Shmeiÿseic

Kurtăc AnĹlushc

Panepisthmio Krhthc Tmhma Majhmatikwn Fjinopwro 2000

2

Perieqìmena

1 Pragmatikèc kurtèc sunartăseic 5 1.1 Pragmatikèc kurtèc sunartăseic . . . . . . . . . . . . . . . . . . . . 5 1.2 QarakthrismoÐ twn kurtÿn sunartăsewn . . . . . . . . . . . . . . . . 11 1.3 ParagwgÐsimec kurtèc sunartăseic . . . . . . . . . . . . . . . . . . . 14 1.4 Jewrămata gia oloklhrÿmata . . . . . . . . . . . . . . . . . . . . . . 15 1.5 H suzugăc sunĹrthsh . . . . . . . . . . . . . . . . . . . . . . . . . . 18 1.6 Askăseic . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

2 KurtĹ sÔnola ston EukleÐdeio qÿro 29 2.1 TopologÐa tou EukleÐdeiou qÿrou . . . . . . . . . . . . . . . . . . . 29 2.2 KurtĹ sÔnola ston EukleÐdeio qÿro . . . . . . . . . . . . . . . . . . 33 2.3 UperepÐpeda kai diaqwristikĹ jewrămata . . . . . . . . . . . . . . . . 39 2.4 PoluedrikoÐ kÿnoi - to lămma tou Farkas . . . . . . . . . . . . . . . 46 2.5 Askăseic . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

3 Kurtèc sunartăseic ston R^n 55 3.1 OrismoÐ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55 3.2 Sunèqeia kai paragwgisimìthta . . . . . . . . . . . . . . . . . . . . . 61 3.3 Sunartăseic stărixhc . . . . . . . . . . . . . . . . . . . . . . . . . . . 67 3.4 UpodiaforikĹ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73 3.5 Suzugăc sunĹrthsh . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78 3.6 To jeÿrhma duðsmoÔ tou Fenchel . . . . . . . . . . . . . . . . . . . . 81 3.7 Askăseic . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

4 Efarmogèc 87 4.1 JewrÐa paignÐwn . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87 4.2 Kurtìc programmatismìc . . . . . . . . . . . . . . . . . . . . . . . . 92 4.3 AnĹlush pinĹkwn . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98 4.4 Askăseic . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105

4

KefĹlaio 1

Pragmatikèc kurtèc sunartăseic

Se autì to kefĹlaio, me I sumbolÐzoume èna (kleistì, anoiktì ă hmianoiktì, peperasmèno ă Ĺpeiro) diĹsthma sto R.

1.1 Pragmatikèc kurtèc sunartăseic

§1. Orismìc ’Estw f : I → R mÐa sunĹrthsh.

(a) H f lègetai kurtă an (1) f(λa + (1 − λ)b) ≤ λf(a) + (1 − λ)f(b) gia kĹje a, b ∈ I kai kĹje λ ∈ R me 0 < λ < 1. Sto Sqăma 1 mporeÐte na deÐte thn gewmetrikă shmasÐa tou orismoÔ: h qordă pou èqei san Ĺkra ta shmeÐa (a, f(a)) kai (b, f(b)) den eÐnai poujenĹ kĹtw apì to grĹfhma thc f.

(b) H f lègetai gnăsia kurtă an eÐnai kurtă kai èqoume gnăsia anisìthta sthn (1) gia kĹje a, b ∈ I me a ≠ b.

§2. IsodÔnamoi trìpoi me touc opoÐouc mporeÐ na perigrafeÐ h kurtìthta thc f : I → R eÐnai oi exăc:

(a) Gia kĹje a, b, x ∈ I me a < x < b, f(x) ≤ b − x b − a f(a) + x − a b − a f(b). Parathrăste ìti to dexiì mèloc autăc thc anisìthtac isoÔtai me f(a) + f(b) − f(a) b − a (x − a). (b) Gia kĹje a, b ∈ I kai kĹje λ, μ ∈ R me λ > 0, μ > 0 kai λ + μ = 1, f(λa + μb) ≤ λf(a) + μf(b). §3. Oi parakĹtw aplèc idiìthtec twn kurtÿn sunartăsewn eÐnai Ĺmesec sunèpeiec tou orismoÔ:

(a) An f, g : I → R eÐnai dÔo kurtèc sunartăseic kai a ≥ 0, b ≥ 0, tìte h af +bg eÐnai kurtă sunĹrthsh.

(b) To Ĺjroisma peperasmènwn to plăjoc kurtÿn sunartăsewn eÐnai kurtă sunĹrthsh.

(g) To katĹ shmeÐo ìrio miĹc sugklÐnousac akoloujÐac kurtÿn sunartăsewn eÐnai kurtă sunĹrthsh.

(d) ’Estw f : I → R kurtă sunĹrthsh. Tìte, an x_1, . . . , x_m ∈ I kai λ_1, . . . , λ_m ≥ 0 me λ_1 + . . . + λ_m = 1, èqoume ∑_m i=1 λ_ix_i ∈ I kai

f (_m ∑ i=1 λ_ix_i ) ≤ m∑ i=1 λ_if(x_i).

(e) ’Estw {f_j : j ∈ J} tuqoÔsa oikogèneia kurtÿn sunartăsewn f_j : I → R. OrÐzoume f : I → R me f(x) = sup{f_j (x) : j ∈ J}. An h f eÐnai peperasmènh pantoÔ sto I, tìte h f eÐnai kurtă.

Oi apodeÐxeic autÿn twn isqurismÿn afănontai san askăseic gia ton anagnÿsth.

Jeÿrhma 1.1 ’Estw f : I → R kurtă sunĹrthsh. Tìte, (2) f(x) − f(a) x − a ≤ f(b) − f(a) b − a ≤ f(b) − f(x) b − x gia kĹje a, b, x ∈ I me a < x < b. AntÐstrofa, an kĹpoia apì tic dÔo anisìthtec sthn (2) isqÔei gia kĹje a < x < b sto I, tìte h f eÐnai kurtă.

An h f eÐnai gnăsia kurtă, tìte èqoume gnăsiec anisìthtec sthn (2).

Sto Sqăma 2 mporeÐte na deÐte thn gewmetrikă shmasÐa autoÔ tou jewrămatoc: h klÐsh tou AB eÐnai mikrìterh apì thn klÐsh tou AC, h opoÐa me th seirĹ thc eÐnai mikrìterh apì thn klÐsh tou BC. Apìdeixh: AfoÔ h f eÐnai kurtă, èqoume

(3) f(x) ≤ b − x b − a f(a) + x − a b − a f(b). Apì autăn thn anisìthta blèpoume ìti f(x) − f(a) ≤ a − x b − a f(a) + x − a b − a f(b) = x − a b − a [f(b) − f(a)], to opoÐo apodeiknÔei thn aristeră anisìthta sthn (2). Gia thn dexiĹ anisìthta ergazìmaste me anĹlogo trìpo. An h f eÐnai gnăsia kurtă, tìte èqoume gnăsia anisìthta sthn (3), Ĺra kai sthn (2) □ §4. SumbolÐzoume me int(I) to eswterikì tou I. JewroÔme mÐa kurtă sunĹrthsh f : I → R kai èna shmeÐo c ∈ int(I). An [a, b] eÐnai èna upodiĹsthma tou I tètoio ÿste a < c < b, apì to Jeÿrhma 1.1 èqoume f(c) − f(a) c − a ≤ f(x) − f(c) x − c gia kĹje x ∈ (c, b]. PĹli apì to Jeÿrhma 1.1, h sunĹrthsh x → f(x) − f(c) x − c eÐnai aÔxousa sto (c, b]. Epomènwc, h dexiĹ parĹgwgoc

f^′_+(c) := lim_{x↓c} f(x) − f(c) x − c upĹrqei. Me anĹlogo trìpo mporoÔme na deÐxoume ìti h aristeră parĹgwgoc f^′_−(c) upĹrqei.

An a < c < d < b, tìte gia arketĹ mikrì jetikì h èqoume f(c) − f(c − h) h ≤ f(c + h) − f(c) h ≤ f(d) − f(d − h) h . PaÐrnontac ìria kajÿc h ↓ 0, sumperaÐnoume ìti

f^′_−(c) ≤ f^′_+(c) ≤ f^′_−(d).

EpÐshc, an x > c èqoume f(x) − f(c) x − c ≥ f(c + h) − f(c) h gia kĹje 0 < h < x − c, opìte afănontac to h ↓ 0 blèpoume ìti f(x) ≥ f(c) + f^′_+(c)(x − c) ≥ f(c) + f^′_−(c)(x − c), enÿ an x < c èqoume f(x) − f(c) x − c ≤ f(c − h) − f(c) −h gia kĹje 0 < h < c − x, opìte afănontac to h ↓ 0 blèpoume ìti f(x) ≥ f(c) + f^′_−(c)(x − c) ≥ f(c) + f^′_−(c)(x − c).

’Eqoume loipìn apodeÐxei to exăc jeÿrhma.

Jeÿrhma 1.2 ’Estw f : I → R kurtă sunĹrthsh. Tìte, h f èqei dexiĹ kai aristeră parĹgwgo se kĹje eswterikì shmeÐo tou I kai oi f^′_− kai f^′_+ eÐnai aÔxousec sunartăseic sto int(I). An c ∈ int(I), tìte

f^′_−(c) ≤ f^′_+(c) kai f(x) ≥ f(c) + f^′_−(c)(x − c), f(x) ≥ f(c) + f^′_+(c)(x − c) gia kĹje x ∈ I. □ Eidikìtera, h Ôparxh twn pleurikÿn paragÿgwn exasfalÐzei ìti h f eÐnai suneqăc sto eswterikì tou I:

Jeÿrhma 1.3 KĹje kurtă sunĹrthsh f : I → R eÐnai suneqăc sto int(I). Apìdeixh: ’Estw c ∈ int(I). Tìte, gia mikrĹ h > 0 èqoume c + h, c − h ∈ I kai

f(c + h) = f(c) + f(c + h) − f(c) h · h → f(c) + f^′_+(c) · 0 = f(c)

ìtan h ↓ 0, enÿ, teleÐwc anĹloga, f(c − h) = f(c) + f(c − h) − f(c) −h · (−h) → f(c) + f^′_−(c) · 0 = f(c)

ìtan h ↓ 0. ’Ara, h f eÐnai suneqăc sto c. □ Paratărhsh ’Estw f : [a, b] → R kurtă sunĹrthsh. H apìdeixh tou Jewrămatoc 1.2 deÐqnei ìti, se autăn thn perÐptwsh, oi f^′_+(a) kai f^′_−(b) upĹrqoun an epitrèpoume kai tic timèc +∞ kai −∞ san ìria.

§5. ’Estw f : I → R kai I_0 èna upodiĹsthma tou I. Lème ìti h f eÐnai sunĹrthsh Lipschitz sto I_0 an upĹrqei stajerĹ K > 0 me thn idiìthta |f(x) − f(y)| ≤ K|x − y| gia kĹje x, y ∈ I_0. Apì thn sunjăkh aută èpetai ìti h f eÐnai omoiìmorfa suneqăc sto I_0.

Jeÿrhma 1.4 ’Estw f : I → R kurtă sunĹrthsh kai [a, b] ⊂ int(I). Tìte, h f eÐnai sunĹrthsh Lipschitz sto [a, b].

Apìdeixh: UpĹrqoun c, d ∈ I tètoia ÿste c < a < b < d. Tìte, an a ≤ x < y ≤ b, apì to Jeÿrhma 1.2 èqoume

f^′_+(a) ≤ f^′_+(x) ≤ f(x) − f(y) x − y ≤ f^′_−(y) ≤ f^′_−(b). ’Epetai ìti |f(x) − f(y)| ≤ K|x − y|, ìpou K := max{|f^′_+(a)|, |f^′_−(b)|}. □ Paratărhsh Shmeiÿnoume ìti h f den eÐnai anagkastikĹ sunĹrthsh Lipschitz se olìklhro to I, akìma kai an upojèsoume ìti h f eÐnai fragmènh. EpÐshc, h f den eÐnai anagkastikĹ suneqăc sto I, akìma kai an upojèsoume ìti to I eÐnai kleistì kai fragmèno diĹsthma (’Askhsh 7).

§6. PernĹme tÿra sth melèth thc paragwgisimìthtac twn kurtÿn sunartăsewn. Jeÿrhma 1.5 ’Estw f kurtă sunĹrthsh. Tìte,

(α) h f^′_− eÐnai suneqăc apì aristerĹ kai h f^′_+ eÐnai suneqăc apì dexiĹ sto int(I). (β) upĹrqoun to polÔ arijmăsima to plăjoc shmeÐa sta opoÐa h f den èqei parĹgwgo.

Apìdeixh: (α) Lìgw thc sunèqeiac thc f sto int(I) (Jeÿrhma 1.3), gia kĹje x < y ∈ int(I) èqoume f(y) − f(x) y − x = lim_{z↓x} f(y) − f(z) y − z ≥ lim_{z↓x} f^′_+(z).

(to teleutaÐo ìrio upĹrqei giatÐ h f^′_+ eÐnai aÔxousa: deÐte thn ’Askhsh 16). PaÐrnontac ìrio kajÿc y ↓ x, blèpoume ìti f^′_+(x) ≥ lim_{z↓x} f^′_+(z).

’Omwc h f^′_+ eÐnai aÔxousa (Jeÿrhma 1.2), epomènwc f^′_+(x) ≤ lim_{z↓x} f^′_+(z).

’Ara f^′_+(x) = lim_{z↓x} f^′_+(z), to opoÐo apodeiknÔei th sunèqeia thc f^′_+ apì dexiĹ. H sunèqeia thc f^′_− apì aristerĹ apodeiknÔetai entelÿc anĹloga.

(β) Apì to Jeÿrhma 1.2, èqoume f^′_+(x) ≤ f^′_−(y) ≤ f^′_+(z) gia kĹje x, y, z ∈ int(I) me x < y < z. An h f^′_+ eÐnai suneqăc sto y, tìte f^′_+(y) = lim_{x↑y} f^′_+(x) = lim_{z↓y} f^′_+(z) = f^′_−(y),

to opoÐo shmaÐnei ìti h f èqei parĹgwgo sto y. Dhladă, an h f den èqei parĹgwgo se kĹpoio shmeÐo tou int(I), tìte h aÔxousa sunĹrthsh f^′_+ èqei asunèqeia se autì. Autì apodeiknÔei to (β), giatÐ mÐa aÔxousa sunĹrthsh mporeÐ na parousiĹzei to polÔ arijmăsima shmeÐa asunèqeiac (’Askhsh 16). □ §7. Orismìc ’Estw I anoiktì diĹsthma kai f : I → R mÐa sunĹrthsh. An x_0 ∈ I kai h : R → R grammikă sunĹrthsh, lème ìti h h sthrÐzei thn f sto x_0 an h(x_0) = f(x_0) kai h(x) ≤ f(x) gia kĹje x ∈ I. Se autăn thn perÐptwsh, lème ìti h f èqei stărigma sto x_0.

Jeÿrhma 1.6 ’Estw I anoiktì diĹsthma kai f : I → R. Tìte, h f eÐnai kurtă an kai mìno an èqei stărigma se kĹje shmeÐo tou I.

Apìdeixh: Upojètoume prÿta ìti h f èqei stărigma se kĹje shmeÐo tou I. ’Estw x, y ∈ I kai 0 < λ < 1. An h eÐnai èna stărigma thc f sto λx + (1 − λ)y, tìte f(λx + (1 − λ)y) = h(λx + (1 − λ)y) = λh(x) + (1 − λ)h(y) ≤ λf(x) + (1 − λ)f(y). Epomènwc, h f eÐnai kurtă.

Ac upojèsoume tÿra ìti h f eÐnai kurtă. ’Estw c ∈ I kai m tuqÿn arijmìc me thn idiìthta f^′_−(c) ≤ m ≤ f^′_+(c). OrÐzoume h(x) = f(c) + m(x − c). ’Estw y, z ∈ I me y < c < z. Tìte, f(y) − f(c) y − c ≤ f^′_−(c) ≤ m Ĺra f(y) ≥ f(c) + m(y − c) = h(y), kai f(z) − f(c) z − c ≥ f^′_+(c) ≥ m

Ĺra f(z) ≥ f(c) + m(z − c) = h(z). Dhladă, h h sthrÐzei thn f sto c. □

Jeÿrhma 1.7 ’Estw I anoiktì diĹsthma kai f : I → R kurtă sunĹrthsh. Tìte, h f eÐnai paragwgÐsimh sto c ∈ I an kai mìno an èqei monadikì stărigma sto c.

Apìdeixh: Upojètoume prÿta ìti h f èqei parĹgwgo sto c. ’Estw ìti h h(x) = f(c) + m(x − c) sthrÐzei thn f sto c. Tìte, an y, z ∈ I kai y < c < z, f(y) − f(c) y − c ≤ m ≤ f(z) − f(c) z − c . PaÐrnontac y ↑ c kai z ↓ c, sumperaÐnoume ìti m = f^′(c). ’Ara, h f èqei monadikì stărigma sto c.

Gia thn antÐstrofh kateÔjunsh, parathroÔme ìti h h(x) = f(c) + m(x − c) sthrÐzei thn f sto c gia kĹje m ∈ [f^′_−(c), f^′_+(c)] (deÐte thn apìdeixh tou prohgoÔmenou jewrămatoc). AfoÔ h f èqei monadikì stărigma sto c, prèpei na isqÔei h f^′_−(c) = f^′_+(c). Dhladă, h f èqei parĹgwgo sto c. □

1.2 QarakthrismoÐ twn kurtÿn sunartăsewn

Se autăn thn parĹgrafo dÐnoume dÔo qarakthrismoÔc thc kurtìthtac gia suneqeÐc sunartăseic. Me th boăjeia tètoiwn qarakthrismÿn eÐnai suqnĹ eukolìtero na elègxoume ìti kĹpoia (sugkekrimènh) suneqăc sunĹrthsh eÐnai kurtă.

Jeÿrhma 1.8 ’Estw f : I → R suneqăc sunĹrthsh pou ikanopoieÐ thn

(4) f ( a + b 2 ) ≤ 1 2 [f(a) + f(b)]

gia kĹje a, b ∈ I. Tìte, h f eÐnai kurtă.

Apìdeixh: DeÐqnoume prÿta me epagwgă wc proc n ìti an N = 2^n kai a_1, . . . , a_N ∈ I tìte

(5) f ( a_1 + a_2 + . . . + a_N N ) ≤ 1 N N∑ i=1 f(a_i). Apì thn upìjesă mac, h (5) isqÔei gia n = 1. An upojèsoume ìti isqÔei gia n ≤ k kai a_1, . . . , a_2k , a_2k_{+1}, . . . , a_2k+1 ∈ I, tìte

f 1 2^{k+1}

2^{k+1}∑

i=1 a_i = f 1 2 · 1 2^k

2^k∑

i=1 a_i + 1 2 · 1 2^k

2^k∑

j=1 a_2k_{+j}

≤ 1 2 f 1 2^k

2^k∑

i=1 a_i + 1 2 f 1 2^k

2^k∑

j=1 a_2k_{+j}

≤ 1 2 · 1 2^k

2^k∑

i=1 f(a_i) + 1 2 · 1 2^k

2^k∑

j=1 f(a_2k_{+j} )

= 1 2^{k+1}

2^{k+1}∑

i=1 f(a_i) ìpou qrhsimopoiăsame diadoqikĹ thn epagwgikă upìjesh gia n = 1 kai n = k.

Sth sunèqeia deÐqnoume ìti an h (5) isqÔei gia N = m ≥ 2 tìte isqÔei kai gia N = m − 1. PrĹgmati, an a_1, . . . , a_{m−1} ∈ I, orÐzoume

a_m = 1 m − 1 (a_1 + a_2 + . . . + a_{m−1})

kai parathroÔme ìti a_m = 1 m (a_1 + a_2 + . . . + a_m).

Tìte, efarmìzontac thn (5) gia touc a_1, . . . , a_m èqoume

f(a_m) = f ( a_1 + . . . + a_m m ) ≤ 1 m m−1∑ i=1 f(a_i) + 1 m f(a_m), apfl ìpou paÐrnoume f(a_m) ≤ 1 m − 1 m−1∑ i=1 f(a_i).

Dhladă, h (5) isqÔei gia N = m − 1. SunduĹzontac touc dÔo isqurismoÔc blèpoume ìti h (5) isqÔei gia kĹje N ∈ N.

’Estw tÿra a, b ∈ I kai k, n ∈ N me k < n. Apì thn (5) blèpoume ìti

f ( k n a + n − k n b ) ≤ 1 n (kf(a) + (n − k)f(b)) = k n f(a) + n − k n f(b),

dhladă (6) f(λa + (1 − λ)b) ≤ λf(a) + (1 − λ)f(b) an λ ∈ Q, 0 < λ < 1. Qrhsimopoiÿntac th sunèqeia thc f sumperaÐnoume ìti h (6) exakoloujeÐ na isqÔei an λ ∈ R, 0 < λ < 1. ’Ara, h f eÐnai kurtă. □

Jeÿrhma 1.9 MÐa suneqăc sunĹrthsh f : I → R eÐnai kurtă an kai mìno an gia kĹje upodiĹsthma [w, z] tou I upĹrqei toulĹqiston èna θ ∈ (0, 1) gia to opoÐo f(θw + (1 − θ)z) ≤ θf(w) + (1 − θ)f(z). Apìdeixh: An h f eÐnai kurtă sto I tìte gia kĹje upodiĹsthma [w, z] tou I kai gia kĹje θ ∈ (0, 1), èqoume f(θw + (1 − θ)z) ≤ θf(w) + (1 − θ)f(z). AntÐstrofa tÿra upojètoume ìti h f den eÐnai kurtă. Tìte, upĹrqoun θ_0 ∈ (0, 1) kai a_1, b_1 ∈ I, a_1 < b_1, tètoia ÿste

f(θ_0a_1 + (1 − θ_0)b_1) > θ_0f(a_1) + (1 − θ_0)f(b_1).

Jètoume x_0 = θ_0a_1 + (1 − θ_0)b_1. H f eÐnai suneqăc sto I, Ĺra upĹrqei δ > 0 tètoio ÿste gia kĹje θ ∈ (θ_0 − δ, θ_0 + δ) na isqÔei

(∗) f(θa_1 + (1 − θ)b_1)) > θf(a_1) + (1 − θ)f(b_1).

OrÐzoume

w = inf{x = θa_1 + (1 − θ)b_1 : f(x) > θf(a_1) + (1 − θ)f(b_1)}, kai z = sup{x = θa_1 + (1 − θ)b_1 : f(x) > θf(a_1) + (1 − θ)f(b_1)}.

Tìte, a_1 ≤ w < z ≤ b_1 apì thn (∗), an w = θ^′a_1 +(1−θ^′)b_1 kai z = θ^{′′}a_1 +(1−θ^{′′})b_1 èqoume

f(w) = θ^′f(a_1) + (1 − θ^′)f(b_1), f(z) = θ^{′′}f(a_1) + (1 − θ^{′′})f(b_1), kai gia kĹje y = θa_1 + (1 − θ)b_1 ∈ [w, z] isqÔei f(y) > θf(a_1) + (1 − θ)f(b_1).

Apì thn upìjesh ìmwc, upĹrqei y = λw + (1 − λ)z = (λθ^′ + (1 − λ)θ^{′′})a_1 + (λ(1 − θ^′) + (1 − λ)(1 − θ^{′′}))b_1 ∈ [w, z] tètoio ÿste f(y) ≤ λf(w)+(1−λ)f(z) = (λθ^′ +(1−λ)θ^{′′})f(a_1)+(λ(1−θ^′ )+(1−λ)(1−θ^{′′}))f(b_1), to opoÐo eÐnai Ĺtopo. □

1.3 ParagwgÐsimec kurtèc sunartăseic

§1. Sthn perÐptwsh pou h f eÐnai dÔo forèc paragwgÐsimh sto anoiktì diĹsthma I, èqoume ènan aplì qarakthrismì thc kurtìthtac mèsw thc deÔterhc paragÿgou. Jeÿrhma 1.10 ’Estw I anoiktì diĹsthma kai f : I → R dÔo forèc paragwgÐsimh sunĹrthsh. Tìte, h f eÐnai kurtă an kai mìno an f^{′′}(x) ≥ 0 gia kĹje x ∈ I. Apìdeixh: Upojètoume prÿta ìti h f eÐnai kurtă. Apì to Jeÿrhma 1.2 h f^′ eÐnai aÔxousa, epomènwc f^{′′}(x) ≥ 0 gia kĹje x ∈ I.

AntÐstrofa, èstw ìti f^{′′} ≥ 0 sto I. An x < y ∈ I kai 0 < λ < 1, qrhsimopoiÿntac to jeÿrhma mèshc timăc tou apeirostikoÔ logismoÔ brÐskoume ξ_1, ξ_2 me x < ξ_1 < λx + (1 − λ)y < ξ_2 < y kai ξ_3 me ξ_1 < ξ_2 < ξ_3, tètoia ÿste f(λx + (1 − λ)y) − λf(x) − (1 − λ)f(y) = λ[f(λx + (1 − λ)y) − f(x)] + (1 − λ)[f(λx + (1 − λ)y) − f(y)] = λ(1 − λ)(y − x)f^′(ξ_1) + (1 − λ)λ(x − y)f^′(ξ_2) = λ(1 − λ)(y − x)(ξ_1 − ξ_2)f^{′′}(ξ_3) ≤ 0.

Autì apodeiknÔei ìti h f eÐnai kurtă. □ Paratărhsh Apì thn apìdeixh prokÔptei ìti h f eÐnai gnăsia kurtă an f^{′′}(x) > 0 gia kĹje x ∈ I. To antÐstrofo den isqÔei: h sunĹrthsh x → x^4 eÐnai gnăsia kurtă sto R, allĹ f^{′′}(0) = 0. §2. Anisìthtec To Jeÿrhma 1.10 mĹc bohjĹei na dÿsoume pollĹ aplĹ paradeÐgmata kurtÿn sunartăsewn, kai mèsw autÿn twn sunartăsewn mporoÔme na apodeÐxoume anisìthtec pou pollèc forèc den faÐnontai kai tìso aplèc me thn prÿth matiĹ. Gia parĹdeigma, h anisìthta (7) x^λy^μ ≤ λx + μy isqÔei gia kĹje x, y > 0 kai λ, μ > 0 me λ + μ = 1. Gia na apodeÐxoume autăn thn anisìthta, mporoÔme na qrhsimopoiăsoume to gegonìc ìti h sunĹrthsh x → e^x eÐnai (gnăsia) kurtă, sth morfă

exp(λ log x + μ log y) ≤ λ exp(log x) + μ exp(log y).

H (7) emfanÐzetai polÔ suqnĹ sth morfă

(8) x^{1/p}y^{1/q} ≤ 1 p x + 1 q y ă sth morfă (9) xy ≤ x^p p + y^q q ìpou x, y > 0, p, q > 1 kai 1/p + 1/q = 1. Sthn eidikă perÐptwsh p = q = 2, h (8) eÐnai h polÔ gnwstă anisìthta 2 √ xy ≤ x + y.

1.4 Jewrămata gia oloklhrÿmata

§1. KĹje kurtă sunĹrthsh f : (a, b) → R èqei dexiĹ parĹgwgo se ìla ta shmeÐa tou (a, b). To jeÿrhma pou akoloujeÐ qarakthrÐzei thn f san aìristo oloklărwma thc dexiĹc paragÿgou thc.

Jeÿrhma 1.11 MÐa sunĹrthsh f : (a, b) → R eÐnai kurtă an kai mìno an anaparÐstatai sth morfă

(10) f(x) = f(c) + ∫_x c g(t)dt, c, x ∈ (a, b)

ìpou g : (a, b) → R eÐnai mÐa aÔxousa suneqăc apì dexiĹ sunĹrthsh.

Apìdeixh: Upojètoume prÿta ìti h f eÐnai kurtă kai jewroÔme c, x ∈ (a, b). ExetĹzoume thn perÐptwsh c < x (ìmoia ergazìmaste gia thn perÐptwsh x < c). Apì ta Jewrămata 1.2 kai 1.5, oi f^′_+ kai f^′_− upĹrqoun kai eÐnai aÔxousec kai h f^′_+ eÐnai suneqăc apì dexiĹ enÿ h f^′_− suneqăc apì aristerĹ. Lìgw monotonÐac eÐnai kai oi dÔo oloklhrÿsimec katĹ Riemann.

JewroÔme tuqoÔsa diamèrish P = {c = y_0 < y_1 < . . . < y_m = x} tou [c, x]. ParathroÔme ìti

f^′_−(y_{k−1}) ≤ f^′_+(y_{k−1}) ≤ f(y_k) − f(y_{k−1}) y_k − y_{k−1} ≤ f^′_−(y_k) ≤ f^′_+(y_k)

gia kĹje k = 1, . . . , m.

GrĹfoume Ξ_1 gia thn epilogă shmeÐwn {y_0, . . . , y_{m−1}} kai Ξ_2 gia thn epilogă shmeÐwn {y_1, . . . , y_m}. Tìte, ta antÐstoiqa ajroÐsmata Riemann ikanopoioÔn tic anisìthtec

Σ(f^′_−, P, Ξ_1) ≤ Σ(f^′_+, P, Ξ_1) ≤ m∑ k=1 [f(y_k) − f(y_{k−1})] = f(x) − f(c) ≤ Σ(f^′_−, P, Ξ_2) ≤ Σ(f^′_+, P, Ξ_2).

PaÐrnontac to plĹtoc thc P na teÐnei sto 0, blèpoume ìti ∫_x c f^′_−(t)dt ≤ ∫_x c f^′_+(t)dt ≤ f(x) − f(c) ≤ ∫_x c f^′_−(t)dt ≤ ∫_x c f^′_+(t)dt.

Epomènwc,

f(x) = f(c) + ∫_x c f^′_+(t)dt = f(c) + ∫_x c f^′_−(t)dt.

Gia thn antÐstrofh kateÔjunsh, ac upojèsoume ìti h (10) isqÔei gia kĹpoia aÔxousa

(suneqă apì dexiĹ) sunĹrthsh g.

’Estw x, y ∈ (a, b) me x < y kai λ ∈ (0, 1). Jètoume z = λx + (1 − λ)y. Tìte (deÐte to Sqăma 6), f(z) − λf(x) − (1 − λ)f(y) = λ[f(z) − f(x)] − (1 − λ)[f(y) − f(z)] = λ ∫_z x g(t)dt − (1 − λ) ∫_y z g(t)dt ≤ λ(z − x)g(z) − (1 − λ)(y − z)g(z). H teleutaÐa posìthta isoÔtai me 0, giatÐ z −x = (λ−1)(x−y) kai y −z = λ(y −x). □ §2. ’Estw f : [a, b] → R kurtă sunĹrthsh kai a_1, . . . , a_n ∈ [a, b]. ’Opwc èqoume ădh deÐ,

(12) f ( a_1 + . . . + a_n n ) ≤ 1 n n∑ i=1 f(a_i). H anisìthta aută mĹc lèei ìti h timă thc f ston mèso ìro n arijmÿn eÐnai mikrìterh ă Ðsh apì ton mèso ìro twn antÐstoiqwn timÿn. Ja deÐxoume tÿra to oloklhrwtikì anĹlogì thc.

Jeÿrhma 1.12 (anisìthta tou Jensen) ’Estw f : (a, b) → R kurtă sunĹrthsh kai g : [c, d] → (a, b) suneqăc sunĹrthsh. Tìte, f ( 1 d − c ∫_d c g(x)dx ) ≤ 1 d − c ∫_d c f(g(x))dx.

Apìdeixh: Jètoume

p := 1 d − c ∫_d c g(x)dx.

Tìte, p ∈ (a, b). Apì to Jeÿrhma 1.6 èqoume

f(y) ≥ f(p) + f^′_+(p)(y − p)

gia kĹje y ∈ (a, b), epomènwc

f(g(x)) ≥ f(p) + f^′_+(p)(g(x) − p)

gia kĹje x ∈ [c, d]. Oloklhrÿnontac thn teleutaÐa anisìthta sto [c, d] paÐrnoume to zhtoÔmeno. □

1.5 H suzugăc sunĹrthsh

H ènnoia tou duðsmoÔ ja emfanisteÐ pollèc forèc se autì to mĹjhma. PolÔ suqnĹ, ìtan antimetwpÐzoume kĹpoio majhmatikì prìblhma katafeÔgoume se kĹpoio Ĺllo pou, an kai faÐnetai teleÐwc diaforetikì, antikatoptrÐzei ìlec tic ptuqèc tou arqikoÔ kai analÔetai eukolìtera. Gia parĹdeigma, merikèc forèc eÐnai piì eÔkolo na deÐxoume ìti èna sÔnolo eÐnai kleistì apodeiknÔontac ìti to sumplărwmĹ tou eÐnai anoiktì: oi dÔo autèc ènnoiec eÐnai duðkèc. Sth stoiqeiÿdh jewrÐa sunìlwn, se kĹje jeÿrhma pou diatupÿnetai mèsw enÿsewn, tomÿn kai sumplhrwmĹtwn antistoiqeÐ èna duðkì jeÿrhma pou paÐrnoume an enallĹxoume tic enÿseic me tomèc kai to kenì sÔnolo me to sÔnolo wc proc to opoÐo paÐrnoume sumplhrÿmata. Dedomènou ìti oi apodeÐxeic dÔo duðkÿn jewrhmĹtwn den parousiĹzoun pĹnta thn Ðdia duskolÐa, upĹrqoun dÔo lìgoi gia na qrhsimopoiăsoume ton duðsmì: mporeÐ na apodeÐxoume eukolìtera autì pou jèloume ă na kerdÐsoume qwrÐc kìpo èna ligìtero profanèc jeÿrhma.

Se autăn thn parĹgrafo ja antistoiqÐsoume se kĹje kurtă sunĹrthsh mÐa Ĺllh, thn suzugă thc kurtă sunĹrthsh.

’Estw g : [0, +∞) → [0, +∞) mÐa gnăsia aÔxousa kai suneqăc sunĹrthsh me g(0) = 0 kai lim_{x→∞} g(x) = +∞. Tìte, h g^{−1} upĹrqei kai èqei tic Ðdiec idiìthtec me thn f. An orÐsoume

f(x) = ∫_x 0 g(s)ds, f^∗(y) = ∫_y 0 g^{−1}(s)ds, tìte oi f kai f^∗ eÐnai kurtèc sunartăseic sto [0, +∞).

Apì ton orismì twn f kai f^∗ ă kai apì to Ðdio to Sqăma 7, mporoÔme na pĹroume arketĹ sumperĹsmata. To prÿto apì autĹ eÐnai h anisìthta tou Young:

(a) xy ≤ f(x) + f^∗(y) gia kĹje x, y ≥ 0.

(b) xy = f(x) + f^∗(y) an kai mìno an y = g(x) = f^′(x). (g) (f^∗)^′ = (f^′)^{−1}. (d) f^{∗∗} = f.

(e) f^∗(y) = sup_{x≥0}[xy − f(x)].

Lème ìti h f^∗ eÐnai h suzugăc sunĹrthsh thc f. ’Eqoume loipìn orÐsei thn ènnoia thc suzugoÔc sunĹrthshc gia mÐa klĹsh kurtÿn sunartăsewn, ekeÐnwn pou anaparÐstantai san oloklhrÿmata kĹpoiwn eidikÿn auxousÿn sunartăsewn. Skopìc mac eÐnai na orÐsoume thn suzugă sunĹrthsh gia tuqoÔsa kurtă sunĹrthsh, me tètoion trìpo ÿste na diathroÔntai katĹ kĹpoion trìpo ìlec oi idiìthtec (a)-(e). OrÐzoume loipìn thn f^∗ mèsw thc (e).

Orismìc ’Estw f : I → R kurtă sunĹrthsh. H suzugăc sunĹrthsh f^∗ thc f orÐzetai apì thn f^∗(y) = sup_{x∈I} [xy − f(x)]

kai èqei pedÐo orismoÔ to I^∗ = {y ∈ R : f^∗(y) < ∞}.

’Opwc ja doÔme, h f^∗ eÐnai kurtă sunĹrthsh. ’Eqei ìmwc Ĺllh mÐa idiìthta pou ja paÐxei shmantikì rìlo sth sunèqeia: eÐnai kleistă. Lème ìti mÐa sunĹrthsh g : J → R eÐnai kleistă an to sÔnolo stĹjmhc L_a = {x ∈ J : g(x) ≤ a} eÐnai kleistì uposÔnolo tou R gia kĹje a ∈ R [èna B ⊆ R lègetai kleistì an ikanopoieÐ to exăc: an b_m ∈ B kai b_m → b ∈ R, tìte b ∈ B.]

Jeÿrhma 1.13 An h f : I → R eÐnai kurtă, tìte h suzugăc thc sunĹrthsh f^∗ : I^∗ → R eÐnai kurtă kai kleistă.

Apìdeixh: ParathroÔme prÿta ìti I^∗ ≠ ∅: paÐrnoume x_0 ∈ int(I) kai m ∈ [f^′_−(x_0), f^′_+(x_0)]. Tìte, f(x) ≥ f(x_0) + m(x − x_0) gia kĹje x ∈ I. ’Ara,

xm − f(x) ≤ x_0m − f(x_0)

gia kĹje x ∈ I, to opoÐo deÐqnei ìti

f^∗(m) = sup_{x∈I} [xm − f(x)] ≤ x_0m − f(x_0) < +∞,

dhladă, m ∈ I^∗. Den eÐnai dÔskolo na elègxoume ìti to I^∗ eÐnai diĹsthma: an y < z ∈ I^∗ kai w ∈ (y, z), tìte

xw − f(x) ≤ max{xy − f(x), xz − f(x)}

gia kĹje x ∈ I, Ĺra

f^∗(w) = sup_{x∈I} [xw − f(x)] ≤ max{sup_{x∈I} [xy − f(x)], sup_{x∈I} [xz − f(x)]} ≤ max{f^∗(y), f^∗(w)} < +∞.

To gegonìc ìti h f^∗ : I^∗ → R eÐnai supremum grammikÿn sunartăsewn apodeiknÔei ìti h f^∗ eÐnai kurtă. Tèloc, deÐqnoume ìti h f^∗ eÐnai kleistă: èstw a ∈ R kai y_m ∈ L_a me y_m → y ∈ R. Gia kĹje x ∈ I èqoume

xy_m − f(x) ≤ f^∗(y_m) ≤ a =⇒ xy − f(x) = lim_{m→∞}[xy_m − f(x)] ≤ a.

