămatoc) oti gia kĹje x ∈ (a, a + δ_2) mporoÔme na efarmìsoume to jeÿrhma mèshc timăc tou Cauchy sto (x, a + δ_1) kai na broÔme ξ_x t.w.

f(x) − f(a + δ_1) g(x) − g(a + δ_1) = f^′(ξ_x) g^′(ξ_x) kai | | |f^′(ξ^x) g^′(ξ_x) − L | | | < ε 2 , afoÔ a < x < ξ_x < a + δ_1. ’Eqoume f(x) g(x) = f^′(ξ_x) g^′(ξ_x) · 1 −^{g(a+δ1 )}_{g(x)}

1 −^{f (a+δ1 )}_{f (x)} = ( f^′(ξ_x) g^′(ξ_x) − L ) · 1 −^{g(a+δ1 )}_{g(x)}

1 −^{f (a+δ1)}_{f (x)} + L 1 −^{g(a+δ1 )}_{g(x)}

1 −^{f (a+δ1)}_{f (x)} , Ĺra f(x) g(x) − L = ( f^′(ξ_x) g^′(ξ_x) − L ) · 1 −^{g(a+δ1 )}_{g(x)}

1 −^{f (a+δ1)}_{f (x)} + L f (a+δ_1) f (x) − g(a+δ_1 ) g(x) 1 −^{f (a+δ1)}_{f (x)} . AfoÔ f(x) → +∞ kai g(x) → +∞ kajÿc x → a^+, èqoume thn dunatìthta na broÔme δ > 0 me 0 < δ < δ_2 tètoio ÿste gia kĹje x ∈ (a, a + δ) | | | 1 −^{g(a+δ1 )}_{g(x)}

1 −^{f (a+δ1)}_{f (x)} | | | < 4 3 kai | | | f (a+δ_1) f (x) − g(a+δ_1 ) g(x) 1 −^{f (a+δ1)}_{f (x)} | | | < ε 3(|L| + 1) . Tìte, eÔkola blèpoume oti gia kĹje x ∈ (a, a + δ) | | | f(x) g(x) − L | | | ≤ | | | f^′(ξ_x) g^′(ξ_x) − L | | | · 4 3 + |L| ε 3(|L| + 1) < 4 3 ε 2 + ε 3 = ε. □

6.5 Melèth sunartăsewn mèsw paragÿgwn

(a) Akrìtata. Lème oti h f : (a, b) → R èqei topikì mègisto sto x_0 ∈ (a, b) an upĹrqei δ > 0 tètoio ÿste (x_0 − δ, x_0 + δ) ⊆ (a, b) kai

f(x) ≤ f(x_0)

gia kĹje x ∈ (x_0 − δ, x_0 + δ). TeleÐwc anĹloga lème oti h f èqei topikì elĹqisto sto x_0 ∈ (a, b) an upĹrqei δ > 0 tètoio ÿste (x_0 − δ, x_0 + δ) ⊆ (a, b) kai

f(x) ≥ f(x_0)

gia kĹje x ∈ (x_0 − δ, x_0 + δ). An epiplèon upojèsoume oti h f eÐnai paragwgÐsimh sto (a, b), tìte h f^′ mac dÐnei mia anagaÐa sunjăkh gia na èqoume akrìtato sto x_0 ∈ (a, b):

Jeÿrhma 6.5.1 ’Estw f : (a, b) → R paragwgÐsimh sunĹrthsh kai èstw x_0 ∈ (a, b). An h f èqei topikì akrìtato sto x_0, tìte

f^′(x_0) = 0.

Apìdeixh: Ac upojèsoume oti h f èqei topikì mègisto sto x_0. UpĹrqei δ > 0 tètoioc ÿste (x_0 − δ, x_0 + δ) ⊆ (a, b) kai f(x) ≤ f(x_0) gia kĹje x ∈ (x_0 − δ, x_0 + δ). An 0 < h < δ tìte

f(x_0 + h) − f(x_0) h ≤ 0 ⇒ lim_{h→0+} f(x_0 + h) − f(x_0) h ≤ 0 ⇒ f^′(x_0) ≤ 0.

An −δ < h < 0 tìte

f(x_0 + h) − f(x_0) h ≥ 0 ⇒ lim_{h→0+} f(x_0 + h) − f(x_0) h ≥ 0 ⇒ f^′(x_0) ≥ 0.

’Ara, f^′(x_0) = 0. □

(b) Gewmetrikă shmasÐa thc deutèrac paragÿgou. O mhdenismìc thc paragÿgou se èna shmeÐo x_0 den eÐnai kai ikană sunjăkh gia thn Ôparxh topikoÔ akrìtatou sto x_0. H sunĹrthsh f(x) = x^3 den èqei akrìtato sto x_0 = 0, ìmwc f^′(x_0) = 0. Qrhsimopoiÿntac thn deÔterh parĹgwgo sta shmeÐa mhdenismoÔ thc prÿthc paragÿgou mporoÔme pollèc forèc na bebaiwjoÔme gia to an to upoyăfio shmeÐo akrìtatou eÐnai ìntwc shmeÐo akrìtatou.

Jeÿrhma 6.5.2 ’Estw f : (a, b) → R paragwgÐsimh sunĹrthsh kai èstw x_0 ∈ (a, b) me f^′(x_0) = 0.

(a) An upĹrqei h f^{′′}(x_0) kai f^{′′}(x_0) > 0, tìte èqoume topikì elĹqisto sto x_0. (b) An upĹrqei h f^{′′}(x_0) kai f^{′′}(x_0) < 0, tìte èqoume topikì mègisto sto x_0. An f^{′′}(x_0) = 0 ă an den upĹrqei h f^{′′}(x_0), tìte otidăpote mporeÐ na sumbaÐnei.

Apìdeixh: Ja deÐxoume mìno to (a). ’Eqoume

0 < f^{′′}(x_0) = lim_{x→x0} f^′(x) − f^′(x_0) x − x_0 = lim_{x→x0} f^′(x) x − x_0 . Epomènwc mporoÔme na broÔme δ > 0 tètoio ÿste:

• an x_0 < x < x_0 + δ, tìte f^′(x) > 0. • an x_0 − δ < x < x_0 tìte f^′(x) < 0.

’Estw y ∈ (x_0 − δ, x_0 + δ).

• an x_0 < y < x_0 + δ, tìte efarmìzontac to Jeÿrhma Mèshc Timăc sto [x_0, y] brÐskoume x ∈ (x_0, y) t.w.

f(y) − f(x_0) = f^′(x)(y − x_0) > 0.

