Shmeiÿseic

Sunarthsiakăc AnĹlushc

Panepisthmio Krhthc Tmhma Majhmatikwn Anoixh 2003

2

Perieqìmena

1 MetrikoÐ qÿroi 5 1.1 Orismìc . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5 1.2 ParadeÐgmata metrikÿn qÿrwn . . . . . . . . . . . . . . . . . . . . . 6 1.3 Topologikèc ènnoiec . . . . . . . . . . . . . . . . . . . . . . . . . . . 12 1.4 Askăseic . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

2 Plăreic metrikoÐ qÿroi 23 2.1 AkoloujÐec Cauchy - plăreic metrikoÐ qÿroi . . . . . . . . . . . . . . 23 2.2 Plăreic metrikoÐ qÿroi - paradeÐgmata . . . . . . . . . . . . . . . . . 25 2.3 Plărwsh metrikoÔ qÿrou* . . . . . . . . . . . . . . . . . . . . . . . . 32 2.4 To Jeÿrhma tou Baire . . . . . . . . . . . . . . . . . . . . . . . . . . 34 2.5 Askăseic . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

3 Qÿroi me nìrma 51 3.1 GrammikoÐ qÿroi . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51 3.2 Qÿroi me nìrma - Qÿroi Banach . . . . . . . . . . . . . . . . . . . . 54 3.3 SÔgklish seirÿn . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57 3.4 Askăseic . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60

4 Qÿroi peperasmènhc diĹstashc 69 4.1 Basikèc idiìthtec . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69 4.2 SumpĹgeia kai peperasmènh diĹstash . . . . . . . . . . . . . . . . . . 74 4.3 Askăseic . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78

5 Telestèc kai sunarthsoeidă 83 5.1 Fragmènoi grammikoÐ telestèc . . . . . . . . . . . . . . . . . . . . . 83 5.2 GrammikĹ sunarthsoeidă . . . . . . . . . . . . . . . . . . . . . . . . . 88 5.3 Qÿroi telestÿn - duðkoÐ qÿroi . . . . . . . . . . . . . . . . . . . . . 91 5.4 Askăseic . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96

6 Qÿroi Hilbert 107 6.1 Qÿroi Hilbert . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107 6.2 Kajetìthta . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109

6.3 Orjogÿnio sumplărwma - probolèc . . . . . . . . . . . . . . . . . . . 112 6.4 To Jeÿrhma anaparĹstashc tou Riesz . . . . . . . . . . . . . . . . . 115 6.5 Orjokanonikèc bĹseic . . . . . . . . . . . . . . . . . . . . . . . . . . 117 6.6 Askăseic . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119

7 To Jeÿrhma Hahn - Banach 129 7.1 To Lămma tou Zorn . . . . . . . . . . . . . . . . . . . . . . . . . . . 129 7.2 To Jeÿrhma Hahn - Banach . . . . . . . . . . . . . . . . . . . . . . . 131 7.3 Efarmogèc . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 135 7.4 DiaqwristikĹ jewrămata . . . . . . . . . . . . . . . . . . . . . . . . . 141 7.5 Askăseic . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 144

8 BasikĹ jewrămata gia qÿrouc Banach 151 8.1 To jeÿrhma omoiìmorfou frĹgmatoc . . . . . . . . . . . . . . . . . . 151 8.2 To jeÿrhma anoiqtăc apeikìnishc . . . . . . . . . . . . . . . . . . . . 158 8.3 To jeÿrhma kleistoÔ grafămatoc . . . . . . . . . . . . . . . . . . . 161 8.4 Askăseic . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 162

9 To jeÿrhma stajeroÔ shmeÐou 171 9.1 Sustolèc - jeÿrhma stajeroÔ shmeÐou . . . . . . . . . . . . . . . . . 171 9.2 Efarmogă stic diaforikèc exisÿseic . . . . . . . . . . . . . . . . . . 173 9.3 Efarmogă stic oloklhrwtikèc exisÿseic . . . . . . . . . . . . . . . . 175 9.4 Askăseic . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 176

10 H zwă tou Stefan Banach 179 10.1 Ta prÿta qrìnia . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 179 10.2 H {megalÔterh anakĹluyh} tou Hugo Steinhaus . . . . . . . . . . . . 182 10.3 Fundamenta Mathematicae . . . . . . . . . . . . . . . . . . . . . . . 187 10.4 Ta majhmatikĹ sthn Lvov: 1919-1929 . . . . . . . . . . . . . . . . . 189 10.5 Studia Mathematica . . . . . . . . . . . . . . . . . . . . . . . . . . . 196 10.6 Scottish Café . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 201 10.7 Ta teleutaÐa qrìnia . . . . . . . . . . . . . . . . . . . . . . . . . . . 206 10.8 EpÐlogoc . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 210

KefĹlaio 1

MetrikoÐ qÿroi

1.1 Orismìc

’Estw X èna mh kenì sÔnolo. Mia apeikìnish d : X × X → R lègetai metrikă sto X (ă sunĹrthsh apìstashc sto X) an gia kĹje x, y, z ∈ X ikanopoioÔntai ta exăc:

(M1) d(x, y) ≥ 0, (M2) d(x, y) = 0 an kai mìno an x = y, (M3) d(x, y) = d(y, x), (M4) d(x, y) ≤ d(x, z) + d(z, y) (trigwnikă anisìthta).

To zeugĹri (X, d) lègetai metrikìc qÿroc. Ta stoiqeÐa tou X lègontai shmeÐa tou qÿrou, kai o arijmìc d(x, y) apìstash tou x apì to y. Oi (M1)−(M4) eÐnai ta axiÿmata thc metrikăc.

’Estw (X, d) ènac metrikìc qÿroc, kai Y èna mh kenì uposÔnolo tou X. JewroÔme ton periorismì thc d sto Y × Y . OrÐzoume dhladă d̃ : Y × Y → R jètontac d̃(x, y) = d(x, y) gia kĹje x, y ∈ Y . EÔkola elègqoume ìti o (Y, d̃) eÐnai metrikìc qÿroc: h d̃ ikanopoieÐ ta axiÿmata (M1)−(M4). Lème ìti o (Y, d̃) eÐnai ènac upìqwroc tou (X, d). H d̃ eÐnai h metrikă pou epĹgetai sto Y apì thn d.

DÐnoume tÿra kĹpoia aplĹ paradeÐgmata metrikÿn qÿrwn. KĹpoia apì autĹ eÐnai eidikèc periptÿseic genikìterwn paradeigmĹtwn ta opoÐa ja exetĹsoume analutikĹ sthn epìmenh parĹgrafo. Se kĹje perÐptwsh epalhjeÔste ìti ikanopoioÔntai ta axiÿmata thc metrikăc.

(a) H pragmatikă eujeÐa. JewroÔme to sÔnolo X = R twn pragmatikÿn arijmÿn, me metrikă thn d(x, y) = |x − y|.

(b) O EukleÐdeioc qÿroc. JewroÔme to sÔnolo ìlwn twn diatetagmènwn m- Ĺdwn x = (ξ_1, . . . , ξ_m) pragmatikÿn arijmÿn, me thn EukleÐdeia metrikă: an ta x = (ξ_1, . . . , ξ_m) kai y = (η_1, . . . , η_m) anăkoun ston R^m , orÐzoume d(x, y) = √ (ξ_1 − η_1)^2 + · · · + (ξ_m − η_m)^2.

(g) O qÿroc akoloujiÿn ℓ_∞. O qÿroc X = ℓ_∞ apoteleÐtai apì ìlec tic fragmènec akoloujÐec pragmatikÿn arijmÿn: h akoloujÐa x = (ξ_1, . . . , ξ_k, . . .) (gia suntomÐa ja grĹfoume x = (ξ_k)) anăkei ston X an upĹrqei M_x > 0 (pou exartĹtai apì thn akoloujÐa x) ÿste ∀k ∈ N, |ξ_k| ≤ M_x. IsodÔnama, x = (ξ_k) ∈ X ⇐⇒ sup{|ξ_k| : k ∈ N} < +∞. OrÐzoume thn apìstash dÔo fragmènwn akoloujiÿn x = (ξ_k), y = (η_k) wc exăc: d(x, y) = sup{|ξ_k − η_k| : k ∈ N}. (d) O qÿroc sunartăsewn C[a, b]. ’Estw [a, b] èna kleistì diĹsthma sto R. O qÿroc X = C[a, b] apoteleÐtai apì ìlec tic suneqeÐc sunartăseic f : [a, b] → R (ta shmeÐa tou qÿrou eÐnai sunartăseic).

H apìstash dÔo shmeÐwn tou qÿrou orÐzetai wc exăc: an f, g : [a, b] → R eÐnai suneqeÐc sunartăseic, jètoume d(f, g) = max_{t∈[a,b]} |f(t) − g(t)| (to max orÐzetai kalĹ: h |f − g| eÐnai suneqăc sto [a, b], Ĺra paÐrnei mègisth timă). O metrikìc qÿroc pou orÐzetai ètsi, sumbolÐzetai me C[a, b] kai lègetai qÿroc twn suneqÿn sunartăsewn sto [a, b].

(e) H diakrită metrikă. JewroÔme tuqìn mh kenì sÔnolo X, kai gia kĹje x, y ∈ X orÐzoume d(x, y) = { 1 , an x ≠ y,

0 , an x = y.

H d eÐnai h diakrită metrikă sto sÔnolo X.

1.2 ParadeÐgmata metrikÿn qÿrwn

(a) O qÿroc B(A) twn fragmènwn sunartăsewn sto A. JewroÔme tuqìn mh kenì sÔnolo A. Mia sunĹrthsh f : A → R anăkei ston B(A) an kai mìno an eÐnai fragmènh (dhladă, an sup{|f(a)| : a ∈ A} < +∞.) An f, g ∈ B(A), orÐzoume thn apìstasă touc mèsw thc d(f, g) = sup_{a∈A} |f(a) − g(a)|.

Parathrăste prÿta ìti h apìstash eÐnai kalĹ orismènh: afoÔ f, g ∈ B(A), upĹrqoun M_f , M_g > 0 tètoioi ÿste: gia kĹje a ∈ A, |f(a)| ≤ M_f kai |g(a)| ≤ M_g . Epomènwc, gia kĹje a ∈ A èqoume |f(a) − g(a)| ≤ |f(a)| + |g(a)| ≤ M_f + M_g, dhladă 0 ≤ d(f, g) = sup_{a∈A} |f(a) − g(a)| ≤ M_f + M_g < +∞. Oi (M2) kai (M3) elègqontai eÔkola: an f, g ∈ B(A), tìte d(f, g) = sup_{a∈A} |f(a) − g(a)| = sup_{a∈A} |g(a) − f(a)| = d(g, f), kai d(f, g) = 0 ⇒ sup_{a∈A} |f(a) − g(a)| = 0 ⇒ gia kĹje a ∈ A, |f(a) − g(a)| = 0 ⇒ gia kĹje a ∈ A, f(a) = g(a) ⇒ f ≡ g. Gia thn trigwnikă anisìthta: èstw f, g, h ∈ B(A). Gia kĹje a ∈ A èqoume |f(a) − g(a)| = |f(a) − h(a) + h(a) − g(a)| ≤ |f(a) − h(a)| + |h(a) − g(a)| ≤ sup_{a∈A} |f(a) − h(a)| + sup_{a∈A} |h(a) − g(a)| = d(f, h) + d(h, g). ’Epetai ìti d(f, g) = sup_{a∈A} |f(a) − g(a)| ≤ d(f, h) + d(h, g). (b) Oi qÿroi akoloujiÿn ℓ_p. ’Estw 1 ≤ p < ∞. Ta shmeÐa tou qÿrou ℓ_p eÐnai oi akoloujÐec pragmatikÿn arijmÿn x = (ξ_k ) gia tic opoÐec ∞∑ k=1 |ξ_k|^p < +∞. Orismìc (suzugeÐc ekjètec). ’Estw 1 < p < +∞. O suzugăc ekjèthc q tou p orÐzetai mèsw thc (∗) 1 p + 1 q = 1.

