KURIARQOUNTA METRA GIA

UPOKANONIKES ANELIXEIS

NIKOS DAFNHS

Metaptuqiakh Ergasia

Panepisthmio Krhthc Tmhma Majhmatikwn Oktwbrioc 2002

.

H metaptuqiakă aută ergasÐa katatèjhke sto Tmăma Majhmatikÿn tou PanepisthmÐou Krăthc ton Oktÿbrio tou 2002. Epiblèpwn ătan o A. Giannìpouloc.

Thn epitropă axiolìghshc apotèlesan oi: A. Giannìpouloc, M. PapadhmhtrĹkhc kai S. PapadopoÔlou.

.

Perieqìmena

1 Eisagwgă 7

2 AnelÐxeic tou Gauss 13 2.1 Kanonikèc tuqaÐec metablhtèc . . . . . . . . . . . . . . . . . . . . . . 13 2.2 AnelÐxeic tou Gauss . . . . . . . . . . . . . . . . . . . . . . . . . . . 15 2.3 To Lămma tou Slepian . . . . . . . . . . . . . . . . . . . . . . . . . . 19 2.4 H anisìthta tou Sudakov kai h anisìthta tou Dudley . . . . . . . . 23

3 KuriarqoÔnta mètra 29 3.1 Upokanonikèc anelÐxeic: diadoqikèc proseggÐseic . . . . . . . . . . . 29 3.2 KuriarqoÔnta mètra gia upokanonikèc anelÐxeic . . . . . . . . . . . . 40 3.3 AnelÐxeic tou Gauss: to kĹtw frĹgma . . . . . . . . . . . . . . . . . 52

4 KuriarqoÔnta mètra se elleiyoeidă 59 4.1 To Jeÿrhma twn kuriarqoÔntwn mètrwn gia elleiyoeidă . . . . . . . 59 4.2 To Jeÿrhma tou elleiyoeidoÔc . . . . . . . . . . . . . . . . . . . . . 65 4.3 EmpeirikĹ mètra sto monadiaÐo tetrĹgwno . . . . . . . . . . . . . . . 76

5 To frĹgma tou Bourgain gia thn isotropikă stajerĹ 89 5.1 IsotropikĹ kurtĹ sÿmata . . . . . . . . . . . . . . . . . . . . . . . . 89 5.2 ’Anw frĹgma gia th stajerĹ isotropÐac . . . . . . . . . . . . . . . . 95

6

KefĹlaio 1

Eisagwgă

’Estw (Ω, A, P ) qÿroc pijanìthtac, kai X = (X_t)_{t∈T} mia oikogèneia pragmatikÿn tuqaÐwn metablhtÿn, ìpou (T, d) ènac metrikìc qÿroc. O teleutaÐoc ìroc qrhsimopoieÐtai qalarĹ: apì thn apìstash d apaitoÔme mìno th summetrÐa kai thn trigwnikă anisìthta d(t, s) ≤ d(t, u) + d(u, s) ă akìma kai thn asjenèsterh d(t, s) ≤ c ( d(t, u) + d(u, s) ) gia kĹje t, s, u ∈ T , ìpou c ≥ 1 kĹpoia stajerĹ. Lème ìti h anèlixh X = (X_t)_{t∈T} eÐnai upokanonikă an

(1.1) EX_t = 0

gia kĹje t ∈ T , kai h apìstash d sundèetai me tic metabolèc thc X wc exăc: Gia kĹje t, s ∈ T kai kĹje u > 0,

(1.2) P (|X_s − X_t| ≥ u) ≤ 2 exp ( − u^2 d^2(s, t) ) . H mèsh timă thc sup_{t∈T} X_t orÐzetai apì th sqèsh

(1.3) E sup_{t∈T} X_t := sup { E sup_{t∈F} X_t : F ⊆ T, |F | < +∞ } . To jèma autăc thc ergasÐac eÐnai h sqèsh thc E sup_{t∈T} X_t me th gewmetrÐa tou (T, d). Ta prÿta apotelèsmata autoÔ tou eÐdouc apodeÐqjhkan sthn eidikă perÐptwsh twn anelÐxewn tou Gauss apì touc Sudakov kai Dudley. H melèth tou problămatoc sthn upokanonikă perÐptwsh oloklhrÿjhke me to {jeÿrhma twn kuriarqoÔntwn mètrwn} tou Talagrand, to opoÐo parousiĹzoume analutikĹ.

Sto KefĹlaio 2 parousiĹzoume ta klasikĹ apotelèsmata gia thn perÐptwsh twn anelÐxewn tou Gauss. ’Estw (Ω, A, P ) qÿroc pijanìthtac kai Z = (Z_t)_{t∈T} mia oikogèneia pragmatikÿn tuqaÐwn metablhtÿn, ìpou T èna mh kenì sÔnolo deiktÿn. H anèlixh Z lègetai anèlixh tou Gauss an kĹje peperasmènoc grammikìc sunduasmìc a_1Z_{t1} + · · · + a_mZ_{tm} twn Z_t eÐnai kanonikă tuqaÐa metablhtă me mèsh timă 0.

MporoÔme na blèpoume thn Z san uposÔnolo tou L^2(Ω, A, P ). GrĹfoume B gia thn anoiktă monadiaÐa mpĹla tou L^2(Ω, A, P ) kai gia kĹje ε > 0 orÐzoume ton ε-arijmì entropÐac thc Z apì th sqèsh

(1.4) N_ε(Z) = min { N | upĹrqoun t_1, . . . , t_N ∈ T : Z ⊆ N⋃ i=1 (Z_{ti} + εB) } . An to teleutaÐo sÔnolo eÐnai kenì, jètoume N_ε(Z) = ∞.

H apìstash ‖Z_t − Z_s‖_2 twn Z_t, Z_s ston L^2(Ω, A, P ) epĹgei me fusiologikì trìpo mia apìstash sto sÔnolo deiktÿn T . Gia kĹje t, s ∈ T orÐzoume (1.5) d(t, s) = ‖Z_t − Z_s‖_2. Oi ε-arijmoÐ entropÐac thc Z antistoiqoÔn ètsi stouc ε-arijmoÔc kĹluyhc tou (T, d): èqoume (1.6) N_ε(Z) = N(T, d, ε), ìpou

(1.7) N(T, d, ε) := min { N | upĹrqoun t_1, . . . , t_N ∈ T : T ⊆ ∪^N_{i=1}B(t_i, ε) } kai B(t, ε) = {s ∈ T : d(t, s) < ε}. Ta klasikĹ frĹgmata twn Sudakov kai Dudley sundèoun thn E sup_{t∈T} Z_t me th metrikă entropÐa tou (T, d) kai sunoyÐzontai sto exăc Jeÿrhma.

Jeÿrhma 1 UpĹrqoun apìlutec stajerèc c_1, c_2 > 0 me thn exăc idiìthta: gia kĹje anèlixh tou Gauss Z = (Z_t)_{t∈T} ,

(1.8) c_1 sup_{ε>0} ( ε √ log N(T, d, ε) ) ≤ E sup_{t∈T} Z_t ≤ c_2 ∫_∞ 0 √ log N(T, d, ε)dε. □ To kĹtw frĹgma eÐnai h anisìthta tou Sudakov kai to Ĺnw frĹgma eÐnai h anisìthta tou Dudley. H apìdeixh twn dÔo anisotătwn dÐnetai sthn parĹgrafo 2.4. BasÐzetai sto Lămma tou Slepian, to opoÐo parousiĹzoume sthn parĹgrafo 2.3.

Sto KefĹlaio 3 meletĹme thn upokanonikă perÐptwsh. Upojètoume ìti h X = (X_t)_{t∈T} ikanopoieÐ tic (1.1) kai (1.2). Gia kĹje Borel mètro pijanìthtac μ ston (T, d) orÐzoume

(1.9) γ_2(T, d, μ) = sup_{t∈T} ∫_∞ 0 √ log ( 1 μ(B(t, ε)) ) dε, kai jètoume

(1.10) γ_2(T, d) := inf{γ_2(T, d, μ) : μ Borel mètro pijanìthtac ston (T, d)}.

To epìmeno jeÿrhma exhgeÐ ton ìro {kuriarqoÔnta mètra}.

Jeÿrhma 2 UpĹrqei stajerĹ K > 0 me thn exăc idiìthta: an (T, d) eÐnai ènac metrikìc qÿroc kai X = (X_t)_{t∈T} mia upokanonikă anèlixh, tìte (1.11) E sup_{t∈T} X_t ≤ K · γ_2(T, d). □

Tètoiou eÐdouc frĹgmata apodeÐqjhkan gia prÿth forĹ apì touc Preston (se eidikèc periptÿseic) kai Fernique. H parousÐasă mac stic paragrĹfouc 3.1 kai 3.2 akoloujeÐ ton Talagrand.

Sthn parĹgrafo 3.3 epistrèfoume sto plaÐsio twn anelÐxewn tou Gauss. ’Estw Z = (Z_t)_{t∈T} mia anèlixh tou Gauss kai èstw d h apìstash pou epĹgei h Z sto T . To jeÿrhma tou Talagrand gia ta kuriarqoÔnta mètra deÐqnei ìti to Ĺnw frĹgma tou Jewrămatoc 2 eÐnai bèltisto se autăn thn perÐptwsh.

Jeÿrhma 3 UpĹrqei apìluth stajerĹ K > 0 me thn exăc idiìthta: an Z = (Z_t)_{t∈T} eÐnai mia anèlixh tou Gauss kai an o (T, d) èqei peperasmènh diĹmetro, ìpou d eÐnai h apìstash pou epĹgetai apì thn Z sto T , tìte

(1.11) 1 K · γ_2(T, d) ≤ E sup_{t∈T} X_t ≤ K · γ_2(T, d). □

Sto KefĹlaio 4 exetĹzoume analutikĹ thn perÐptwsh pou to rìlo tou (T, d) paÐzei èna elleiyoeidèc E ston ℓ_2: pio sugkekrimèna, to E perigrĹfetai apì thn

(1.12) E = { t = (t_n)_n ∈ ℓ_2 | ∑ n≥1 t^2_n/a^2_n ≤ 1 }

gia kĹpoia fjÐnousa akoloujÐa pragmatikÿn arijmÿn a_n > 0 me

(1.13) ∑ n≥1 a^2_n < ∞. MeletĹme analutikĹ thn anèlixh tou Gauss X = (X_t)_{t∈E} me

(1.14) X_t = ∑ n≥1 t_ng_n, ìpou (g_n)_n eÐnai mia akoloujÐa anexĹrthtwn N(0, 1) tuqaÐwn metablhtÿn. Den eÐnai dÔskolo na deÐxei kaneÐc ìti

(1.15) E sup_{t∈E} X_t ≃ ∑ n≥1 a^2_n 1/2 .

Autì ìmwc pou mac endiafèrei edÿ eÐnai na sugkrÐnoume ta klasikĹ frĹgmata twn Sudakov kai Dudley me to jeÿrhma tou Talagrand gia ta kuriarqoÔnta mètra (ìpwc anafèrei o Ðdioc o Talagrand, autì akribÿc to parĹdeigma ton boăjhse na anaptÔxei tic teqnikèc pou odăghsan sto Jeÿrhma 3).

Jeÿrhma 4 UpĹrqei fjÐnousa akoloujÐa (a_n)_n jetikÿn pragmatikÿn arijmÿn, tètoia ÿste

(1.16) ∑ n a^2_n < +∞ kai (1.17) ∫_∞ 0 √ log N(E, ε)dε = +∞, ìpou E to elleiyoeidèc ston ℓ_2 pou orÐzetai apì thn (1.12). □ To Jeÿrhma 4 deÐqnei ìti to frĹgma tou Dudley den eÐnai pĹnta akribèc. Qrhsimopoiÿntac ìmwc thn teqnikă tou KefalaÐou 3 mporoÔme na deÐxoume to exăc. Jeÿrhma 5 ’Estw E to elleiyoeidèc ston ℓ_2 pou orÐzetai apì thn (1.12). Tìte,

(1.18) ∫_∞ 0 ε log N(E, ε)dε ≃ ∑ n≥1 a^2_n. □

An gia α, β > 0 orÐsoume

(1.19) R_{α,β}(E) = (∫_∞ 0 ε^{β−1} ( log N(E, ε) )_{β/α} dε )_{1/β} , tìte ta Jewrămata 4 kai 5 deÐqnoun ìti gia kĹje E èqoume

(1.20) E sup_{t∈E} X_t ≃ R_{2,2}(E),

enÿ upĹrqoun paradeÐgmata elleiyoeidÿn E gia ta opoÐa R_{2,1}(E) = ∞.

Pernÿntac apì th metrikă entropÐa sta kuriarqoÔnta mètra, gia kĹje metrikì qÿro (T, d) kai kĹje α, β > 0 orÐzoume

(1.21) γ_{α,β} (T, d, μ) := sup_{t∈T} (∫_∞ 0 ε^{β−1} ( log 1 μ(B(t, ε)) )_{β/α} dε )_{1/β} , kai (1.22) γ_{α,β}(T, d) := inf_μ γ_{α,β} (T, d, μ), ìpou to infimum paÐrnetai pĹnw apfl ìla ta Borel mètra pijanìthtac ston (T, d). Me to sumbolismì tou KefalaÐou 3, γ_{2,1}(T, d) = γ_2(T, d). To jeÿrhma tou Talagrand gia ta elleiyoeidă eÐnai to exăc.

Jeÿrhma 6 ’Estw E to elleiyoeidèc ston ℓ_2 pou orÐzetai apì thn (1.12). Tìte, gia kĹje α > 0,

(1.23) γ_{α,2}(E) ≃ sup_{ε>0} ( ε[log N(E, ε)]^{1/α} ) ≤ sup_{n≥1} ( a_n · n^{1/α} ) , ìpou oi stajerèc sÔgkrishc exartÿntai mìno apì to α. □

Sthn parĹgrafo 4.3 dÐnoume mia efarmogă tou Jewrămatoc 6 se èna prìblhma gia ta empeirikĹ mètra sto monadiaÐo tetrĹgwno. JewroÔme tuqaÐa shmeÐa X_1, . . . , X_n pou epilègontai anexĹrthta kai omoiìmorfa apì to monadiaÐo tetrĹgwno [0, 1]^2. Jèloume na ektimăsoume thn apìklish tou empeirikoÔ mètrou δ_X =^1_n ∑ i≤n δ_{Xi} apì to omoiìmorfo mètro tou [0, 1]^2. Gia to skopì autì orÐzoume thn tuqaÐa metablhtă

(1.24) C_n = sup_{f ∈L} | | | 1 n ∑ i≤n f(X_i) − Ef | | |, ìpou L eÐnai h klĹsh twn 1-Lipschitz sunartăsewn sto [0, 1]^2 kai Ef eÐnai h mèsh timă thc f sto [0, 1]^2. H tuqaÐa metablhtă C_n dÐnei to bèltisto Ĺnw frĹgma gia to {sfĹlma} pou kĹnoume ìtan qrhsimopoioÔme to δ_X gia na upologÐsoume to oloklărwma miac 1-Lipschitz sunĹrthshc sto monadiaÐo tetrĹgwno. ParousiĹzoume thn apìdeixh tou Talagrand gia to akìloujo jeÿrhma twn Ajtai-Komlòs-Tusnàdy.

Jeÿrhma 7 UpĹrqei stajerĹ K > 0 tètoia ÿste, gia kĹje n ≥ 2, (1.25) EC_n ≤ K √ log n n . □ Tèloc, sto KefĹlaio 5 parousiĹzoume mia efarmogă tou Jewrămatoc 3 sth jewrÐa twn kurtÿn swmĹtwn, dÐnontac mia apìdeixh thc ektÐmhshc tou Bourgain gia to gnwstì prìblhma thc stajerĹc isotropÐac. ’Ena kurtì sÿma K ston R^n lègetai isotropikì an èqei ìgko |K| = 1, kèntro bĹrouc to 0, kai ikanopoieÐ thn isotropikă sunjăkh

(1.26) ∫ K ⟨x, y⟩^2dx = L^2_K ‖y‖^2 gia kĹje y ∈ R^n . H stajerĹ L_K lègetai stajerĹ isotropÐac tou K. Anoiqtă paramènei h exăc eikasÐa:

UpĹrqei apìluth stajerĹ C > 0 tètoia ÿste L_K ≤ C gia kĹje isotropikì kurtì sÿma K.

To kalÔtero gnwstì genikì Ĺnw frĹgma gia thn L_K èqei dojeÐ apì ton Bourgain:

Jeÿrhma 8 Gia kĹje isotropikì kurtì sÿma K ston R^n , isqÔei h anisìthta

(1.27) L_K ≤ c^4 √ n log n, ìpou c > 0 apìluth stajerĹ. □

12

KefĹlaio 2

AnelÐxeic tou Gauss

2.1 Kanonikèc tuqaÐec metablhtèc

H tupikă kanonikă katanomă ston R^n eÐnai to Borel mètro pijanìthtac γ_n pou orÐzetai apì thn

(2.1.1) γ_n(B) = 1 (2π)^{n/2} ∫ B exp(−‖x‖^2)dx, gia kĹje Borel uposÔnolo B tou R^n , ìpou ‖ · ‖_2 eÐnai h EukleÐdeia nìrma. Mia tuqaÐa metablhtă N : Ω → R^n lègetai tupikă kanonikă tuqaÐa metablhtă ston R^n an P (N ∈ B) = γ_n(B) gia kĹje Borel uposÔnolo B tou R^n .

’Estw (Ω, A, P ) ènac qÿroc pijanìthtac. Mia tuqaÐa metablhtă X : Ω → R lègetai kanonikĹ katanemhmènh sto R an X = σN + m gia kĹpoia tupikă kanonikă tuqaÐa metablhtă N sto R kai kĹpoiouc σ ≥ 0 kai m ∈ R. GrĹfoume μ gia thn katanomă dist(X) thc X (dhladă, to mètro pijanìthtac sto R pou orÐzetai apì thn μ(B) = P (X ∈ B)). Tìte isqÔoun ta exăc:

Prìtash 2.1.1 ’Estw X = σN + m mia kanonikă t.m. kai èstw μ = dist(X). Tìte, h mèsh timă kai h diasporĹ thc X dÐnontai apì tic

(2.1.2) EX = m kai V(X) = σ^2.

H qarakthristikă sunĹrthsh thc X eÐnai h (2.1.3) μ̂(−t) = E(e^{itX} ) = e^{imt− 12 σ2 t2} gia kĹje t ∈ R. □

Lème ìti h X thc Prìtashc 2.1.1 eÐnai mia N(m, σ^2) tuqaÐa metablhtă. An σ = 0 tìte μ = δ_m (h shmeiakă mĹza sto m), enÿ an σ > 0 èqoume (2.1.4) dμ(x) = 1 σ √ 2π exp ( − (x − m)^2 2σ^2 ) dx, apfl ìpou blèpoume ìti

(2.1.5) E(f(X)) = 1 σ √ 2π ∫_∞ −∞ f(x)e^{−(x−m)2/2σ2} dx gia kĹje f ∈ L_1(μ) ă f : R → [0, ∞) Borel metrăsimh.

Prìtash 2.1.2 ’Estw X = (X_1, . . . , X_n) : Ω → R^n èna tuqaÐo diĹnusma. Ta exăc eÐnai isodÔnama:

(a) UpĹrqoun n × n pÐnakac A kai diĹnusma m ∈ R^n tètoia ÿste (2.1.6) dist(X) = dist(AN + m), ìpou N tupikă kanonikă tuqaÐa metablhtă.

(b) Gia kĹje epilogă pragmatikÿn arijmÿn t_1, . . . , t_n ∈ R, h tuqaÐa metablhtă

(2.1.7) Y = n∑ i=1 t_iX_i eÐnai kanonikĹ katanemhmènh sto R.

(g) UpĹrqoun a ∈ R^n kai jetikĹ hmiorismènh tetragwnikă morfă Q ston R^n tètoia ÿste (2.1.8) E(e^{i⟨y,X⟩} ) = e^{i⟨a,y⟩− 12 Q(y)} gia kĹje y ∈ R^n . □ ’Estw ìti oi isodÔnamec sunjăkec (a)-(g) isqÔoun gia to tuqaÐo diĹnusma X = (X_1, . . . , X_n). JewroÔme ton pÐnaka Γ = (γ_{ij} ) twn sundiakumĹnsewn (2.1.9) γ_{ij} = E ( [X_i − EX_i ] · [X_j − EX_j ] ) , i, j = 1, . . . , n. Tìte, me to sumbolismì thc Prìtashc 2.1.2, isqÔoun ta exăc:

1. m = EX.

2. E(Y ) = ⟨t, m⟩, ìpou t = (t_1, . . . , t_n). 3. V(Y ) = ‖A^∗t‖^2. 4. AA^∗ = Γ. 5. a = m.

6. Q(y) = ⟨Γy, y⟩ = V(⟨y, X⟩) gia kĹje y ∈ R^n . Jeÿrhma antistrofăc gia to metasqhmatismì Fourier. An f, f̂ ∈ L^1(R^n ), tìte

(2.1.10) f(z) = 1 (2π)^n ∫ R^n f̂(y)e^{i⟨y,z⟩}dy sqedìn pantoÔ ston R^n . Epiplèon, h (2.1.10) isqÔei se kĹje z ∈ R^n sto opoÐo h f eÐnai suneqăc. □

Upojètoume ìti to tuqaÐo diĹnusma X = (X_1, . . . , X_n) eÐnai kanonikĹ katanemhmèno ston R^n , kai ìti E(X_i ) = 0, i = 1, . . . , n. An o pÐnakac sundiakumĹnsewn Γ eÐnai antistrèyimoc, tìte apì to jeÿrhma antistrofăc paÐrnoume to exăc:

Prìtash 2.1.3 An dist(X) = dist(AN), tìte to X èqei puknìthta pou dÐnetai apì thn (2.1.11) g(z) = (2π)^{−n} ∫ R^n exp(i⟨y, z⟩ − ⟨Γy, y⟩/2)dy, ìpou Γ = AA^∗ o pÐnakac sundiakumĹnsewn twn X_i. □

2.2 AnelÐxeic tou Gauss

’Estw (Ω, A, P ) qÿroc pijanìthtac, kai Z = (Z_t)_{t∈T} mia oikogèneia pragmatikÿn tuqaÐwn metablhtÿn me deÐktec apì èna sÔnolo T . Lème ìti h Z eÐnai anèlixh tou Gauss an kĹje peperasmènoc grammikìc sunduasmìc a_1Z_{t1} + · · · + a_mZ_{tm} twn Z_t eÐnai kanonikă tuqaÐa metablhtă me mèsh timă 0.

ParadeÐgmata. (a) ’Estw g_1, . . . , g_N anexĹrthtec tuqaÐec metablhtèc me g_i ∼ N(0, 1). H Z = {g_1, . . . , g_N } eÐnai anèlixh tou Gauss, afoÔ gia kĹje epilogă pragmatikÿn arijmÿn a_1, . . . , a_N isqÔei

a_1g_1 + · · · + a_N g_N ∼ N(0, (a^2_1 + · · · + a^2_N )^{1/2}).

(b) ’Estw g_1, . . . , g_N anexĹrthtec tuqaÐec metablhtèc me g_i ∼ N(0, 1) kai èstw T ⊆ R^N . SumbolÐzoume me {e_1, . . . , e_N } th sunăjh orjokanonikă bĹsh tou R^N . Gia kĹje t ∈ T orÐzoume thn tuqaÐa metablhtă Z_t wc exăc:

(2.2.1) Z_t = ⟨ t, N∑ i=1 g_ie_i ⟩ = N∑ i=1 t_ig_i. KĹje Z_t eÐnai kanonikă tuqaÐa metablhtă me mèsh timă 0, kai eÔkola elègqoume ìti (2.2.2) a_1Z_{t1} + · · · + a_kZ_{tk} = Z_{a1t1+···+ak tk} gia kĹje k ∈ N kai kĹje a_1, . . . , a_k ∈ R, t_1, . . . , t_k ∈ T . ’Ara, h Z eÐnai anèlixh tou Gauss.

An Z = (Z_t)_{t∈T} eÐnai mia anèlixh tou Gauss, mporoÔme na blèpoume thn Z san uposÔnolo tou L^2(Ω, A, P ). GrĹfoume B gia thn anoiktă monadiaÐa mpĹla tou L^2(Ω, A, P ) kai gia kĹje ε > 0 orÐzoume ton ε-arijmì entropÐac thc Z apì th sqèsh

(2.2.3) N_ε(Z) = min { N | upĹrqoun t_1, . . . , t_N ∈ T : Z ⊆ N⋃ i=1 (Z_{ti} + εB) } . An to teleutaÐo sÔnolo eÐnai kenì, jètoume N_ε(Z) = ∞.

H apìstash ‖Z_t − Z_s‖_2 twn Z_t, Z_s ston L^2(Ω, A, P ) epĹgei me fusiologikì trìpo mia apìstash sto sÔnolo deiktÿn T . Gia kĹje t, s ∈ T orÐzoume (2.2.4) d(t, s) = ‖Z_t − Z_s‖_2. Oi ε-arijmoÐ entropÐac thc Z antistoiqoÔn ètsi stouc ε-arijmoÔc kĹluyhc tou (T, d): èqoume (2.2.5) N_ε(Z) = N(T, d, ε), ìpou

(2.2.6) N(T, d, ε) := min { N | upĹrqoun t_1, . . . , t_N ∈ T : T ⊆ N⋃ i=1 B(t_i, ε) }

kai B(t, ε) = {s ∈ T : d(t, s) < ε}. Orismìc. ’Estw Z = (Z_t)_{t∈T} anèlixh tou Gauss. To basikì prìblhma autăc thc ergasÐac eÐnai na dojoÔn akribă frĹgmata gia th mèsh timă thc sup_{t∈T} Z_t

(2.2.7) E sup_{t∈T} Z_t := sup { E sup_{t∈F} Z_t : F ⊆ T, |F | < +∞ }

mèsw thc gewmetrÐac tou (T, d).

Se autì to KefĹlaio ja apodeÐxoume ta klasikĹ frĹgmata twn Sudakov kai Dudley, ta opoÐa sunoyÐzontai sto exăc Jeÿrhma.

Jeÿrhma 2.2.1 UpĹrqoun apìlutec stajerèc c_1, c_2 > 0 me thn exăc idiìthta: gia kĹje anèlixh tou Gauss Z = (Z_t)_{t∈T} ,

(2.2.8) c_1 sup_{ε>0} ( ε √ log N_ε(Z) ) ≤ E sup_{t∈T} Z_t ≤ c_2 ∫_∞ 0 √ log N_ε(Z)dε. To kĹtw frĹgma eÐnai h anisìthta tou Sudakov kai to Ĺnw frĹgma eÐnai h anisìthta tou Dudley. H apìdeixh twn dÔo anisotătwn basÐzetai sto Lămma tou

Slepian, to opoÐo ja parousiĹsoume sthn epìmenh upoparĹgrafo, kai sto prÿto apì ta basikĹ mac paradeÐgmata, to opoÐo anaptÔssoume leptomerÿc sth sunèqeia.

Ac jewrăsoume thn anèlixh tou Gauss Z = {g_1, . . . , g_N } tou ParadeÐgmatoc (a). H anexarthsÐa twn g_i kai ènac aplìc upologismìc deÐqnoun ìti

‖g_i − g_j ‖^2 = E(g_i − g_j )^2 = Eg^2_i + Eg^2_j − 2Eg_i · Eg_j = 2

an i ≠ j, Ĺra

N_ε(Z) =

1 , an ε > √ 2 N , an 0 < ε ≤ √ 2. ’Ara,

(2.2.9) sup_{ε>0} ( ε √ log N_ε(Z) ) = √ 2 √ log N = ∫_∞ 0 √ log N_ε(Z)dε. H Prìtash pou akoloujeÐ deÐqnei ìti to Jeÿrhma 2.2.1 isqÔei se autăn thn perÐptwsh, kai h isìthta (2.2.9) deÐqnei ìti ta dÔo frĹgmata eÐnai katĹ kĹpoion trìpo bèltista: oi treic posìthtec sthn (2.2.8) eÐnai Ðsec an agnoăsoume apìlutec jetikèc stajerèc.

Prìtash 2.2.1 ’Estw g_1, . . . , g_N anexĹrthtec tuqaÐec metablhtèc me g_i ∼ N(0, 1). Tìte,

(2.2.10) c_1 √ log N ≤ E max_{i≤N} g_i ≤ c_2 √ log N, ìpou c_1, c_2 > 0 apìlutec stajerèc.

Apìdeixh: ’Estw q ≥ 1. Apì thn anisìthta tou Hölder, E max_{i≤N} g_i ≤ E max_{i≤N} |g_i| ≤ E ( ∑ i≤N |g_i|^q )_{1/q}

≤ ( ∑ i≤N E|g_i |^q )_{1/q} .