’Ara, f^∗(y) = sup_{x∈I} [xy − f(x)] ≤ a dhladă y ∈ L_a. □

AfoÔ h f^{∗∗} eÐnai pĹnta kleistă sunĹrthsh, eÐnai tÿra fanerì ìti o arqikìc mac stìqoc na orÐsoume thn f^∗ ètsi ÿste na ikanopoioÔntai oi (a)-(e) den eÐnai genikĹ efiktìc. An h f den eÐnai kleistă, tìte h f^{∗∗} = f apokleÐetai na isqÔei. Ja prèpei loipìn na perioristoÔme stic kleistèc kurtèc sunartăseic f : I → R.

’Ena prÿto erÿthma eÐnai pìso periorismènh eÐnai aută h klĹsh twn kleistÿn kurtÿn sunartăsewn. Sto Sqăma pou akoloujeÐ blèpete treÐc kurtèc sunartăseic.

Oi prÿtec dÔo eÐnai kleistèc, enÿ h trÐth ìqi. Me lÐgh skèyh blèpoume ìti autì pou mporeÐ na {qalĹsei} thn idiìthta thc kleistìthtac eÐnai h sumperiforĹ thc f sta Ĺkra tou I. H f eÐnai kleistă an kai mìno an eÐnai suneqăc sta Ĺkra tou I pou anăkoun sto I kai èqei ìrio to +∞ kajÿc plhsiĹzoume kĹpoio peperasmèno Ĺkro tou I pou den anăkei sto I.

Orismìc ’Estw I èna diĹsthma kai f : I → R kurtă sunĹrthsh. Gia kĹje x ∈ I, orÐzoume to upodiaforikì ∂f(x) sto x na eÐnai to sÔnolo ìlwn twn m ∈ R gia ta opoÐa h grammikă sunĹrthsh y → f(x) + m(y − x) sthrÐzei thn f sto x. An x ∈ int(I), tìte to ∂f(x) eÐnai mh kenì: ∂f(x) = [f^′_−(x), f^′_+(x)]. To ∂f(x) eÐnai monosÔnolo an kai mìno an h f èqei parĹgwgo sto x.

’Ara, h ∂f eÐnai mÐa pleiìtimh sunĹrthsh me pedÐo orismoÔ dom(∂f) to sÔnolo twn x ∈ I sta opoÐa h f èqei stărigma. Parathrăste ìti int(I) ⊆ dom(∂f) ⊆ I. To pedÐo timÿn rg(∂f) eÐnai to sÔnolo twn klÐsewn twn sunartăsewn stărixhc. An h f eÐnai kleistă, den eÐnai dÔskolo na elègxete ìti an to I èqei peperasmèno dexiì Ĺkro tìte to rg(∂f) ekteÐnetai wc to +∞, enÿ an to I èqei peperasmèno aristerì Ĺkro tìte to rg(∂f) ekteÐnetai wc to −∞.

Sto deÔtero misì tou Sqămatoc 8 sqediĹsame to upodiaforikì kajemiĹc apì tic treÐc kurtèc sunartăseic pou blèpete sto prÿto misì. Se kĹje perÐptwsh, to grĹfhma paristĹnei mÐa suneqă aÔxousa {sunĹrthsh} kai endèqetai na perièqei katakìrufa ă orizìntia eujÔgramma tmămata.

Orismìc ’Ena uposÔnolo Γ tou R × R lègetai aÔxon an (x_2 − x_1)(y_2 − y_1) ≥ 0 opotedăpote (x_1, y_1), (x_2, y_2) ∈ Γ. To Γ eÐnai megistikì aÔxon sÔnolo an eÐnai aÔxon kai den perièqetai gnăsia se Ĺllo aÔxon sÔnolo.

Parathrăste ìti an to Γ eÐnai aÔxon, tìte kai to sÔnolo Γ^{−1} := {(y, x) : (x, y) ∈ Γ} eÐnai aÔxon. EpÐshc, an to Γ eÐnai megistikì, to Ðdio isqÔei kai gia to Γ^{−1}.

Jeÿrhma 1.14 ’Estw I èna diĹsthma kai f : I → R kleistă kurtă sunĹrthsh. Tìte, to grĹfhma Γ_f := {(x, y) : x ∈ I, y ∈ ∂f(x)]| tou ∂f eÐnai megistikì aÔxon sÔnolo.

Apìdeixh: DeÐqnoume prÿta ìti to Γ_f eÐnai aÔxon. An x_1 < x_2 sto I kai (x_1, y_1), (x_2, y_2) ∈ Γ_f , tìte

y_2 ≥ f^′_−(x_2) ≥ f^′_+(x_1) ≥ y_1

Ĺra (x_2 − x_1)(y_2 − y_1) ≥ 0. TeleÐwc anĹloga exetĹzoume thn perÐptwsh x_1 < x_2, enÿ h perÐptwsh x_1 = x_2 eÐnai profanăc.

Gia na deÐxoume ìti to Γ_f eÐnai megistikì, prèpei na deÐxoume ìti an (x_1, y_1) /∈ Γ_f tìte upĹrqei (x, y) ∈ Γ_f tètoio ÿste (x − x_1)(y − y_1) < 0. Antikajistÿntac thn f me thn kleistă kurtă sunĹrthsh h(x) = f(x + x_1) − xy_1 blèpoume ìti mporoÔme na kĹnoume thn epiplèon upìjesh x_1 = y_1 = 0. ZhtĹme loipìn na deÐxoume ìti: an (0, 0) /∈ Γ_f tìte upĹrqei (x, y) ∈ Γ_f tètoio ÿste xy < 0.

DiakrÐnoume dÔo periptÿseic:

(a) an 0 /∈ I tìte eÐte x < 0 gia kĹje x ∈ I ă x > 0 gia kĹje x ∈ I. An x < 0 gia kĹje x ∈ I kai b ≤ 0 to dexiì Ĺkro tou I, tìte to sÔnolo timÿn tou ∂f ekteÐnetai wc to +∞ giatÐ h f eÐnai kleistă, Ĺra upĹrqei (x, y) ∈ Γ_f me y > 0. ’Epetai ìti xy < 0. ’Omoia douleÔoume an x > 0 gia kĹje x ∈ I.

(b) An 0 ∈ I, tìte apì thn upìjesh ìti (0, 0) /∈ Γ_f èpetai ìti eÐte f^′_−(0) > 0 ă f^′_+(0) < 0. Se kĹje perÐptwsh, h f den èqei elĹqisto sto 0, Ĺra upĹrqei x_2 ∈ I tètoio ÿste f(x_2) < f(0).

An x_2 < 0, apì thn

0 < f(0) − f(x_2) =

∫_0

x_2 f^′_+(t)dt blèpoume ìti upĹrqei x_3 ∈ (x_2, 0) tètoio ÿste f^′_+(x_3) > 0. Tìte, (x_3, f^′_+(x_3)) ∈ Γ_f kai x_3 · f^′_+(x_3) < 0.

An x_2 > 0, douleÔoume anĹloga qrhsimopoiÿntac thn

0 > f(x_2) − f(0) = ∫_{x2} 0 f^′_+(t)dt.

□ MporoÔme tÿra na apodeÐxoume to kentrikì jeÿrhma autăc thc paragrĹfou.

Jeÿrhma 1.15 ’Estw I èna diĹsthma kai f : I → R kleistă kurtă sunĹrthsh. Tìte, h f^∗ : I^∗ → R eÐnai epÐshc kurtă kai kleistă, kai

(a) xy ≤ f(x) + f^∗(y) gia kĹje x ∈ I kai y ∈ I^∗. (b) xy = f(x) + f^∗(y) an kai mìno an y ∈ ∂f(x). (g) Γ_f ∗ = (Γ_f )^{−1}. (d) f^{∗∗} = f.

Apìdeixh: Apì to Jeÿrhma 1.13 xèroume ìti h f^∗ eÐnai kurtă kai kleistă. To (a) eÐnai Ĺmesh sunèpeia tou orismoÔ thc f^∗.

Gia na apodeÐxoume to (b), parathroÔme ìti mÐa kurtă sunĹrthsh g : I → R èqei elĹqisto sto x ∈ I an kai mìno an 0 ∈ ∂g(x). Tÿra, −f^∗(y) = − sup_{x∈I} [xy − f(x)] = inf_{x∈I}[f(x) − xy]. ’Omwc h g(x) = f(x) − xy eÐnai kurtă, Ĺra paÐrnei elĹqisth timă sto x an kai mìno an 0 ∈ ∂g(x), dhladă an kai mìno an y ∈ ∂f(x) (giatÐ?). ’Ara, −f^∗(y) = f(x) − xy an kai mìno an y ∈ ∂f(x), to opoÐo eÐnai to (b).

Gia to (g) deÐqnoume prÿta ìti

(Γ_f )^{−1} ⊆ Γ_f ∗ .

An (y, x) ∈ (Γ_f )^{−1}, tìte (x, y) ∈ Γ_f . ’Ara, y ∈ ∂f(x), dhladă f(z) ≥ f(x)+y(z −x) gia kĹje z ∈ I. Tìte, ∀z ∈ I zy − f(z) ≤ xy − f(x) =⇒ f^∗(y) ≤ xy − f(x) Ĺra f^∗(y) − xy ≤ −f(x) ≤ f^∗(w) − xw ∀w ∈ I^∗ =⇒ x ∈ ∂f^∗(y) apì to (b). ’Epetai ìti (y, x) ∈ Γ_f ∗ . ’Omwc to Γ_f eÐnai megistikì aÔxon sÔnolo apì to Jeÿrhma 1.14, Ĺra kai to (Γ_f )^{−1} eÐnai megistikì aÔxon sÔnolo. AfoÔ to Γ_f ∗ eÐnai aÔxon, sumperaÐnoume ìti

(Γ_f )^{−1} = Γ_f ∗ .

Gia to (d), parathroÔme prÿta ìti

Γ_f ∗∗ = (Γ_f ∗ )^{−1} = ((Γ_f )^{−1})^{−1} = Γ_f .

Autì apodeiknÔei ìti oi f kai f^{∗∗} èqoun to Ðdio pedÐo orismoÔ I. AfoÔ oi f, f^{∗∗} eÐnai kleistèc, gia na deÐxoume ìti f = f^{∗∗}, arkeÐ na deÐxoume ìti f(c) = f^{∗∗}(c) gia kĹje c ∈ int(I). Epilègoume c ∈ int(I) kai y ∈ I^∗ me (c, y) ∈ Γ_f = (Γ_f ∗ )^{−1}. Tìte, (c, y) ∈ Γ_f Ĺra cy = f(c) + f^∗(y), kai (y, c) ∈ Γ_f ∗ Ĺra cy = f^∗(y) + f^{∗∗}(c), to opoÐo deÐqnei thn f(c) = f^{∗∗}(c). □

1.6 Askăseic

OmĹda A

1. DeÐxte ìti ta (a) kai (b) thc 1.1(§2) eÐnai isodÔnama me ton orismì thc kurtìthtac thc f : I → R.

2. ’Estw f : I → R kurtă sunĹrthsh. Tìte, an x_1, . . . , x_m ∈ I kai λ_1, . . . , λ_m ≥ 0 me λ_1 + . . . + λ_m = 1, èqoume ∑_m i=1 λ_ix_i ∈ I kai f (_m ∑ i=1 λ_ix_i ) ≤ m∑ i=1 λ_if(x_i).

3. DeÐxte ìti to katĹ shmeÐo ìrio miĹc sugklÐnousac akoloujÐac kurtÿn sunartăsewn eÐnai kurtă sunĹrthsh.

4. ’Estw {f_j : j ∈ J} tuqoÔsa oikogèneia kurtÿn sunartăsewn f_j : I → R. OrÐzoume f : I → R me f(x) = sup{f_j (x) : j ∈ J}. An h f eÐnai peperasmènh pantoÔ sto I, tìte h f eÐnai kurtă.

5. ’Estw f, g : R → R kurtèc sunartăseic. Upojètoume akìma ìti h g eÐnai aÔxousa. DeÐxte ìti h g ∘ f eÐnai kurtă.

6. ’Estw f : I → R kurtă sunĹrthsh. DeÐxte ìti

f(x_1 + δ) − f(x_1) ≤ f(x_2 + δ) − f(x_2)

gia kĹje x_1 < x_2 ∈ I kai δ > 0 gia to opoÐo x_1 + δ, x_2 + δ ∈ I.

7. ’Estw f : I → R kurtă sunĹrthsh. DeÐxte me èna parĹdeigma ìti h f den eÐnai anagkastikĹ sunĹrthsh Lipschitz se olìklhro to I, akìma kai an upojèsoume ìti h f eÐnai fragmènh. EpÐshc, deÐxte ìti h f den eÐnai anagkastikĹ suneqăc sto I, akìma kai an upojèsoume ìti to I eÐnai kleistì kai fragmèno diĹsthma.

8. ’Estw f : I → R kurtă sunĹrthsh. DeÐxte ìti:

(a) an h f èqei olikì mègisto se kĹpoio eswterikì shmeÐo tou I, tìte h f eÐnai stajeră.

(b) an h f èqei olikì elĹqisto sto c ∈ I, tìte h c eÐnai fjÐnousa aristerĹ apì to c kai aÔxousa dexiĹ apì to c.

(g) an h f èqei topikì elĹqisto, tìte autì to elĹqisto eÐnai olikì elĹqisto. (d) an h f eÐnai gnăsia kurtă, tìte èqei to polÔ èna shmeÐo olikoÔ elaqÐstou.

9. ’Estw f : R → R kurtă sunĹrthsh. An h f eÐnai Ĺnw fragmènh, tìte eÐnai stajeră.

10. DeÐxte ìti kĹje kurtă sunĹrthsh orismènh se fragmèno diĹsthma eÐnai kĹtw fragmènh.

11. ’Estw f : (a, b) → R kurtă sunĹrthsh kai c ∈ (a, b). DeÐxte ìti h f eÐnai paragwgÐsimh sto c an kai mìno an

lim_{h↓0} f(c + h) + f(c − h) − 2f(c) h = 0.

12. (a) ’Estw x_1, . . . , x_n kai r_1, . . . , r_n jetikoÐ pragmatikoÐ arijmoÐ me r_1 +. . .+r_n = 1. DeÐxte ìti_n ∏ i=1 x^{ri}_i ≤ n∑ i=1 r_ix_i. (b) DeÐxte ìti o gewmetrikìc mèsoc n jetikÿn pragmatikÿn arijmÿn eÐnai mikrìteroc ă Ðsoc apì ton arijmhtikì touc mèso.

(g) ’Estw p, q > 1 me 1/p + 1/q = 1 kai a_1, . . . , a_n, b_1, . . . , b_n jetikoÐ pragmatikoÐ arijmoÐ. DeÐxte thn anisìthta tou Hölder: n∑ i=1 a_ib_i ≤ (_n ∑ i=1 a^p_i )_{1/p} (_n ∑ i=1 b^q_i )_{1/q} . ’Otan p = q = 2, paÐrnoume thn anisìthta Cauchy-Schwarz.

13. ’Estw h : R → R sunĹrthsh me jetikèc timèc, tètoia ÿste h log h na eÐnai kurtă. DeÐxte ìti h h eÐnai kurtă. Dÿste parĹdeigma jetikăc kurtăc sunĹrthshc g : R → R thc opoÐac o logĹrijmoc den eÐnai kurtă sunĹrthsh.

14. MÐa jetikă sunĹrthsh f lègetai logarijmikĹ kurtă an h log f eÐnai kurtă.

(a) ’Estw f dÔo forèc paragwgÐsimh jetikă sunĹrthsh. DeÐxte ìti h f eÐnai logarijmikĹ kurtă an kai mìno an f^{′′}f ≥ (f^′)^2.

(b) An oi f kai g eÐnai logarijmikĹ kurtèc kai a, b > 0, tìte h af + bg eÐnai logarijmikĹ kurtă.

(g) ’Estw a_1, . . . , a_n > 0. DeÐxte ìti h sunĹrthsh

x → log (a^x_1 + . . . + a^x_n)

eÐnai kurtă sto R.

15. ApodeÐxte tic idiìthtec (a)-(e) twn f kai f^∗ pou orÐsthkan sthn arqă thc ParagrĹfou 1.5.

16. ’Estw h : I → R aÔxousa sunĹrthsh.

(a) DeÐxte ìti gia kĹje c ∈ int(I) upĹrqoun ta lim_{z↑c} h(z) kai lim_{z↓c} h(z), kai lim_{z↑c} h(z) ≤ lim_{z↓c} h(z). (b) DeÐxte ìti upĹrqoun to polÔ Ĺpeira arijmăsima shmeÐa tou I sta opoÐa h h eÐnai asuneqăc.

17. BreÐte ta ∂f(x), ∂f^∗(y), f^∗(y), I^∗ an

(a) f(x) = x^2, I = R. (b) f(x) = |x|, I = R. (g) f(x) = e^x, I = R. (d) f(x) = |x|^p/p, I = R, p > 1.

OmĹda B 18. ’Estw a_1, . . . , a_m > 0 me ∑_m i=1 a_i = 1 kai x_1, . . . , x_m > 0. Gia kĹje t ≠ 0 orÐzoume M_t(⃗x,⃗a) = ( a_1x^t_1 + . . . + a_mx^t_m )_{1/t} , enÿ gia t = 0 jètoume M_0(⃗x,⃗a) = x^{a1}_1 . . . x^{am}_m . DeÐxte ìti lim_{t→0} M_t(⃗x,⃗a) = M_0(⃗x,⃗a) kai ìti h M_t(⃗x,⃗a) eÐnai aÔxousa sunĹrthsh tou t.

19. Me to sumbolismì thc ’Askhshc 17, deÐxte ìti an x_k = max{x_1, . . . , x_m}, tìte a^{1/t}_k x_k ≤ M_t(⃗x,⃗a) ≤ x_k gia kĹje t > 0. Poiì eÐnai to lim_{t→∞} M_t(⃗x,⃗a)? SqediĹste th grafikă parĹstash thc M_t(⃗x,⃗a). PoiĹ eÐnai h sumperiforĹ thc sto −∞?

20. DeÐxte ìti an h f : (0, +∞) → R eÐnai kurtă kai x_1, . . . , x_m, y_1, . . . , y_m > 0, tìte (x_1 + . . . + x_m)f ( y_1 + . . . + y_m x_1 + . . . + x_m ) ≤ m∑ i=1 x_if ( y_i x_i ) . DeÐxte ìti h f(x) = (1+x^p)^{1/p} eÐnai kurtă sto (0, +∞) ìtan p ≥ 1, kai sumperĹnete ìti ((x_1 + . . . + x_m)^p + (y_1 + . . . + y_m)^p)^{1/p} ≤ m∑ i=1 (x^p_i + y^p_i )^{1/p}.

21. DeÐxte ìti h sunĹrthsh − sin x eÐnai kurtă sto [0, π]. Qrhsimopoiÿntac to deÐxte ìti h mègisth perÐmetroc n-gÿnou pou eggrĹfetai sto monadiaÐo kÔklo eÐnai 2n sin(π/n). 22. ’Estw f : [0, 2π] → R kurtă sunĹrthsh. DeÐxte ìti gia kĹje k ≥ 1, 1 π ∫_{2π} 0 f(x) cos kxdx ≥ 0.

23. DeÐxte ìti upĹrqei kurtă sunĹrthsh f : [0, 1] → R pou den èqei parĹgwgo se kanèna shmeÐo enìc puknoÔ uposunìlou tou [0, 1].

[Upìdeixh: Jewrăste mÐa arÐjmhsh {r_k : k ∈ N} twn rhtÿn tou [0, 1] kai orÐste g(t) = ∑ {k:r_k ≤t} 1 2^k .

H g eÐnai aÔxousa: me th boăjeiĹ thc orÐste katĹllhlh f.]

24. ’Estw f : (a, b) → R suneqăc sunĹrthsh. DeÐxte ìti h f eÐnai kurtă an kai mìno an f(x) ≤ 1 2h ∫_h −h f(x + t)dt gia kĹje diĹsthma [x − h, x + h] ⊂ (a, b).

25. ’Estw f : I → R jetikă koÐlh sunĹrthsh. DeÐxte ìti h 1/f eÐnai kurtă. 26. ’Estw f : [0, +∞) kurtă, mh arnhtikă sunĹrthsh me f(0) = 0. OrÐzoume F : [0, +∞) → R me F (0) = 0 kai

F (x) = 1 x ∫_x 0 f(t)dt. DeÐxte ìti h F eÐnai kurtă.

28

KefĹlaio 2

KurtĹ sÔnola ston EukleÐdeio qÿro

2.1 TopologÐa tou EukleÐdeiou qÿrou

§1. Se autăn thn parĹgrafo ja jumhjoÔme basikĹ stoiqeÐa thc topologÐac tou EukleÐdeiou qÿrou R^n . StajeropoioÔme èna sÔsthma suntetagmènwn kai jewroÔme to eswterikì ginìmeno ⟨x, y⟩ = x_1y_1 + . . . + x_ny_n ìpou x = (x_1, . . . , x_n) kai y = (y_1, . . . , y_n) ∈ R^n . H nìrma tou x sumbolÐzetai me ‖x‖ kai orÐzetai apì thn ‖x‖ = √ ⟨x, x⟩ = √ x^2_1 + . . . + x^2_n.

GewmetrikĹ, ‖x‖ eÐnai h apìstash tou x apì thn arqă twn axìnwn. Me bĹsh touc orismoÔc tou eswterikoÔ ginomènou kai thc nìrmac elègqoume eÔkola tic exăc aplèc, allĹ shmantikèc, idiìthtèc touc. (a) ⟨x, x⟩ ≥ 0 kai ⟨x, x⟩ = 0 ⇐⇒ x = 0 (b) ⟨x, y⟩ = ⟨y, x⟩ (g) ⟨x + y, z⟩ = ⟨x, z⟩ + ⟨y, z⟩ (d) ⟨ax, y⟩ = a⟨x, y⟩ (e) ‖x‖ > 0 an x ≠ 0 (z) ‖ax‖ = |a| · ‖x‖ gia kĹje x, y, z ∈ R^n kai kĹje a ∈ R.

Anisìthta Cauchy-Schwarz An x, y ∈ X, tìte |⟨x, y⟩| ≤ √ ⟨x, x⟩ √ ⟨y, y⟩.

Isìthta isqÔei an kai mìno an ta x kai y eÐnai grammikĹ exarthmèna. Apìdeixh: An y = 0, tìte h anisìthta isqÔei san isìthta, kai ta 0, x eÐnai grammikĹ exarthmèna.

’Estw y ≠ 0. OrÐzoume P : R → R me P (λ) = ⟨x − λy, x − λy⟩. Tìte, P (λ) ≥ 0 gia kĹje λ ∈ R, dhladă ⟨x, x⟩ − 2λ⟨x, y⟩ + λ^2⟨y, y⟩ ≥ 0, λ ∈ R. Autì shmaÐnei ìti h diakrÐnousa tou triwnÔmou P (λ) eÐnai mikrìterh ă Ðsh tou 0. Dhladă, 4⟨x, y⟩^2 − 4⟨x, x⟩⟨y, y⟩ ≤ 0, apfl ìpou paÐrnoume thn |⟨x, y⟩| ≤ √ ⟨x, x⟩ √ ⟨y, y⟩. Isìthta èqoume an kai mìno an h diakrÐnousa tou P eÐnai 0, dhladă, an kai mìno an to P èqei diplă rÐza λ_0. ’Omwc, P (λ_0) = 0 ⇐⇒ x = λ_0y, dhladă, an ta x, y eÐnai grammikĹ exarthmèna. □ ’Amesh sunèpeia thc anisìthtac Cauchy-Schwarz eÐnai h trigwnikă anisìthta gia th nìrma: an x, y ∈ R^n , tìte ‖x + y‖ ≤ ‖x‖ + ‖y‖. Gia thn apìdeixh autăc thc anisìthtac parathroÔme ìti ‖x + y‖^2 = ⟨x + y, x + y⟩ = ‖x‖^2 + 2⟨x, y⟩ + ‖y‖^2 ≤ ‖x‖^2 + 2‖x‖ ‖y‖ + ‖y‖^2 = (‖x‖ + ‖y‖)^2 apì tic idiìthtec tou eswterikoÔ ginomènou kai thn anisìthta Cauchy-Schwarz.

§2. ’Opwc anafèrame, h nìrma metrĹei apostĹseic apì thn arqă twn axìnwn. MporeÐ ìmwc na qrhsimopoihjeÐ kai gia thn mètrhsh thc apìstashc opoiwndăpote dÔo shmeÐwn. OrÐzoume thn EukleÐdeia apìstash d(x, y) twn x, y ∈ R^n mèsw thc d(x, y) = ‖x − y‖. Dhladă, d(x, y) = n ∑ i=1 (x_i − y_i)^2.

Qrhsimopoiÿntac tic idiìthtec thc nìrmac, elègqoume eÔkola ìti:

(a) d(x, y) > 0 an x ≠ y. (b) d(y, x) = d(x, y). (g) d(x, y) ≤ d(x, z) + d(z, y). (d) d(ax, ay) = |a|d(x, y).

(e) d(x + z, y + z) = d(x, y). §3. H EukleÐdeia apìstash epĹgei mÐa topologÐa ston R^n . Gia kĹje x ∈ R^n kai kĹje r > 0, h anoiktă mpĹla D(x, r) me kèntro to x kai aktÐna r eÐnai to sÔnolo D(x, r) = {y ∈ R^n : d(x, y) < r}. ’Estw S uposÔnolo tou R^n . To x ∈ S lègetai eswterikì shmeÐo tou S an upĹrqei r > 0 tètoioc ÿste D(x, r) ⊂ S. ’Ena sÔnolo S lègetai anoiktì an kĹje shmeÐo tou eÐnai eswterikì shmeÐo. Parathrăste ìti kĹje anoiktă mpĹla eÐnai anoiktì sÔnolo. H oikogèneia ìlwn twn anoiktÿn uposunìlwn tou R^n eÐnai h sunăjhc topologÐa tou R^n .

An S eÐnai èna uposÔnolo tou R^n , tìte h oikogèneia ìlwn twn sunìlwn U thc morfăc U = V ∩ S ìpou V anoiktì sÔnolo, lègetai sqetikă topologÐa tou S. Gia parĹdeigma, an jewrăsoume to uposÔnolo S = {(x_1, x_2) : x_1 ≥ 0} tou epipèdou, tìte to U = {(x_1, x_2) : 0 ≤ x_1 < 1, 0 < x_2 < 1}

eÐnai anoiktì sthn sqetikă topologÐa tou S, allĹ den eÐnai anoiktì sÔnolo ston R^2 .

Parathrăste ìti:

(a) To kenì sÔnolo ∅ kai o R^n eÐnai anoiktĹ sÔnola. (b) H ènwsh anoiktÿn sunìlwn eÐnai anoiktì sÔnolo.

(g) H tomă peperasmènwn to plăjoc anoiktÿn sunìlwn eÐnai anoiktì sÔnolo. Den eÐnai dÔskolo na dÿsoume parĹdeigma Ĺpeirhc arijmăsimhc tomăc anoiktÿn sunìlwn pou den eÐnai anoiktì sÔnolo: gia kĹje x ∈ R^n , èqoume ⋂_∞ n=1 D(x, 1/n) = {x} to opoÐo den eÐnai anoiktì.

’Ena sÔnolo S lègetai kleistì an to sumplărwmĹ tou S̃ = R^n \S eÐnai anoiktì. Parathrăste ìti:

(a) To ∅ kai o R^n eÐnai kleistĹ sÔnola. (b) H tomă kleistÿn sunìlwn eÐnai kleistì sÔnolo.

(g) H ènwsh peperasmènwn to plăjoc kleistÿn sunìlwn eÐnai kleistì sÔnolo. EÐdame ìti to kenì sÔnolo kai o qÿroc R^n eÐnai tautìqrona anoiktĹ kai kleistĹ sÔnola. Sthn pragmatikìthta, eÐnai ta mìna uposÔnola tou R^n pou èqoun autăn thn idiìthta. Apì thn Ĺllh pleurĹ, den eÐnai kajìlou dÔskolo na dÿsoume paradeÐgmata uposunìlwn tou R^n pou den eÐnai oÔte anoiktĹ oÔte kleistĹ.

’Ena sÔnolo S lègetai fragmèno an upĹrqoun x ∈ R^n kai R > 0 tètoia ÿste S ⊂ D(x, R). To eswterikì enìc sunìlou S eÐnai to sÔnolo ìlwn twn eswterikÿn shmeÐwn tou S kai sumbolÐzetai me int(S). To int(S) eÐnai to megalÔtero anoiktì uposÔnolo tou S. H kleistă jăkh enìc sunìlou S eÐnai to sÔnolo ìlwn twn x ∈ R^n gia ta opoÐa upĹrqei akoloujÐa {x_m} ⊂ S me x_m → x, kai sumbolÐzetai me S. To S eÐnai to mikrìtero kleistì sÔnolo pou perièqei to S. Gia parĹdeigma, an S eÐnai to sÔnolo ìlwn twn shmeÐwn tou R^n pou èqoun rhtèc suntetagmènec, tìte int(S) = ∅ kai S = R^n .

To sÔnoro tou S eÐnai to sÔnolo bd(S) = S ∩ R^n \S. IsodÔnama, x ∈ bd(S) an gia kĹje r > 0 h D(x, r) èqei mh kenă tomă tìso me to S ìso kai me to R^n \S.

ShmeÐwsh Sth sunèqeia ìla ta sÔnola upotÐjentai mh kenĹ qwrÐc autì na anafèretai, ektìc an tonÐzetai to antÐjeto ă qreiĹzetai na tonÐsoume ìti kĹpoio sÔnolo eÐnai mh kenì.

§4. MÐa sunĹrthsh f : A → R^m lègetai suneqăc sto x ∈ A an gia kĹje ε > 0 upĹrqei δ > 0 tètoio ÿste y ∈ D(x, δ) ∩ A =⇒ f(y) ∈ D(f(x), ε). H f lègetai suneqăc an eÐnai suneqăc se kĹje x ∈ A. H f eÐnai suneqăc an kai mìno an gia kĹje anoiktì U ⊂ R^m to f^{−1}(U) eÐnai anoiktì uposÔnolo tou A me th sqetikă topologÐa.

UpĹrqei Ĺlloc ènac isodÔnamoc orismìc thc sunèqeiac thc f sto x, ton opoÐo ja qrhsimopoioÔme suqnĹ. H f eÐnai suneqăc sto x ∈ A an gia kĹje akoloujÐa {x_m} sto A me x_m → x èpetai ìti f(x_m) → f(x).

EÔkola elègqoume ìti oi exăc sunartăseic eÐnai suneqeÐc:

(a) H sunĹrthsh f : R^n × R^n → R^n pou orÐzetai apì thn f(x, y) = x + y. (b) H sunĹrthsh f_z : R^n → R^n pou orÐzetai apì thn f_z(x) = x + z, ìpou z ∈ R^n stajerì.

(g) H sunĹrthsh f_a : R^n → R^n pou orÐzetai apì thn f_a(x) = ax, ìpou a ∈ R stajerì.

(d) H sunĹrthsh f : R → R^n pou orÐzetai apì thn f(t) = tx + (1 − t)y, ìpou x, y ∈ R^n stajerĹ.

§5. An A, B ⊂ R^n kai t ∈ R, orÐzoume ta sÔnola A + B := {x + y : x ∈ A, y ∈ B} kai tA := {tx : x ∈ A}. Se plărh genikìthta, den perimènoume isìthtec thc morfăc A + A = 2A. Gia parĹdeigma, an A = {x, y}, tìte A + A = {2x, x + y, 2y} kai 2A = {2x, 2y}: autĹ ta dÔo sÔnola den èqoun lìgo na eÐnai Ðsa.

An A = {x} tìte grĹfoume x + B gia to sÔnolo {x} + B. To x + B prokÔptei me metaforĹ kĹje shmeÐou tou B katĹ x. Parathrăste ìti

A + B = ⋃ x∈A (x + B) = ⋃ y∈B (A + y). SÔnola thc morfăc x + tA me t ≠ 0 lègontai omoiojetikĹ proc to A ă omoiìjeta tou A. §6. ’Ena uposÔnolo K tou R^n lègetai sumpagèc an eÐnai kleistì kai fragmèno.

’Enac isodÔnamoc orismìc mporeÐ na dojeÐ me th boăjeia twn anoiktÿn kalÔyewn: mÐa sullogă anoiktÿn sunìlwn {U_i : i ∈ I} lègetai anoiktă kĹluyh tou sunìlou S an S ⊂ ⋃ i∈I U_i. MÐa upooikogèneia {U_j : j ∈ J} thc {U_i : i ∈ I} lègetai upokĹluyh thc {U_i : i ∈ I} gia to S an S ⊂ ⋃ j∈J U_j . ApodeiknÔetai ìti:

Jeÿrhma Heine-Borel ’Ena uposÔnolo K tou R^n eÐnai sumpagèc an kai mìno an kĹje anoiktă tou kĹluyh èqei peperasmènh upokĹluyh.

’Enac Ĺlloc isodÔnamoc orismìc thc sumpĹgeiac eÐnai o exăc: to K eÐnai sumpagèc an kai mìno an gia kĹje akoloujÐa {x_m} ⊂ K mporoÔme na broÔme upakoloujÐa {x_{km} } thc {x_m} kai x ∈ K ètsi ÿste x_{km} → x.

’H apìdeixh twn isodunamiÿn afănetai gia tic askăseic. Sth sunèqeia ja qrhsimopoioÔme eleÔjera kai touc treÐc orismoÔc. KleÐnoume autăn thn parĹgrafo me dÔo basikèc protĹseic gia suneqeÐc sunartăseic se sumpagă sÔnola.

Prìtash 2.1 ’Estw f : K → R^m suneqăc sunĹrthsh, ìpou K sumpagèc uposÔnolo tou R^n . Tìte, to f(K) eÐnai sumpagèc uposÔnolo tou R^m .

Apìdeixh: JewroÔme tuqoÔsa anoiktă kĹluyh {U_i : i ∈ I} tou f(K). AfoÔ h f eÐnai suneqăc, kĹje V_i = f^{−1}(U_i) eÐnai anoiktì sÔnolo (wc proc K) kai afoÔ ⋃ i∈I f^{−1}(U_i) ⊃ f^{−1}(f(K)) = K, h oikogèneia {V_i : i ∈ I} eÐnai anoiktă kĹluyh tou K. To K eÐnai sumpagèc, Ĺra upĹrqoun i_1, . . . , i_m ∈ I tètoioi ÿste K ⊂ V_{i1} ∪ . . . ∪ V_{im} . Tìte, f(K) ⊂ U_{i1} ∪ . . . ∪ U_{im} . Brăkame peperasmènh upokĹluyh thc tuqoÔsac anoiktăc kĹluyhc {U_i : i ∈ I} tou f(K), Ĺra to f(K) eÐnai sumpagèc. □

Pìrisma ’Estw f : K → R suneqăc sunĹrthsh, ìpou K sumpagèc uposÔnolo tou R^n . Tìte, h f paÐrnei elĹqisth kai mègisth timă sto K. Dhladă, upĹrqoun x_1, x_2 ∈ K tètoia ÿste f(x_1) ≤ f(x) ≤ f(x_2)

gia kĹje x ∈ K. Eidikìtera, h f eÐnai fragmènh sto K: upĹrqei M > 0 me thn idiìthta |f(x)| ≤ M gia kĹje x ∈ K. □

2.2 KurtĹ sÔnola ston EukleÐdeio qÿro

§1. Orismìc (a) ’Estw A ≠ ∅ uposÔnolo tou R^n . Lème ìti to A eÐnai kurtì an gia kĹje x, y ∈ A kai kĹje λ ∈ [0, 1] èqoume λx + (1 − λ)y ∈ A. To sÔnolo {λx + (1 − λ)y : λ ∈ [0, 1]} eÐnai to eujÔgrammo tmăma me Ĺkra ta x kai y, epomènwc èna sÔnolo eÐnai kurtì an perièqei to eujÔgrammo tmăma pou sundèei opoiadăpote dÔo shmeÐa tou.

(b) Lème ìti to A eÐnai affinikì an gia kĹje x, y ∈ A kai kĹje λ ∈ R èqoume λx + (1 − λ)y ∈ A. To sÔnolo {λx+(1−λ)y : λ ∈ R} eÐnai h eujeÐa pou pernĹei apì ta x kai y, epomènwc èna sÔnolo eÐnai affinikì an perièqei thn eujeÐa pou pernĹei apì opoiadăpote dÔo shmeÐa tou. KĹje affinikì sÔnolo eÐnai profanÿc kurtì. To antÐstrofo ìmwc den isqÔei.

Jeÿrhma 2.1 ’Ena sÔnolo A ⊆ R^n eÐnai affinikì an kai mìno an eÐnai metaforĹ kĹpoiou grammikoÔ upoqÿrou tou R^n .

Apìdeixh: ’Estw ìti A = x + W = {x + w : w ∈ W } ìpou W grammikìc upìqwroc tou R^n . An y_1, y_2 ∈ A, upĹrqoun w_1, w_2 ∈ W tètoia ÿste y_1 = x + w_1 kai y_2 = x + w_2. Gia kĹje λ ∈ R èqoume

λy_1 + (1 − λ)y_2 = λ(x + w_1) + (1 − λ)(x + w_2) = x + (λw_1 + (1 − λ)w_2) ∈ A

giatÐ λw_1 + (1 − λ)w_2 ∈ W (o W eÐnai upìqwroc). ’Ara, to A eÐnai affinikì.

AntÐstrofa, ac upojèsoume ìti to A eÐnai affinikì. JewroÔme tuqìn x_0 ∈ A kai orÐzoume W = −x_0 + A. ’Estw w_1, w_2 ∈ W kai λ ∈ R. Ja deÐxoume ìti w_1 + λw_2 ∈ W . GrĹfoume w_1 = −x_0 + y_1, w_2 = −x_0 + y_2 ìpou y_1, y_2 ∈ A. Tìte,

w_1 + λw_2 = −x_0 + λ ( 2 ( 1 2 y_1 + 1 2 y_2 ) − x_0 ) + (1 − λ)y_1.