• an x_0 − δ < y < x_0, tìte efarmìzontac to Jeÿrhma Mèshc Timăc sto [y, x_0] brÐskoume x ∈ (y, x_0) t.w.

f(y) − f(x_0) = f^′(x)(y − x_0) > 0.

Dhladă, f(y) ≥ f(x_0) gia kĹje y ∈ (x_0 − δ, x_0 + δ). ’Ara, h f èqei topikì elĹqisto sto x_0. □

(g) Kurtèc kai koÐlec sunartăseic. JewroÔme mia sunĹrthsh f : (a, b) → R kai èna shmeÐo x_0 ∈ (a, b) sto opoÐo h f eÐnai paragwgÐsimh. H exÐswsh thc efaptomènhc tou grafămatoc thc f sto (x_0, f(x_0)) eÐnai h

y = f(x_0) + f^′(x_0)(x − x_0).

Lème oti h f strèfei ta koÐla proc ta pĹnw sto shmeÐo x_0 an upĹrqei δ > 0 tètoio ÿste f(x) ≥ f(x_0) + f^′(x_0)(x − x_0) gia kĹje x ∈ (x_0 − δ, x_0 + δ). Dhladă, an to tmăma tou grafămatoc {(x, f(x)) : |x − x_0| < δ} brÐsketai pĹnw apì thn efaptomènh.

Lème oti h f strèfei ta koÐla proc ta kĹtw sto shmeÐo x_0 an upĹrqei δ > 0 tètoio ÿste f(x) ≤ f(x_0) + f^′(x_0)(x − x_0) gia kĹje x ∈ (x_0 − δ, x_0 + δ). Dhladă, an to tmăma tou grafămatoc {(x, f(x)) : |x − x_0| < δ} brÐsketai kĹtw apì thn efaptomènh.

Tèloc, lème oti h f èqei shmeÐo kampăc sto shmeÐo x_0 an upĹrqei δ > 0 tètoio ÿste { f(x) ≥ f(x_0) + f^′(x_0)(x − x_0), x_0 < x < x_0 + δ f(x) ≤ f(x_0) + f^′(x_0)(x − x_0), x_0 − δ < x < x_0 ă { f(x) ≥ f(x_0) + f^′(x_0)(x − x_0), x_0 − δ < x < x_0 f(x) ≤ f(x_0) + f^′(x_0)(x − x_0), x_0 < x < x_0 + δ.

’Estw f : (a, b) → R paragwgÐsimh. H f lègetai kurtă sto (a, b) an strèfei ta koÐla proc ta pĹnw se kĹje x_0 ∈ (a, b) kai koÐlh sto (a, b) an strèfei ta koÐla proc ta kĹtw se kĹje x_0 ∈ (a, b).

H deÔterh parĹgwgoc (an upĹrqei) mporeÐ na mac dÿsei plhroforÐa gia to an h f eÐnai kurtă ă koÐlh se kĹpoio x_0 ∈ (a, b) ă kai se olìklhro to (a, b).

Jeÿrhma 6.5.3 ’Estw f : (a, b) → R kai èstw x_0 ∈ (a, b) gia to opoÐo upojètoume oti upĹrqei h f^{′′}(x_0).

(a) An f^{′′}(x_0) > 0, tìte h f strèfei ta koÐla proc ta pĹnw sto x_0. (b) An f^{′′}(x_0) < 0, tìte h f strèfei ta koÐla proc ta kĹtw sto x_0.

Apìdeixh: (a) JewroÔme th sunĹrthsh g(x) = f(x)−f(x_0)−f^′(x_0)(x−x_0). AfoÔ upĹrqei h f^{′′}(x_0), h f^′ upĹrqei se mia perioqă tou x_0. ’Ara, h g eÐnai paragwgÐsimh se mia perioqă tou x_0 kai

g^′(x) = f^′(x) − f^′(x_0).

’Eqoume g^′(x_0) = f^′(x_0) − f^′(x_0) = 0 kai g^{′′}(x_0) = f^{′′}(x_0) > 0. Apì to Jeÿrhma 6.5.2, h g èqei topikì elĹqisto sto x_0. ’Omwc, g(x_0) = 0. ’Ara, g(x) ≥ 0 gia kĹje x se mia perioqă tou x_0. Dhladă upĹrqei δ > 0 tètoio ÿste

f(x) − f(x_0) − f^′(x_0)(x − x_0) ≥ 0

an |x − x_0| < δ. Autì shmaÐnei oti h f strèfei ta koÐla proc ta pĹnw sto x_0. (b) Me ton Ðdio trìpo. □

Tèloc, dÐnoume mia anagaÐa sunjăkh gia na eÐnai to x_0 shmeÐo kampăc thc f.

Jeÿrhma 6.5.4 ’Estw f : (a, b) → R kai èstw x_0 ∈ (a, b) gia to opoÐo upojètoume oti upĹrqei h f^{′′}(x_0). An h f èqei shmeÐo kampăc sto x_0, tìte f^{′′}(x_0) = 0.

Apìdeixh: JewroÔme th sunĹrthsh g(x) = f(x) − f(x_0) − f^′(x_0)(x − x_0). H g den èqei topikì mègisto ă elĹqisto sto x_0 (èqoume g(x_0) = 0 kai g ≥ 0 aristerĹ tou x_0, g ≤ 0 dexiĹ tou x_0 -ă to antÐstrofo- opìte o mìnoc trìpoc gia na èqei topikì akrìtato sto x_0 eÐnai na eÐnai stajerĹ Ðsh me mhden se mia perioqă aristerĹ ă dexiĹ tou x_0).

EpÐshc, g^′(x_0) = 0 kai g^{′′}(x_0) = f^{′′}(x_0). An ătan g^{′′}(x_0) > 0 ă g^{′′}(x_0) < 0 tìte h g ja eÐqe gnăsio akrìtato sto x_0, Ĺtopo. ’Ara, f^{′′}(x_0) = 0. □

Paratărhsh H sunjăkh tou Jewrămatoc 6.5.4 den eÐnai ikană. H f(x) = x^4 den èqei shmeÐo kampăc sto x_0 = 0. EÐnai kurtă kai strèfei ta koÐla proc ta pĹnw sto x_0 = 0. ’Omwc f^{′′}(x) = 12x^2, Ĺra f^{′′}(0) = 0.