H ropă tĹxhc q thc g upologÐzetai akribÿc: E|g|^q = 2 √ 2π ∫_∞ 0 x^q e^{−x2/2}dx = 2 √ 2π ∫_∞ 0 (2y)^{q−12} e^{−y}dy = 2^{q/2} √ π Γ ( q + 1 2 ) .

’Ara,

(2.2.11) E max_{i≤N} g_i ≤ ( N 2^{q/2} √ π Γ ( q + 1 2 ))1/q ≤ c √ qN^{1/q}. An epilèxoume q ∼ log N, blèpoume ìti

(2.2.12) E max_{i≤N} g_i ≤ c_2 √ log N, ìpou c_2 > 0 eÐnai mia apìluth stajerĹ.

Gia thn antÐstrofh anisìthta deÐqnoume prÿta ìti upĹrqei (arketĹ mikră) apìluth stajerĹ α > 0 kai upĹrqei fusikìc arijmìc n_0 ÿste: an g ∼ N(0, 1) kai N ≥ n_0, tìte (2.2.13) P (g > α √ log N) ≥ 1 N . PrĹgmati, P (g > α √ log N) = 1 √ 2π ∫_∞ α √ log N e^{−x2/2}dx ≥ 1 √ 2π ∫_{2α}^√_{log N} α √ log N e^{−x2/2}dx = α √ log N √ 2π e^{−2α2 log N} = α √ log N √ 2π N^{−2α2} ≥ 1 N an, gia parĹdeigma, α = 1/2 kai to n_0 epilegeÐ katĹllhla. Tìte, gia kĹje N ≥ n_0 èqoume

(2.2.14) P ( max_{i≤N} g_i ≤ α √ log N ) = [ P (g ≤ α √ log N) ]_N ≤ ( 1 − 1 N )_N ≤ 1 e , Ĺra, apì thn anisìthta tou Markov paÐrnoume

(2.2.15) E max_{i≤N} g_i ≥ 1 2 √ log N · P ( max_{i≤N} g_i ≥ 1 2 √ log N ) ≥ 1 2 ( 1 − 1 e ) √ log N

an N ≥ n_0. EÐnai tÿra fanerì ìti an epilèxoume katĹllhlh apìluth stajerĹ c_1 > 0, petuqaÐnoume thn

(2.2.16) c_1 √ log N ≤ E max_{i≤N} g_i

gia kĹje N ∈ N. □

2.3 To Lămma tou Slepian

To Lămma tou Slepian dÐnei èna kritărio sÔgkrishc gia n-Ĺdec kanonikÿn tuqaÐwn metablhtÿn.

Jeÿrhma 2.3.1 ’Estw (Ω, A, P ) qÿroc pijanìthtac kai èstw X = (X_1, . . . , X_n), Y = (Y_1, . . . , Y_n) dÔo n-Ĺdec kanonikÿn tuqaÐwn metablhtÿn pou orÐzontai ston Ω kai èqoun mèsh timă 0. Upojètoume ìti ∫ Ω X^2_i dμ = ∫ Ω Y^2_i dμ ∫ Ω X_iX_j dμ ≥ ∫ Ω Y_iY_j dμ gia kĹje i, j = 1, . . . , n. Tìte,

(2.3.1) ∫ Ω max_{i≤n} X_idμ ≤ ∫ Ω max_{i≤n} Y_idμ. Apìdeixh: ’Opwc eÐdame sthn ParĹgrafo 2.1, an Z = {Z_1, . . . , Z_n} eÐnai mia n-Ĺda kanonikÿn tuqaÐwn metablhtÿn me mèsh timă 0, tìte o pÐnakac sundiakumĹnsewn Γ = (γ_{ij} ), ìpou γ_{ij} = ∫ Z_iZ_j dP , eÐnai ènac jetikĹ hmiorismènoc pÐnakac: dhladă, ⟨Γx, x⟩ ≥ 0 gia kĹje x ∈ R^n . AntÐstrofa, kĹje jetikĹ hmiorismènoc orismènoc pÐnakac Γ orÐzei mia n-Ĺda Z = {Z_1, . . . , Z_n} pou èqei ton Γ san pÐnaka sundiakumĹnsewn. H puknìthta tou tuqaÐou dianÔsmatoc Z dÐnetai apì thn

(2.3.2) g(z_1, . . . , z_n | Γ) = (2π)^{−n/2}(det Γ)^{−1/2} exp ( − ⟨Γ^{−1}z, z⟩/2 ) , kai h qarakthristikă sunĹrthsh tou Z eÐnai h

(2.3.3) ĝ(y) = exp ( − ⟨Γy, y⟩/2 ) . Apì to jeÿrhma antistrofăc, èqoume

(2.3.4) g(z_1, . . . , z_n | Γ) = (2π)^{−n} ∫ R^n exp ( i⟨y, z⟩ − ⟨Γy, y⟩/2 ) dy gia kĹje z = (z_1, . . . , z_n) ∈ R^n . ParagwgÐzontac wc proc γ_{ij} paÐrnoume thn tautìthta

(2.3.5) ∂g ∂γ_{ij} = ∂^2g ∂z_i∂z_j gia kĹje i ≠ j, i, j = 1, . . . , n.

StajeropoioÔme t_1, . . . , t_n ∈ R kai jewroÔme th sunĹrthsh G(Γ | t_1, . . . , t_n) := G(Γ) me

(2.3.6) G(Γ) := P ( ∩^n_{j=1}{ω ∈ Ω | Z_j (ω) < t_j } ) = ∫_{t1} −∞ · · · ∫_{tn} −∞ g(z_1, . . . , z_n | Γ)dz san sunĹrthsh tou Γ (paraleÐpoume ta t_1, . . . , t_n gia eukolÐa sto sumbolismì). Apì thn (2.3.5) blèpoume ìti

(2.3.7) ∂G(Γ) ∂γ_{ij} = ∫_{t1} −∞ · · · ∫_{tn} −∞ ∂^2 ∂z_i∂z_j g(z_1, . . . , z_n | Γ)dz gia kĹje i ≠ j, i, j = 1, . . . , n. To oloklărwma sto dexiì mèloc isoÔtai me èna oloklărwma thc g wc proc tic (m − 2)-metablhtèc z_k, k ≠ i, j. Gia parĹdeigma,

(2.3.8) ∂G(Γ) ∂γ_{12} = ∫_{t3} −∞ · · · ∫_{tn} −∞ g(t_1, t_2, z_3, . . . , z_n | Γ)dz_n . . . dz_3. ’Ara,

(2.3.9) ∂G(Γ) ∂γ_{ij} ≥ 0 gia kĹje i ≠ j, i, j = 1, . . . , n.

Parathrăste epÐshc ìti

E max_{i≤n} Z_i = ∫ Ω ( max_{i≤n} Z_i )_+ dμ − ∫ Ω ( max_{i≤n} Z_i )_− dμ = ∫_∞ 0 P ( max_{i≤n} Z_i > t ) dt − ∫_∞ 0 P ( max_{i≤n} Z_i < −t ) dt = ∫_∞ 0 [1 − P ( max_{i≤n} Z_i < t ) ]dt − ∫_∞ 0 P ( max_{i≤n} Z_i < −t ) dt = ∫_∞ 0 (1 − G(Γ | t, . . . , t))dt − ∫_∞ 0 G(Γ | −t, . . . , −t)dt. JewroÔme tÿra tic n-Ĺdec X = (X_1, . . . , X_n) kai Y = (Y_1, . . . , Y_n) tou Jewrămatoc, kai grĹfoume Γ_X kai Γ_Y gia touc antÐstoiqouc pÐnakec sundiakumĹnsewn. QwrÐc periorismì thc genikìthtac, upojètoume ìti oi Γ_X kai Γ_Y eÐnai jetikĹ orismènoi (alliÿc, proseggÐzoume tic X kai Y me n-Ĺdec X_ε kai Y_ε pou èqoun autăn thn idiìthta, kai metĹ pernĹme sto ìrio).

Gia kĹje θ ∈ [0, 1] jètoume

(2.3.10) Γ(θ) = θΓ_X + (1 − θ)Γ_Y .

Me autìn ton orismì èqoume Γ(0) = Γ_Y kai Γ(1) = Γ_X . KĹje Γ(θ) eÐnai jetikĹ orismènoc pÐnakac. An orÐsoume

(2.3.11) T (θ) = G(Γ(θ)),

tìte

T^′(θ) = n∑ i,j=1 ∂G(Γ(θ)) ∂γ_{ij} · dγ_{ij} (θ) dθ

= n∑ i,j=1 ∂G(Γ(θ)) ∂γ_{ij} · ( E(X_i X_j ) − E(Y_i Y_j ) )

= ∑ i≠j ∂G(Γ(θ)) ∂γ_{ij} · ( E(X_i X_j ) − E(Y_i Y_j ) )

giatÐ EX^2_i = EY^2_i gia kĹje i = 1, . . . , n. Apì thn (2.3.9) kai th deÔterh upìjesă mac, èpetai ìti (2.3.12) T^′(θ) ≥ 0, Ĺra (2.3.13) G(Γ_X ) = G(Γ(1)) ≥ G(Γ(0)) = G(Γ_Y ). Gia na oloklhrÿsoume thn apìdeixh parathroÔme ìti

E max_{i≤n} X_i = ∫_∞ 0 (1 − G(Γ_X | t, . . . , t))dt − ∫_∞ 0 G(Γ_X | −t, . . . , −t)dt ≤ ∫_∞ 0 (1 − G(Γ_Y | t, . . . , t))dt − ∫_∞ 0 G(Γ_Y | −t, . . . , −t)dt = E max_{i≤n} Y_i.

Autì prokÔptei Ĺmesa, an jewrăsoume t ≥ 0 kai efarmìsoume thn (2.3.13) gia tic n-Ĺdec (t, . . . , t) kai (−t, . . . , −t). Gia thn akrÐbeia, h (2.3.13) dÐnei polÔ isqurìterh plhroforÐa gia thn katanomă twn X kai Y . □ Ja qreiastoÔme epÐshc thn exăc parallagă tou Lămmatoc tou Slepian. Jeÿrhma 2.3.2 ’Estw (Ω, A, μ) qÿroc pijanìthtac kai èstw X = (X_1, . . . , X_n), Y = (Y_1, . . . , Y_n) dÔo n-Ĺdec kanonikÿn tuqaÐwn metablhtÿn pou orÐzontai ston Ω kai èqoun mèsh timă 0. Upojètoume ìti (2.3.14) ‖X_i − X_j ‖_2 ≤ ‖Y_i − Y_j ‖_2 gia kĹje i, j = 1, . . . , n. Tìte, (2.3.15) E max_{i≤n} X_i ≤ 2E max_{i≤n} Y_i.

Apìdeixh: An jèsoume X^′_i = X_i −X_1 kai Y^′_i = Y_i −Y_1, tìte h (2.3.14) exakoloujeÐ na isqÔei, kai (2.3.16) E max_{i≤n} X^′_i = E max_{i≤n} X_i , E max_{i≤n} Y^′_i = E max_{i≤n} Y_i. MporoÔme loipìn na kĹnoume thn epiplèon upìjesh ìti X_1 = Y_1 = 0. Tìte, apì thn (2.3.14) paÐrnoume (2.3.17) ‖X_i‖_2 ≤ ‖Y_i‖_2 gia kĹje i = 1, . . . , n. JewroÔme mia tupikă kanonikă tuqaÐa metablhtă g, anexĹrthth apì tic X_i, Y_i, ston Ω, kai jètoume C = max_{i≤n} ‖Y_i‖_2 X̃_i = X_i + C · g Ỹ_i = Y_i + (C^2 − ‖Y_i‖^2 + ‖X_i‖^2)^{1/2} g = Y_i + b_i · g.

Parathrăste ìti C^2 − ‖Y_i‖^2 + ‖X_i‖^2 ≥ 0, Ĺra o b_i orÐzetai kalĹ. Apì thn (2.3.17) èpetai ìti (2.3.18) b_i ≤ C. Apì ton trìpo orismoÔ twn X̃_i kai Ỹ_i èqoume (2.3.19) ‖X̃_i − X̃_j ‖_2 = ‖X_i − X_j ‖_2 kai (2.3.20) ‖Ỹ_i − Ỹ_j ‖_2 = ‖(Y_i − Y_j ) + g(b_i − b_j )‖_2 = ( ‖Y_i − Y_j ‖^2 + |b_i − b_j |^2 )_{1/2} ≥ ‖Y_i − Y_j ‖_2, Ĺra (2.3.21) ‖X̃_i − X̃_j ‖_2 ≤ ‖Ỹ_i − Ỹ_j ‖_2 gia kĹje i, j = 1, . . . , n. EpÐshc, (2.3.22) ‖X̃_i‖^2 = ‖X_i‖^2 + C^2 = ‖Y_i‖^2 + b^2_i = ‖Ỹ_i‖^2. Apì tic (2.3.21) kai (2.3.22) eÐnai fanerì ìti oi n-Ĺdec X̃ = (X̃_1, . . . , X̃_n) kai Ỹ = (Ỹ_1, . . . , Ỹ_n) ikanopoioÔn tic upojèseic tou Jewrămatoc 2.3.1. ’Ara, (2.3.23) E max_{i≤n} X̃_i ≤ E max_{i≤n} Ỹ_i. ParathroÔme ìti (2.3.24) E max_{i≤n} X̃_i = E ( max_{i≤n} X_i + C · g ) = E max_{i≤n} X_i kai, lìgw thc (2.3.18), E max_{i≤n} Ỹ_i ≤ E max_{i≤n} (Y_i + b_i · g^+) ≤ E max_{i≤n} Y_i + C · Eg^+ .

’Omwc, aplìc upologismìc deÐqnei ìti EY^+_i = ‖Y_i‖_2 · Eg^+ , Ĺra

C = max_{i≤n} ‖Y_i‖_2 = max_{i≤n} EY^+_i Eg^+ ≤ E max_{i≤n} Y^+_i Eg^+ = E max_{i≤n} Y_i Eg^+ giatÐ max_{i≤n} Y^+_i = max_{i≤n} Y_i afoÔ Y_1 ≡ 0. ’Ara, C · Eg^+ ≤ E max_{i≤n} Y_i, dhladă

(2.3.25) E max_{i≤n} Ỹ_i ≤ 2E max_{i≤n} Y_i.

Apì tic (2.3.23), (2.3.24) kai (2.3.25) èpetai to sumpèrasma. □

2.4 H anisìthta tou Sudakov kai h anisìthta tou Dudley

H anisìthta tou Sudakov eÐnai h aristeră anisìthta tou Jewrămatoc 2.2.1.

Jeÿrhma 2.4.1 UpĹrqei apìluth stajerĹ c_1 > 0 me thn exăc idiìthta: gia kĹje anèlixh tou Gauss Z = (Z_t)_{t∈T} ,

(2.4.1) c_1 sup_{ε>0} ( ε √ log N_ε(Z) ) ≤ E sup_{t∈T} Z_t. H apìdeixh ja basisteÐ sthn aristeră anisìthta tou epìmenou Lămmatoc (h dexiĹ anisìthta ja qrhsimopoihjeÐ gia thn apìdeixh thc anisìthtac tou Dudley).

Lămma 2.4.1 ’Estw Z = (Z_1, . . . , Z_n) mia anèlixh tou Gauss. Jètoume

(2.4.2) A = min_{i≠j} ‖Z_i − Z_j ‖_2 kai B = max_{i≠j} ‖Z_i − Z_j ‖_2.

Tìte,

(2.4.3) c_1 2 √ 2 A √ log n ≤ E max_{i≤n} Z_i ≤ c_2 √ 2B √ log n, ìpou c_1, c_2 oi stajerèc thc Prìtashc 2.2.1.

Apìdeixh: JewroÔme anexĹrthtec tupikèc kanonikèc tuqaÐec metablhtèc g_1, . . . , g_n (anexĹrthtec apì thn Z) kai jètoume

(2.4.4) X_i = g_i √ 2 min_{i≠j} ‖Z_i − Z_j ‖_2 = Ag_i √ 2 kai (2.4.5) Y_i = g_i √ 2 max_{i≠j} ‖Z_i − Z_j ‖_2 = Bg_i √ 2 .

Tìte, gia kĹje i ≠ j èqoume (2.4.6) ‖X_i − X_j ‖_2 = min_{i≠j} ‖Z_i − Z_j ‖_2 ≤ max_{i≠j} ‖Z_i − Z_j ‖_2 = ‖Y_i − Y_j ‖_2.

Apì to Jeÿrhma 2.3.2,

(2.4.7) 1 2 E max_{i≤n} X_i ≤ E max_{i≤n} Z_i ≤ 2E max_{i≤n} Y_i.

Apì thn Prìtash 2.2.1, 1 2 E max_{i≤n} X_i = 1 2 √ 2 min_{i≠j} ‖Z_i − Z_j ‖_2 · E max_{i≤n} g_i ≥ c_1A 2 √ 2 √ log n kai 2E max_{i≤n} X_i = 2 √ 2 max_{i≠j} ‖Z_i − Z_j ‖_2 · E max_{i≤n} g_i ≤ c_2 √ 2B √ log n, apfl ìpou èpetai to sumpèrasma. □

Apìdeixh tou Jewrămatoc 2.4.1: StajeropoioÔme ε > 0 kai jewroÔme uposÔnolo {Z_1, . . . , Z_n} tou Z to opoÐo eÐnai megistikì wc proc thn apaÐthsh (2.4.8) ‖Z_i − Z_j ‖_2 ≥ ε an i ≠ j. (’Opwc ja faneÐ apì thn apìdeixh, an den upĹrqei tètoio sÔnolo tìte ta dÔo mèlh thc anisìthtac apeirÐzontai). Tìte, (2.4.9) Z ⊆ n⋃ i=1 (Z_i + εB), Ĺra N_ε(Z) ≤ n. Apì thn (2.4.8) kai apì to Lămma 2.4.1,

(2.4.10) c_1 2 √ 2 ε √ log n ≤ E max_{i≤n} Z_i ≤ E sup_{t∈T} Z_t, Ĺra (2.4.11) ε √ log N_ε(Z) ≤ 2 √ 2 c_1 E max_{t∈T} Z_t gia kĹje ε > 0. □

Gewmetrikă efarmogă - arijmoÐ kĹluyhc kurtoÔ sÿmatoc: ’Estw T èna kurtì sÿma ston R^n . Oi arijmoÐ kĹluyhc N(T, εB^n_2 ) tou T orÐzontai apì thn (2.4.12) N(T, εB^n_2 ) := min { N | upĹrqoun t_1, . . . , t_N ∈ T : T ⊆ ∪^N_{i=1}(t_i + εB^n_2 ) } , ìpou B^n_2 eÐnai h anoiktă EukleÐdeia monadiaÐa mpĹla. ’Opwc eÐdame sto ParĹdeigma (b), an g_1, . . . , g_n anexĹrthtec tuqaÐec metablhtèc me g_i ∼ N(0, 1) kai an {e_1, . . . , e_n} eÐnai h sunăjhc orjokanonikă bĹsh tou R^n , tìte h Z = {Z_t | t ∈ T } me

(2.4.13) Z_t = ⟨ t, n∑ i=1 g_ie_i ⟩ = n∑ i=1 t_ig_i eÐnai anèlixh tou Gauss, kai (2.4.14) N(T, εB^n_2 ) = N_ε(Z). Apì thn anisìthta tou Sudakov èpetai ìti

(2.4.15) log N(T, εB^n_2 ) ≤ c ε^2 E sup_{t∈T} ⟨t, n∑ i=1 g_ie_i⟩. H teleutaÐa mèsh timă èqei polÔ sugkekrimènh gewmetrikă ermhneÐa: orÐzoume to plĹtoc tou T sth dieÔjunsh tou monadiaÐou dianÔsmatoc θ mèsw thc (2.4.16) w(T, θ) = max_{t∈T} ⟨t, θ⟩ kai to mèso plĹtoc tou T apì th sqèsh (2.4.17) w(T ) = ∫ S^{n−1} w(T, θ)σ(dθ) ìpou σ eÐnai to analloÐwto wc proc orjogÿniouc metasqhmatismoÔc mètro pijanìthtac sthn EukleÐdeia monadiaÐa sfaÐra S^{n−1}. Tìte, isqÔei to exăc. Lămma 2.4.2 Gia kĹje kurtì sÿma T ston R^n ,

(2.4.18) E sup_{t∈T} ⟨ t, n∑ i=1 g_ie_i ⟩ = c_nw(T ), ìpou c_n stajerĹ pou exartĹtai apì th diĹstash n, me c_n ≃ √ n. Apìdeixh: ParathroÔme ìti E sup_{t∈T} ⟨t, n∑ i=1 g_ie_i⟩ = 1 (2π)^{n/2} ∫ R^n max_{t∈T} ⟨t, x⟩e^{−|x|2/2}dx = n|B^n_2 | (2π)^{n/2} ∫ S^{n−1} ∫_∞ 0 max_{t∈T} ⟨t, θ⟩u^ne^{−u2 /2}duσ(dθ) = n 2^{n/2}Γ (_n 2 + 1 ) ∫_∞ 0 u^ne^{−u2/2}du · ∫ S^{n−1} max_{t∈T} ⟨t, θ⟩σ(dθ) = √ 2Γ (_{n+1} 2 ) Γ (_n 2 + 1 ) · w(T ) = c_nw(T ), qrhsimopoiÿntac polikèc suntetagmènec kai to gegonìc ìti |B^n_2 | = π^{n/2}/Γ (_n 2 + 1 ) . □ ’Amesh sunèpeia tou Lămmatoc 2.4.2 kai thc (2.4.15) eÐnai h anisìthta tou Sudakov gia touc arijmoÔc kĹluyhc enìc kurtoÔ sÿmatoc.

Jeÿrhma 2.4.2 UpĹrqei apìluth stajerĹ C > 0 me thn exăc idiìthta: an T eÐnai èna kurtì sÿma ston R^n , tìte

(2.4.19) N(K, εB^n_2 ) ≤ exp ( Cnw^2(T ) ε^2 )

gia kĹje ε > 0. □

H anisìthta tou Dudley eÐnai h dexiĹ anisìthta tou Jewrămatoc 2.2.1.

Jeÿrhma 2.4.3 UpĹrqei apìluth stajerĹ c_2 > 0 me thn exăc idiìthta: gia kĹje anèlixh tou Gauss Z = (Z_t)_{t∈T} ,

(2.4.20) E sup_{t∈T} Z_t ≤ c_2 ∫_∞ 0 √ log N_ε(Z)dε. Apìdeixh: ’Estw F peperasmèno uposÔnolo tou T kai èstw δ > 1. OrÐzoume (2.4.21) D = max_{i,j∈F} ‖Z_i − Z_j ‖_2,

kai, gia kĹje n ≥ 0, jètoume

(2.4.22) ε_n = δ D 2^n kai N_n = N_{εn} (Z_F ),

ìpou Z_F = {Z_t | t ∈ F }.

Apì ton orismì tou N_n, mporoÔme na broÔme F_n ⊆ F me |F_n| = N_n, tètoia ÿste (2.4.23) Z_F ⊆ ⋃ t∈F_n (Z_t + ε_nB).

Eidikìtera, mporoÔme na pĹroume F_0 = {t_0} gia tuqìn t_0 ∈ F .

’Estw s ∈ F . Gia kĹje n ≥ 0 upĹrqei t_n(s) ∈ F_n: (2.4.24) ‖Z_s − Z_{tn(s)}‖_2 < ε_n. Tìte, gia kĹje s ∈ F kai kĹje n ≥ 1 èqoume (2.4.25) ‖Z_{tn(s)} − Z_{tn−1(s)}‖_2 ≤ ‖Z_{tn(s)} − Z_s‖_2 + ‖Z_s − Z_{tn−1(s)}‖_2 < 2ε_{n−1}, kai, afoÔ to F eÐnai peperasmèno,

(2.4.26) Z_s = Z_{t0} + ∞∑ n=1 (Z_{tn(s)} − Z_{tn−1(s)}). (Parathrăste ìti to teleutaÐo Ĺjroisma eÐnai peperasmèno: telikĹ, Z_{tn(s)} = Z_s). ’Epetai ìti

(2.4.27) max_{s∈F} Z_s ≤ Z_{t0} + ∞∑ n=1 max_{s∈F} (Z_{tn(s)} − Z_{tn−1(s)}), Ĺra (2.4.28) E ( max_{s∈F} Z_s ) ≤ ∞∑ n=1 E ( max_{s∈F} (Z_{tn(s)} − Z_{tn−1(s)}) ) . Apì th dexiĹ anisìthta tou Lămmatoc 2.4.1 paÐrnoume (2.4.29) E ( max_{s∈F} (Z_{tn(s)} − Z_{tn−1(s)}) ) ≤ 4 √ 2c_2ε_{n−1} √ log(N_nN_{n−1}) ≤ Cε_{n−1} √ log N_n,

afoÔ h (N_n) eÐnai aÔxousa, kai to sÔnolo {Z_{tn(s)}−Z_{tn−1(s)} | s ∈ F } èqei plhjĹrijmo mikrìtero ă Ðso tou |F_n| · |F_{n−1}| = N_nN_{n−1} kai diĹmetro (ston L^2(Ω)) fragmènh apì 4ε_{n−1}, lìgw thc (2.4.25).

Epistrèfontac sthn (2.4.28), paÐrnoume E max_{s∈F} Z_s ≤ C ∞∑ n=1 ε_{n−1} √ log N_{εn} (Z_F )

≤ 4C ∞∑ n=1 ∫_{εn} ε_{n+1} √ log N_ε(Z_F )dε ≤ 4C ∫_∞ 0 √ log N_ε(Z_F )dε.

Qrhsimopoiăsame to gegonìc ìti h ε → N_ε(Z_F ) eÐnai fjÐnousa, kai thn ε_{n−1} = 4(ε_n − ε_{n+1}).

Gia na oloklhrÿsoume thn apìdeixh, parathroÔme ìti: gia kĹje ε > 0 kai gia kĹje F ⊆ T , isqÔei h anisìthta

(2.4.30) N_ε(Z_F ) ≤ N_{ε/2}(Z).

PrĹgmati, an Z ⊆ ⋃_N j=1(Z_{tj} + (ε/2)B), jewroÔme to (2.4.31) A_F = {j ≤ N | [Z_{tj} + (ε/2)B] ∩ Z_F ≠ ∅}, gia kĹje j ∈ A_F epilègoume tuqìn s_j ∈ F me ‖Z_{sj} − Z_{tj} ‖_2 ≤ ε/2, kai, qrhsimopoiÿntac thn trigwnikă anisìthta, elègqoume eÔkola ìti Z_F ⊆ ⋃ j∈A_F (Zsj + εB).

Apì thn (2.4.30) sumperaÐnoume ìti

(2.4.32) E max_{s∈F} Z_s ≤ 4C ∫_∞ 0 √ log N_{ε/2}(Z)dε = 8C ∫_∞ 0 √ log N_ε(Z)dε, kai h apìdeixh tou Jewrămatoc eÐnai plărhc, bĹsei tou orismoÔ thc E sup_{t∈T} Z_t. □

Anaforèc: Gia tic basikèc idiìthtec twn kanonikÿn tuqaÐwn metablhtÿn parapèmpoume ton anagnÿsth sto biblÐo tou Stromberg [Str]. Oi anisìthtec twn Sudakov kai Dudley apodeÐqthkan gÔrw sta 1970: blèpe [Du 1,2] kai [Su]. To Lămma tou Slepian [Sle] eÐnai progenèstero. Stic paragrĹfouc 2.2-2.4 akoloujoÔme se genikèc grammèc to biblÐo tou Pisier ([Pi], KefĹlaio 5).

KefĹlaio 3

KuriarqoÔnta mètra

3.1 Upokanonikèc anelÐxeic: diadoqikèc proseggÐseic

’Estw (T, d) ènac metrikìc qÿroc. Lème ìti h anèlixh X = (X_t)_{t∈T} eÐnai upokanonikă an h apìstash d frĹssei tic metabolèc thc X wc exăc: Gia kĹje t, s ∈ T kai kĹje u > 0,

(3.1.1) P (|X_s − X_t| ≥ u) ≤ 2 exp ( − u^2 d^2(s, t) ) . Upojètoume epÐshc ìti (3.1.2) EX_t = 0, t ∈ T. ’Opwc sto KefĹlaio 2, endiaferìmaste gia th mèsh timă thc sup_{t∈T} X_t, h opoÐa orÐzetai apì th sqèsh

(3.1.3) E sup_{t∈T} X_t := sup { E sup_{t∈F} X_t : F ⊆ T, |F | < +∞ } . StajeropoioÔme t_0 ∈ T kai, gia kĹje peperasmèno uposÔnolo F tou T pou perièqei to t_0, orÐzoume Y_F = sup_{t∈F} (X_t − X_{t0} ). Tìte Y_F ≥ 0 kai, lìgw thc (3.1.2), èqoume

(3.1.4) E sup_{t∈F} X_t = E sup_{t∈F} (X_t − X_{t0} ) = EY_F .