Dhladă, q = p/(p − 1). O q eÐnai ki autìc megalÔteroc apì 1, kai lìgw summetrÐac thc (∗) o p eÐnai me th seirĹ tou o suzugăc ekjèthc tou q. Lème loipìn ìti oi p kai q eÐnai suzugeÐc ekjètec. ParathroÔme ìti, an p kai q eÐnai suzugeÐc ekjètec, p + q = pq ⇒ (p − 1)(q − 1) = 1.

An loipìn orÐsoume f(t) = t^{p−1}, t ∈ [0, +∞), tìte h f eÐnai gnhsÐwc aÔxousa, kai orÐzetai h antÐstrofh sunĹrthsh g thc f. Den eÐnai dÔskolo na doÔme ìti g(s) = s^{q−1}, s ∈ [0, +∞). PrĹgmati, g(f(t)) = [f(t)]^{q−1} = t^{(p−1)(q−1)} = t.

Prin orÐsoume thn apìstash dÔo shmeÐwn tou ℓ_p, ja deÐxoume dÔo klasikèc anisìthtec: thn anisìthta tou Hölder kai thn anisìthta tou Minkowski. Basikì rìlo sthn apìdeixă touc paÐzei h anisìthta tou Young.

Anisìthta tou Young. ’Estw f : [0, +∞) → [0, +∞) gnhsÐwc aÔxousa, suneqăc kai epÐ sunĹrthsh, me f(0) = 0. An g eÐnai h antÐstrofh sunĹrthsh thc f, tìte gia kĹje a, b > 0 isqÔei ab ≤ ∫_a 0 f(t)dt + ∫_b 0 g(s)ds.

Apìdeixh: KĹnte èna sqăma:

To ginìmeno ab eÐnai to embadìn tou orjogwnÐou. Se kĹje perÐptwsh,

ab ≤ E_1 + E_2 = ∫_a 0 f(t)dt + ∫_b 0 g(s)ds. Isìthta isqÔei an kai mìno an b = f(a). □ Efarmogă: PaÐrnoume f(t) = t^{p−1}, p > 1. H antÐstrofh thc f eÐnai h g(s) = s^{q−1}, ìpou q eÐnai o suzugăc ekjèthc tou p. Apì thn anisìthta tou Young, gia kĹje a, b > 0, ab ≤ ∫_a 0 t^{p−1}dt + ∫_b 0 s^{q−1}ds, dhladă (1) ab ≤ a^p p + b^q q , a, b ≥ 0.

Mia Ĺllh apìdeixh thc anisìthtac (1) mporeÐ na dojeÐ me th boăjeia twn kurtÿn kai koÐlwn sunartăsewn. ’Estw C èna diĹsthma sto R. Mia sunĹrthsh f : C → R lègetai kurtă an (2) f(tx + (1 − t)y) ≤ tf(x) + (1 − t)f(y) gia kĹje x, y ∈ C kai t ∈ (0, 1). H f lègetai gnhsÐwc kurtă an opotedăpote èqoume isìthta sthn (1) èpetai ìti x = y. H f : C → R lègetai koÐlh (antÐstoiqa, gnhsÐwc koÐlh) an h −f eÐnai kurtă (antÐstoiqa, gnhsÐwc kurtă).

H sunĹrthsh f : (0, +∞) → R me f(x) = ln x eÐnai gnhsÐwc koÐlh (èqei arnhtikă deÔterh parĹgwgo). An loipìn x, y > 0 kai t, s ∈ (0, 1) me t + s = 1, tìte

(3) ln(tx + sy) ≥ t ln x + s ln y = ln(x^ty^s).

’Epetai ìti (4) x^ty^s ≤ tx + sy, me isìthta mìno an x = y. ’Estw tÿra a, b > 0 kai p, q suzugeÐc ekjètec. Efarmìzontac thn (4) me x = a^p, y = b^q kai t = 1/p, s = 1/q, paÐrnoume thn (1). Isìthta isqÔei mìno an a^p = b^q.

Anisìthta tou Hölder (1889) ’Estw p, q > 1 suzugeÐc ekjètec. An

x = (ξ_k) ∈ ℓ_p , y = (η_k) ∈ ℓ_q,

tìte h z = (ξ_k η_k) ∈ ℓ_1, kai ∞∑ k=1 |ξ_kη_k| ≤ (_∞ ∑ k=1 |ξ_k |^p )_{1/p} (_∞ ∑ k=1 |η_k|^q )_{1/q} .

Apìdeixh: KĹnoume prÿta thn epiplèon upìjesh ìti ∞∑ k=1 |ξ_k|^p = ∞∑ k=1 |η_k|^q = 1. Gia kĹje k = 1, 2, . . ., apì thn (1) èqoume |ξ_kη_k| = |ξ_k||η_k| ≤ |ξ_k|^p p + |η_k|^q q . Prosjètontac katĹ mèlh paÐrnoume ∞∑ k=1 |ξ_k η_k| ≤ 1 p ∞∑ k=1 |ξ_k|^p + 1 q ∞∑ k=1 |η_k|^q = 1 p + 1 q = 1, dhladă thn anisìthta tou Hölder sfl aută thn eidikă perÐptwsh (giatÐ?).

Gia th genikă perÐptwsh: mporoÔme na upojèsoume ìti x, y ≠ 0 (giatÐ?), opìte orÐzoume

ξ^′_k = ξ_k ( ∑_∞ k=1 |ξ_k|^p)^{1/p} , η^′_k = η_k ( ∑_∞ k=1 |η_k|^q)^{1/q} , k ∈ N.

Apì ton trìpo orismoÔ touc, oi (ξ^′_k ), (η^′_k) ikanopoioÔn tic ∞∑ k=1 |ξ^′_k |^p = ∞∑ k=1 |ξ_k|^p ∑_∞ k=1 |ξ_k|^p = 1 = ∞∑ k=1 |η_k|^q ∑_∞ k=1 |η_k|^q = ∞∑ k=1 |η^′_k|^q .

Apì to prÿto băma thc apìdeixhc (to efarmìzoume gia tic (ξ^′_k), (η^′_k)), blèpoume ìti ∞∑ k=1 |ξ^′_kη^′_k| = ∞∑ k=1 |ξ_kη_k| ( ∑_∞ k=1 |ξ_k |^p)^{1/p} ( ∑_∞ k=1 |η_k |^q)^{1/q} ≤ 1,

dhladă ∞∑ k=1 |ξ_kη_k| ≤ (_∞ ∑ k=1 |ξ_k|^p )_{1/p} (_∞ ∑ k=1 |η_k|^q )_{1/q} . □

Paratărhsh: ’Otan p = 2, o suzugăc ekjèthc tou p eÐnai o q = 2, kai h anisìthta tou Hölder me p = q = 2 den eÐnai Ĺllh apì thn anisìthta Cauchy-Schwarz: An x = (ξ_k ), y = (η_k ) ∈ ℓ_2, tìte ∞∑ k=1 |ξ_kη_k| ≤ ∞ ∑ k=1 |ξ_k |^2 · ∞ ∑ k=1 |η_k|^2.

Anisìthta tou Minkowski (1896) ’Estw p ≥ 1. An x = (ξ_k) ∈ ℓ_p kai y = (η_k) ∈ ℓ_p, tìte h z = (ξ_k + η_k) ∈ ℓ_p kai (_∞ ∑ k=1 |ξ_k + η_k|^p )_{1/p} ≤ (_∞ ∑ k=1 |ξ_k|^p )_{1/p} + (_∞ ∑ k=1 |η_k |^p )_{1/p} .

Apìdeixh: An p = 1, h anisìthta paÐrnei th morfă ∞∑ k=1 |ξ_k + η_k| ≤ ∞∑ k=1 |ξ_k| + ∞∑ k=1 |η_k|

h opoÐa epalhjeÔetai eÔkola afoÔ |ξ_k + η_k| ≤ |ξ_k| + |η_k| gia kĹje k ∈ N.

’Estw ìti p > 1. Gia kĹje n ∈ N èqoume: n∑ k=1 |ξ_k + η_k |^p = n∑ k=1 |ξ_k + η_k|^{p−1}|ξ_k + η_k|

≤ n∑ k=1 |ξ_k + η_k|^{p−1} (|ξ_k | + |η_k|)

= n∑ k=1 |ξ_k + η_k|^{p−1}|ξ_k | + n∑ k=1 |ξ_k + η_k|^{p−1}|η_k|. Gia kajèna apì ta dÔo ajroÐsmata efarmìzoume thn anisìthta tou Hölder me ekjètec p, q (ta ajroÐsmata èqoun n ìrouc, allĹ h anisìthta isqÔei kai sfl aută thn perÐptwsh - giatÐ?). Tìte,

S_n := n∑ k=1 |ξ_k + η_k|^p

≤ (_n ∑ k=1 |ξ_k + η_k|^{q(p−1)} )_{1/q} (_n ∑ k=1 |ξ_k|^p )_{1/p} + (_n ∑ k=1 |η_k|^p )_{1/p} , kai epeidă q(p − 1) = qp − p = p, paÐrnoume S_n ≤ S^{1/q}_n (_n ∑ k=1 |ξ_k|^p )_{1/p} + (_n ∑ k=1 |η_k|^p )_{1/p} .

An S_n > 0, diairoÔme me S^{1/q}_n , kai afoÔ 1 −^1_q =^1_p , èqoume (_n ∑ k=1 |ξ_k + η_k|^p )_{1/p} ≤ (_n ∑ k=1 |ξ_k |^p )_{1/p} + (_n ∑ k=1 |η_k|^p )_{1/p}

≤ (_∞ ∑ k=1 |ξ_k |^p )_{1/p} + (_∞ ∑ k=1 |η_k|^p )_{1/p} . (An S_n = 0, tìte aută h teleutaÐa anisìthta isqÔei oÔtwc ă Ĺllwc.) AfoÔ to dexiì mèloc eÐnai peperasmèno, to aristerì paramènei fragmèno anexĹrthta apì to n. Afănontac to n na pĹei sto Ĺpeiro, sumperaÐnoume ìti h z = (ξ_k + η_k ) ∈ ℓ_p kai (_∞ ∑ k=1 |ξ_k + η_k|^p )_{1/p} ≤ (_∞ ∑ k=1 |ξ_k |^p )_{1/p} + (_∞ ∑ k=1 |η_k|^q )_{1/q} . □ MporoÔme tÿra na orÐsoume thn exăc metrikă d_p ston ℓ_p, p ≥ 1: an x = (ξ_k ) ∈ ℓ_p kai y = (η_k) ∈ ℓ_p, orÐzoume d_p(x, y) = (_∞ ∑ k=1 |ξ_k − η_k|^p )_{1/p} .