6.6 To jemeliÿdec jeÿrhma tou ApeirostikoÔ LogismoÔ

’Estw f : [a, b] → R oloklhrÿsimh sunĹrthsh. Xèroume oti tìte h f eÐnai oloklhrÿsimh sto [a, x] gia kĹje x ∈ [a, b]. MporoÔme epomènwc na orÐsoume mia sunĹrthsh F : [a, b] → R me

F (x) = ∫_x a f(t)dt. Jeÿrhma 6.6.1 H F eÐnai suneqăc sto [a, b].

Apìdeixh: AfoÔ h f eÐnai oloklhrÿsimh, eÐnai ex orismoÔ fragmènh. Dhladă, upĹrqei M > 0 t.w. |f(x)| ≤ M gia kĹje x ∈ [a, b].

’Estw x < y sto [a, b]. Tìte, |F (x) − F (y)| = | | | ∫_y a f(t)dt − ∫_x a f(t)dt | | | = | | | ∫_y x f(t)dt | | | ≤ ∫_y x |f(t)|dt ≤ M(y − x) ≤ M · |y − x|. ’Ara, h F eÐnai Lipschitz suneqăc. □ IsqÔei mĹlista kĹti isqurìtero: sta shmeÐa sunèqeiac thc f h F eÐnai paragwgÐsimh.

Jeÿrhma 6.6.2 ’Estw f : [a, b] → R oloklhrÿsimh sunĹrthsh. An h f eÐnai suneqăc sto x_0 ∈ [a, b], tìte h F eÐnai paragwgÐsimh sto x_0 kai

F^′(x_0) = f(x_0).

Apìdeixh: Upojètoume oti a < x_0 < b (oi dÔo periptÿseic x_0 = a ă x_0 = b elègqontai ìmoia). Jètoume δ_1 = min{x_0 − a, b − x_0}. An |h| < δ_1, tìte

F (x_0 + h) − F (x) h − f(x_0) = 1 h (∫_{x0+h} a f(t)dt − ∫_{x0} a f(t)dt ) − f(x_0)

= 1 h (∫_{x0+h} x_0 f(t)dt − ∫_{x0+h} x_0 f(x_0)dt )

= 1 h ∫_{x0+h} x_0 [f(t) − f(x_0)]dt. ’Estw ε > 0. H f eÐnai suneqăc sto x_0, Ĺra upĹrqei 0 < δ < δ_1 t.w. an |x − x_0| < δ tìte |f(x) − f(x_0)| < ε. ’Estw 0 < |h| < δ.

• An 0 < h < δ, tìte | | | | F (x_0 + h) − F (x) h − f(x_0) | | | | = | | | | 1 h ∫_{x0+h} x_0 [f(t) − f(x_0)]dt | | | | ≤ 1 h ∫_{x0+h} x_0 |f(t) − f(x_0)|dt < 1 h ∫_{x0+h} x_0 εdt = 1 h · hε = ε. • An −δ < h < 0, tìte | | |F (x^0 + h) − F (x) h − f(x_0) | | | = | | | 1 |h| ∫_{x0} x_0+h [f(t) − f(x_0)]dt | | | ≤ 1 |h| ∫_{x0} x_0+h |f(t) − f(x_0)|dt < 1 |h| ∫_{x0} x_0+h εdt = 1 |h| · (−h)ε = ε. ’Epetai oti lim_{h→0}

F (x_0 + h) − F (x_0) h = f(x_0),

dhladă F^′(x_0) = f(x_0). □

To Jeÿrhma 6.6.2 eÐnai to prÿto jemeliÿdec jeÿrhma tou ApeirostikoÔ LogismoÔ. Ac upojèsoume tÿra oti f : [a, b] → R eÐnai mia suneqăc sunĹrthsh. Mia sunĹrthsh G : [a, b] → R suneqăc sto [a, b] kai paragwgÐsimh sto (a, b) lègetai aìristo oloklărwma thc f (ă antiparĹgwgoc thc f) an G^′(x) = f(x) gia kĹje x ∈ (a, b). SÔmfwna me to Jeÿrhma 6.6.2, h

F (x) = ∫_x a f(t)dt eÐnai èna aìristo oloklărwma thc f.

An G eÐnai èna Ĺllo aìristo oloklărwma thc f, tìte F^′(x) − G^′(x) = f(x) − f(x) = 0 gia kĹje x ∈ (a, b), Ĺra h F − G eÐnai stajeră sto (a, b) (aplă sunèpeia tou jewrămatoc mèshc timăc). Lìgw sunèqeiac sta Ĺkra a kai b èpetai oti F (x) − G(x) = c gia kĹje x ∈ [a, b]. AfoÔ F (a) = 0, paÐrnoume c = −G(a). Dhladă, ∫_x a f(t)dt − G(x) = −G(a) ă alliÿc

G(x) = G(a) + ∫_x a f(t)dt gia kĹje x ∈ [a, b]. Eidikìtera, an jèsoume x = b paÐrnoume to deÔtero jemeliÿdec jeÿrhma tou ApeirostikoÔ LogismoÔ:

Jeÿrhma 6.6.3 ’Estw f : [a, b] → R eÐnai suneqăc sunĹrthsh. An G eÐnai èna aìristo oloklărwma thc f, tìte ∫_b a f(x)dx = G(b) − G(a). □

6.7 Askăseic

1. ExetĹste an oi sunartăseic f, g, h eÐnai paragwgÐsimec sto R. An eÐnai, exetĹste an h parĹgwgìc touc eÐnai suneqăc sto R. (a) f(x) = sin

(_1 x ) an x ≠ 0, kai f(0) = 0.

(b) g(x) = x sin

(_1 x ) an x ≠ 0, kai g(0) = 0.

(g) h(x) = x^2 sin

(_1 x ) an x ≠ 0, kai h(0) = 0.

2. ’Estw f : (a, b) → R kai a < x_0 < b. Upojètoume oti upĹrqei α > 0 t.w. |f(x) − f(x_0)| ≤ M|x − x_0|^α gia kĹje x ∈ (a, b). (a) DeÐxte oti h f eÐnai suneqăc sto x_0.

(b) An α > 1, deÐxte oti h f eÐnai paragwgÐsimh sto x_0. PoiĹ eÐnai h timă thc f^′(x_0)? (g) Dÿste parĹdeigma ìpou α = 1 allĹ h f den eÐnai paragwgÐsimh sto x_0. 3. ’Estw f : R → R fragmènh sunĹrthsh. Upojètoume oti gia kĹpoio x_0 ∈ R h sunĹrthsh g : R\{x_0 } → R me g(x) = f(x) − f(x_0) x − x_0 den eÐnai fragmènh. DeÐxte oti h f den eÐnai paragwgÐsimh sto x_0. 4. ’Estw f : (−a, a) → R suneqăc sto 0. Upojètoume oti gia kĹpoio t ∈ (0, 1) isqÔei lim_{x→0} f(x) − f(tx) x = b. DeÐxte oti upĹrqei h f^′(0) kai upologÐste thn timă thc.