AfoÔ to A eÐnai affinikì, èqoume z :=^1_2 y_1 +^1_2 y_2 ∈ A, kai afoÔ x_0 ∈ A èpetai ìti 2z + (−1)x_0 ∈ A. PĹli apì thn affinikìthta tou A, blèpoume ìti u := λ ( 2 ( 1 2 y_1 + 1 2 y_2 ) − x_0 ) + (1 − λ)y_1 ∈ A,

Ĺra to w_1 + λw_2 = −x_0 + u ∈ W .

AfoÔ 0 ∈ W , paÐrnontac w_1 = 0 èqoume: w ∈ W =⇒ λw ∈ W gia kĹje λ ∈ R. PaÐrnontac λ = 1 èqoume: w_1, w_2 ∈ W =⇒ w_1 + w_2 ∈ W . ’Ara, to W eÐnai grammikìc upìqwroc tou R^n . □

Paratărhsh O upìqwroc W tou Jewrămatoc 2.1 orÐzetai monosămanta apì to A

(’Askhsh 1).

Orismìc An λ_1, . . . , λ_m ∈ R kai ∑_m i=1 λ_i = 1, to x = ∑_m i=1 λ_ix_i lègetai affinikìc sunduasmìc twn x_1, . . . , x_m. An epiplèon λ_i ≥ 0, to x lègetai kurtìc sunduasmìc twn x_1, . . . , x_m.

Jeÿrhma 2.2 ’Ena sÔnolo A ⊆ R^n eÐnai kurtì (affinikì) an kai mìno an kĹje kurtìc (affinikìc) sunduasmìc shmeÐwn tou A anăkei sto A.

Apìdeixh: H mÐa kateÔjunsh eÐnai aplă: an kĹje kurtìc sunduasmìc shmeÐwn tou A anăkei sto A, tìte gia kĹje x, y ∈ A kai λ ∈ [0, 1], paÐrnontac λ_1 = λ kai λ_2 = 1 − λ blèpoume ìti o kurtìc sunduasmìc λx + (1 − λ)y ∈ A, dhladă to A eÐnai kurtì.

Gia thn antÐstrofh kateÔjunsh, jewroÔme èna kurtì sÔnolo A, x_1, . . . , x_m ∈ A kai λ_i ≥ 0 me ∑_m i=1 λ_i = 1 kai deÐqnoume ìti ∑_m i=1 λ_ix_i ∈ A. H apìdeixh ja gÐnei me epagwgă wc proc to m. O orismìc thc kurtìthtac tou A exasfalÐzei thn perÐptwsh m = 2. Upojètoume ìti o isqurismìc alhjeÔei gia opoiondăpote kurtì sunduasmì apì m ă ligìtera shmeÐa, kai jewroÔme ton kurtì sunduasmì x = ∑_{m+1} i=1 λ_ix_i, x_i ∈ A. AfoÔ ∑_{m+1} i=1 λ_i = 1, kĹpoioc apì touc λ_i eÐnai mikrìteroc apì 1. AllĹzontac thn diĹtaxh twn λ_i, mporoÔme na upojèsoume ìti λ_{m+1} < 1. Tìte,

x = (1 − λ_{m+1}) m∑ i=1 λ_i 1 − λ_{m+1} x_i + λ_{m+1}x_{m+1}

=: (1 − λ_{m+1})y + λ_{m+1}x_{m+1}.

AfoÔ ∑_m i=1 λ_i = 1 − λ_{m+1}, to y eÐnai kurtìc sunduasmìc m shmeÐwn tou A. Apì thn epagwgikă upìjesh paÐrnoume y ∈ A, kai qrhsimopoiÿntac xanĹ thn epagwgikă upìjesh gia ta y kai x_{m+1} (m = 2) sumperaÐnoume ìti x ∈ A. H apìdeixh tou qarakthrismoÔ gia affinikĹ sÔnola eÐnai ìmoia. □

Jeÿrhma 2.3 Opoiadăpote tomă (affinikÿn) kurtÿn uposunìlwn tou R^n eÐnai

(affinikì) kurtì sÔnolo. An {A_m} eÐnai mÐa aÔxousa akoloujÐa (affinikÿn) kurtÿn uposunìlwn tou R^n , tìte h ènwsh ⋃_∞ m=1 A_m eÐnai (affinikì) kurtì sÔnolo.

Apìdeixh: ’Askhsh 9. □

§2. Orismìc ’Estw B ⊂ R^n . H tomă ìlwn twn kurtÿn uposunìlwn tou R^n pou perièqoun to B lègetai kurtă jăkh tou B kai sumbolÐzetai me co(B). ’Omoia, h tomă ìlwn twn affinikÿn uposunìlwn tou R^n pou perièqoun to B lègetai affinikă jăkh tou B kai sumbolÐzetai me aff(B). SÔmfwna me to Jeÿrhma 2.3, h co(B) eÐnai kurtì sÔnolo kai h aff(B) eÐnai affinikì sÔnolo.

Jeÿrhma 2.4 Gia kĹje B ⊂ R^n , h kurtă (affinikă) jăkh tou B apoteleÐtai akribÿc apì ìlouc touc kurtoÔc (affinikoÔc) sunduasmoÔc stoiqeÐwn tou B.

Apìdeixh: Ja deÐxoume mìno ton isqurismì gia thn kurtă jăkh. GrĹfoume C gia to sÔnolo ìlwn twn kurtÿn sunduasmÿn shmeÐwn tou B. AfoÔ h co(B) eÐnai kurtì sÔnolo kai perièqei to B, apì to Jeÿrhma 2.2 blèpoume ìti C ⊆ co(B). AntÐstrofa, an x = ∑_k i=1 a_ix_i kai y = ∑_m j=1 b_j y_j eÐnai dÔo shmeÐa tou C, tìte gia kĹje λ ∈ [0, 1] èqoume λx + (1 − λ)y = k∑ i=1 (λa_i)x_i + m∑ j=1 ((1 − λ)b_j )y_j ∈ C

giatÐ x_i, y_j ∈ B kai ∑_k i=1 λa_i + ∑_m j=1(1 − λ)b_j = 1. Dhladă, to C eÐnai èna kurtì sÔnolo pou perièqei to B. Apì ton orismì thc co(B) paÐrnoume co(B) ⊆ C. □

To Jeÿrhma 2.4 beltiÿnetai wc exăc: kĹje shmeÐo thc kurtăc jăkhc co(B) tou B grĹfetai san kurtìc sunduasmìc to polÔ n+1 shmeÐwn tou B. Ja deÐxoume mĹlista èna kĹpwc isqurìtero apotèlesma. Gia to skopì autì, orÐzoume thn diĹstash enìc kurtoÔ sunìlou B ston R^n . An to B eÐnai affinikì, tìte upĹrqei metaforĹ x + B tou B pou eÐnai grammikìc upìqwroc tou R^n (Jeÿrhma 2.1). Tìte, h diĹstash tou B orÐzetai na eÐnai h diĹstash tou upoqÿrou x + B. An to B eÐnai tuqìn kurtì sÔnolo, orÐzoume san diĹstash tou B thn diĹstash thc affinikăc tou jăkhc.

Jeÿrhma tou Karajeodwră. An B ⊆ R^n kai h co(B) èqei diĹstash m, tìte gia kĹje z ∈ co(B) upĹrqoun x_0, . . . , x_s ∈ B (s ≤ m) tètoia ÿste to z na eÐnai kurtìc sunduasmìc touc.

Apìdeixh: ’Estw z ∈ co(B). Tìte, upĹrqoun x_0, . . . , x_k ∈ B kai a_i > 0 me ∑_k i=0 a_i = 1 tètoia ÿste z = ∑_k i=0 a_ix_i. Upojètoume ìti k > m kai orÐzoume C = {x_0, . . . , x_k}. ParathroÔme ìti h diĹstash thc affinikăc jăkhc tou C eÐnai mikrìterh ă Ðsh apì m < k, Ĺra ta x_1 − x_0, . . . , x_k − x_0 eÐnai grammikĹ exarthmèna. Epomènwc, upĹrqoun b_1, . . . , b_k ìqi ìla mhdèn, tètoia ÿste ∑_k i=1 b_i(x_i − x_0) = 0.

An orÐsoume b_0 = − ∑_k i=1 b_i, tìte k∑ i=0 b_ix_i = 0, k∑ i=0 b_i = 0.

AfoÔ ìla ta a_i eÐnai gnăsia jetikĹ, mporoÔme na broÔme t > 0 me thn idiìthta c_i = a_i − tb_i ≥ 0 gia kĹje i kai c_l = 0 gia kĹpoio l ≤ k. Tìte, z = k∑ i=0 a_ix_i = k∑ i=0 (c_i + tb_i)x_i = ∑ i≠l c_ix_i kai ∑ i≠l c_i = k∑ i=0 c_i = k∑ i=0 (a_i − tb_i) = k∑ i=0 a_i = 1.

’Ara, to z grĹfetai san kurtìc sunduasmìc ligìterwn apì k + 1 shmeÐwn tou B. Tÿra, eÐte k = m opìte èqoume teleiÿsei ă suneqÐzoume me ton Ðdio trìpo. TelikĹ, ja petÔqoume na grĹyoume to z san kurtì sunduasmì m + 1 ă ligìterwn shmeÐwn tou B. □

Orismìc Ta x_0, x_1, . . . , x_m lègontai affinikĹ anexĹrthta an ta x_1 − x_0, . . . , x_m − x_0 eÐnai grammikĹ anexĹrthta, dhladă an h diĹstash thc affinikăc jăkhc tou {x_0, x_1, . . . , x_m} eÐnai Ðsh me m. IsodÔnama, an opotedăpote λ_0x_0 + λ_1x_1 + . . . + λ_mx_m = 0 kai λ_0 + . . . + λ_m = 0, èpetai ìti λ_0 = . . . = λ_m = 0 (’Askhsh 2).

Ta aploÔstera kurtĹ sÔnola eÐnai oi kurtèc jăkec peperasmènwn to plăjoc shmeÐwn, dhladă ta kurtĹ sÔnola thc morfăc co{x_0, . . . , x_m}, x_i ∈ R^n . KĹje tètoio sÔnolo lègetai polÔtopo. An ta x_1 −x_0, . . . , x_m −x_0 eÐnai grammikĹ anexĹrthta ston R^n (opìte upoqrewtikĹ m ≤ n), tìte to co{x_0, x_1, . . . , x_m} lègetai m-simplex me korufèc ta x_0, x_1, . . . , x_m. ’Ena 0-simplex eÐnai aplÿc èna shmeÐo, èna 1-simplex eÐnai èna eujÔgrammo tmăma, èna 2-simplex eÐnai èna trÐgwno kai oÔtw kajexăc. KĹje shmeÐo x enìc m-simplex grĹfetai me monadikì trìpo san kurtìc sunduasmìc thc morfăc x = ∑_m i=1 λ_ix_i. Oi suntelestèc λ_i lègontai barukentrikèc suntetagmènec tou x.

ExetĹzoume tÿra tic basikèc topologikèc idiìthtec twn kurtÿn sunìlwn.

Jeÿrhma 2.5 An B eÐnai èna kurtì sÔnolo, tìte to int(B) kai to B eÐnai kurtĹ sÔnola.

Apìdeixh: ’Estw x, y ∈ int(B) kai λ ∈ (0, 1). An z = λx + (1 − λ)y, gia kĹje w ∈ R^n mporoÔme na grĹyoume

z + w = λ(x + w) + (1 − λ)(y + w).

AfoÔ to λ > 0 eÐnai dedomèno kai x, y ∈ int(B), mporoÔme na broÔme δ > 0 tètoio ÿste ‖w‖ < δ =⇒ x+w, y +w ∈ B. ’Omwc tìte, apì thn kurtìthta tou B blèpoume ìti D(z, δ) ⊆ B. ’Ara, z ∈ int(B) kai to int(B) eÐnai kurtì.

’Estw tÿra x, y ∈ B kai λ ∈ (0, 1). UpĹrqoun x_m, y_m ∈ B me x_m → x kai y_m → y. To B eÐnai kurtì, Ĺra λx_m + (1 − λ)y_m ∈ B gia kĹje m. ’Epetai ìti

λx + (1 − λ)y = lim_{m→∞}(λx_m + (1 − λ)y_m) ∈ B.

’Ara, to B eÐnai kurtì. □

Jeÿrhma 2.6 ’Estw B uposÔnolo tou R^n . An to B eÐnai anoiktì, tìte h kurtă tou jăkh co(B) eÐnai anoiktì sÔnolo. An to B eÐnai sumpagèc, tìte h kurtă tou jăkh eÐnai sumpagăc.

Apìdeixh: Upojètoume prÿta ìti to B eÐnai anoiktì kai jewroÔme tuqìn stoiqeÐo x = ∑_m i=1 λ_ix_i thc co(B). Gia kĹje w ∈ R^n èqoume x + w = ∑_m i=1 λ_i(x_i + w) kai afoÔ kĹje x_i ∈ B kai to B eÐnai anoiktì, mporoÔme na broÔme δ > 0 me thn idiìthta ‖w‖ < δ =⇒ x_i + w ∈ B, i = 1, . . . , m. Apì thn kurtìthta thc co(B) blèpoume ìti ‖w‖ < δ =⇒ x + w = m∑ i=1 λ_i(x_i + w) ∈ co(B),

dhladă D(x, δ) ⊆ co(B). ’Ara, h co(B) eÐnai anoiktì sÔnolo.

’Enac Ĺlloc trìpoc apìdeixhc eÐnai o exăc: afoÔ co(B) ⊇ B, èqoume

int(co(B)) ⊇ int(B) = B

giatÐ to B eÐnai anoiktì. ’Omwc to int(co(B)) eÐnai kurtì sÔnolo kai perièqei to B, Ĺra int(co(B)) ⊇ co(B). Autì shmaÐnei ìti h co(B) eÐnai anoiktì sÔnolo.

’Estw tÿra ìti to B eÐnai sumpagèc. Autì shmaÐnei ìti to B eÐnai kleistì kai fragmèno. Eidikìtera, upĹrqei M > 0 tètoioc ÿste ‖x‖ ≤ M gia kĹje x ∈ B. An y ∈ co(B), tìte y = ∑_m i=1 λ_ix_i ìpou x_i ∈ B, λ_i > 0 kai ∑_m i=1 λ_i = 1, Ĺra ‖y‖ ≤ m∑ i=1 λ_i‖x_i‖ ≤ M m∑ i=1 λ_i = M,

Ĺra h co(B) eÐnai fragmèno sÔnolo.

Gia na deÐxoume ìti h co(B) eÐnai kleistì sÔnolo, jewroÔme akoloujÐa {x_s} shmeÐwn thc co(B) me x_s → x ∈ R^n . Apì to Jeÿrhma tou Karajeodwră mporoÔme na upojèsoume ìti kĹje x_s grĹfetai sth morfă

x_s = n+1∑ i=1 λ_{s,i}x_{s,i} ìpou x_{s,i} ∈ B, λ_{s,i} ≥ 0 kai ∑_{n+1} i=1 λ_{s,i} = 1. Oi akoloujÐec λ_{s,i}, x_{s,i} eÐnai fragmènec akoloujÐec sto R kai ston R^n antÐstoiqa, epomènwc mporoÔme na broÔme aÔxousa akoloujÐa deiktÿn s_1 < s_2 < . . . < s_r < . . . kai λ_i ∈ R, x_i ∈ R^n tètoia ÿste lim_{r→∞} λ_{sr ,i} → λ_i, lim_{r→∞} x_{sr ,i} → x_i, i = 1, . . . , n + 1. Tìte,

x = lim_{r→∞} x_{sr} = lim_{r→∞} n+1∑ i=1 λ_{sr ,i}x_{sr ,i} = n+1∑ i=1 λ_ix_i kai_{n+1} ∑ i=1 λ_i = 1 = lim_{r→∞} n+1∑ i=1 λ_{sr ,i} = 1. AfoÔ to B eÐnai kleistì, kĹje x_i ∈ B kai afoÔ to x eÐnai kurtìc sunduasmìc twn x_i, èqoume x ∈ co(B). ’Ara, h co(B) eÐnai kleistì sÔnolo. □

Paratărhsh H kurtă jăkh kleistoÔ sunìlou den eÐnai pĹnta kleistì sÔnolo. PĹrte san parĹdeigma thn co(A) ìpou A = {(x, 0) : x ∈ R} ⋃ {(0, 1)} sto R^2 (deÐte kai thn ’Askhsh 17).

Ja kleÐsoume autăn thn parĹgrafo me kĹpoiec parathrăseic gia th sqetikă topologÐa. To sqetikì eswterikì enìc kurtoÔ sunìlou B eÐnai to eswterikì tou sunìlou an to doÔme san uposÔnolo thc affinikăc tou jăkhc. ApoteleÐtai dhladă apì ìla ta shmeÐa x ∈ aff(B) gia ta opoÐa upĹrqei ε > 0 tètoio ÿste: an y ∈ aff(B) kai ‖x − y‖ < ε, tìte y ∈ B. Gia parĹdeigma, to sqetikì eswterikì tou dÐskou {(r, s, 1) ∈ R^3 : r^2 + s^2 ≤ 1} eÐnai to sÔnolo {(r, s, 1) ∈ R^3 : r^2 + s^2 < 1}, enÿ to eswterikì tou eÐnai to kenì sÔnolo. AnĹloga mporeÐ kaneÐc na orÐsei to sqetikì sÔnoro enìc kurtoÔ sunìlou. ’Ena kurtì sÔnolo lègetai sqetikĹ anoiktì an sumpÐptei me to sqetikì eswterikì tou. PollĹ apì ta jewrămata pou ja apodeÐxoume sth sunèqeia aforoÔn anoiktĹ sÔnola. Sunăjwc, exakoloujoÔn na isqÔoun an antikatastăsoume th lèxh {anoiktì} me th lèxh {sqetikĹ anoiktì}. Aplÿc koitĹme to sqetikĹ anoiktì sÔnolì mac san anoiktì ston upìqwro pou prokÔptei me katĹllhlh metaforĹ thc affinikăc tou jăkhc.

2.3 UperepÐpeda kai diaqwristikĹ jewrămata

§1. OrismoÐ (a) MÐa sunĹrthsh f : R^n → R^m lègetai grammikă an f(λx + μy) = λf(x) + μf(y) gia kĹje x, y ∈ R^n kai λ, μ ∈ R.

H f lègetai affinikă an f(λx + μy) = λf(x) + μf(y) gia kĹje x, y ∈ R^n kai λ, μ ∈ R me λ + μ = 1.

(b) MÐa grammikă sunĹrthsh f : R^n → R lègetai grammikì sunarthsoeidèc. An f : R^n → R eÐnai èna grammikì sunarthsoeidèc kai a_i = f(e_i), tìte gia kĹje x = (x_1, . . . , x_n) ∈ R^n èqoume f(x) = n∑ i=1 x_if(e_i) = n∑ i=1 x_ia_i = ⟨x, u⟩ ìpou u = (a_1, . . . , a_n).

(g) ’Ena affinikì uposÔnolo H tou R^n lègetai uperepÐpedo an dim(H) = n − 1. H sqèsh anĹmesa se uperepÐpeda kai grammikĹ sunarthsoeidă perigrĹfetai apì to exăc jeÿrhma.

Jeÿrhma 2.7 ’Estw H ⊂ R^n . To H eÐnai uperepÐpedo an kai mìno an upĹrqoun mh mhdenikì grammikì sunarthsoeidèc f : R^n → R kai t ∈ R tètoia ÿste H = {x : f(x) = t}. Apìdeixh: Upojètoume prÿta ìti to H eÐnai uperepÐpedo. An x_0 ∈ H, tìte H = x_0 + W ìpou W (monosămanta orismènoc) grammikìc upìqwroc tou R^n me dim(W ) = n−1. JewroÔme èna monadiaÐo diĹnusma v_0 kĹjeto ston W kai orÐzoume f : R^n → R me f(x) = ⟨x, v_0⟩. Tìte, H = {x : f(x) = ⟨x_0, v_0⟩}. PrĹgmati, an x ∈ H tìte x = x_0 + w gia kĹpoio w ∈ W , Ĺra

f(x) = ⟨x_0 + w, v_0⟩ = ⟨x_0, v_0⟩ + ⟨w, v_0⟩ = ⟨x_0, v_0⟩

afoÔ ⟨w, v_0⟩ = 0. AntÐstrofa, an f(x) = ⟨x, v_0⟩ = ⟨x_0, v_0⟩, tìte ⟨x − x_0, v_0⟩ = 0 Ĺra x − x_0 ∈ W , opìte x ∈ x_0 + W = H.

AntÐstrofa, èstw f(x) = ⟨x, u⟩ mh mhdenikì grammikì sunarthsoeidèc (dhladă, u ≠ 0) kai t ∈ R. ’Estw x_0 ∈ R^n me f(x_0) = t (tètoio x_0 upĹrqei, pĹrte gia parĹdeigma to tu/‖u‖^2). Tìte, f(x) = t an kai mìno an ⟨x − x_0, u⟩ = 0 dhladă an x − x_0 ∈ W ìpou W = u^⊥ = {w : ⟨u, w⟩ = 0}. O W eÐnai grammikìc upìqwroc tou R^n diĹstashc (n − 1), Ĺra to {x : f(x) = t} = x_0 + W eÐnai uperepÐpedo. □

§2. OrismoÐ (a) An H = {x : ⟨x, u⟩ = t} eÐnai èna uperepÐpedo, lème ìti ta sÔnola H^− = {x : ⟨x, u⟩ ≤ t} kai H^+ = {x : ⟨x, u⟩ ≥ t} eÐnai oi hmÐqwroi pou orÐzontai apì to H.

(b) An A kai B eÐnai uposÔnola tou R^n , lème ìti to uperepÐpedo H diaqwrÐzei ta A kai B an autĹ perièqontai se diaforetikoÔc hmiqÿrouc pou orÐzontai apì to H. Lème ìti ta A kai B diaqwrÐzontai gnăsia an upĹrqoun t < s kai u ∈ R^n tètoia ÿste A ⊆ {x : ⟨u, x⟩ ≤ t} kai B ⊆ {x : ⟨u, x⟩ ≥ s}. Dhladă, an mporoÔme na broÔme dÔo parĹllhla uperepÐpeda ta opoÐa na diaqwrÐzoun ta A kai B. Parathrăste ìti anagkaÐa sunjăkh gia na diaqwrÐzontai gnăsia dÔo sÔnola eÐnai na eÐnai xèna, enÿ dÔo dÔnola pou aplÿc diaqwrÐzontai den eÐnai anagkastikĹ xèna. Gia parĹdeigma opoiadăpote efaptomènh se ènan kÔklo tou R^2 diaqwrÐzei ton kÔklo apì to shmeÐo epafăc. Apì thn Ĺllh pleurĹ, an dÔo sÔnola (akìma ki an eÐnai kleistĹ kai kurtĹ) eÐnai xèna, autì den shmaÐnei ìti diaqwrÐzontai gnăsia. PĹrte gia parĹdeigma ta A = {(x, y) ∈ R^2 : x > 0, y ≥ 1/x}, B = {(x, y) ∈ R^2 : x > 0, y ≤ −1/x}. An ìmwc to èna apì ta dÔo sÔnola eÐnai sumpagèc, tìte èqoume gnăsio diaqwrismì. Jeÿrhma 2.8 ’Estw A kai B xèna, mh-kenĹ kai kurtĹ uposÔnola tou R^n . An to A eÐnai sumpagèc kai to B kleistì, tìte ta A kai B diaqwrÐzontai gnăsia. Apìdeixh: Ja qreiastoÔme to exăc lămma.

Lămma ’Estw B kleistì kurtì uposÔnolo tou R^n kai x /∈ B. UpĹrqei monadikì y_0 ∈ B tètoio ÿste ‖x − y_0‖ = d(x, B) := inf{‖x − y‖ : y ∈ B}. Apìdeixh: Gia kĹje m ∈ N mporoÔme na broÔme y_m ∈ B tètoio ÿste (∗) d(x, B) ≤ ‖x − y_m‖ < d(x, B) + 1 m . ParathroÔme ìti

2‖x − y_m‖^2 + 2‖x − y_s‖^2 = ‖2x − (y_m + y_s)‖^2 + ‖y_m − y_s‖^2.

AfoÔ (y_m + y_s)/2 ∈ B, paÐrnoume ‖2x − (y_m + y_s)‖^2 ≥ 4d^2(x, B), Ĺra

‖y_m − y_s‖^2 ≤ 2 ( d + 1 m )_2 + 2 ( d + 1 s )_2 − 4d^2 → 0

ìtan m, s → ∞, ìpou d = d(x, B). Dhladă, h {y_m} eÐnai akoloujÐa Cauchy.

KĹje akoloujÐa Cauchy ston R^n sugklÐnei, Ĺra upĹrqei y_0 ∈ R^n me y_m → y_0. AfoÔ to B eÐnai kleistì, èqoume y_0 ∈ B kai apì thn (∗), ‖x−y_0‖ = lim_m ‖x−y_m‖ = d(x, B). Gia th monadikìthta, ac upojèsoume ìti ‖x − y‖ = ‖x − y_0‖ = d gia kĹpoio y ∈ B. Tìte, afoÔ (y + y_0)/2 ∈ B,

4d^2 = 2‖x − y‖^2 + 2‖x − y_0‖^2 = ‖2x − (y + y_0)‖^2 + ‖y − y_0‖^2 ≥ 4d^2 + ‖y − y_0‖^2,

dhladă ‖y − y_0‖ ≤ 0, Ĺra y = y_0. □ MporoÔme tÿra na apodeÐxoume to Jeÿrhma 2.8: JewroÔme th sunĹrthsh x → d(x, B) orismènh sto A. H sunĹrthsh apìstashc apì sÔnolo eÐnai suneqăc (’Askhsh

19) kai paÐrnei gnăsia jetikèc timèc sto A, giatÐ ta A kai B eÐnai xèna kai to B kleistì. ’Ara, upĹrqei x_0 ∈ A sto opoÐo paÐrnoume thn elĹqisth timă thc: d(x_0, B) ≤ d(x, B), x ∈ A. Apì to Lămma, upĹrqei monadikì y_0 ∈ B tètoio ÿste ‖x_0 −y_0‖ = d(x_0, B). Dhladă, brăkame x_0 ∈ A kai y_0 ∈ B me ‖x_0 − y_0‖ = d(x_0, B) ≤ d(x, B) ≤ ‖x − y‖ gia kĹje x ∈ A kai y ∈ B.

JewroÔme to mh mhdenikì diĹnusma u = y_0 − x_0 kai jètoume t = ⟨u, x_0⟩ kai s = ⟨u, y_0⟩. EÐnai s − t = ‖u‖^2 > 0 kai ta {x : ⟨u, x⟩ = t}, {x : ⟨u, x⟩ = s} eÐnai parĹllhla uperepÐpeda, kĹjeta proc to u, ta opoÐa pernoÔn apì ta x_0 kai y_0 antÐstoiqa (blèpe sqăma). Ja deÐxoume ìti ⟨u, x⟩ ≤ t gia kĹje x ∈ A kai ⟨u, y⟩ ≥ s gia kĹje y ∈ B, opìte ta A kai B diaqwrÐzontai gnăsia.

’Estw x ∈ A. Gia kĹje λ ∈ (0, 1) èqoume x_0 + λ(x − x_0) = (1 − λ)x_0 + λx ∈ A, Ĺra ‖x_0 + λ(x − x_0) − y_0‖ ≥ ‖x_0 − y_0‖. Uyÿnontac sto tetrĹgwno èqoume ‖x_0 − y_0‖^2 + 2λ⟨x − x_0, x_0 − y_0⟩ + λ^2‖x − x_0‖^2 ≥ ‖x_0 − y_0‖^2, dhladă, 2⟨x − x_0, x_0 − y_0⟩ + λ‖x − x_0‖^2 ≥ 0, kai afănontac to λ → 0^+ paÐrnoume ⟨x − x_0, x_0 − y_0⟩ ≥ 0, dhladă ⟨x, y_0 − x_0⟩ ≤ ⟨x_0, y_0 − x_0⟩ = t.

’Omoia apodeiknÔoume ìti ⟨u, y⟩ ≥ s gia kĹje y ∈ B. □

Qrhsimopoiÿntac to Jeÿrhma 2.8 mporoÔme tÿra na apodeÐxoume to basikì diaqwristikì jeÿrhma gia kurtĹ sÔnola ston R^n .

Lămma ’Estw A kurtì uposÔnolo tou R^n me int(A) ≠ ∅ kai x /∈ int(A). Tìte upĹrqei mh mhdenikì grammikì sunarthsoeidèc f tètoio ÿste f(x) ≥ f(a) gia kĹje a ∈ A. Apìdeixh: ’Estw a_0 ∈ int(A). Gia kĹje m ≥ 2 orÐzoume A_m = {a_0 + (1 − 1/m)(a − a_0) : a ∈ A}.

Tìte, A_m ⊆ int(A) gia kĹje m, h {A_m} eÐnai aÔxousa akoloujÐa kurtÿn uposunìlwn tou A, kai ⋃_∞ m=2 A_m ⊇ A (Ĺskhsh).

Gia kĹje m ≥ 2 èqoume x /∈ A_m (giatÐ?), opìte apì to Jeÿrhma 2.8 ta {x} kai A_m diaqwrÐzontai gnăsia. Autì shmaÐnei ìti upĹrqoun monadiaÐo diĹnusma u_m kai t_m ∈ R tètoia ÿste (∗) ⟨u_m, a_0⟩ ≤ sup a∈A_m ⟨u_m, a⟩ ≤ t_m < ⟨u_m, x⟩. H {u_m} kai h {t_m} eÐnai fragmènec akoloujÐec: ‖u_m‖ = 1 kai −‖a_0‖ ≤ t_m ≤ ‖x‖ apì thn (∗) kai thn anisìthta Cauchy-Schwarz. ’Ara, upĹrqoun m_1 < . . . < m_k < . . . me u_{mk} → u ∈ R^n kai t_{mk} → t ∈ R. Gia kĹje a ∈ A upĹrqei k_0 tètoioc ÿste a ∈ A_{mk} gia kĹje k ≥ k_0. Apì thn (∗), ⟨u, a⟩ = lim_{k→∞}⟨u_{mk} , a⟩ ≤ lim_{k→∞} t_{mk} = t ≤ lim_{k→∞}⟨u_{mk} , x⟩ = ⟨u, x⟩. To sunarthsoeidèc f(x) = ⟨u, x⟩ ikanopoieÐ to zhtoÔmeno. □ Jeÿrhma 2.9 ’Estw A kai B kurtĹ uposÔnola tou R^n me int(A) ≠ ∅ kai int(A) ∩ B = ∅. Tìte, upĹrqei uperepÐpedo pou diaqwrÐzei ta A kai B.

Apìdeixh: H sunjăkh int(A) ∩ B = ∅ eÐnai isodÔnamh me thn 0 /∈ int(A) − B. To C := int(A) − B eÐnai anoiktì kai kurtì sÔnolo (deÐte tic Askăseic 8 kai 10). Apì to Lămma, upĹrqei u ∈ R^n tètoio ÿste ⟨u, c⟩ ≤ ⟨u, 0⟩ = 0 gia kĹje c ∈ C. Dhladă, ⟨u, a − b⟩ ≤ 0 =⇒ ⟨u, a⟩ ≤ ⟨u, b⟩ gia kĹje a ∈ int(A) kai b ∈ B. Apì th sunèqeia tou eswterikoÔ ginomènou, ⟨u, a⟩ ≤ ⟨u, b⟩ gia kĹje a ∈ A kai b ∈ B. ’Epetai ìti t_0 := sup_{a∈A}⟨u, a⟩ ≤ t_1 := inf_{b∈B}⟨u, b⟩. ’Ara, to uperepÐpedo {x : ⟨u, x⟩ = t} diaqwrÐzei ta A kai B gia kĹje t ∈ [t_0, t_1]. □

§3. Orismìc ’Estw A kurtì uposÔnolo tou R^n . Lème ìti to uperepÐpedo H sthrÐzei to A sto x_0, an x_0 ∈ A ∩ H kai to A perièqetai se kĹpoion apì touc dÔo hmiqÿrouc pou orÐzei to H. Efarmìzontac to Jeÿrhma 2.9 me B = {x_0} ìpou x_0 eÐnai èna shmeÐo tou sunìrou tou kurtoÔ sunìlou A, paÐrnoume to exăc:

Jeÿrhma 2.10 ’Estw x_0 ∈ bd(A), ìpou A kurtì uposÔnolo tou R^n me mh kenì eswterikì. Tìte, upĹrqei uperepÐpedo H pou sthrÐzei to A sto x_0. □

Parathrăseic (a) ’Ena pìrisma tou Jewrămatoc 2.10 eÐnai to exăc: kĹje kleistì kurtì uposÔnolo tou R^n me mh kenì eswterikì eÐnai h tomă twn hmiqÿrwn pou to perièqoun (’Askhsh 27).

(b) To Jeÿrhma 2.10 isqÔei kai qwrÐc thn upìjesh ìti int(A) ≠ ∅. (’Askhsh 23).

§4. Orismìc ’Estw A kurtì uposÔnolo tou R^n kai x_0 ∈ A. To x_0 lègetai akraÐo shmeÐo tou A an den perièqetai sto eswterikì kanenìc eujÔgrammou tmămatoc tou opoÐou ta Ĺkra anăkoun sto A. Dhladă, an isqÔei to exăc: an x_1, x_2 ∈ A kai λ ∈ [0, 1] me x_0 = λx_1 + (1 − λ)x_2, tìte eÐte x_0 = x_1 ă x_0 = x_2.

Gia parĹdeigma, ta akraÐa shmeÐa enìc dÐskou eÐnai ìla ta shmeÐa tou sunìrou tou kai ta akraÐa shmeÐa enìc kÔbou eÐnai oi korufèc tou. ’Ena kleistì kurtì sÔnolo mporeÐ na mhn èqei akraÐa shmeÐa: pĹrte gia parĹdeigma opoiondăpote hmÐqwro.

Jeÿrhma 2.11 (Minkowski) ’Estw A kurtì kai sumpagèc uposÔnolo tou R^n . Tìte, to A eÐnai h kurtă jăkh twn akraÐwn shmeÐwn tou.

Apìdeixh: H apìdeixh gÐnetai me epagwgă wc proc thn diĹstash d tou A (dhladă, thn diĹstash thc affinikăc tou jăkhc).

An d = 0, tìte to A eÐnai monosÔnolo kai o isqurismìc tou jewrămatoc isqÔei profanÿc. Upojètoume loipìn ìti h diĹstash tou A eÐnai k > 0 kai ìti to jeÿrhma isqÔei gia ìla ta kurtĹ sumpagă uposÔnola tou R^n pou èqoun diĹstash mikrìterh apì k.

To A eÐnai fragmèno, Ĺra to sqetikì sÔnoro tou A an to doÔme san uposÔnolo thc aff(A) eÐnai mh kenì. PaÐrnoume x ∈ A kai diakrÐnoume dÔo periptÿseic:

(a) To x anăkei sto sqetikì sÔnoro tou A sthn aff(A). Apì to Jeÿrhma 2.10, upĹrqoun u ∈ R^n kai t ∈ R tètoia ÿste ⟨u, a⟩ ≤ t = ⟨u, x⟩ gia kĹje a ∈ A. JewroÔme to uperepÐpedo H = {y : ⟨u, y⟩ = t} kai to A ∩ H. To A ∩ H eÐnai mh kenì, kurtì kai sumpagèc sÔnolo me diĹstash mikrìterh apì k. ’Ara, eÐnai h kurtă jăkh twn akraÐwn shmeÐwn tou. AfoÔ x ∈ A ∩ H, to x grĹfetai san kurtìc sunduasmìc akraÐwn shmeÐwn tou A ∩ H. An loipìn deÐxoume ìti kĹje akraÐo shmeÐo tou A ∩ H eÐnai akraÐo shmeÐo tou A, ja èqoume deÐxei ìti to x eÐnai sthn kurtă jăkh twn akraÐwn shmeÐwn tou A.

’Estw w akraÐo shmeÐo tou A ∩ H kai y, z ∈ A kai λ ∈ [0, 1] me w = λy + (1 − λ)z. Tìte, t = ⟨u, w⟩ = λ⟨u, y⟩ + (1 − λ)⟨u, z⟩ ≤ λt + (1 − λ)t = t, kai autì shmaÐnei ìti ⟨u, y⟩ = ⟨u, z⟩ = t, dhladă, y, z ∈ A ∩ H. ’Omwc to w eÐnai akraÐo shmeÐo tou A ∩ H, Ĺra eÐte w = y ă w = z. Autì apodeiknÔei ìti to w eÐnai akraÐo shmeÐo tou A, kai sumplhrÿnei thn apìdeixh sthn perÐptwsh pou to x eÐnai sto sqetikì sÔnoro tou A.

(b) To x anăkei sto sqetikì eswterikì tou A sthn aff(A). PaÐrnoume tuqìn y ∈ A me y ≠ x kai jewroÔme thn eujeÐa pou orÐzoun ta x kai y. AfoÔ to A eÐnai sumpagèc, h tomă autăc thc eujeÐac me to A eÐnai èna eujÔgrammo tmăma tou opoÐou ta Ĺkra x_1, x_2 anăkoun sto sqetikì sÔnoro tou A. Apì to (a), kajèna apì ta x_1, x_2 eÐnai kurtìc sunduasmìc akraÐwn shmeÐwn tou A. To x eÐnai kurtìc sunduasmìc twn x_1 kai x_2, Ĺra eÐnai ki autì kurtìc sunduasmìc akraÐwn shmeÐwn tou A. □

2.4 PoluedrikoÐ kÿnoi - to lămma tou Farkas

§1. Orismìc ’Ena uposÔnolo K tou R^n lègetai kÿnoc an gia kĹje x ∈ K kai kĹje λ > 0 èqoume λx ∈ K. To shmeÐo 0, to opoÐo lègetai korufă tou kÿnou, mporeÐ na anăkei ă na mhn anăkei se autìn (an ston orismì bĹzame λ ≥ 0 ja apaitoÔsame h korufă na sumperilambĹnetai ston kÿno).

Den eÐnai dÔskolo na diapistÿsete ìti to K ⊆ R^n eÐnai kurtìc kÿnoc an kai mìno an gia kĹje x, y ∈ K kai kĹje λ > 0 isqÔei ìti x + y ∈ K kai λx ∈ K.