Ta axiÿmata (M1)−(M3) thc metrikăc elègqontai Ĺmesa. H trigwnikă anisìthta eÐnai sunèpeia thc anisìthtac tou Minkowski: PrĹgmati, an x = (ξ_k), y = (η_k), z = (ζ_k ) ∈ ℓ_p, tìte

d_p(x, y) = (_∞ ∑ k=1 |ξ_k − η_k|^p )_{1/p}

= (_∞ ∑ k=1 |(ξ_k − ζ_k ) + (ζ_k − η_k)|^p )_{1/p}

≤ (_∞ ∑ k=1 |ξ_k − ζ_k|^p )_{1/p} + (_∞ ∑ k=1 |ζ_k − η_k|^p )_{1/p}

= d_p(x, z) + d_p(z, y). ’Ara, o ℓ_p me th metrikă d_p, eÐnai metrikìc qÿroc.

1.3 Topologikèc ènnoiec

(a) ’Estw (X, d) metrikìc qÿroc. Gia kĹje x_0 ∈ X kai r > 0, 1. H anoiktă mpĹla me kèntro x_0 kai aktÐna r eÐnai to sÔnolo D(x_0, r) = {y ∈ X : d(y, x_0) < r}. 2. H kleistă mpĹla me kèntro x_0 kai aktÐna r eÐnai to sÔnolo B(x_0, r) = {y ∈ X : d(y, x_0) ≤ r}. 3. H sfaÐra me kèntro x_0 kai aktÐna r eÐnai to sÔnolo S(x_0, r) = {y ∈ X : d(y, x_0) = r}. Parathrhseic (i) Gia kĹje x_0 ∈ X kai r > 0 isqÔei x_0 ∈ D(x_0, r) ⊆ B(x_0, r). (ii) MporeÐ ìmwc na sumbeÐ S(x_0, r) = ∅ (parĹdeigma: diakrită metrikă). (iii) S(x_0, r) = B(x_0, r)\D(x_0, r).

Se autì to mĹjhma oi metrikèc ja eÐnai (wc èna bajmì) fusiologikèc - gia parĹdeigma, oi sfaÐrec ja eÐnai pĹnta mh kenèc.

(b) ’Estw x_0 ∈ X kai ε > 0. H D(x_0, ε) lègetai ε-perioqă tou x_0. An x_0 ∈ A ⊆ X, to x_0 lègetai eswterikì shmeÐo tou A an upĹrqei ε > 0 tètoio ÿste D(x_0, ε) ⊆ A.

’Ena uposÔnolo A tou X lègetai anoiktì an kĹje shmeÐo tou A eÐnai eswterikì tou shmeÐo. Gia tuqìn A ⊆ X, to eswterikì A^∘ tou A eÐnai to sÔnolo ìlwn twn eswterikÿn shmeÐwn tou A. To A^∘ eÐnai to megalÔtero anoiktì uposÔnolo tou A. To A eÐnai anoiktì an kai mìno an A = A^∘.

(g) Mia akoloujÐa (x_n) shmeÐwn tou (X, d) sugklÐnei sto x ∈ X (grĹfoume x_n → x) an lim_{n→∞} d(x_n, x) = 0. IsodÔnama, an gia kĹje ε > 0 upĹrqei n_0 = n_0(ε) ∈ N me thn idiìthta: gia kĹje n ≥ n_0, d(x_n, x) < ε. Aplèc sunèpeiec tou orismoÔ eÐnai oi parakĹtw.

(i) An x_n → x kai x_n → y, tìte x = y (monadikìthta tou orÐou). (ii) An x_n → x, tìte h (x_n) eÐnai fragmènh (dhladă, upĹrqei kleistă mpĹla ston X pou perièqei ìla ta x_n).

(iii) An x_n → x kai y_n → y ston X, tìte d(x_n, y_n) → d(x, y).

(d) ’Ena uposÔnolo K tou X lègetai kleistì an: gia kĹje (x_n) sto K me x_n → x ∈ X, èpetai ìti x ∈ K. To K eÐnai kleistì an kai mìno an to X \ K eÐnai anoiktì.

To x_0 ∈ X lègetai shmeÐo epafăc tou K an gia kĹje ε > 0 isqÔei K∩D(x_0, ε) ≠ ∅. To sÔnolo twn shmeÐwn epafăc tou K sumbolÐzetai me K, onomĹzetai kleistă jăkh (ă kleistìthta) tou K, kai eÐnai to mikrìtero kleistì sÔnolo pou perièqei to K. To K eÐnai kleistì an kai mìno an K = K.

(e) ’Estw (X, d) kai (Y, d) dÔo metrikoÐ qÿroi. Lème ìti mia apeikìnish T : X → Y eÐnai suneqăc sto x_0 ∈ X an gia kĹje ε > 0 upĹrqei δ > 0 me thn idiìthta: an d(x, x_0) < δ tìte d(T (x), T (x_0)) < ε. H T eÐnai suneqăc an eÐnai suneqăc se kĹje x_0 ∈ X.

IsqÔoun ta exăc:

(i) H T eÐnai suneqăc sto x_0 ⇔ an x_n → x_0 wc proc thn d, tìte T (x_n) → T (x_0) wc proc thn d.

(ii) H T eÐnai suneqăc ⇔ gia kĹje A ⊆ Y anoiktì, to T^{−1}(A) eÐnai anoiktì uposÔnolo tou X.

ShmeÐwsh: BebaiwjeÐte ìti ìla ta parapĹnw sĹc eÐnai gnwstĹ, mazÐ me tic apodeÐxeic touc (èqoun gÐnei sto mĹjhma {Eisagwgă sthn AnĹlush II}).

Orismìc ’Estw (X, d) metrikìc qÿroc. ’Ena uposÔnolo M tou X lègetai puknì ston X an M = X. (Dhladă, an gia kĹje x ∈ X upĹrqei akoloujÐa (x_n) sto M me x_n → x. IsodÔnama, an gia kĹje x ∈ X kai kĹje ε > 0 isqÔei D(x, ε) ∩ M ≠ ∅.)

O (X, d) lègetai diaqwrÐsimoc an upĹrqei arijmăsimo M ⊆ X pou eÐnai puknì ston X.

Paradeigmata (a) JewroÔme thn pragmatikă eujeÐa R (me th metrikă d(x, y) = |x − y|.) O R eÐnai diaqwrÐsimoc: to sÔnolo Q twn rhtÿn eÐnai arijmăsimo, kai Q = R (an x ∈ R kai ε > 0, tìte upĹrqei rhtìc sto (x − ε, x + ε), dhladă D(x, ε) ∩ Q ≠ ∅.) (b) O qÿroc akoloujiÿn ℓ_∞ den eÐnai diaqwrÐsimoc. Gia na to apodeÐxoume, ja basistoÔme sthn akìloujh genikă paratărhsh:

Paratărhsh: ’Estw (X, d) metrikìc qÿroc. Ac upojèsoume ìti mporoÔme na broÔme x_i, i ∈ I ston X (I èna sÔnolo deiktÿn) kai λ > 0 pou ikanopoioÔn thn ∀i, j ∈ I i ≠ j =⇒ d(x_i, x_j ) ≥ λ. Tìte, kĹje puknì M ⊆ X èqei toulĹqiston tìsa stoiqeÐa ìsa to I. Apìdeixh: Oi mpĹlec D(x_i, λ/2), i ∈ I eÐnai xènec. An to M eÐnai puknì, se kĹje D(x_i, λ/2) upĹrqei kĹpoio m_i ∈ M. An i ≠ j, tìte m_i ≠ m_j afoÔ D(x_i, λ/2) ∩ D(x_j , λ/2) = ∅. ’Ara, h f : I → M me f(i) = m_i eÐnai èna proc èna. Dhladă, to M èqei toulĹqiston tìsa stoiqeÐa ìsa to I. □ Sto parĹdeigma tou ℓ_∞, jewroÔme to sÔnolo A = {x = (ξ_k ) : ξ_k ∈ {0, 1}, k ∈ N}. KĹje akoloujÐa me ìrouc 0 ă 1 eÐnai fragmènh, Ĺra A ⊆ ℓ_∞.

ParathroÔme ìti an x = (ξ_k), y = (η_k) ∈ A kai x ≠ y, tìte d(x, y) = 1 (giatÐ?). SÔmfwna me thn paratărhsh, an M eÐnai puknì uposÔnolo tou ℓ_∞, tìte to M èqei toulĹqiston tìsa stoiqeÐa ìsa to A.

’Omwc, to diagÿnio epiqeÐrhma tou Cantor deÐqnei ìti to A eÐnai uperarijmăsimo. ’Epetai ìti kĹje puknì uposÔnolo tou ℓ_∞ eÐnai uperarijmăsimo, dhladă o ℓ_∞ den eÐnai diaqwrÐsimoc.

(g) O qÿroc akoloujiÿn ℓ_p, 1 ≤ p < ∞ eÐnai diaqwrÐsimoc. JewroÔme to sÔnolo M = {y = (η_1, . . . , η_n, 0, 0, . . .) : n ∈ N, η_k ∈ Q}. To M eÐnai arijmăsimo (giatÐ?) Ja deÐxoume ìti M = ℓ_p. ’Estw x = (ξ_k ) ∈ ℓ_p kai ε > 0. YĹqnoume y ∈ M tètoio ÿste d_p(x, y) < ε.

ParathroÔme ta exăc: (i) H seirĹ ∑ k |ξ_k |^p sugklÐnei, Ĺra upĹrqei n ∈ N tètoio ÿste ∞∑ k=n+1 |ξ_k|^p < ε^p 2 . (ii) Gia kĹje k = 1, . . . , n mporoÔme na broÔme rhtì osodăpote kontĹ ston ξ_k. MporoÔme loipìn na broÔme rhtì η_k , k = 1, . . . , n pou na ikanopoieÐ thn |ξ_k − η_k|^p < ε^p 2n , k = 1, . . . , n. Prosjètontac, èqoume_n ∑ k=1 |ξ_k − η_k|^p < ε^p 2 . OrÐzoume y = (η_1, . . . , η_n, 0, 0, . . .). Tìte, y ∈ M kai d_p(x, y) = (_n ∑ k=1 |ξ_k − η_k|^p + ∞∑ k=n+1 |ξ_k |^p )_{1/p}

< ( ε^p 2 + ε^p 2 )_{1/p} = ε. AfoÔ ta x ∈ ℓ_p kai ε > 0 ătan tuqìnta, isqÔei M = ℓ_p (Ĺra, o ℓ_p eÐnai diaqwrÐsimoc).

1.4 Askăseic

1. ’Estw X to sÔnolo ìlwn twn diatetagmènwn m-Ĺdwn apì 0 ă 1. Dhladă, X = {0, 1}^m. OrÐzoume d(x, y) = to plăjoc twn suntetagmènwn stic opoÐec diafèroun oi m-Ĺdec x kai y. DeÐxte ìti h d eÐnai metrikă.

2. JewroÔme ton C[0, π] me apìstash thn d(f, g) = max_{t∈[0,π]} |f(t) − g(t)|. An x(t) = sin t kai y(t) = cos t, breÐte ton mikrìtero r > 0 gia ton opoÐo y ∈ B(x, r).