AfoÔ Y_F ≥ 0, mporoÔme na grĹyoume

(3.1.5) EY_F = ∫_∞ 0 P (Y_F ≥ u) du,

Ĺra qreiazìmaste frĹgmata gia pijanìthtec thc morfăc (3.1.6) P ( sup_{t∈F} (X_t − X_{t0} ) ≥ u ) , u > 0.

H prÿth prìtash pou ja apodeÐxoume dÐnei èna polÔ genikì sqăma {diadoqikăc prosèggishc} twn X_t apì ta stoiqeÐa miac akoloujÐac uposunìlwn tou {X_t : t ∈ F }. Aută h idèa emfanÐsthke ădh sthn apìdeixh thc anisìthtac tou Dudley gia tic anelÐxeic tou Gauss.

Jeÿrhma 3.1.1 ’Estw F peperasmèno uposÔnolo tou T kai t_0 ∈ F . ’Estw r ≥ 2 kai i o megalÔteroc akèraioc gia ton opoÐo diam(F ) ≤ 2r^{−i}. OrÐzoume Π_i = {t_0} kai upojètoume ìti upĹrqoun mh kenĹ Π_j ⊆ F , j ≥ i kai sunartăseic π_j : F → Π_j pou ikanopoioÔn ta exăc:

1. Gia kĹje t ∈ F upĹrqei j_0 = j_0(t) ≥ i tètoioc ÿste: gia kĹje j ≥ j_0,

(∗) π_j (t) = t.

2. Gia kĹje t ∈ F kai gia kĹje j > i, (∗∗) d(π_j (t), π_{j−1}(t)) ≤ 2r^{−j+1}. Tìte,

(3.1.7) E sup_{t∈F} X_t ≤ K(r) ∑ j≥i r^{−j} √ log |Π_j |,

ìpou K(r) jetikă stajerĹ pou exartĹtai mìno apì to r.

Apìdeixh: An t ∈ T kai ε > 0, me B(t, ε) sumbolÐzoume thn anoiktă mpĹla me kèntro t kai aktÐna ε. Gia kĹje j > i orÐzoume (3.1.8) M_j = {(π_j (t), π_{j−1}(t)) | t ∈ F }. Parathrăste ìti h (∗∗) exasfalÐzei to exăc: {An (s_1, s_2) ∈ M_j tìte d(s_1, s_2) ≤ 2r^{−j+1}}.

’Estw (α_j )_{j>i} akoloujÐa jetikÿn pragmatikÿn arijmÿn touc opoÐouc ja epilèxoume argìtera. Jètoume

(3.1.9) S = ∑ j>i α_j . Qrhsimopoiÿntac thn (3.1.1), gia kĹje u > 0 paÐrnoume P ( sup_{t∈F} (X_{πj (t)} − X_{πj−1 (t)}) ≥ uα_j ) = P ( ⋃ t∈F {X_{πj (t)} − X_{πj−1 (t)} ≥ uα_j } )

= P ⋃ (s_1 ,s_2)∈M_j {X_{s1} − X_{s2} ≥ uα_j } ≤ ∑ (s_1,s_2 )∈M_j P ({X_{s1} − X_{s2} ≥ uα_j })

≤ 2|M_j | exp ( − α^2_j u^2 (2r^{−j+1})^2 ) . Apì thn (∗) kai thn upìjesh ìti Π_i = {t_0}, mporoÔme na grĹyoume

(3.1.10) X_t − X_{t0} = ∑ j>i (X_{πj (t)} − X_{πj−1(t)}) gia kĹje t ∈ F . Sthn pragmatikìthta, to Ĺjroisma autì eÐnai peperasmèno: èqoume X_{πj (t)} − X_{πj−1 (t)} = 0 an j > j_0(t). Apì thn (3.1.9) kai thn (3.1.10) èqoume

P ( sup_{t∈F} (X_t − X_{t0} ) ≥ uS ) ≤ P ⋃ j>i {sup_{t∈F} (X_{πj (t)} − X_{πj−1(t)}) ≥ uα_j }

≤ ∑ j>i P ( sup_{t∈F} (X_{πj (t)} − X_{πj−1 (t)}) ≥ uα_j ) . Dhladă, èqoume deÐxei ìti

(3.1.11) P ( sup_{t∈F} (X_t − X_{t0} ) ≥ uS ) ≤ ∑ j>i 2|M_j | exp ( − α^2_j u^2 (2r^{−j+1})^2 ) . Epilègoume tÿra ta α_j : gia kĹje j > i orÐzoume

(3.1.12) α_j := 2r^{−j+1} ( log(2^{j−i}|M_j |) )_{1/2} . Parathrăste ìti h epilogă twn α_j eÐnai anexĹrthth apì to u > 0 kai ìti to dexiì mèloc thc (3.1.11) eÐnai tÿra Ðso me

(3.1.13) Δ := ∑ j>i 2|M_j |(2^{j−i}|M_j |)^{−u2} . ’Otan u ≥ 1, èqoume

(3.1.14) Δ ≤ ∑ j>i 2(2^{j−i})^{−u2} = 2 · 2^{−u2} 1 1 − 2^{−u2}

≤ 4 · 2^{−u2} .

SunoyÐzontac, blèpoume ìti gia kĹje u ≥ 1 isqÔei h anisìthta

(3.1.15) P ( sup_{t∈F} (X_t − X_{t0} ) ≥ uS ) ≤ 4 · 2^{−u2} .

Tÿra, eÐnai eÔkolo na doÔme ìti

E sup_{t∈F} X_t = E sup_{t∈F} (X_t − X_{t0} ) = S ∫_∞ 0 P ( sup_{t∈F} (X_t − X_{t0} ) ≥ uS ) du = S ∫_1 0 P ( sup_{t∈F} (X_t − X_{t0} ) ≥ uS ) du +S ∫_∞ 1 P ( sup_{t∈F} (X_t − X_{t0} ) ≥ uS ) du ≤ S + 4S ∫_∞ 1 2^{−u2} du = c · S, ìpou c > 0 apìluth stajerĹ. Epistrèfoume ston orismì tou S: xekinÿntac apì thn (3.1.12), kai qrhsimopoiÿntac thn √ a + b ≤ √ a + √ b gia a, b > 0, èqoume S = ∑ j>i 2r^{−j+1} ( log(2^{j−i}|Π_j | · |Π_{j−1}|) )_{1/2}

≤ ∑ j>i 2r^{−j+1} (√ j − i √ log 2 + √ log |Π_j | + √ log |Π_{j−1}| )

≤ K_1(r) r^{−i} + ∑ j≥i r^{−j} √ log |Π_j | .

Gia na katalăxoume sthn (3.1.7), arkeÐ na apodeÐxoume ìti (3.1.16) r^{−i} ≤ K_2(r)r^{−i−2} √ log |Π_{i+2}|.

Parathrăste ìti |Π_{i+3}| ≥ 2: An ătan Π_{i+3} = {s}, apì thn (∗∗) ja eÐqame d(t, s) ≤ ∑ j>i+3 d(π_j (t), π_{j−1}(t)) ≤ ∑ j>i+3 2r^{−j+1} = 2 r − 1 r^{−i−2} ≤ r^{−i−1}, dhladă

(3.1.17) diam(F ) ≤ 2r^{−i−1},

to opoÐo èrqetai se antÐfash me ton orismì tou i. ’Ara, r^{−i−3} √ log |Π_{i+3}| ≥ ( √ log 2r^{−3})r^{−i} =: (1/K_2(r))r^{−i} ,

to opoÐo apodeiknÔei thn (3.1.16). ’Epetai ìti (3.1.18) S ≤ K(r) ∑ j≥i r^{−j} √ log |Π_j |, kai to Jeÿrhma èqei apodeiqjeÐ. □

Mia efarmogă tou Jewrămatoc 3.1.1 eÐnai to frĹgma tou Dudley gia upokanonikèc anelÐxeic. Gia kĹje F ⊆ T kai gia kĹje ε > 0 orÐzoume ton arijmì kĹluyhc

(3.1.19) N(F, d, ε) = min { N ∈ N | ∃t_1, . . . , t_N ∈ F : F ⊆ N⋃ i=1 B(t_i, ε) } . (an to sÔnolo sthn (3.1.19) eÐnai kenì, orÐzoume N(F, d, ε) = +∞). ParathroÔme ìti (3.1.20) N(F, d, 2ε) ≤ N(T, d, ε) gia kĹje F ⊆ T kai ε > 0: prĹgmati, an T ⊆ ⋃_N j=1 B(t_j , ε), jewroÔme to A_F = {j ≤ N | B(t_j , ε)∩F ≠ ∅}, epilègoume tuqìn s_j ∈ B(t_j , ε), j ∈ A_F kai, qrhsimopoiÿntac thn trigwnikă anisìthta, elègqoume eÔkola ìti F ⊆ ⋃ j∈A_F B(sj , 2ε). To frĹgma tou Dudley qrhsimopoieÐ touc arijmoÔc kĹluyhc N(T, d, ε) wc mètro gia thn E sup_{t∈T} X_t:

Jeÿrhma 3.1.2 ’Estw X = (X_t)_{t∈T} upokanonikă anèlixh me EX_t = 0, t ∈ T . Tìte, E sup_{t∈T} X_t ≤ K ∫_∞ 0 √ log N(T, d, ε) dε, ìpou K > 0 apìluth stajerĹ.

Apìdeixh: StajeropoioÔme t_0 ∈ T kai jewroÔme tuqìn peperasmèno uposÔnolo F tou T me t_0 ∈ F . ’Estw r ≥ 2 kai i o megalÔteroc akèraioc gia ton opoÐo diam(F ) ≤ 2r^{−i}. OrÐzoume Π_i = {t_0} kai gia kĹje j > i jewroÔme Π_j ⊆ F me N_j := |Π_j | = N(F, d, r^{−j} ) tètoio ÿste (3.1.21) F ⊆ ⋃ s∈Π_j B(s, r^{−j} ).

Tìte, gia kĹje j ≥ i kai kĹje t ∈ F upĹrqei π_j (t) ∈ Π_j tètoio ÿste (3.1.22) d(t, π_j (t)) ≤ r^{−j} . OrÐzoume ètsi sunartăseic π_j : F → Π_j , j > i. Apì thn (3.1.22) elègqoume eÔkola ìti ikanopoioÔntai oi upojèseic tou Jewrămatoc 3.1.1. ’Ara,

(3.1.23) E sup_{t∈F} X_t ≤ K(r) ∑ j≥i r^{−j} √ log N(F, d, r^{−j} ). Parathrÿntac ìti (3.1.24) r^{−j} √ log N(F, d, r^{−j} ) ≤ r r − 1 ∫_r−j r^{−j−1} √ log N(F, d, ε)dε gia kĹje j ≥ i kai qrhsimopoiÿntac thn (3.1.20), blèpoume ìti E sup_{t∈F} X_t ≤ K(r) ∫_∞ 0 √ log N(F, d, ε)dε ≤ K(r) ∫_∞ 0 √ log N(T, d, ε/2)dε = 2K(r) ∫_∞ 0 √ log N(T, d, ε)dε

Apì ton orismì thc E sup_{t∈T} X_t èpetai to zhtoÔmeno. □ Sth sunèqeia upojètoume ìti ta sÔnola Π_j kai oi apeikonÐseic π_j orÐzontai me pio susthmatikì trìpo: teleÐwc qontrikĹ, zhtĹme apì dÔo shmeÐa tou F pou {proseggÐzontai} apì to Ðdio shmeÐo tou Π_j , na proseggÐzontai apì to Ðdio shmeÐo tou Π_{j−1} (blèpe tic sunjăkec 3 kai 4 parakĹtw).

Jeÿrhma 3.1.3 ’Estw F peperasmèno uposÔnolo tou T me t_0 ∈ F . ’Estw r ≥ 2 kai i o megalÔteroc akèraioc gia ton opoÐo diam(F ) ≤ 2r^{−i}. OrÐzoume Π_i = {t_0} kai upojètoume ìti upĹrqoun mh kenĹ Π_j ⊆ F , j ≥ i kai sunartăseic π_j : F → Π_j pou ikanopoioÔn ta exăc:

1. Gia kĹje t ∈ F upĹrqei j_0 = j_0(t) ≥ i tètoioc ÿste: gia kĹje j ≥ j_0, (1) π_j (t) = t.

2. Gia kĹje t ∈ F kai gia kĹje j > i,

(2) d(π_j (t), π_{j−1}(t)) ≤ 2r^{−j+1}.

3. Gia kĹje v ∈ Π_j kai gia kĹje j ≥ i,

(3) π_j (v) = v.

4. Gia kĹje s, t ∈ F kai gia kĹje j > i,

(4) π_j (t) = π_j (s) =⇒ π_{j−1}(t) = π_{j−1}(s).

Tìte, gia kĹje mètro pijanìthtac μ ston (F, d) isqÔei h anisìthta

(3.1.25) E sup_{t∈F} X_t ≤ K sup_{t∈F} ∑ j≥i r^{−j+1} √ log ( 2 μ({π_j (t)}) ) ,

ìpou K > 0 apìluth stajerĹ, kai a/0 := ∞.

Parathrăseic: (a) An upĹrqei t ∈ F tètoio ÿste μ({t}) = 0, tìte to Jeÿrhma isqÔei oÔtwc ă Ĺllwc: sumfwnăsame ìti 1/0 = ∞. MporoÔme loipìn na upojèsoume ìti μ({t}) > 0 gia kĹje t ∈ F .

(b) Apì th sunjăkh (3), gia kĹje t ∈ F kai gia kĹje j > i èqoume π_j (t) = π_j (π_j (t)). ’Ara, h sunjăkh (4) mac dÐnei

(3.1.26) π_{j−1}(t) = π_{j−1}(π_j (t)).

Tìte, apì th sunjăkh (2) blèpoume ìti

(3.1.27) d(π_j (t), π_{j−1}(π_j (t))) ≤ 2r^{−j+1}

gia kĹje t ∈ F kai kĹje j > i. KĹje v ∈ Π_j grĹfetai sth morfă π_j (t) (me t = v!), opìte h (3.1.27) èqei san sunèpeia to exăc: Isqurismìc: Gia kĹje j > i kai gia kĹje v ∈ Π_j , (3.1.28) d(v, π_{j−1}(v)) ≤ 2 r^{j−1} . Apìdeixh tou Jewrămatoc 3.1.3: Gia kĹje j ≥ i orÐzoume α_j : Π_j → [0, +∞) me

(3.1.29) α_j (v) = 2 r^{j−1} √ log ( 2 · 2^{j−i} μ({π_j (t)}) )

kai jètoume

(3.1.30) S := sup_{t∈F} ∑ j>i α_j (π_j (t)).

Apì th sunjăkh (1), thn (3.1.26) kai thn upìjesh ìti Π_i = {t_0}, mporoÔme na grĹyoume

(3.1.31) X_t − X_{t0} = ∑ j>i (X_{πj (t)} − X_{πj−1 (t)}) = ∑ j>i (X_{πj (t)} − X_{πj−1 (πj (t))}) gia kĹje t ∈ F . ’Ara, P ( sup_{t∈F} (X_t − X_{t0} ) ≥ uS ) = P ( sup_{t∈F} ∑ j>i ( X_{πj (t)} − X_{πj−1 (πj (t))} )

≥ sup_{s∈F} u ∑ j>i α_j (π_j (s)) )

≤ P ( ⋃ t∈F { ∑ j>i ( X_{πj (t)} − X_{πj−1 (πj (t))} )

≥ ∑ j>i uα_j (π_j (t)) })

≤ P ⋃ j>i ⋃ t∈F { X_{πj (t)} − X_{πj−1 (πj (t))} ≥ uα_j (π_j (t)) }

≤ ∑ j>i P ⋃ v∈Π_j { X_v − X_{πj−1(v)} ≥ uα_j (v) }

≤ ∑ j>i ∑ v∈Π_j P ( X_v − X_{πj−1(v)} ≥ uα_j (v) )

≤ ∑ j>i ∑ v∈Π_j 2 exp ( − u^2α^2_j (v) d^2(v, π_{j−1}(v)) )

≤ ∑ j>i ∑ v∈Π_j 2 exp ( − u^2α^2_j (v) (2r^{−j+1})^2 )

ìpou, sto teleutaÐo băma, qrhsimopoiăsame thn (3.1.28). Apì ton trìpo orismoÔ tou α_j (v), gia kĹje u ≥ 1 èqoume

2 exp ( − u^2α^2_j (v) (2r^{−j+1})^2 ) = 2 [ exp ( − α^2_j (v) (2r^{−j+1})^2 )]_u2

= 2 ( μ({v}) 2 · 2^{j−i} )_u2

≤ 2^{1−u2} μ({v}) 2^{j−i} . SunduĹzontac ta parapĹnw, kai paÐrnontac upìyin thn ∑ v∈Π_j μ({v}) ≤ 1, sumpe-

raÐnoume ìti P ( sup_{t∈F} (X_t − X_{t0} ) ≥ uS ) ≤ ∑ j>i ∑ v∈Π_j 2^{1−u2} μ({v}) 2^{j−i} = 2^{1−u2} ∑ j>i 1 2^{j−i} ∑ v∈Π_j μ({v})

≤ 2^{1−u2} ∑ j>i 1 2^{j−i} = 2^{1−u2}

gia kĹje u ≥ 1. Tÿra, ìpwc kai sthn apìdeixh tou Jewrămatoc 3.1.1, grĹfoume

E sup_{t∈F} X_t = E sup_{t∈F} (X_t − X_{t0} )

= S ∫_∞ 0 P ( sup_{t∈F} (X_t − X_{t0} ) ≥ uS ) du = S ∫_1 0 P ( sup_{t∈F} (X_t − X_{t0} ) ≥ uS ) du +S ∫_∞ 1 P ( sup_{t∈F} (X_t − X_{t0} ) ≥ uS ) du ≤ S + 2S ∫_∞ 1 2^{−u2} du = c · S, ìpou c > 0 apìluth stajerĹ. Apì thn (3.1.30) kai thn √ a + b ≤ √ a + √ b gia a, b > 0, èqoume E sup_{t∈F} X_t ≤ c · sup_{t∈F} ∑ j>i α_j (π_j (t))

≤ c · sup_{t∈F} ∑ j>i √ log 2 √ j − i r^{j−1} + ∑ j>i 1 r^{j−1} √ log ( 2 μ({π_j (t)}) )

≤ K_1 · sup_{t∈F} 1 r^{i−1} + ∑ j>i 1 r^{j−1} √ log ( 2 μ({π_j (t)}) )

ìpou K_1 > 0 apìluth stajerĹ. Apì thn π_i(t) = t_0 kai thn μ({t_0}) ≤ 1, èqoume

(3.1.32) 1 r^{i−1} ≤ K_2 1 r^{i−1} √ log ( 2 μ({t_0}) ) , ìpou K_2 ≥ 1 apìluth stajerĹ. Sunepÿc,

(3.1.33) 1 r^{i−1} + ∑ j>i 1 r^{j−1} √ log ( 2 μ({π_j (t)}) ) ≤ K_2 ∑ j≥i 1 r^{j−1} √ log ( 2 μ({π_j (t)}) )

apfl ìpou paÐrnoume thn

(3.1.34) E sup_{t∈F} X_t ≤ K sup_{t∈F} ∑ j≥i r^{−j+1} √ log ( 2 μ({π_j (t)}) ) . □

Oi sunartăseic π_j tou prohgoÔmenou jewrămatoc orÐzoun fusiologikèc diamerÐseic A_j tou F . An orÐsoume A_v = {t ∈ F : π_j (t) = v}, tìte h A_j = (A_v )_{v∈Πj} eÐnai diamèrish tou F . OdhgoÔmaste ètsi sth diatÔpwsh tou exăc jewrămatoc.

Jeÿrhma 3.1.4 ’Estw F peperasmèno uposÔnolo tou T me t_0 ∈ F . ’Estw r ≥ 2 kai i o megalÔteroc akèraioc gia ton opoÐo diam(F ) ≤ 2r^{−i}. Upojètoume ìti (A_j )_{j>i} eÐnai mia aÔxousa (me thn ènnoia thc eklèptunshc) akoloujÐa diamerÐsewn tou F me tic exăc idiìthtec:

1. A_i = {F }.

2. Gia kĹje j > i kai gia kĹje A ∈ A_j , diam(A) ≤ 2r^{−j} .

Tìte, gia kĹje mètro pijanìthtac μ sto F ,

(3.1.35) E sup_{t∈F} X_t ≤ K(r) · sup_{t∈F} ∑ j>i 1 r^j √ log ( 1 μ(A_j (t)) ) , ìpou K(r) > 0 stajerĹ pou exartĹtai mìno apì to r, kai A_j (t) eÐnai ekeÐno to A ∈ A_j to opoÐo perièqei to t.

Apìdeixh: Gia kĹje j > i kai gia kĹje A ∈ A_j epilègoume x_A ∈ A. OrÐzoume (3.1.36) Π_j = {x_A : A ∈ A_j }, kai π_j : F → Π_j me (3.1.37) π_j (t) = x_{Aj (t)}. Qrhsimopoiÿntac thn (3.1.38) ∑ j>i ∑ A∈A_j 2^{−j+i}μ(A) = ∑ j>i 2^{−j+i} ∑ A∈A_j μ(A) ≤ ∑ j>i 2^{−j+i} = 1,

mporoÔme na orÐsoume mètro pijanìthtac ν sto F me thn idiothta: gia kĹje j > i kai kĹje A ∈ A_j , (3.1.39) ν({x_A}) ≥ 1 2^{j−i} μ(A). PrĹgmati, an jèsoume (3.1.40) μ_1({x}) = ∑ j>i ∑ {A∈A_j :x=x_A} 2^{−j+i}μ(A)

gia x ∈ F , h (3.1.38) deÐqnei ìti μ_1(T ) ≤ 1, opìte pollaplasiĹzontac me katĹllhlo ρ ≥ 1 paÐrnoume to ν.

Skopìc mac eÐnai na efarmìsoume to Jeÿrhma 3.1.3, opìte elègqoume prÿta ìti oi sunartăseic π_j ikanopoioÔn tic upojèseic tou: (a) ’Estw t ∈ F . UpĹrqei j_0 = j_0(t) tètoioc ÿste: gia kĹje j ≥ j_0,

(3.1.41) 2 r^j < min{d(t, s) : s ∈ F \{t}}. ’Estw j ≥ j_0(t). AfoÔ diam(A_j (t)) ≤ 2r^{−j} , èqoume A_j (t) = {t}. ’Epetai ìti x_{Aj (t)} = t, dhladă π_j (t) = t.

(b) Apì ton orismì twn π_j , gia kĹje t ∈ F kai gia kĹje j > i èqoume

(3.1.42) d(π_j (t), π_{j−1}(t)) = d(x_{Aj (t)}, x_{Aj−1 (t)}) ≤ diam(A_{j−1}(t)) ≤ 2 r^{j−1} . (g) An v ∈ Π_j , tìte v = x_A gia kĹpoio A ∈ A_j . Tìte, A_j (v) = A Ĺra

(3.1.43) π_j (v) = x_{Aj (v)} = x_A = v.

(d) ’Estw t, s ∈ F me π_j (t) = π_j (s). Tìte, upĹrqei A ∈ A_j tètoio ÿste t, s ∈ A. AfoÔ h A_j eÐnai eklèptunsh thc A_{j−1}, upĹrqei A^′ ∈ A_{j−1} tètoio ÿste t, s ∈ A^′. Sunepÿc,

(3.1.44) π_{j−1}(t) = π_{j−1}(s) = x_A′ .

Efarmìzontac to Jeÿrhma 3.1.3 gia to ν, paÐrnoume E sup_{t∈F} X_t ≤ K · sup_{t∈F} ∑ j≥i r^{−j+1} √ log ( 2 ν({π_j (t)}) )

= K · sup_{t∈F} ∑ j≥i r^{−j+1} √ log ( 2 ν({x_{Aj (t)}}) )

≤ K · sup_{t∈F} ∑ j≥i r^{−j+1} √ log ( 2^{j−i+1} μ(A_j (t)) )

≤ K(r) 1 r^i + sup_{t∈F} ∑ j≥i r^{−j+1} √ log ( 1 μ(A_j (t)) ) ,

ìpou h teleutaÐa anisìthta prokÔptei apì tic

(3.1.45) √ log ( 2^{j−i+1} μ(A_j (t)) ) ≤ √ log 2 √ j − i + 1 + √ log ( 1 μ(A_j (t)) )

kai (3.1.46) ∑ j≥i √ j − i + 1 r^{j−1} = r^{−i+2} ∞∑ k=1 √ k r^k = K(r) · 1 r^i . Gia na oloklhrÿsoume thn apìdeixh arkeÐ na deÐxoume ìti

(3.1.47) 1 r^i ≤ K(r) · sup_{t∈F} ∑ j≥i r^{−j+1} √ log ( 1 μ(A_j (t)) ) . ParathroÔme ìti |A_{i+1}| ≥ 2. Diìti, an |A_{i+1}| = 1, tìte ja eÐqame A_{i+1} = A_i = {T } kai h sunjăkh (2) ja èdine diam(T ) ≤ 2/r^{i+1}, to opoÐo eÐnai Ĺtopo apì ton orismì tou i. AfoÔ loipìn |A_{i+1}| ≥ 2, upĹrqei A ∈ A_{i+1} me μ(A) ≤ 1/2. An epilèxoume tuqìn t_∗ ∈ A, tìte √ log 2 r^i ≤ r^{−i} √ log ( 1 μ(A_{i+1}(t_∗)) )

≤ ∑ j≥i r^{−j+1} √ log ( 1 μ(A_j (t_∗)) )

≤ sup_{t∈F} ∑ j≥i r^{−j+1} √ log ( 1 μ(A_j (t)) ) .

Me autăn thn paratărhsh, èqoume to zhtoÔmeno. □

3.2 KuriarqoÔnta mètra gia upokanonikèc anelÐxeic

’Estw (T, d) ènac metrikìc qÿroc kai X = (X_t)_{t∈T} mia upokanonikă anèlixh. Dhladă,

(3.2.1) EX_t = 0

gia kĹje t ∈ T , kai

(3.2.2) P (|X_s − X_t| ≥ u) ≤ 2 exp ( − u^2 d^2(s, t) )

gia kĹje t, s ∈ T kai kĹje u > 0. Gia kĹje Borel mètro pijanìthtac μ ston (T, d) orÐzoume

(3.2.3) γ_2(T, d, μ) = sup_{t∈T} ∫_∞ 0 √ log ( 1 μ(B(t, ε)) ) dε. Tèloc, jètoume

(3.2.4) γ_2(T, d) := inf{γ_2(T, d, μ) : μ Borel mètro pijanìthtac ston (T, d)}.

Ta epìmena dÔo Lămmata dÐnoun kĹpoiec basikèc (kai qrăsimec) idiìthtec thc posìthtac γ_2(T, d).

Lămma 3.2.1 ’Estw (T, d) kai (F, ρ) dÔo metrikoÐ qÿroi. Upojètoume ìti upĹrqei sustolă g pou apeikonÐzei ton (T, d) epÐ tou (F, ρ). Tìte, (3.2.5) γ_2(F, ρ) ≤ γ_2(T, d).

Apìdeixh: ’Estw μ èna Borel mètro pijanìthtac ston (T, d). JewroÔme to mètro pijanìthtac σ ston (F, ρ) pou orÐzetai apì thn (3.2.6) σ(A) = μ(g^{−1}(A)).

AfoÔ h g eÐnai sustolă, gia kĹje t ∈ T kai ε > 0 èqoume B(t, ε) ⊆ g^{−1}(B(g(t), ε)). ’Ara, (3.2.7) μ(B(t, ε)) ≤ μ(g^{−1}(B(g(t), ε)) = σ(B(g(t), ε)). Qrhsimopoiÿntac kai to gegonìc ìti h g eÐnai epÐ, grĹfoume

γ_2(F, ρ, σ) = sup_{t∈F} ∫_∞ 0 √ log ( 1 σ(B(t, ε)) ) dε

= sup_{t∈T} ∫_∞ 0 √ log ( 1 σ(B(g(t), ε)) ) dε

≤ sup_{t∈T} ∫_∞ 0 √ log ( 1 μ(B(t, ε)) ) dε = γ_2(T, d, μ), Ĺra (3.2.8) γ_2(F, ρ) ≤ γ_2(F, ρ, σ) ≤ γ_2(T, d, μ). AfoÔ to μ ătan tuqìn, paÐrnoume to zhtoÔmeno. □ Lămma 3.2.2 ’Estw (T, d) metrikìc qÿroc kai F mh kenì uposÔnolo tou T . Tìte, (3.2.9) γ_2(F, d) ≤ 2γ_2(T, d).