Orismìc ’Estw K ènac kÿnoc ston R^n . To polikì tou K eÐnai to sÔnolo K^∘ := {y ∈ R^n : ∀x ∈ K ⟨x, y⟩ ≤ 0}. To dipolikì tou K eÐnai to sÔnolo K^{∘∘} = (K^∘)^∘ = {x ∈ R^n : ∀y ∈ K^∘ ⟨x, y⟩ ≤ 0}. Parathrăseic EÔkola elègqoume ta exăc:

(a) Ta K^∘ kai K^{∘∘} eÐnai kurtoÐ kÿnoi kai perièqoun to 0. (b) K ⊆ K^{∘∘}.

(g) To polikì K^∘ tou K eÐnai kleistì sÔnolo: prĹgmati, an y_m ∈ K^∘ kai y_m → y, tìte gia kĹje x ∈ K èqoume ⟨x, y⟩ = lim_{m→∞}⟨x, y_m⟩ ≤ 0 apì th sunèqeia tou eswterikoÔ ginomènou kai to gegonìc ìti ⟨x, y_m⟩ ≤ 0 gia kĹje m. ’Ara, y ∈ K^∘.

(d) An K_1, K_2 eÐnai dÔo kÿnoi kai K_1 ⊆ K_2, tìte K^∘_2 ⊆ K^∘_1 . AfoÔ K ⊆ K^{∘∘}, paÐrnoume K^{∘∘∘} ⊆ K^∘. Apì thn Ĺllh pleurĹ, K^∘ ⊆ (K^∘)^{∘∘} = K^{∘∘∘} lìgw tou (b). ’Ara, K^∘ = K^{∘∘∘} gia kĹje kÿno K.

(e) AfoÔ o K^{∘∘} eÐnai kleistì sÔnolo kai perièqei to K, blèpoume ìti K ⊆ K^{∘∘}. Sthn perÐptwsh pou o arqikìc kÿnoc K eÐnai kurtìc, èqoume isìthta:

Jeÿrhma 2.12 An K eÐnai ènac mh kenìc kurtìc kÿnoc, tìte K^{∘∘} = K.

Apìdeixh: EÐdame ìti K ⊆ K^{∘∘}. ’Estw ìti upĹrqei y ∈ K^{∘∘}\K. To K eÐnai kleistì kurtì sÔnolo, Ĺra diaqwrÐzetai gnăsia apì to {y}. Dhladă, upĹrqoun u ∈ R^n kai t ∈ R me thn idiìthta sup x∈K ⟨u, x⟩ = t < ⟨u, y⟩. Parathrăste ìti den mporeÐ na upĹrqei x_0 ∈ K me ⟨u, x_0⟩ > 0, giatÐ tìte ja eÐqame sup_{x∈K} ⟨u, x⟩ = +∞. (To K eÐnai kÿnoc opìte ja eÐqame sup_{x∈K} ⟨u, x⟩ ≥ λ⟨u, x_0⟩ gia kĹje λ > 0.)

’Ara t ≤ 0 (gia thn akrÐbeia, t = 0). ’Epetai ìti u ∈ (K)^∘ ⊆ K^∘, allĹ ⟨u, y⟩ > 0 enÿ y ∈ K^{∘∘}, to opoÐo eÐnai Ĺtopo. □

§2. An x = (ξ_1, . . . , ξ_s) ∈ R^s kai ξ_i ≥ 0 gia kĹje i = 1, . . . , s, ja grĹfoume x ≥ 0. Me P^s sumbolÐzoume to sÔnolo {x ∈ R^s : x ≥ 0} ìlwn twn x ∈ R^s pou èqoun mh arnhtikèc suntetagmènec.

JumhjeÐte ìti oi kleistoÐ hmÐqwroi tou R^n eÐnai ta sÔnola thc morfăc {x ∈ R^n : ⟨x, u⟩ ≤ t} ìpou u ∈ R^n kai t ∈ R. An t = 0, tìte lème ìti o kleistìc hmÐqwroc èqei sunoriakì shmeÐo to 0.

Orismìc Poluedrikìc kÿnoc ston R^n eÐnai mÐa tomă peperasmènwn to plăjoc kleistÿn hmiqÿrwn tou R^n pou èqoun sunoriakì shmeÐo to 0.

KĹje poluedrikìc kÿnoc ston R^n ekfrĹzetai san to sÔnolo twn lÔsewn enìc peperasmènou sustămatoc anisotătwn ⟨x, u_i⟩ ≤ 0, 1 ≤ i ≤ k ìpou u_1, . . . , u_k ∈ R^n . An orÐsoume thn apeikìnish T : R^n → R^k me T (x) = (⟨x, u_1⟩, . . . , ⟨x, u_k⟩), tìte K = {x ∈ R^n : T (x) ≤ 0} = −T^{−1}(P^k).

Orismìc ’Enac kurtìc kÿnoc K ston R^n lègetai peperasmèna paragìmenoc an upĹrqei èna peperasmèno sÔnolo {u_1, . . . , u_k} ⊂ R^n me thn idiìthta K = {t_1u_1 + . . . + t_ku_k : t_1, . . . , t_k ≥ 0}.

Ta dianÔsmata u_1, . . . , u_k lègontai gennătorec tou K. Parathrăste ìti to sÔnolo ìlwn twn mh arnhtikÿn grammikÿn sunduasmÿn peperasmènwn to plăjoc dianusmĹtwn eÐnai pĹnta kurtìc kÿnoc, Ĺra o orismìc mac eÐnai sunepăc.

IsodÔnama, oi peperasmèna paragìmenoi kurtoÐ kÿnoi eÐnai akribÿc ta sÔnola thc morfăc K = {T (x) : x ≥ 0} = T (P^k) ìpou k ∈ N kai T : R^k → R^n mÐa grammikă apeikìnish.

Jeÿrhma 2.13 To polikì enìc peperasmèna paragìmenou kurtoÔ kÿnou ston R^n eÐnai poluedrikìc kÿnoc.

Apìdeixh: ’Estw K = S(P^k) ènac peperasmèna paragìmenoc kurtìc kÿnoc, ìpou S(t_1, . . . , t_k) = t_1u_1 + . . . + t_ku_k gia kĹpoia u_1, . . . , u_k ∈ R^n .

Tìte, y ∈ K^∘ ⇐⇒ k∑ i=1 t_i⟨u_i, y⟩ ≤ 0 gia kĹje t_1, . . . , t_k ≥ 0.

Epilègontac t_i = 1 kai t_j = 0 an j ≠ i, blèpoume ìti ⟨u_i, y⟩ ≤ 0 gia kĹje i = 1, . . . , k. AntÐstrofa, an ⟨u_i, y⟩ ≤ 0 gia kĹje i, tìte ∑ t_i⟨u_i, y⟩ ≤ 0 gia kĹje t_1, . . . , t_k ≥ 0. Dhladă, y ∈ K^∘ ⇐⇒ ⟨u_i, y⟩ ≤ 0, i = 1, . . . , k. Autì apodeiknÔei ìti to K^∘ eÐnai poluedrikìc kÿnoc. □

To basikì apotèlesma autăc thc paragrĹfou mĹc lèei ìti h klĹsh twn poluedrikÿn kÿnwn sumpÐptei me thn klĹsh twn peperasmèna paragìmenwn kurtÿn kÿnwn. Gia thn apìdeixh ja qreiastoÔme dÔo protĹseic.

Prìtash 2.2 ’Estw T : R^n → R^k mÐa grammikă apeikìnish. JewroÔme b ∈ R^k kai orÐzoume A = {x ∈ R^n : T (x) ≤ b}. Tìte,

(a) to A èqei to polÔ peperasmèna to plăjoc akraÐa shmeÐa. (b) an to A eÐnai fragmèno kai mh kenì, tìte to A eÐnai h kurtă jăkh peperasmènwn to plăjoc shmeÐwn. (eÐnai {polÔtopo}.)

Apìdeixh: (a) ’Estw b = (b_1, . . . , b_k). Tìte, x ∈ A an kai mìno an ⟨x, u_i⟩ ≤ b_i, i = 1, . . . , k ìpou u_i ta dianÔsmata grammèc tou T (dhladă, u_i = T^t(e_i)). ’Estw E to sÔnolo twn akraÐwn shmeÐwn tou A. Gia kĹje x ∈ E orÐzoume I(x) = {i ≤ k : ⟨x, u_i⟩ < b_i}. Ja deÐxoume ìti an x ≠ y sto E, tìte I(x) ≠ I(y). Autì apodeiknÔei to zhtoÔmeno, giatÐ ta uposÔnola tou {1, . . . , k} eÐnai peperasmèna to plăjoc.

’Estw ìti I(x) = I(y). Tìte, upĹrqei ϵ > 0 tètoio ÿste (∗) ⟨x + ϵ(x − y), u_i⟩ ≤ b_i gia kĹje i ∈ I(x).

An pĹli i /∈ I(x), tìte ⟨x, u_i⟩ = ⟨y, u_i⟩ = b_i, epomènwc ⟨x + ϵ(x − y), u_i⟩ = b_i. ’Ara, h (∗) isqÔei gia kĹje i ≤ k. Dhladă, x + ϵ(x − y) ∈ A. ’Omwc, x = ϵ 1 + ϵ y + 1 1 + ϵ [x + ϵ(x − y)], kai afoÔ to x eÐnai akraÐo shmeÐo tou A, upoqrewtikĹ èqoume x = y.

(b) To A eÐnai kleistì kai kurtì. An eÐnai fragmèno, tìte eÐnai sumpagèc kurtì sÔnolo. ’Ara, to A eÐnai h kurtă jăkh twn akraÐwn shmeÐwn tou, ta opoÐa eÐnai peperasmèna to plăjoc apì to (a). □

Prìtash 2.3 ’Estw K ènac peperasmèna paragìmenoc kurtìc kÿnoc ston R^n . Tìte,

(a) to K eÐnai h ènwsh peperasmènwn to plăjoc peperasmèna paragìmenwn kurtÿn kÿnwn, kajènac apì touc opoÐouc èqei èna grammikĹ anexĹrthto sÔnolo gennhtìrwn.

(b) to K eÐnai kleistì.

Apìdeixh: (a) H apìdeixh jumÐzei thn apìdeixh tou Jewrămatoc tou Karajeodwră. UpĹrqoun u_1, . . . , u_k ∈ R^n tètoia ÿste

K = {t_1u_1 + . . . + t_ku_k : t_1, . . . , t_k ≥ 0}.

’Estw 0 ≠ x ∈ K. Tìte, x = s_1w_1 + . . . + s_mw_m me s_i > 0, ìpou w_1, . . . , w_m kĹpoia apì ta u_i. An ta w_1, . . . , w_m eÐnai grammikĹ exarthmèna, upĹrqoun r_1, . . . , r_m ìqi ìla mhdèn, tètoia ÿste r_1w_1 + . . . + r_mw_m = 0.

Tìte, gia kĹje ρ ∈ R,

x = (s_1 − ρr_1)w_1 + . . . + (s_m − ρr_m)w_m.

MporoÔme na broÔme ρ_0 gia to opoÐo s_i − ρ_0r_i ≥ 0 gia kĹje i ≤ m kai toulĹqiston èna s_i − ρ_0r_i = 0. Dhladă, mporoÔme na grĹyoume to x san jetikì grammikì sundjasmì ligìterwn apì m ek twn w_i. H diadikasÐa aută mporeÐ na suneqisteÐ èwc ìtou grĹyoume to x san jetikì grammikì sunduasmì kĹpoiwn grammikĹ anexĹrthtwn w_i. To {u_1, . . . , u_k} èqei peperasmèna to plăjoc diaforetikĹ uposÔnola, opìte to K perièqetai sthn ènwsh twn peperasmènwn to plăjoc kurtÿn kÿnwn pou parĹgoun ta grammikĹ anexĹrthta uposÔnola tou {u_1, . . . , u_k}. Apì thn Ĺllh pleurĹ, kĹje tètoioc kÿnoc profanÿc perièqetai sto K, Ĺra èqoume isìthta.

(b) KĹje kurtìc kÿnoc pou parĹgetai apì grammikĹ anexĹrthta dianÔsmata eÐnai kleistìc (’Askhsh 32), Ĺra to zhtoÔmeno eÐnai sunèpeia tou (a): peperasmènh ènwsh kleistÿn sunìlwn eÐnai kleistì sÔnolo. □

Jeÿrhma 2.14 ’Estw K ⊆ R^n . To K eÐnai poluedrikìc kÿnoc an kai mìno an eÐnai peperasmèna paragìmenoc kurtìc kÿnoc.

Apìdeixh: ’Estw prÿta K = {x : T (x) ≤ 0} ènac poluedrikìc kÿnoc, ìpou T : R^n → R^k grammikă apeikìnish. Tìte,

K = T^{−1}(T (R^n ) ∩ (−P^k)).

OrÐzoume A = T (R^n ) ∩ (−P^k) kai B = {y = (η_1, . . . , η_k) ∈ A : ∑_k i=1 η_i ≥ −1}. To B eÐnai mh kenì giatÐ 0 ∈ B, kai A = {sy : s ≥ 0, y ∈ B}. To B mporeÐ na perigrafeÐ san to sÔnolo twn lÔsewn tou sustămatoc anisotătwn ⟨y, u_i⟩ ≤ 0 , i ≤ s ⟨y, −u_i⟩ ≤ 0 , i ≤ s ⟨y, e_i⟩ ≤ 0 , i ≤ k ⟨y, −e⟩ ≤ 1 ìpou u_1, . . . , u_s bĹsh tou kĹjetou upoqÿrou tou T (R^n ) ston R^k , e_1, . . . , e_k h sunăjhc orjokanonikă bĹsh tou R^k , kai e = (1, 1, . . . , 1). EÔkola elègqoume ìti to B eÐnai fragmèno, Ĺra apì thn Prìtash 2.2 upĹrqoun y_1, . . . , y_m ∈ R^k tètoia ÿste B = co{y_1, . . . , y_m}. ’Epetai ìti to A eÐnai peperasmèna paragìmenoc kÿnoc me gennătorec ta y_1, . . . , y_m.

BrÐskoume x_1, . . . , x_m ∈ R^n me T (x_i) = y_i, i = 1, . . . , m. Tìte, gia kĹje x ∈ K upĹrqoun t_1, . . . , t_m ≥ 0 tètoia ÿste

T (x) = m∑ i=1 t_iy_i = m∑ i=1 t_iT (x_i), Ĺra x − m∑ i=1 t_ix_i ∈ T^{−1}({0}). ’Epetai ìti o K eÐnai peperasmèna paragìmenoc kÿnoc me gennătorec ta x_1, . . . , x_m kai ±z_1, . . . , ±z_r ìpou {z_1, . . . , z_r} bĹsh tou T^{−1}({0}).

AntÐstrofa, èstw K ènac peperasmèna paragìmenoc kurtìc kÿnoc. Apì thn Prìtash 2.3 o K eÐnai kleistìc, Ĺra K = (K^∘)^∘. Apì to Jeÿrhma 2.13, to K^∘ eÐnai poluedrikìc kÿnoc, epomènwc to prÿto mèroc thc apìdeixhc mĹc lèei ìti to K^∘ eÐnai peperasmèna paragìmenoc kÿnoc. Qrhsimopoiÿntac gia mÐa akìma forĹ to Jeÿrhma 2.13, blèpoume ìti to K = (K^∘)^∘ eÐnai poluedrikìc kÿnoc. □

Paratărhsh H apìdeixh deÐqnei ìti oi kÿnoi {T (x) : x ≥ 0} kai {y : T^t(y) ≤ 0} eÐnai o ènac polikì tou Ĺllou.

MÐa efarmogă tou Jewrămatoc 2.14 eÐnai to lămma tou Farkas: èstw A : R^n → R^k mÐa grammikă apeikìnish. OrÐzoume K = {x ∈ R^k : A^t(x) ≤ 0} ìpou A^t o anĹstrofoc pÐnakac tou A. Tìte, b ∈ K^∘ an kai mìno an gia kĹje x ∈ R^k isqÔei h sunepagwgă A^t(x) ≤ 0 =⇒ ⟨b, x⟩ ≤ 0. Apì thn paratărhsh metĹ to Jeÿrhma 2.14 blèpoume ìti K^∘ = {A(y) : y ≥ 0}, Ĺra èqoume apodeÐxei to exăc:

Lămma tou Farkas ’Estw A : R^n → R^k mÐa grammikă apeikìnish. Gia kĹje b ∈ R^k , upĹrqei y ∈ R^n , y ≥ 0 tètoio ÿste A(y) = b an kai mìno an isqÔei h sunepagwgă A^t(x) ≤ 0 =⇒ ⟨b, x⟩ ≤ 0. □ To lămma tou Farkas diatupÿnetai suqnĹ sthn akìloujh morfă:

Jeÿrhma 2.15 Gia kĹje grammikă apeikìnish A : R^n → R^k kai kĹje b ∈ R^k , eÐte

(a) to sÔsthma A^t(x) ≤ 0 kai ⟨b, x⟩ > 0 èqei lÔsh, ă (b) h exÐswsh b = A(y) èqei lÔsh y ≥ 0, allĹ ta (a) kai (b) den mporoÔn na sumboÔn tautìqrona. □

2.5 Askăseic

1. DeÐxte ìti o upìqwroc W tou Jewrămatoc 2.1 orÐzetai monosămanta apì to A.

2. DeÐxte ìti ta x_0, x_1, . . . , x_m eÐnai affinikĹ anexĹrthta an kai mìno an opotedăpote λ_0x_0 +λ_1x_1 +. . .+λ_mx_m = 0 kai λ_0 +. . .+λ_m = 0, èpetai ìti λ_0 = . . . = λ_m = 0.

3. Gia kĹje x = (ξ_1, . . . , ξ_n) ∈ R^n sumbolÐzoume me x^∗ to shmeÐo (ξ_1, . . . , ξ_n, 1) tou R^{n+1} . DeÐxte ìti ta x_1, . . . , x_m eÐnai affinikĹ anexĹrthta ston R^n an kai mìno an ta x^∗_1, . . . , x^∗_m eÐnai grammikĹ anexĹrthta ston R^{n+1} .

4. ’Estw x, y ∈ R^n kai λ, μ > 0 me λ + μ = 1. DeÐxte ìti λ‖x‖^2 + μ‖y‖^2 = ‖λx + μy‖^2 + λμ‖x − y‖^2. SumperĹnate ìti ‖x + y‖^2 + ‖x − y‖^2 = 2‖x‖^2 + 2‖y‖^2.

DeÐxte epÐshc ìti an ‖x‖ = ‖y‖ = 1 kai x ≠ y, tìte ‖λx + μy‖ < 1.

5. ’Estw A kurtì uposÔnolo tou R^n . DeÐxte ìti to sÔnolo A_ϵ = {x ∈ R^n : d(x, A) ≤ ϵ} eÐnai kurtì gia kĹje ϵ > 0.

6. ’Estw A kleistì uposÔnolo tou R^n . An to A den eÐnai kurtì, deÐxte ìti upĹrqoun x, y ∈ A tètoia ÿste A ∩ (x, y) = ∅, ìpou (x, y) to anoiktì eujÔgrammo tmăma me Ĺkra ta x kai y.

7. ’Estw A kurtì sÔnolo ston R^n . DeÐxte ìti to A eÐnai kleistì an kai mìno an to A ∩ ℓ eÐnai kleistì gia kĹje eujeÐa ℓ ston R^n .

8. ’Estw A kai B kurtĹ uposÔnola tou R^n . DeÐxte ìti ta A + B kai tA, t ∈ R eÐnai kurtĹ sÔnola.

DeÐxte ìti (t + s)A = tA + sA gia kĹje t, s ≥ 0.

9. ’Estw {A_m} akoloujÐa kurtÿn uposunìlwn tou R^n .

(a) An A_m ⊆ A_{m+1}, m = 1, 2, . . ., tìte to ⋃_∞ m=1 A_m eÐnai kurtì.

(b) To lim inf A_m = ⋃_∞ k=1 ⋂_∞ m=k A_m eÐnai pĹnta kurtì.

10. (a) DeÐxte me èna parĹdeigma ìti to Ĺjroisma dÔo kleistÿn sunìlwn den eÐnai pĹnta kleistì sÔnolo.

(b) ’Estw A kai B uposÔnola tou R^n . An to A eÐnai kleistì kai to B sumpagèc, tìte to A + B eÐnai kleistì.

(g) ’Estw A kai B uposÔnola tou R^n . An to A eÐnai anoiktì, tìte to A + B eÐnai anoiktì.

11. (Radon) ’Estw m ≥ n + 2 kai x_1, . . . , x_m ∈ R^n . DeÐxte ìti upĹrqei diamèrish tou {1, . . . , m} se dÔo xèna uposÔnola I kai J, tètoia ÿste co{x_i : i ∈ I} ∩ co{x_j : j ∈ J} ≠ ∅. 12. ’Estw A mh kenì fragmèno uposÔnolo tou R^n . DeÐxte ìti ta A kai co(A) èqoun thn Ðdia diĹmetro.

13. (Gauss-Lucas) ’Estw P (z) = a_nz^n +. . .+a_1z +a_0, a_n ≠ 0, mh stajerì migadikì poluÿnumo. DeÐxte ìti oi rÐzec thc paragÿgou P^′ tou P anăkoun sthn kurtă jăkh tou sunìlou twn rizÿn tou P .

14. ’Estw A, B uposÔnola tou R^n . DeÐxte ìti co(A + B) = co(A) + co(B).

15. ’Estw A ⊂ R^n . DeÐxte ìti co(int(A)) ⊆ int(co(A)). IsqÔei pĹnta isìthta? 16. DeÐxte ìti kĹje sumpagèc kurtì uposÔnolo tou R^n grĹfetai san tomă apì kleistèc mpĹlec tou R^n .

17. H kurtă jăkh enìc kleistoÔ sunìlou den eÐnai pĹnta kurtì sÔnolo, akìma kai ston R^2 . PĹrte gia parĹdeigma thn kurtă jăkh tou U = {(t, s) : t^2s^2 = 1, s > 0}. Ti isqÔei sto R?

18. Gia mÐa diaforetikă apìdeixh tou deÔterou mèrouc tou Jewrămatoc 2.6, jewrăste to U = {(λ_1, . . . , λ_{n+1}) ∈ R^{n+1} : λ_i ≥ 0, n+1∑ i=1 λ_i = 1}

kai thn apeikìnish f : A × . . . × A × U → R^n ((n + 1)-antÐtupa tou A) me

f(x_1, . . . , x_{n+1}, λ_1, . . . , λ_{n+1}) = n+1∑ i=1 λ_ix_i. DeÐxte prÿta ìti to pedÐo orismoÔ eÐnai sumpagèc kai h f suneqăc. Katìpin, qrhsimopoiăste to Jeÿrhma tou Karajeodwră. 19. ’Estw A ≠ ∅. OrÐzoume d(·, A) : R^n → R^+ me x → d(x, A) := inf{‖x − a‖ : a ∈ A}. DeÐxte ìti |d(x_1, A) − d(x_2, A)| ≤ ‖x_1 − x_2‖ gia kĹje x_1, x_2 ∈ R^n , Ĺra h d(·, A) eÐnai omoiìmorfa suneqăc.

20 An A ⊆ R^n kleistì kai x /∈ A, deÐxte ìti d(x, A) > 0.

21. Dÿste diaforetikă apìdeixh tou Jewrămatoc 2.10 akoloujÿntac ta exăc bămata:

(a) ’Estw ìti x_0 = 0 kai S = {x ∈ R^n : ‖x‖ = 1}. UpĹrqei y_0 ∈ S to opoÐo eÐnai to piì apomakrusmèno apì to A.

(b) To x_0 eÐnai to plhsièstero shmeÐo tou A proc to y_0. (g) To uperepÐpedo {z : ⟨y_0 − x_0, z − x_0⟩ = 0} sthrÐzei to A sto x_0.

22. DeÐxte ìti ta A = {(0, y, 1) : y ∈ R} kai B = {(x, y, z) : x, y, z ≥ 0, xy ≥ z^2} eÐnai xèna kleistĹ uposÔnola tou R^3 . DeÐxte ìti upĹrqei monadikì uperepÐpedo pou diaqwrÐzei ta A kai B, kai ìti autì to uperepÐpedo èqei mh kenă tomă tìso me to A ìso kai me to B.

23. DeÐxte ìti to Jeÿrhma 2.10 isqÔei kai qwrÐc thn upìjesh int(A) ≠ ∅. To Jeÿrhma 2.9 qreiĹzetai thn upìjesh (gia parĹdeigma, pĹrte B anoiktì kai A = {x_0} ⊆ B). 24. An to uperepÐpedo H sthrÐzei to kurtì A ⊂ R^n sto x_0 ∈ bd(A), tìte to H den perièqei eswterikĹ shmeÐa tou A.

25. An ta A, B eÐnai xèna kurtĹ uposÔnola tou R^n , to A eÐnai kleistì kai R^n = A ∪ B, tìte to A eÐnai hmÐqwroc.

26. An to kleistì sÔnolo A ⊂ R^n èqei mh kenì eswterikì kai apì kĹje shmeÐo tou sunìrou tou pernĹei kĹpoio uperepÐpedo stărixhc, tìte to A eÐnai kurtì.

27. KĹje kleistì kurtì sÔnolo A ston R^n eÐnai h tomă twn hmiqÿrwn pou to perièqoun.

28. ’Estw A uposÔnolo tou R^n . DeÐxte ìti ta akraÐa shmeÐa tou co(A) eÐnai akribÿc ta shmeÐa a ∈ A gia ta opoÐa a /∈ co(A\{a}).

29. (a) DeÐxte ìti to sÔnolo twn akraÐwn shmeÐwn enìc kleistoÔ kurtoÔ uposunìlou tou R^2 eÐnai kleistì.

(b) Dÿste parĹdeigma sumpagoÔc kurtoÔ sunìlou ston R^3 tou opoÐou to sÔnolo twn akraÐwn shmeÐwn den eÐnai kleistì.

30. ’Estw A kleistì kurtì uposÔnolo tou R^n kai H uperepÐpedo pou sthrÐzei to A sto x_0. An to x eÐnai akraÐo shmeÐo tou A ∩ H, tìte to x eÐnai akraÐo shmeÐo tou A. 31. ’Estw A kurtì sÔnolo ston R^n kai x_0 ∈ bd(A) me x_0 ∈ A. Lème ìti to x_0 eÐnai ektejeimèno shmeÐo tou A an upĹrqei uperepÐpedo stărixhc H tou A sto x_0 me H ∩ A = {x_0}. DeÐxte ìti kĹje ektejeimèno shmeÐo tou A eÐnai akraÐo shmeÐo tou A, allĹ to antÐstrofo den isqÔei akìma kai ston R^2 .

32. DeÐxte ìti kĹje kurtìc kÿnoc pou parĹgetai apì grammikĹ anexĹrthta dianÔsmata eÐnai kleistìc .

33. ApodeÐxte to Lămma tou Farkas efarmìzontac diaqwristikì jeÿrhma sta {b} kai T (P^n).

34. (Gordan) Gia kĹje grammikă apeikìnish T : R^n → R^k sumbaÐnei akribÿc èna apì ta exăc:

(a) h T^t(x) > 0 èqei lÔsh x ∈ R^k , (b) h T (y) = 0, y ≥ 0, y ≠ 0 èqei lÔsh y ∈ R^n .

KefĹlaio 3

Kurtèc sunartăseic ston R n

3.1 OrismoÐ

§1. ’Estw A ⊆ R^n kai f : A → R := R ∪ {±∞}. To sÔnolo {(x, t) : x ∈ A, t ∈ R, t ≥ f(x)} lègetai epigrĹfhma thc f kai sumbolÐzetai me epi(f).

MÐa sunĹrthsh f : A → R lègetai kurtă an to epigrĹfhma epi(f) thc f eÐnai kurtì uposÔnolo tou R^{n+1} . H g : A → R lègetai koÐlh an h −g eÐnai kurtă. MÐa affinikă sunĹrthsh sto A eÐnai mÐa sunĹrthsh pou eÐnai tautìqrona kurtă kai koÐlh kai paÐrnei peperasmènec timèc sto A.

Paratărhsh To E = epi(f) èqei tic exăc dÔo idiìthtec:

(a) An (x, t) ∈ E kai s > t, tìte (x, s) ∈ E (fanerì, afoÔ f(x) ≤ t < s). (b) An λ = inf{t ∈ R : (x, t) ∈ E} ∈ R, tìte (x, λ) ∈ E (afoÔ λ ∈ R, upĹrqoun t ∈ R me f(x) ≤ t kai to elĹqisto tètoio t eÐnai to f(x)).

AntÐstrofa, èstw E ⊆ R^{n+1} me tic idiìthtec (a) kai (b). OrÐzoume (∗) f(x) = inf{t ∈ R : (x, t) ∈ E}, x ∈ R^n ìpou inf(∅) = +∞. Tìte, h f paÐrnei timèc sto R kai qrhsimopoiÿntac mìno thn idiìthta (a) tou E blèpoume ìti {(x, t) ∈ R^{n+1} : t > f(x)} ⊆ E ⊆ epi(f). An tÿra upojèsoume epiplèon ìti to E eÐnai kurtì, tìte h sunĹrthsh f pou orÐzetai apì thn (∗) eÐnai kurtă. PrĹgmati, èstw (x, t) ∈ epi(f), (y, s) ∈ epi(f) kai λ ∈ (0, 1). Prèpei na deÐxoume ìti (λx + (1 − λ)y, λt + (1 − λ)s) ∈ epi(f).

An t > f(x) kai s > f(y), tìte (x, t), (y, s) ∈ E kai afoÔ to E eÐnai kurtì paÐrnoume (λx + (1 − λ)y, λt + (1 − λ)s) ∈ E ⊆ epi(f). Sth genikă perÐptwsh (t ≥ f(x), s ≥ f(y)), jewroÔme t_n > t kai s_n > s me t_n → t kai s_n → s. Tìte, (λx+(1−λ)y, λt_n +(1−λ)s_n) ∈ epi(f), dhladă f(λx+(1−λ)y) ≤ λt_n +(1−λ)s_n, kai afănontac to n → ∞ paÐrnoume f(λx+(1−λ)y) ≤ λt+(1−λ)s.

To ousiÿdec pedÐo orismoÔ miĹc kurtăc sunĹrthshc sto A eÐnai h probolă tou epigrafămatoc thc f ston R^n dom(f) = {x ∈ R^n : ∃t : (x, t) ∈ epi(f)} = {x : f(x) < +∞}. To dom(f) eÐnai kurtì uposÔnolo tou R^n , giatÐ eÐnai grammikă eikìna tou kurtoÔ sunìlou epi(f). H diĹstash thc f eÐnai h diĹstash tou dom(f). EÐnai fanerì ìti h kurtìthta thc f eÐnai isodÔnamh me thn kurtìthta tou periorismoÔ thc sto dom(f). ’Olh h plhroforÐa brÐsketai ston periorismì thc f sto dom(f) kai to arqikì pedÐo orismoÔ A den paÐzei kanèna rìlo apì mìno tou.

UpĹrqoun sobaroÐ lìgoi gia touc opoÐouc den eÐnai arketì na meletăsoume thn klĹsh ìlwn twn kurtÿn sunartăsewn pou èqoun kĹpoio stajerì kurtì sÔnolo san to koinì ousiÿdec pedÐo orismoÔ touc. OnomĹzoume loipìn kurtă sunĹrthsh mÐa kurtă sunĹrthsh pou orÐzetai se olìklhro ton R^n allĹ epitrèpetai na apeirÐzetai. ’Otan mÐa kurtă sunĹrthsh kataskeuĹzetai sÔmfwna me kĹpoiouc tÔpouc, oi tÔpoi autoÐ ja prosdiorÐzoun to ousiÿdec pedÐo orismoÔ thc, afoÔ ja prosdiorÐzoun ta shmeÐa sta opoÐa h sunĹrthsh paÐrnei thn timă +∞.

Gia touc upologismoÔc stouc opoÐouc upeisèrqontai to +∞ kai to −∞, ja uiojetăsoume touc profaneÐc kanìnec: x + (+∞) = +∞ an x ∈ R, x · (−∞) = −∞ an x > 0 klp. SumfwnoÔme epÐshc ìti

0 · (+∞) = (+∞) · 0 = 0 · (−∞) = (−∞) · 0 = 0.

H parĹstash +∞ + (−∞) eÐnai aìristh.

§2. MÐa kurtă sunĹrthsh f lègetai kanonikă an to epigrĹfhmĹ thc eÐnai mh kenì kai den perièqei katakìrufec eujeÐec. Dhladă, an upĹrqei toulĹqiston èna x gia to opoÐo f(x) < +∞ kai an f(y) > −∞ gia kĹje y. IsodÔnama, h f eÐnai kanonikă an to dom(f) eÐnai mh kenì kai o periorismìc thc f sto dom(f) paÐrnei peperasmènec timèc.

’Enac Ĺlloc trìpoc na skeftìmaste mÐa kanonikă kurtă sunĹrthsh eÐnai san mÐa sunĹrthsh pou prokÔptei an pĹroume mÐa peperasmènh kurtă sunĹrthsh pou orÐzetai se èna mh kenì kurtì sÔnolo A kai thn epekteÐnoume se olìklhro ton R^n jètontac f(x) = +∞ an x /∈ A.

MÐa kurtă sunĹrthsh pou den eÐnai kanonikă lègetai mh kanonikă. Oi kanonikèc kurtèc sunartăseic eÐnai to antikeÐmeno thc melèthc mac, ìmwc mh kanonikèc sunartăseic prokÔptoun apì tic kanonikèc se pollèc fusiologikèc katastĹseic, opìte eÐnai protimìtero na tic deqtoÔme sth sunèqeia. ’Ena parĹdeigma mh kanonikăc kurtăc sunĹrthshc pou den paÐrnei mìno tic timèc ±∞, eÐnai h f : R → R pou orÐzetai apì thn

f(x) = −∞ , |x| < 1 0 , |x| = 1 +∞ , |x| > 1. §3. ’Estw f : A → R. Apì ton orismì, h f eÐnai kurtă sto A an kai mìno an to (1 − λ)(x, t) + λ(y, s) = ((1 − λ)x + λy, (1 − λ)t + λs) anăkei sto epi(f) opotedăpote ta (x, t) kai (y, s) anăkoun sto epi(f) kai λ ∈ [0, 1]. Me Ĺlla lìgia, an x, y ∈ A, λ ∈ [0, 1] kai f(x) ≤ t, f(y) ≤ s, tìte f((1 − λ)x + λy) ≤ (1 − λ)t + λs. H sunjăkh aută mporeÐ na diatupwjeÐ me diĹforouc trìpouc:

Jeÿrhma 3.1 ’Estw A kurtì uposÔnolo tou R^n kai f : A → (−∞, +∞]. Tìte h f eÐnai kurtă sto A an kai mìno an f((1 − λ)x + λy) < (1 − λ)a + λb opotedăpote x, y ∈ A, f(x) < a, f(y) < b kai λ ∈ [0, 1]. □ An h f paÐrnei pragmatikèc timèc, paÐrnoume ènan aploÔstero qarakthrismì. Jeÿrhma 3.2 ’Estw A kurtì uposÔnolo tou R^n kai f : A → R. Tìte h f eÐnai kurtă sto A an kai mìno an f((1 − λ)x + λy) < (1 − λ)f(x) + λf(y) gia kĹje x, y ∈ A. □ MÐa qrăsimh parallagă prokÔptei an efarmìsoume to Jeÿrhma 2.2 sto epigrĹfhma thc f:

Jeÿrhma 3.3 (Anisìthta tou Jensen) ’Estw A kurtì uposÔnolo tou R^n kai f : A → (−∞, +∞]. Tìte h f eÐnai kurtă sto A an kai mìno an f(λ_1x_1 + . . . + λ_mx_m) ≤ λ_1f(x_1) + . . . + λ_mf(x_m) gia kĹje x_1, . . . , x_m ∈ A kai λ_i ≥ 0 me ∑_m i=1 λ_i = 1. □ Oi koÐlec sunartăseic ikanopoioÔn tic antÐstrofec anisìthtec me tic Ðdiec upojèseic. Oi affinikèc sunartăseic ikanopoioÔn tic anisìthtec san isìthtec. §4. UpĹrqoun pollèc qrăsimec antistoiqÐec metaxÔ kurtÿn sunìlwn kai kurtÿn sunartăsewn. H aploÔsterh apì autèc antistoiqÐzei se kĹje uposÔnolo A tou R^n thn deÐktria sunĹrthsh δ_A pou orÐzetai apì thn

δ_A(x) = { 0 , x ∈ A +∞ , x /∈ A.

To epigrĹfhma thc δ_A eÐnai ènac {hmikÔlindroc} me diatomă to A. EÔkola elègqoume ìti to A eÐnai kurtì sÔnolo an kai mìno an h δ_A eÐnai kurtă ston R^n . Oi deÐktriec sunartăseic paÐzoun shmantikì rìlo sthn kurtă anĹlush, anĹlogo me autìn pou paÐzoun oi qarakthristikèc sunartăseic sunìlwn se Ĺllouc klĹdouc thc AnĹlushc.

’Ena Ĺllo parĹdeigma thc sqèshc metaxÔ kurtÿn sunìlwn kai kurtÿn sunartăsewn mĹc dÐnei h sunĹrthsh apìstashc d(x, A) = inf{‖x − a‖ : a ∈ A}, x ∈ R^n . Jeÿrhma 3.4 ’Estw A kurtì uposÔnolo tou R^n . H sunĹrthsh apìstashc d(x, A) eÐnai kurtă.

Apìdeixh: Gia kĹje A isqÔei d(x, A) ≥ d(x, A), afoÔ A ⊆ A. AntÐstrofa, an b ∈ A, tìte upĹrqoun a_n ∈ A me a_n → b. Tìte, ‖x − b‖ = lim_n ‖x − a_n‖ ≥ d(x, A). Epomènwc, d(x, A) ≥ d(x, A), dhladă d(x, A) = d(x, A). ’Ara, afoÔ to A eÐnai kurtì ìtan to A eÐnai kurtì, gia thn apìdeixh tou Jewrămatoc arkeÐ na perioristoÔme sthn perÐptwsh kleistoÔ kurtoÔ sunìlou A.

’Estw x, y ∈ R^n , t ∈ [0, 1]. Apì to Lămma pou qrhsimopoiăjhke gia to Jeÿrhma 2.8, upĹrqoun a, b ∈ A me ‖x−a‖ = d(x, A) kai ‖y−b‖ = d(y, A). Tìte ta+(1−t)b ∈ A, Ĺra d(tx + (1 − t)y, A) ≤ ‖tx + (1 − t)y − ta − (1 − t)b‖ ≤ t‖x − a‖ + (1 − t)‖y − b‖ = td(x, A) + (1 − t)d(y, A). □ §5. ’Estw A kurtì uposÔnolo tou R^n . Qrhsimopoiÿntac ton orismì thc kurtăc sunĹrthshc mporoÔme eÔkola na deÐxoume ta exăc:

(a) An f_i : A → R (i ∈ I) eÐnai kurtèc sunartăseic, tìte h f : A → R pou orÐzetai apì thn f(x) = sup{f_i(x) : i ∈ I} eÐnai kurtă sunĹrthsh.