5. ’Estw f : R → R dÔo forèc paragwgÐsimh sunĹrthsh. Upojètoume oti f(0) = 1, f^′(0) = 0 kai f^{′′}(x) + f(x) = 0 gia kĹje x ∈ R. DeÐxte oti f(x) = cos x gia kĹje x ∈ R. [Upìdeixh: DeÐxte oti h g(x) = f(x) − cos x eÐnai stajeră sunĹrthsh.] 6. ’Estw f : (a, b) → R, a < x_0 < b kai f^′(x_0) > 0. DeÐxte oti upĹrqei δ > 0 t.w.

(a) f(x) > f(x_0) gia kĹje x ∈ (x_0, x_0 + δ) ∩ (a, b).

(b) f(x) < f(x_0) gia kĹje x ∈ (x_0 − δ, x_0) ∩ (a, b).

7. OrÐzoume f(x) = (x − 1)(x − 2)(x − 3)(x − 4). DeÐxte oti h exÐswsh f^′(x) = 0 èqei akribÿc treÐc diaforetikèc pragmatikèc lÔseic.

8. DeÐxte oti h exÐswsh e^x = 1 + x èqei akribÿc mia pragmatikă lÔsh. PoiĹ? 9. (a) DeÐxte oti h exÐswsh tan x = x èqei akribÿc mia lÔsh se kĹje diĹsthma thc morfăc I_k = ( kπ −^π_2 , kπ +^π_2 ) . (b) ’Estw a_k h lÔsh thc parapĹnw exÐswshc sto diĹsthma I_k , k ∈ N. BreÐte, an upĹrqei, to ìrio lim_{k→∞}(a_{k+1} − a_k) kai dÿste gewmetrikă ermhneÐa. 10. DÐnontai dÔo paragwgÐsimec sunartăseic f, g : (a, b) → R tètoiec ÿste f(x)g^′(x)− f^′(x)g(x) ≠ 0 gia kĹje x ∈ (a, b). DeÐxte oti anĹmesa se dÔo rÐzec thc f(x) = 0 brÐsketai mia rÐza thc g(x) = 0, kai antÐstrofa.

11. ’Estw f paragwgÐsimh sto (0, 2) me |f^′(x)| ≤ 1 gia kĹje x ∈ (0, 2). Jètoume a_n = f

(_1 n ) . DeÐxte oti h (a_n) sugklÐnei.

12. ’Estw f : (0, +∞) → R paragwgÐsimh, me lim_{x→+∞} f^′(x) = 0. DeÐxte oti lim x→+∞ (f(x + 1) − f(x)) = 0.

13. ’Estw f, g dÔo sunartăseic suneqeÐc sto [0, a] kai paragwgÐsimec sto (0, a). Upojètoume oti f(0) = g(0) = 0 kai f^′(x) > 0, g^′(x) > 0 sto (0, a). (a) An h f^′ eÐnai aÔxousa sto (0, a), deÐxte oti h^{f (x)}_x eÐnai aÔxousa sto (0, a). (b) An h^{f ′}_{g′} eÐnai aÔxousa sto (0, a), deÐxte oti h^f_g eÐnai aÔxousa sto (0, a). 14. ’Estw f paragwgÐsimh sto [0, 1] me f(0) = 0 kai f^′(x) ≥ m > 0 gia kĹje x ∈ [0, 1]. DeÐxte oti upĹrqei upodiĹsthma J tou [0, 1], me măkoc megalÔtero ă Ðso tou 1/2, t.w. f(x) ≥ m/2 gia kĹje x ∈ J.

15. ’Estw f paragwgÐsimh sto [a, b], me f(a) = 0 kai |f^′(x)| ≤ A|f(x)| gia kĹje x ∈ [a, b]. DeÐxte oti f(x) = 0 gia kĹje x ∈ [a, b].

16. ’Estw f : (0, +∞) → R dÔo forèc paragwgÐsimh sunĹrthsh. Jètoume

M_0 = sup{|f(x)| : x > 0} M_1 = sup{|f^′(x)| : x > 0} M_2 = sup{|f^{′′}(x)| : x > 0}. DeÐxte oti M^2_1 ≤ 4M_0M_2.

17. ’Estw f : [0, a] → R suneqăc. DeÐxte oti gia kĹje x ∈ [0, a], ∫_x 0 f(u)(x − u)du = ∫_x 0 (∫_u 0 f(t)dt ) du.

18. ’Estw f, h : [0, +∞) → [0, +∞). Upojètoume oti h h eÐnai suneqăc kai h f eÐnai paragwgÐsimh. OrÐzoume

F (x) = ∫_{f (x)} 0 h(t)dt. DeÐxte oti F^′(x) = h(f(x)) · f^′(x).

19. ’Estw f : [0, 1] → R suneqÿc paragwgÐsimh sunĹrthsh me f(0) = 0. DeÐxte oti gia kĹje x ∈ [0, 1] isqÔei

|f(x)| ≤ (∫_1 0 |f^′(t)|^2dt )1/2 .

20. ’Estw f : [a, b] → R sunĹrthsh me suneqh parĹgwgo: dhladă, upĹrqei M > 0 t.w. |f^′(x)| ≤ M gia kĹje x ∈ [a, b]. DeÐxte oti lim_{k→∞} ∫_b a f(x) cos(kx)dx = 0.

21. ’Estw f : I → R paragwgÐsimh sunĹrthsh t.w. |f^′(x)| ≤ M gia kĹje x ∈ I. DeÐxte oti h f eÐnai omoiìmorfa suneqăc sto I.

22. Upojètoume oti h f : [a, b] → R eÐnai paragwgÐsimh sto (a, b) kai oti h f^{′′}(x_0) upĹrqei se kĹpoio x_0 ∈ (a, b). DeÐxte oti

f^{′′}(x_0) = lim_{h→0} f(x_0 + h) − 2f(x_0) + f(x_0 − h) h^2 .

23. Upojètoume oti h f : [0, 1] → R eÐnai suneqăc kai oti ∫_x 0 f(t)dt = ∫_1 x f(t)dt gia kĹje x ∈ [0, 1]. DeÐxte oti f(x) = 0 gia kĹje x ∈ [0, 1]. 24. ’Estw f : R → R suneqăc kai èstw δ > 0. OrÐzoume g(x) = ∫_{x+δ} x−δ f(t)dt. DeÐxte oti h g eÐnai paragwgÐsimh kai breÐte thn g^′. 25. UpologÐste tic paragÿgouc twn sunartăsewn F, G me

F (x) =

∫_x2 x 1 t dt , G(x) = ∫_{2+x} 2−x t − 1 t dt.