3. DeÐxte ìti èna mh kenì A ⊆ (X, d) eÐnai anoiktì an kai mìno an eÐnai ènwsh apì anoiktèc mpĹlec.

4. To x_0 lègetai shmeÐo sussÿreushc tou A ⊆ (X, d) an gia kĹje ε > 0 mporoÔme na broÔme y ∈ A, y ≠ x_0 tètoio ÿste d(x_0, y) < ε. DeÐxte ìti to x_0 eÐnai shmeÐo sussÿreushc tou A an kai mìno an gia kĹje ε > 0 h D(x_0, ε) perièqei Ĺpeira shmeÐa tou A.

5. An A, B ⊆ (X, d), deÐxte ìti A ∪ B = A ∪ B kai A ∩ B ⊆ A ∩ B.

6. ’Estw (X, d) metrikìc qÿroc, kai ∅ ≠ A ⊆ X. H diĹmetroc diam(A) tou A orÐzetai apì thn diam(A) = sup{d(x, y) : x, y ∈ A}. DeÐxte ìti: (a) A ⊆ B =⇒ diam(A) ≤ diam(B). (b) diam(A) = 0 ⇐⇒ to A eÐnai monosÔnolo.

7. ’Estw A, B mh kenĹ uposÔnola tou metrikoÔ qÿrou (X, d). H apìstash d(A, B) twn A, B orÐzetai apì thn d(A, B) = inf{d(a, b) : a ∈ A, b ∈ B}. DeÐxte ìti A ∩ B ≠ ∅ =⇒ d(A, B) = 0. Dÿste parĹdeigma kleistÿn kai xènwn uposunìlwn A, B tou R^2 me d(A, B) = 0.

8. ’Estw B mh kenì uposÔnolo tou metrikoÔ qÿrou (X, d). H apìstash tou x ∈ X apì to B orÐzetai apì thn d(x, B) = inf{d(x, b) : b ∈ B}. DeÐxte ìti gia kĹje x, y ∈ X isqÔei |d(x, B) − d(y, B)| ≤ d(x, y). 9. An A ⊆ (X, d), deÐxte ìti x ∈ A an kai mìno an d(x, A) = 0. DeÐxte ìti an A eÐnai kleistì uposÔnolo tou X kai x /∈ A, tìte d(x, A) > 0.

10. ’Estw (X, d) metrikìc qÿroc, kai A, B xèna, kleistĹ uposÔnola tou X. DeÐxte ìti upĹrqei f : X → [0, 1] suneqăc sunĹrthsh, me thn idiìthta: f(a) = 0 gia kĹje a ∈ A, kai f(b) = 1 gia kĹje b ∈ B.

11. JewroÔme to qÿro s ìlwn twn akoloujiÿn pragmatikÿn arijmÿn. ’Estw (m_k) akoloujÐa jetikÿn arijmÿn, me ∑ k m_k < +∞. OrÐzoume apìstash d ston s wc exăc: an x = (ξ_k), y = (η_k) ∈ s, jètoume d(x, y) = ∞∑ k=1 m_k |ξ_k − η_k| 1 + |ξ_k − η_k| .

DeÐxte ìti o (s, d) eÐnai metrikìc qÿroc, kai upologÐste th diĹmetrì tou.

12. DeÐxte ìti gia kĹje ξ_1, . . . , ξ_n ∈ R, (|ξ_1| + · · · + |ξ_n|)^2 ≤ n ( |ξ_1|^2 + · · · + |ξ_n|^2 ) . 13. (a) BreÐte mia akoloujÐa x = (ξ_k) pou èqei ìrio to 0, allĹ x /∈ ℓ_p gia kĹje p ≥ 1. (b) DeÐxte ìti an x ∈ ℓ_p gia kĹpoio p ≥ 1, tìte ξ_k → 0. 14. BreÐte x = (ξ_k ) tètoia ÿste x /∈ ℓ_1 allĹ x ∈ ℓ_p gia kĹje p > 1. 15. JewroÔme to qÿro B[a, b] ìlwn twn fragmènwn f : [a, b] → R me apìstash thn d(f, g) = sup_{t∈[a,b]} |f(t) − g(t)|. DeÐxte ìti o B[a, b] den eÐnai diaqwrÐsimoc. 16. JewroÔme to qÿro C[a, b] ìlwn twn suneqÿn f : [a, b] → R me apìstash thn d(f, g) = max_{t∈[a,b]} |f(t) − g(t)|. DeÐxte ìti eÐnai diaqwrÐsimoc. 17. DeÐxte ìti h eikìna anoiktoÔ sunìlou mèsw suneqoÔc apeikìnishc metaxÔ metrikÿn qÿrwn den eÐnai anagkastikĹ anoiktì sÔnolo.

18. ’Estw f, g : [a, b] → R suneqeÐc sunartăseic, kai èstw p, q suzugeÐc ekjètec. DeÐxte thn anisìthta tou Hölder |∫^b a f(t)g(t)dt | ≤ (∫_b a |f(t)|^pdt )_{1/p} (∫_b a |g(t)|^q )_{1/q} . DeÐxte thn anisìthta tou Minkowski (∫_b a |f(t) + g(t)|^pdt )_{1/p} ≤ (∫_b a |f(t)|^pdt )_{1/p} + (∫_b a |g(t)|^pdt )_{1/p} .

19. ’Estw f : [a, b] → R suneqăc, kai 0 < q < p < r < +∞. DeÐxte ìti ∫_b a |f(t)|^pdt ≤ (∫_b a |f(t)|^q dt )^{r−p}_{r−q} (∫_b a |f(t)|^rdt )^{p−q}_{r−q} .

UpodeÐxeic - apantăseic

1. Parathrăste ìti an x = (ξ1, . . . , ξm) kai y = (η1, . . . , ηm) ∈ X, tìte: an ξ_k = η_k èqoume |ξ_k − η_k| = 0, enÿ an ξ_k ≠ η_k èqoume |ξ_k − η_k| = 1. ’Ara, to plăjoc twn suntetagmènwn stic opoÐec diafèroun oi x kai y isoÔtai me d(x, y) = m∑ k=1 |ξ_k − η_k|. Tÿra mporoÔme eÔkola na elègxoume ìti h d eÐnai metrikă: (a) d(x, y) = ∑_m k=1 |ξ_k − η_k| ≥ 0, me isìthta mìno an |ξ_k − η_k | = 0 gia kĹje k, dhladă an ξ_k = η_k gia kĹje k, dhladă an x = y. (b) d(y, x) = ∑_m k=1 |η_k − ξ_k| = ∑_m k=1 |ξ_k − η_k | = d(x, y). (g) An x = (ξ_k), y = (η_k ) kai z = (ζ_k) ∈ X, tìte d(x, y) = m∑ k=1 |ξ_k − η_k| = m∑ k=1 |(ξ_k − ζ_k) + (ζ_k − η_k )|

≤ m∑ k=1 |ξ_k − ζ_k| + m∑ k=1 |ζ_k − η_k | = d(x, z) + d(z, y).

2. ’Eqoume y ∈ B(x, r) an kai mìno an d(x, y) ≤ r. O mikrìteroc r gia to opoÐo isqÔei aută h anisìthta eÐnai h apìstash twn x kai y:

d(x, y) = max_{0≤t≤π} | sin t − cos t| = √ max 0≤t≤π (sin t − cos t)^2 = √ max 0≤t≤π (1 − sin(2t)) = √ 2.

3. ’Estw ìti A = ∪i∈I D(xi, ri) ìpou xi ∈ X kai ri > 0. An a ∈ A, tìte upĹrqei i0 ∈ I gia to opoÐo a ∈ D(xi_0 , ri_0 ). Jètoume r(a) = ri_0 − d(a, xi_0 ) > 0. Apì thn trigwnikă anisìthta, D(a, r(a)) ⊆ D(xi_0 , ri_0 ) ⊆ A. To tuqìn a ∈ A eÐnai eswterikì shmeÐo tou A, Ĺra to A eÐnai anoiktì.

’Estw A anoiktì uposÔnolo tou X. Gia kĹje a ∈ A mporoÔme na broÔme r(a) > 0 tètoio ÿste a ∈ D(a, r(a)) ⊆ A. Tìte, A = ⋃ a∈A D(a, r(a)).

4. Upojètoume prÿta ìti to x0 eÐnai shmeÐo sussÿreushc tou A. ’Estw ìti upĹrqei ε > 0 tètoio ÿste to D(x0, ε) ∩ A na eÐnai peperasmèno sÔnolo. Dhladă, D(x0, ε) ∩ A = {x0} ∪ {y1, . . . , yN } gia kĹpoia yi ≠ x0 (toulĹqiston èna tètoio yi upĹrqei, apì ton orismì tou shmeÐou sussÿreushc). Jètoume ε1 = min{d(x0, y1), . . . , d(x0, yN )} > 0. Tìte, D(x0, ε1) ∩ A = {x0}, to opoÐo eÐnai Ĺtopo, pĹli apì ton orismì tou shmeÐou sussÿreushc.

AntÐstrofa: upojètoume ìti kĹje perioqă tou A perièqei Ĺpeira shmeÐa tou A. Tìte, gia kĹje ε > 0, to D(x0, ε) ∩ A eÐnai Ĺpeiro sÔnolo, Ĺra èqei stoiqeÐo diaforetikì apì to x0. ’Epetai ìti to x0 eÐnai shmeÐo sussÿreushc tou A.

5. (a) AfoÔ A, B ⊆ A ∪ B, èqoume A, B ⊆ A ∪ B. ’Ara, A ∪ B ⊆ A ∪ B. AntÐstrofa, èstw x ∈ A ∪ B. UpĹrqoun xn ∈ A ∪ B me xn → x. QwrÐc periorismì thc genikìthtac mporoÔme na upojèsoume ìti Ĺpeiroi ìroi thc (xn) brÐskontai sto A. Dhladă, upĹrqoun k1 < k2 < . . . < kn < . . . tètoioi ÿste x_{kn} ∈ A. AfoÔ xn → x, èpetai ìti x_{kn} → x. AfoÔ x_{kn} ∈ A, sumperaÐnoume ìti x ∈ A. An Ĺpeiroi ìroi thc (xn) brÐskontai sto B, me ton Ðdio trìpo blèpoume ìti x ∈ B. Se kĹje perÐptwsh x ∈ A ∪ B, opìte A ∪ B ⊆ A ∪ B. (b) AfoÔ A ∩ B ⊆ A, B, èqoume A ∩ B ⊆ A, B. ’Ara, A ∩ B ⊆ A ∩ B.

6. (a) An A ⊆ B, tìte {d(x, y) : x, y ∈ A} ⊆ {d(x, y) : x, y ∈ B}. ’Ara, diam(A) = sup{d(x, y) : x, y ∈ A} ≤ sup{d(x, y) : x, y ∈ B} = diam(B). (b) An A = {a}, tìte diam(A) = sup{d(x, y) : x, y ∈ A} = sup{d(a, a)} = sup{0} = 0. An pĹli upĹrqoun a1 ≠ a2 sto A, tìte diam(A) ≥ d(a1, a2) > 0. ’Ara, diam(A) = 0 ⇐⇒ to A eÐnai monosÔnolo.

7. (a) ’Estw w ∈ A ∩ B. Tìte, 0 ≤ d(A, B) = inf{d(a, b) : a ∈ A, b ∈ B} ≤ d(w, w) = 0. Dhladă, d(A, B) = 0.