(b) An f, g : A → R eÐnai kurtèc sunartăseic kai a, b ≥ 0, tìte h af + bg eÐnai kurtă sunĹrthsh.

(g) An f : A → R eÐnai mÐa kurtă sunĹrthsh kai g : I → R eÐnai mÐa aÔxousa kurtă sunĹrthsh pou orÐzetai se èna diĹsthma I ⊆ R pou perièqei thn eikìna f(A) tou A mèsw thc f, tìte h sÔnjesh g ∘ f : A → R eÐnai kurtă.

(d) ’Estw f, g : R^n → R kurtèc sunartăseic, ìqi tautotikĹ Ðsec me +∞. To sÔnolo epi(f) + epi(g) eÐnai kurtì. OrÐzoume thn elaqistikă sunèlixh f□g twn f kai g apì thn (f□g)(x) = inf{λ : (x, λ) ∈ epi(f) + epi(g)}.

H f□g : R^n → R eÐnai kurtă sunĹrthsh. Sthn perÐptwsh pou oi f, g den paÐrnoun thn timă −∞, h f□g dÐnetai kai apì thn

(f□g)(x) = inf{f(x_1) + g(x_2) : x_1 + x_2 = x} = inf{f(y) + g(x − y) : y ∈ R^n }.

ParĹdeigma: ’Estw A mh kenì kurtì uposÔnolo tou R^n . Tìte, d(x, A) = inf_{y∈A} ‖x − y‖ = inf{‖x − y‖ + δ_A(y)} = (f□δ_A)(x) ìpou f(x) = ‖x‖ kai δ_A h deÐktria sunĹrthsh tou A. Oi f kai δ_A eÐnai kurtèc sunartăseic, Ĺra h d(·, A) eÐnai kurtă.

§6. Orismìc ’Estw A kurtì sÔnolo kai f : A → R. An x_0 ∈ A kai T : R^n → R eÐnai ènac affinikìc metasqhmatismìc, lème ìti o T sthrÐzei thn f sto x_0 an T (x_0) = f(x_0) kai T (x) ≤ f(x) gia kĹje x ∈ A. H gewmetrikă ermhneÐa tou orismoÔ eÐnai h exăc: to sÔnolo {(x, T (x)) : x ∈ R^n } eÐnai èna uperepÐpedo ston R^{n+1} pou pernĹei apì to shmeÐo (x_0, f(x_0)) kai brÐsketai kĹtw apì to grĹfhma thc f.

Jeÿrhma 3.5 ’Estw A anoiktì, kurtì uposÔnolo tou R^n kai f : A → R. Tìte, h f eÐnai kurtă an kai mìno an èqei stărigma se kĹje shmeÐo tou A.

Apìdeixh: ’Estw ìti h f eÐnai kurtă. JewroÔme èna x_0 ∈ A. To (x_0, f(x_0)) anăkei sto sÔnoro tou epi(f), afoÔ proseggÐzetai apì ta shmeÐa (x_0, f(x_0) −^1_n ).

AfoÔ to epi(f) eÐnai kurtì, apì to Jeÿrhma 2.10 upĹrqei uperepÐpedo H ston R^{n+1} , pou sthrÐzei to epi(f) sto (x_0, f(x_0)) (sÔmfwna me thn paratărhsh (b) pou akoloujeÐ to Jeÿrhma 2.10, den qreiĹzetai na elègxoume an to epi(f) èqei mh kenì eswterikì). Epomènwc, upĹrqoun grammikì sunarthsoeidèc ϕ : R^n → R, a ∈ R, γ ∈ R ètsi ÿste ϕ(x_0) + af(x_0) = γ kai ϕ(x) + at ≥ γ gia kĹje (x, t) ∈ epi(f). Epiplèon, to ϕ eÐnai mh mhdenikì ă a ≠ 0.

Apì ta parapĹnw prokÔptei ìti a > 0. Kat’ arqăn, an (x, t) ∈ epi(f), s ≥ t, isqÔei kai (x, s) ∈ epi(f). Epomènwc, h anwtèrw anisìthta sunepĹgetai ìti a ≥ 0. ’Estw ìti isqÔei a = 0. Tìte to ϕ èqei elĹqisth timă sto A (thn γ sto shmeÐo x_0). Sthn perÐptwsh aută ìmwc to ϕ den eÐnai mhdenikì. ’Ara, upĹrqei y ∈ R^n me ϕ(y) > 0. AfoÔ to A eÐnai anoiktì, upĹrqei λ > 0 me x_0 + λy ∈ A, opìte ja Ðsque ϕ(x_0 + λy) > ϕ(x_0).

AfoÔ a > 0, apì thn anisìthta ϕ(x) + af(x) ≥ γ, x ∈ A, paÐrnoume f(x) ≥ γ a − 1 a ϕ(x), x ∈ A. ’Ara, h affinikă sunĹrthsh T (x) =^γ_a −^1_a ϕ(x), x ∈ R^n , sthrÐzei thn f sto x_0.

’Estw tÿra ìti gia kĹje a ∈ A upĹrqei affinikă sunĹrthsh T_a : R^n → R pou sthrÐzei thn f sto a. Tìte isqÔei f = sup_a T_a. ’Ara, h f eÐnai kurtă. □

Sthn epìmenh parĹgrafo ja doÔme ìti h monadikìthta tou sthrÐgmatoc miĹc kurtăc sunĹrthshc se èna shmeÐo eÐnai isodÔnamh me thn diaforisimìthtĹ thc se autì.

Paratărhsh ’Ena uperepÐpedo ston R^{n+1} lègetai katakìrufo an èqei th morfă H = {(x, t) : ϕ(x) = γ} gia kĹpoio mh mhdenikì grammikì sunarthsoeidèc ϕ : R^n → R kai kĹpoio γ ∈ R ă, isodÔnama, an gia kĹje (x, t) ∈ H isqÔei {x} × R ⊆ H.

H apìdeixh tou Jewrămatoc 3.5 deÐqnei ìti an A ⊆ R^n , f : A → R kurtă kai x ∈ A, tìte h f èqei stărigma sto x an kai mìno an upĹrqei mh katakìrufo uperepÐpedo ston R^{n+1} pou sthrÐzei to epi(f) sto (x, f(x)). Eidikìtera, tètoio uperepÐpedo upĹrqei an x ∈ int(A).

§7. Pollèc apì tic sunartăseic pou emfanÐzontai suqnĹ sthn kurtìthta eÐnai sunartăseic f me pragmatikèc timèc, pou orÐzontai se ènan kurtì kÿno K (suqnĹ ton Ðdio ton R^n ) kai ikanopoioÔn thn isìthta f(λx) = λf(x) gia kĹje x ∈ A kai kĹje λ > 0. Autèc oi sunartăseic lègontai jetikĹ omogeneÐc. H nìrma ‖ · ‖ mĹc dÐnei èna shmantikì parĹdeigma jetikĹ omogenoÔc sunĹrthshc. Ja doÔme perissìtera paradeÐgmata stic epìmenec paragrĹfouc.

Jeÿrhma 3.6 ’Estw f jetikĹ omogenăc sunĹrthsh pou orÐzetai se ènan kurtì kÿno K tou R^n . Tìte, h f eÐnai kurtă an kai mìno an f(x + y) ≤ f(x) + f(y) gia kĹje x, y ∈ K. Apìdeixh: ’Askhsh. □

’Estw A kurtì uposÔnolo tou R^n kai f : A → R. Gia kĹje a ∈ R, to sÔnolo stĹjmhc L_a Ôyouc a thc f eÐnai to L_a = {x ∈ A : f(x) ≤ a}. An h f : A → R eÐnai kurtă, tìte kĹje L_a eÐnai kurtì sÔnolo. PrĹgmati, an x, y ∈ L_a kai λ, μ ≥ 0 me λ + μ = 1, tìte f(λx + μy) ≤ λf(x) + μf(y) ≤ λa + μa = a, dhladă λx + μy ∈ L_a. UpĹrqoun mh kurtèc sunartăseic (ìpwc h f : R → R me f(x) = x^3) twn opoÐwn ìla ta sÔnola stĹjmhc eÐnai kurtĹ. Sthn perÐptwsh ìmwc miĹc mh arnhtikăc jetikĹ omogenoÔc sunĹrthshc, an èstw kai èna sÔnolo stĹjmhc (p.q. to L_1) eÐnai kurtì, autì exasfalÐzei thn kurtìthta thc f.

Jeÿrhma 3.7 ’Estw mÐa mh arnhtikă jetikĹ omogenăc sunĹrthsh f pou orÐzetai se ènan kurtì kÿno K tou R^n . An to {x ∈ K : f(x) ≤ 1} eÐnai kurtì, tìte h f eÐnai kurtă.

Apìdeixh: Ja apodeÐxoume ìti f(x + y) ≤ f(x) + f(y) gia kĹje x, y ∈ K.

’Estw L = {x ∈ K : f(x) ≤ 1}. An f(x) > 0, f(y) > 0, tìte x/f(x) ∈ L kai y/f(y) ∈ L, Ĺra x + y f(x) + f(y) = f(x) f(x) + f(y) x f(x) + f(y) f(x) + f(y) y f(y) ∈ L,

Ĺra f ( x + y f(x) + f(y) ) ≤ 1. An f(x) = 0, f(y) > 0, arkeÐ na apodeiqjeÐ ìti f(x + y) ≤ f(y) + ε gia kĹje ε > 0. IsqÔei x/ε ∈ L kai y/f(y) ∈ L, Ĺra x + y ε + f(y) = ε ε + f(y) x ε + f(y) ε + f(y) y f(y) ∈ L, Ĺra f ( x + y ε + f(y) ) ≤ 1. An f(x) = 0, f(y) = 0, apodeiknÔetai ìmoia ìti f(x + y) ≤ ε gia kĹje ε > 0. □ Oloklhrÿnoume autăn thn parĹgrafo me mÐa efarmogă autoÔ tou apotelèsmatoc. ’Estw p ≥ 1. OrÐzoume

f(x) = f(ξ_1, . . . , ξ_n) = (ξ^p_1 + . . . + ξ^p_n)^{1/p}

gia kĹje x = (ξ_1, . . . , ξ_n) me ξ_i ≥ 0. H f eÐnai mh arnhtikă kai jetikĹ omogenăc. EpÐshc, h f^p eÐnai kurtă sunĹrthsh san Ĺjroisma twn kurtÿn sunartăsewn ξ^p_1 , . . . , ξ^p_n. ’Ara, to sÔnolo stĹjmhc {x : f(x) ≤ 1} = {x : f^p(x) ≤ 1} eÐnai kurtì. Apì to Jeÿrhma 3.7, h f eÐnai kurtă. ’Amesh sunèpeia eÐnai h anisìthta tou Minkowski

(|ξ_1 + η_1|^p + . . . + |ξ_n + η_n|^p)^{1/p} ≤ (|ξ_1|^p + . . . + |ξ_n|^p)^{1/p} +(|η_1|^p + . . . + |η_n|^p)^{1/p} ,

gia kĹje ξ_i, η_i ∈ R.

3.2 Sunèqeia kai paragwgisimìthta

Se autăn thn parĹgrafo ja meletăsoume th sunèqeia kai thn diaforisimìthta twn kurtÿn sunartăsewn.

Jeÿrhma 3.8 ’Estw f kurtă sunĹrthsh orismènh se èna mh kenì anoiktì sÔnolo A ⊆ R^n . Tìte, h f eÐnai suneqăc sto A.

Apìdeixh: ’Estw x_0 ∈ A. Gia thn apìdeixh thc sunèqeiac thc f sto x_0, arkeÐ na perioristoÔme sthn perÐptwsh sthn opoÐa h f èqei olikì elĹqisto sto x_0. GiatÐ, an T eÐnai èna stărigma thc f sto x_0, tìte h f − T eÐnai kurtă kai èqei olikì elĹqisto sto x_0. ’Ara, afoÔ h T eÐnai suneqăc, h sunèqeia thc f sto x_0 èpetai apì th sunèqeia thc f − T sto x_0.

’Estw loipìn ìti isqÔei f(x) ≥ f(x_0), x ∈ A. SÔmfwna me to Jeÿrhma 1.3, h f eÐnai suneqăc qwristĹ wc proc kĹje metablhtă, Ĺra lim_{λ→0} f(x_0 + λe_i) = f(x_0) gia kĹje i = 1, . . . , n.

’Estw (x_k ) akoloujÐa shmeÐwn tou A me x_k → x_0. Tìte isqÔei x_{ki} → x_{0i} gia kĹje i = 1, . . . , n (ìpou x_k = (x_{k1}, . . . , x_{kn})). AfoÔ

x_k = x_0 + (x_k − x_0) = x_0 + n∑ i=1 (x_{ki} − x_{0i})e_i = 1 n n∑ i=1 (x_0 + n(x_{ki} − x_{0i})e_i),

apì thn kurtìthta thc f èpetai ìti

f(x_0) ≤ f(x_k) ≤ 1 n n∑ i=1 f(x_0 + n(x_{ki} − x_{0i})e_i).

Apì th qwristă sunèqeia thc f èpetai ìti to dexiì mèloc thc anisìthtac ìntwc sugklÐnei sto f(x_0), Ĺra f(x_k) → f(x_0). □ Orismìc ’Estw {e_1, . . . , e_n} h sunăjhc orjokanonikă bĹsh tou R^n . An A eÐnai èna anoiktì uposÔnolo tou R^n kai f : A → R, h i-stă merikă parĹgwgoc thc f sto x ∈ A orÐzetai apì thn ∂f ∂x_i (x) = lim_{λ→0} f(x + λe_i) − f(x) λ an autì to ìrio upĹrqei. An y ∈ R^n , h parĹgwgoc thc f sthn kateÔjunsh tou y eÐnai to ìrio lim_{λ→0} f(x + λy) − f(x) λ an bèbaia upĹrqei.

An to A eÐnai anoiktì kai kurtì kai h f : A → R kurtă sunĹrthsh, tìte oi katĹ kateÔjunsh parĹgwgoi sto x ∈ A mporeÐ na mhn upĹrqoun, oi pleurikèc ìmwc katĹ kateÔjunsh parĹgwgoi

f^′(x; y) := lim_{λ→0+} f(x + λy) − f(x) λ upĹrqoun gia kĹje x ∈ A kai y ≠ 0. Autì prokÔptei wc exăc: to I = {λ ∈ R : x + λy ∈ A} eÐnai èna anoiktì diĹsthma tou R pou perièqei to mhdèn. H sunĹrthsh g : I → R me g(a) = f(x + ay) eÐnai kurtă: an a, b ∈ I kai λ, μ ≥ 0 me λ + μ = 1, tìte g(λa + μb) = f(x + (λa + μb)y) = f(λ(x + ay) + μ(x + by)) ≤ λf(x + ay) + μf(x + by) = λg(a) + μg(b). AfoÔ h g eÐnai kurtă, upĹrqei h

g^′_+(0) = lim_{λ→0+} g(λ) − g(0) λ = lim_{λ→0+} f(x + λy) − f(x) λ .

EpÐshc, lim λ→0^− f(x + λy) − f(x) λ = − lim_{λ→0+} f(x + λ(−y)) − f(x) λ = −f^′(x; −y) dhladă, oi dÔo pleurikèc parĹgwgoi sto x upĹrqoun kai h parĹgwgoc thc f sthn kateÔjunsh tou y upĹrqei an kai mìno an f^′(x; y) = −f^′(x; −y). ParĹdeigma: JewroÔme thn kurtă sunĹrthsh f(x) = ‖x‖^2 = ξ^2_1 + . . . + ξ^2_n. Gia kĹje y = (η_1, . . . , η_n) ∈ R^n èqoume

f^′(x; y) = lim_{λ→0+} ‖x + λy‖^2 − ‖x‖^2 λ = lim_{λ→0+} 2λ⟨x, y⟩ + λ^2‖y‖^2 λ = 2⟨x, y⟩. AfoÔ −f^′(x; −y) = −2⟨x, −y⟩ = f^′(x; y), h f èqei parĹgwgo sto x se kĹje kateÔjunsh y. EpÐshc, h sunĹrthsh f^′(x; ·) : R^n → R me y → f^′(x; y) eÐnai grammikă gia kĹje x ∈ R^n .

Jeÿrhma 3.9 ’Estw f kurtă sunĹrthsh orismènh se èna anoiktì kurtì sÔnolo A kai èstw x ∈ A. Tìte, h f^′(x; ·) : R^n → R eÐnai jetikĹ omogenăc kurtă sunĹrthsh kai f^′(x; y) ≥ −f^′(x; −y) gia kĹje y ∈ R^n . An h f èqei parĹgwgo sto x sthn kateÔjunsh tou y, tìte f^′(x; λy) = λf^′(x; y) gia kĹje λ ∈ R.

Apìdeixh: Gia th jetikă omogèneia parathroÔme ìti, an t > 0,

f^′(x; ty) = lim_{λ→0+} f(x + λty) − f(x) λ = t lim_{λ→0+} f(x + λty) − f(x) tλ = tf^′(x; y). H kurtìthta prokÔptei apì tic parakĹtw sqèseic: an y_1, y_2 ∈ R^n , t ∈ (0, 1),

f^′(x; ty_1 + (1 − t)y_2) = lim_{λ→0+} f(t(x + λy_1) + (1 − t)(x + λy_2)) − f(x) λ ≤ lim_{λ→0+} ( t f(x + λy_1) − f(x) λ + (1 − t) f(x + λy_2) − f(x) λ ) . Gia x ∈ A, y ∈ R^n , jewroÔme th sunĹrthsh g(λ) = f(x + λy), λ ∈ (−ε, ε) (ìpou ε > 0 tètoio ÿste D(x, ε) ⊆ A). Tìte,

f^′(x; y) = g^′_+(0), −f^′(x; −y) = g^′_−(0).

AfoÔ h g eÐnai kurtă, isqÔei g^′_−(0) ≤ g^′_+(0). Tèloc, an h f èqei parĹgwgo sto x sthn kateÔjunsh tou y kai λ < 0, èqoume f^′(x; λy) = −f^′(x; −λy) = λf^′(x; y). □ ’Estw A anoiktì uposÔnolo tou R^n . An f : A → R kai x ∈ A, lème ìti h f eÐnai diaforÐsimh sto x an upĹrqei z ∈ R^n (to opoÐo eÐnai anagkastikĹ monadikì) me thn idiìthta lim_{u→0} f(x + u) − f(x) − ⟨z, u⟩ ‖u‖ = 0.

An èna tètoio z upĹrqei, lègetai anĹdelta thc f sto x kai sumbolÐzetai me ∇f(x). An to ∇f(x) upĹrqei, tìte gia kĹje y ≠ 0 èqoume

0 = lim_{λ→0} |f(x + λy) − f(x) − ⟨∇f(x), λy⟩| ‖λy‖ = lim_{λ→0} 1 ‖y‖ | | | f(x + λy) − f(x) λ − ⟨∇f(x), y⟩ | | |, dhladă h f èqei parĹgwgo sto x se opoiadăpote kateÔjunsh y. Epiplèon, f^′(x; y) = ⟨∇f(x), y⟩, dhladă h f^′(x; ·) eÐnai grammikă.

H Ôparxh twn katĹ kateÔjunsh paragÿgwn thc f sto x se ìlec tic dieujÔnseic y den exasfalÐzei ìti h f eÐnai diaforÐsimh sto x oÔte ìti h f^′(x; ·) eÐnai grammikă. ’Otan ìmwc h f eÐnai kurtă, èqoume to exăc apotèlesma.

Jeÿrhma 3.10 ’Estw ìti h f eÐnai kurtă sunĹrthsh, orismènh sto anoiktì kai kurtì sÔnolo A. An oi merikèc parĹgwgoi ∂f/∂x_1, . . . , ∂f/∂x_n upĹrqoun sto x, tìte h f eÐnai diaforÐsimh sto x. Apìdeixh: ArkeÐ na apodeiqjeÐ ìti

lim_{u→0} f(x + u) − f(x) − ⟨∇f(x), u⟩ ‖u‖ = 0.

JewroÔme r > 0 ètsi ÿste D(x, r) ⊆ A. OrÐzoume thn sunĹrthsh ϕ(u) = f(x + u) − f(x) − ⟨∇f(x), u⟩, u ∈ R^n , ‖u‖ < ε. Tìte, an |λ| < ε, ϕ(λe_i) λ = 1 λ ( f(x + λe_i) − f(x) − λ ∂f ∂x_i (x) ) = f(x + λe_i) − f(x) λ − ∂f ∂x_i (x). ’Ara,

(1) lim_{λ→0} ϕ(λe_i) λ = 0, i = 1, . . . , n.

Epeidă h ϕ eÐnai kurtă, an 0 < ‖u‖ < ε èqoume ϕ(u) ‖u‖ = 1 ‖u‖ ϕ (_n ∑ i=1 u_ie_i ) = 1 ‖u‖ ϕ ( 1 n n∑ i=1 nu_ie_i )

≤ n∑ i=1 |u_i| ‖u‖ | | | ϕ(nu_ie_i) nu_i | | | ≤ n∑ i=1 | | | ϕ(nu_ie_i) nu_i | | |. AfoÔ 0 = ϕ(0) ≤ (ϕ(u) + ϕ(−u))/2, èqoume ϕ(u) ≥ −ϕ(−u). ’Ara, apì thn prohgoÔmenh anisìthta èpetai ìti − n∑ i=1 | | | ϕ(−nu_ie_i) nu_i | | | ≤ −ϕ(−u) ‖u‖ ≤ ϕ(u) ‖u‖ ≤ n∑ i=1 | | | ϕ(nu_ie_i) nu_i | | |. Apì thn (1) tÿra èpetai ìti lim_{u→0}^{ϕ(u)}_{‖u‖} = 0 (An u_i = 0, jewroÔme touc antÐstoiqouc ìrouc twn parapĹnw ajroismĹtwn Ðsouc me 0). □

To epìmeno jeÿrhma qarakthrÐzei thn diaforisimìthta miĹc kurtăc sunĹrthshc se èna shmeÐo mèsw twn sunartăsewn stărixhc se autì. Ja qreiastoÔme èna lămma:

Lămma ’Estw A kurtì uposÔnolo tou R^n me int(A) ≠ ∅, x_0 ∈ bd(A), kai L eujeÐa pou perièqei to x_0 kai den tèmnei to int(A). Tìte upĹrqei uperepÐpedo H pou sthrÐzei to A sto x_0 kai perièqei thn L.

Apìdeixh: Ta A, L eÐnai kurtĹ sÔnola kai L ∩ int(A) = ∅. Apì to Jeÿrhma 2.9 èpetai ìti upĹrqei uperepÐpedo H pou diaqwrÐzei ta A kai L. Dhladă, upĹrqei mh mhdenikì grammikì sunarthsoeidèc ϕ : R^n → R kai γ ∈ R ètsi ÿste: ϕ(a) ≥ γ an a ∈ A, ϕ(x) ≤ γ an x ∈ L, kai ϕ(z) = γ an z ∈ H. To L èqei th morfă L = {x_0 + ty : t ∈ R}. Tìte, ϕ(x_0) + tϕ(y) ≤ γ gia kĹje t ∈ R, Ĺra ϕ(y) = 0. ’Epetai ìti ϕ(x_0 + ty) = ϕ(x_0) ≤ γ gia kĹje t ∈ R.

AfoÔ ìmwc x_0 ∈ A, èqoume ϕ(x_0) ≥ γ. ’Ara, ϕ(x_0) = γ = ϕ(x_0 + ty) gia kĹje t ∈ R. Dhladă, L ⊆ H. □

Jeÿrhma 3.11 ’Estw f kurtă sunĹrthsh orismènh sto anoiktì kai kurtì sÔnolo A. Tìte, h f eÐnai diaforÐsimh sto x_0 ∈ A an kai mìno an èqei monadikì stărigma sto x_0.

Apìdeixh: ’Estw T stărigma thc f sto x_0. AfoÔ h T eÐnai affinikă kai T (x_0) = f(x_0), h T èqei th morfă

T (x) = ⟨a, x − x_0⟩ + f(x_0)

gia kĹpoio a = (a_1, . . . , a_n) ∈ R^n . Tìte, gia i = 1, . . . , n isqÔei

a_i = ∂T ∂x_i (x_0) = lim_{λ→0+}

T (x_0 + λe_i) − T (x_0) λ ≤ lim_{λ→0+} f(x_0 + λe_i) − f(x_0) λ = ∂f ∂x_i (x_0).

Epiplèon,

a_i = lim_{λ→0−}

T (x_0 + λe_i) − T (x_0) λ ≥ lim_{λ→0−} f(x_0 + λe_i) − f(x_0) λ = ∂f ∂x_i (x_0).

’Ara a = ∇f(x_0). Autì shmaÐnei ìti gia opoiodăpote stărigma T thc f sto x_0 ja isqÔei T (x) = ⟨∇f(x_0), x − x_0⟩ + f(x_0).

Gia thn antÐstrofh kateÔjunsh, sÔmfwna me to Jeÿrhma 3.10 arkeÐ na apodeiqjeÐ ìti upĹrqoun oi merikèc parĹgwgoi ∂f ∂x_i (x_0), i = 1, . . . , n. ’Estw ε > 0 tètoio ÿste D(x_0, ε) ⊆ A. JewroÔme th sunĹrthsh g(λ) = f(x_0 +λe_i), λ ∈ (−ε, ε). ArkeÐ na apodeiqjeÐ ìti h g eÐnai paragwgÐsimh sto 0, dhladă (Jeÿrhma 1.7) ìti h g èqei monadikì stărigma sto 0. ’Ara, arkeÐ na apodeiqjeÐ ìti an h g èqei dÔo diaforetikĹ sthrÐgmata sto 0, tìte h f èqei dÔo diaforetikĹ sthrÐgmata sto x_0.

Ja apodeiqjeÐ ìti, an h eÐnai stărigma thc g sto 0, upĹrqei stărigma T thc f sto x_0 ètsi ÿste T (x_0 + λe_i) = h(λ), λ ∈ R. AfoÔ diaforetikèc h_1, h_2 dÐnoun diaforetikèc T_1, T_2 antÐstoiqa, prokÔptei to zhtoÔmeno.

’Estw loipìn h stărigma thc g sto 0. H h eÐnai affinikă, Ĺra èqei th morfă h(λ) = aλ + b. JewroÔme thn eujeÐa L = {(x_0 + λe_i, h(λ)) : λ ∈ R} = {(x_0, b) + λ(e_i, a) : λ ∈ R}. AfoÔ b = h(0) = g(0) = f(x_0), to (x_0, f(x_0)) anăkei sthn L. Anăkei epÐshc sto bd(epi(f)). Epiplèon isqÔei int(epi(f)) ≠ ∅, afoÔ to sÔnolo {(x, t) : x ∈ A, t > f(x)} eÐnai anoiktì, lìgw thc sunèqeiac thc f. EpÐshc,

L ∩ int(epi(f)) = ∅.

PrĹgmati, an (x, t) ∈ int(epi(f)) kai x ∈ A, tìte t > f(x), enÿ ta shmeÐa thc L èqoun th morfă (x_0 +λe_i, h(λ)). An x_0 +λe_i ∈ A, afoÔ h h sthrÐzei thn g paÐrnoume

h(λ) ≤ g(λ) = f(x_0 + λe_i).

Apì to Lămma prokÔptei ìti upĹrqei uperepÐpedo H ston R^{n+1} to opoÐo sthrÐzei to epi(f) sto (x_0, f(x_0)) kai perièqei thn L. Tìte (blèpe apìdeixh tou Jewrămatoc 3.5), upĹrqei affinikă sunĹrthsh T : R^n → R tètoia ÿste H = {(x, T (x)) : x ∈ R^n }. H T sthrÐzei thn f. Epiplèon, gia kĹje λ ∈ R isqÔei (x_0 + λe_i, h(λ)) ∈ L, Ĺra T (x_0 + λe_i) = h(λ). □

Sto KefĹlaio 1 eÐdame ìti mÐa sunĹrthsh f pou èqei deÔterh parĹgwgo eÐnai kurtă an kai mìno an h f^{′′} eÐnai mh arnhtikă. DÐnoume tÿra èna anĹlogo kritărio gia kurtèc sunartăseic n metablhtÿn pou èqoun merikèc paragÿgouc deÔterhc tĹxhc.

Jeÿrhma 3.12 ’Estw f sunĹrthsh pou eÐnai orismènh se èna anoiktì kurtì sÔnolo A kai èqei suneqeÐc merikèc paragÿgouc deÔterhc tĹxhc se kĹje x ∈ A. Tìte, h f eÐnai kurtă an kai mìno an gia kĹje z = (z_1, . . . , z_n) ∈ R^n n∑ i=1 n∑ j=1 [ ∂^2f ∂x_i∂x_j ] (x)z_iz_j ≥ 0.

Apìdeixh: ’Estw ìti h f eÐnai kurtă. JewroÔme x ∈ A, ε > 0 me D(x, ε) ⊆ A kai z = (z_1, . . . , z_n) me ‖z‖ = 1. Tìte, h sunĹrthsh g(λ) = f(x + λz), λ ∈ (−ε, ε) eÐnai kurtă kai dÔo forèc paragwgÐsimh. Apì ton kanìna thc alusÐdac paÐrnoume g^{′′}(λ) = n∑ i=1 n∑ j=1 ∂^2f ∂x_i∂x_j (x + λz)z_iz_j .

AfoÔ h g eÐnai kurtă, isqÔei

0 ≤ g^{′′}(0) = n∑ i=1 n∑ j=1 ∂^2f ∂x_i∂x_j (x)z_iz_j .

Dhladă, h zhtoÔmenh anisìthta isqÔei gia kĹje z me ‖z‖ = 1. An z ≠ 0, h anisìthta isqÔei gia to z/‖z‖, Ĺra kai gia to z.

AntÐstrofa, èstw ìti isqÔoun oi jewroÔmenec anisìthtec. Gia na apodeiqjeÐ ìti h f eÐnai kurtă, arkeÐ na apodeiqjeÐ ìti gia kĹje x, y ∈ A h g(λ) = f(x + λ(y − x)), λ ∈ [0, 1] eÐnai kurtă, Ĺra ìti g^{′′}(λ) ≥ 0, λ ∈ [0, 1]. ’Opwc prohgoumènwc, g^{′′}(λ) = n∑ i=1 n∑ j=1 ∂^2f ∂x_i∂x_j (x + λ(y − x))(y_i − x_i)(y_j − x_j ) ≥ 0. □ Ac upojèsoume ìti h f eÐnai ìpwc sto prohgoÔmeno jeÿrhma. O pÐnakac (∂^2f/∂x_i∂x_j )(x) lègetai Essiană thc f sto x. Apì tic upojèseic mac gia thn f, o pÐnakac autìc eÐnai summetrikìc. ’Eqoume loipìn apodeÐxei ìti h f eÐnai kurtă an kai mìno an h Essiană thc eÐnai summetrikìc jetikĹ hmiorismènoc pÐnakac gia kĹje x ∈ A.

3.3 Sunartăseic stărixhc

§1. ’Estw K kurtì kai sumpagèc uposÔnolo tou R^n , u ∈ R^n , u ≠ 0. Ac jewrăsoume to sunarthsoeidèc ϕ me ϕ(x) = ⟨u, x⟩, x ∈ R^n . Se autì antistoiqoÔn ta uperepÐpeda H_γ = {x ∈ R^n : ϕ(x) = γ}, γ ∈ R. DÔo apì autĹ sthrÐzoun to K, ta H_1 = {x ∈ R^n : ϕ(x) = min{ϕ(z) : z ∈ K}} kai H_2 = {x ∈ R^n : ϕ(x) = max{ϕ(z) : z ∈ K}}. OrÐzoume mÐa sunĹrthsh ston R^n dÐnontac se kĹje u thn timă tou γ pou antistoiqeÐ sto H_2. OrÐzoume dhladă h_K (u) = max{⟨u, x⟩ : x ∈ K}, u ∈ R^n . H h_K lègetai sunĹrthsh stărixhc tou K.

ParadeÐgmata (1) ’Estw K = {x = (x_1, . . . , x_n) ∈ R^n : max{|x_i| : i = 1, . . . , n} ≤ 1} (dhladă to K eÐnai ènac {kÔboc} me kèntro thn arqă twn axìnwn kai măkoc akmăc 2). Gia kĹje u ∈ R^n isqÔei h_K (u) = max{⟨u, x⟩ : x ∈ K} = max{⟨u, x⟩ : |x_i| ≤ 1, i = 1, . . . , n} ≤ n∑ i=1 |u_i|. Epiplèon, an x_i = sgn(u_i), tìte x = (x_1, . . . , x_n) ∈ K kai ⟨u, x⟩ = n∑ i=1 sgn(u_i)u_i = n∑ i=1 |u_i|. Sunepÿc, h_K (u) = n∑ i=1 |u_i|. (2) ’Estw K = {x = (x_1, . . . , x_n) ∈ R^n : ∑_n i=1 |x_i| ≤ 1}. (To K eÐnai polÔedro me korufèc ta ±e_i, i = 1, . . . , n. Gia n = 1 eÐnai tetrĹgwno, gia n = 2 oktĹedro). Gia kĹje u ∈ R^n isqÔei h_K (u) = max{⟨u, x⟩ : x ∈ K} = max{⟨u, x⟩ : n∑ i=1 |x_i| ≤ 1} ≤ max{|u_i| : i = 1, . . . , n}. Epiplèon, an max{|u_i| : i = 1, . . . , n} = |u_{i0} | kai x = (sgnu_{i0} )e_{i0} , tìte x ∈ K kai ⟨u, x⟩ = |u_{i0} |. ’Ara, h_K (u) = max{|u_i| : i = 1, . . . , n}. Idiìthtec thc sunĹrthshc stărixhc (a) H h_K eÐnai kurtă (wc supremum affinikÿn sunartăsewn) kai jetikĹ omogenăc. (b) h_{λK} = λh_K , an λ > 0.

(g) h_{K1+K2} = h_{K1} + h_{K2} . PrĹgmati,

h_{K1+K2} (u) = max{⟨u, x_1 + x_2⟩ : x_1 ∈ K_1, x_2 ∈ K_2} = max{⟨u, x_1⟩ + ⟨u, x_2⟩ : x_1 ∈ K_1, x_2 ∈ K_2} = max{⟨u, x_1⟩ : x_1 ∈ K_1} + max{⟨u, x_2⟩ : x_2 ∈ K_2}.

Prìtash 3.1 An K_1, K_2 kurtĹ sumpagă uposÔnola tou R^n , tìte K_1 ⊆ K_2 an kai mìno an h_{K1} ≤ h_{K2} .

Apìdeixh: H mÐa sunepagwgă eÐnai profanăc apì ton orismì thc h_K .

’Estw tÿra ìti den isqÔei K_1 ⊆ K_2, dhladă ìti upĹrqei x ∈ K_1 me x /∈ K_2. Tìte ta x, K_2 qwrÐzontai gnăsia apì èna uperepÐpedo, Ĺra upĹrqei u ∈ R^n ètsi ÿste ⟨u, y⟩ < ⟨u, x⟩ gia kĹje y ∈ K_2. Tìte, h_{K2} (u) = max{⟨u, y⟩ : y ∈ K_2} < ⟨u, x⟩ ≤ h_{K1} (u). ’Ara den isqÔei h_{K1} ≤ h_{K2} . □

Pìrisma 1 An K kurtì sumpagèc, tìte 0 ∈ K an kai mìno an h_K ≥ 0.

Apìdeixh: h_{{0}} = 0. □

Pìrisma 2 H sunĹrthsh stărixhc kajorÐzei to sÔnolo K. Dhladă, an K_1, K_2 kurtĹ sumpagă me h_{K1} = h_{K2} , tìte K_1 = K_2. □

Jeÿrhma 3.13 ’Estw h : R^n → R kurtă kai jetikĹ omogenăc. Tìte upĹrqei (monadikì) kurtì sumpagèc uposÔnolo K tou R^n me h_K = h.

Apìdeixh: JewroÔme to sÔnolo K = {x ∈ R^n : ⟨u, x⟩ ≤ h(u), ∀u ∈ R^n }. Gia kĹje u ∈ R^n to sÔnolo {x ∈ R^n : ⟨u, x⟩ ≤ h(u)} eÐnai hmÐqwroc (ă olìklhroc o R^n ), Ĺra kurtì. Sunepÿc kai to K eÐnai kurtì wc tomă kurtÿn sunìlwn.

Epeidă h h eÐnai suneqăc, to K eÐnai kleistì. Epiplèon, eÐnai sumpagèc, afoÔ gia kĹje x ∈ K kai i = 1, . . . , n isqÔei −h(e_i) ≤ −⟨−e_i, x⟩ = x_i = ⟨e_i, x⟩ ≤ h(e_i). EÐnai fanerì ìti h_K (u) ≤ h(u). Gia thn antÐstrofh anisìthta, jewroÔme èna u ∈ R^n kai ja apodeÐxoume ìti upĹrqei x ∈ K tètoio ÿste ⟨y, x⟩ ≤ h(y) gia kĹje y ∈ R^n kai h(u) ≤ ⟨u, x⟩, dhladă h(u) = ⟨u, x⟩. IsodÔnama, ja apodeÐxoume ìti upĹrqei grammikì sunarthsoeidèc ϕ : R^n → R pou sthrÐzei thn h sto u. AfoÔ h h eÐnai kurtă, upĹrqei affinikă ϕ me thn idiìthta aută. ArkeÐ loipìn na apodeiqjeÐ ìti ϕ(0) = 0.

JewroÔme th sunĹrthsh ψ(λ) = h(λu) − ϕ(λu) = λh(u) − ϕ(λu), λ ∈ (0, +∞). H ψ eÐnai affinikă, kai ψ ≥ 0, ψ(1) = 0. Dhladă h ψ eÐnai koÐlh sunĹrthsh sto (0, +∞), pou èqei elĹqisth timă. Sunepÿc eÐnai stajeră, Ĺra λh(u) = ϕ(λu), λ ∈ (0, +∞). Gia λ → 0 paÐrnoume ϕ(0) = 0. □

§2. Gia kurtĹ kleistĹ sÔnola pou perièqoun to 0 sto eswterikì touc orÐzetai kai h sunĹrthsh stĹjmhc (gauge function), h opoÐa mporeÐ na jewrhjeÐ duðkă thc sunĹrthshc stărixhc.