26. ’Estw f : [0, 1] → R suneqhc sunĹrthsh. OrÐzoume

F (x) = ∫_x 0 xf(t)dt gia x ∈ [0, 1]. UpologÐste thn F^′(x).

27. ’Estw f : [0, +∞) → R suneqăc sunĹrthsh me f(x) ≠ 0 gia kĹje x > 0. DeÐxte oti an (f(x))^2 = 2 ∫_x 0 f(t)dt gia kĹje x ≥ 0, tìte f(x) = x sto [0, +∞).

28. ’Estw f : [a, b] → R suneqăc, mh arnhtikă sunĹrthsh. Jètoume M = max{f(x) : x ∈ [a, b]}. DeÐxte oti h akoloujÐa γ_n = (∫_b a [f(x)]^ndx )_{1/n}

sugklÐnei, kai lim_{n→∞} γ_n = M.

29. ’Estw f : [a, b] → R oloklhrÿsimh sunĹrthsh. DeÐxte oti upĹrqei s ∈ [a, b] tètoio ÿste ∫_s a f(t)dt = ∫_b s f(t)dt. MporoÔme pĹnta na epilègoume èna tètoio s sto anoiktì diĹsthma (a, b)? 30. ’Estw f, g : [a, b] → R suneqeÐc sunartăseic me ∫_b a f(x)dx = ∫_b a g(x)dx. DeÐxte oti upĹrqei x_0 ∈ [a, b] tètoio ÿste f(x_0) = g(x_0).

31. ’Estw f : [a, b] → R suneqăc sunĹrthsh. DeÐxte oti upĹrqei s ∈ [a, b] tètoio ÿste ∫_b a f(x)dx = f(s) · (b − a). 32. ’Estw f : [0, 1] → R suneqăc sunĹrthsh. DeÐxte oti upĹrqei s ∈ [0, 1] tètoio ÿste ∫_1 0 f(x)x^2dx = f(s) 3 .

118

KefĹlaio 7

Ekjetikă kai logarijmikă sunĹrthsh

Skopìc mac se autì to KefĹlaio eÐnai na dÿsoume austhrì orismì thc ekjetikăc sunĹrthshc a^x, a > 0 kai thc (antÐstrofăc thc) logarijmikăc sunĹrthshc log_a x, a > 0, a ≠ 1 kai na apodeÐxoume tic basikèc touc idiìthtec. Ja perigrĹyoume sunoptikĹ dÔo trìpouc orismoÔ.

7.1 Orismìc mèsw tou oloklhrÿmatoc

’Estw a jetikìc pragmatikìc arijmìc. EÐnai fanerìc o trìpoc me ton opoÐo orÐzei kaneÐc ton a^x ìtan o x eÐnai rhtìc:

• an x ∈ N, tìte a^x = a · a · . . . · a (x forèc).

• an x = 0, tìte jètoume a^0 = 1.

• an x ∈ Z kai x < 0, tìte orÐzoume a^x =^1_{a−x} (me autìn ton trìpo diathreÐtai h gnwstă isìthta a^{x+y} = a^xa^y gia tuqìntec x, y ∈ Z).

• an x =^1_n gia kĹpoion n ∈ N, jètoume a^{1/n} =^n √ a (sto KefĹlaio 1 apodeÐqjhke h Ôparxh kai to monosămanto jetikăc n-ostăc rÐzac gia kĹje jetikì pragmatikì arijmì).

• an x =^m_n ìpou m ∈ Z kai n ∈ N eÐnai tuqÿn rhtìc, jètoume

a^x = ( a^{1/n} )_m .

EÔkola elègqoume oti an x =^m_n =^{m1}_{n1} , tìte ( a^{1/n} )_m = ( a^{1/n1} )_{m1} . Dhladă, o a^x orÐzetai kalĹ me autìn ton trìpo.

To prìblhma loipìn eÐnai me poiìn trìpo ja epekteÐnoume ton orismì tou a^x gia Ĺrrhtouc ekjètec x, ètsi ÿste na prokÔyei mia suneqăc sunĹrthsh f_a : R → R^+ pou na ikanopoieÐ ta exăc:

1. f_a(x) = a^x, x ∈ Q.

2. f_a(x + y) = f_a(x)f_a(y), x, y ∈ R. 3. f_a(1) = a.

Parathrăste oti h prÿth idiìthta eÐnai sunèpeia twn Ĺllwn dÔo (giatÐ?).

Ac upojèsoume oti katafèrame na orÐsoume mia tètoia sunĹrthsh f_a kai mĹlista me tètoion trìpo ÿste h f_a na eÐnai paragwgÐsimh. Tìte, gia kĹje x ∈ R prèpei na èqoume

f^′_a(x) = lim_{h→0} f_a(x + h) − f_a(x) h = lim_{h→0} f_a(x)f_a(h) − f_a(x)f_a(0) h = f_a(x) lim_{h→0} f_a(h) − f_a(0) h = f^′_a(0) · f_a(x).

Dhladă, h parĹgwgoc thc f_a eÐnai upoqrewmènh na ikanopoieÐ thn f^′_a(x) = f^′_a(0) · f_a(x) gia kĹje x ∈ R.

H antÐstrofh sunĹrthsh (upojètoume edÿ oti h f_a pou prospajoÔme na orÐsoume ja eÐnai gnhsÐwc monìtonh kai epÐ tou (0, +∞)) log_a := f^{−1}_a thc f_a ja eÐnai ki aută paragwgÐsimh (arkeÐ na isqÔei f^′_a(0) ≠ 0) kai ja ikanopoieÐ thn

log^′_a(x) = 1 f^′_a(log_a x) = 1 f^′_a(0)f_a(log_a x) = 1 f^′_a(0)x gia kĹje x > 0. Dhladă, h parĹgwgoc thc log_a x eÐnai {upoqrewmènh} na èqei thn polÔ aplă morfă (log_a)^′(x) = 1 cx ìpou c = f^′_a(0). Morfă pou ja eÐnai akìma aploÔsterh gia ekeÐno to a > 0 (an upĹrqei!) pou ikanopoieÐ thn f^′_a(0) = c = 1.