(b) OrÐzoume ta uposÔnola A = {(n, 0) : n ∈ N} kai B = {(k,^1_k ) : k ∈ N} tou EukleÐdeiou qÿrou R^2 . Tìte A ∩ B = ∅, ta A, B eÐnai kleistĹ giatÐ ìla ta shmeÐa touc eÐnai memonwmèna, kai d(A, B) ≤ d((n, 0), (n, 1/n)) = 1/n gia kĹje n ∈ N, Ĺra d(A, B) = 0.

8. ’Estw x, y ∈ X. Gia kĹje b ∈ B èqoume d(x, b) ≤ d(x, y) + d(y, b). AfoÔ d(x, B) ≤ d(x, b), sumperaÐnoume ìti d(x, B) ≤ d(x, y) + d(y, b) =⇒ d(x, B) − d(x, y) ≤ d(y, b). AfoÔ autì isqÔei gia kĹje b ∈ B, paÐrnoume d(x, B) − d(x, y) ≤ inf{d(y, b) : b ∈ B} = d(y, B), dhladă d(x, B) − d(y, B) ≤ d(x, y). ’Omoia blèpoume ìti d(y, B) − d(x, B) ≤ d(x, y). ’Ara, |d(x, B) − d(y, B)| ≤ d(x, y). ’Epetai ìti h d(·, B) : X → R eÐnai omoiìmorfa suneqăc.

9. (a) ’Estw x ∈ A. UpĹrqei akoloujÐa (xn) sto A me xn → x. Tìte, 0 ≤ d(x, A) ≤ d(x, xn) → 0. ’Ara, d(x, A) = 0. AntÐstrofa, an d(x, A) = 0, tìte gia kĹje n ∈ N mporoÔme na broÔme xn ∈ A me d(x, xn) < 1/n, opìte xn → x kai autì shmaÐnei ìti x ∈ A. (b) AfoÔ x /∈ A kai to A eÐnai kleistì, upĹrqei r > 0 tètoioc ÿste D(x, r) ∩ A = ∅. Autì shmaÐnei ìti d(x, a) ≥ r gia kĹje a ∈ A, Ĺra d(x, A) ≥ r > 0.

10. Gia kĹje x ∈ X èqoume d(x, A)+d(x, B) > 0. An to Ĺjroisma autì ătan Ðso me mhdèn, ja eÐqame d(x, A) = d(x, B) = 0 kai afoÔ ta A, B eÐnai kleistĹ, apì thn prohgoÔmenh Ĺskhsh ja eÐqame x ∈ A ∩ B, to opoÐo eÐnai Ĺtopo giatÐ ta A, B èqoun upotejeÐ xèna. OrÐzoume f : X → R me f(x) = d(x, A) d(x, A) + d(x, B) . O paronomastăc den mhdenÐzetai, Ĺra h f eÐnai kalĹ orismènh. EpÐshc, h f eÐnai suneqăc giatÐ oi d(·, A) kai d(·, B) eÐnai suneqeÐc sunartăseic apì thn ’Askhsh 8. AfoÔ d(x, A), d(x, B) ≥ 0, eÐnai fanerì ìti 0 ≤ f(x) ≤ 1 gia kĹje x ∈ X. Tèloc, an a ∈ A tìte f(a) = d(a, A) d(a, A) + d(a, B) = 0,

enÿ an b ∈ B tìte f(b) = d(b, A) d(b, A) + d(b, B) = d(b, A) d(b, A) = 1.

11. H d eÐnai kalĹ orismènh, giatÐ an x = (ξ_k) kai y = (η_k) ∈ s, tìte d(x, y) = ∞∑ k=1 m_k |ξ_k − η_k | 1 + |ξ_k − η_k| ≤ ∞∑ k=1 m_k < +∞. Autì deÐqnei tautìqrona ìti h diĹmetroc tou (s, d) eÐnai diam(s) ≤ ∑_∞ k=1 m_k.

Apì tic idiìthtec thc metrikăc, h mình pou qreiĹzetai èlegqo eÐnai h trigwnikă anisìthta: an x = (ξ_k), y = (η_k) kai z = (ζ_k) ∈ s, tìte gia kĹje k ∈ N, qrhsimopoiÿntac to gegonìc ìti h^t_{1+t} eÐnai aÔxousa sto [0, +∞) kai thn |ξ_k − η_k | ≤ |ξ_k − ζ_k| + |ζ_k − η_k |, paÐrnoume |ξ_k − η_k | 1 + |ξ_k − η_k | ≤ |ξ_k − ζ_k| + |ζ_k − η_k| 1 + |ξ_k − ζ_k| + |ζ_k − η_k| = |ξ_k − ζ_k| 1 + |ξ_k − ζ_k| + |ζ_k − η_k| + |ζ_k − η_k | 1 + |ξ_k − ζ_k| + |ζ_k − η_k| ≤ |ξ_k − ζ_k| 1 + |ξ_k − ζ_k| + |ζ_k − η_k| 1 + |ζ_k − η_k| .

Prosjètontac wc proc k afoÔ pollaplasiĹsoume me touc jetikoÔc m_k, èqoume d(x, y) = ∞∑ k=1 m_k |ξ_k − η_k| 1 + |ξ_k − η_k| ≤ ∞∑ k=1 m_k |ξ_k − ζ_k| 1 + |ξ_k − ζ_k| + ∞∑ k=1 m_k |ζ_k − η_k| 1 + |ζ_k − η_k| = d(x, z) + d(z, y). Tèloc, an pĹroume xM = (M, . . . , M, . . .) ìpou M > 0, kai y = (0, . . . , 0, . . .), èqoume diam(s) ≥ d(xM , y) = ∞∑ k=1 m_k M 1 + M = M 1 + M ∞∑ k=1 m_k, kai afoÔ^M_{1+M} ↗ 1 ìtan M → ∞, paÐrnoume

diam(s) ≥ sup_{M>0} d(xM , y) = ( sup_{M>0} M 1 + M )_∞∑ k=1 m_k = ∞∑ k=1 m_k. Dhladă, diam(s) = ∑_∞ k=1 m_k.

12. Apì thn anisìthta Cauchy-Schwarz, |ξ1| + · · · + |ξn| = 1 · |ξ1| + · · · + 1 · |ξn| ≤ ( 1^2 + · · · + 1^2

)_{1/2} ( |ξ1|^2 + · · · + |ξn|^2 )_{1/2} = √ n ( |ξ1|^2 + · · · + |ξn|^2 )_{1/2} . Uyÿnontac sto tetrĹgwno paÐrnoume to zhtoÔmeno.

13. (a) PaÐrnoume ξ_k =^1_{ln(k+1)} , k ∈ N. Tìte, ξ_k → 0 ìtan k → ∞, ìmwc to kritărio sumpÔknwshc deÐqnei ìti_∞ ∑ k=1 1 [ln(k + 1)]^p

= +∞

gia kĹje p ≥ 1. ’Ara (^1_{ln(k+1)} ) /∈ ℓp gia ìla ta p ≥ 1. (b) Upojètoume ìti x = (ξ_k) ∈ ℓp gia kĹpoio p ≥ 1. Tìte, ∞∑ k=1 |ξ_k|^p < +∞. AfoÔ h seirĹ sugklÐnei, paÐrnoume |ξ_k |^p → 0. ’Epetai ìti |ξ_k| → 0, Ĺra ξ_k → 0.

14. DokimĹste ξ_k =^1_k . ’Eqoume ∑_∞ k=1 1 k = +∞ (h armonikă seirĹ apoklÐnei), ìmwc gia kĹje p > 1 h seirĹ ∑_∞ k=1 1 kp sugklÐnei (AnĹlush II).

15. Gia kĹje x ∈ (a, b) jewroÔme th sunĹrthsh fx : [a, b] → R pou orÐzetai wc exăc: fx(t) = 1 an a ≤ t ≤ x kai fx(t) = 0 an x < t ≤ b. KĹje fx eÐnai fragmènh, Ĺra anăkei ston B[a, b]. To plăjoc twn fx eÐnai uperarijmăsimo (ìsa ta shmeÐa tou (a, b)).

’Estw x < y sto (a, b). Tìte, upĹrqei t0 me x < t0 < y. Autì mĹc dÐnei fx(t0) = 0 kai fy (t0) = 1. ’Ara, d(fx, fy ) = sup{|fx(t) − fy (t)| : t ∈ [a, b]} ≥ |fx(t0) − fy (t0)| = 1. Sto metrikì qÿro B[a, b] brăkame uperarijmăsima to plăjoc shmeÐa (tic fx) pou anĹ dÔo apèqoun apìstash toulĹqiston Ðsh me 1 (eÐnai akribÿc Ðsh me 1 - giatÐ?). Apì genikă paratărhsh, o qÿroc den mporeÐ na eÐnai diaqwrÐsimoc.

16. DeÐqnoume prÿta to exăc: an p(t) = a0 +a1t+· · ·+amt^m, ai ∈ R, eÐnai èna poluÿnumo sto [a, b], tìte gia kĹje ε > 0 mporoÔme na broÔme poluÿnumo q(t) = b0 + b1t + · · · + bmt^m me rhtoÔc suntelestèc bi ∈ Q, tètoio ÿste d(p, q) = max_{t∈[a,b]} |p(t) − q(t)| < ε. PrĹgmati, an M = max{|a|, |b|}, gia kĹje i = 0, 1, . . . , m mporoÔme na broÔme bi ∈ Q tètoion ÿste |ai − bi| < ε M^j (m + 1) . Tìte, an orÐsoume q(t) = b0 + b1t + · · · + bmt^m, gia kĹje t ∈ [a, b] èqoume |p(t) − q(t)| = |(a0 − b0) + (a1 − b1)t + · · · + (am − bm)t^m| ≤ |a0 − b0| + |a1 − b1| · |t| + · · · + |am − bm| · |t|^m < ε m + 1 + ε M(m + 1) M + · · · + ε M^m(m + 1) M^m = ε. Dhladă, d(p, q) < ε.

OrÐzoume D = {q(t) = b0 + b1t + · · · + bmt^m : m ∈ N ∪ {0}, bi ∈ Q}. To D eÐnai arijmăsimo sÔnolo. An f ∈ C[a, b] kai ε > 0, apì to jeÿrhma tou Weierstrass upĹrqei poluÿnumo p me pragmatikoÔc suntelestèc, tètoio ÿste d(f, p) < ε/2. Apì thn prohgoÔmenh paratărhsh, upĹrqei q ∈ D gia to opoÐo d(p, q) < ε/2. ’Ara, d(f, q) ≤ d(f, p) + d(p, q) < ε 2 + ε 2 = ε. AfoÔ h f kai to ε ătan tuqìnta, blèpoume ìti D = C[a, b]. AfoÔ to D eÐnai arijmăsimo, o C[a, b] eÐnai diaqwrÐsimoc.

17. Jètoume X = Y = R me th sunăjh metrikă d(x, y) = |x − y|. OrÐzoume f : R → R me f(x) = 0 gia kĹje x ∈ R. H f eÐnai suneqăc, allĹ den stèlnei ta mh kenĹ anoiktĹ uposÔnola tou R se anoiktĹ uposÔnola tou R: an ∅ ≠ A ⊆ R anoiktì, tìte f(A) = {0}, to opoÐo den eÐnai anoiktì.