’Estw L kleistì kurtì uposÔnolo tou R^n me 0 ∈ int(L). ’Estw x ∈ R^n . Tìte upĹrqoun jetikĹ λ ètsi ÿste x ∈ λL (An r > 0 me D(0, r) ⊆ L, arkeÐ na isqÔei ‖x‖ < λr). H sunĹrthsh stĹjmhc tou L orÐzetai wc exăc: g_L(x) = inf{λ > 0 : x ∈ λL}. Paratărhsh Epeidă to L eÐnai kurtì, an x ∈ λL, 0 < λ < μ, tìte isqÔei kai x ∈ μL, afoÔ x = λz me z ∈ L, Ĺra x = μ ( λ μ z + ( 1 − λ μ ) 0 ) =⇒ x ∈ μL. Sunepÿc to sÔnolo Λ = {λ > 0 : x ∈ λL} èqei th morfă (a, +∞) ă [a, +∞), ìpou a ≥ 0. An a > 0, to sÔnolo Λ eÐnai kleistì. GiatÐ, an λ_n ∈ Λ, n = 1, 2, . . . kai λ_n → λ, tìte upĹrqoun z_n ∈ L me x = λ_nz_n, n = 1, 2, . . .. AfoÔ λ ≥ a > 0, isqÔei z_n → x/λ. AfoÔ to L eÐnai kleistì, isqÔei x/λ ∈ L, Ĺra λ ∈ Λ.

Sunepÿc, to Λ èqei th morfă (0, +∞) ă [a, +∞), a > 0. Idiìthtec thc sunĹrthshc stĹjmhc (1) g_L(x) ≥ 0, x ∈ R^n .

(2) g_L(x) = 0 an kai mìno an λx ∈ L gia kĹje λ > 0. Eidikìtera, g_L(0) = 0. (3) g_{μL} =^1_μ g_L, μ > 0. PrĹgmati, g_{μL}(x) = inf{λ > 0 : x ∈ λμL} = inf{ ρ μ > 0 : x ∈ ρL} = 1 μ g_L(x). (4) L = {x ∈ R^n : g_L(x) ≤ 1}.

Apìdeixh: ’Estw x ∈ R^n me g_L(x) ≤ 1. An g_L(x) = 0, tìte λx ∈ L gia kĹje λ > 0, Ĺra x ∈ L. An g_L(x) > 0, apì thn paratărhsh piì pĹnw èpetai ìti to sÔnolo Λ èqei th morfă [a, +∞), ìpou a = g_L(x). ’Epetai ìti 1 ∈ Λ.

O antÐstrofoc egkleismìc eÐnai profanăc apì ton orismì thc g_L. □ (5) μL = {x ∈ R^n : g_L(x) ≤ μ}, μ > 0. ’Ameso apì ta (3) kai (4). (6) H g_L eÐnai jetikĹ omogenăc. GiatÐ, gia μ > 0 kai x ∈ R^n isqÔei g_L(μx) = inf{λ > 0 : μx ∈ λL} = inf{λ > 0 : x ∈ (λ/μ)L} = inf{ρμ > 0 : x ∈ ρL} = μg_L(x). (7) H g_L eÐnai kurtă.

Apìdeixh: ’Estw x, y ∈ R^n , t ∈ (0, 1). Ja apodeÐxoume ìti g_L(tx + (1 − t)y) ≤ tg_L(x) + (1 − t)g_L(y). An to deÔtero mèloc eÐnai 0, isqÔei x ∈ λL, y ∈ λL gia kĹje λ > 0. ’Ara tx + (1 − t)y ∈ λL gia kĹje λ > 0, kai sunepÿc g_L(tx + (1 − t)y) = 0.

’Estw ìti to deÔtero mèloc thc anisìthtac eÐnai diĹforo tou 0. UpĹrqoun λ_n > 0, μ_n > 0 ètsi ÿste λ_n → g_L(x), μ_n → g_L(y), x ∈ λ_nL, y ∈ μ_nL, n = 1, 2, . . . . Tìte, tx + (1 − t)y ∈ (tλ_n + (1 − t)μ_n)L, dhladă upĹrqoun z_n ∈ L, n = 1, 2, . . . me

tx + (1 − t)y = (tλ_n + (1 − t)μ_n)z_n.

’Epetai ìti z_n → 1 tg_L(x) + (1 − t)g_L(y) [tx + (1 − t)y]. AfoÔ to L eÐnai kleistì, to ìrio autì anăkei sto L, ap’ ìpou èpetai ìti g_L(tx + (1 − t)y) ≤ tg_L(x) + (1 − t)g_L(y). (8) An K, L kurtĹ kleistĹ uposÔnola tou R^n me 0 ∈ int(K) ∩ int(L) kai g_K = g_L, tìte K = L. Autì eÐnai Ĺmesh sunèpeia thc (4).

Jeÿrhma 3.14 ’Estw g : R^n → R jetikĹ omogenăc kurtă sunĹrthsh, g ≥ 0. ’Estw L = {x ∈ R^n : g(x) ≤ 1}. Tìte to L eÐnai kurtì, kleistì, 0 ∈ int(L) kai g = g_L. Apìdeixh: To L eÐnai kurtì wc sÔnolo stĹjmhc kurtăc sunĹrthshc. EpÐshc eÐnai kleistì, afoÔ h g eÐnai suneqăc.

AfoÔ h g eÐnai jetikĹ omogenăc, isqÔei g(0) = 0 kai h sunèqeia thc g sunepĹgetai ìti to sÔnolo {x ∈ R^n : g(x) < 1} eÐnai anoiktì. ’Ara, 0 ∈ int(L).

Apì thn idiìthta (4) èpetai ìti {x ∈ R^n : g(x) ≤ 1} = {x ∈ R^n : g_L(x) ≤ 1}. Apì thn isìthta aută ja exaqjeÐ h isìthta twn g kai g_L.

’Estw x ∈ R^n . An g(x) = 0, tìte gia kĹje λ > 0 èqoume g(λx) = 0 ≤ 1, Ĺra λx ∈ L. ’Epetai ìti g_L(x) = 0. An g_L(x) = 0, tìte λx ∈ L gia kĹje λ > 0, Ĺra g_L(λx) ≤ 1 gia kĹje λ > 0. ’Epetai ìti λg(x) = g(λx) ≤ 1 gia kĹje λ > 0, sunepÿc g(x) = 0.

’Estw g(x) > 0, g_L(x) > 0. Tìte g(x/g(x)) = 1, opìte g_L ( x g(x) ) = g_L(x) g(x) ≤ 1. ’Omoia prokÔptei ìti g(x)/g_L(x) ≤ 1, Ĺra g(x) = g_L(x). □ §3. H ènnoia tou polikoÔ enìc kurtoÔ sunìlou odhgeÐ se mÐa sqèsh metaxÔ twn sunartăsewn stărixhc kai twn sunartăsewn stĹjmhc.

Orismìc ’Estw K kurtì uposÔnolo tou R^n . To polikì tou K eÐnai to sÔnolo K^∘ = {y ∈ R^n : ⟨x, y⟩ ≤ 1 ∀x ∈ K}. Parathrăseic 1. An to K eÐnai kurtìc kÿnoc, o parapĹnw orismìc eÐnai isodÔnamoc me autìn thc ParagrĹfou 2.4. GiatÐ, se autăn thn perÐptwsh, an ⟨x, y⟩ ≤ 1 gia kĹje x ∈ K, isqÔei kai λ⟨x, y⟩ ≤ 1 gia kĹje λ > 0, opìte ⟨x, y⟩ ≤ 0.

2. To K^∘ eÐnai kurtì kai kleistì sÔnolo (autì prokÔptei akribÿc ìpwc kai sthn perÐptwsh kÿnou).

3. 0 ∈ K^∘.

4. An 0 ∈ K, tìte K^{∘∘} = K. Eidikìtera, an to K eÐnai kleistì tìte K^{∘∘} = K.

Apìdeixh: Apì ton orismì blèpoume eÔkola ìti K^{∘∘} ⊇ K. AfoÔ to K^{∘∘} eÐnai kleistì, isqÔei K^{∘∘} ⊇ K.

Gia na apodeiqjeÐ h isìthta, ac upojèsoume ìti upĹrqei x ∈ K^{∘∘} to opoÐo den anăkei sto K. Tìte, apì to Jeÿrhma 2.8, upĹrqei uperepÐpedo pou diaqwrÐzei gnăsia to x apì to K. Dhladă, upĹrqoun 0 ≠ y ∈ R^n kai γ ∈ R tètoia ÿste ⟨z, y⟩ < γ gia kĹje z ∈ K kai ⟨x, y⟩ > γ. AfoÔ 0 ∈ K, isqÔei γ > 0. ’Epetai ìti ⟨z, y/γ⟩ < 1 gia kĹje z ∈ K, Ĺra y/γ ∈ K^∘. AllĹ ⟨x, y/γ⟩ > 1, to opoÐo eÐnai Ĺtopo afoÔ x ∈ K^{∘∘}. □

Jeÿrhma 3.15 ’Estw K kurtì sumpagèc uposÔnolo tou R^n me 0 ∈ K. Tìte 0 ∈ int(K^∘) kai h_K = g_K∘ . AntÐstrofa, èstw L kurtì kleistì uposÔnolo tou R^n me 0 ∈ int(L). Tìte to L^∘ eÐnai sumpagèc kai isqÔei h_L∘ = g_L.

Apìdeixh: ’Estw K ìpwc parapĹnw. Gia na isqÔei 0 ∈ int(K^∘), arkeÐ na upĹrqei ε > 0 tètoio ÿste: an ‖y‖ < ε, tìte ⟨x, y⟩ ≤ 1 gia kĹje x ∈ K. IsqÔei ⟨x, y⟩ ≤ ‖x‖ · ‖y‖, epomènwc arkeÐ na jèsoume ε = 1/M, ìpou M = max{‖x‖ : x ∈ K}.

H h_K eÐnai kurtă, jetikĹ omogenăc kai h_K ≥ 0, afoÔ 0 ∈ K. Apì to Jeÿrhma 3.14, isqÔei h_K = g_L Ĺn L = {y ∈ R^n : h_K (y) ≤ 1} = {y ∈ R^n : ⟨x, y⟩ ≤ 1 ∀x ∈ K}, Ĺra L = K^∘.

An tÿra L eÐnai sÔnolo ìpwc sto deÔtero mèroc tou Jewrămatoc, upĹrqei ε > 0 me D(0, ε) ⊆ L. An y ∈ L^∘, y ≠ 0, isqÔei^ε_{2‖y‖} y ∈ D(0, ε), Ĺra ⟨y,^ε_{2‖y‖} y⟩ ≤ 1, dhladă ‖y‖ ≤ 2/ε. ’Ara to L^∘ eÐnai fragmèno, epomènwc sumpagèc. Apì to prÿto mèroc tou Jewrămatoc èpetai ìti h_L∘ = g_L∘∘ = g_L. □

An loipìn perioristoÔme se kurtĹ sumpagă sÔnola K me 0 ∈ int(K), ta polikĹ autÿn twn sunìlwn anăkoun epÐshc se autăn thn kathgorÐa kai h_K = g_K∘ , h_K∘ = g_K .

ParĹdeigma ’Estw K = {x ∈ R^n : n∑ i=1 |x_i| ≤ 1}. Sthn §1 eÐdame ìti h_K (y) = max{|y_i| : i = 1, . . . , n}. ’Ara to polikì tou K eÐnai o kÔboc L = {y ∈ R^n : h_K (y) ≤ 1} = [−1, 1]^n.

3.4 UpodiaforikĹ

§1. Orismìc ’Estw f : R^n → R. JewroÔme x ∈ R^n sto opoÐo h f eÐnai peperasmè- nh. (a) ’Ena z ∈ R^n lègetai upoparĹgwgoc thc f sto x an f(x + u) ≥ f(x) + ⟨u, z⟩ gia kĹje u ∈ R^n .

(b) To sÔnolo ìlwn twn upoparagÿgwn thc f sto x lègetai upodiaforikì thc f sto x kai sumbolÐzetai me ∂f(x). To ∂f(x) eÐnai kurtì uposÔnolo tou R^n . Lème ìti h f eÐnai upodiaforÐsimh sto x an ∂f(x) ≠ ∅. An h f den paÐrnei peperasmènh timă sto x, tìte jètoume ∂f(x) = ∅.

(g) To upodiaforikì thc f eÐnai h sunolosunĹrthsh ∂f : x → ∂f(x). (d) To pedÐo orismoÔ dom(∂f) tou ∂f eÐnai to sÔnolo {x ∈ R^n : ∂f(x) ≠ ∅}.

ParadeÐgmata (a) ’Estw f : (a, b) → R kurtă sunĹrthsh. Apo thn apìdeixh tou Jewrămatoc 1.6, h f eÐnai upodiaforÐsimh se kĹje c ∈ (a, b) kai ∂f(c) = [f^′_−(c), f^′_+(c)].

(b) OrÐzoume f : R → R jètontac f(x) = − √ 1 − x^2 an |x| ≤ 1 kai f(x) = +∞ alliÿc. H f eÐnai kanonikă kurtă sunĹrthsh kai eÐnai diaforÐsimh sto (−1, 1). ’Eqoume −1, 1 ∈ dom(f) allĹ h f den eÐnai upodiaforÐsimh sta −1, 1.

(g) JewroÔme thn f(x) = ‖x‖. H f den eÐnai diaforÐsimh sto 0, eÐnai ìmwc upodiaforÐsimh. To ∂f(0) apoteleÐtai apì ìla ta z ∈ R^n gia ta opoÐa ‖y‖ ≥ ⟨y, z⟩, y ∈ R^n . ’Epetai ìti ∂f(0) = {z ∈ R^n : ‖z‖ ≤ 1}.

§2. Ja prospajăsoume tÿra na dÿsoume gewmetrikă perigrafă thc ènnoiac thc upodiaforisimìthtac. GrĹfoume (x, a), ìpou x ∈ R^n kai a ∈ R, gia to tuqìn stoiqeÐo tou R^{n+1} . Tìte, kĹje uperepÐpedo H tou R^{n+1} perigrĹfetai apì mÐa exÐswsh thc morfăc ⟨x, x_0⟩ + λa_0 = b_0

ìpou (x_0, a_0) ≠ (0, 0) kai b_0 ∈ R.

Lème ìti to H eÐnai katakìrufo an a_0 = 0 (opìte x_0 ≠ 0). An to H den eÐnai katakìrufo, tìte h exÐswsh tou H paÐrnei th morfă λ = ⟨x, − x_0 a_0 ⟩ + b_0 a_0

dhladă to H eÐnai to grĹfhma thc suneqoÔc affinikăc sunĹrthshc x → ⟨x, − x_0 a_0 ⟩ + b_0 a_0 . Paratărhsh Apì thn apìdeixh tou Jewrămatoc 3.5 prokÔptei ìti: h sunĹrthsh f : A → R èqei stărigma sto shmeÐo x ∈ A an kai mìno an upĹrqei mh katakìrufo epÐpedo stărixhc tou epi(f) sto shmeÐo (x, f(x)).

Jeÿrhma 3.16 ’Estw f kanonikă kurtă sunĹrthsh ston R^n kai x_0 ∈ dom(f). H f eÐnai upodiaforÐsimh sto x_0 an kai mìno an upĹrqei mh-katakìrufo uperepÐpedo pou sthrÐzei to epi(f) sto (x_0, f(x_0)).

Apìdeixh: Apì ton orismì thc upoparagÿgou eÐnai fanerì ìti to z ∈ R^n eÐnai upoparĹgwgoc thc f sto x_0 an kai mìno an isqÔei f(y) ≥ f(x_0) + ⟨y − x_0, z⟩, y ∈ R^n . Autì eÐnai isodÔnamo me to ìti h affinikă sunĹrthsh T (y) = f(x_0) + ⟨y − x_0, z⟩, y ∈ R^n , eÐnai stărigma thc f sto x_0. To sumpèrasma tou jewrămatoc prokÔptei tÿra Ĺmesa apì thn prohgoÔmenh paratărhsh. □ Paratărhsh To epiqeÐrhma pou qrhsimopoiăjhke sthn apìdeixh deÐqnei ìti upĹrqei 1-1 kai epÐ antistoiqÐa metaxÔ tou ∂f(x_0) kai tou sunìlou twn sthrigmĹtwn thc f sto x_0.

Jeÿrhma 3.17 ’Estw f kanonikă kurtă sunĹrthsh ston R^n . Tìte, h f eÐnai upodiaforÐsimh se kĹje shmeÐo tou int(dom(f)).

Apìdeixh: ’Amesh apì ta Jewrămata 3.5 kai 3.16. □ Pìrisma KĹje kurtă sunĹrthsh f : R^n → R eÐnai upodiaforÐsimh. □ §3. PernĹme tÿra sthn perigrafă tou upodiaforikoÔ miĹc kurtăc sunĹrthshc. Jeÿrhma 3.18 ’Estw f : R^n → R kanonikă kurtă sunĹrthsh kai x_0 ∈ int(domf). Tìte, z ∈ ∂f(x_0) an kai mìno an f^′(x_0; x) ≥ ⟨x, z⟩ gia kĹje x ∈ R^n .

Apìdeixh: ’Estw z ∈ ∂f(x_0), dhladă f(x_0 + u) ≥ f(x_0) + ⟨u, z⟩ gia kĹje u ∈ R^n . Eidikìtera, an x ∈ R^n , isqÔei f(x_0 + λx) ≥ f(x_0) + ⟨λx, z⟩, Ĺra f(x_0 + λx) − f(x_0) λ ≥ ⟨x, z⟩ gia kĹje λ > 0. Epomènwc, f^′(x_0; x) ≥ ⟨x, z⟩. Gia to antÐstrofo, èstw u ∈ R^n . JewroÔme to diĹsthma I = {λ ∈ R : x_0 + λu ∈ domf} (eÐnai diĹsthma, pou perièqei to 0 sto eswterikì tou), kai th sunĹrthsh g(λ) = f(x_0 + λu), λ ∈ I.

Tìte, g^′_+(0) = f^′(x_0; u) , g^′_−(0) = −f^′(x_0; −u).

Apì thn upìjesh sumperaÐnoume ìti g^′_+(0) ≥ ⟨z, u⟩ ≥ g^′_−(0), dhladă ⟨z, u⟩ ∈ ∂g(0). ’Epetai ìti g(λ) ≥ g(0) + λ⟨z, u⟩ gia kĹje λ ∈ I, dhladă f(x_0 + λu) ≥ f(x_0) + ⟨z, λu⟩, λ ∈ I. An 1 ∈ I, paÐrnoume f(x_0 + u) ≥ f(x_0) + ⟨z, u⟩. An 1 /∈ I, isqÔei f(x_0 + u) = +∞, opìte pĹli isqÔei h anisìthta. ’Ara, z ∈ ∂f(x_0). □

Paratărhsh Oi upojèseic ìti h f eÐnai kanonikă kurtă kai ìti to x_0 eÐnai eswterikì shmeÐo tou domf den eÐnai aparaÐthtec sto parapĹnw jeÿrhma. Qrhsimopoiăjhkan mìno sthn apìdeixh thc deÔterhc kateÔjunshc, epeidă oi kurtèc sunartăseic miĹc metablhtăc èqoun suzhthjeÐ mìno sthn perÐptwsh pou paÐrnoun pragmatikèc timèc.

An upotejeÐ h anisìthta f^′(x_0; x) ≥ ⟨x, z⟩ gia kĹje x ∈ R^n , apodeiknÔetai ìti h f den paÐrnei thn timă −∞ (kai afoÔ f(x_0) ∈ R, eÐnai kanonikă). An f(x) = −∞ gia kĹpoio x, apodeiknÔetai ìti f^′(x_0; x − x_0) = −∞, to opoÐo antifĹskei sthn parapĹnw anisìthta.

An to x_0 eÐnai sunoriakì shmeÐo tou dom(f), h parapĹnw apìdeixh metafèretai se autăn thn perÐptwsh, afoÔ oi qrhsimopoioÔmenec idiìthtec thc g metafèrontai eÔkola kai sthn perÐptwsh pou aută èqei timèc sto R.

Jeÿrhma 3.19 ’Estw f : R^n → R kurtă sunĹrthsh, A = {x ∈ R^n : f(x) ∈ R}, x_0 ∈ int(A). Tìte, h f eÐnai diaforÐsimh sto x_0 an kai mìno an to ∂f(x_0) eÐnai monosÔnolo. Sthn perÐptwsh aută isqÔei ∂f(x_0) = {∇f(x_0)}. Apìdeixh: ’Amesh apì to Jeÿrhma 3.11 kai thn paratărhsh pou akoloujeÐ to Jeÿrhma 3.16. □

Lămma ’Estw f : R^n → R kanonikă kurtă sunĹrthsh, kai g : R^n → R kanonikă koÐlh (dhladă h −g eÐnai kanonikă kurtă) me f ≥ g. Upojètoume akìma ìti upĹrqei x_0 ∈ dom(f) ∩ dom(−g) sto opoÐo h f eÐnai suneqăc. Tìte, upĹrqei affinikă sunĹrthsh T : R^n → R me f ≥ T ≥ g.

Apìdeixh: JewroÔme ta sÔnola K_1 = epi(f) kai K_2 = {(y, −t) : (y, t) ∈ epi(−g)} = {(y, t) : t ≤ g(y)}. Ta K_1, K_2 eÐnai kurtĹ. Epiplèon isqÔei int(K_1) ≠ ∅, giatÐ h sunèqeia thc f sto x_0 sunepĹgetai ìti x_0 ∈ int(dom(f)). Apì autì èpetai ìti int(epi(f)) ≠ ∅ (blèpe apìdeixh tou Jewrămatoc 3.5). EpÐshc, int(K_1)∩K_2 = ∅. GiatÐ, an (y, t) ∈ int(K_1), tìte t > f(y) ≥ g(y), Ĺra (y, t) /∈ K_2. Apì to Jeÿrhma 2.9, upĹrqei uperepÐpedo H ston R^{n+1} pou diaqwrÐzei ta K_1, K_2. Dhladă upĹrqoun (y_0, α) ∈ R^{n+1} , (y_0, α) ≠ (0, 0) kai γ ∈ R tètoia ÿste ⟨y_0, y⟩ + αt ≥ γ ≥ ⟨y_0, x⟩ + αs gia kĹje (y, t) ∈ K_1, (x, s) ∈ K_2.

Apì thn anisìthta ⟨y_0, x_0⟩ + αt ≥ γ gia kĹje t ≥ f(x_0), prokÔptei ìti α ≥ 0. IsqÔei ìmwc kai α > 0. PrĹgmati, an upojèsoume ìti α = 0, tìte

⟨y_0, x_0⟩ = ⟨y_0, x_0⟩ + αf(x_0) ≥ γ ≥ ⟨y_0, x_0⟩ + αf(x_0) = ⟨y_0, x_0⟩,

Ĺra ⟨y_0, x_0⟩ = γ. Apì thn Ĺllh pleurĹ ìmwc, ⟨y_0, x⟩ ≥ γ gia kĹje x ∈ dom(f). Lìgw thc sunèqeiac thc f sto x_0, upĹrqei ε > 0 me D(x_0, ε) ⊆ dom(f). ’Ara, to grammikì sunarthsoeidèc pou orÐzei to y_0 ston R^n èqei elĹqisth timă sto D(x_0, ε) (thn timă γ sth jèsh x_0). Autì ìmwc eÐnai dunatìn mìno an y_0 = 0 (blèpe apìdeixh tou Jewrămatoc 3.5). Autì pĹli eÐnai Ĺtopo, giatÐ tìte (y_0, α) = (0, 0).

AfoÔ α > 0, isqÔei ⟨y_0/α, y⟩ + t ≥ γ/α ≥ ⟨y_0/α, x⟩ + s gia kĹje (y, t) ∈ K_1, (x, s) ∈ K_2, kai eidikìtera ⟨y_0/α, y⟩ + f(y) ≥ γ/α gia kĹje y ∈ dom(f) kai γ/α ≥ ⟨y_0/α, x⟩ + g(x) gia kĹje x ∈ dom(g).AllĹ gia y /∈ dom(f), x /∈ dom(g), oi anisìthtec isqÔoun profanÿc. ’Ara isqÔei ⟨y_0/α, y⟩ + f(y) ≥ γ/α ≥ ⟨y_0/α, x⟩ + g(y) gia kĹje y ∈ R^n . ’Ara, h sunĹrthsh T (y) = (γ/α) − ⟨y_0/α, y⟩, y ∈ R^n , ikanopoieÐ to sumpèrasma tou Lămmatoc. □

Jeÿrhma 3.20 ’Estw f_1, f_2 kanonikèc kurtèc sunartăseic ston R^n . Tìte, (a) ∂(f_1 + f_2)(x) ⊇ ∂f_1(x) + ∂f_2(x) gia kĹje x ∈ R^n .

(b) an to dom(f_1) ∩ dom(f_2) perièqei èna shmeÐo sto opoÐo h f_1 eÐnai suneqăc, tìte ∂(f_1 + f_2)(x) = ∂f_1(x) + ∂f_2(x).

Apìdeixh: An f_1(x) = +∞ ă f_2(x) = +∞, tìte ∂f_1(x) = ∅ ă ∂f_2(x) = ∅ kai ∂(f_1 + f_2)(x) = ∅, opìte to sumpèrasma eÐnai profanèc. Ja perioristoÔme loipìn sthn perÐptwsh x ∈ dom(f) ∩ dom(g).

(a) ’Estw z_1 ∈ ∂f_1(x), z_2 ∈ ∂f_2(x). Tìte, f_1(x + u) ≥ f_1(x) + ⟨z_1, u⟩ kai f_2(x + u) ≥ f_2(x) + ⟨z_2, u⟩ gia kĹje u ∈ R^n , Ĺra (f_1 + f_2)(x + u) ≥ (f_1 + f_2)(x) + ⟨z_1 + z_2, u⟩.

(b) ’Estw z ∈ ∂(f_1 + f_2)(x). Ja broÔme z_1 ∈ ∂f_1(x) kai z_2 ∈ ∂f_2(x) me z_1 + z_2 = z. Dhladă, ja broÔme z_1 ∈ R^n tètoio ÿste f_1(x + u) ≥ f_1(x) + ⟨u, z_1⟩ kai f_2(x + u) ≥ f_2(x) + ⟨u, z − z_1⟩ gia kĹje u ∈ R^n . IsodÔnama zhtĹme f_1(x + u) − f_1(x) ≥ ⟨u, z_1⟩ ≥ f_2(x) − f_2(x + u) + ⟨u, z⟩, u ∈ R^n . JewroÔme tic sunartăseic g_1(u) = f_1(x + u) − f_1(x), u ∈ R^n kai g_2(u) = −f_2(x + u) + f_2(x) + ⟨u, z⟩, u ∈ R^n .

H g_1 eÐnai kanonikă kurtă kai h g_2 kanonikă koÐlh (wc Ĺjroisma thc antÐjethc miĹc kanonikăc kurtăc kai miĹc affinikăc). IsqÔei g_1 ≥ g_2, giatÐ g_1(u) − g_2(u) = (f_1 + f_2)(x + u) − (f_1 + f_2)(x) − ⟨u, z⟩ kai z ∈ ∂(f_1 + f_2)(x). Apì thn upìjesh sto (b), upĹrqei x_0 ∈ dom(f_1) ∩ dom(f_2) sto opoÐo h f_1 eÐnai suneqăc. Tìte, x_0 − x ∈ dom(g_1) ∩ dom(g_2) kai h g_1 eÐnai suneqăc sto x_0 − x. ’Ara ikanopoioÔntai oi upojèseic tou Lămmatoc, opìte upĹrqei affinikă sunĹrthsh T : R^n → R tètoia ÿste g_1 ≥ T ≥ g_2. Gia u = 0 isqÔei 0 = g_1(0) ≥ T (0) ≥ g_2(0) = 0, Ĺra T (0) = 0, dhladă h T eÐnai grammikă, Ĺra èqei th morfă T (u) = ⟨u, z_1⟩ gia kĹpoio z_1 ∈ R^n .

Tìte paÐrnoume f_1(x + u) − f_1(x) = g_1(u) ≥ ⟨u, z_1⟩ ≥ g_2(u) = f_2(x) − f_2(x + u) + ⟨u, z⟩, dhladă to z_1 ikanopoieÐ tic zhtoÔmenec anisìthtec. □

3.5 Suzugăc sunĹrthsh

§1. Orismìc ’Estw f : R^n → R. H suzugăc (ă polikă) sunĹrthsh thc f eÐnai h f^∗ : R^n → R pou orÐzetai apì thn

f^∗(y) = sup_{x∈Rn} [ ⟨x, y⟩ − f(x) ] . H dipolikă sunĹrthsh f^{∗∗} thc f eÐnai h (f^∗)^∗.

Parathrăseic: (a) An h f^∗(y) eÐnai peperasmènh, tìte eÐnai o mikrìteroc pragmatikìc arijmìc a gia ton opoÐo èqoume f(x) ≥ ⟨x, y⟩ − a gia kĹje x ∈ R^n . (b) H f eÐnai supremum affinikÿn sunartăsewn, epomènwc eÐnai kurtă sunĹrthsh.

§2. Basikèc idiìthtec pou prokÔptoun Ĺmesa apì ton orismì eÐnai oi exăc:

(1) An f, h : R^n → R kai f ≤ h, tìte f^∗ ≥ h^∗.

(2) (+∞)^∗ = −∞. AntÐstrofa, an h f^∗ paÐrnei thn timă −∞, tìte f ≡ +∞. (3) An h f : R^n → R paÐrnei thn timă −∞ se kĹpoio shmeÐo, tìte f^∗ ≡ +∞.

Eidikìtera, (−∞)^∗ = +∞.

Parathrăste ìti, apì ta (2) kai (3), h sqèsh f^{∗∗} = f den eÐnai genikĹ swstă. Den eÐnai dÔskolo na deÐte ìti f^{∗∗} ≤ f gia kĹje f : R^n → R.

(4) An {f_i : i ∈ I} eÐnai mÐa oikogèneia sunartăsewn f_i : R^n → R, tìte ( inf_{i∈I} f_i )_∗ = sup_{i∈I} f^∗_i

kai ( sup_{i∈I} f_i )_∗ ≤ inf_{i∈I} f^∗_i .

Sthn teleutaÐa anisìthta, den èqoume genikĹ isìthta.

(5) An f : R^n → R kai λ > 0, tìte (λf)^∗(y) = λf^∗ ( y λ ) . (6) An f : R^n → R kai a ∈ R, tìte

(f + a)^∗ = f^∗ − a.

(7) An f : R^n → R kai x ∈ R^n , tìte f^∗_x (y) = f^∗(y) + ⟨x, y⟩, ìpou f_x h sunĹrthsh pou orÐzetai apì thn f_x(z) = f(z − x), z ∈ R^n .

(8) An f : R^n → R, tìte inf{f(x) : x ∈ R^n } = −f^∗(0).

ParadeÐgmata: 1. JewroÔme thn f(x) =^1_2 ‖x‖^2. Tìte,

f^∗(y) = sup_x [ ⟨x, y⟩ − 1 2 ‖x‖^2 ] = sup_{t≥0} sup_{‖x‖=t} [ ⟨x, y⟩ − 1 2 ‖x‖^2 ]

= sup_{t≥0} ( t sup_{‖x‖=1}⟨x, y⟩ − t^2 2 ) = sup_{t≥0} [ t‖y‖ − t^2 2 ]

= 1 2 ‖y‖^2, dhladă f^∗ = f.

2. ’Estw K uposÔnolo tou R^n kai δ_K h deÐktria sunĹrthsh tou K (blèpe 3.1, §4). Tìte, gia kĹje y ∈ R^n isqÔei δ^∗_K (y) = sup_{x∈Rn}(⟨x, y⟩ − δ_K (y)) = sup_{x∈K}(⟨x, y⟩ − δ_K (y)) = sup_{x∈K}⟨x, y⟩. Eidikìtera, an to K eÐnai kurtì sumpagèc, tìte h δ^∗_K sumpÐptei me th sunĹrthsh stărixhc h_K tou K. An K = {a}, tìte δ^∗_K (y) = ⟨a, y⟩, dhladă se autăn thn perÐptwsh h suzugăc sunĹrthsh eÐnai grammikă.

3. ’Estw f(x) = ⟨a, x⟩, x ∈ R^n , gia kĹpoio a ∈ R^n . Tìte, f^∗(y) = sup_{x∈Rn}(⟨x, y⟩ − ⟨a, x⟩) = sup_{x∈Rn}⟨x, y − a⟩. ’Ara, f^∗(y) = +∞ an y ≠ a kai f^∗(y) = 0 an y = a. Dhladă, f^∗ = δ_{{a}}.

4. ’Estw f(x) = ‖x‖, x ∈ R^n . Tìte, f^∗(y) = sup_{x∈Rn}(⟨x, y⟩ − ‖x‖). An ‖y‖ ≤ 1, tìte ⟨x, y⟩ − ‖x‖ ≤ 0 gia kĹje x ∈ R^n . Epiplèon, to 0 eÐnai timă thc ⟨x, y⟩ − ‖x‖ (gia x = 0). ’Ara, f^∗(y) = 0.

An ‖y‖ > 1, tìte gia λ > 0 isqÔei ⟨λy, y⟩ − ‖λy‖ = λ(‖y‖^2 − ‖y‖). ’Ara, f^∗(y) ≥ sup_{λ>0} λ(‖y‖^2 − ‖y‖) = +∞. Sunepÿc, f^∗ = δ_{D(0,1)}.

Jeÿrhma 3.21 ’Estw f, g : R^n → R ∪ {+∞} kanonikèc kurtèc sunartăseic. Tìte, (f□g)^∗ = f^∗ + g^∗.

Apìdeixh: An y ∈ R^n , isqÔei (f□g)^∗(y) = sup_{x∈Rn}(⟨x, y⟩ − (f□g)(x)) = sup_{x∈Rn} ( ⟨x, y⟩ − inf_{z∈Rn}(f(z) + g(x − z) )

= sup_{x∈Rn} sup_{z∈Rn}(⟨x, y⟩ − f(z) − g(x − z)) = sup_{x∈Rn} sup_{z∈Rn}(⟨x − z, y⟩ − f(z) + ⟨z, y⟩ − g(x − z)) = sup_{x∈Rn} sup z∈R^n:f (z)≠+∞ (⟨x − z, y⟩ − f(z) + ⟨z, y⟩ − g(x − z)) = sup z∈R^n:f (z)≠+∞ ( ⟨z, y⟩ − f(z) + sup_{x∈Rn}[⟨x − z, y⟩ − g(x − z)] )

= sup z∈R^n:f (z)≠+∞ ( ⟨z, y⟩ − f(z) + sup_{u∈Rn}[⟨u, y⟩ − g(u)] )

= sup z∈R^n:f (z)≠+∞ (⟨z, y⟩ − f(z) + g^∗(y)) = sup_{z∈Rn}(⟨z, y⟩ − f(z)) + g^∗(y) = f^∗(y) + g^∗(y). (O periorismìc f(z) ≠ +∞ ston sqhmatismì merikÿn supremum èqei gÐnei gia na apokleisjeÐ h perÐptwsh na sqhmatÐzontai ajroÐsmata sta opoÐa emfanÐzontai kai to +∞ kai to −∞. O periorismìc den ephreĹzei thn timă twn supremum, afoÔ, an f(z) = +∞, to antÐstoiqo stoiqeÐo pou emfanÐzetai sto sqhmatismì tou supremum eÐnai to −∞). □ ParĹdeigma ’Estw K kurtì, sumpagèc uposÔnolo tou R^n . JewroÔme tic sunartăseic f(x) = d(x, K) kai g(x) = ‖x‖. Tìte, f = g□δ_K (blèpe 3.1, §5). ’Ara, f^∗ = g^∗ + δ^∗_K , dhladă f^∗(y) = h_K (y) an ‖y‖ ≤ 1, kai f^∗(y) = +∞ an ‖y‖ > 1. §3. ’Estw f : R^n → R. Apì ton orismì thc suzugoÔc sunĹrthshc, gia kĹje x, y ∈ R^n èqoume f^∗(y) ≥ ⟨x, y⟩ − f(x) dhladă, (∗) f(x) + f^∗(y) ≥ ⟨x, y⟩, ìtan èqei nìhma to prÿto mèloc. H (∗) lègetai anisìthta tou Fenchel. Jeÿrhma 3.22 ’Estw f : R^n → R kai x èna shmeÐo sto opoÐo h f paÐrnei peperasmènh timă. Tìte, y ∈ ∂f(x) an kai mìno an f^∗(y) = ⟨x, y⟩ − f(x).

Apìdeixh: H isìthta sthn anisìthta tou Fenchel isodunameÐ me to ìti ⟨x, y⟩ − f(x) ≥ f^∗(y) = sup_{z∈Rn}(⟨y, z⟩ − f(z)). Autì eÐnai isodÔnamo me to ìti ⟨x, y⟩ − f(x) ≥ ⟨y, z⟩ − f(z) gia kĹje z ∈ R^n , dhladă f(z) ≥ f(x) + ⟨y, z − x⟩ gia kĹje z ∈ R^n . Autì ìmwc isqÔei akribÿc ìtan y ∈ ∂f(x). □

To Jeÿrhma 3.22 deÐqnei ìti ta upodiaforikĹ thc f sto x eÐnai akribÿc ekeÐna ta y ∈ R^n gia ta opoÐa h anisìthta tou Fenchel gÐnetai isìthta.

3.6 To jeÿrhma duðsmoÔ tou Fenchel

Ston kurtì programmatismì, suqnĹ metasqhmatÐzoume èna prìblhma elaqistopoÐhshc se èna prìblhma megistopoÐhshc to opoÐo onomĹzetai duðkì prìblhma. UpĹrqoun diĹforoi trìpoi me touc opoÐouc kataskeuĹzontai duðkĹ problămata. ’Enac apì autoÔc basÐzetai sto jeÿrhma duðsmoÔ tou Fenchel.