Aută h timă tou a eÐnai h piì {fusiologikă} kai autăc thc f_a h antÐstrofh sunĹrthsh eÐnai h piì {fusiologikă} logarijmikă sunĹrthsh (me parĹgwgo thn 1/x). Autèc oi parathrăseic mac odhgoÔn ston exăc {ouranokatèbato} orismì: Orismìc OrÐzoume mia sunĹrthsh ln : (0, +∞) → R me

ln x = ∫_x 1 1 t dt. O orismìc autìc upagoreÔetai apì to jemeliÿdec jeÿrhma tou ApeirostikoÔ LogismoÔ: h^1_t eÐnai suneqăc sto [1, x] an x > 1 ă sto [x, 1] an x < 1, Ĺra h ln x orÐzetai kalĹ gia kĹje x > 0. Epiplèon,

ln^′(x) = 1 x . Dhladă, h ln eÐnai h {fusiologikă} logarijmikă sunĹrthsh pou yĹqname. MporoÔme eÔkola na deÐxoume oti h ln ikanopoieÐ thn basikă idiìthta twn logarÐjmwn:

Jeÿrhma 7.1.1 An x, y > 0, tìte ln(xy) = ln x + ln y.

Apìdeixh: StajeropoioÔme kĹpoio x > 0 kai orÐzoume f : (0, +∞) → R me

f(y) = ln(xy) = ∫_{xy} 1 1 t dt. Tìte, f^′(y) = 1 xy · d(xy) dy = 1 xy · x = 1 y = ln^′(y).

’Ara, upĹrqei stajerĹ c ∈ R t.w. ln(xy) = ln y + c gia kĹje y > 0. Gia na upologÐsoume thn timă thc c, jètoume y = 1. ’Eqoume

ln x = ln 1 + c =

∫_1 1 1 t dt + c = 0 + c = c.

’Ara, ln(xy) = ln x + ln y. □ ’Askhsh DeÐxte oti an x, y > 0, tìte

(a) ln(x^n) = n ln x gia kĹje n ∈ N. (b) ln (_x y ) = ln x − ln y.

EÐnai fanerì oti h ln eÐnai suneqăc kai mĹlista paragwgÐsimh sto (0, +∞). EpÐshc, h ln eÐnai gnhsÐwc aÔxousa afoÔ h parĹgwgìc thc eÐnai^1_x > 0 gia kĹje x > 0. To sÔnolo timÿn thc ln eÐnai olìklhro to R. Autì faÐnetai eÔkola wc exăc:

èqoume ln 2 =

∫_2 1 1 t dt > 0, epomènwc ln(2^n) = n ln 2 → +∞ kajÿc n → ∞. Dhladă, h ln paÐrnei osodăpote megĹlec jetikèc timèc. AfoÔ ln 1 = 0, h sunèqeia thc ln kai to jeÿrhma endiĹmeshc timăc mac exasfalÐzoun oti h ln paÐrnei ìlec tic timèc sto [0, +∞) gia x ≥ 1. Dhladă, f([1, +∞)) = [0, +∞).

Apì thn ln(1/x) = − ln x sumperaÐnoume oti f((0, 1]) = (−∞, 0].

’Ara, èqoume deÐxei to exăc:

Jeÿrhma 7.1.2 H ln : (0, +∞) → R eÐnai paragwgÐsimh, gnhsÐwc aÔxousa kai epÐ sunĹrthsh, me parĹgwgo ln^′(x) = 1 x . □ MporoÔme tÿra na orÐsoume thn antÐstrofh thc ln, exp : R → (0, +∞) me exp(x) = ln^{−1}(x). OrÐzoume e = exp(1) kai grĹfoume exp(x) =: e^x. H x → e^x ikanopoieÐ thn basikă idiìthta miac {ekjetikăc sunĹrthshc}:

Jeÿrhma 7.1.3 An x, y ∈ R, tìte exp(x + y) = exp(x) · exp(y) (dhladă, e^{x+y} = e^xe^y).

Apìdeixh: ’Estw z = exp(x) kai w = exp(y). Tìte, zw = exp(x) exp(y), Ĺra to Jeÿrhma 7.1.1 dÐnei

ln(zw) = ln(exp(x) · exp(y)) = ln(exp(x)) + ln(exp(y)) = x + y. ’Epetai oti zw = ln^{−1}(x + y) =⇒ zw = exp(x + y).

Dhladă, exp(x) · exp(y) = exp(x + y). □

Jeÿrhma 7.1.4 H exp eÐnai paragwgÐsimh kai exp^′(x) = exp(x). Apìdeixh: Apì ton tÔpo thc paragÿgou antÐstrofhc apeikìnishc,

exp^′(x) = (ln^{−1})^′(x) = 1 ln^′(ln^{−1}(x)) = ln^{−1}(x) = exp(x). □

Paratărhsh AxÐzei ton kìpo na elègxoume oti, me ton orismì tou e pou dÿsame, e = lim_{n→∞} ( 1 + 1 n )_n . An a_n = ( 1 +^1_n )_n , èqoume

ln a_n = n ln ( 1 + 1 n ) = ln ( 1 +^1_n ) − ln 1 1 n . ’Otan n → ∞ èqoume^1_n → 0. ’Ara, ln ( 1 +^1_n ) − ln 1 1 n → ln^′(1) = 1.

AfoÔ ln a_n → 1, apì th sunèqeia thc exp paÐrnoume a_n = exp(ln a_n) → exp(1) = e. Orismìc Gia aujaÐreto a > 0 orÐzoume tic sunartăseic x → a^x, x ∈ R kai (an a ≠ 1) x → log_a(x), x > 0 wc exăc:

• a^x = exp(x ln a) = e^{x ln a}. • log_a(x) =^{ln x}_{ln a} , an a ≠ 1.

Qrhsimopoiÿntac tic antÐstoiqec idiìthtec twn exp kai ln elègqoume eÔkola oti • an x, y ∈ R, tìte a^{x+y} = a^xa^y.

• an a ≠ 1 kai x, y > 0, tìte log_a(xy) = log_a(x) + log_a(y). ’Askhsh DeÐxte oti:

1. An 0 < a < 1, tìte h a^x eÐnai gnhsÐwc fjÐnousa kai lim x→−∞ a^x = +∞ , lim_{x→+∞} a^x = 0.

2. An a > 1, tìte h a^x eÐnai gnhsÐwc aÔxousa kai lim x→−∞ a x = 0 , lim_{x→+∞} a^x = +∞.

3. An 0 < a < 1, tìte h log_a(x) eÐnai gnhsÐwc fjÐnousa kai lim_{x→0+} log_a(x) = +∞ , lim_{x→+∞} log_a(x) = −∞.

4. An a > 1, tìte h log_a(x) eÐnai gnhsÐwc aÔxousa kai lim_{x→0+} log_a(x) = −∞ , lim_{x→+∞} log_a(x) = +∞.

’Askhsh DeÐxte oti:

1. An 0 < a < 1 ă a > 1, tìte

(log_a)^′(x) = 1 x ln a . 2. Gia kĹje a > 0, (a^x)^′ = a^x ln a.