18. (a) Jètoume A = (∫ |f|^p )_{1/p} kai B = (∫ |g|^q )_{1/q} . An A = 0 ă B = 0, tìte apì th sunèqeia twn f, g blèpoume ìti f ≡ 0 ă g ≡ 0 sto [a, b], opìte h anisìthta gÐnetai 0 ≤ 0. An A > 0 kai B > 0, qrhsimopoiÿntac thn anisìthta tou Young grĹfoume | | | | | ∫_b a f(t) A g(t) B dt | | | | | ≤ ∫_b a |f(t)| A |g(t)| B dt

≤ ∫_b a ( 1 p |f(t)|^p A^p + 1 q |g(t)|^q B^q ) dt = 1 p ∫_b a |f|^p A^p + 1 q ∫_b a |g|^q B^q = 1 p + 1 q = 1.

’Ara, | | | | ∫_b a fg | | | | ≤ AB = (∫_b a |f|^p )_{1/p} (∫_b a |g|^q )_{1/q} . (b) An p = 1, h anisìthta tou Minkowski eÐnai aplă: ∫ |f + g| ≤ ∫ (|f| + |g|) = ∫ |f| + ∫ |g|. An p > 1, qrhsimopoiÿntac thn anisìthta tou Hölder grĹfoume ∫ |f + g|^p = ∫ |f + g|^{p−1}|f + g| ≤ ∫ |f + g|^{p−1}(|f| + |g|) = ∫ |f + g|^{p−1}|f| + ∫ |f + g|^{p−1}|g| ≤ (∫ |f + g|^{(p−1)q} )_{1/q} (∫ |f|^p )_{1/p}

+ (∫ |f + g|^{(p−1)q} )_{1/q} (∫ |g|^p )_{1/p}

= (∫ |f + g|^p )_{1/q} ((∫ |f|^p )_{1/p} + (∫ |g|^p )_{1/p}) ,

giatÐ (p−1)q = p. An to aristerì mèloc eÐnai gnăsia jetikì, diairÿntac me (∫ |f + g|^p )_{1/q} kai qrhsimopoiÿntac thn 1 −^1_q =^1_p , paÐrnoume (∫ |f + g|^p )_{1/p} = (∫ |f + g|^p )_{1−} 1_q ≤ (∫ |f|^p )_{1/p} + (∫ |g|^p )_{1/p} . An ∫ |f + g|^p = 0, tìte den èqoume tÐpota na deÐxoume.

19. ParathroÔme ìti oi α =^{r−q}_{r−p} kai β =^{r−q}_{p−q} eÐnai suzugeÐc ekjètec kai p =^q_α +^r_β . Efarmìzontac thn anisìthta tou Hölder gia tic |f|^{q/α} kai |f|^{r/β} , paÐrnoume ∫ |f|^p = ∫ |f|^{q/α} · |f|^{r/β} ≤ (∫ (|f|^{q/α})^α )_{1/α} (∫ (|f|^{r/β} )^β )_{1/β}

= (∫ |f|^q ) r−p_{r−q} (∫ |f|^r ) p−q_{r−q} .

KefĹlaio 2

Plăreic metrikoÐ qÿroi

2.1 AkoloujÐec Cauchy - plăreic metrikoÐ qÿroi

Orismìc ’Estw (X, d) ènac metrikìc qÿroc. Mia akoloujÐa (x_n) ston X lègetai akoloujÐa Cauchy an gia kĹje ε > 0 upĹrqei n_0 = n_0(ε) ∈ N tètoioc ÿste n, m ≥ n_0 =⇒ d(x_n, x_m) < ε. ’Ena apì ta pio basikĹ apotelèsmata sthn {AnĹlush I} eÐnai to exăc: mia akoloujÐa (x_n) pragmatikÿn arijmÿn sugklÐnei an kai mìno an eÐnai akoloujÐa Cauchy.

To parapĹnw den isqÔei se kĹje metrikì qÿro (X, d). ParĹdeigma: pĹrte X = (0, 1] me apìstash thn d(x, y) = |x − y|. H akoloujÐa x_n =^1_n eÐnai Cauchy allĹ den sugklÐnei se shmeÐo tou X (to shmeÐo 0, sto opoÐo h (x_n) {jèlei} na sugklÐnei, den anăkei ston X.) DokimĹste na dÿsete austhră apìdeixh tou ìti den upĹrqei x ∈ X tètoio ÿste x_n → x.

UpĹrqoun pĹntwc arketèc omoiìthtec anĹmesa sth jewrÐa twn akoloujiÿn Cauchy tuqìntoc metrikoÔ qÿrou (X, d) kai thn antÐstoiqh jewrÐa sto R.

Prìtash 2.1.1 An h (x_n) sugklÐnei sto x, tìte h (x_n) eÐnai akoloujÐa Cauchy.

Apìdeixh: ’Estw ε > 0. AfoÔ x_n → x, upĹrqei n_0 = n_0(ε) ∈ N tètoioc ÿste n ≥ n_0 =⇒ d(x, x_n) < ε 2 . An loipìn n, m ≥ n_0, tìte d(x_n, x_m) ≤ d(x_n, x) + d(x, x_m) < ε 2 + ε 2 = ε. □

Lème ìti èna sÔnolo A ⊆ X eÐnai fragmèno an upĹrqoun x_0 ∈ X kai r > 0 tètoia ÿste A ⊆ B(x_0, r). Mia akoloujÐa (x_n) eÐnai fragmènh an upĹrqoun x_0 ∈ X, r > 0 tètoia ÿste ∀n ∈ N, x_n ∈ B(x_0, r). Prìtash 2.1.2 KĹje akoloujÐa Cauchy (x_n) eÐnai fragmènh.

Apìdeixh: PaÐrnoume ε = 1. UpĹrqei n_0 ∈ N tètoioc ÿste: an n, m ≥ n_0, tìte d(x_n, x_m) < 1. Eidikìtera, n ≥ n_0 =⇒ d(x_n, x_{n0} ) < 1.

PaÐrnoume r = max{d(x_1, x_{n0} ) + 1, . . . , d(x_{n0 −1}, x_{n0} ) + 1}. Elègxte ìti d(x_n, x_{n0} ) ≤ r gia kĹje n ∈ N, dhladă ìloi oi ìroi thc (x_n) brÐskontai sthn B(x_{n0} , r). □

Prìtash 2.1.3 ’Estw (x_n) akoloujÐa Cauchy. Upojètoume ìti upĹrqoun x ∈ X kai upakoloujÐa (x_{kn} ) thc (x_n) me x_{kn} → x. Tìte, x_n → x (an loipìn mia akoloujÐa Cauchy èqei sugklÐnousa upakoloujÐa, tìte sugklÐnei.)

Apìdeixh: ’Estw ε > 0. H (x_{kn} ) sugklÐnei sto x, Ĺra upĹrqei n_0 ∈ N tètoioc ÿste n ≥ n_0 =⇒ d(x, x_{kn} ) < ε 2 . AfoÔ h (x_n) eÐnai Cauchy, upĹrqei n_1 ∈ N tètoioc ÿste n, m ≥ n_1 =⇒ d(x_n, x_m) < ε 2 . Jètoume n_2 = max{n_0, n_1}. An n ≥ n_2, tìte k_n ≥ n ≥ n_2 ≥ n_1, Ĺra d(x_n, x_{kn} ) < ε 2 , kai k_n ≥ n ≥ n_2 ≥ n_0, Ĺra d(x, x_{kn} ) < ε 2 . Prosjètontac, blèpoume ìti an n ≥ n_2, d(x, x_n) ≤ d(x, x_{kn} ) + d(x_{kn} , x_n) < ε 2 + ε 2 = ε. Dhladă, x_n → x. □ Orismìc ’Estw (X, d) metrikìc qÿroc. O X lègetai plărhc an kĹje akoloujÐa Cauchy (x_n) ston X sugklÐnei (se shmeÐo tou X).

Me bĹsh autìn ton orismì, o X = (0, 1], me metrikă thn d(x, y) = |x − y|, den eÐnai plărhc.

Oi sumpageÐc metrikoÐ qÿroi mĹc dÐnoun mia prÿth eureÐa klĹsh plărwn metrikÿn qÿrwn (jumhjeÐte ìti, o X eÐnai sumpagăc ⇔ ∀(x_n) ston X, upĹrqoun x ∈ X kai upakoloujÐa (x_{kn} ) thc (x_n) me x_{kn} → x):

Prìtash 2.1.4 KĹje sumpagăc metrikìc qÿroc (X, d) eÐnai plărhc.

Apìdeixh: ’Estw (x_n) akoloujÐa Cauchy ston X. AfoÔ o X eÐnai sumpagăc, upĹrqei upakoloujÐa (x_{kn} ) thc (x_n) me x_{kn} → x ∈ X. Apì thn Prìtash 2.1.3, x_n → x. □ Argìtera, ja qreiastoÔme èna kritărio gia to pìte ènac upìqwroc enìc plărouc metrikoÔ qÿrou eÐnai plărhc:

Prìtash 2.1.5 ’Estw (X, d) metrikìc qÿroc, kai èstw Y ènac upìqwroc tou X. (a) An o Y eÐnai plărhc wc proc thn epagìmenh metrikă, tìte o Y eÐnai kleistì uposÔnolo tou X.

(b) An o (X, d) eÐnai plărhc kai o Y eÐnai kleistì uposÔnolo tou X, tìte o Y eÐnai plărhc wc proc thn epagìmenh metrikă.

Eidikìtera, an o X eÐnai plărhc, tìte o eÐnai Y plărhc metrikìc qÿroc an kai mìno an o Y eÐnai kleistì uposÔnolo tou X.

Apìdeixh: (a) ’Estw x_n ∈ Y kai x_n → x ∈ X. H (x_n) sugklÐnei ston X, Ĺra eÐnai akoloujÐa Cauchy ston X (Prìtash 2.1.1). H apìstash d̃ ston Y eÐnai aplÿc o periorismìc thc d, Ĺra h (x_n) eÐnai Cauchy ston Y . O Y eÐnai plărhc wc proc thn d̃, Ĺra h (x_n) sugklÐnei se shmeÐo tou Y . H sÔgklish aută eÐnai tautìqrona sÔgklish wc proc thn d ston X, kai apì monadikìthta tou orÐou, to ìrio prèpei na eÐnai to x. Dhladă, x ∈ Y . Autì apodeiknÔei ìti to Y eÐnai kleistì uposÔnolo tou X.

(b) ’Estw (x_n) akoloujÐa Cauchy ston Y . AfoÔ x_n ∈ Y ⊆ X, h (x_n) eÐnai akoloujÐa Cauchy ston X. O X eÐnai plărhc, Ĺra upĹrqei x ∈ X tètoio ÿste x_n → x. Epomènwc, x ∈ Y . ’Omwc to Y eÐnai kleistì, Ĺra x ∈ Y . Dhladă, x_n → x ston Y . □

2.2 Plăreic metrikoÐ qÿroi - paradeÐgmata

Mia genikă paratărhsh gia ton trìpo me ton opoÐo deÐqnoume ìti ènac metrikìc qÿroc eÐnai plărhc: jewroÔme tuqoÔsa akoloujÐa (x_n) pou eÐnai Cauchy ston (X, d), kai (a) entopÐzoume to shmeÐo x sto opoÐo ja prèpei na sugklÐnei h (x_n) (sta klasikĹ paradeÐgmata, polÔ suqnĹ mĹc bohjĹei h plhrìthta thc pragmatikăc eujeÐac).