JumhjeÐte ìti mÐa sunĹrthsh g : R^n → R lègetai koÐlh an h −g eÐnai kurtă. An h g eÐnai koÐlh, orÐzoume dom(g) = {x ∈ R^n : g(x) > −∞}. H g lègetai kanonikă an h −g eÐnai kanonikă kurtă sunĹrthsh. H suzugăc koÐlh sunĹrthsh thc g eÐnai h sunĹrthsh g_∗ : R^n → R pou orÐzetai apì thn g_∗(y) = inf_{x∈Rn} { ⟨x, y⟩ − g(x) } . H g_∗ eÐnai koÐlh sunĹrthsh, kai g_∗(y) = −(−g)^∗(−y) gia kĹje y ∈ R^n .

Jeÿrhma duðsmoÔ tou Fenchel ’Estw f : R^n → R kanonikă kurtă sunĹrthsh kai g : R^n → R kanonikă koÐlh sunĹrthsh. Tìte, an int(dom(f)) ∩ int(dom(g)) ≠ ∅ èqoume inf_{x∈Rn} { f(x) − g(x) } = sup_{y∈Rn} { g_∗(y) − f^∗(y) } . Apìdeixh: ParathroÔme ìti isqÔei f(x) ≠ −∞, f^∗(y) ≠ −∞, g(x) ≠ +∞, g_∗(y) ≠ +∞ gia kĹje x, y ∈ R^n . Eidikìtera, oi diaforèc f(x) − g(x) kai g_∗(y) − f^∗(y) orÐzontai gia kĹje x, y ∈ R^n .

Apì thn anisìthta tou Fenchel èqoume f(x) + f^∗(y) ≥ ⟨x, y⟩ ≥ g(x) + g_∗(y)

Ĺra f(x) − g(x) ≥ g_∗(y) − f^∗(y) gia kĹje x, y ∈ R^n . ’Epetai ìti inf_{x∈Rn}(f(x) − g(x)) ≥ sup_{y∈Rn}(g_∗(y) − f^∗(y)). Jètoume m = inf_{x∈R}n(f(x) − g(x)) kai ja apodeÐxoume ìti m ≤ sup_{y∈R}n(g_∗(y) − f^∗(y)).

AfoÔ dom(f) ∩ dom(g) ≠ ∅, isqÔei m < +∞. An m = −∞, h anisìthta eÐnai profanăc. ’Estw loipìn ìti m ∈ R. JewroÔme tic sunartăseic f kai g + m. H f eÐnai kanonikă kurtă sunĹrthsh, h g kanonikă koÐlh kai f ≥ g + m.

An x_0 ∈ int(dom(f))∩int(dom(g)), tìte h f eÐnai suneqăc sto x_0 (Jeÿrhma 3.8). ’Ara, ikanopoioÔntai oi upojèseic tou Lămmatoc pou prohgeÐtai tou Jewrămatoc 3.20. Sunepÿc, upĹrqei affinikă sunĹrthsh T : R^n → R me f ≥ T ≥ g + m. Dhladă upĹrqoun z ∈ R^n , α ∈ R, ètsi ÿste f(x) ≥ ⟨z, x⟩ + α ≥ g(x) + m gia kĹje x ∈ R^n . Tìte −α ≥ ⟨z, x⟩ − f(x) gia kĹje x ∈ R^n , dhladă −α ≥ f^∗(z). EpÐshc ⟨z, x⟩ − g(x) ≥ m − α gia kĹje x ∈ R^n , Ĺra g_∗(z) ≥ m − α. ’Epetai ìti g_∗(z) ≥ f^∗(z) + m, Ĺra sup_{y∈R}n(g_∗(y) − f^∗(y)) ≥ m. □ ParĹdeigma: ’Estw K kurtì sumpagèc uposÔnolo tou R^n me mh kenì eswterikì, kai x_0 ∈ R^n . JewroÔme tic sunartăseic f(x) = ‖x − x_0‖, g = −δ_K . Oi upojèseic tou prohgoÔmenou jewrămatoc ikanopoioÔntai fanerĹ. IsqÔei

inf_{x∈Rn}(f(x) − g(x)) = inf_{x∈K}(f(x) − g(x)) = inf_{x∈K} f(x) = d(x_0, K), x ∈ R^n .

SÔmfwna me thn idiìthta (7) thc suzugoÔc sunĹrthshc kai to parĹdeigma 4 (3.5, §2) isqÔei

f^∗(y) = δ_{D(0,1)}(y) + ⟨x_0, y⟩ = ⟨x_0, y⟩ , ‖y‖ ≤ 1 +∞ , ‖y‖ > 1 kai g_∗(y) = inf_{x∈Rn}(⟨x, y⟩ + δ_K (y)) = inf_{x∈K}⟨x, y⟩. ’Ara, qrhsimopoiÿntac kai thn summetrÐa tou D(0, 1) wc proc to 0, èqoume

sup_{y∈Rn}(g_∗(y) − f^∗(y)) = sup_{y∈Rn} ( inf_{x∈K}⟨x, y⟩ − δ_{D(0,1)}(y) − ⟨x_0, y⟩ )

= sup y∈D(0,1) ( inf_{x∈K}⟨x, y⟩ − ⟨x_0, y⟩ )

= sup_{‖y‖≤1} ( ⟨x_0, y⟩ + inf_{x∈K}⟨x, y⟩ )

= sup_{‖y‖≤1}(⟨x_0, y⟩ − h_K (y)).

To jeÿrhma tou Fenchel dÐnei loipìn thn exăc isìthta: d(x_0, K) = sup_{‖y‖≤1}(⟨x_0, y⟩ − h_K (y)). EÔkola epalhjeÔetai ìti to supremum den allĹzei an jewrăsoume mìnon ta y me ‖y‖ = 1. Sthn perÐptwsh aută, h gewmetrikă shmasÐa twn arijmÿn pĹnw apì touc opoÐouc paÐrnetai to supremum faÐnetai sto parakĹtw sqăma.

3.7 Askăseic

1. ’Estw f : R^n → R kurtă sunĹrthsh. An to sÔnolo dom(f) eÐnai anoiktì, apodeÐxte ìti f(x) > −∞ gia kĹje x ∈ R^n ă f(R^n ) ⊆ {−∞, +∞}.

2. (a) DÐnetai sunĹrthsh f : R^n → R, gia thn opoÐa to sÔnolo {(x, t) ∈ R^{n+1} : t > f(x)} eÐnai kurtì. ApodeÐxte ìti h f eÐnai kurtă.

(b) ’Estw f : R^2 → R kurtă sunĹrthsh. OrÐzoume th sunĹrthsh g : R → R me ton tÔpo g(x) = inf{f(x, y) : y ∈ R}. ApodeÐxte ìti h g eÐnai kurtă.

3. ’Estw K ⊆ R^{n+1} kurtì. Gia x ∈ R^n orÐzoume f(x) = inf{t ∈ R : (x, t) ∈ K}. ApodeÐxte ìti h f : R^n → R eÐnai kurtă sunĹrthsh.

4. BreÐte thn f□g stic parakĹtw periptÿseic:

(a) f : R^n → R kurtă, g = δ_{{x0}}.

(b) H f orÐzetai apì thn f(x) = { − log x , x > 0

+∞ , x ≤ 0 kai h g apì thn f(x) = { 0 , x ≤ 0

+∞ , x > 0.

5. An f, g : R^n → R kanonikèc kurtèc sunartăseic, apodeÐxte ìti dom(f□g) = dom(f) + dom(g).

6. ’Estw K kurtì kai sumpagèc uposÔnolo tou R^n , f : K → R kurtă kai suneqăc, kai α = max{f(x) : x ∈ K}. ApodeÐxte ìti upĹrqei akraÐo shmeÐo x tou K me f(x) = α. 7. An f : R^n → R kurtă sunĹrthsh, apodeÐxte ìti f^′(x; y) ≤ f(x + y) − f(x) gia kĹje x, y ∈ R^n .

8. ’Estw K kleistì kai kurtì uposÔnolo tou R^n , kai f(x) = d(x, K). ’Estw x ∈ R^n \K kai y ∈ K me d(x, K) = ‖x − y‖. ApodeÐxte ìti ∇f(x) = x − y ‖x − y‖ . SumperĹnate ìti h f eÐnai diaforÐsimh sto R^n \K. [Upìdeixh: Upojèste ìti y = 0. To uperepÐpedo H = {z ∈ R^n : ⟨z, x⟩ = 0} diaqwrÐzei ta sÔnola K kai D(x, ‖x‖). Gia ‖h‖ < ‖x‖, isqÔei ⟨ x + h, x ‖x‖ ⟩ ≤ d(x + h, K) ≤ ‖x + h‖.] 9. ’Estw f : R^n → R kurtă sunĹrthsh, x ∈ R^n . EÐnai gnwstì ìti h sunĹrthsh g_x(y) = f^′(x; y), y ∈ R^n , eÐnai kurtă. ’Ara, gia kĹje z ∈ R^n upĹrqei h pleurikă parĹgwgoc g^′_x(y; z). OrÐzoume f^{′′}(x; y; z) = g^′_x(y; z). ApodeÐxte ìti:

(a) f^{′′}(x; y; y) = f^′(x; y). (b) f^{′′}(x; y; −y) = −f^′(x; y).

10. JewroÔme th sunĹrthsh f(x) = −x^{a1}_1 . . . x^{an}_n , x ∈ R^n , x_1 > 0, . . . , x_n > 0, ìpou a_i > 0, i = 1, 2, . . . , n.

(a) ApodeÐxte ìti h f eÐnai kurtă an kai mìno an a_1 + . . . + a_n ≤ 1. [Upìdeixh: Qrhsimopoiăste thn Essiană.]

(b) ApodeÐxte ìti ta sÔnola stĹjmhc thc f eÐnai kurtĹ. 11. BreÐte tic sunartăseic stărixhc twn parakĹtw sunìlwn: K = {x ∈ R^n : x_i ≥ 0, i = 1, . . . , n, x_1 + . . . + x_n = 1}. L = {(x, y) ∈ R^2 : (x/a)^2 + (y/b)^2 ≤ 1}, a, b > 0. 12. BreÐte tic sunartăseic stĹjmhc twn parakĹtw sunìlwn: K = {(x, y) ∈ R^2 : (x/a)^2 + (y/b)^2 ≤ 1}, a, b > 0. L = {(x, y) ∈ R^2 : |y| ≤ 1}. M = {(x, y, z) ∈ R^3 : x^2 + y^2 ≤ 1, |z| ≤ 1}. 13. An K, L ⊆ R^n kurtĹ sumpagă kai C = co(K ∪ L), apodeÐxte ìti h_C (x) = max{h_K (x), h_L(x)}, x ∈ R^n . 14. An K, L ⊆ R^n kurtĹ kleistĹ me 0 ∈ int(K) ∩ int(L), apodeÐxte ìti g_{K∩L}(x) = max{g_K (x), g_L(x)}, x ∈ R^n . 15. ’Estw h : R^n → R kurtă, jetikĹ omogenăc. ApodeÐxte ìti:

(a) h^′(u, u) = h(u) kai h^′(u; −u) = −h(u). (b) h^′(u; y) ≤ h(y).

16. ’Estw K ⊆ R^n kurtì sumpagèc, kai u ∈ R^n , u ≠ 0. An L = {x ∈ K : h_K (u) = ⟨x, u⟩}, apodeÐxte ìti:

(a) h^′_K (u; y) = h_L(y), y ∈ R^n . [Upìdeixh: An x ∈ L, qrhsimopoiÿntac th sqèsh ⟨x, y⟩ = ⟨x, u + λy⟩ − ⟨x, u⟩ λ sumperĹnate ìti h_L(y) ≤ h^′_K (u; y).

AntÐstrofa, an ⟨x, y⟩ ≤ h^′_K (u; y), y ∈ R^n , qrhsimopoiÿntac thn ’Askhsh 15 sumperĹnate ìti x ∈ L.]

(b) H h_K eÐnai diaforÐsimh sto u an kai mìno an to L eÐnai monosÔnolo. 17. An K ⊆ R^n kurtì sumpagèc, apodeÐxte ìti h h_K eÐnai grammikă an kai mìno an to K eÐnai monosÔnolo.

18. An K ⊆ R^n kurtì sumpagèc, apodeÐxte ìti ∂h_K (0) = K.

19. JewroÔme th sunĹrthsh f : R^2 → R me f(x, y) = |x| + |y|. ApodeÐxte ìti

∂f(x, y) =

{sgnx + sgny} , x ≠ 0, y ≠ 0

[−1, 1] × [−1, 1] , x = 0, y = 0

{sgnx} × [−1, 1] , x ≠ 0, y = 0

[−1, 1] × {sgny} , x = 0, y ≠ 0.

20. ’Estw f : R^n → R kurtă sunĹrthsh. An z_1 ∈ ∂f(x_1) kai z_2 ∈ ∂f(x_2), deÐxte ìti ⟨z_1 − z_2, x_1 − x_2⟩ ≥ 0. (Dhladă, to upodiaforikì eÐnai {aÔxousa sunĹrthsh}.)

21. ’Estw f : R^n → R kurtă sunĹrthsh. ApodeÐxte ìti:

(a) Gia kĹje x_0 ∈ R^n to ∂f(x_0) eÐnai sumpagèc. [Upìdeixh: Jewrăste tic anisìthtec f(x_0 + x) ≥ f(x_0) + ⟨z, x⟩, z ∈ ∂f(x_0), x ∈ R^n , kai breÐte frĹgmata twn ⟨z, e_i⟩.]

(b) h_{∂f (x0)}(x) = f^′(x_0; x), x ∈ R^n . [Upìdeixh: H sunĹrthsh tou deutèrou mèlouc eÐnai kurtă kai jetikĹ omogenăc, Ĺra eÐnai h sunĹrthsh stărixhc kĹpoiou kurtoÔ sumpagoÔc sunìlou.]

22. JewroÔme ta sÔnola A = {(x, y) ∈ R^2 : y > 0} ∪ {(x, y) ∈ R^2 : y = 0, x ≥ 0} kai B = {(x, y) ∈ R^2 : y < 0} ∪ {(x, y) ∈ R^2 : y = 0, x ≤ 0}, kai tic sunartăseic f_1 = δ_A kai f_2 = δ_B . ApodeÐxte ìti:

(a) ∂f_1(0) = {(0, t) : t ≤ 0}. (b) ∂f_2(0) = {(t, 0) : t ≥ 0}. (g) f_1 + f_2 = δ_{{0}}.

(d) ∂(f_1 + f_2)(0) ≠ ∂f_1(0) + ∂f_2(0).

23. ’Estw ϕ : R → R Ĺrtia sunĹrthsh. OrÐzoume tic sunartăseic f(x) = ϕ(‖x‖) kai g(x) = ϕ^∗(‖x‖), x ∈ R^n . ApodeÐxte ìti f^∗ = g.

24. ’Estw f : R^n → R gia thn opoÐa isqÔei f = f^∗. ApodeÐxte ìti f(x) =^1_2 ‖x‖^2, x ∈ R^n . 25. ’Estw K ⊆ R^n kurtì sumpagèc.

(a) ’Estw y /∈ K, z_0 ∈ K me ‖z_0 − y‖ = d(y, K). Tìte, gia kĹje z ∈ K isqÔei ⟨z_0 −y, z −y⟩ > 0. [Upìdeixh: An ⟨z_0 −y, z −y⟩ ≤ 0, ta dÔo dianÔsmata sqhmatÐzoun ambleÐa ă orjă gwnÐa, opìte upĹrqei shmeÐo x sto eujÔgrammo tmăma me Ĺkra ta z, z_0 ètsi ÿste ‖x − y‖ < ‖z_0 − y‖.]

(b) ApodeÐxte ìti h^∗_K = δ_K (sunepÿc, δ^{∗∗}_K = δ_K ).

26. An K kÿnoc ston R^n , apodeÐxte ìti δ^∗_K = δ_K∘ .

27. ’Estw f : R^n → R kai x ∈ R^n me ∂f(x) ≠ ∅. DeÐxte ìti f^{∗∗}(x) = f(x).

KefĹlaio 4

Efarmogèc

4.1 JewrÐa paignÐwn

DÔo paÐktec, o A kai o B, èqoun megĹla apojèmata apì draqmèc, tĹlhra kai dekĹrika. ApofasÐzoun na paÐxoun to exăc paiqnÐdi: se kĹje gÔro, kajènac apì touc dÔo epilègei èna kèrma. An to Ĺjroisma twn axiÿn twn dÔo kermĹtwn eÐnai perittìc arijmìc, tìte o A paÐrnei to kèrma tou B. An eÐnai Ĺrtioc, tìte o B paÐrnei to kèrma tou A. To paiqnÐdi epanalambĹnetai me touc Ðdiouc ìrouc kai kĹje paÐkthc prospajeÐ na megistopoiăsei ta kèrdh (ă na elaqistopoiăsei tic apÿleièc tou). To erÿthma eÐnai poiĹ prèpei na eÐnai h taktikă kajenìc apì touc paÐktec.

Gia to skopì autì jewroÔme ènan pÐnaka, ton pÐnaka apodìsewn P , o opoÐoc dÐnei ta kèrdh tou A gia tic 3 × 3 = 9 pijanèc ekbĹseic tou paiqnidioÔ.

O paÐkthc A, blèpontac thn apìdosh 10 thc prÿthc grammăc gia thn opoÐa qreiĹzetai na riskĹrei mìno mÐa draqmă, apofasÐzei na paÐzei pĹnta draqmèc. O paÐkthc B skèftetai arqikĹ na paÐzei dekĹrika (ton sugkineÐ to −10 thc trÐthc stălhc), parathrÿntac ìmwc thn taktikă tou A (qĹnontac dhladă èna dekĹriko kĹje forĹ) arqÐzei ki autìc na paÐzei draqmèc. O paÐkthc A antilambĹnetai thn allagă kai apantĹ me ta dekĹrikĹ tou. ’Etsi suneqÐzetai to paiqnÐdi. MporeÐ kĹpoioc apì touc dÔo paÐktec na anaptÔxei kĹpoia nikhtăria strathgikă?

Prin apantăsoume, ac jewrăsoume èna Ĺllo paiqnÐdi me pÐnaka apodìsewn gia ton paÐkth A ton parakĹtw pÐnaka Q.

Ac upojèsoume ìti oi dÔo paÐktec paÐzoun autì to paiqnÐdi. O paÐkthc A, ìntac sunthrhtikìc, apofasÐzei na paÐxei ta dekĹrikĹ tou. H skèyh tou eÐnai h exăc: ìti ki an kĹnei o B, ja kerdÐzw pĹnta toulĹqiston mÐa draqmă, enÿ an èpaiza otidăpote Ĺllo ja mporoÔse kai na qĹsw. O paÐkthc B, pou eÐnai thc autăc nootropÐac, apofasÐzei na paÐzei ta tĹlhrĹ tou. KatalabaÐnei ìti autì den egguĹtai pwc ja nikăsei, allĹ paÐzontac ètsi elaqistopoieÐ tic apÿleièc tou. Pÿc skèfthkan oi dÔo paÐktec? O paÐkthc A upolìgise to elĹqisto kĹje grammăc (to qeirìtero pou ja mporoÔse na tou sumbeÐ) kai epèlexe th grammă gia thn opoÐa autì to elĹqisto eÐnai mègisto. ’Omoia, o B upolìgise to mègisto kĹje stălhc (to qeirìtero pou ja mporoÔse na tou sumbeÐ) kai epèlexe th stălh gia thn opoÐa autì to mègisto eÐnai elĹqisto. Tÿra h katĹstash eÐnai eustajăc. O A ja suneqÐsei na paÐzei ta dekĹrikĹ tou kai o B ta tĹlhrĹ tou. O B ja suneqÐsei na qĹnei, den ja mporoÔse ìmwc na kĹnei kĹti diaforetikì gia na beltiÿsei th jèsh tou. H moÐra tou eÐnai prodiagegrammènh, ektìc an o A qĹsei ta logikĹ tou kai metaphdăsei se kĹpoia Ĺllh strathgikă.

H katĹstash sto prÿto paiqnÐdi eÐnai teleÐwc diaforetikă. ’Estw Q(i, j) h ijsuntetagmènh tou pÐnaka Q. Parathrăste ìti h stajeră jèsh (3, 2) tou pÐnaka Q èqei thn idiìthta na eÐnai h mikrìterh suntetagmènh thc grammăc thc kai h megalÔterh suntetagmènh thc stălhc thc. EÐnai, ìpwc lème, èna sagmatikì shmeÐo gia ton Q. Parathrăste akìma ìti

max_i min_j Q(i, j) = min_j max_i Q(i, j) = 1.

Apì thn Ĺllh pleurĹ, o P den èqei sagmatikĹ shmeÐa kai, epiplèon,

−1 = max_i min_j P (i, j) < min_j max_i P (i, j) = 1.

Oi parathrăseic pou kĹname meletÿntac autĹ ta dÔo aplĹ paiqnÐdia èqoun shmasÐa se èna polÔ eurÔtero plaÐsio. H Ôparxh sagmatikoÔ shmeÐou sundèetai stenĹ me thn isìthta tou maximin kai tou minimax.

Jeÿrhma 4.1 ’Estw A kai B tuqìnta sÔnola kai K : A × B → R. Tìte, (1) sup_{x∈A} inf_{y∈B} K(x, y) ≤ inf_{y∈B} sup_{x∈A} K(x, y). An upĹrqei (x_0, y_0) ∈ A × B me thn idiìthta (2) K(x, y_0) ≤ K(x_0, y_0) ≤ K(x_0, y) gia kĹje (x, y) ∈ A × B, tìte h (1) eÐnai isìthta kai ta dÔo mèlh thc eÐnai Ðsa me K(x_0, y_0).

Apìdeixh: Gia kĹje z ∈ A, y ∈ B isqÔei K(z, y) ≤ sup_x K(x, y). ’Ara, inf_{y∈B} K(z, y) ≤ inf_{y∈B} sup_x K(x, y) gia kĹje z ∈ A. ’Ara, sup_{x∈A} inf_{y∈B} K(x, y) ≤ inf_{y∈B} sup_{x∈A} K(x, y). Autì apodeiknÔei thn (1). ’Estw tÿra (x_0, y_0) pou ikanopoieÐ thn K(x, y_0) ≤ K(x_0, y_0) ≤ K(x_0, y) gia kĹje (x, y) ∈ A × B. Tìte, sup_{x∈A} K(x, y_0) ≤ K(x_0, y_0) ≤ inf_{y∈B} K(x_0, y).

AfoÔ inf_{y∈B} sup_{x∈A} K(x, y) ≤ sup_{x∈A} K(x, y_0) kai inf_{y∈B} K(x_0, y) ≤ sup_{x∈A} inf_{y∈B} K(x, y), èpetai to zhtoÔmeno. □ ’Ena shmeÐo (x_0, y_0) pou ikanopoieÐ thn (2) lègetai sagmatikì shmeÐo thc K sto A × B. To Jeÿrhma 4.1 den mĹc dÐnei kĹpoion trìpo gia na diapistÿsoume an upĹrqoun sagmatikĹ shmeÐa. EÐnai mĹlista polÔ dÔskolo na apodeÐxoume thn Ôparxh sagmatikoÔ shmeÐou qwrÐc periorismoÔc gia thn sunĹrthsh K kai ta sÔnola A kai B. ’Ena tètoio apotèlesma eÐnai to minimax jeÿrhma tou von Neumann. Jeÿrhma 4.2 ’Estw A ⊂ R^m kai B ⊂ R^n mh kenĹ, sumpagă kai kurtĹ sÔnola, kai èstw K : A × B → R suneqăc sunĹrthsh. An gia kĹje y ∈ B h K(x, y) eÐnai koÐlh sunĹrthsh sto A kai gia kĹje x ∈ A h K(x, y) eÐnai kurtă sunĹrthsh sto B, tìte upĹrqei sagmatikì shmeÐo (x^′, y^′) gia thn K sto A × B. Dhladă, max_{x∈A} min_{y∈B} K(x, y) = min_{y∈B} max_{x∈A} K(x, y) = K(x^′, y^′).

Apìdeixh: KĹnoume prÿta thn epiplèon upìjesh ìti h K(x, y) eÐnai gnăsia kurtă wc proc y kai gnăsia koÐlh wc proc x (gia kĹje x ∈ A kai y ∈ B antÐstoiqa). OrÐzoume g(y) = max_{x∈A} K(x, y). SÔmfwna me tic upojèseic mac, upĹrqei monadikì shmeÐo h(y) ∈ A sto opoÐo piĹnetai autì to maximum (upĹrqei lìgw sumpĹgeiac, kai eÐnai monadikì giatÐ h x → K(x, y) eÐnai gnăsia koÐlh).

H sunĹrthsh h : B → A eÐnai suneqăc sto B. Alliÿc, ja upărqan y_0 ∈ B, ε > 0, kai mÐa akoloujÐa {y_j } sto B tètoia ÿste y_j → y_0 kai ‖h(y_j ) − h(y_0)‖ > ε gia kĹje j. An x_j = h(y_j ), j = 0, 1, 2, . . ., apì to gegonìc ìti h K(x, y_0) eÐnai gnăsia koÐlh sumperaÐnoume ìti upĹrqei δ > 0 me thn idiìthta K(x_0, y_0) − K(x_j , y_j ) > δ, j = 1, 2, . . . . Apì thn Ĺllh pleurĹ,

K(x_0, y_0) − K(x_i, y_0) = [K(x_0, y_0) − K(x_0, y_i)] + [K(x_0, y_i) − K(x_i, y_0)]

kai afoÔ K(x_i, y_i) eÐnai h mègisth timă thc K(x, y_i) sto A, to dexiì mèloc eÐnai mikrìtero apì

[K(x_0, y_0) − K(x_0, y_i)] + [k(x_i, y_i) − K(x_i, y_0)].

H K eÐnai omoiìmorfa suneqăc sto sumpagèc A × B, Ĺra gia megĹla j oi dÔo autoÐ ìroi ja eÐnai mikrìteroi apì δ/2. Autì odhgeÐ se Ĺtopo.

H sunĹrthsh g(y) = K(h(y), y) eÐnai suneqăc sto B wc sÔnjesh suneqÿn sunartăsewn. ’Estw y^′ to shmeÐo sto opoÐo h g paÐrnei thn elĹqisth timă thc sto B. Dhladă, g(y^′) = min_{y∈B} g(y) = min_{y∈B} max_{x∈A} K(x, y).

Gia kĹje y ∈ B kai kĹje λ ∈ (0, 1), jètoume z = (1 − λ)y^′ + λy kai x^′ = h(y^′), w = h(z). Apì ton orismì tou y^′ èqoume g(y^′) ≤ g(z), ă isodÔnama, K(x^′, y^′) ≤ K(w, z). Apì thn kurtìthta thc K(x, y) wc proc y blèpoume ìti K(x^′, y^′) ≤ K(w, z) ≤ (1 − λ)K(w, y^′) + λK(w, y) ≤ (1 − λ)K(x^′, y^′) + λK(w, y), Ĺra K(x^′, y^′) ≤ K(w, y). Afănontac to λ → 0^+, èqoume z → y^′ kai apì thn sunèqeia thc h, w → x^′. ’Ara, K(x^′, y^′) ≤ K(x^′, y), kai afoÔ K(x, y^′) ≤ K(x^′, y^′), katalăgoume sthn K(x, y^′) ≤ K(x^′, y^′) ≤ K(x^′, y). Dhladă, to (x^′, y^′) eÐnai sagmatikì shmeÐo gia thn K.

An h K den upotejeÐ gnăsia kurtă kai koÐlh wc proc y kai x antÐstoiqa, gia ε > 0 mikrì orÐzoume K_ε(x, y) = K(x, y) − ε‖x‖ + ε‖y‖, opote kĹje K_ε ikanopoieÐ tic epiplèon upojèseic mac kai epomènwc èqei sagmatikì shmeÐo (x_ε, y_ε) ∈ A × B. Qrhsimopoiÿntac thn sumpĹgeia tou A × B kai paÐrnontac akoloujÐa ε_j → 0, brÐskoume upakoloujÐa thc (x_{εj} , y_{εj} ) pou sugklÐnei se sagmatikì shmeÐo thc K (Ĺskhsh).

Tèloc, o isqurismìc gia thn teleutaÐa isìthta sthn diatÔpwsh tou jewrămatoc prokÔptei apì to Jeÿrhma 4.1 kai thn paratărhsh ìti, sthn perÐptwsă mac, ta inf kai sup eÐnai min kai max antÐstoiqa (Ĺskhsh). □

Epistrèfoume sto paiqnÐdi me tic draqmèc, ta tĹlhra kai ta dekĹrika. O pÐnakac apodìsewn P tou paiqnidioÔ den eÐqe sagmatikĹ shmeÐa. OnomĹzoume tic pijanèc epilogèc tou kĹje paÐkth (draqmă, tĹlhro ă dekĹriko) amigeÐc strathgikèc. KaneÐc apì touc dÔo paÐktec den èqei amigă strathgikă pou na tou exasfalÐzei th nÐkh se kĹje gÔro. Ja mporoÔse ìmwc o A na skefteÐ mÐa akoloujÐa amigÿn strathgikÿn pou ja mpèrdeue ton B tìso polÔ ÿste o A na kerdÐzei metĹ apì pollèc epanalăyeic tou paiqnidioÔ. Aută h akoloujÐa den ja èprepe na akoloujeÐ kĹpoio kanìna, giatÐ o B ja apantoÔse me katĹllhlh akoloujÐa dikÿn tou strathgikÿn. H dunatìthta pou apomènei ston A eÐnai na epilègei tuqaÐa tic strathgikèc tou, apofasÐzontac mìno me poiĹ pijanìthta ja epilègei kĹje amigă strathgikă tou. UpĹrqei kĹpoioc bèltistoc trìpoc gia na to kĹnei?

MporoÔme na koitĹxoume autì to prìblhma piì genikĹ. Ac upojèsoume ìti oi paÐktec A kai B èqoun m kai n amigeÐc strathgikèc antÐstoiqa kai ìti mĹc èqei dojeÐ o m × n pÐnakac apodìsewn P = (p_{ij} ). MÐa meiktă strathgikă gia ton A eÐnai èna {diĹnusma pijanotătwn} x = (x_1, . . . , x_m), dhladă èna diĹnusma x tètoio ÿste x_i ≥ 0 kai ∑_m i=1 x_i = 1. Me ton orismì autì ennooÔme ìti o A ja qrhsimopoieÐ thn i-stă strathgikă me pijanìthta x_i. ’Omoia, to y = (y_1, . . . , y_n) eÐnai mÐa meiktă strathgikă tou B an y_j ≥ 0 kai ∑_n j=1 y_j = 1. Apì thn stoiqeiÿdh jewrÐa pijanotătwn, h sunĹrthsh anamenìmenhc apìdoshc orÐzetai apì thn E(x, y) = m∑ i=1 n∑ j=1 x_ip_{ij} y_j . OrÐzoume f(x) = min_{y∈B} E(x, y), g(y) = max_{x∈A} E(x, y) kai onomĹzoume ta x^′ kai y^′ bèltistec meiktèc strathgikèc twn A kai B an

f(x^′) = max_{x∈A} f(x) = max_{x∈A} min_{y∈B} E(x, y)

g(y^′) = min_{y∈B} g(y) = min_{y∈B} max_{x∈A} E(x, y).

To fusiologikì erÿthma eÐnai tÿra to exăc: upĹrqoun bèltistec meiktèc strathgikèc gia ton A kai/ă ton B? To jemeliÿdec jeÿrhma gia ta paiqnÐdia autoÔ tou eÐdouc mĹc dÐnei katafatikă apĹnthsh.

Jeÿrhma 4.3 Se kĹje paiqnÐdi me dÔo paÐktec ìpwc to parapĹnw, upĹrqoun bèltistec meiktèc strathgikèc kai gia touc dÔo paÐktec. Epiplèon, an x^′ kai y^′ eÐnai bèltistec meiktèc strathgikèc gia touc paÐktec A kai B, tìte

f(x^′) = max_{x∈A} min_{y∈B} E(x, y) = min_{y∈B} max_{x∈A} E(x, y) = g(y^′)

kai to (x^′, y^′) eÐnai sagmatikì shmeÐo gia thn E(x, y).

Apìdeixh: Efarmìzoume to Jeÿrhma 4.2 me K(x, y) = E(x, y) kai A = {x ∈ R^m : x_i ≥ 0, m∑ i=1 x_i = 1},

B = {y ∈ R^n : y_i ≥ 0, n∑ i=1 y_i = 1}. H E eÐnai grammikă wc proc x kai y, kai ta A, B eÐnai sumpagă kai kurtĹ (Ĺskhsh). ’Ara, mporoÔme na efarmìsoume to Jeÿrhma 4.2 kai na broÔme sagmatikì shmeÐo (x^′, y^′) thc E sto A × B. ’Omwc tìte, h f(x^′) eÐnai mègisth timă thc f kai h g(y^′) eÐnai elĹqisth timă thc g. Autì apodeiknÔei ton prÿto isqurismì tou jewrămatoc.

’Estw x^′ kai y^′ bèltistec meiktèc strathgikèc twn A kai B. H apìdeixh tou Jewrămatoc 4.2 deÐqnei ìti upĹrqei meiktă strathgikă x_0 tètoia ÿste to (x_0, y^′) na eÐnai sagmatikì shmeÐo gia thn E(x, y), kai apì autì èpetai ìti f(x_0) = g(y^′). ’Omwc f(x^′) ≤ g(y^′) apì thn (1) sto Jeÿrhma 4.1, kai an eÐqame gnăsia anisìthta, tìte ja paÐrname f(x^′) < f(x_0), dhladă h x^′ den ja ătan bèltisth. ’Ara, f(x^′) = g(y^′). Afănoume san Ĺskhsh na deÐxete ìti to (x^′, y^′) eÐnai sagmatikì shmeÐo gia thn E(x, y) (’Askhsh 4). □

H koină timă v^′ = f(x^′) = g(y^′) eÐnai h timă tou paiqnidioÔ. An v^′ = 0, to paiqnÐdi eÐnai dÐkaio. An v^′ > 0, merolhpteÐ upèr tou A, enÿ an v^′ < 0 merolhpteÐ upèr tou B.

Ac epistrèyoume sta paradeÐgmatĹ mac. ’Eqoun kai ta dÔo bèltistec strathgikèc gia kĹje paÐkth. Den ja asqolhjoÔme me thn eÔresh autÿn twn bèltistwn strathgikÿn. Gia to prÿto paiqnÐdi èqoume x^′ = (1/2, 0, 1/2) kai y^′ = (10/11, 0, 1/11), enÿ gia to deÔtero èqoume x^′ = (0, 0, 1) kai y^′ = (0, 1, 0). Gia to prÿto paiqnÐdi èqoume v^′ = 0 enÿ gia to deÔtero v^′ = 1. To prÿto paiqnÐdi eÐnai dÐkaio, enÿ to deÔtero merolhpteÐ upèr tou A.

4.2 Kurtìc programmatismìc

To prìblhma (P ) tou kurtoÔ programmatismoÔ eÐnai to exăc: DÐnontai èna kurtì sÔnolo A ⊆ R^n kai mÐa koÐlh sunĹrthsh f : A → R. Na brejeÐ h mègisth timă thc f sto A, kĹtw apì touc periorismoÔc ϕ_1(x) ≤ 0, . . . , ϕ_m(x) ≤ 0 ìpou kĹje ϕ_i : A → R eÐnai kurtă.

[Pollèc forèc zhtĹme thn elĹqisth timă miĹc kurtăc sunĹrthshc kĹtw apì kurtoÔc periorismoÔc:to prìblhma autì eÐnai isodÔnamo me to prohgoÔmeno afoÔ h −f eÐnai koÐlh an h f eÐnai kurtă.]

PolÔ suqnĹ to A eÐnai to sÔnolo P^n = {x = (ξ_1, . . . , ξ_n) ∈ R^n : ξ_i ≥ 0}. Tìte, mporoÔme na diatupÿsoume to prìblhmĹ mac paraleÐpontac kĹje anaforĹ sto A kai prosjètontac th sunjăkh x ≥ 0. Gia eukolÐa sto sumbolismì, jewroÔme thn Φ = (ϕ_1, . . . , ϕ_m) : A → R^m kai onomĹzoume efiktì sÔnolo tou (P ) to F = {x ∈ A : Φ(x) ≤ 0}. ZhtĹme loipìn x_0 ∈ F tètoio ÿste f(x_0) ≥ f(x) gia kĹje x ∈ F .

Jeÿrhma 4.4 To sÔnolo F twn efiktÿn lÔsewn eÐnai kurtì.

Apìdeixh: To F eÐnai tomă tou A kai m kurtÿn sunìlwn (sunìlwn stĹjmhc twn kurtÿn sunartăsewn ϕ_i, i = 1, . . . , m). □

An ìlec oi sunartăseic tou problămatoc ătan diaforÐsimec, ja mporoÔsame na qrhsimopoiăsoume th mèjodo twn pollaplasiastÿn Lagrange. Ja jewroÔsame dhladă th sunĹrthsh (1) K(x, y) = f(x) − y_1ϕ_1(x) − . . . − y_mϕ_m(x). An kai den èqoume kĹnei kammÐa upìjesh diaforisimìthtac, h sunĹrthsh aută ja faneÐ polÔ qrăsimh. Parathrăste ìti gia stajerì y ≥ 0, h sunĹrthsh K(x, y) eÐnai koÐlh sunĹrthsh tou x sto A, enÿ gia stajerì x ∈ A, eÐnai kurtă sunĹrthsh tou y. Gia mÐa tètoia sunĹrthsh, to shmeÐo (x_0, y_0) ∈ A × P^m eÐnai sagmatikì shmeÐo an gia kĹje (x, y) ∈ A × P^m,

K(x, y_0) ≤ K(x_0, y_0) ≤ K(x_0, y).

To prìblhma thc Ôparxhc lÔshc gia to prìblhma kurtoÔ programmatismoÔ (P ) sundèetai stenĹ me to prìblhma thc Ôparxhc sagmatikoÔ shmeÐou gia thn K(x, y). Gia na perigrĹyoume aută th sqèsh akribèstera, qreiĹzetai na orÐsoume akìma mÐa ènnoia. ’Ena shmeÐo x ∈ F lègetai gnăsia efiktă lÔsh gia to (P ) an ϕ_i(x) < 0 gia kĹje i = 1, . . . , m.

Jeÿrhma 4.5 JewroÔme to prìblhma kurtoÔ programmatismoÔ (P ) kai thn sunĹrthsh K(x, y) ìpwc parapĹnw.

(a) An h K èqei èna sagmatikì shmeÐo (x_0, y_0) ∈ A × P^m, tìte to x_0 eÐnai bèltisth lÔsh gia to (P ).