Apìdeixh: ’Estw δ > 1. MporoÔme na orÐsoume Borel metrăsimh sunĹrthsh g : T → F ètsi ÿste (3.2.10) d(t, g(t)) ≤ δ inf{d(t, s) | s ∈ F }. ’Estw μ èna Borel mètro pijanìthtac ston (T, d). JewroÔme to Borel mètro pijanìthtac σ ston (F, d) pou orÐzetai apì thn σ(A) = μ(g^{−1}(A)). ’Estw x ∈ F kai t ∈ B(x, ε). Tìte, d(t, F ) ≤ d(t, x), Ĺra d(t, g(t)) ≤ δd(t, x). Epomènwc, d(x, g(t)) ≤ d(x, t) + d(t, g(t)) ≤ (1 + δ)d(x, t) < (1 + δ)ε. Dhladă, (3.2.11) B_T (x, ε) ⊆ g^{−1}(B_F (x, (1 + δ)ε)). ’Ara, (3.2.12) μ(B_T (x, ε)) ≤ μ(g^{−1}(B_F (x, (1 + δ)ε))) = σ(B_F (x, (1 + δ)ε)).

Tìte, γ_2(F, d, σ) = sup_{x∈F} ∫_∞ 0 √ log ( 1 σ(B_F (x, ε)) ) dε

≤ sup_{x∈F} ∫_∞ 0 √ log ( 1 μ(B_T (x, ε/(1 + δ))) ) dε

≤ (1 + δ) sup_{x∈T} ∫_∞ 0 √ log ( 1 μ(B_T (x, ε)) ) dε = (1 + δ)γ_2(T, d, μ).

Sunepÿc, (3.2.13) γ_2(F, d) ≤ γ_2(F, d, σ) ≤ (1 + δ)γ_2(T, d, μ). AfoÔ to μ kai to δ > 1 ătan tuqìnta, paÐrnoume to zhtoÔmeno. □ To basikì apotèlesma autăc thc paragrĹfou eÐnai to exăc.

Jeÿrhma 3.2.1 UpĹrqei stajerĹ K > 0 me thn exăc idiìthta: an (T, d) eÐnai ènac metrikìc qÿroc kai X = (X_t)_{t∈T} mia upokanonikă anèlixh, tìte (3.2.14) E sup_{t∈T} X_t ≤ K · γ_2(T, d). Apì ton orismì tou γ_2(T, d), gia thn apìdeixh tou Jewrămatoc 3.2.1 arkeÐ na deÐxoume ìti

(3.2.15) E sup_{t∈T} X_t ≤ K · sup_{t∈T} ∫_∞ 0 √ log ( 1 μ(B(t, ε)) ) dε gia kĹje Borel mètro pijanìthtac μ ston (T, d).

Prìtash 3.2.1 ’Estw μ Borel mètro pijanìthtac ston (T, d). Upojètoume ìti

(3.2.16) S := sup_{t∈T} ∫_∞ 0 √ log ( 1 μ(B(t, ε)) ) dε < +∞, jewroÔme r > 8 kai orÐzoume φ_j : T → R^+ gia kĹje j ∈ Z, me

(3.2.17) φ_j (t) = sup {∫_{r−j} 0 √ log ( 1 μ(B(t, ε)) ) dε : u ∈ T, d(t, u) < 2r^{−j} } . Tèloc, orÐzoume

(3.2.18) θ(n) = 1 r^2 √ log n.

Tìte, gia kĹje s ∈ T , j ∈ Z kai n ∈ N, isqÔei h exăc sunepagwgă: an ta t_1, . . . , t_n ∈ B(s, r^{−j} ) èqoun thn idiìthta (3.2.19) ∀p, q ≤ n me p ≠ q isqÔei d(t_p, t_q ) ≥ r^{−j−1}, tìte (3.2.20) φ_j (s) ≥ r^{−j} θ(n) + min_{l≤n} φ_{j+2}(t_l).

Apìdeixh: ’Estw t_1, . . . , t_n ∈ B(s, r^{−j} ) pou ikanopoioÔn thn (3.2.19). Gia kĹje l ≤ n jewroÔme tuqìn s_l ∈ B(t_l, 2r^{−j−2}). Tìte, (3.2.21) d(s, s_l) ≤ d(s, t_l) + d(t_l, s_l) < r^{−j} + 2r^{−j−2} < 2r^{−j} kai an l ≠ l^′, tìte (3.2.22) d(s_l, s_l′ ) ≥ d(t_l, t_l′ ) − d(t_l, s_l) − d(t_l′ , s_l′ ) ≥ r^{−j−1} − 4r^{−j−2} > 4r^{−j−2}. ’Ara, oi mpĹlec B(s_l, 2r^{−j−2}) eÐnai xènec anĹ dÔo. AfoÔ to μ eÐnai mètro pijanìthtac, upĹrqei m ≤ n tètoioc ÿste (3.2.23) μ(B(s_m, 2r^{−j−2})) ≤ 1/n. Apì thn (3.2.21) èqoume s_m ∈ B(s, 2r^{−j} ). Qrhsimopoiÿntac kai thn (3.2.23) paÐrnoume φ_j (s) ≥ ∫_r−j 0 √ log ( 1 μ(B(s_m, ε)) ) dε

≥ ∫_r−j−2 0 √ log ( 1 μ(B(s_m, ε)) ) dε + ∫_{2r}−j−2 r^{−j−2} √ log ( 1 μ(B(s_m, ε)) ) dε

≥ ∫_r−j−2 0 √ log ( 1 μ(B(s_m, ε)) ) dε + r^{−j−2} √ log n. AfoÔ to s_m ∈ B(t_m, 2r^{−j−2}) ătan tuqìn, sumperaÐnoume ìti (3.2.24) φ_j (s) ≥ r^{−j−2} √ log n + φ_{j+2}(t_m) ≥ r^{−j} θ(n) + min_{l≤n} φ_{j+2}(t_l), apì ton orismì thc θ. □ ParathroÔme ìti, gia tic φ_j thc Prìtashc 3.2.1, (3.2.25) S = sup_{t∈T} sup_{j∈Z}φ_j (t).

’Ara, h Prìtash 3.2.1 mac exasfalÐzei ìti: an (T, d) eÐnai ènac metrikìc qÿroc kai μ eÐnai èna Borel mètro pijanìthtac ston (T, d) pou ikanopoieÐ thn (3.2.16), tìte gia r > 8 upĹrqoun sunartăseic φ_j : T → R^+ me (3.2.26) S := sup_{t∈T} sup_{j∈Z}φ_j (t) < +∞ kai θ : N → R^+ me (3.2.27) lim_{n→+∞} θ(n) = +∞, pou ikanopoioÔn to exăc: An s ∈ T , j ∈ Z kai t_1, . . . , t_n ∈ B(s, r^{−j} ) me p ≠ q =⇒ d(t_p, t_q ) ≥ r^{−j−1}, tìte (3.2.28) φ_j (s) ≥ r^{−βj} θ(n) + min_{l≤n} φ_{j+2}(t_l), (me β = 1). Sth sunèqeia ja èqoume sto mualì mac tic φ_j kai θ thc Prìtashc 3.2.1. Autì ìmwc pou ja qrhsimopoiăsoume (wc èna shmeÐo) eÐnai aplÿc h Ôparxh sunartăsewn φ_j kai θ pou ikanopoioÔn tic (3.2.26)-(3.2.28) gia kĹpoion β > 0. Prìtash 3.2.2 ’Estw (T, d) metrikìc qÿroc me peperasmènh diĹmetro kai r ≥ 2, β > 0. ’Estw i o megalÔteroc akèraioc gia ton opoÐo diam(T ) ≤ 2r^{−i}. Upojètoume ìti upĹrqoun sunartăseic φ_j : T → R^+ me S := sup_{t∈T} sup_{j∈Z}φ_j (t) < +∞ kai θ : N → R^+ me lim_{n→+∞} θ(n) = +∞, pou ikanopoioÔn to exăc: An s ∈ T , j ∈ Z kai t_1, . . . , t_n ∈ B(s, r^{−j} ) me p ≠ q =⇒ d(t_p, t_q ) ≥ r^{−j−1}, tìte φ_j (s) ≥ r^{−βj} θ(n) + min_{l≤n} φ_{j+2}(t_l).

Tìte, mporoÔme na broÔme aÔxousa akoloujÐa diamerÐsewn (A_j )_{j≥i} tou T kai apeikonÐseic ℓ_j : A_j → N, pou ikanopoioÔn ta exăc: 1. An j > i kai A ∈ A_j , tìte (3.2.29) diam(A) ≤ 2r^{−j} .

2. An j ≥ i kai A, B eÐnai stoiqeÐa thc diamèrishc A_{j+1} ta opoÐa perièqontai sto Ðdio stoiqeÐo thc diamèrishc A_j , tìte (3.2.30) ℓ_{j+1}(A) ≠ ℓ_{j+1}(B). 3. Gia kĹje t ∈ T , (3.2.31) ∑ j≥i r^{−βj} θ(ℓ_{j+1}(A_{j+1}(t))) ≤ 4S,

ìpou A_{j+1}(t) eÐnai to stoiqeÐo thc A_{j+1} sto opoÐo anăkei to t.

Apìdeixh: MazÐ me kĹje sÔnolo A ∈ A_j , j > i, ja orÐsoume kai èna diakekrimèno shmeÐo u_j (A) ∈ A me thn idiìthta: gia kĹje t ∈ A, (3.2.32) d(t, u_j (A)) ≤ r^{−j} . Apì thn (3.2.32) ja ikanopoieÐtai profanÿc h (3.2.29), opìte ja mènei na exasfalÐsoume mìno tic (3.2.30) kai (3.2.31). H kataskeuă ja gÐnei epagwgikĹ wc proc j ≥ i.

Gia j = i jètoume A_i = {T }, ℓ_i(T ) = 1 kai epilègoume u_i(T ) ∈ T tètoio ÿste

(3.2.33) φ_{i+2}(u_i(T )) ≥ sup_{t∈T} φ_{i+2}(t) − S 2 . Upojètoume ìti èqoun oristeÐ h diamèrish A_j , oi fusikoÐ ℓ_j (A) kai ta shmeÐa u_j (A), A ∈ A_j , ètsi ÿste na ikanopoioÔntai oi (3.2.30)-(3.2.32).

Gia na orÐsoume thn A_{j+1}, arkeÐ na orÐsoume katĹllhlh diamèrish kĹje stoiqeÐou A thc A_j . Autì ja gÐnei mèsw enìc epiqeirămatoc {exĹntlhshc}:

’Estw A ∈ A_j . Sto prÿto băma, epilègoume t_1 ∈ A tètoio ÿste

(3.2.34) φ_{j+2}(t_1) ≥ sup_{t∈A} φ_{j+2}(t) − 1 2^{j−i} S 2 . JewroÔme san prÿto kommĹti tou A to D_1 := A ∩ B(t_1, r^{−j−1}) kai jètoume u_{j+1}(D_1) = t_1, ℓ_{j+1}(D_1) = 1.

Katìpin, epanalambĹnoume thn Ðdia diadikasÐa, antikajistÿntac to A me to A\D_1 kai suneqÐzoume me ton Ðdio trìpo mèqri na exantlăsoume to A. Akribèstera: ac upojèsoume ìti èqoume epilèxei katĹllhla t_1, . . . , t_{p−1} ∈ A (kai ta antÐstoiqa D_i, u_{j+1}(D_i), ℓ_{j+1}(D_i)). BrÐskoume t_p ∈ A \ ⋃ s<p B(t_s, r^{−j−1}) tètoio ÿste

(3.2.35) φ_{j+2}(t_p) ≥ sup { φ_{j+2}(t) : t ∈ A \ ⋃ s<p B(t_s, r^{−j−1}) } − 1 2^{j−i} S 2 , kai jètoume

(3.2.36) D_p = ( A \ ⋃ s<p B(t_s, r^{−j−1}) ) ∩ B(t_p, r^{−j−1}). Tèloc, orÐzoume

(3.2.37) u_{j+1}(D_p) = t_p kai ℓ_{j+1}(D_p) = p.

Paratărhsh: Aută h kataskeuă stamatĹei metĹ apì peperasmèno plăjoc bhmĹtwn (exantleÐtai to A). PrĹgmati, ac upojèsoume ìti gia kĹpoio A ∈ A_j èqoun gÐnei m bămata. Gia kĹje p ≠ q sto {1, . . . , m} èqoume d(t_p, t_q ) ≥ r^{−j−1}, Ĺra

(3.2.38) φ_j (u_j (A)) ≥ r^{−βj} θ(m) + min_{l≤m} φ_{j+2}(t_l),

apfl ìpou èpetai ìti

(3.2.39) θ(m) ≤ r^{βj} φ_j (u_j (A)).

AfoÔ lim_{n→∞} θ(n) = +∞, to m prèpei na mènei fragmèno (apì kĹpoia posìthta pou exartĹtai apì to u_j (A) kai to β). □ Apì ton trìpo kataskeuăc, ta sÔnola D_p eÐnai xèna kai ikanopoieÐtai h (3.2.30).

Ja deÐxoume ìti ikanopoieÐtai kai h (3.2.31): parathroÔme, ìpwc kai prin, ìti gia kĹje p èqoume d(u_j (A), t_p) ≤ r^{−j} kai ìti an s ≠ q sto {1, . . . , p} tìte d(t_s, t_q) ≥ r^{−j−1}. ’Ara, (3.2.40) φ_j (u_j (A)) ≥ r^{−βj} θ(p) + min_{l≤p} φ_{j+2}(t_l). EpÐshc, (3.2.41) t_p ∈ A \ ⋃ l<p B(t_l, r^{−j−1}).

Qrhsimopoiÿntac thn (3.2.35) kai thn A\ ⋃ l<p B(t_l, r^{−j−1}) ⊆ A\ ⋃ l^′ <l B(tl^′ , r −j−1), l ≤ p, paÐrnoume (3.2.42) φ_{j+2}(t_l) ≥ φ_{j+2}(t_p) − 1 2^{j−i} S 2 gia kĹje l < p. Apì thn (3.2.40) èpetai ìti (3.2.43) φ_j (u_j (A)) ≥ r^{−βj} θ(p) + φ_{j+2}(t_p) − 1 2^{j−i} S 2 . Gia to tuqìn t ∈ D_p èqoume A = A_j (t), D_p = A_{j+1}(t) kai ℓ_{j+1}(A_{j+1}(t)) = ℓ_{j+1}(D_p) = p. ’Ara, h (3.2.43) grĹfetai sth morfă (3.2.44) φ_j (u_j (A_j (t)))) ≥ r^{−βj} θ(ℓ_{j+1}(A_{j+1}(t))) + φ_{j+2}(t_p) − 1 2^{j−i} S 2 . ParathroÔme epÐshc ìti

u_{j+2}(A_{j+2}(t)) ∈ A_{j+2}(t) ⊆ A_{j+1}(t) = D_p ⊆ A \ ⋃ l<p B(t_l, r^{−j−1}), opìte, (3.2.45) φ_{j+2}(t_p) ≥ φ_{j+2}(u_{j+2}(A_{j+2}(t))) − 1 2^{j−i} S 2 . Apì tic (3.2.44) kai (3.2.45) blèpoume ìti (3.2.46) φ_j (u_j (A_j (t)))) ≥ φ_{j+2}(u_{j+2}(A_{j+2}(t))) + r^{−βj} θ(ℓ_{j+1}(A_{j+1}(t))) − S 2^{j−i} . AjroÐzontac tic anisìthtec (3.2.46) gia j ≥ i sumperaÐnoume ìti: gia kĹje t ∈ T , ∑ j≥i r^{−βj} θ(ℓ_{j+1}(A_{j+1}(t))) ≤ 2S + φ_i(u_i(A_i(t))) + φ_{i+1}(u_{i+1}(A_{i+1}(t))) ≤ 4S, afoÔ S = sup_{t∈T} sup_{j∈Z}φ_j (t). ’Eqoume loipìn deÐxei thn (3.2.31). □ Mia isodÔnamh diatÔpwsh thc Prìtashc 3.2.2 eÐnai h exăc.

Prìtash 3.2.3 ’Estw (T, d) metrikìc qÿroc me peperasmènh diĹmetro kai r ≥ 2, β > 0. ’Estw i o megalÔteroc akèraioc gia ton opoÐo diam(T ) ≤ 2r^{−i}. Upojètoume ìti upĹrqoun sunartăseic ψ_j : T → R^+ me S := sup_{t∈T} sup_{j∈Z}φ_j (t) < +∞ kai θ : N → R^+ me lim_{n→+∞} θ(n) = +∞, pou ikanopoioÔn to exăc: An s ∈ T , j ∈ Z kai t_1, . . . , t_n ∈ B(s, r^{−j} ) me p ≠ q =⇒ d(t_p, t_q) ≥ r^{−j−1}, tìte (3.2.47) max_{l≤n} ψ_{j+2}(t_l) ≥ r^{−βj} θ(n) + ψ_j (s).

Tìte, isqÔei to sumpèrasma thc Prìtashc 3.2.2.

Apìdeixh: Efarmìzoume thn Prìtash 3.2.2 gia tic φ_j (t) = S − ψ_j (t). □

H epìmenh Prìtash susqetÐzei to sumpèrasma thc Prìtashc 3.2.2 me ta kuriarqoÔnta mètra.

Prìtash 3.2.4 ’Estw (T, d) metrikìc qÿroc me peperasmènh diĹmetro kai èstw r ≥ 2 kai α, β > 0. ’Estw i o megalÔteroc akèraioc gia ton opoÐo diam(T ) ≤ 2r^{−i}. Upojètoume ìti (A_j )_{j≥i} eÐnai h aÔxousa akoloujÐa diamerÐsewn tou T pou dÐnei h Prìtash 3.2.2. Eidikìtera, diam(A) ≤ 2r^{−j} an A ∈ A_j , kai se kĹje A ∈ A_j , j ≥ i, antistoiqeÐ ènac arijmìc ℓ_j (A) ∈ N ètsi ÿste: an ta A, B ∈ A_{j+1} me A ≠ B perièqontai sto Ðdio stoiqeÐo thc A_j , tìte

(3.2.48) ℓ_{j+1}(A) ≠ ℓ_{j+1}(B).

Tìte, upĹrqei mètro pijanìthtac ν ston (T, d) tètoio ÿste (3.2.49) sup_{t∈T} ∑ j>i r^{−βj} ( log 1 ν(A_j (t)) )_{1/α} ≤ K(α, β, r) ( r^{−βi} + sup_{t∈T} ∑ j>i r^{−βj} (log ℓ_j (A_j (t)))^{1/α} ) ,

ìpou K(α, β, r) > 0 stajerĹ pou exartĹtai apì ta α, β kai r.

Apìdeixh: Ja dÿsoume thn apìdeixh mìno sthn perÐptwsh pou o (T, d) eÐnai peperasmènoc. OrÐzoume epagwgikĹ arijmoÔc w_j (A) gia kĹje j ≥ i kai A ∈ A_j . Gia j = i jètoume w_i(T ) = 1.

Upojètoume ìti èqoun oristeÐ oi arijmoÐ w_{j−1}(A), A ∈ A_{j−1}. Gia kĹje B ∈ A_j , jètoume

(3.2.50) w_j (B) = 1 4ℓ_j (B)^2 w_{j−1}(A), ìpou A eÐnai to stoiqeÐo thc A_{j−1} to opoÐo perièqei to B. AjroÐzontac tic (3.2.50) kai qrhsimopoiÿntac thn (3.2.48) kai thn ∑ k≥1 1 k^2 ≤ 2, blèpoume ìti

(3.2.51) ∑ B∈A_j ,B⊆A w_j (B) ≤ w_{j−1}(A) 2 .

Apì th sqèsh aută, me epagwgă wc proc j, deÐqnoume ìti

(3.2.52) ∑ A∈A_j w_j (A) ≤ 1 2^{j−i} .

[Parathrăste ìti ∑ A∈A_j w_j (A) = ∑ A∈A_{j−1} ∑ B∈A_j ,B⊆A w_j (B) ≤ 1 2 ∑ A∈A_{j−1} w_{j−1}(A) ≤ 1 2 · 1 2^{j−i−1} = 1 2^{j−i} an proqwrăsoume me epagwgă.] Apì thn (3.2.52) èpetai ìti

(3.2.53) ∑ j>i ∑ A∈A_j w_j (A) = a ≤ 1.

Sunepÿc, upĹrqei mètro pijanìthtac ν ston (T, d) me thn exăc idiìthta: gia kĹje j > i kai kĹje A ∈ A_j , (3.2.54) ν(A) ≥ w_j (A). An A ∈ ⋃ j≥i A_j kai k eÐnai o mikrìteroc deÐkthc gia ton opoÐo A ∈ A_k, orÐzoume

(3.2.55) ν(A) = 1 a ∑ j≥k ∑ {B∈A_j :B⊆A} w_j (B).

JewroÔme tÿra tuqìn t ∈ T . Apì tic (3.2.50) èqoume ìti

(3.2.56) w_j (A_j (t)) = 1 4^{j−i} ∏ i<k≤j ℓ_k(A_k(t))^{−2}, Ĺra (3.2.57) log ( 1 ν(A_j (t)) ) ≤ log ( 1 w_j (A_j (t)) ) ≤ log 4 · (j − i) + 2 ∑ i<k≤j log ( ℓ_k(A_k(t)) ) .

An α ≥ 1, qrhsimopoiÿntac thn (x + y)^{1/α} ≤ x^{1/α} + y^{1/α} paÐrnoume

(3.2.58) ( log ( 1 ν(A_j (t)) ))_{1/α} ≤ K(j − i)^{1/α} + 2^{1/α} ∑ i<k≤j ( log ( ℓ_k(A_k (t)) ))_{1/α} . Sunepÿc, ∑ j>i r^{−βj} ( log ( 1 ν(A_j (t)) ))_{1/α} ≤ K ∑ j>i r^{−βj} (j − i)^{1/α} +K(α) ∑ j>i ∑ i<k≤j r^{−βj} ( log ( ℓ_k(A_k (t)) ))_{1/α}

= K ∑ j>i r^{−βj} (j − i)^{1/α} +K(α) ∑ k>i { ∑ j≥k r^{−βj} } ( log ( ℓ_k(A_k(t)) ))_{1/α}

≤ Kr^{−βi} ∑ n≥1 r^{−βn}n^{1/α} +K(α) ∑ k>i r^{−βk} { ∑ n≥0 r^{−βn} } ( log ( ℓ_k(A_k(t)) ))_{1/α}

≤ K(r, α) ( r^{−βi} + sup_{t∈T} ∑ j>i r^{−βj} (log ℓ_j (A_j (t)))^{1/α} )

gia kĹpoia stajerĹ K(r, α) > 0.

An 0 < α < 1, h sunĹrthsh x → x^{1/α} eÐnai kurtă, opìte gia kĹje epilogă pragmatikÿn arijmÿn y_k, a_k ≥ 0 me ∑ a_k = 1 èqoume

(3.2.59) (∑ a_ky_k )_{1/α} ≤ ∑ a_ky^{1/α}_k . PaÐrnontac a_k = r^{β(k−j)α/2}/ ∑ l≥1 r^{−βlα/2} kai jètontac x_k = log(ℓ(A_k(t))), y_k = x_k/a_k, blèpoume ìti

(3.2.60) ∑ i<k≤j x_k 1/α ≤ ∑ i<k≤j a^{1−1/α} k x^{1/α}_k .

Me aplèc prĹxeic, apì thn (3.2.57) paÐrnoume (3.2.61) ( log 1 ν(A_j (t)) )_{1/α} ≤ K(α, β, r) [ (j − i)^{1/α} + ∑ i<k≤j r^{β(j−k)/2} ( log(ℓ_k(A_k (t))) )_{1/α}] .

Katìpin, douleÔoume ìpwc sthn perÐptwsh α ≥ 1. □

ShmeÐwsh: Se ìlec tic efarmogèc, mporeÐ kaneÐc na upojèsei ìti o (T, d) eÐnai peperasmènoc. Gia to lìgo autì akoloujoÔme thn parousÐash tou Talagrand sto [T2]. H apìdeixh thc Prìtashc 3.2.4 pou dìjhke parapĹnw douleÔei sthn perÐptwsh pou h apìstash d ikanopoieÐ thn d(t, s) ≤ max{d(t, u), d(u, s)} gia kĹje t, u, s ∈ T - tìte lème ìti o (T, d) eÐnai {ultrametric}. H basikă idiìthta twn ultrametric qÿrwn eÐnai ìti dÔo mpĹlec me thn Ðdia aktÐna sumpÐptoun ă eÐnai xènec. Se aută thn perÐptwsh, h akoloujÐa diamerÐsewn (A_j ) thc Prìtashc 3.2.2 apoteleÐtai apì xènec mpĹlec twn opoÐwn oi diĹmetroi teÐnoun sto 0 kajÿc j → ∞. Tìte, to mètro ν pou orÐsthke apì thn (3.2.55) sthn Ĺlgebra ⋃ j≥i A_j , epekteÐnetai qwrÐc prìblhma sthn Borel σ-Ĺlgebra tou (T, d). H genikă perÐptwsh kalÔptetai sto biblÐo twn Ledoux kai Talagrand.

Jeÿrhma 3.2.2 ’Estw (T, d) metrikìc qÿroc me peperasmènh diĹmetro, kai èstw r ≥ 2. ’Estw i o megalÔteroc akèraioc gia ton opoÐo diam(T ) ≤ 2r^{−i}. Upojètoume ìti upĹrqoun sunartăseic φ_j : T → R^+ me S := sup_{t∈T} sup_{j∈Z}φ_j (t) < +∞ pou ikanopoioÔn to exăc: An s ∈ T , j ∈ Z kai t_1, . . . , t_n ∈ B(s, r^{−j} ) me p ≠ q =⇒ d(t_p, t_q ) ≥ r^{−j−1}, tìte φ_j (s) ≥ r^{−j−2} √ log n + min_{l≤n} φ_{j+2}(t_l).

Tìte, mporoÔme na broÔme aÔxousa akoloujÐa diamerÐsewn (A_j )_{j≥i} tou T me thn idiìthta diam(A) ≤ 2r^{−j} an A ∈ A_j , kai mètro pijanìthtac ν ston (T, d), tètoia ÿste

(3.2.62) sup_{t∈T} ∑ j>i r^{−j} √ log ( 1 ν(A_j (t)) ) ≤ K(r) · S, ìpou K(r) > 0 stajerĹ pou exartĹtai mìno apì to r, kai A_j (t) to stoiqeÐo thc A_j sto opoÐo anăkei to t.

Apìdeixh: JewroÔme thn akoloujÐa diamerÐsewn (A_j ) kai tic apeikonÐseic ℓ_j : A_j → N pou mac dÐnei h Prìtash 3.2.2. Tìte,

(3.2.63) sup_{t∈T} ∑ j≥i r^{−j} √ log ( ℓ_{j+1}(A_{j+1}(t)) ) ≤ 4S. EpÐshc, oi ℓ_j ikanopoioÔn thn (3.2.48), opìte efarmìzontac thn Prìtash 3.2.4 mporoÔme na broÔme mètro pijanìthtac ν ston (T, d) tètoio ÿste (3.2.64) sup_{t∈T} ∑ j>i r^{−j} √ log ( 1 ν(A_j (t)) ) ≤ K(r) r^{−i} + sup t∈T ∑ j>i r^{−j} √ log ( ℓ_j (A_j (t)) ) .

SunduĹzontac tic parapĹnw anisìthtec paÐrnoume

sup_{t∈T} ∑ j>i r^{−j} √ log ( 1 ν(A_j (t)) ) ≤ K(r) r^{−i} + sup t∈T ∑ j≥i r^{−j} r √ log ( ℓ_{j+1}(A_{j+1}(t)) )

≤ K_1(r) · (r^{−i} + S).

Mènei na deÐxoume ìti r^{−i} ≤ K_2(r)S. Apì ton orismì tou i, upĹrqoun t ≠ s ston T me t ∈ B(s, r^{−i}) kai d(s, t) ≥ r^{−i−1}. Apì thn upìjesh tou Jewrămatoc, èqoume (3.2.65) S ≥ φ_i(s) ≥ r^{−i} √ log 2,

dhladă to zhtoÔmeno. □

MporoÔme tÿra na deÐxoume to Jeÿrhma 3.2.1 sthn perÐptwsh pou o (T, d) eÐnai peperasmènoc metrikìc qÿroc.

Jeÿrhma 3.2.3 UpĹrqei stajerĹ K > 0 me thn exăc idiìthta: an (T, d) eÐnai ènac peperasmènoc metrikìc qÿroc kai X = (X_t)_{t∈T} mia upokanonikă anèlixh, tìte (3.2.66) E sup_{t∈T} X_t ≤ K · γ_2(T, d). Apìdeixh: ’Estw μ mètro pijanìthtac ston (T, d), me

(3.2.67) S := sup_{t∈T} ∫_∞ 0 √ log ( 1 μ(B(t, ε)) ) dε < +∞. StajeropoioÔme r > 8 kai orÐzoume φ_j : T → R^+ gia kĹje j ∈ Z, me

(3.2.68) φ_j (t) = sup {∫_{r−j} 0 √ log ( 1 μ(B(t, ε)) ) dε : u ∈ T, d(t, u) ≤ 2r^{−j} } . Parathrăste ìti

(3.2.69) sup_{t∈T} sup_{j∈Z}φ_j (t) = S.