DeÐxte epÐshc oti h a^x eÐnai kurtă sto R kai h log_a x eÐnai koÐlh sto (0, +∞).

Jeÿrhma 7.1.5 Oi sunartăseic ln kai exp ikanopoioÔn ta exăc: gia kĹje s > 0,

(1) lim_{x→+∞} e^x x^s = +∞ kai (2) lim_{x→+∞} ln x x^s = 0.

[Dhladă, h exp auxĹnei sto +∞ taqÔtera apì opoiadăpote (megĹlh) dÔnamh tou x, enÿ h ln auxĹnei sto +∞ bradÔtera apì opoiadăpote (mikră) dÔnamh tou x.] Apìdeixh: (1) DeÐqnoume prÿta oti e^x > x an x > 1. ArkeÐ na deÐxoume oti ln x < x. ’Omwc, ln x = ∫_x 1 1 t dt ≤ ∫_x 1 1dt = x − 1 < x. Aută h anisìthta ădh deÐqnei oti lim_{x→+∞} e^x = +∞ (giatÐ?). Tÿra, e^x x = 1 2 e^{x/2} x/2 · e^{x/2} > 1 2 e^{x/2} an x > 2. AfoÔ lim_{x→+∞} e^{x/2} = +∞, sumperaÐnoume oti e^x x → +∞.

’Estw tÿra tuqÿn s > 0. Epilègoume fusikì arijmì n > s, opìte gia kĹje x > 1 èqoume e^x/x^s > e^x/x^n. ArkeÐ loipìn na deÐxoume oti gia kĹje n ∈ N e^x x^n → +∞ ìtan x → +∞. GrĹfoume e^x x^n = e^{x/n} . . . e^{x/n} x . . . x = 1 n^n ( e^{x/n} x/n )n . ’Omwc, ìtan x → +∞ èqoume x/n → +∞, opìte to prohgoÔmeno băma deÐqnei oti e^{x/n}/(x/n) → +∞. ’Epetai oti lim x→+∞ e^x x^n = 1 n^n lim x→+∞ ( e^{x/n} x/n )n = +∞. (2) Autì eÐnai aploÔstero. ’Eqoume aprosdiìristh morfă^∞ kai efarmìzoume ton kanìna tou l’Hospital. ’Eqoume

(ln x)^′ (x^s)^′ = 1 x sx^{s−1} = 1 sx^s → 0 ìtan x → +∞. ’Ara, lim x→+∞ ln x x^s = 0. □

7.2 O {fusiologikìc} orismìc

Se autăn thn parĹgrafo upojètoume oti o a^x èqei oristeÐ gia kĹje x ∈ Q ìpwc sthn arqă thc prohgoÔmenhc paragrĹfou, kai dÐnoume mia sÔntomh perigrafă tou {fusiologikoÔ} trìpou orismoÔ thc ekjetikăc sunĹrthshc a^x: epekteÐnoume ton orismì gia Ĺrrhtouc ekjètec x.

O orismìc tou a^x, x /∈ Q ja basisteÐ sto akìloujo Lămma:

Lămma 7.2.1 ’Estw a > 0 kai (q_n) akoloujÐa rhtÿn arijmÿn me q_n → 0. Tìte, a^{qn} → 1. Apìdeixh: An a = 1 den èqoume tÐpota na deÐxoume. H perÐptwsh 0 < a < 1 anĹgetai sthn a > 1.

Upojètoume loipìn oti a > 1. EÔkola blèpoume oti an q, q^′ ∈ Q kai q < q^′ tìte a^q < a^{q′} . AfoÔ −|q_n| ≤ q_n ≤ |q_n|, èqoume a^{−|qn|} = 1 a^{|qn|} ≤ a^{qn} ≤ a^{|qn|} gia kĹje n ∈ N. An loipìn deÐxoume oti a^{|qn|} → 1, tìte efarmìzontac to kritărio isosugklinousÿn akoloujiÿn ja èqoume a^{qn} → 1.

KĹje |q_n| grĹfetai sth morfă^1_{πn+sn} ìpou 0 ≤ s_n < 1 kai π_n = [1/|q_n|], an q_n ≠ 0. AfoÔ q_n = 0 ⇒ a^{qn} = 1, èpetai oti a^{|qn|} = a^{1π}n^{+s}n ≤ a^{1π}n an |q_n| ≠ 0, a^{|qn|} = 1 an q_n = 0, kai π_n = [1/|q_n|] ∈ N afoÔ telikĹ |q_n| < 1.

GrĹfoume a^{1/πn} = 1 + γ_n an |q_n| ≠ 0. ArkeÐ na deÐxoume oti γ_n → 0 (giatÐ?). Apì thn anisìthta tou Bernoulli èqoume

a = (1 + γ_n)^{πn} ≥ 1 + π_nγ_n.

’Ara, 0 ≤ γ_n < a π_n = a 1 |q_n| − 1 → 0 afoÔ |q_n| → 0. □

H idèa mac gia na epekteÐnoume ton orismì tou a^x gia Ĺrrhto x eÐnai h exăc: oi rhtoÐ arijmoÐ eÐnai puknoÐ sto R, epomènwc an mac dÿsoun x /∈ Q upĹrqoun (pollèc) akoloujÐec rhtÿn q_n → x. Ja deÐxoume gia mia apì autèc oti to

lim_n a^{qn}

upĹrqei kai ja orÐsoume a^x = lim_n a^{qn} .

Gia na eÐnai kalìc o orismìc, ja prèpei an pĹroume mia Ĺllh akoloujÐa rhtÿn arijmÿn q^′_n → x na isqÔei oti upĹrqei to lim_n a^{q′n} kai

lim_n a^{q′n} = lim_n a^{qn} .

Autì ja deÐqnei oti h timă a^x pou orÐsame eÐnai anexĹrthth apì thn epilogă thc akoloujÐac rhtÿn q_n → x.

Jeÿrhma 7.2.1 ’Estw x ∈ R kai q_n, q^′_n ∈ Q me lim_n q_n = lim_n q^′_n = x. An a > 0, tìte

(a) ta lim_n a^{q′n} kai lim_n a^{qn} upĹrqoun. (b) lim_n a^{q′n} = lim_n a^{qn} .