(b) deÐqnoume ìti x ∈ X.

(g) deÐqnoume ìti x_n → x wc proc th metrikă d.

Prìtash 2.2.1 O EukleÐdeioc qÿroc R^m me metrikă thn d(x, y) = (_m ∑ k=1 (ξ_k − η_k)^2 )_{1/2}

eÐnai plărhc.

Apìdeixh: ’Estw (x_n) akoloujÐa Cauchy ston R^m . GrĹfoume x_n = (ξ_{n1}, . . . , ξ_{nm}), ξ_{nk} ∈ R. ’Estw ε > 0. H (x_n) eÐnai Cauchy, epomènwc upĹrqei n_0(ε) ∈ N me thn idiìthta n, s ≥ n_0 =⇒ d(x_n, x_s) < ε. Sthn perÐptwsă mac autì shmaÐnei ìti

(∗) n, s ≥ n_0 =⇒ (_m ∑ k=1 (ξ_{nk} − ξ_{sk} )^2 )_{1/2} < ε. H basikă paratărhsh eÐnai ìti

∀k = 1, . . . , m, |ξ_{nk} − ξ_{sk}| ≤ (_m ∑ k=1 (ξ_{nk} − ξ_{sk} )^2 )_{1/2} < ε. Epomènwc, an n, s ≥ m_0, tìte gia kĹje k = 1, . . . , m qwristĹ èqoume |ξ_{nk} − ξ_{sk}| < ε. Autì shmaÐnei ìti: gia kĹje k = 1, . . . , m h akoloujÐa (ξ_{nk}) eÐnai Cauchy sto R. Apì thn plhrìthta tou R èpetai ìti upĹrqoun ξ_1, . . . , ξ_m ∈ R tètoioi ÿste ξ_{n1} → ξ_1 , . . . , ξ_{nm} → ξ_m kajÿc n → ∞. OrÐzoume x = (ξ_1, . . . , ξ_m) ∈ R^m , kai mènei na deÐxoume ìti d(x_n, x) → 0 kajÿc n → ∞.

Epistrèfoume sthn (∗): gia kĹje n, s ≥ n_0 èqoume (_m ∑ k=1 (ξ_{nk} − ξ_{sk})^2 )_{1/2} < ε. StajeropoioÔme to n kai afănoume to s na pĹei sto Ĺpeiro: (_m ∑ k=1 (ξ_{nk} − ξ_{sk} )^2 )_{1/2} → (_m ∑ k=1 (ξ_{nk} − ξ_k)^2 )_{1/2} . ’Ara, gia kĹje n ≥ n_0 èqoume

d(x_n, x) = (_m ∑ k=1 (ξ_{nk} − ξ_k)^2 )_{1/2} ≤ ε.

AfoÔ to ε > 0 ătan tuqìn, blèpoume ìti d(x_n, x) → 0. Dhladă, x_n → x. □

Prìtash 2.2.2 O qÿroc ℓ_∞ twn fragmènwn akoloujiÿn, me metrikă thn d(x, y) = sup{|ξ_k − η_k| : k ∈ N} eÐnai plărhc.

Apìdeixh: ’Estw (x_n) akoloujÐa Cauchy ston ℓ_∞. GrĹfoume x_n = (ξ_{nk}) = (ξ_{n1}, . . . , ξ_{nk}, . . .). ’Estw ε > 0. H (x_n) eÐnai Cauchy, Ĺra upĹrqei n_0(ε) ∈ N me thn idiìthta (∗) ∀n, s ≥ n_0, sup{|ξ_{nk} − ξ_{sk} | : k ∈ N} < ε. Epomènwc, an n, s ≥ n_0 èqoume gia kĹje k ∈ N qwristĹ (∗∗) |ξ_{nk} − ξ_{sk}| < ε. Autì shmaÐnei ìti gia kĹje k ∈ N h akoloujÐa (ξ_{nk} ) eÐnai Cauchy (wc proc n) sto R. ’Ara, upĹrqoun ξ_k ∈ R tètoioi ÿste ξ_{n1} → ξ_1 , . . . , ξ_{nk} → ξ_k , . . . (n → ∞). OrÐzoume x = (ξ_1, . . . , ξ_k, . . .). Prèpei prÿta na deÐxoume ìti x ∈ ℓ_∞. Epistrèfontac sthn (∗) kai stajeropoiÿntac s = n_0, èqoume ∀n ≥ n_0 ∀k ∈ N, |ξ_{nk} − ξ_{n0k}| < ε kai, gia kĹje k ∈ N, |ξ_{nk} − ξ_{n0 k}| → |ξ_k − ξ_{n0 k}| kajÿc n → ∞. ’Ara, |ξ_k − ξ_{n0 k}| ≤ ε gia kĹje k ∈ N, dhladă ∀k ∈ N, |ξ_k | ≤ |ξ_{n0 k}| + ε. ’Omwc x_{n0} ∈ ℓ_∞. ’Ara, upĹrqei M > 0 tètoioc ÿste |ξ_{n0 k}| ≤ M gia kĹje k ∈ N. ’Epetai ìti sup_k |ξ_k| ≤ M + ε, dhladă x ∈ ℓ_∞.

EpÐshc, apì thn (∗∗), afănontac to s → ∞ èqoume: ∀n ≥ n_0 ∀k ∈ N, |ξ_{nk} − ξ_k| ≤ ε, dhladă, gia kĹje n ≥ n_0, d(x_n, x) = sup{|ξ_{nk} − ξ_k| : k ∈ N} ≤ ε. AfoÔ to ε > 0 ătan tuqìn, x_n → x wc proc thn d. □ Orismìc. O qÿroc c apoteleÐtai apì ìlec tic sugklÐnousec akoloujÐec pragmatikÿn arijmÿn. KĹje sugklÐnousa akoloujÐa eÐnai fragmènh, epomènwc o c eÐnai uposÔnolo tou ℓ_∞. Ton blèpoume san upìqwro tou ℓ_∞, me metrikă thn d(x, y) = sup{|ξ_k − η_k | : k ∈ N}. JewroÔme epÐshc to qÿro c_0 twn mhdenikÿn akoloujiÿn (x = (ξ_k) ∈ c_0 an kai mìno an ξ_k → 0 ìtan k → ∞) san upìqwro tou c.

Prìtash 2.2.3 Oi c kai c_0 eÐnai plăreic metrikoÐ qÿroi.

Apìdeixh: O c eÐnai ex orismoÔ upìqwroc tou ℓ_∞. SÔmfwna me thn Prìtash 2.1.5, gia na deÐxoume ìti eÐnai plărhc arkeÐ na deÐxoume ìti eÐnai kleistì uposÔnolo tou ℓ_∞.

’Estw x = (ξ_k ) ∈ c. Dhladă, upĹrqoun x_n = (ξ_{nk}) ∈ c me x_n → x. Prèpei na deÐxoume ìti x ∈ c, dhladă ìti h (ξ_k ) sugklÐnei sto R. ArkeÐ na deÐxoume ìti h (ξ_k ) eÐnai Cauchy sto R.

’Estw ε > 0. AfoÔ x_n → x, upĹrqei n_0 ∈ N tètoioc ÿste d(x, x_n) < ε gia kĹje n ≥ n_0. Dhladă, (1) ∀n ≥ n_0 ∀k ∈ N, |ξ_k − ξ_{nk}| < ε. KratĹme èna mìno n: ton n_0. H x_{n0} = (ξ_{n0 k}) anăkei ston c, dhladă sugklÐnei, dhladă eÐnai Cauchy. ’Ara, upĹrqei k_0 ∈ N tètoioc ÿste (2) ∀s, r ≥ k_0, |ξ_{n0s} − ξ_{n0 r}| < ε. Tìte, qrhsimopoiÿntac tic (1) kai (2) blèpoume ìti, gia kĹje s, r ≥ k_0, |ξ_s − ξ_r| ≤ |ξ_s − ξ_{n0 s}| + |ξ_{n0 s} − ξ_{n0 r}| + |ξ_{n0 r} − ξ_r| < ε + ε + ε = 3ε. ’Ara, h (ξ_k) eÐnai Cauchy, dhladă x ∈ c. AfoÔ c ⊆ c, o c eÐnai kleistì uposÔnolo tou ℓ_∞.

Gia to deÔtero isqurismì, èstw x = (ξ_k ) ∈ c_0. Dhladă, upĹrqoun x_n = (ξ_{nk} ) ∈ c_0 me x_n → x. Prèpei na deÐxoume ìti x ∈ c_0, dhladă ìti ξ_k → 0 ìtan k → ∞.

’Estw ε > 0. AfoÔ x_n → x, upĹrqei n_0 ∈ N tètoioc ÿste d(x, x_n) < ε gia kĹje n ≥ n_0. Dhladă, (3) ∀n ≥ n_0 ∀k ∈ N, |ξ_k − ξ_{nk}| < ε. H x_{n0} = (ξ_{n0 k}) anăkei ston c_0, Ĺra, upĹrqei k_0 ∈ N tètoioc ÿste (4) ∀k ≥ k_0, |ξ_{n0 k}| < ε. Tìte, qrhsimopoiÿntac tic (3) kai (4) blèpoume ìti, gia kĹje k ≥ k_0, |ξ_k| ≤ |ξ_k − ξ_{n0k}| + |ξ_{n0 k}| < ε + ε = 2ε. ’Ara, ξ_k → 0 ìtan k → ∞, dhladă x ∈ c_0. □ Prìtash 2.2.4 O qÿroc ℓ_p, 1 ≤ p < +∞, eÐnai plărhc.

Apìdeixh: Ja mimhjoÔme thn apìdeixh thc Prìtashc 2.2.1. ’Estw (x_n) akoloujÐa Cauchy ston ℓ_p. GrĹfoume x_n = (ξ_{nk}) = (ξ_{n1}, . . . , ξ_{nk}, . . .), ξ_{nk} ∈ R.

’Estw ε > 0. H (x_n) eÐnai Cauchy, epomènwc upĹrqei n_0(ε) ∈ N me thn idiìthta

(∗) n, s ≥ n_0 =⇒ (_∞ ∑ k=1 |ξ_{nk} − ξ_{sk}|^p )_{1/p} < ε. ’Ara, gia kĹje n, s ≥ n_0 kai kĹje k ∈ N èqoume

|ξ_{nk} − ξ_{sk} | ≤ (_∞ ∑ k=1 |ξ_{nk} − ξ_{sk} |^p )_{1/p} < ε. Dhladă, gia kĹje k ∈ N h akoloujÐa (ξ_{nk}) eÐnai Cauchy (wc proc n) sto R. Apì thn plhrìthta tou R, upĹrqoun ξ_1, . . . , ξ_k, . . . ∈ R tètoioi ÿste ξ_{n1} → ξ_1 , . . . , ξ_{nk} → ξ_k, . . . kajÿc n → ∞. OrÐzoume x = (ξ_1, . . . , ξ_k, . . .). Prèpei prÿta na deÐxoume ìti x ∈ ℓ_p.