An θ(n) =^1_{r2} √ log n, h Prìtash 3.2.1 deÐqnei ìti ikanopoioÔntai oi upojèseic tou Jewrămatoc 3.2.2. ’Ara, mporoÔme na broÔme aÔxousa akoloujÐa diamerÐsewn (A_j )_{j≥i} tou T pou ikanopoieÐ tic upojèseic tou Jewrămatoc 3.1.4, kai mètro pijanìthtac ν ston (T, d), tètoia ÿste

(3.2.70) sup_{t∈T} ∑ j>i r^{−j} √ log ( 1 ν(A_j (t)) ) ≤ K(r) · S,

ìpou K(r) > 0 stajerĹ pou exartĹtai mìno apì to r, kai A_j (t) to stoiqeÐo thc A_j sto opoÐo anăkei to t. Apì to Jeÿrhma 3.1.4 èqoume

(3.2.71) E sup_{t∈T} X_t ≤ K_1(r) · sup_{t∈T} ∑ j>i 1 r^j √ log ( 1 ν(A_j (t)) ) .

SunduĹzontac tic (3.2.70) kai (3.2.71) paÐrnoume

(3.2.72) E sup_{t∈F} X_t ≤ K_2(r) · S,

kai h (3.2.67) oloklhrÿnei thn apìdeixh. □

Apìdeixh tou Jewrămatoc 3.2.1: Apì to Lămma 3.2.2, gia kĹje peperasmèno uposÔnolo F tou T ,

(3.2.73) γ_2(F, d) ≤ 2γ_2(T, d).

Apì to Jeÿrhma 3.2.3, gia kĹje peperasmèno F ⊆ T , (3.2.74) E sup_{t∈F} X_t ≤ K · γ_2(F, d) ≤ 2K · γ_2(T, d), ìpou K > 0 apìluth stajerĹ. Sunepÿc,

(3.2.75) E sup_{t∈T} X_t := sup { E sup_{t∈F} X_t : F ⊆ T, |F | < +∞ } ≤ 2K · γ_2(T, d). □

3.3 AnelÐxeic tou Gauss: to kĹtw frĹgma

Se aută thn parĹgrafo epistrèfoume sto plaÐsio twn anelÐxewn tou Gauss. ’Estw (T, d) metrikìc qÿroc, kai èstw X = (X_t)_{t∈T} mia anèlixh tou Gauss me thn idiìthta

(3.3.1) ‖X_t − X_s‖_2 = d(t, s)

gia kĹje t, s ∈ T . To Jeÿrhma tou Talagrand gia ta kuriarqoÔnta mètra eÐnai to exăc.

Jeÿrhma 3.3.1 UpĹrqei apìluth stajerĹ K > 0 me thn exăc idiìthta: an (T, d) eÐnai ènac metrikìc qÿroc me peperasmènh diĹmetro, kai an X = (X_t)_{t∈T} eÐnai mia anèlixh tou Gauss pou ikanopoieÐ thn (3.3.1), tìte

(3.3.2) 1 K · γ_2(T, d) ≤ E sup_{t∈T} X_t ≤ K · γ_2(T, d). H dexiĹ anisìthta eÐnai eidikă perÐptwsh tou Jewrămatoc 3.2.1 gia tic upokanonikèc anelÐxeic. Gia thn aristeră anisìthta, arkeÐ na deÐxoume thn parakĹtw Prìtash.

Prìtash 3.3.1 ’Estw r > 2 kai èstw i o megalÔteroc akèraioc gia ton opoÐo diam(T ) ≤ 2r^{−i}. An o r eÐnai arketĹ megĹloc, tìte oi sunartăseic φ_j : T → R^+ , j ≥ i, me (3.3.3) φ_j (t) := E sup{X_u | u ∈ B(t, 2r^{−j} )} ikanopoioÔn thn akìloujh sunjăkh: an t_1, . . . , t_n ∈ B(s, r^{−j} ) kai t_p ≠ t_q =⇒ d(t_p, t_q ) ≥ r^{−j−1}, tìte (3.3.4) φ_j (s) ≥ r^{−j} 1 K(r) √ log n + min_{l≤n} φ_{j+2}(t_l),

ìpou K(r) > 0 stajerĹ pou exartĹtai mìno apì to r.

Gia thn apìdeixh thc Prìtashc 3.3.1, ja qreiastoÔme kĹpoia Lămmata. To prÿto eÐnai h anisìthta tou Sudakov.

Lămma 3.3.1 An ta t_1, . . . , t_n ∈ T ikanopoioÔn thn l ≠ l^′ =⇒ d(t_l, t_l′ ) ≥ α, tìte (3.3.5) E sup_{l≤n} X_{tl} ≥ 1 K_1 α √ log n, ìpou K_1 > 0 apìluth stajerĹ.

Apìdeixh: ’Ameso, apì to Lămma 2.4.1 kai thn (3.3.1). □ To deÔtero Lămma eÐnai mia polÔ shmantikă sunèpeia thc isoperimetrikăc anisìthtac sto qÿro tou Gauss.

Lămma 3.3.2 ’Estw Z = (Z_t)_{t∈S} mia peperasmènh anèlixh tou Gauss. OrÐzoume (3.3.6) σ := sup_{t∈S} ‖Z_t‖_2. Tìte, gia kĹje u > 0 èqoume (3.3.7) P (| | sup t∈S Z_t − E sup_{t∈S} Z_t | | ≥ K_2σu ) ≤ 2e^{−u2} , ìpou K_2 > 0 apìluth stajerĹ.

Apìdeixh: MporoÔme na upojèsoume ìti S = {1, . . . , n}. JewroÔme to tuqaÐo diĹnusma G = (Z_1, . . . , Z_n) ston R^n . UpĹrqei n × n pÐnakac A tètoioc ÿste dist(G) = dist(AN), ìpou N tupikă kanonikă tuqaÐa metablhtă ston R^n . OrÐzoume F : R^n → R me (3.3.8) F (x) = max_{i≤n} ⟨Ax, e_i⟩, ìpou {e_1, . . . , e_n} h sunăjhc orjokanonikă bĹsh tou R^n . Tìte, (3.3.9) P ( max_{i≤n} Z_i ∈ B ) = P ( max_{i≤n} (AN)_i ∈ B ) = γ_n({x : F (x) ∈ B}). An x, y ∈ R^n , tìte |F (x) − F (y)| ≤ max_{i≤n} |⟨A(x − y), e_i⟩| ≤ max_{i≤n} n∑ j=1 |a_{ij} · (x_j − y_j )|

≤ max_{i≤n} n∑ j=1 a^2_{ij} 1/2 ‖x − y‖_2 = max_{i≤n} ( EZ^2_i )_{1/2} ‖x − y‖_2 = σ · ‖x − y‖_2, dhladă, h F eÐnai Lipschitz suneqăc me stajerĹ σ. Apì thn isoperimetrikă anisìthta sto qÿro tou Gauss, gia kĹje u > 0 èqoume

(3.3.10) γ_n ( x | | F (x) − ∫ F | ≥ K_2σu ) ≤ 2e^{−u2} , ìpou K_2 > 0 apìluth stajerĹ. Apì thn (3.3.9) èpetai to sumpèrasma. □

Lămma 3.3.3 ’Estw σ > 0 kai t_1, . . . , t_n ∈ T . Upojètoume ìti an l, l^′ ≤ n kai l ≠ l^′, tìte d(t_l, t_l′ ) ≥ α. Gia kĹje l ≤ n jewroÔme tuqìn sÔnolo A_l ⊆ B(t_l, σ), kai jètoume

(3.3.11) A := ⋃ l≤n A_l.

Tìte,

(3.3.12) E sup_{t∈A} X_t ≥ α K_1 √ log n − σK_3 √ log n + min_{l≤n} E sup_{t∈Al} X_t,

ìpou K_1, K_3 > 0 apìlutec stajerèc.

Apìdeixh: Gia kĹje l ≤ n jewroÔme thn tuqaÐa metablhtă

(3.3.13) Y_l := sup_{t∈Al}(X_t − X_{tl} ) = sup_{t∈Al} X_t − X_{tl} ≥ 0.

Qrhsimopoiÿntac to Lămma 3.3.2 gia thn (X_t − X_{tl} )_{t∈Al} , èqoume

(3.3.14) P (| | sup t∈A_l (X_t − X_{tl} ) − E sup_{t∈Al} (X_t − X_{tl} ) | | ≥ K_2σu ) ≤ 2e^{−u2} , gia kĹje u > 0, dhladă

(3.3.15) P (| Y_l − EY_l | | ≥ K_2σu) ≤ 2e^{−u2} gia kĹje u > 0. An orÐsoume (3.3.16) h := max_{l≤n} |Y_l − EY_l |, tìte

(3.3.17) P (h ≥ K_2σu) = P ( max_{l≤n} |Y_l − EY_l | ≥ K_2σu ) ≤ 2ne^{−u2} . H (3.3.17) kai aplèc prĹxeic deÐqnoun ìti

(3.3.18) Eh = ∫_∞ 0 P (h ≥ s)ds ≤ K_3σ √ log n, ìpou K_3 > 0 apìluth stajerĹ.

Gia kĹje l ≤ n èqoume h ≥ |Y_l − EY_l |, Ĺra (3.3.19) Y_l ≥ EY_l − h ≥ min_{l≤n} EY_l − h, opìte, (3.3.20) sup_{t∈Al} X_t = X_{tl} + Y_l ≥ X_{tl} + min_{l≤n} EY_l − h. ’Epetai ìti (3.3.21) sup_{t∈A} X_t ≥ max_{l≤n} X_{tl} + min_{l≤n} EY_l − h, apfl ìpou paÐrnoume E sup_{t∈A} X_t ≥ E max_{l≤n} X_{tl} + min_{l≤n} E ( sup_{t∈Al} X_t − X_{tl} ) − Eh = E max_{l≤n} X_{tl} + min_{l≤n} E sup_{t∈Al} X_t − Eh. To zhtoÔmeno èpetai apì to Lămma 3.3.1 kai thn (3.3.18). □ Apìdeixh thc Prìtashc 3.3.1: ’Estw s ∈ T , j ∈ Z, n ∈ N, kai èstw t_1, . . . , t_n ∈ B(s, r^{−j} ) pou ikanopoioÔn thn t_l ≠ t_l′ =⇒ d(t_l, t_l′ ) ≥ r^{−j−1}.

Gia kĹje l ≤ n jewroÔme to sÔnolo A_l = B(t_l, 2r^{−j−2}). Parathrăste ìti (3.3.22) A := ⋃ l≤n A_l ⊆ B(s, 2r^{−j} ).

Efarmìzontac to Lămma 3.3.3 me α = r^{−j−1} kai σ = 2r^{−j−2}, paÐrnoume E sup t∈B(s,2r^{−j} ) X_t ≥ E sup_{t∈A} X_t ≥ r^{−j−1} K_1 √ log n − 2r^{−j−2}K_3 √ log n + min_{l≤n} E sup t∈B(t_l ,2r^{−j−2} ) X_t, dhladă, (3.3.23) φ_j (s) ≥ ( 1 K_1r − 2K_3 r^2 ) r^{−j} √ log n + min_{l≤n} φ_{j+2}(t_l).

An r ≥ 4K_3 · K_1, h (3.3.23) paÐrnei th morfă (3.3.24) φ_j (s) ≥ 1 2K_1r r^{−j} √ log n + min_{l≤n} φ_{j+2}(t_l), dhladă èqoume to sumpèrasma thc Prìtashc, me K(r) = 2K_1r. □

Apìdeixh tou Jewrămatoc 3.3.1: ’Estw i o megalÔteroc akèraioc gia ton opoÐo diam(T ) ≤ 2r^{−i}. ParathroÔme ìti

(3.3.25) E sup_{t∈T} X_t = S := sup_{j∈Z}sup_{t∈T} φ_j (t),

ìpou (3.3.26) φ_j (t) := E sup{X_u | u ∈ B(t, 2r^{−j} )}. An S < ∞, h Prìtash 3.3.1 mac exasfalÐzei ìti ikanopoioÔntai oi upojèseic tou Jewrămatoc 3.2.2. ’Ara, upĹrqei mètro pijanìthtac μ ston T kai upĹrqei aÔxousa akoloujÐa (A_j )_{j≥i} diamerÐsewn tou T me diam(A) ≤ 2r^{−j} gia kĹje j ≥ i kai A ∈ A_j , ètsi ÿste

(3.3.27) sup_{t∈T} ∑ j>i r^{−j} √ log ( 1 μ(A_j (t)) ) ≤ K(r) · S,

ìpou A_j (t) to stoiqeÐo thc A_j to opoÐo perièqei to t. ’Omwc, gia kĹje t ∈ T kai j ≥ i èqoume (3.3.28) A_j (t) ⊆ B(t, 2r^{−j} ), Ĺra

(3.3.29) sup_{t∈T} ∑ j>i r^{−j} √ log ( 1 μ(B(t, 2r^{−j} )) ) ≤ sup_{t∈T} ∑ j>i r^{−j} √ log ( 1 μ(A_j (t)) ) ,

kai aplă sÔgkrish oloklhrÿmatoc-ajroÐsmatoc deÐqnei ìto

(3.3.30) K_1(r) ∫_∞ 0 √ log ( 1 μ(B(t, ε)) ) dε ≤ ∑ j>i r^{−j} √ log ( 1 μ(B(t, 2r^{−j} )) ) . Apì ta parapĹnw sumperaÐnoume ìti

(3.3.31) K_2(r) · γ_2(T, d, μ) ≤ S = E sup_{t∈T} X_t, Ĺra (3.3.32) K_2(r) · γ_2(T, d) ≤ S = E sup_{t∈T} X_t. □

Ta Jewrămata 3.2.1 kai 3.3.1 sunduĹzontai wc exăc: ’Estw Z = (Z_t)_{t∈T} mia anèlixh tou Gauss ston (Ω, A, P ). JewroÔme thn apìstash (3.3.33) d(t, s) = ‖Z_t − Z_s‖_2.

ston T kai upojètoume ìti o (T, d) èqei peperasmènh diĹmetro. An upojèsoume ìti (X_t)_{t∈T} eÐnai mia deÔterh anèlixh se kĹpoion Ĺllo qÿro pijanìthtac (Ω_1, A_1, P_1), h opoÐa eÐnai upokanonikă wc proc thn d, tìte

(3.3.34) E sup_{t∈T} X_t ≤ K_1 · γ_2(T, d)

apì to Jeÿrhma 3.2.3, kai

(3.3.35) γ_2(T, d) ≤ K_2 · E sup_{t∈T} Z_t

apì to Jeÿrhma 3.3.1, ìpou K_1, K_2 > 0 apìlutec stajerèc. ’Eqoume loipìn to exăc jeÿrhma sÔgkrishc.

Jeÿrhma 3.3.2 ’Estw (T, d) metrikìc qÿroc me peperasmènh diĹmetro. An h (X_t)_{t∈T} eÐnai upokanonikă wc proc thn d kai h (Z_t)_{t∈T} eÐnai anèlixh tou Gauss {sumbibastă} me thn d, tìte

(3.3.36) E sup_{t∈T} X_t ≤ K · E sup_{t∈T} Z_t,

ìpou K > 0 eÐnai mia apìluth stajerĹ. □

Anaforèc: Sto KefĹlaio autì akoloujoÔme thn ergasÐa [T2] tou Talagrand. To Jeÿrhma 3.2.1 èqei san afethrÐa tou tic ergasÐec [Pr 1,2] kai ousiastikĹ apodeÐqthke apì ton Fernique [Fer]. H parousÐash edÿ eÐnai diaforetikă: o Talagrand apèdeixe ta Jewrămata 3.3.1 kai 3.3.2 sto [T1], kai anèptuxe teqnikèc pou efarmìzontai kai sthn perÐptwsh twn upokanonikÿn anelÐxewn. Me autìn ton trìpo, h apìdeixh twn JewrhmĹtwn 3.2.1 kai 3.3.1 gÐnetai eniaÐa.

Gia thn isoperimetrikă anisìthta sto qÿro tou Gauss kai thn anisìthta (3.3.10) parapèmpoume sta biblÐa twn Ledoux [Led] kai Ledoux-Talagrand [LT].

58

KefĹlaio 4

KuriarqoÔnta mètra se elleiyoeidă

4.1 To Jeÿrhma twn kuriarqoÔntwn mètrwn gia elleiyoeidă

’Estw (a_n) mia fjÐnousa akoloujÐa jetikÿn pragmatikÿn arijmÿn me

(4.1.1) ∑ n≥1 a^2_n < ∞. JewroÔme to elleiyoeidèc E ston ℓ_2 pou perigrĹfetai apì thn

(4.1.2) E = { t = (t_n)_n ∈ ℓ_2 | ∑ n≥1 t^2_n/a^2_n ≤ 1 }

Skopìc mac se autì to KefĹlaio eÐnai na meletăsoume analutikĹ thn anèlixh tou Gauss X = (X_t)_{t∈E} me

(4.1.3) X_t = ∑ n≥1 t_ng_n, ìpou (g_n)_n eÐnai mia akoloujÐa anexĹrthtwn N(0, 1) tuqaÐwn metablhtÿn.

O upologismìc thc E sup_{t∈E} X_t den parousiĹzei duskolÐec.

Prìtash 4.1.1 An E eÐnai to elleiyoeidèc thc (4.1.2) kai X_t = ∑ n≥1 t_ng_n, t ∈ E, tìte

(4.1.4) E sup_{t∈E} X_t ≃ ∑ n≥1 a^2_n 1/2 .

Apìdeixh: ’Estw (e_n)_n h sunăjhc orjokanonikă bĹsh tou ℓ_2. ParathroÔme ìti

(4.1.5) sup_{t∈E} X_t = sup_{t∈E} ⟨ ∑ n≥1 (t_n/a_n)e_n, ∑ n≥1 a_ng_ne_n ⟩ = ∑ n≥1 a^2_ng^2_n 1/2 .

Apì thn anisìthta Cauchy-Schwarz,

(4.1.6) E ∑ n≥1 a^2_ng^2_n 1/2 ≤ E ( ∑ n≥1 a^2_ng^2_n ) 1/2 = ∑ n≥1 a^2_n 1/2 .

Apì thn Ĺllh pleurĹ, h (4.1.5) deÐqnei ìti

(4.1.7) sup_{t∈E} X_t ≥ (_N ∑ n=1 a^2_ng^2_n )_{1/2}

gia kĹje N ∈ N, opìte qrhsimopoiÿntac ton kanìna tou parallhlogrĹmmou paÐrnoume

E sup_{t∈E} X_t ≥ E ( Ave_{εn=±1} | |^N ∑ n=1 ε_na_ng_n | |^2 )_{1/2}

≥ E ( Ave_{εn=±1} |^N∑ n=1 ε_na_ng_n | )

= (_N ∑ n=1 a^2_n )_{1/2} · E|g|,

afoÔ h ∑_N n=1 ε_na_ng_n èqei thn Ðdia katanomă me thn ( ∑_N n=1 a^2_n )_{1/2} · |g| gia kĹje epilogă prosămwn ε_n = ±1. EÔkola upologÐzoume ìti E|g| = √ 2/π, kai afănontac to N → ∞ paÐrnoume

(4.1.8) E sup_{t∈E} X_t ≥ √ 2 π · ∑ n≥1 a^2_n 1/2 . □

’Opwc deÐqnei h Prìtash 4.1.1, o upologismìc thc E sup_{t∈E} X_t eÐnai eÔkoloc. Autì ìmwc pou jèloume na suzhtăsoume eÐnai h akrÐbeia twn diafìrwn fragmĹtwn pou suzhtăsame sta dÔo prohgoÔmena KefĹlaia. Ja xekinăsoume apì thn anisìthta tou Dudley.

’Estw E to elleiyoeidèc thc (4.1.2). Gia kĹje k ∈ Z orÐzoume

(4.1.9) I_k := {n ∈ N : 2^{−k} ≤ a_n < 2^{−k+1}} kai (4.1.10) J_k := {n ∈ N : 2^{−k} ≤ a_n} = ⋃ l≤k I_k .

Tèloc, jètoume (4.1.11) n_k = |I_k | kai m_k = |J_k| = ∑ l≤k n_k.

Apì thn upìjesh èqoume a_n → 0, Ĺra n_k, m_k < ∞. Me N(E, t) sumbolÐzoume ton arijmì kĹluyhc tou E apì mpĹlec tou ℓ_2 aktÐnac t > 0. Lămma 4.1.1 Gia kĹje k ∈ Z, (4.1.12) N(E, 2^{−k−1}) ≥ 2^{mk} . Apìdeixh: JewroÔme to qÿro H_k twn akoloujiÿn (t_n)_{n∈Jk} me thn ℓ_2-nìrma, kai thn probolă P : ℓ_2 → H_k me (4.1.13) P ((t_n)_{n≥1}) = (t_n)_{n∈Jk} . An E ⊆ ⋃_N i=1 B(t^i, 2^{−k−1}), tìte profanÿc P (E) ⊆ ⋃_N i=1 B(P (t^i), 2^{−k−1}). ’Ara, (4.1.14) N(E, 2^{−k−1}) ≥ N(P (E), 2^{−k−1}). EpÐshc, an sumbolÐsoume me B thn EukleÐdeia monadiaÐa mpĹla tou H_k, parathroÔme ìti (4.1.15) 2^{−k}B ⊆ P (E). [PrĹgmati: an s = (s_n)_{n∈Jk} ∈ 2^{−k}B, mporoÔme na orÐsoume t = (t_n)_{n≥1} me t_n = s_n an n ∈ J_k kai t_n = 0 an n /∈ J_k. Tìte, (4.1.16) ∑ n≥1 t^2_n a^2_n = ∑ n∈J_k t^2_n a^2_n

≤ 2^{2k} ∑ n∈J_k s^2_n ≤ 1,

dhladă t ∈ E, kai P (t) = s.]

Apì thn (4.1.15) paÐrnoume (4.1.17) N(P (E), 2^{−k−1}) ≥ N(2^{−k}B, 2^{−k−1}) = N(B, 1/2). An N = N(B, 1/2), upĹrqoun t^1, . . . , t^N ∈ H_k me B ⊆ ⋃ i≤N (t^i + (1/2)B). ’Ara, |B| ≤ N · |(1/2)B|. ’Epetai ìti (4.1.18) N ≥ 2^{|Jk|} = 2^{mk} .

Apì tic (4.1.14), (4.1.17) kai (4.1.18) èqoume to zhtoÔmeno. □

Apì to Lămma 4.1.1, gia kĹje k ∈ Z èqoume

(4.1.19) 2^{−k} √ log N(E, 2^{−k−1}) ≥ √ log 2 · 2^{−k} √ m_k ≥ √ log 2 · 2^{−k} √ n_k. ’Ara,

(4.1.20) ∑ k∈Z 2^{−k} √ n_k ≤ c_1 ∑ k∈Z 2^{−k} √ log N(E, 2^{−k−1}) ≤ c_2 ∫_∞ 0 √ log N(E, ε)dε.

Apì thn Ĺllh pleurĹ,

(4.1.21) ∑ n≥1 a^2_n ≤ ∑ k∈Z (2^{−k+1})^2n_k = 4 ∑ n≥1 2^{−2k}n_k.

Oi dÔo autèc anisìthtec mac upodeiknÔoun thn akìloujh Prìtash.

Prìtash 4.1.2 UpĹrqei akoloujÐa (a_n)_n jetikÿn pragmatikÿn arijmÿn, tètoia ÿste

(4.1.22) ∑ n a^2_n < +∞ kai (4.1.23) ∫_∞ 0 √ log N(E, ε)dε = +∞, ìpou E to elleiyoeidèc ston ℓ_2 pou orÐzetai apì thn (4.1.2).

Apìdeixh: ArkeÐ na epilèxoume n_k ∈ N, k ∈ Z, tètoiouc ÿste

(4.1.24) ∑ k∈Z 2^{−2k}n_k < +∞ kai ∑ k∈Z 2^{−k} √ n_k = +∞,

kai na orÐsoume touc a_n > 0 ètsi ÿste h (4.1.21) na gÐnei {isìthta} (gia kĹje k paÐrnoume n_k ìrouc thc (a_n)_n Ðsouc me 2^{−k}). □

Blèpoume loipìn ìti to frĹgma tou Dudley den eÐnai akribèc (akìma ki an perioristoÔme sthn polÔ fusiologikă klĹsh paradeigmĹtwn pou meletĹme edÿ). Ja dÿsoume èna Ĺllo frĹgma {tÔpou Dudley} pou dÐnei pĹnta thn akribă tĹxh megèjouc thc E sup_{t∈E} X_t.

Lămma 4.1.2 Gia kĹje k ∈ Z,

(4.1.25) log N(E, 2^{−k+1}) ≤ c ∑ l≤k (k − l + 3)n_l.

Apìdeixh: Gia to tuqìn t = (t_n)_n ∈ E èqoume

(4.1.26) ∑ n /∈J_k t^2_n = ∑ n /∈J_k a^2_n t^2_n a^2_n ≤ 2^{−2k} ∑ n /∈J_k t^2_n a^2_n ≤ 2^{−2k}. An loipìn orÐsoume

(4.1.27) E^′ = { t = (t_n)_{n∈Jk} ∈ H_k | ∑ n∈J_k t^2_n a^2_n ≤ 1 } , tìte (4.1.28) N(E, 2^{−k+1}) ≤ N(E^′, 2^{−k}). [PrĹgmati: èstw t^1, . . . , t^N ∈ H_k me E^′ ⊆ ⋃_N i=1 B(t^i, 2^{−k}). Gia kĹje t ∈ E jewroÔme thn probolă P (t) tou t ston H_k. Tìte P (t) ∈ E^′, Ĺra upĹrqei i = i(t) ≤ N tètoioc ÿste ‖P (t) − t^i‖_2 ≤ 2^{−k}. Apì thn (4.1.26), (4.1.29) ‖t − t^i‖_2 ≤ ‖t − P (t)‖_2 + ‖P (t) − t^i‖_2 ≤ 2^{−k} + 2^{−k} = 2^{−k+1}, dhladă, E ⊆ ⋃_N i=1 B(t^i, 2^{−k+1}).]

Gia na ektimăsoume ton N(E^′, 2^{−k}), jewroÔme Z ⊆ E^′ megistikì wc proc thn (4.1.30) t ≠ s ∈ Z =⇒ ‖s − t‖_2 ≥ 2^{−k}. Tìte, (4.1.31) N(E^′, 2^{−k}) ≤ |Z|. EpÐshc, oi mpĹlec B(t, 2^{−k−1}), t ∈ Z èqoun xèna eswterikĹ kai perièqontai sto E^′ + 2^{−k−1}B, ìpou B h EukleÐdeia monadiaÐa mpĹla tou H_k. Sunepÿc, (4.1.32) |Z| · |2^{−k−1}B| ≤ |E^′ + 2^{−k−1}B|. ParathroÔme ìti 2^{−k}B ⊆ E^′: an ( ∑ n∈J_k t 2 n )_{1/2} ≤ 2^{−k}, tìte

(4.1.33) ( ∑ n∈J_k t^2_n a^2_n )_{1/2} ≤ 2^k ( ∑ n∈J_k t^2_n )_{1/2} ≤ 1, Ĺra t = (t_n)_{n∈Jk} ∈ E^′. ’Epetai ìti (4.1.34) |Z| · |B| ≤ 2^{(k+1)mk} · |2E^′| = 2^{(k+2)mk} · |E^′|. Tèloc, parathroÔme ìti E^′ = T (B) ìpou T : H_k → H_k o diagÿnioc telestăc me T (e_n) = a_ne_n, n ∈ J_k. ’Ara, (4.1.35) |E^′| = |B| · ∏ n∈J_k a_n ≤ |B| · ∏ l≤k 2^{(−l+1)nl} .

SunduĹzontac tic (4.1.34) kai (4.1.35) katalăgoume sthn (4.1.36) |Z| ≤ 2^{(k+2)mk} ∏ l≤k 2^{(−l+1)nl} = ∏ l≤k 2^{(k−l+3)nl} .

Apì tic (4.1.28) kai (4.1.31) èqoume to sumpèrasma. □

Jeÿrhma 4.1.1 ’Estw E to elleiyoeidèc ston ℓ_2 pou orÐzetai apì thn (4.1.2). Tìte,

(4.1.37) ∫_∞ 0 ε log N(E, ε)dε ≃ ∑ n≥1 a^2_n.

Apìdeixh: EÔkola deÐqnoume ìti upĹrqoun apìlutec stajerèc K_1, K_2 > 0 tètoiec ÿste (4.1.38) K_1 ∑ k∈Z 2^{−2k} log N(E, 2^{−k−1}) ≤ ∫_∞ 0 ε log N(E, ε)dε ≤ K_2 ∑ k∈Z 2^{−2k} log N(E, 2^{−k}).