Apìdeixh: Upojètoume prÿta oti a > 1. JewroÔme mia aÔxousa akoloujÐa rhtÿn r_n → x. ’Estw q rhtìc me q > x. Tìte a^{rn} < a^q, dhladă h a^{rn} eÐnai Ĺnw fragmènh. EpÐshc, r_n ≤ r_{n+1} ⇒ a^{rn} ≤ a^{rn+1} , dhladă h ( a^{rn} ) eÐnai aÔxousa. ’Epetai oti h a^{rn} sugklÐnei.

PaÐrnoume tÿra opoiadăpote apì tic (q_n), (q^′_n). ’Eqoume q_n − r_n → x − x = 0, opìte to Lămma 7.2.1 deÐqnei oti a^{qn−rn} → 1. Tìte, a^{qn} = a^{qn−rn} a^{rn} → lim_n a^{rn} . OmoÐwc, a^{q′n} → lim_n a^{rn} . ’Etsi paÐrnoume ta (a) kai (b) tautìqrona, afoÔ lim_n a^{qn} = lim_n a^{q′n} = lim_n a^{rn} .

To jeÿrhma isqÔei katĹ profană trìpo ìtan a = 1. H perÐptwsh 0 < a < 1 eÐnai entelÿc anĹlogh me thn perÐptwsh a > 1 (h a^{rn} ja eÐnai fjÐnousa kai kĹtw fragmènh). □ Gia kĹje a > 0 orÐzoume tÿra mia sunĹrthsh f_a : R → (0, +∞) jètontac a^x := f_a(x) = lim a^{qn} ìpou q_n → x, q_n ∈ Q.

O orismìc eÐnai kalìc sÔmfwna me to Jeÿrhma 7.2.1. MporeÐ kaneÐc na apodeÐxei ta exăc:

• H f_a(x) = a^x eÐnai paragwgÐsimh sto R kai

f^′_a(x) = a^x ( lim_{h→0} a^h − 1 h ) = c_aa^x. • H f_a eÐnai gnhsÐwc aÔxousa an a > 1 kai gnhsÐwc fjÐnousa an 0 < a < 1. • H f_a eÐnai epÐ tou (0, +∞).

Katìpin orÐzoume thn log_a : (0, +∞) → R wc thn antÐstrofh thc f_a. Tèloc, elègqoume oti log^′_a(x) = 1 c_ax kai oti c_a = ln a ìpou ln = (f_a)^{−1}. Gia tic leptomèreiec thc parapĹnw kataskeuăc, blèpe S. PhqwrÐdh (sel. 113-134).

Oi idiìthtec a^{x+y} = a^xa^y kai log_a(xy) = log_a(x) + log_a(y) elègqontai eÔkola. H prÿth apodeiknÔetai mèsw tou orismoÔ: upĹrqoun akoloujÐec rhtÿn q_n → x kai p_n → y. Tìte q_n + p_n → x + y, Ĺra (apì thn sunèqeia thc a^x)

a^{x+y} = a^{lim(qn+pn)} = lim a^{qn+pn} = lim(a^{qn} a^{pn} ) = lim a^{qn} · lim a^{pn} = a^xa^y. H deÔterh apodeiknÔetai me bĹsh to gegonìc oti h log_a eÐnai h antÐstrofh thc a^x (Ĺskhsh: blèpe thn apìdeixh tou Jewrămatoc 7.1.3, ìpou akoloujăsame thn antÐstrofh poreÐa).

7.3 Askăseic

1. JewroÔme thn akoloujÐa

a_n = 1 + 1 1! + 1 2! + . . . + 1 n! . DeÐxte oti a_n → e.

2. DeÐxte oti o arijmìc e eÐnai Ĺrrhtoc.

3. ’Estw f : R → R paragwgÐsimh sunĹrthsh me thn idiìthta f^′(x) = cf(x) gia kĹje x ∈ R, ìpou c mia stajerĹ. DeÐxte oti upĹrqei a ∈ R t.w. f(x) = ae^{cx} gia kĹje x ∈ R.

4. ’Estw f : R → R sunĹrthsh me thn idiìthta f(x) = ∫_x 0 f(t)dt gia kĹje x ∈ R. DeÐxte oti f(x) = 0 gia kĹje x ∈ R.

5. ’Estw f, g : [a, b] → R suneqeÐc mh-arnhtikèc sunartăseic kai èstw c > 0. Upojètoume oti f(x) ≤ c + ∫_x a f(t)g(t)dt gia kĹje x ∈ [a, b]. DeÐxte oti f(x) ≤ c exp (∫_x a g(t)dt )

gia kĹje x ∈ [a, b].

6. SqediĹste thn grafikă parĹstash thc f(x) = ln x x , x ∈ R. Poiìc eÐnai megalÔteroc, o e^π ă o π^e?

7. (a) ’Estw f : [1, +∞) → R aÔxousa sunĹrthsh. DeÐxte oti

f(1) + . . . + f(n − 1) ≤ ∫_n 1 f(x)dx ≤ f(2) + . . . + f(n). (b) PaÐrnontac san f thn ln sto (a), deÐxte oti n^n e^{n−1} < n! < (n + 1)^{n+1} e^n .

(g) DeÐxte oti lim_{n→∞} n√ n! n = 1 e . 8. Gia poioÔc arijmoÔc a ∈ (1, +∞) eÐnai swstì oti x^a ≤ a^x gia kĹje x > 1? 9. Gia poioÔc a > 1 kai b > 0 h exÐswsh log_a x = x^b èqei jetikă lÔsh wc proc x? 10. (a) DeÐxte oti sin x ≥^2_π x gia kĹje x ∈ [0, π/2]. (b) DeÐxte oti an 0 < t < 1, tìte lim_{R→∞} R^t ∫_{π/2} 0 e^{−R sin x}dx = 0.

11. OrÐzoume f(x) = e^{x2/2} ∫_∞ x e^{−t2/2}dt, x > 0. (a) DeÐxte oti 0 < f(x) < 1/x.

(b) DeÐxte oti h f eÐnai gnhsÐwc aÔxousa.

12. ’Estw f : [a, b] → R suneqăc sto [a, b], paragwgÐsimh sto (a, b), me f(a) = f(b) = 0. DeÐxte oti gia kĹje t ∈ R upĹrqei ξ ∈ (a, b) t.w. f^′(ξ) = tf(ξ). [Upìdeixh: Jewrăste thn g(x) = f(x)e^{−tx} kai efarmìste to Jeÿrhma tou Rolle.]