(b) ’Estw ìti to (P ) èqei mÐa gnăsia efiktă lÔsh w. Tìte, an to (P ) èqei mÐa bèltisth lÔsh x_0, upĹrqei y_0 ∈ P^m tètoio ÿste to (x_0, y_0) na eÐnai sagmatikì shmeÐo gia thn K.

Apìdeixh: (a) AfoÔ to (x_0, y_0) eÐnai sagmatikì shmeÐo, isqÔei

f(x) − ⟨y_0, Φ(x)⟩ ≤ f(x_0) − ⟨y_0, Φ(x_0)⟩ ≤ f(x_0) − ⟨y, Φ(x_0)⟩ gia kĹje x ∈ A, y ∈ P^m. H dexiĹ anisìthta sunepĹgetai ìti ⟨y, Φ(x_0)⟩ ≤ ⟨y_0, Φ(x_0)⟩ gia kĹje y ∈ P^m. Eidikìtera, ⟨y_0, Φ(x_0)⟩ ≥ λ⟨y_0, Φ(x_0)⟩ gia kĹje λ > 0. ’Ara, ⟨y_0, Φ(x_0)⟩ = 0.

Tìte ìmwc prokÔptei ìti ⟨y, Φ(x_0)⟩ ≤ 0 gia kĹje y ∈ P^m, Ĺra Φ(x_0) ≤ 0, dhladă to x_0 eÐnai efiktă lÔsh.

An x efiktă lÔsh, h aristeră anisìthta dÐnei

f(x) ≤ f(x) − ⟨y_0, Φ(x)⟩ ≤ f(x_0) − ⟨y_0, Φ(x_0)⟩ = f(x_0). ’Ara to x_0 eÐnai bèltisth lÔsh.

(b) Ja apodeiqjeÐ ìti upĹrqei y_0 ∈ P^m ètsi ÿste f(x) − ⟨y_0, Φ(x)⟩ ≤ f(x_0) − ⟨y_0, Φ(x_0)⟩ ≤ f(x_0) gia kĹje x ∈ A (tìte, afoÔ Φ(x_0) ≤ 0, isqÔei f(x_0) ≤ f(x_0) − ⟨y, Φ(x_0)⟩ gia kĹje y ∈ P^m, Ĺra to (x_0, y_0) eÐnai sagmatikì shmeÐo gia thn K). Autì eÐnai isodÔnamo me to ìti ⟨(1, y_0), (f(x), −Φ(x))⟩ ≤ ⟨(1, y_0), (f(x_0), −Φ(x_0))⟩ ≤ f(x_0) gia kĹje x ∈ A. JewroÔme ta sÔnola M = {(t, y) ∈ R^{m+1} : ∃x ∈ A : t ≤ f(x), y ≤ −Φ(x)} kai N = {(t, y) ∈ R^{m+1} : t ≥ f(x_0), y ≥ 0}. Ta sÔnola autĹ eÐnai kurtĹ kai M ∩ int(N) = ∅. GiatÐ, an (t, y) ∈ int(N) ∩ M tìte t > f(x_0). Epiplèon, upĹrqei x ∈ A me t ≤ f(x), y ≤ −Φ(x), dhladă to x eÐnai efiktă lÔsh. Tìte ìmwc, t ≤ f(x) ≤ f(x_0), to opoÐo eÐnai Ĺtopo. Epiplèon, int(N) ⊇ (f(x_0), +∞) × {y ∈ R^m : y > 0}, Ĺra int(N) ≠ ∅.

Apì to Jeÿrhma 2.9 upĹrqei uperepÐpedo pou diaqwrÐzei ta M, N. Dhladă upĹrqoun (a, b) ∈ R × R^m , (a, b) ≠ (0, 0) kai γ ∈ R tètoia ÿste at + ⟨b, y⟩ ≤ γ ≤ as + ⟨b, z⟩ gia kĹje (t, y) ∈ M, (s, z) ∈ N.

An (s, z) ∈ N, tìte (s^′, z) ∈ N gia kĹje s^′ ≥ s, Ĺra a ≥ 0. ’Omoia prokÔptei ìti b ≥ 0. Den eÐnai ìmwc dunatìn na isqÔei a = 0. GiatÐ, gia kĹje x ∈ A isqÔei (f(x), −Φ(x)) ∈ M, Ĺra af(x) + ⟨b, −Φ(x)⟩ ≤ af(x_0)

(afoÔ (f(x_0), 0) ∈ N). An a = 0, èpetai ìti ⟨b, −Φ(x)⟩ ≤ 0 gia kĹje x ∈ A. AfoÔ upĹrqei gnăsia efiktă lÔsh paÐrnoume b = 0, Ĺra (a, b) = (0, 0), to opoÐo eÐnai Ĺtopo.

IsqÔei loipìn a > 0 kai epomènwc mporoÔme na upojèsoume ìti a = 1. Tìte èqoume t + ⟨b, y⟩ ≤ γ ≤ s + ⟨b, z⟩ gia kĹje (t, y) ∈ M, (s, z) ∈ N, kai eidikìtera: f(x) + ⟨b, −Φ(x)⟩ ≤ γ ≤ f(x_0) + ⟨b, −Φ(x_0)⟩ gia kĹje x ∈ A. Epeidă ìmwc (x_0, 0) ∈ N, èpetai kai ìti

f(x_0) + ⟨b, −Φ(x_0)⟩ ≤ f(x_0),

Ĺra ⟨b, Φ(x_0)⟩ = 0, afoÔ b ≥ 0, Φ(x_0) ≤ 0. ’Ara, an pĹroume y_0 = b, ikanopoioÔntai oi zhtoÔmenec anisìthtec. □

MporoÔme na diatupÿsoume ta sumperĹsmata tou Jewrămatoc 4.5 qwrÐc Ĺmesh anaforĹ sth sunĹrthsh K(x, y). Sthn apìdeixh tou (a), eÐdame ìti an to (x_0, y_0) eÐnai sagmatikì shmeÐo, tìte h

f(x) − y_{01}ϕ_1(x) − . . . − y_{0m}ϕ_m(x)

paÐrnei mègisth timă sto x_0, kai

y_{01}ϕ_1(x_0) + . . . + y_{0m}ϕ_m(x_0) = 0.

EÐdame epÐshc ìti autèc oi sunjăkec eÐnai ikanèc gia thn Ôparxh bèltisthc lÔshc gia to (P ). Sto (b) eÐdame ìti an to (P ) èqei mÐa gnăsia efiktă lÔsh, tìte oi parapĹnw sunjăkec eÐnai anagkaÐec gia thn Ôparxh bèltisthc lÔshc sto shmeÐo x_0. AfoÔ y_0 ≥ 0 kai Φ(x_0) ≤ 0, h deÔterh sunjăkh mĹc lèei ìti an ϕ_i(x_0) < 0 tìte y_{0i} = 0. MporoÔme loipìn na diatupÿsoume to Jeÿrhma 4.5 sthn exăc morfă:

Jeÿrhma 4.6 Upojètoume ìti to prìblhma kurtoÔ programmatismoÔ (P ) èqei mÐa gnăsia efiktă lÔsh. Tìte, to (P ) èqei bèltisth lÔsh sto x_0 an kai mìno an upĹrqei y_0 ∈ P^m tètoio ÿste na ikanopoioÔntai oi sunjăkec Kuhn-Tucker: h f(x) − y_{01}ϕ_1(x) − . . . − y_{0m}ϕ_m(x) paÐrnei mègisth timă sto x_0 kai an ϕ_i(x_0) < 0 tìte y_{0i} = 0. □

ParĹdeigma Na elaqistopoihjeÐ h sunĹrthsh x+y upì touc periorismoÔc x^2+y^2 ≤ 1, (x − 1)^2 + y^2 ≤ 1.

To prohgoÔmeno jeÿrhma efarmìzetai sth sunĹrthsh f(x, y) = −x − y. H sunĹrthsh K eÐnai h

K(x, y, λ_1, λ_2) = −x − y − λ_1(x^2 + y^2 − 1) − λ_2((x − 1)^2 + y^2 − 1),

(x, y) ∈ R^2 , (λ_1, λ_2) ∈ P^2. H prÿth apì tic sunjăkec Kuhn-Tucker diatupÿnetai wc exăc: H K èqei mègisth timă wc proc (x, y), ă, isodÔnama (epeidă h K eÐnai koÐlh wc proc (x, y) kai to (x, y) diatrèqei anoiktì sÔnolo) ∂K ∂x = ∂K ∂y = 0, ă (∗) { −1 − 2λ_1x − 2λ_2x + 2λ_2 = 0

−1 − 2λ_1y − 2λ_2y = 0.

H deÔterh sunjăkh Kuhn-Tucker eÐnai

(∗∗) λ_1(x^2 + y^2 − 1) = 0

λ_2((x − 1)^2 + y^2 − 1) = 0.

Oi periorismoÐ eÐnai

(∗ ∗ ∗) x^2 + y^2 ≤ 1

(x − 1)^2 + y^2 ≤ 1

λ_1 ≥ 0

λ_2 ≥ 0.

Prèpei loipìn na lujeÐ to sÔsthma (∗), (∗∗), (∗ ∗ ∗).

Apì tic (∗) den eÐnai dunatìn na isqÔei λ_1 = λ_2 = 0. An λ_1 ≠ 0, λ_2 ≠ 0, apì tic (∗∗) prokÔptei ìti x^2 + y^2 − 1 = 0 = (x − 1)^2 + y^2 − 1, Ĺra x = 1/2 kai y = ± √ 3/2.

Tìte, apì tic (∗) paÐrnoume

λ_1 = − √ 3 ± 1 2 √ 3 , to opoÐo antibaÐnei stouc periorismoÔc (∗ ∗ ∗).

’Estw ìti λ_2 = 0. Tìte apì tic (∗∗) isqÔei x^2 + y^2 = 1 kai apì tic (∗) isqÔei

2λ_1x = −1 = 2λ_1y Ĺra x = y = ± 1 √ 2 . Kai oi dÔo periptÿseic apokleÐontai, afoÔ an x = y = 1/ √ 2 tìte λ_1 < 0, enÿ an x = y = −1/ √ 2 tìte (x − 1)^2 + y^2 = 2 + √ 2 > 1.

’Estw, tèloc, λ_1 = 0. Tìte apì tic (∗) kai (∗∗) prokÔptei:

x = 1 ± 1 √ 2 , y = ± 1 √ 2 , λ_2 = ∓ 1 √ 2 . H perÐptwsh λ_2 < 0 apokleÐetai, opìte h bèltisth lÔsh eÐnai

x = 1 − 1 √ 2 , y = − 1 √ 2 . □

Sth sunèqeia ja apodeÐxoume to jeÿrhma duðsmoÔ gia ton kurtì programmatismì. UpenjumÐzoume prÿta to prìblhma tou kurtoÔ programmatismoÔ: Arqikì prìblhma (P ): Na megistopoihjeÐ h koÐlh sunĹrthsh f : A → R upì touc periorismoÔc ϕ_i(x) ≤ 0, ìpou ϕ_i : A → R kurtèc sunartăseic, i = 1, . . . , m. JewroÔme th sunĹrthsh g(y) = sup_{x∈A} K(x, y), y ∈ P^m. Gia stajerì x, h K(x, y) eÐnai affinikă sunĹrthsh tou y, Ĺra h g eÐnai to supremum miĹc oikogèneiac kurtÿn (affinikÿn) sunartăsewn. Epomènwc, h g eÐnai kurtă. ’Estw F^∗ to sÔnolo sto opoÐo h g paÐrnei peperasmènec timèc. To F^∗ eÐnai to efiktì sÔnolo gia th sunĹrthsh g.

Duðkì prìblhma (P^∗): An F^∗ ≠ ∅, na elaqistopoihjeÐ h kurtă sunĹrthsh g : P^m → R sto F^∗.

H sqèsh tou (P ) me to (P^∗) perigrĹfetai apì to jeÿrhma duðsmoÔ twn Kuhn- Tucker.

Jeÿrhma 4.7 ’Estw (P ) èna arqikì prìblhma kurtoÔ programmatismoÔ kai (P^∗) to duðkì tou prìblhma.

(a) An x eÐnai mÐa efiktă lÔsh tou (P ) kai y mÐa efiktă lÔsh tou (P^∗), tìte f(x) ≤ g(y). (b) ’Estw ìti to (P ) èqei mÐa gnăsia efiktă lÔsh. Tìte, an to prìblhma (P ) èqei mÐa bèltisth lÔsh x_0, to prìblhma (P^∗) èqei mÐa bèltisth lÔsh y_0 tètoia ÿste f(x_0) = g(y_0).

Apìdeixh: (a) AfoÔ to x eÐnai efiktă lÔsh tou (P ) kai y ≥ 0, isqÔei f(x) ≤ f(x) − ⟨y, Φ(x)⟩ ≤ sup_{z∈A}(f(z) − ⟨y, Φ(z)⟩) = g(y). (b) Apì to Jeÿrhma 4.5 èpetai ìti upĹrqei y_0 ∈ P^m ètsi ÿste to (x_0, y_0) na eÐnai sagmatikì shmeÐo gia thn K, dhladă isqÔoun oi sqèseic:

(i) K(x_0, y_0) = sup_{x∈A} K(x, y_0). (ii) K(x_0, y_0) = inf_{y∈P} m K(x_0, y).

Apì to Jeÿrhma 4.1 paÐrnoume th sqèsh

(iii) K(x_0, y_0) = inf_{y∈P} m sup_{x∈A} K(x, y) Apì thn (i) èpetai ìti g(y_0) = K(x_0, y_0), Ĺra to y_0 eÐnai efiktă lÔsh. Apì tic (i) kai (iii) èpetai ìti g(y_0) = K(x_0, y_0) = inf_{y∈P m} g(y),

Ĺra to y_0 eÐnai bèltisth lÔsh. Tèloc, parathroÔme ìti

inf_{y∈P m} K(x_0, y) = inf_{y∈P m}(f(x_0) − ⟨y, Φ(x_0)⟩) = f(x_0), afoÔ 0 ∈ P^m kai Φ(x_0) ≤ 0. ’Ara h (ii) sunepĹgetai ìti K(x_0, y_0) = f(x_0), Ĺra g(y_0) = f(x_0). □ ParĹdeigma JewroÔme to exăc prìblhma grammikoÔ programmatismoÔ:

(P ) Na megistopoihjeÐ h sunĹrthsh f(x) = ⟨c, x⟩, x ∈ P^n, upì touc periorismoÔc T x ≤ b, ìpou c ∈ R^n , b ∈ R^m , T ènac m × n pÐnakac.

JewroÔme to (P ) wc prìblhma kurtoÔ programmatismoÔ. Ja diatupÿsoume to duðkì prìblhma. H sunĹrthsh g èqei thn exăc morfă: g(y) = sup_{x∈P m}(f(x) − ⟨y, T x − b⟩) = sup_{x≥0}(⟨c, x⟩ − ⟨y, T x⟩ + ⟨y, b⟩) = ⟨y, b⟩ + sup_{x≥0}(⟨c, x⟩ − ⟨T^ty, x⟩) = ⟨y, b⟩ + sup_{x≥0}(⟨c − T^ty, x⟩), y ∈ P^m. An to diĹnusma c − T^ty èqei mÐa gnăsia jetikă suntetagmènh, tìte sup_{x≥0}(⟨c − T^ty, x⟩) = +∞ (arkeÐ na pĹroume x = λe_i, λ > 0, an h i-suntetagmènh eÐnai gnăsia jetikă). An c − T^ty ≤ 0, tìte sup_{x≥0}(⟨c − T^ty, x⟩) = 0. ’Ara to efiktì sÔnolo tou duðkoÔ problămatoc eÐnai to F^∗ = {y ∈ P^m : T^ty ≥ c}, kai g(y) = ⟨y, b⟩, y ∈ F^∗. ’Ara to duðkì prìblhma eÐnai to exăc:

(P^∗) Na elaqistopoihjeÐ h sunĹrthsh g(y) = ⟨b, y⟩, y ∈ P^m, upì touc periorismoÔc T^ty ≥ c. □

4.3 AnĹlush pinĹkwn

Skopìc mac se autăn thn parĹgrafo eÐnai na apodeÐxoume mÐa polÔ genikă anisìthta gia sunartăseic pinĹkwn apì thn opoÐa prokÔptoun san eidikèc periptÿseic pollĹ klasikĹ apotelèsmata. Ja qreiastoÔme dÔo jewrămata pou aforoÔn thn klĹsh Ω_n twn n × n diplĹ stoqastikÿn pinĹkwn. AutoÐ eÐnai oi pÐnakec (a_{ij} ) pou èqoun mh arnhtikèc suntetagmènec a_{ij} kai ikanopoioÔn tic n∑ j=1 a_{ij} = 1, i = 1, . . . , n kai_n ∑ i=1 a_{ij} = 1, j = 1, . . . , n.

Dhladă, to Ĺjroisma twn suntetagmènwn kĹje grammăc ă stălhc isoÔtai me 1. To prÿto jeÿrhma (Birkoff, 1946) exasfalÐzei ìti ta akraÐa shmeÐa tou Ω_n (an to doÔme san uposÔnolo tou R^{n2} ) eÐnai oi pÐnakec metajèsewn. PÐnakac metĹjeshc eÐnai kĹje n × n pÐnakac pou prokÔptei me metĹjesh twn grammÿn tou tautotikoÔ pÐnaka: èqei akribÿc mÐa suntetagmènh Ðsh me 1 se kĹje grammă ă stălh, enÿ ìlec oi Ĺllec eÐnai Ðsec me 0.

Jeÿrhma 4.8 To sÔnolo Ω_n twn diplĹ stoqastikÿn pinĹkwn eÐnai kurtì uposÔnolo tou grammikoÔ qÿrou twn n × n pinĹkwn. Ta akraÐa shmeÐa tou Ω_n eÐnai oi pÐnakec metajèsewn: kĹje diplĹ stoqastikìc pÐnakac eÐnai kurtìc sunduasmìc pinĹkwn metajèsewn.

Apìdeixh: EÔkola elègqoume ìti to Ω_n eÐnai kurtì kai ìti kĹje pÐnakac metĹjeshc eÐnai akraÐo shmeÐo tou. EpÐshc, to Ω_n eÐnai sumpagèc kurtì uposÔnolo tou R^{n2} , Ĺra eÐnai h kurtă jăkh twn akraÐwn shmeÐwn tou apì to Jeÿrhma tou Minkowski.

Autì pou mènei na deÐxoume eÐnai ìti kĹje akraÐo shmeÐo tou Ω_n eÐnai pÐnakac metĹjeshc. ’Estw A ∈ Ω_n ènac pÐnakac pou den eÐnai pÐnakac metĹjeshc. Tìte upĹrqei toulĹqiston mÐa grammă, ac poÔme h i_1-stă grammă, sthn opoÐa mporoÔme na broÔme toulĹqiston dÔo mh mhdenikèc suntetagmènec. PaÐrnoume mÐa apì autèc, ac poÔme thn a_{i1i2} . Tìte, 0 < a_{i1 i2} < 1 giatÐ to Ĺjroisma twn stoiqeÐwn thc i_1-stăc grammăc eÐnai 1 kai upĹrqei ki Ĺllo jetikì stoiqeÐo se autăn.

Apì thn Ĺllh pleurĹ, to Ĺjroisma twn stoiqeÐwn thc i_2-stăc stălhc eÐnai epÐshc 1. AfoÔ a_{i1 i2} < 1, upĹrqei a_{i3 i2} me i_3 ≠ i_1 tètoio ÿste 0 < a_{i3 i2} < 1. Gia ton Ðdio lìgo, upĹrqei i_4 ≠ i_2 me 0 < a_{i3 i4} < 1. SuneqÐzontac ètsi, metĹ apì peperasmèna to plăjoc bămata ja epistrèyoume se kĹpoia suntetagmènh a_{ij} tou A h opoÐa eÐqe ădh epilegeÐ.

JewroÔme thn akoloujÐa twn suntetagmènwn pou epilèxame apì thn prÿth wc kai thn deÔterh emfĹnish tou a_{ij} (upologÐzoume thn prÿth allĹ ìqi thn deÔterh emfĹnisă tou). ’Eqoume ètsi mÐa peperasmènh diatetagmènh akoloujÐa suntetagmènwn tou A me thn idiìthta: kĹje zeugĹri diadoqikÿn ìrwn thc perièqei stoiqeÐa pou (enallĹx) brÐskontai sthn Ðdia grammă ă stălh tou A. ’Estw a_{kl} to mikrìtero (jetikì) stoiqeÐo autăc thc akoloujÐac. JewroÔme ton pÐnaka B pou stic jèseic thc akoloujÐac mac èqei suntetagmènec +1, −1, +1, −1, . . . kai 0 pantoÔ alloÔ. To Ĺjroisma twn stoiqeÐwn kĹje grammăc ă stălhc tou B eÐnai 0 (giatÐ?).

Jètoume A_+ = A + a_{kl}B kai A_− = A − a_{kl}B. Tìte, oi A_+, A_− eÐnai diplĹ stoqastikoÐ kai diaforetikoÐ apì ton A (giatÐ?) kai A = A_+ + A_− 2 . ’Ara, o A den eÐnai akraÐo shmeÐo tou Ω_n. □

’Estw w = (w_1, . . . , w_n) ∈ R^n stajerì diĹnusma. OrÐzoume K_w = {T (w) : T ∈ Ω_n}. ParathroÔme ìti to K_w eÐnai kurtì sÔnolo. EpÐshc, an T ∈ Ω_n grĹfoume t_1, . . . , t_n gia ta dianÔsmata-grammèc tou T . Me autìn ton sumbolismì, èqoume to exăc.

Jeÿrhma 4.9 An A kurtì me K_w ⊆ A kai f : A → R eÐnai opoiadăpote kurtă sunĹrthsh, tìte h g : Ω_n → R pou orÐzetai apì thn g(T ) = f(T (w)) = f(⟨t_1, w⟩, . . . , ⟨t_n, w⟩) eÐnai kurtă sunĹrthsh. H elĹqisth timă thc g sto Ω_n piĹnetai se kĹpoion pÐnaka metĹjeshc P_w.

Apìdeixh: An S, T ∈ Ω_n kai a, b > 0 me a + b = 1, tìte g(aS + bT ) = f[(aS + bT )(w)] = f[aS(w) + bT (w)] ≤ af(S(w)) + bf(T (w)) = ag(S) + bg(T ), dhladă h g eÐnai kurtă. ’Estw P_1, . . . , P_m, m = n! mÐa arÐjmhsh twn pinĹkwn metĹjeshc sto Ω_n. O tuqÿn S ∈ Ω_n grĹfetai san kurtìc sunduasmìc S = m∑ j=1 t_j P_j

gia kĹpoia t_j ≥ 0 me ∑_m j=1 t_j = 1, apì to Jeÿrhma 4.8. Apì thn kurtìthta thc g,

g(s) ≤ m∑ j=1 t_j g(P_j ) ≤ m∑ j=1 t_j g(P_w) = g(P_w),

ìpou P_w pÐnakac metĹjeshc pou exartĹtai apì to w kai epilègetai ètsi ÿste

g(P_w) = max_{1≤j≤m} g(P_j ). □

MporoÔme tÿra na deÐxoume to kentrikì jeÿrhma thc paragrĹfou. Jeÿrhma 4.10 ’Estw T ènac summetrikìc n × n pÐnakac kai w to diĹnusma pou prokÔptei an diatĹxoume me tuqìnta trìpo tic (pragmatikèc) idiotimèc tou A. An A kurtì me K_w ⊆ A kai f : A → R eÐnai mÐa kurtă sunĹrthsh, tìte gia kĹje orjokanonikă bĹsh {v_1, . . . , v_n} tou R^n èqoume f(⟨T v_1, v_1⟩, . . . , ⟨T v_n, v_n⟩) ≤ f(P_w(w)) = f(w_{i1} , . . . , w_{in} ) ìpou P_w o pÐnakac metĹjeshc pou mĹc exasfalÐzei to Jeÿrhma 2. Apìdeixh: ’Estw u_1, . . . , u_n idiodianÔsmata măkouc 1 tou T pou antistoiqoÔn stic idiotimèc w_1, . . . , w_n. Dhladă, ‖u_i‖ = 1 kai T u_i = w_iu_i. JewroÔme ton pÐnaka S me suntetagmènec s_{ij} = ⟨u_i, v_j ⟩^2. O S eÐnai diplĹ stoqastikìc, giatÐ eÐnai summetrikìc kai_n ∑ j=1 s_{ij} = n∑ j=1 ⟨u_i, v_j ⟩^2 = ‖u_i‖^2 = 1 gia kĹje i ≤ n. ’Omwc, T v_j = T (_n ∑ i=1 ⟨u_i, v_j ⟩u_i ) = n∑ i=1 ⟨u_i, v_j ⟩w_iu_i, Ĺra ⟨T v_j , v_j ⟩ = n∑ i=1 ⟨u_i, v_j ⟩^2w_i = ⟨s_j , w⟩, ìpou s_j eÐnai h j-stă stălh (ă, isodÔnama, grammă) tou S. Sunepÿc, f(⟨T v_1, v_1⟩, . . . , ⟨T v_n, v_n⟩) = f(⟨s_1, w⟩, . . . , ⟨s_n, w⟩) = f(S(w)) ≤ f(P_w(w)) = f(w_{i1} , . . . , w_{in} ), ìpou P_w o pÐnakac metĹjeshc pou mĹc exasfalÐzei to Jeÿrhma 4.9. □ Sthn pragmatikìthta èqoume apodeÐxei kĹti isqurìtero. An epilèxoume san {v_1, . . . , v_n} th swstă metĹjesh {u_{i1} , . . . , u_{in} } twn idiotimÿn tou T petuqaÐnoume isìthta. Dhladă, max f(⟨T v_1, v_1⟩, . . . , ⟨T v_n, v_n⟩) ≤ f(P_w(w)) ìpou to maximum paÐrnetai pĹnw apì ìlec tic orjokanonikèc bĹseic tou R^n .

Epilègontac katĹllhla thn sunĹrthsh f sto prohgoÔmeno jeÿrhma, paÐrnoume mÐa seirĹ anisotătwn. H prÿth mac epilogă eÐnai h f(s_1, . . . , s_n) = k∑ i=1 s_i gia stajerì k ≤ n.

Jeÿrhma 4.11 ’Estw T ènac n × n summetrikìc pÐnakac kai {v_1, . . . , v_n} mÐa orjokanonikă bĹsh tou R^n . Tìte, k∑ i=1 λ_{n−i+1} ≤ k∑ i=1 ⟨T v_i, v_i⟩ ≤ k∑ i=1 λ_i ìpou λ_1 ≥ λ_2 ≥ . . . ≥ λ_n eÐnai oi idiotimèc tou T . Apìdeixh: H f(s_1, . . . , s_n) = ∑_k i=1 s_i eÐnai kurtă ston R^n (h −f epÐshc). Apì to Jeÿrhma 4.10 upĹrqei metĹjesh j_1, . . . , j_n twn 1, . . . , n tètoia ÿste k∑ i=1 ⟨T v_i, v_i⟩ ≤ k∑ i=1 λ_{ji} .

Lìgw thc diĹtaxhc twn λ_i, to dexiì mèloc eÐnai mikrìtero ă Ðso apì to ∑_k i=1 λ_i, opìte èqoume apodeÐxei thn dexiĹ anisìthta tou jewrămatoc. KĹnontac anĹlogh douleiĹ me thn −f paÐrnoume thn aristeră anisìthta. ParathroÔme ìti èqoume isìthta sthn aristeră anisìthta an to v_i, i ≤ k eÐnai idiodiĹnusma gia thn λ_{n−i+1}, enÿ sthn dexiĹ anisìthta an to v_i eÐnai idiodiĹnusma gia thn λ_i. □ H epìmenh epilogă mac eÐnai h

f(s_1, . . . , s_n) = (_k ∏ i=1 s_i )_{1/k}

pou orÐzetai gia mh arnhtikĹ s_i kai stajerì k ≤ n. H f eÐnai koÐlh, opìte paÐrnoume to exăc:

Jeÿrhma 4.12 An T eÐnai ènac n × n summetrikìc pÐnakac kai {v_1, . . . , v_n} eÐnai mÐa orjokanonikă bĹsh tou R^n , tìte k∏ i=1 λ_{n−i+1} ≤ k∏ i=1 ⟨T v_i, v_i⟩ ≤ ( 1 k k∑ i=1 λ_i )_k

ìpou λ_1 ≥ λ_2 ≥ . . . ≥ λ_n eÐnai oi idiotimèc tou T .

Apìdeixh: H sunĹrthsh f pou qrhsimopoioÔme eÐnai koÐlh, Ĺra h −f eÐnai kurtă sto P^n. Apì to Jeÿrhma 4.10, (_k ∏ i=1 λ_{n−i+1} )_{1/k} ≤ (_k ∏ i=1 ⟨T v_i, v_i⟩ )_{1/k} , to opoÐo mĹc dÐnei thn aristeră anisìthta. ParathroÔme ki edÿ ìti èqoume isìthta sthn aristeră anisìthta an to v_i, i ≤ k eÐnai idiodiĹnusma gia thn λ_{n−i+1}. Gia thn dexiĹ anisìthta efarmìzoume thn anisìthta arijmhtikoÔ-gewmetrikoÔ mèsou kai to Jeÿrhma 4.11: (_k ∏ i=1 ⟨T v_i, v_i⟩ )_{1/k} ≤ 1 k k∑ i=1 ⟨T v_i, v_i⟩ ≤ 1 k k∑ i=1 λ_i. □

’Amesec sunèpeiec eÐnai dÔo polÔ gnwstèc anisìthtec gia orÐzousec. Jeÿrhma 4.13 (Anisìthta tou Hadamard) An T eÐnai ènac n × n pÐnakac me suntetagmènec t_{ij} , tìte

(det T )^2 ≤ n∏ j=1 (_n ∑ i=1 t^2_{ij} ) . An o T eÐnai jetikĹ hmiorismènoc,

det T ≤ n∏ i=1 t_{ii}.

Apìdeixh: DeÐqnoume prÿta thn deÔterh anisìthta. H orÐzousa enìc pÐnaka eÐnai Ðsh me to ginìmeno twn idiotimÿn tou, an loipìn jewrăsoume thn sunăjh orjokanonikă bĹsh {e_i} kai qrhsimopoiăsoume to Jeÿrhma 4.12 me k = n, paÐrnoume

det T = n∏ i=1 λ_i ≤ n∏ i=1 ⟨T e_i, e_i⟩ = ∏ i=1 t_{ii}. An efarmìsoume autăn thn anisìthta gia ton jetikĹ hmiorismèno pÐnaka S = T^tT (ìpou tÿra T tuqÿn n × n pÐnakac), paÐrnoume

(det T )^2 = det S ≤ n∏ j=1 s_{jj} = n∏ j=1 (_n ∑ i=1 t^2_{ij} ) . □

Jeÿrhma 4.14 (Anisìthta tou Minkowski) An T kai S eÐnai jetikĹ hmiorismènoi n × n pÐnakec, tìte [det(T + S)]^{1/n} ≥ (det T )^{1/n} + (det S)^{1/n} kai det(T + S) ≥ det T + det S.

Apìdeixh: ’Estw v_1, . . . , v_n èna orjokanonikì sÔnolo idiodianusmĹtwn tou T + S. Tìte,

[det(T + S)]^{1/n} = [_n ∏ i=1 ⟨(T + S)v_i, v_i⟩ ]_{1/n}

= [_n ∏ i=1 ⟨T v_i, v_i⟩ + ⟨Sv_i, v_i⟩ ]_{1/n}

≥ [_n ∏ i=1 ⟨T v_i, v_i⟩ ]_{1/n} + [_n ∏ i=1 ⟨Sv_i, v_i⟩ ]_{1/n}

≥ (det T )^{1/n} + (det S)^{1/n}.

H proteleutaÐa anisìthta eÐnai sunèpeia thc anisìthtac arijmhtikoÔ-gewmetrikoÔ mèsou, enÿ h teleutaÐa prokÔptei apì to Jeÿrhma 4.12. Uyÿnontac sthn n-stă dÔnamh, paÐrnoume thn det(T + S) ≥ det T + det S. □ ’Estw T ènac summetrikìc n × n pÐnakac me idiotimèc λ_1 ≥ . . . λ_n. OrÐzoume

s_k(T ) = k∑ i=1 λ_{n−i+1}, S_k(T ) = k∑ i=1 λ_i kai p_k(T ) = k∏ i=1 λ_{n−i+1}, P_k (T ) = k∏ i=1 λ_i.

Parathrăste ìti

λ_n = s_1(T ) = p_1(T ), λ_1 = S_1(T ) = P_1(T ) kai tr(T ) = s_n(T ) = S_n(T ), det T = p_n(T ) = P_n(T ).

Jeÿrhma 4.15 Oi sunartăseic s_k eÐnai koÐlec kai oi sunartăseic S_k eÐnai kurtèc sthn klĹsh S_n twn summetrikÿn n×n pinĹkwn. Dhladă, an T_1, T_2 ∈ S_n kai a, b > 0 me a + b = 1, tìte

as_k(T_1) + bs_k(T_2) ≤ s_k(aT_1 + bT_2) ≤ S_k(aT_1 + bT_2) ≤ aS_k(T_1) + bS_k(T_2).

Apìdeixh: ’Estw V = {v_1, . . . , v_n} orjokanonikă bĹsh tou R^n . An jèsoume L_V (T ) = ∑_k i=1⟨T v_i, v_i⟩, tìte −s_k(T ) = max_V [−L_V (T )], S_k(T ) = max_V L_V (T ).

Autì prokÔptei apì thn diereÔnhsh twn periptÿsewn isìthtac sto Jeÿrhma 4.11. H L_V (T ) eÐnai grammikă sunĹrthsh tou T , Ĺra oi L_V kai −L_V eÐnai kurtèc sthn S_n. AfoÔ h klĹsh twn kurtÿn sunartăsewn eÐnai kleistă wc proc supremum, èpetai ìti oi s_k kai S_k eÐnai kurtèc sunartăseic sthn S_n. □ Eidikìtera, apodeÐxame ìti

λ_n = s_1(T ) = min_{‖v‖=1}⟨T v, v⟩ kai λ_1 = S_1(T ) = max_{‖v‖=1}⟨T v, v⟩

dÔo eidikèc periptÿseic tou jewrămatoc tou Fisher gia tic idiotimèc enìc pragmatikoÔ summetrikoÔ pÐnaka.

Jeÿrhma 4.16 H sunĹrthsh p_k eÐnai logarijmikĹ koÐlh sthn klĹsh twn jetikĹ orismènwn pinĹkwn. An oi T_1 kai T_2 eÐnai jetikĹ orismènoi kai a, b > 0 me a + b = 1, tìte [p_k(T_1)]^a[p_k(T_2)]^b ≤ p_k(aT_1 + bT_2).

Eidikìtera, (det T_1)^a(det T_2)^b ≤ det(aT_1 + bT_2).

Apìdeixh: Apì to Jeÿrhma 4.12 (kai tic periptÿseic isìthtac sthn aristeră anisìthta) èpetai ìti

p_k(T ) = min_V k∏ i=1 ⟨T v_i, v_i⟩, ìpou to min paÐrnetai pĹnw apì ìlec tic orjokanonikèc bĹseic V = {v_1, . . . , v_n} tou R^n . ’Ara,

[p_k(T_1)]^a[p_k(T_2)]^b = [ min_V k∏ i=1 ⟨T_1v_i, v_i⟩ ]_a [ min_V k∏ i=1 ⟨T_2v_i, v_i⟩ ]_b

≤ min_V k∏ i=1 [⟨T_1v_i, v_i⟩^a⟨T_2v_i, v_i⟩^b]

≤ min_V k∏ i=1 [a⟨T_1v_i, v_i⟩ + b⟨T_2v_i, v_i⟩] = p_k(aT_1 + bT_2). □

4.4 Askăseic

1. ’Estw ìti to (i_0, j_0) eÐnai sagmatikì shmeÐo gia ton m × n pÐnaka apodìsewn P (i, j). An x_0 kai y_0 eÐnai ta monadiaÐa dianÔsmata pou èqoun 1 sthn jèsh i_0 kai j_0 antÐstoiqa, deÐxte ìti to (x_0, y_0) eÐnai sagmatikì shmeÐo gia thn E(x, y) = m∑ i=1 n∑ j=1 x_iP (i, j)y_j .

2. ’Enac tetragwnikìc pÐnakac P ikanopoieÐ thn P (i, j) = −P (j, i) gia kĹje i, j. An èna paiqnÐdi èqei pÐnaka apodìsewn ton P , deÐxte ìti h timă tou paiqnidioÔ eÐnai 0 kai ìti oi dÔo paÐktec èqoun tic Ðdiec bèltistec meiktèc strathgikèc.

3. DeÐxte ìti to sÔnolo twn sagmatikÿn shmeÐwn thc K(x, y) sto Jeÿrhma 4.2 eÐnai kurtì ston R^m × R^n .

4. Se èna paiqnÐdi me dÔo paÐktec ìpwc sto Jeÿrhma 4.3, èqoume f(x^′) = g(y^′) an kai mìno an to (x^′, y^′) eÐnai sagmatikì shmeÐo gia thn E(x, y). Epiplèon, ta sÔnola twn bèltistwn strathgikÿn twn A kai B eÐnai kurtĹ.

5. ApodeÐxte ìti h sunĹrthsh f(x) = x, x ∈ R èqei mègisth timă upì ton periorismì x^2 ≤ 0, allĹ h K(x, y) = x − yx^2 den èqei sagmatikì shmeÐo.

6. BreÐte to elĹqisto thc sunĹrthshc −6x + 2x^2 − 2xy + 2y^2 upì touc periorismoÔc x + y ≤ 2, x ≥ 0, y ≥ 0.

7. BreÐte to elĹqisto thc sunĹrthshc (x + 1)^2 + (y − 2)^2 upì touc periorismoÔc 0 ≤ x ≤ 2, 0 ≤ y ≤ 1.

8. DÐnontai dianÔsmata c ∈ R^n , b ∈ R^m kai ènac m × n pÐnakac A. JewroÔme to prìblhma grammikoÔ programmatismoÔ: Na elaqistopoihjeÐ h sunĹrthsh ⟨c, x⟩, x ∈ R^n , upì touc periorismoÔc Ax ≤ b, x ≥ 0. GrĹyte tic sunjăkec Kuhn-Tucker gia to prìblhma.