Apì to Lămma 4.1.2, ∑ k∈Z 2^{−2k} log N(E, 2^{−k}) ≤ c ∑ k∈Z ∑ l≤k+1 2^{−2k}(k − l + 4)n_l

= c ∑ l∈Z n_l ( ∑ k>l 2^{−2k}(k − l + 4) )

= c ∑ l∈Z 2^{−2l}n_l (_∞ ∑ s=1 s + 4 2^{2s} )

≤ c_1 ∑ l∈Z 2^{−2l}n_l ≤ c_3 ∑ n≥1 a^2_n.

Apì to Lămma 4.1.1, ∑ k∈Z 2^{−2k} log N(E, 2^{−k−1}) ≥ c_4 ∑ k∈Z 2^{−2k}m_k = c_4 ∑ k∈Z ∑ l≤k 2^{−2k}n_l

= c_4 ∑ l∈Z ∑ k≥l 2^{−2k} n_l ≥ c_5 ∑ l∈Z 2^{−2l}n_l ≥ c_6 ∑ n≥1 a^2_n.

SunduĹzontac autèc tic dÔo anisìthtec me thn (4.1.38) paÐrnoume thn (4.1.37). □

Paratărhsh: Gia α, β > 0 orÐzoume

(4.1.39) R_{α,β} (E) = (∫_∞ 0 ε^{β−1} ( log N(E, ε) )_{β/α} dε )_{1/β} . Parathrăste ìti (4.1.40) R_{2,1}(E) = ∫_∞ 0 √ log N(E, ε)dε enÿ (4.1.41) R_{2,2}(E) = (∫_∞ 0 ε log N(E, ε)dε )_{1/2} . Me autì to sumbolismì, ta apotelèsmata autăc thc paragrĹfou deÐqnoun ìti gia kĹje E èqoume (4.1.42) E sup_{t∈E} X_t ≃ R_{2,2}(E), enÿ upĹrqoun paradeÐgmata elleiyoeidÿn E gia ta opoÐa R_{2,1}(E) = ∞.

4.2 To Jeÿrhma tou elleiyoeidoÔc

’Estw (T, d) metrikìc qÿroc. Gia kĹje α, β > 0 orÐzoume

(4.2.1) γ_{α,β} (T, d, μ) := sup_{t∈T} (∫_∞ 0 ε^{β−1} ( log 1 μ(B(t, ε)) )_{β/α} dε )_{1/β} , kai (4.2.2) γ_{α,β} (T, d) := inf_μ γ_{α,β} (T, d, μ), ìpou to infimum paÐrnetai pĹnw apfl ìla ta Borel mètra pijanìthtac ston (T, d). Parathrăste ìti, me to sumbolismì tou prohgoÔmenou KefalaÐou, (4.2.3) γ_{2,1}(T, d) = γ_2(T, d).

Oi parakĹtw idiìthtec thc γ_{α,β} (T, d) prokÔptoun eÔkola apì ton orismì. Lămma 4.2.1 ’Estw (T, d) metrikìc qÿroc kai α, β > 0. Tìte, (4.2.4) diam(T ) ≤ K(α, β)γ_{α,β} (T, d), ìpou K(α, β) > 0 stajerĹ pou exartĹtai apì ta α, β.

Apìdeixh: Jètoume D := diam(T ) kai jewroÔme u, v ∈ T me d(u, v) ≥ 2D/3. Tìte, oi mpĹlec B(u, D/3) kai B(v, D/3) eÐnai xènec. An μ eÐnai èna Borel mètro pijanìthtac ston (T, d), èqoume (4.2.5) min{μ(B(u, D/3)), μ(B(v, D/3))} ≤ 1/2, dhladă upĹrqei w ∈ T (kĹpoio apì ta u, v) tètoio ÿste (4.2.6) log 1 μ(B(w, ε)) ≥ log 2 gia kĹje ε ∈ [0, D/3]. ’Epetai ìti

sup_{t∈T} (∫_∞ 0 ε^{β−1} ( log 1 μ(B(t, ε)) )_{β/α} dε )_{1/β} ≥ (∫_{D/3} 0 ε^{β−1}(log 2)^{β/α}dε )_{1/β}

= (log 2)^{1/α}β^{−1/β} D 3 , kai afoÔ to μ ătan tuqìn, paÐrnoume thn (4.2.4). □ Lămma 4.2.2 ’Estw (T_1, d_1), (T_2, d_2) metrikoÐ qÿroi kai α, β > 0. Upojètoume ìti upĹrqoun M > 0 kai ϕ : T_1 → T_2 Borel metrăsimh kai epÐ sunĹrthsh me thn idiìthta (4.2.7) d_2(ϕ(x), ϕ(y)) ≤ Md_1(x, y) gia kĹje x, y ∈ T_1. Tìte, (4.2.8) γ_{α,β}(T_2, d_2) ≤ M · γ_{α,β} (T_1, d_1).

Apìdeixh: GrĹfoume B_i gia thn anoiqtă mpĹla wc proc d_i, i = 1, 2. Apì thn (4.2.7) èqoume (4.2.9) B_1(x, ε/M) ⊆ ϕ^{−1}(B_2(ϕ(x), ε)) gia kĹje x ∈ T_1 kai ε > 0. An loipìn orÐsoume to mètro ϕ(μ) ston (T_2, d_2) me ϕ(μ)(A) = μ(ϕ^{−1}(A)), to ϕ(μ) eÐnai Borel mètro pijanìthtac kai (4.2.10) μ ( B_1(x, ε/M) ) ≤ ϕ(μ) ( (B_2(ϕ(x), ε))) gia kĹje x ∈ T_1 kai ε > 0. Qrhsimopoiÿntac thn (4.2.10) kai to gegonìc ìti h ϕ eÐnai epÐ tou T_2, elègqoume eÔkola ìti (4.2.11) γ_{α,β}(T_2, d_2, ϕ(μ)) ≤ M · γ_{α,β} (T_1, d_1, μ), kai autì apodeiknÔei to Lămma. □

Lămma 4.2.3 ’Estw (T, d) metrikìc qÿroc kai F mh kenì uposÔnolo tou T . Tìte, (4.2.12) γ_{α,β}(F, d) ≤ 2γ_{α,β} (T, d). Apìdeixh: ’Estw δ > 1. MporoÔme na broÔme Borel metrăsimh sunĹrthsh g : T → F ètsi ÿste (4.2.13) d(t, g(t)) ≤ δ inf{d(t, s) | s ∈ F }. ’Estw μ èna Borel mètro pijanìthtac ston (T, d). JewroÔme to mètro pijanìthtac σ ston (F, d) pou orÐzetai apì thn σ(A) = μ(g^{−1}(A)). ’Estw x ∈ F kai t ∈ B(x, ε). Tìte, d(t, F ) ≤ d(t, x), Ĺra d(t, g(t)) ≤ δd(t, x). Epomènwc, d(x, g(t)) ≤ d(x, t) + d(t, g(t)) ≤ (1 + δ)d(x, t) < (1 + δ)ε. Dhladă,

(4.2.14) B_T (x, ε) ⊆ g^{−1}(B_F (x, (1 + δ)ε)).

’Ara,

(4.2.15) μ(B_T (x, ε)) ≤ μ(g^{−1}(B_F (x, (1 + δ)ε))) = σ(B_F (x, (1 + δ)ε)).

Tìte, γ_{α,β} (F, d, σ) = sup_{x∈F} (∫_∞ 0 ε^{β−1} ( log 1 σ(B_F (x, ε)) )_{β/α} dε )_{1/β}

≤ sup_{x∈F} (∫_∞ 0 ε^{β−1} ( log 1 μ(B_T (x, ε/(1 + δ))) )_{β/α} dε )_{1/β}

≤ (1 + δ) sup_{x∈T} (∫_∞ 0 ε^{β−1} ( log 1 μ(B_T (x, ε)) )_{β/α} dε )_{1/β}

= (1 + δ)γ_{α,β} (T, d, μ). Sunepÿc, (4.2.16) γ_{α,β}(F, d) ≤ γ_{α,β} (F, d, σ) ≤ (1 + δ)γ_{α,β} (T, d, μ). AfoÔ to μ kai to δ > 1 ătan tuqìnta, paÐrnoume to zhtoÔmeno. □

Lămma 4.2.4 ’Estw ( (T_i, d_i) )_k i=1 akoloujÐa metrikÿn qÿrwn. JewroÔme to metrikì qÿro T = ⊗_{i≤k}T_i kai tic apostĹseic

(4.2.17) d(x, y) = (_k ∑ i=1 d^2_i (x_i, y_i) )_{1/2}

kai (4.2.18) δ(x, y) = k∑ i=1 d_i(x_i, y_i), ìpou x = (x_i), y = (y_i). Gia kĹje i ≤ k jewroÔme èna Borel mètro pijanìthtac μ_i ston (T_i, d_i), kai orÐzoume μ = ⊗μ_i to mètro ginìmeno ston (T, d). An α, β > 0 kai β ≥ α, tìte

(4.2.19) γ_{α,β}(T, d, μ) ≤ (_k ∑ i=1 γ_{α,β}(T_i, d_i, μ_i)^{2α/(α+2)} )_{1/2+1/α}

kai (4.2.20) γ_{α,β} (T, δ, μ) ≤ (_k ∑ i=1 γ_{α,β} (T_i, d_i, μ_i)^{α/(α+1)} )_{1+1/α}

enÿ an β ≤ α, tìte

(4.2.21) γ_{α,β} (T, d, μ) ≤ (_k ∑ i=1 γ_{α,β} (T_i, d_i, μ_i)^{2β/(β+2)} )_{1/2+1/β}

kai (4.2.22) γ_{α,β}(T, δ, μ) ≤ (_k ∑ i=1 γ_{α,β}(T_i, d_i, μ_i)^{β/(β+1)} )_{1+1/β} . Apìdeixh: ’Estw x_i ∈ T_i kai x = (x_1, . . . , x_k ) ∈ T . JewroÔme jetikoÔc pragmatikoÔc arijmoÔc η_1, . . . , η_k me η^2_1 + · · · + η^2_k = 1. Gia kĹje ε > 0 isqÔei to exăc: an y_i ∈ T_i me d_i(x_i, y_i) < η_iε kai an jèsoume y = (y_1, . . . , y_k), tìte

(4.2.23) d(x, y) = (_k ∑ i=1 d^2_i (x_i, y_i) )_{1/2} < (_k ∑ i=1 η^2_i ε^2 )_{1/2} = ε. Epomènwc, (4.2.24) ⊗_{i≤k}B_i(x_i, η_iε) ⊆ B(x, ε). ’Epetai ìti

(4.2.25) log 1 μ(B(x, ε)) ≤ k∑ i=1 log 1 μ_i(B_i(x_i, η_iε)) . Upojètoume prÿta ìti β/α ≥ 1. Apì thn anisìthta tou Minkowski paÐrnoume

(4.2.26) (∫_∞ 0 ε^{β−1} ( log 1 μ(B(x, ε)) )_{β/α} dε )_{α/β}

≤ k∑ i=1 (∫_∞ 0 ε^{β−1} ( log 1 μ(B_i(x_i, η_iε)) )_{β/α} dε )_{α/β} .

KĹnontac katĹllhlec allagèc metablhtăc sto dexiì mèloc kai paÐrnontac supremum wc proc x_i ∈ T_i, blèpoume ìti

(4.2.27) γ_{α,β}(T, d, μ)^α ≤ k∑ i=1 η^{−α}_i γ_{α,β}(T_i, d_i, μ_i)^α.

Elaqistopoiÿntac to dexiì mèloc kĹtw apì th sunjăkh η^2_1 + · · · + η^2_k = 1 paÐrnoume thn (4.2.19).

’Estw tÿra ìti β/α ≤ 1. Qrhsimopoiÿntac thn (s_1 + · · · + s_k)^{β/α} ≤ s^{β/α}_1 + · · · + s^{β/α}_k , apì thn (4.2.25) paÐrnoume (4.2.28) ∫_∞ 0 ε^{β−1} ( log 1 μ(B(x, ε)) )_{β/α} dε ≤ k∑ i=1 ∫_∞ 0 ε^{β−1} ( log 1 μ(B_i(x_i, η_iε)) )_{β/α} dε. KĹnontac katĹllhlec allagèc metablhtăc sto dexiì mèloc kai paÐrnontac supremum wc proc x_i ∈ T_i, blèpoume ìti

(4.2.29) γ_{α,β} (T, d, μ)^β ≤ k∑ i=1 η^{−β}_i γ_{α,β} (T_i, d_i, μ_i)^β .

Elaqistopoiÿntac to dexiì mèloc kĹtw apì th sunjăkh η^2_1 + · · · + η^2_k = 1 paÐrnoume thn (4.2.21).

Gia thn apìdeixh twn (4.2.20) kai (4.2.22) parathroÔme ìti an ta x = (x_i) kai y = (y_i) ikanopoioÔn tic d_i(x_i, y_i) < η_iε gia kĹpoiouc η_i > 0 me ∑_k i=1 η_i = 1, tìte

δ(x, y) = k∑ i=1 d_i(x_i, y_i) < k∑ i=1 η_iε = ε. Katìpin, douleÔoume ìpwc sthn perÐptwsh thc d kai elaqistopoioÔme ta frĹgmatĹ mac wc proc η_i. □

Pìrisma 4.2.1 ’Estw H qÿroc Hilbert kai T_1, . . . , T_k ⊂ H, i = 1, . . . , k. Jètoume

(4.2.30) Σ = k∑ i=1 T_i = {x_1 + · · · + x_k : x_i ∈ T_i}.

Tìte,

(4.2.31) γ_{α,β} (Σ) ≤ (_k ∑ i=1 γ_{α,β}(T_i)^ρ )_{1/ρ} ,

ìpou ρ = max{^α_{α+1} ,^β_{β+1} }.

Apìdeixh: H apeikìnish A : (T, δ) = ⊗T_i → Σ me A(x_1, . . . , x_k) = x_1 + · · · + x_k eÐnai 1-Lipschitz kai epÐ. Apì ta Lămmata 4.2.2 kai 4.2.4,

(4.2.32) γ_{α,β}(Σ) ≤ γ_{α,β}(T, δ) ≤ (_k ∑ i=1 γ_{α,β} (T_i, μ_i)^ρ )_{1/ρ}

gia kĹje epilogă Borel mètrwn pijanìthtac μ_i ston T_i, i = 1, . . . , k. PaÐrnontac infimum wc proc μ_i sto dexiì mèloc, paÐrnoume thn (4.2.31). □ Ja dÿsoume frĹgmata gia thn posìthta γ_{α,2}(E, ‖ · ‖_2), ìpou E to elleiyoeidèc thc (4.1.2). H mèjodoc douleÔei se èna kĹpwc genikìtero plaÐsio, autì twn 2- kurtÿn normÿn.

Orismìc: Mia nìrma ‖ · ‖ ston X lègetai 2-kurtă an upĹrqei stajerĹ γ > 0 pou ikanopoieÐ to exăc: an x, y ∈ X kai ‖x‖, ‖y‖ ≤ 1, tìte

(4.2.33) ‖x + y‖ 2 ≤ 1 − γ‖x − y‖^2. Parathrăste ìti, an

(4.2.34) ‖t‖_E = ∑ n≥1 t^2_n/a^2_n 1/2 ,

tìte h ‖·‖_E eÐnai 2-kurtă: apì ton kanìna tou parallhlogrĹmmou, an ‖t‖_E, ‖s‖_E ≤ 1, tìte

(4.2.35) ‖t + s‖^2_E = 2‖t‖^2_E + 2‖s‖^2_E − ‖t − s‖^2_E ≤ 4 ( 1 − ‖t − s‖^2_E 4 ) , Ĺra (4.2.36) ‖t + s‖_E ≤ 2 ( 1 − ‖t − s‖^2_E 4 )_{1/2} ≤ 2 ( 1 − 1 8 ‖t − s‖^2_E ) . Jeÿrhma 4.2.1 Upojètoume ìti T eÐnai h monadiaÐa mpĹla gia mia 2-kurtă nìrma ‖·‖ (me stajerĹ γ) sto qÿro X. Blèpoume to T san metrikì qÿro me mia apìstash d pou epĹgetai apì kĹpoia Ĺllh nìrma ‖ · ‖_1 ston X. Tìte, gia kĹje α > 0, (4.2.37) γ_{α,2}(T, d) ≤ K(α, γ) · sup_{ε>0} ( ε[log N(T, d, ε)]^{1/α} ) . To Jeÿrhma 4.2.1 sumplhrÿnetai apì thn exăc Prìtash.

Prìtash 4.2.1 ’Estw (T, d) metrikìc qÿroc kai α, β > 0. Tìte,

(4.2.38) sup_{ε>0} ( ε[log N(T, d, ε)]^{1/α} ) ≤ K(β) · γ_{α,β} (T, d).

Apìdeixh: ’Estw μ èna Borel mètro pijanìthtac ston (T, d). JewroÔme tuqìn η > 0 kai {t_1, . . . , t_N } megistikì uposÔnolo tou T wc proc thn d(t_l, t_s) ≥ 2η. Tìte, (4.2.39) N(T, d, 2η) ≤ N. EpÐshc, oi B(t_s, η) eÐnai xènec, kai afoÔ to μ eÐnai mètro pijanìthtac, upĹrqei l ≤ N tètoio ÿste

(4.2.40) 1 μ(B(t_l, η)) ≥ N. ’Eqoume ∫_∞ 0 ε^{β−1} ( log 1 μ(B(t_l, ε)) )_{β/α} dε ≥ ∫_η 0 ε^{β−1} ( log 1 μ(B(t_l, η)) )_{β/α} dε ≥ (log N)^{β/α} ∫_η 0 ε^{β−1}dε ≥ 1 β2^β (2η)^β (log N(T, d, 2η))^{β/α}. Dhladă, (4.2.41) sup_{t∈T} (∫_∞ 0 ε^{β−1} ( log 1 μ(B(t, ε)) )_{β/α} dε )_{1/β} ≥ 1 2β^{1/β} (2η)(log N(T, d, 2η))^{1/α}. AfoÔ ta μ kai η > 0 ătan tuqìnta, èpetai to zhtoÔmeno. □ Gia thn apìdeixh tou Jewrămatoc 4.2.1 ja qrhsimopoiăsoume thn Prìtash 3.2.3, thn opoÐa upenjumÐzoume:

Lămma 4.2.5 (Prìtash 3.2.3) ’Estw (T, d) metrikìc qÿroc me peperasmènh diĹmetro kai r ≥ 2, β > 0. ’Estw i o megalÔteroc akèraioc gia ton opoÐo diam(T ) ≤ 2r^{−i}. Upojètoume ìti upĹrqoun sunartăseic ψ_j : T → R^+ me S := sup_{t∈T} sup_{j∈Z}ψ_j (t) < +∞ kai θ : N → R^+ me lim_{n→+∞} θ(n) = +∞, pou ikanopoioÔn to exăc: An s ∈ T , j ∈ Z kai t_1, . . . , t_n ∈ B(s, r^{−j} ) me p ≠ q =⇒ d(t_p, t_q) ≥ r^{−j−1}, tìte (4.2.42) max_{l≤n} ψ_{j+2}(t_l) ≥ r^{−βj} θ(n) + ψ_j (s).

Tìte, mporoÔme na broÔme aÔxousa akoloujÐa diamerÐsewn (A_j )_{j≥i} tou T kai apeikonÐseic ℓ_j : A_j → N, pou ikanopoioÔn ta exăc: 1. An j > i kai A ∈ A_j , tìte

(4.2.43) diam(A) ≤ 2r^{−j} .

2. An j ≥ i kai A, B eÐnai stoiqeÐa thc diamèrishc A_{j+1} ta opoÐa perièqontai sto Ðdio stoiqeÐo thc diamèrishc A_j , tìte

(4.2.44) ℓ_{j+1}(A) ≠ ℓ_{j+1}(B).

3. Gia kĹje t ∈ T , (4.2.45) ∑ j≥i r^{−βj} θ(ℓ_{j+1}(A_{j+1}(t))) ≤ 4S,

ìpou A_{j+1}(t) to stoiqeÐo thc A_{j+1} sto opoÐo anăkei to t. □ Oi sunartăseic ψ_j : T → R^+ pou ja qrhsimopoiăsoume gia to Jeÿrhma 4.2.1 orÐzontai apì thn (4.2.46) ψ_j (t) := inf{‖v‖ : v ∈ T kai ‖v − t‖_1 < 2r^{−j} )}. Parathrăste ìti ψ_j (t) ≤ ‖t‖ ≤ 1 gia kĹje j ∈ Z kai t ∈ T , Ĺra (4.2.47) S := sup_{t∈T} sup_{j∈Z}ψ_j (t) ≤ 1 < +∞.

Orismìc: Gia kĹje n ≥ 2 jètoume (4.2.48)

A_n := {ε > 0 : upĹrqoun t_1, . . . , t_n ∈ T t.w. 1 ≤ l < s ≤ n =⇒ ‖t_l − t_s‖_1 > ε}, kai (4.2.49) ε(n) = sup A_n. Ta parakĹtw èpontai Ĺmesa apì ton orismì:

1. A_n = (0, ε(n)).

2. An ε < ε(n)/2, tìte N(T, d, ε) ≥ n: upĹrqoun t_1, . . . , t_n ∈ T pou anĹ dÔo apèqoun perissìtero apì 2ε. An jewrăsoume mia kĹluyh tou T me mpĹlec aktÐnac ε, kĹje mpĹla perièqei to polÔ èna apì ta t_i.

3. An ε > ε(n), tìte N(T, d, ε) ≤ n: o arijmìc kĹluyhc N(T, d, ε) eÐnai mikrìteroc apì ton plhjĹrijmo enìc maximal sunìlou shmeÐwn t_1, . . . , t_m me thn idiìthta ‖t_l − t_s‖_1 ≥ ε, o opoÐoc frĹssetai apì n afoÔ ε > ε(n).

To basikì shmeÐo gia thn apìdeixh tou Jewrămatoc 4.2.1 eÐnai na deÐxoume ìti oi ψ_j pou orÐsame ikanopoioÔn thn (4.2.42) gia katĹllhlh sunĹrthsh θ(n). Lămma 4.2.6 Upojètoume ìti r = 8. JewroÔme s ∈ T , j ∈ Z, n ≥ 2 kai t_1, . . . , t_n ∈ B(s, r^{−j} ) me p ≠ q =⇒ d(t_p, t_q) ≥ r^{−j−1} (ìpou d(t, s) = ‖t − s‖_1). Tìte,

(4.2.50) max_{l≤n} ψ_{j+2}(t_l) ≥ γr^{−2j} (2rε(n))^2

+ ψ_j (s).

Apìdeixh: ’Estw u > max_{l≤n} ψ_{j+2}(t_l). Tìte, gia kĹje l ≤ n mporoÔme na broÔme w_l ∈ uT tètoio ÿste (4.2.51) d(w_l, t_l) ≤ 2r^{−j−2}.

Apì thn trigwnikă anisìthta, an l < q ≤ n paÐrnoume (4.2.52) d(w_l, w_q ) ≥ d(t_l, t_q) − 4r^{−j−2} ≥ r^{−j−1} − 4r^{−j−2} = r^{−j−1}/2 kai (4.2.53) d(s, w_l) ≤ d(s, t_l) + d(t_l, w_l) ≤ r^{−j} + 2r^{−j−2} ≤ 2r^{−j} . Qrhsimopoiÿntac ton orismì thc 2-kurtăc nìrmac gia ta x = w_l/u kai y = w_s/u, blèpoume ìti

(4.2.54) ‖w_l + w_q ‖ 2 ≤ u ( 1 − γ u^2 ‖w_l − w_q ‖^2 ) . GrĹfoume V gia th monadiaÐa mpĹla thc ‖ · ‖_1. Apì thn (4.2.53) èqoume w_l ∈ s+2r^{−j} V gia kĹje l ≤ n. AfoÔ to V eÐnai kurtì, èpetai ìti (w_l +w_q )/2 ∈ s+2r^{−j} V , dhladă

(4.2.55) d ( s, w_l + w_q 2 ) ≤ 2r^{−j} , Ĺra (4.2.56) ψ_j (s) ≤ ‖ w_l + w_q 2 ‖ . Jètoume R^2 :=^u_γ (u − ψ_j (s)). Apì thn (4.2.54),

(4.2.57) ‖w_l − w_q ‖^2 ≤ u γ ( u − ‖ ‖ w^l + w^q 2 ‖ ‖ ) ≤ u γ (u − ψ_j (s)) = R^2.

OrÐzoume x_l = (w_l − w_1)/R, l ≤ n. Apì thn (4.2.57) èqoume x_l ∈ T , enÿ apì thn (4.2.52) èqoume ìti

(4.2.58) d(x_l, x_q ) = ‖ ‖ w^l − w^q R ‖ ‖_1 = d(w^l, w^q ) R ≥ r^{−j} 2R gia kĹje 1 ≤ l < q ≤ n. Apì ton orismì tou ε(n) prèpei na ikanopoieÐtai h r^{−j−1}/(2R) < ε(n). Dhladă,

(4.2.59) γ ( r^{−j−1} 2ε(n) )_2 ≤ u(u − ψ_j (s)) gia kĹje u > max_{l≤n} ψ_{j+2}(t_l). Sunepÿc, (4.2.60) γ ( r^{−j−1} 2ε(n) )_2 ≤ max_{l≤n} ψ_{j+2}(t_l) ( max_{l≤n} ψ_{j+2}(t_l) − ψ_j (s) ) ≤ max_{l≤n} ψ_{j+2}(t_l) − ψ_j (s),

afoÔ max_{l≤n} ψ_{j+2}(t_l) ≤ 1. □ ’Amesh efarmogă twn LhmmĹtwn 4.2.5 kai 4.2.6 eÐnai h exăc Prìtash.

Prìtash 4.2.2 Upojètoume ìti T eÐnai h monadiaÐa mpĹla gia mia 2-kurtă nìrma ‖·‖ (me stajerĹ γ) sto qÿro X. Blèpoume to T san metrikì qÿro me mia apìstash d pou epĹgetai apì kĹpoia Ĺllh nìrma ‖ · ‖_1 ston X, upojètoume ìti o (T, d) èqei peperasmènh diĹmetro, kai sumbolÐzoume me i to megalÔtero akèraio gia ton opoÐo diam(T ) ≤ 2r^{−i}, ìpou r = 8. Tìte, mporoÔme na broÔme aÔxousa akoloujÐa diamerÐsewn (A_j )_{j≥i} tou T kai apeikonÐseic ℓ_j : A_j → N, pou ikanopoioÔn tic (4.2.43), (4.2.44) kai thn

(4.2.61) ∑ j≥i r^{−2j} ε(ℓ_{j+1}(A_{j+1}(t)))^2 ≤ 16r^2 γ gia kĹje t ∈ T , ìpou A_{j+1}(t) to stoiqeÐo thc A_{j+1} sto opoÐo anăkei to t. □

Apìdeixh tou Jewrămatoc 4.2.1: Jètoume

(4.2.62) M := sup_{ε>0} ( ε[log N(T, d, ε)]^{1/α} ) . An M = +∞, den èqoume tÐpota na deÐxoume. Alliÿc, apì ton orismì tou ε(n) èqoume (4.2.63) ε < ε(n) 2 =⇒ ε(log n)^{1/α} ≤ ε[log N(T, d, ε)]^{1/α} ≤ M, dhladă,

(4.2.64) (log n)^{2/α} ≤

4M^2 ε^2(n) . Apì thn Prìtash 4.2.2 mporoÔme na broÔme mia aÔxousa akoloujÐa diamerÐsewn (A_j )_{j≥i} tou T kai apeikonÐseic ℓ_j : A_j → N, pou ikanopoioÔn tic (4.2.43), (4.2.44) kai thn

(4.2.65) ∑ j≥i r^{−2j} (log(ℓ_{j+1}(A_{j+1}(t))))^{2/α} ≤

64M^2r^2 γ gia kĹje t ∈ T . Apì thn Prìtash 3.2.4 mporoÔme na broÔme mètro pijanìthtac ν ston (T, d) tètoio ÿste (4.2.66) sup_{t∈T} ∑ j≥i r^{−2j} ( log 1 ν(A_j (T )) )_{2/α} ≤ K(α) r^{−2i} + sup t∈T ∑ j≥i r^{−2j} log(ℓ_j (A_j (t))) 2/α .

O ìroc r^{−2i} aporrofĹtai sto Ĺjroisma, kai h (4.2.65) dÐnei

(4.2.67) sup_{t∈T} ∑ j≥i r^{−2j} ( log 1 ν(A_j (t)) )_{2/α} ≤ K(α, γ)M^2.

Apì ton orismì tou γ_{α,2}(T, d, ν), gia na oloklhrÿsoume thn apìdeixh arkeÐ na parathrăsoume ìti, gia kĹje t ∈ T , K(α) ∫_∞ 0 ε ( log 1 ν(B(t, ε)) )_{2/α} dε ≤ ∑ j≥i r^{−2j} ( log 1 ν(B(t, 2r^{−j} )) )_{2/α}

≤ ∑ j≥i r^{−2j} ( log 1 ν(A_j (t)) )_{2/α} . □ San pìrisma tou Jewrămatoc 4.2.1 paÐrnoume to jeÿrhma tou elleiyoeidoÔc. Jeÿrhma 4.2.2 ’Estw α > 0 kai (a_n) fjÐnousa akoloujÐa jetikÿn pragmatikÿn arijmÿn me ∑ n≥1 a^2_n < ∞. An E = { t = (t_n) ∈ ℓ_2 : ∑ n≥1 t^2_n/a^2_n ≤ 1 } , tìte (4.2.68) γ_{α,2}(E, d) ≤ K(α) · sup_{n≥1} ( a_n · n^{1/α} ) , ìpou d h metrikă tou ℓ_2, kai K(α) > 0 stajerĹ pou exartĹtai mìno apì to α. Apìdeixh: QrhsimopoioÔme to Jeÿrhma 4.2.1 gia thn 2-kurtă nìrma ‖ · ‖ = ‖ · ‖_E pou èqei monadiaÐa mpĹla to E, enÿ san ‖ · ‖_1 paÐrnoume th nìrma tou ℓ_2. Jètoume (4.2.69) B = sup_{n≥1} ( a_n · n^{1/α} ) , ìpote, gia kĹje n ≥ 1 èqoume (4.2.70) a_n ≤ Bn^{−1/α}. Eidikìtera, gia kĹje n ∈ I_k èqoume 2^{−k} ≤ a_n ≤ B/n^{1/α}, Ĺra (4.2.71) 2^{−k} ≤ B/(max_{n∈Ik} n^{1/α}) ≤ B/n^{1/α}_k , ìpou n_k = |I_k|. Dhladă, (4.2.72) n_k ≤ 2^{αk}B^α gia kĹje k. Apì to Lămma 4.1.2 èqoume

(4.2.73) ( log N(E, 2^{−k+1}) )_{1/α} ≤ c^{1/α} · B ∑ l≤k (k − l + 3)2^{αl} 1/α ≤ K(α) · 2^kB, Ĺra, gia kĹje k, (4.2.74) 2^{−k} log N(E, 2^{−k+1})^{1/α} ≤ K(α) · B. ’Epetai ìti (4.2.75) sup_{ε>0} ε (log N(E, ε))^{1/α} ≤ K(α) · B,

kai to Jeÿrhma 4.2.1 deÐqnei ìti (4.2.76) γ_{α,2}(E, d) ≤ K(α) · B. □

4.3 EmpeirikĹ mètra sto monadiaÐo tetrĹgwno

’Estw X_1, . . . , X_n tuqaÐa shmeÐa pou epilègontai anexĹrthta kai omoiìmorfa apì to monadiaÐo tetrĹgwno [0, 1]^2. To prìblhma me to opoÐo ja asqolhjoÔme se aută thn parĹgrafo eÐnai h apìklish C_n tou empeirikoÔ mètrou δ_X =^1_n ∑ i≤n δ_{Xi} apì to omoiìmorfo mètro tou [0, 1]^2, thn opoÐa orÐzoume wc exăc:

(4.3.1) C_n = sup_{f ∈L} | | | | 1 n ∑ i≤n f(X_i) − Ef | | | |, ìpou L eÐnai h klĹsh twn 1-Lipschitz sunartăsewn sto [0, 1]^2 kai Ef eÐnai h mèsh timă thc f sto [0, 1]^2. H tuqaÐa metablhtă C_n dÐnei to bèltisto Ĺnw frĹgma gia to {sfĹlma} pou kĹnoume ìtan qrhsimopoioÔme to δ_X gia na upologÐsoume to oloklărwma miac 1-Lipschitz sunĹrthshc sto monadiaÐo tetrĹgwno. Skopìc mac se autăn thn parĹgrafo eÐnai na dÿsoume thn apìdeixh tou Talagrand gia to akìloujo Jeÿrhma twn Ajtai-Komlòs-Tusnàdy.

Jeÿrhma 4.3.1 UpĹrqei stajerĹ K > 0 tètoia ÿste, gia kĹje n ≥ 2, (4.3.2) EC_n ≤ K √ log n n Gia thn apìdeixh tou Jewrămatoc 4.3.1 ja qrhsimopoiăsoume to Jeÿrhma 4.2.2. Parathrăste prÿta ìti

(4.3.3) C_n = sup_{f ∈L0} | | | 1 n ∑ i≤n f(X_i) − Ef | | | = sup f ∈L_0 | | | 1 n ∑ i≤n f(X_i) | | |,

ìpou

(4.3.4) L_0 = {f ∈ L : Ef = 0}.

[ArkeÐ na parathrăsoume ìti an f ∈ L, tìte f − Ef ∈ L_0.]

Băma 1: JewroÔme mia akoloujÐa (ε_i)_{i≤n} anexĹrthtwn tuqaÐwn metablhtÿn Bernoulli pou paÐrnoun tic timèc ±1 me pijanìthta 1/2. OrÐzoume

(4.3.5) D_n := sup_{f ∈L0} | | | n∑ i=1 ε_iX_i | | |.

Lămma 4.3.1 IsqÔei h anisìthta (4.3.6) EC_n ≤ 2 n ED_n .

Apìdeixh: JewroÔme mia deÔterh akoloujÐa X^′_1, . . . , X^′_n tuqaÐwn shmeÐwn pou epilègontai anexĹrthta kai omoiìmorfa apì to [0, 1]^2, kai eÐnai anexĹrthta apì ta X_i kai tic ε_i. SumbolÐzoume me E^′ th mèsh timă wc proc X^′_i (gia stajerĹ X_i, ε_i). Parathrăste ìti

(4.3.7) E^′ (f(X^′_i )) = Ef = 0

gia kĹje f ∈ L_0. GrĹfoume

sup_{f ∈L0} | | | n∑ i=1 f(X_i) | | | = sup_{f ∈L0} | | | n∑ i=1 (f(X_i) − E^′ (f(X^′_i))) | | | ≤ E^′ sup_{f ∈L0} | | | | n∑ i=1 (f(X_i) − f(X^′_i)) | | | |, apfl ìpou blèpoume ìti (4.3.8) EC_n ≤ 1 n E sup_{f ∈L0} | | | | n∑ i=1 (f(X_i) − f(X^′_i)) | | | |. ParathroÔme tÿra ìti, gia stajeră epilogă prosămwn η_1, . . . , η_n, ìlec oi tuqaÐec metablhtèc

sup_{f ∈L0} | | | n∑ i=1 η_i(f(X_i) − f(X^′_i)) | | | èqoun thn Ðdia katanomă. ’Ara, paÐrnontac prÿta mèsh timă wc proc ε_i kai metĹ wc proc X_i, X^′_i , apì thn (4.3.8) èqoume (4.3.9) EC_n ≤ 1 n E sup_{f ∈L0} | | | | n∑ i=1 ε_i(f(X_i) − f(X^′_i)) | | | |. Apì thn trigwnikă anisìthta èpetai to zhtoÔmeno. □

Băma 2: JewroÔme thn anèlixh X = (X_f )_{f ∈L0} , ìpou

(4.3.10) X_f = n∑ i=1 ε_if(X_i). Apì to Băma 1, mac endiafèrei katfl arqăn na ektimăsoume thn posìthta

(4.3.11) 1 n E_ε sup_{f ∈L0} |X_f | = 1 n E_ε sup_{f ∈L0} X_f ,

afoÔ f ∈ L_0 ⇔ −f ∈ L_0 (me E_ε sumbolÐzoume th mèsh timă wc proc ε_i - gia stajerĹ x_i).

Lămma 4.3.2 ’Estw a_1, . . . , a_n ∈ R. Gia kĹje u > 0,

(4.3.12) P ( ε = (ε_1, . . . , ε_n) : |^n∑ i=1 ε_ia_i | ≥ u ) ≤ 2 exp ( − u^2 2 ∑ i≤n a^2_i ) . Apìdeixh: AnaptÔssontac se dunamoseirèc, èqoume

(4.3.13) E exp(λε_i) = 1 2 (e^λ + e^{−λ}) = ∞∑ k=0 λ^{2k} (2k)!

≤ exp(λ^2/2)

gia kĹje λ ∈ R (arkeÐ na parathrăsoume ìti (2n)! ≥ 2^nn!). ’Ara,

(4.3.14) E exp ( λ n∑ i=1 ε_ia_i ) = n∏ i=1 E exp (λε_ia_i) ≤ exp ( λ^2 2 n∑ i=1 a^2_i ) . Apì thn anisìthta tou Markov,

(4.3.15) P (_n ∑ i=1 ε_ia_i ≥ u ) ≤ e^{−λu} exp ( λ^2 2 n∑ i=1 a^2_i )

gia kĹje λ > 0. Elaqistopoiÿntac to dexiì mèloc wc proc λ > 0, paÐrnoume

(4.3.16) P (_n ∑ i=1 ε_ia_i ≥ u ) ≤ exp ( − u^2 2 ∑ i≤n a^2_i ) . kai to zhtoÔmeno prokÔptei lìgw summetrÐac. □ An jewrăsoume thn tuqaÐa apìstash d_X sthn klĹsh L_0, pou orÐzetai apì thn

(4.3.17) d^2_X (f, g) = 1 n n∑ i=1 (f(X_i) − g(X_i))^2,

tìte apì to Lămma 4.3.2 èqoume: gia stajerĹ X_1, . . . , X_n ∈ [0, 1]^2,

(4.3.18) P (ε : |X_f − X_g| ≥ u) ≤ 2 exp ( − u^2 2nd^2_X (f, g) )

gia kĹje u > 0, dhladă oi ε → ∑_n i=1 ε_if(X_i), f ∈ L_0 sqhmatÐzoun upokanonikă anèlixh wc proc thn √ nd_X . Prìtash 4.3.1 UpĹrqei tuqaÐa metablhtă R := R(X_1, . . . , X_n) me ER ≤ K, tètoia ÿste: gia kĹje f, g ∈ L_0 kai X = (X_1, . . . , X_n), (4.3.19) d_X (f, g) ≤ R(X) · ( ‖f − g‖_2 + √ log n n ) , ìpou K > 0 apìluth stajerĹ.

Gia thn apìdeixh ja qreiastoÔme èna Lămma.

Lămma 4.3.3 UpĹrqei tuqaÐa metablhtă R = R(X_1, . . . , X_n) me ER ≤ K, h opoÐa ikanopoieÐ to exăc: gia kĹje orjogÿnio A ⊆ [0, 1]^2 me pleurèc parĹllhlec stouc Ĺxonec, (4.3.20) |{i ≤ n : X_i ∈ A}| ≤ R(X)n ( |A| + (log n)/n ) . Eidikìtera, an |A| ≥ log n/n, tìte (4.3.21) |{i ≤ n : X_i ∈ A}| ≤ 2R(X)n|A|. Apìdeixh: ’Estw l_0 o megalÔteroc akèraioc gia ton opoÐo 2^{−l0} ≥

(_{log n} n )_{1/2} . Gia kĹje l ∈ Z me −l_0 ≤ l ≤ l_0, jewroÔme thn kanonikă diamèrish P_l tou [0, 1]^2 se orjogÿnia me akmèc 2^{−l−l0} , 2^{l−l0} .

Apì th stoiqeiÿdh anisìthta e^x ≤ 1 + (e − 1)x ≤ 1 + 2x, 0 ≤ x ≤ 1, blèpoume ìti an Z eÐnai mia tuqaÐa metablhtă me 0 ≤ Z ≤ 1, tìte (4.3.22) E(exp Z) ≤ 1 + 2EZ ≤ exp(2EZ). ’Estw A upoorjogÿnio tou [0, 1]^2. An jèsoume Z_i = χ_A(X_i), tìte

(4.3.23) E exp ∑ i≤n Z_i = ∏ i≤n E(exp Z_i) ≤ exp(2n|A|).

Epomènwc, gia kĹje t > 0 èqoume

(4.3.24) P ∑ i≤n Z_i ≥ t ≤ exp(2n|A| − t),

dhladă, gia kĹje t > 0, (4.3.25) P (|{i ≤ n : X_i ∈ A}| ≥ 2n|A| + t) ≤ e^{−t}. KĹje diamèrish P_l apoteleÐtai apì 2^{2l0} orjogÿnia, Ĺra èqoume (2l_0 + 1)2^{2l0} ≤ Kn orjogÿnia sthn ⋃ |l|≤l_0 Pl. OrÐzoume thn tuqaÐa metablhtă (4.3.26) R_1 = max{|{i ≤ n : X_i ∈ A}| : A ∈ P_l, −l_0 ≤ l ≤ l_0}. Apì thn (4.3.25), (4.3.27) P (R_1 ≥ 2n2^{−2l0} + t) ≤ 2ne^{−t}. Apì ton orismì tou l_0 èqoume n2^{−2l0} ≤ c log n, opìte h (4.3.27) mac dÐnei (4.3.28) ER_1 ≤ K log n.

’Estw A èna upoorjogÿnio tou [0, 1]^2 me pleurèc a, b. JewroÔme to mikrìtero l ≥ −l_0 gia ton opoÐo a ≤ 2^{−l−l0} . Tìte, 2^{−l−l0} ≤ 2a gia kĹje l > −l_0, Ĺra, se kĹje perÐptwsh, 2^{−l−l0} ≤ 2a + 2^{−2l0} . MporoÔme na kalÔyoume to A qrhsimopoiÿntac to polÔ 2b2^{l−l0} + 4 orjogÿnia thc P_l. ’Ara, to A perièqei to polÔ R_1(2b2^{−l+l0} + 4) shmeÐa X_i. AfoÔ b ≤ 1, paÐrnoume

R_1(2b2^{−l+l0} + 4) = R_12^{l0} (2b2^{−l−l0} + 4 · 2^{−2l0} ) ≤ R_12^{2l0} (4ab + 6 · 2^{−2l0} ) ≤ K R_1 log n n ( |A| + log n n ) . PaÐrnontac R = KR_1/ log n èqoume ton isqurismì tou Lămmatoc. □ Apìdeixh thc Prìtashc 4.3.1: ’Estw h = f − g. Me to sumbolismì thc apìdeixhc tou Lămmatoc 4.3.3, jètoume P = P_0. KĹje A ∈ P perièqei to polÔ 2nR2^{−2l0} shmeÐa X_i, Ĺra

(4.3.29) n∑ i=1 h(X_i)^2 ≤ 2^{−2l0+1}Rn ∑ A∈P ‖h‖^2_{∞,A}, ìpou (4.3.30) ‖h‖_{∞,A} = sup{|h(x)| : x ∈ A}. OrÐzoume mia sunĹrthsh F_P : [0, 1]^2 → R jètontac

(4.3.31) F_P (u) = m_A(h) := 1 |A| ∫ A h(u)du an u ∈ A ∈ P . AfoÔ h h eÐnai 2-Lipschitz kai kĹje A ∈ P èqei diĹmetro to polÔ Ðsh me 2^{−l0} , èqoume (4.3.32) ‖h‖_{∞,A} ≤ |m_A(h)| + c2^{l0} . Apì thn trigwnikă anisìthta, (_n ∑ i=1 h(X_i)^2 )_{1/2} ≤ √ Rn ( ∑ A∈P 2^{−2l0+1}m^2_A(h) )_{1/2} + c2^{−l0} = √ Rn ( ‖F_P ‖_2 + c2^{−l0} ) . ParathroÔme ìti c2^{−l0} ≤ K

(_{log n} n )_{1/2} kai ‖F_P ‖_2 ≤ ‖h‖_2. ’Ara, (4.3.33) d_X (f, g) ≤ C √ R · ( ‖f − g‖_2 + (log n/n)^{1/2} ) , ìpou C > 0 apìluth stajerĹ. AfoÔ E(C √ R) ≤ K, èqoume to zhtoÔmeno. □

Jeÿrhma 4.3.2 UpĹrqei stajerĹ K > 0 tètoia ÿste, gia kĹje n ≥ 2,

(4.3.34) 1 n ED_n ≤ K √ log n n . Apìdeixh: JewroÔme èna uposÔnolo Z thc L_0, megistikì wc proc thn (4.3.35) f ≠ g ∈ Z =⇒ ‖f − g‖_2 ≥ √ log n n . Tìte, gia kĹje f ∈ L_0 upĹrqei g ∈ Z me ‖f − g‖_2 ≤ √ log n/n. Apì thn Prìtash 4.3.1 èqoume (4.3.36) d_X (f, g) ≤ 2R(X) √ log n/n, kai apì thn anisìthta Cauchy-Schwarz, 1 n | | | | n∑ i=1 ε_i(f(X_i) − g(X_i)) | | | | ≤ 1 n n∑ i=1 |f(X_i) − g(X_i)|

≤ ( 1 n n∑ i=1 |f(X_i) − g(X_i)|^2 )_{1/2}

= d_X (f, g) ≤ 2R(X) √ log n/n. Epomènwc,

(4.3.37) 1 n sup_{f ∈L0} | | | | n∑ i=1 ε_if(X_i) | | | | ≤ 2R(X) √ log n n + 1 n sup_{f ∈Z} | | | | n∑ i=1 ε_if(X_i) | | | |. An loipìn deÐxoume ìti, gia kĹje X_1, . . . , X_n,

(4.3.38) 1 n E_ε sup_{f ∈Z} | | | n∑ i=1 ε_if(X_i) | | | ≤ K_1R(X) √ log n n , tìte paÐrnontac mèsh timă wc proc X_1, . . . , X_n kai ε sthn (4.3.37) kai qrhsimopoiÿntac tic (4.3.38) kai ER ≤ K ja pĹroume 1 n ED_n = E_X E_ε 1 n sup_{f ∈L0} | | | n∑ i=1 ε_if(X_i) | | | ≤ 2ER(X) √ log n n + E_X 1 n E_ε sup_{f ∈Z} | | | | n∑ i=1 ε_if(X_i) | | | | ≤ 2K √ log n n + K_1K √ log n n = K_2 √ log n n ìpou K_2 = (2 + K_1)K, dhladă to Jeÿrhma 4.3.2.

Mènei loipìn na deÐxoume thn (4.3.38) gia kĹpoia apìluth stajerĹ K_1 > 0. ’Estw X_1, . . . , X_n ∈ [0, 1]^2 kai èstw μ èna mètro pijanìthtac sto Z. Gia kĹje f ∈ L_0 orÐzoume

(4.3.39) I(f) = ∫_∞ 0 √ log ( 1 μ(B_X (f, ε)) ) dε, ìpou B_X (f, ε) eÐnai h anoiqtă mpĹla (me kèntro f kai aktÐna ε) wc proc thn √ nd_X . Apì thn Prìtash 4.3.1 kai thn (4.3.35), an f, g ∈ Z èqoume √ nd_X (f, g) ≤ 2R √ n‖f − g‖_2, Ĺra (4.3.40) B_X (f, ε) ∩ Z ⊇ B(f, ε/2R √ n) ∩ Z, ìpou h deÔterh mpĹla eÐnai me thn L^2-apìstash. PaÐrnontac upìyin kai to gegonìc ìti diam(L_0) ≤ 2 √ 2 (an f, g ∈ L_0, tìte h f − g eÐnai 2-Lipschitz kai mhdenÐzetai se toulĹqiston èna shmeÐo tou monadiaÐou tetragÿnou afoÔ E(f − g) = 0), blèpoume ìti (4.3.41) I(f) ≤ ∫_∞ 0 √ log ( 1 μ(B(f, ε/2R √ n)) ) dε = 2R √ n ∫_3 0 √ log ( 1 μ(B(f, ε)) ) dε. OrÐzoume a_n = √ log n/n. Apì thn (4.3.35), an f ∈ Z kai ε < a_n tìte B(f, ε) = {f}. ’Ara,

(4.3.42) I(f) 2R √ n ≤ a_n √ log ( 1 μ{f}) ) + ∫_3 a_n √ log ( 1 μ(B(f, ε)) ) dε. GrĹfoume ∫_3 a_n √ log ( 1 μ(B(f, ε)) ) dε ≤ (∫_3 a_n 1 ε dε )1/2 (∫_∞ 0 ε · log ( 1 μ(B(f, ε)) ) dε )_{1/2}

≤ K_3 √ log n · (∫_∞ 0 ε · log ( 1 μ(B(f, ε)) ) dε )_{1/2} . ParathroÔme epÐshc ìti (∫_{an} 0 ε · log ( 1 μ(B(f, ε)) ) dε )_{1/2} ≥ √ log ( 1 μ({f}) ) (∫_{an} 0 εdε )_{1/2}

≥ 1 K_4 a_n √ log ( 1 μ({f}) ) , Ĺra (4.3.43) I(f) ≤ K_5R(X) √ n log nJ(f), ìpou

(4.3.44) J(f) = (∫_∞ 0 ε · log ( 1 μ(B(f, ε)) ) dε )_{1/2} . AfoÔ oi ε → ∑_n i=1 ε_if(X_i), f ∈ Z sqhmatÐzoun upokanonikă anèlixh wc proc thn √ nd_X , to Jeÿrhma 3.2.1 mac exasfalÐzei ìti

(4.3.45) 1 n E_ε sup_{f ∈Z} | | | n∑ i=1 ε_if(X_i) | | | ≤ K_6 n sup_{f ∈Z} I(f). Apì thn (4.3.43) èpetai ìti

(4.3.46) 1 n E_ε sup_{f ∈Z} | | | | n∑ i=1 ε_if(X_i) | | | | ≤ K^7R(X) √ log n √ n · sup_{f ∈Z} J(f). ’Omwc,

(4.3.47) inf_μ sup_{f ∈Z} J(f) = γ_{2,2}(Z),

kai, afoÔ h (4.3.46) isqÔei gia kĹje mètro pijanìthtac μ sto Z, sumperaÐnoume ìti

(4.3.48) 1 n E_ε sup_{f ∈Z} | | | n∑ i=1 ε_if(X_i) | | | ≤ K^7R(X) √ log n √ n · γ_{2,2}(Z). Mènei loipìn na deÐxoume ìti γ_{2,2}(L_0) < ∞ (apì to Lămma 4.2.3 èqoume γ_{2,2}(Z) ≤ cγ_{2,2}(L_0)). Ja deÐxoume kĹti genikìtero:

Prìtash 4.3.2 ’Estw M > 0 kai

(4.3.49) C_M = { f : [0, 1]^2 → R : ‖f‖_∞ ≤ M, ‖ ‖ ∂f ∂x ‖ ‖_2 ≤ M, ‖ ‖ ∂f ∂y ‖ ‖_2 ≤ M } . Tìte,

(4.3.50) γ_{2,2}(C_M ) < K · M.

Apìdeixh: MporoÔme na upojèsoume ìti M = 1: eÔkola elègqoume ìti γ_{2,2}(C_M ) = M · γ_{2,2}(C_1). GrĹfoume loipìn C := C_1 kai jèloume na deÐxoume ìti γ_{2,2}(C) < +∞. Ja apodeÐxoume ìti to C perièqetai se katĹllhlo elleiyoeidèc, gia to opoÐo mporoÔme na efarmìsoume to Jeÿrhma 4.2.2. Gia kĹje sunĹrthsh f ∈ L^2([0, 1]^2) orÐzoume

(4.3.51) a_{n,m}(f) = ∫ [0,1]^2 f(x, y) exp(2iπ(nx + my))dxdy.

Tìte,

(4.3.52) ‖f‖^2 = ∑ n,m∈Z |a_{n,m}(f)|^2.

An jewrăsoume to migadikì qÿro Hilbert H twn akoloujiÿn (a_{n,m})_{n,m∈Z} me nìrma thn

(4.3.53) ‖(a_{n,m})‖_H = ( ∑ n,m |a_{n,m}|^2 )_{1/2}

kai thn apeikìnish S : L^2([0, 1]^2) → H me S(f) = (a_{n,m}(f))_{n,m∈Z}, h (4.3.52) xanagrĹfetai sth morfă ‖f‖_2 = ‖S(f)‖_H . Apì to Lămma 4.2.2 arkeÐ na deÐxoume ìti γ_{2,2}(S(C)) < +∞.

JewroÔme touc upoqÿrouc

F_1 = {(a_{n,m}) : a_{n,m} = 0 an den isqÔoun oi |n| ≥ 1, |n| ≥ |m|} F_2 = {(a_{n,m}) : a_{n,m} = 0 an den isqÔei |m| > |n|} F_3 = {(a_{n,m}) : ∀(n, m) ≠ (0, 0), a_{n,m} = 0}. Tìte,

(4.3.54) S(C) ⊆ T_1 + T_2 + T_3,

ìpou

(4.3.55) T_i = P_{Fi} (S(C)), i = 1, 2, 3

h probolă tou S(C) ston F_i. Apì to Pìrisma 4.2.1, arkeÐ na apodeÐxoume ìti

(4.3.56) γ_{2,2}(T_i) < +∞, i = 1, 2, 3.

ExetĹzoume prÿta thn perÐptwsh tou T_1 (gia to T_2 douleÔoume teleÐwc anĹloga). Jètoume (4.3.57) A = {(n, m) ∈ Z × Z : |n| ≥ 1, |n| ≥ |m|}. An (n, m) ∈ A kai f ∈ C, me oloklărwsh katĹ mèrh wc proc x blèpoume ìti a_{n,m}(f) = 1 2πin ∫_1 0 (f(1, y) − f(0, y))e^{2πimy}dy − 1 2πin ∫_1 0 ∫_1 0 ∂f ∂x (x, y)e^{2πi(nx+my)}dxdy = 1 2πi ( 1 n b_m(g) − 1 n a_{n,m} ( ∂f ∂x )) , ìpou g(y) = f(1, y) − f(0, y) kai (4.3.58) b_m(g) =

∫_1 0 g(y)e^{2πimy}dy. Epomènwc, (4.3.59) T_1 ⊆ 1 2πi (T_4 + T_5), ìpou (4.3.60) T_4 = {( 1 n b_m(g) ) (n,m)∈A : ‖g‖∞ ≤ 2 } kai (4.3.61) T_5 = {( 1 n a_{n,m}(h) ) (n,m)∈A : ‖h‖2 ≤ 1 } . Apì to Lămma 4.2.2 kai to Pìrisma 4.2.1 arkeÐ na deÐxoume ìti (4.3.62) γ_{2,2}(T_i) < +∞, i = 4, 5. Gia to T_4: jewroÔme to elleiyoeidèc (4.3.63) E_1 = { (b_m)_{m∈Z}∗ : ∑ m∈Z^∗ mb^2_m ≤ 4 } . Apì to jeÿrhma tou elleiyoeidoÔc èqoume (4.3.64) γ_{2,2}(E_1) ≤ K_1 · sup_{m∈Z∗} 1 2 √ m (2m)^{1/2} ≤ K_2, ìpou K_1, K_2 > 0 apìlutec stajerèc. JewroÔme thn apeikìnish F : ℓ_2(Z^∗) → ℓ_2(A) me (4.3.65) (b_m)_{m∈Z}∗ → ( √ m n b_m ) (n,m)∈A . Parathrÿntac ìti

(4.3.66) ∑ (n,m)∈A m n^2 = 4 ∞∑ m=1 m ∞∑ n=m 1 n^2 ≤ 4 ∞∑ m=1 m · K_3 m = K_4,

blèpoume ìti (4.3.67) ‖F ((b_m)) − F ((b^′_m))‖_2 ≤ K_4‖(b_m) − (b^′_m)‖_2 gia kĹje (b_m), (b^′_m) ∈ ℓ_2(Z^∗). Apì to Lămma 4.2.2, (4.3.68) γ_{2,2}(F (E_1)) ≤ K_4 · γ_{2,2}(E_1) ≤ K_5.

Ja deÐxoume ìti

(4.3.69) T_4 ⊆ F (E_1).

PrĹgmati, an ‖g‖_∞ ≤ 2 èqoume ‖g‖_2 ≤ 2, opìte apì thn anisìthta tou Bessel èqoume

(4.3.70) ∑ m∈Z^∗ |b_m(g)|^2 ≤ ‖g‖^2 ≤ 4,

to opoÐo deÐqnei ìti (_{1√} m b_m(g) ) ∈ E_1. Tìte, gia kĹje

(_1 n b_m(g) ) (n,m)∈A ∈ T4 èqoume ìti (4.3.71) ( 1 n b_m(g) ) (n,m)∈A = ( √m n · 1 √ m b_m(g) ) (n,m)∈A = F ( 1 √ m b_m(g) ) ∈ F (E_1).

Apì tic (4.3.68), (4.3.69) kai to Lămma 4.2.3, sumperaÐnoume ìti

(4.3.72) γ_{2,2}(T_4) < +∞.

Gia to T_5: An ‖h‖_2 ≤ 1, tìte

(4.3.73) ∑ (n,m)∈A |a_{n,m}(h)|^2 ≤ ‖h‖^2 ≤ 1,

Ĺra to T_5 perièqetai sto elleiyoeidèc

(4.3.74) E_2 := { (a_{n,m})_{(n,m)∈A} : ∑ (n,m)∈A n^2|a_{n,m}|^2 ≤ 1 } .

MetrĹme to plăjoc twn (n, m) ∈ A gia ta opoÐa n ≤ k. EÐnai Ðso me

(4.3.75) k∑ n=1 n∑ −n 1 = k∑ n=1 (2n + 1) < (k + 1)^2 < 4k^2.

An loipìn pĹroume touc suntelestèc b_k tou E_2 se fjÐnousa diĹtaxh, èqoume b_k ≤ K_6/ √ k, dhladă

(4.3.76) γ_{2,2}(E_2) ≤ K_7

apì to jeÿrhma tou elleiyoeidoÔc. Apì to Lămma 4.2.3 èpetai ìti

(4.3.77) γ_{2,2}(T_5) ≤ 2K_7,

kai apì thn (4.3.59),

(4.3.78) γ_{2,2}(T_1) < +∞.

’Omoia deÐqnoume ìti γ_{2,2}(T_2) < +∞. Gia to T_3 parathroÔme ìti eÐnai isometrikì me uposÔnolo tou [−1, 1] (an f ∈ C, tìte |a_{0,0}(f)| ≤ 1). ’Ara, γ_{2,2}(T_3) ≤ 2γ_{2,2}([−1, 1]) < +∞ (arkeÐ na kĹnoume ton upologismì gia to kanonikopoihmèno mètro Lebesgue).

’Eqoume loipìn apodeÐxei thn (4.3.56), kai autì sumplhrÿnei thn apìdeixh. □

Anaforèc: Se autì to KefĹlaio akoloujoÔme tic ergasÐec [T2] kai [T3] tou Talagrand.

88

KefĹlaio 5

To frĹgma tou Bourgain gia thn isotropikă stajerĹ

5.1 IsotropikĹ kurtĹ sÿmata

Se autì to KefĹlaio ja dÿsoume mia efarmogă tou Jewrămatoc 3.3.2 sth jewrÐa twn kurtÿn swmĹtwn: to frĹgma tou Bourgain gia thn isotropikă stajerĹ. JewroÔme èna kurtì sÿma K ston R^n pou èqei kèntro bĹrouc to 0. Dhladă, (5.1.1) ∫ K x_idx = 0, gia kĹje i = 1, . . . , n. O grammikìc telestăc M : R^n → R^n pou orÐzetai apì thn (5.1.2) M(y) = ∫ K ⟨x, y⟩xdx eÐnai summetrikìc kai jetikĹ orismènoc. O pÐnakac M(K) me (5.1.3) [M(K)]_{ij} = ⟨Me_i, e_j ⟩ = ∫ K x_ix_j dx pou antistoiqeÐ ston M lègetai pÐnakac adraneÐac tou K. O M èqei tetragwnikă rÐza: upĹrqei summetrikìc kai jetikĹ orismènoc S tètoioc ÿste M = S^2. JewroÔme th grammikă eikìna K̃ = S^{−1}(K) tou K. To K̃ èqei kèntro bĹrouc to 0, kai gia kĹje y ∈ R^n èqoume: ∫ K̃ ⟨x, y⟩^2dx = |detS|^{−1} ∫ K ⟨S^{−1}x, y⟩^2dx = |detS|^{−1} ∫ K ⟨x, S^{−1}y⟩^2dx

= |detS|^{−1}⟨ ∫ K ⟨x, S^{−1}y⟩xdx, S^{−1}y⟩ = |detS|^{−1}⟨MS^{−1}y, S^{−1}y⟩ = |detS|^{−1}‖y‖^2. Orismìc. ’Ena kurtì sÿma K ston R^n lègetai isotropikì an èqei ìgko |K| = 1, kèntro bĹrouc to 0, kai ikanopoieÐ thn isotropikă sunjăkh (5.1.4) ∫ K ⟨x, y⟩^2dx = A‖y‖^2 gia kĹje y ∈ R^n , ìpou A > 0 stajerĹ. ’Amesec sunèpeiec thc (5.1.4) eÐnai oi (5.1.5) ∫ K x^2_i dx = A, i = 1, . . . , n kai (5.1.6) ∫ K ‖x‖^2dx = nA. ’Opwc eÐdame, kĹje kurtì sÿma me kèntro bĹrouc to 0 èqei grammikă eikìna pou eÐnai isotropikă. ArkeÐ na pĹroume to K̃ ìpwc parapĹnw, kai na kanonikopoiăsoume ton ìgko tou.

Lămma 5.1.1 To K eÐnai isotropikì me stajerĹ A an kai mìno an (5.1.7) ∫ K ⟨x, T x⟩dx = A · (trT ) gia kĹje T ∈ L(R^n , R^n ).

Apìdeixh: Upojètoume prÿta ìti to K eÐnai isotropikì me stajerĹ A. Efarmìzontac thn (5.1.4) prÿta me θ = e_j kai metĹ me θ = (e_i + e_j )/ √ 2, blèpoume ìti (5.1.8) ∫ K x_ix_j dx = A · δ_{ij} , i, j = 1, . . . , n. An T = (t_{ij} ), tìte ∫ K ⟨x, T x⟩dx = n∑ i,j=1 t_{ij} ∫ K x_ix_j dx = n∑ i,j=1 A · t_{ij} δ_{ij}

= A · n∑ i=1 t_{ii} = A · (trT ). AntÐstrofa, an upojèsoume ìti isqÔei h (5.1.7) kai thn efarmìsoume gia ton T x = ⟨x, θ⟩θ, θ ∈ S^{n−1}, paÐrnoume (5.1.9) ∫ K ⟨x, θ⟩^2dx = ∫ K ⟨x, T x⟩dx = A · (trT ) = A · ‖θ‖^2 = A. □

To epìmeno Jeÿrhma deÐqnei ìti mèsa sth grammikă klĹsh enìc kurtoÔ sÿmatoc me kèntro bĹrouc to 0 upĹrqei ousiastikĹ èna isotropikì sÿma, to opoÐo qarakthrÐzetai wc lÔsh enìc problămatoc elaqÐstou.

Jeÿrhma 5.1.1 ’Estw K kurtì sÿma ston R^n me |K| = 1 kai kèntro bĹrouc to 0. To K eÐnai isotropikì an kai mìno an

(5.1.10) ∫ K ‖x‖^2dx ≤ ∫ T K ‖x‖^2dx gia kĹje T ∈ SL(n). KĹje kurtì sÿma ston R^n me kèntro bĹrouc to 0 èqei isotropikă grammikă eikìna. Epiplèon, h isotropikă aută eikìna eÐnai monosămanta orismènh an exairèsoume orjogÿniouc metasqhmatismoÔc.

Apìdeixh: Upojètoume prÿta ìti to K eÐnai isotropikì me stajerĹ A. ’Estw T ∈ SL(n). Tìte, ∫ T K ‖x‖^2dx = ∫ K ‖T x‖^2dx = ∫ K ⟨x, T^∗T x⟩dx = A · tr(T^∗T ) ≥ nA = ∫ K ‖x‖^2dx, ìpou qrhsimopoiăsame thn anisìthta arijmhtikoÔ-gewmetrikoÔ mèsou sth morfă

(5.1.11) tr(T^∗T ) ≥ n[det(T^∗T )]^{1/n}

(to Ðqnoc eÐnai to Ĺjroisma twn idiotimÿn kai h orÐzousa to ginìmenì touc, kai sth sugkekrimènh perÐptwsh oi idiotimèc eÐnai jetikoÐ pragmatikoÐ arijmoÐ). Isìthta mporeÐ na isqÔei mìno an T^∗T = I, dhladă an T ∈ O(n).

AntÐstrofa, ac upojèsoume ìti to K eÐnai lÔsh tou problămatoc elaqÐstou (tètoiec lÔseic upĹrqoun: kĹje isotropikă jèsh tou K eÐnai ìpwc eÐdame mia tètoia lÔsh). ’Estw T ∈ L(R^n , R^n ). Gia mikrĹ ε > 0, o I + εT eÐnai antistrèyimoc, opìte o (I + εT )/[det(I + εT )]^{1/n} diathreÐ touc ìgkouc. ’Ara,

(5.1.12) ∫ K ‖x‖^2dx ≤ ∫ K ‖x + εT x‖^2 [det(I + εT )]^{2/n} dx. ParathroÔme oti ‖x + εT x‖^2 = ‖x‖^2 + 2ε⟨x, T x⟩ + O(ε^2) kai

(5.1.13) [det(I + εT )]^{2/n} = 1 + 2ε trT n + O(ε^2)

kajÿc ε → 0^+. Sunepÿc, h (5.1.12) paÐrnei th morfă

(5.1.14) ε trT n ∫ K ‖x‖^2dx ≤ ε ∫ K ⟨x, T x⟩dx + O(ε^2), kai paÐrnontac ìrio kajÿc ε → 0^+ katalăgoume sthn

(5.1.15) trT n ∫ K ‖x‖^2dx ≤ ∫ K ⟨x, T x⟩dx.

AfoÔ o T ătan tuqÿn, h parapĹnw anisìthta isqÔei kai gia ton −T , kai lìgw grammikìthtac paÐrnoume

(5.1.16) trT n ∫ K ‖x‖^2dx = ∫ K ⟨x, T x⟩dx gia kĹje T ∈ L(R^n , R^n ). Apì to Lămma 5.1.1, to K eÐnai isotropikì me stajerĹ A =^1_n ∫ K ‖x‖^2dx. Tèloc, an èqoume dÔo isotropikèc jèseic K, K^′ tou Ðdiou sÿmatoc, tìte h mÐa eÐnai orjogÿnia eikìna thc Ĺllhc. Gia na to doÔme, parathroÔme ìti an K^′ = T K, tìte isqÔei isìthta sthn

(5.1.17) ∫ K ‖x‖^2dx ≤ ∫ T K ‖x‖^2dx, dhladă èqoume isìthta sthn (5.1.11). Autì shmaÐnei ìti T^∗T = I, dhladă T ∈ O(n). □ To Jeÿrhma 5.1.1 (pio sugkekrimèna, h monadikìthta thc isotropikăc jèshc wc proc orjogÿniouc metasqhmatismoÔc) exasfalÐzei oti h stajerĹ

(5.1.18) L^2_K = 1 n min { 1 |T K|^{1+ 2}n ∫ T K ‖x‖^2dx | | T ∈ GL(n) }

eÐnai kalĹ orismènh kai exartĹtai mìno apì th grammikă klĹsh tou K. EpÐshc, an to K eÐnai isotropikì, tìte gia kĹje θ ∈ S^{n−1} èqoume

(5.1.19) ∫ K ⟨x, θ⟩^2dx = L^2_K . H stajerĹ L_K onomĹzetai stajerĹ isotropÐac thc grammikăc klĹshc tou K. H sumperiforĹ twn grammikÿn sunarthsoeidÿn x → ⟨x, θ⟩ pĹnw sto K perigrĹfetai apì thn epìmenh Prìtash.

Prìtash 5.1.1 UpĹrqei apìluth stajerĹ c > 0 me thn akìloujh idiìthta: An K eÐnai èna kurtì sÿma ston R^n me ìgko |K| = 1, kai an θ ∈ R^n , tìte giĹ kĹje p > 1 isqÔei h antÐstrofh anisìthta Hölder

(5.1.20) (∫ K |⟨x, θ⟩|^pdx )_{1/p} ≤ cp ∫ K |⟨x, θ⟩|dx. Gia thn apìdeixh qreiazìmaste to Lămma tou Borell pou eÐnai efarmogă thc anisìthtac Brunn-Minkowski:

Lămma 5.1.2 ’Estw K kurtì sÿma ston R^n me ìgko |K| = 1. Upojètoume ìti A eÐnai èna summetrikì kurtì sÔnolo ston R^n tètoio ÿste |K ∩ A| = θ >^1_2 . Tìte, giĹ kĹje t > 1 èqoume (5.1.21) |(R^n \ tA) ∩ K| ≤ θ ( 1 − θ θ ) t+1_2 .

Apìdeixh: Elègqoume prÿta ìti giĹ kĹje t > 1 (5.1.22) R^n \ A ⊇ 2 t + 1 (R^n \ tA) + t − 1 t + 1 A. [An ìqi, tìte upĹrqei a ∈ A pou grĹfetai sth morfă (5.1.23) a = 2 t + 1 y + t − 1 t + 1 a_1 giĹ kĹpoia a_1 ∈ A kai y /∈ tA. Tìte, (5.1.24) 1 t y = t + 1 2t a + t − 1 2t (−a_1) ∈ A, apì thn kurtìthta kai th summetrÐa tou A. ’Omwc tìte y ∈ tA, to opoÐo eÐnai Ĺtopo.]

Qrhsimopoiÿntac thn (5.1.22) kai thn kurtìthta tou K, blèpoume ìti (5.1.25) (R^n \ A) ∩ K ⊇ 2 t + 1 [(R^n \ tA) ∩ K] + t − 1 t + 1 (A ∩ K). Apì thn anisìthta Brunn-Minkowski, (5.1.26) |(R^n \ A) ∩ K| ≥ |(R^n \ tA) ∩ K|^{2t+1} |A ∩ K|^{t−1t+1} . ’Omwc |A ∩ K| = θ kai |(R^n \ A) ∩ K| = 1 − θ, apfl ìpou paÐrnoume to zhtoÔmeno. □ Apìdeixh thc Prìtashc 5.1.1: Jètoume (5.1.27) I = ∫ K |⟨x, θ⟩|dx, kai orÐzoume (5.1.28) A = {x ∈ R^n : |⟨x, θ⟩| ≤ 3I}. To A eÐnai summetrikì kai kurtì uposÔnolo tou R^n . Apì thn anisìthta tou Markov, (5.1.29) |A ∩ K| ≥ 2/3. ParathroÔme ìti {x ∈ K : |⟨x, θ⟩| > t} = K ∩ (R^n \ (t/3I)A), kai grĹfoume ∫ K |⟨x, θ⟩|^pdx = ∫_{3I} 0 pt^{p−1}|K ∩ (R^n \ (t/3I)A)|dt + ∫_∞ 3I pt^{p−1}|K ∩ (R^n \ (t/3I)A)|dt. To prÿto oloklărwma frĹssetai apì

(5.1.30) ∫_{3I} 0 pt^{p−1}dt = (3I)^p, enÿ giĹ to deÔtero kĹnoume thn allagă metablhtăc t = 3Is kai qrhsimopoioÔme to Lămma tou Borell: ∫_∞ 3I pt^{p−1}|K ∩ (R^n \ (t/3I)A)|dt = (3I)^p ∫_∞ 1 ps^{p−1}|K ∩ (R^n \ sA)|ds ≤ (3I)^p ∫_∞ 1 ps^{p−1}2^{−s/2}ds. SunduĹzontac ta parapĹnw kai ektimÿntac to teleutaÐo oloklărwma, paÐrnoume

(5.1.31) ∫ K |⟨x, θ⟩|^pdx ≤ (3I)^p [ 1 + (c_1p)^p ]

giĹ kĹpoia apìluth stajerĹ c_1 > 0, apflopou èpetai ìti

(5.1.32) (∫ K |⟨x, θ⟩|^pdx )_{1/p} ≤ cpI = cp ∫ K |⟨x, θ⟩|dx. □ Pìrisma 5.1.1 ’Estw K isotropikì kurtì sÿma. Gia kĹje θ ∈ S^{n−1} kai p > 1,

(5.1.33) (∫ K |⟨x, θ⟩|^pdx )_{1/p} ≤ cpL_K , ìpou c > 0 apìluth stajerĹ. □

H anisìthta thc Prìtashc 5.1.1 diatupÿnetai sthn exăc isodÔnamh morfă:

Prìtash 5.1.2 ’Estw K kurtì sÿma ìgkou 1. Gia kĹje θ ∈ S^{n−1} isqÔei

(5.1.34) ∫ K exp(|⟨x, θ⟩|/AI(K, θ))dx ≤ 2, ìpou A > 0 apìluth stajerĹ kai I(K, θ) = ∫ K |⟨x, θ⟩|dx. Apìdeixh: AnaptÔssoume to oloklărwma kai epilègoume th stajerĹ A sto tèloc. Apì thn Prìtash 5.1.1 èqoume ∫ K exp(|⟨x, θ⟩|/AI(K, θ))dx = ∞∑ k=0 1 k! ∫ K |⟨x, θ⟩|^k A^k I(K, θ)^k dx

≤ 1 + ∞∑ k=1 1 k! ( ckI(K, θ) AI(K, θ) )_k

≤ 1 + ∞∑ k=1 ( ck A(k!)^{1/k} )_k

≤ 1 + ∞∑ k=1 1 2^k ≤ 2, an epilèxoume A = 3ec. □ Orismìc. ’Estw K kurtì sÿma ìgkou 1 ston R^n , kai èstw f : K → R fragmènh metrăsimh sunĹrthsh. H Orlicz nìrma ‖f‖_Lψα , α ≥ 1 thc f orÐzetai apì thn (5.1.35) ‖f‖_Lψα = inf{λ > 0 | | ∫ K exp((|f(x)|/λ)^α)dx ≤ 2}. Me ton parapĹnw orismì, autì pou isqurÐzetai h Prìtash 5.1.2 eÐnai ìti:

UpĹrqei apìluth stajerĹ A > 0 tètoia ÿste gia kĹje kurtì sÿma K ìgkou 1 kai kĹje θ ∈ S^{n−1} h sunĹrthsh f(x) = ⟨x, θ⟩/I(K, θ) sto K èqei Orlicz nìrma ‖f‖_Lψ_1 ≤ A.

5.2 ’Anw frĹgma gia th stajerĹ isotropÐac

To prìblhma pou ja mac apasqolăsei diatupÿjhke apì ton Bourgain:

EikasÐa: UpĹrqei apìluth stajerĹ C > 0 tètoia ÿste L_K ≤ C gia kĹje kurtì sÿma K me kèntro bĹrouc to 0.

To kalÔtero gnwstì apotèlesma ofeÐletai ston Bourgain.

Jeÿrhma 5.2.1 Gia kĹje kurtì sÿma K ston R^n me kèntro bĹrouc to 0, isqÔei h anisìthta (5.2.1) L_K ≤ c^4 √ n log n, ìpou c > 0 apìluth stajerĹ.

Basikì rìlo sthn apìdeixh ja paÐxei h anisìthta tou Pisier.

Lămma 5.2.1 ’Estw K kurtì sÿma ston R^n me |K| = 1. UpĹrqoun: orjokanonikă bĹsh {v_1, . . . , v_n} ston R^n kai λ_1, . . . , λ_n > 0 me λ_1λ_2 · · · λ_n = 1 tètoioi ÿste (5.2.2) E sup_{x∈K} ⟨ x, n∑ i=1 λ_ig_iv_i ⟩ ≤ c_1n log n,

ìpou c_1 > 0 apìluth stajerĹ kai g_1, . . . , g_n anexĹrthtec tupikèc kanonikèc tuqaÐec metablhtèc. □ ShmeÐwsh: SÔmfwna me to Lămma 2.4.2, h anisìthta tou Pisier isqurÐzetai ìti upĹrqei grammikă eikìna T K tou K me |T K| = |K| = 1 kai (5.2.3) w(T K) ≤ c^′_1 √ n log n. (arkeÐ na orÐsoume T = S^∗ ìpou S(e_i) = λ_iv_i, i = 1, . . . , n). AntÐstrofa, an upĹrqei T ∈ SL(n) ÿste na isqÔei h (5.2.3), mporoÔme na grĹyoume T = V DU, ìpou V, U ∈ O(n) kai D = diag(λ_1, . . . , λ_n) me ∏_n i=1 λ_i = 1. Tìte, an jèsoume v_i = U^∗e_i èqoume E sup_{x∈K} ⟨ x, n∑ i=1 λ_ig_iv_i ⟩ = E sup_{x∈K} ⟨ x, U^∗D (^n∑ i=1 g_ie_i )⟩

= E sup_{x∈K} ⟨ DUx, n∑ i=1 g_ie_i ⟩

= E sup_{x∈K} ⟨ T x, V (^n∑ i=1 g_ie_i )⟩

= E sup_{x∈T K} ⟨ x, n∑ i=1 g_ie_i ⟩

≃ √ nw(T K) ≤ c_1n log n. Apìdeixh tou Jewrămatoc 5.2.1: Estw K isotropikì kurtì sÿma. JewroÔme v_1, . . . , v_n kai λ_1, . . . , λ_n > 0 me λ_1λ_2 · · · λ_n = 1, ìpwc sto Lămma 5.2.1. AfoÔ

(5.2.4) ∫ K ‖x‖^2dx = nL^2_K , an orÐsoume (5.2.5) K_r = {x ∈ K : ‖x‖_2 ≤ r √ nL_K }, h anisìthta tou Markov deÐqnei ìti (5.2.6) |K_r| ≥ 1 − r^{−2}. Gia kĹje θ ∈ S^{n−1} èqoume ∫ K_r ⟨x, θ⟩^2dx = ∫ K ⟨x, θ⟩^2dx − ∫ K\K_r ⟨x, θ⟩^2dx

≥ L^2_K − |K \ K_r|^{1/2} (∫ K ⟨x, θ⟩^4dx )_{1/2}

≥ L^2_K − r^{−1}(4c)^2L^2_K ,

ìpou c > 0 h stajerĹ thc Prìtashc 5.1.1. An epilèxoume r = 32c^2, èqoume

(5.2.7) ∫ K_r ⟨x, θ⟩^2dx ≥ L^2_K 2 gia kĹje θ ∈ S^{n−1}. AfoÔ |K_r| ≥ 1 − r^{−2}, upĹrqei 1 ≤ ρ^n ≤ (1 − r^{−2})^{−1} tètoioc ÿste: gia to W = ρK_r na èqoume |W | = 1 kai

(5.2.8) ∫ W ⟨x, θ⟩^2dx = ρ^{n+2} ∫ K_r ⟨x, θ⟩^2dx ≥ L^2_K 2 gia kĹje θ ∈ S^{n−1}.

JewroÔme ton D ∈ L(R^n , R^n ) me Dv_i = λ_iv_i, kai orÐzoume (5.2.9)

I := ∫ W sup_{y∈K} ⟨ y, n∑ i=1 λ_i⟨x, v_i⟩v_i ⟩ dx = ∫ W sup_{y∈K}⟨y, Dx⟩dx = ∫ W sup y∈DK ⟨y, x⟩dx. Gia kĹje x ∈ W èqoume x/ρ ∈ K, Ĺra (5.2.10) I ≥ 1 ρ ∫ W ⟨x, Dx⟩dx = 1 ρ ∫ W (_n ∑ i=1 λ_i⟨x, v_i⟩^2 ) dx ≥ L^2_K 2ρ n∑ i=1 λ_i ≥ nL^2_K 2ρ . ParathroÔme ìti (5.2.11) |⟨y, x⟩| ≤ ρr √ nL_K ‖y‖_2 gia kĹje y ∈ R^n kai x ∈ W . EpÐshc, (5.2.12) I(W, θ) = ∫ W |⟨x, θ⟩|dx ≤ ρ^{n+1}L_K gia kĹje θ ∈ S^{n−1}. Apì thn (5.2.11) kai thn Prìtash 5.1.2, upĹrqei apìluth stajerĹ A > 0 tètoia ÿste

(5.2.13) ∫ W exp ( ⟨y, x⟩^2 Aρ^{2n+1}r √ nL^2_K ‖y‖^2 ) dx ≤ ∫ W exp ( |⟨y, x⟩| Aρ^{2n}L_K ‖y‖_2 ) dx ≤ 2 gia kĹje y ∈ R^n . ’Epetai ìti (5.2.14) |{x ∈ W : |⟨y, x⟩| ≥ B^4 √ nL_K t}| ≤ 2 exp ( − t^2 ‖y‖^2 )

gia kĹje y ∈ R^n , ìpou B = √ Aρ^{2n+1}r. An jewrăsoume thn anèlixh X = (X_y)_{y∈DK} , X_y : W → R me

(5.2.15) X_y(x) = ⟨y, x⟩ B^4 √ nL_K , tìte, gia kĹje y, z ∈ DK kai t > 0, (5.2.16) P (|X_y − X_z| ≥ t) ≤ |{x ∈ W : |⟨y − z, x⟩| ≥ B^4 √ nL_K t}| ≤ 2 exp ( − t^2 ‖y − z‖^2 ) , dhladă h X eÐnai upokanonikă (wc proc thn EukleÐdeia apìstash sto DK - h stajerĹ 2 sthn (5.2.14) den ephreĹzei ta apotelèsmata pou apodeÐxame sta prohgoÔmena KefĹlaia).

JewroÔme th sunăjh anèlixh tou Gauss Z = (Z_y)_{y∈DK} me

(5.2.17) Z_y(ω) = ⟨ y, n∑ i=1 g_i(ω)v_i ⟩ .

Oi X kai Z ikanopoioÔn tic upojèseic tou Jewrămatoc 3.3.2. ’Ara,

I = B^4 √ nL_K · ∫ W sup y∈DK X_y(x)dx ≤ KB^4 √ nL_K · E sup_{y∈DK} ⟨ y, n∑ i=1 g_iv_i ⟩

= KB^4 √ nL_K · E sup_{x∈K} ⟨ x, n∑ i=1 λ_ig_iv_i ⟩ . Qrhsimopoiÿntac kai to Lămma 5.2.1, paÐrnoume

(5.2.18) I ≤ c_1KB^4 √ nL_K · n log n. Tèloc, h (5.2.10) mac dÐnei

(5.2.19) nL^2_K ≤ (2c_1ρKB)n^{5/4} log n · L_K ,

dhladă

(5.2.20) L_K ≤ c^4 √ n log n, ìpou c = 2c_1ρKB = 2c_1ρK √ Aρ^{2n+1}r jetikă apìluth stajerĹ. □

Anaforèc: Sthn parĹgrafo 5.1 dÐnoume mìno ekeÐnec tic idiìthtec twn isotropikÿn kurtÿn swmĹtwn pou apaitoÔntai gia thn apìdeixh tou Jewrămatoc 5.2.1. Gia perissìterec plhroforÐec parapèmpoume ton anagnÿsth sto Ĺrjro episkìphshc [MP]. H apìdeixh thc anisìthtac tou Pisier (Lămma 5.2.1) brÐsketai, gia parĹdeigma, sto KefĹlaio 2 tou biblÐou tou Pisier [Pi]. H apìdeixh pou dÐnoume gia to Jeÿrhma 5.2.1 akoloujeÐ thn arqikă apìdeixh tou Bourgain sto [Bou]. H qrăsh tou Jewrămatoc 3.3.2 tou Talagrand aplopoieÐ to epiqeÐrhma kai beltiÿnei thn telikă ektÐmhsh katĹ èna logarijmikì wc proc th diĹstash parĹgonta. EpÐshc, den apaiteÐtai h summetrÐa tou isotropikoÔ sÿmatoc K wc proc thn arqă twn axìnwn (arkeÐ na upojèsoume ìti èqei kèntro bĹrouc to 0).

BibliografÐa

[Bou] J. Bourgain, On the distribution of polynomials on high dimensional convex sets, Lecture Notes in Mathematics 1469, Springer, Berlin (1991), 127-137.

[Du1] R. Dudley, The sizes of compact subsets of Hilbert space and continuity of Gaussian processes, J. Funct. Anal. 1 (1967), 290-330.

[Du2] R. Dudley, Sample functions of the Gaussian process, Ann. Probab. 1 (1973), 66-103.

[Fer] X. Fernique, Régularité des trajectoires des fonctions aléatoires gaussiennes, Lecture Notes in Mathematics 480 (1975), 1-96.

[Led] M. Ledoux, The concentration of measure phenomenon, Mathematical Surveys and Monographs, 89. American Mathematical Society, Providence, RI, 2001.

[LT] M. Ledoux and M. Talagrand, Probability in Banach spaces, Ergeb. Math. Grenzgeb., 3. Folge, Vol. 23 Springer, Berlin (1991).

[MP] V.D. Milman and A. Pajor, Isotropic position and inertia ellipsoids and zonoids of the unit ball of a normed n-dimensional space, Lecture Notes in Mathematics 1376, Springer, Berlin (1989), 64-104.

[Pi] G. Pisier, The volume of convex bodies and Banach space geometry, Cambridge Tracts in Mathematics 94 (1989).

[Pr1] C. Preston, Banach spaces arising from some integral inequalities, Indiana Math.

J. 20 (1971), 997-1015.

[Pr2] C. Preston, Continuity properties of some Gaussian processes, Ann. Math. Statist.

43 (1972), 285-292.

[Sle] D. Slepian, The one-sided barrier problem for Gaussian noise, Bell. System Tech.

J. 41 (1962), 463-501.

[Str] K. R. Stromberg, Probability for analysts, Chapman & Hall Probability Series (1994).

[Su] V. N. Sudakov, Gaussian random processes and measures of solid angles in Hilbert spaces, Soviet Nath. Dokl. 12 (1971), 412-415.

[T1] M. Talagrand, Regularity of Gaussian processes, Acta Math. 159 (1987), 99-147.

[T2] M. Talagrand, Majorizing measures: the generic chaining, Ann. Probab. 24 (1996), 1049-1103.

[T3] M. Talagrand, Matching theorems and empirical discrepancy computations using majorizing measures, J. Amer. Math. Soc. 7 (1994), 455-537.