KratĹme N ∈ N stajerì, kai apì thn (∗) èqoume

∀n, s ≥ m_0, (_N ∑ k=1 |ξ_{nk} − ξ_{sk}|^p )_{1/p} < ε, kai (_N ∑ k=1 |ξ_{nk} − ξ_{sk} |^p )_{1/p} → (_N ∑ k=1 |ξ_{nk} − ξ_k |^p )_{1/p}

kajÿc s → ∞, opìte

∀n ≥ n_0, (_N ∑ k=1 |ξ_{nk} − ξ_k|^p )_{1/p} ≤ ε, kai afănontac to N → ∞ paÐrnoume

(∗∗) ∀n ≥ n_0, (_∞ ∑ k=1 |ξ_{nk} − ξ_k|^p )_{1/p} ≤ ε. Dhladă, p.q. gia n = n_0, h (ξ_{nk} − ξ_k ) ∈ ℓ_p, kai afoÔ (ξ_{nk}) ∈ ℓ_p, apì thn anisìthta tou Minkowski blèpoume ìti x = (ξ_k) = ((ξ_k − ξ_{nk} ) + ξ_{nk} ) ∈ ℓ_p.

Epiplèon, h (∗∗) eÐnai isodÔnamh me thn ∀n ≥ n_0, d(x, x_n) ≤ ε, apfl ìpou sumperaÐnoume ìti x_n → x. □ KleÐnoume aută thn parĹgrafo me merikĹ shmantikĹ paradeÐgmata metrikÿn qÿrwn pou den eÐnai plăreic:

(a) JewroÔme to sÔnolo Q twn rhtÿn arijmÿn, me metrikă thn d(x, y) = |x − y|. O (Q, d) den eÐnai plărhc: eÐnai upìqwroc thc pragmatikăc eujeÐac, ki an ătan plărhc ja èprepe na eÐnai kleistì uposÔnolo tou R. ’Omwc, Q = R.

(b) JewroÔme to qÿro C[a, b] twn suneqÿn sunartăsewn f : [a, b] → R, me metrikă thn d(f, g) = max_{t∈[a,b]} |f(t) − g(t)|.

O (C[a, b], d) eÐnai plărhc metrikìc qÿroc (Ĺskhsh). JewroÔme ton upìqwro X tou C[a, b] pou apoteleÐtai apì ta poluÿnuma p : [a, b] → R. Apì to Jeÿrhma tou Weierstrass, gia kĹje f ∈ C[a, b] kai kĹje ε > 0, mporoÔme na broÔme poluÿnumo p ∈ X tètoio ÿste d(f, p) = max_{t∈[a,b]} |f(t) − p(t)| < ε.

Dhladă, X = C[a, b] ≠ X (upĹrqoun suneqeÐc f pou den eÐnai poluÿnuma). ’Ara, o X den eÐnai kleistì uposÔnolo tou C[a, b], kai apì thn Prìtash 2.1.5 sumperaÐnoume ìti o X den eÐnai plărhc.

Ta paradeÐgmata (a) kai (b) eÐnai katĹ kĹpoion trìpo {teqnhtĹ}: xekinăsame me ènan plărh qÿro (thn pragmatikă eujeÐa ă to qÿro twn suneqÿn sunartăsewn sto [a, b]), kai părame èna gnăsio puknì uposÔnolì tou (touc rhtoÔc ă ta poluÿnuma) san upìqwrì tou, me thn epagìmenh dhladă metrikă. AfoÔ o upìqwrìc mac den eÐnai kleistìc, den mporeÐ na eÐnai plărhc metrikìc qÿroc. Ac doÔme ki èna pio ousiastikì parĹdeigma:

(g) JewroÔme to qÿro X twn suneqÿn sunartăsewn f : [0, 1] → R, tÿra ìmwc me mia Ĺllh metrikă: d(f, g) = ∫_1 0 |f(t) − g(t)|dt.

EÔkola elègqoume ìti h d ikanopoieÐ ta axiÿmata (M1)−(M4).

O (X, d) den eÐnai plărhc: OrÐzoume mia akoloujÐa suneqÿn sunartăsewn (f_n), n ≥ 3, ston X wc exăc:

f_n(t) =

0 , 0 ≤ t ≤^1_2 , n ( t −^1_2 ) ,^1_2 < t < a_n =^1_2 +^1_n ,

1 , a_n ≤ t ≤ 1.

(1) H (f_n) eÐnai akoloujÐa Cauchy wc proc thn d: èstw n > m. Tìte,

a_m = 1 2 + 1 m > 1 2 + 1 n = a_n, kai (blèpe Sqăma),

d(f_n, f_m) =

∫_{1/2} 0 |f_n − f_m| + ∫_{am} 1/2 |f_n − f_m| + ∫_1 a_m |f_n − f_m| = ∫_{am} 1/2 |f_n − f_m| ≤ a_m − 1 2 = 1 m . ’Estw tÿra ε > 0. UpĹrqei n_0 ∈ N me^1_{n0} < ε, kai an n, m ≥ n_0, tìte d(f_n, f_m) ≤ 1 m ≤ 1 n_0 < ε, dhladă, h (f_n) eÐnai Cauchy.

(2) Ac upojèsoume ìti f_n → f (wc proc thn d) gia kĹpoia suneqă f : [0, 1] → R. Dhladă, ∫_1 0 |f_n(t) − f(t)|dt → 0 kajÿc n → ∞. Eidikìtera, 0 ≤ ∫_{1/2} 0 |f(t)|dt = ∫_{1/2} 0 |f_n(t) − f(t)|dt ≤ ∫_1 0 |f_n(t) − f(t)|dt → 0, kai afoÔ h f eÐnai suneqăc sto [0, 1], prèpei na isqÔei f(t) = 0, t ∈ [0, 1/2].

’Estw tÿra δ ∈ (1/2, 1). UpĹrqei n_0 ∈ N tètoio ÿste^1_2 +^1_n < δ gia kĹje n ≥ n_0. Tìte, gia kĹje n ≥ n_0 èqoume f_n(t) = 1, t ∈ [δ, 1].

’Omwc, 0 ≤ ∫_1 δ |f_n(t) − f(t)|dt ≤ ∫_1 0 |f_n(t) − f(t)|dt → 0, Ĺra ∫_1 δ |1 − f(t)|dt = 0 (giatÐ?). Apì th sunèqeia thc f, sumperaÐnoume ìti f(t) = 1 gia kĹje t ∈ [δ, 1], kai afoÔ to δ ătan tuqìn sto (1/2, 1), èpetai ìti f(t) = 1 gia kĹje t ∈ (1/2, 1]. ’Epetai ìti h f eÐnai asuneqăc sto shmeÐo t_0 = 1/2, to opoÐo eÐnai Ĺtopo afoÔ h f upotèjhke suneqăc sto [0, 1].

Brăkame akoloujÐa Cauchy (f_n) ston X, h opoÐa den sugklÐnei (wc proc thn d) se stoiqeÐo tou X. ’Ara, o (X, d) den eÐnai plărhc. □

2.3 Plărwsh metrikoÔ qÿrou*

To sÔnolo Q twn rhtÿn arijmÿn me th sunăjh metrikă d(x, y) = |x − y| den eÐnai plărhc metrikìc qÿroc. {ProsjètontĹc} tou ìmwc kĹpoia shmeÐa, paÐrnoume thn plărh pragmatikă eujeÐa R. To R eÐnai h {plărwsh} tou Q. To R\Q apoteleÐtai akribÿc apì ta ìria ekeÐnwn twn akoloujiÿn Cauchy sto Q pou den sugklÐnoun sto R (ta ìria pou {leÐpoun}).

Ja doÔme (en suntomÐa) me poiìn trìpo kĹje metrikìc qÿroc X mporeÐ na {gÐnei} puknìc mèsa se ènan plărh metrikì qÿro X̂ (o opoÐoc eÐnai me mia ènnoia monadikìc kai lègetai plărwsh tou X). H diadikasÐa thc plărwshc basÐzetai akribÿc sto montèlo {Q → R}.

Orismìc ’Estw (X, d) kai (Y, ρ) dÔo metrikoÐ qÿroi. Mia apeikìnish T : (X, d) → (Y, ρ) lègetai isometrÐa an diathreÐ tic apostĹseic. Dhladă, an gia kĹje x_1, x_2 ∈ X isqÔei ρ(T (x_1), T (x_2)) = d(x_1, x_2).

Parathrăste ìti mia isometrÐa eÐnai pĹnta èna proc èna: an T (x_1) = T (x_2), tìte

0 = ρ(T (x_1), T (x_2)) = d(x_1, x_2) =⇒ x_1 = x_2.

DÔo metrikoÐ qÿroi X kai Y lègontai isometrikoÐ an upĹrqei T : X → Y isometrÐa epÐ. DÔo isometrikoÐ qÿroi ousiastikĹ tautÐzontai, afoÔ ta shmeÐa touc brÐskontai se antistoiqÐa èna proc èna kai oi apostĹseic diathroÔntai.

Jeÿrhma 2.3.1 ’Estw (X, d) metrikìc qÿroc. UpĹrqei plărhc metrikìc qÿroc (X̂, d̂) o opoÐoc èqei puknì upìqwro W pou eÐnai isometrikìc me ton (X, d).

Idèa thc apìdeixhc: FantasteÐte ton X san mh plărh qÿro, ìpwc sto Sqăma (kai èqete sto mualì sac to Q). UpĹrqoun akoloujÐec Cauchy ston X pou den èqoun ìrio ston X (p.q. h (x_n) pou katalăgei sto kenì: de {brÐskei} to ìriì thc mèsa sto qÿro). ’Allec, ìpwc h (y_n), sugklÐnoun se kĹpoio y ∈ X.

(1) OrÐzoume mia sqèsh isodunamÐac ∼ sto sÔnolo twn akoloujiÿn Cauchy tou X: (x_n) ∼ (x^′_n) ⇐⇒ d(x_n, x^′_n) → 0. AkoloujÐec, ìpwc h (y_n), pou sugklÐnoun se y ∈ X eÐnai isodÔnamec me stajerèc akoloujÐec: y_n → y ∈ X ⇐⇒ (y_n) ∼ (y, y, . . .). JewroÔme to sÔnolo X̂ twn klĹsewn isodunamÐac thc ∼ (prèpei bèbaia prÿta na deÐxete ìti h ∼ eÐnai sqèsh isodunamÐac).

(2) O X mporeÐ na jewrhjeÐ san uposÔnolo tou X̂: an y ∈ X, sto y antistoiqeÐ fusiologikĹ h stajeră akoloujÐa Cauchy (y, y, . . .), kajÿc kai h klĹsh thc, pou eÐnai stoiqeÐo tou X̂.

An y ≠ y^′ ston X, tìte den mporeÐ na isqÔei (y, y, . . .) ∼ (y^′, y^′, . . .) (giatÐ?) ’Ara, diaforetikĹ shmeÐa tou X orÐzoun diaforetikèc klĹseic ston X̂.

(3) SumbolÐzoume ta stoiqeÐa tou X̂ me x̂, ŷ, . . ..

(4) Pwc orÐzoume metrikă d̂ ston X̂? ’Estw x̂, ŷ ∈ X̂. JewroÔme tuqìntec antiprosÿpouc (x_n) ∈ X̂, (y_n) ∈ Ŷ , kai jètoume d̂(x̂, ŷ) = lim_{n→∞} d(x_n, y_n). Prèpei prÿta na deÐxoume ìti autì to ìrio upĹrqei. JumhjeÐte ìti oi (x_n), (y_n) eÐnai akoloujÐec Cauchy: apì thn trigwnikă anisìthta, |d(x_n, y_n) − d(x_m, y_m)| ≤ d(x_n, x_m) + d(y_n, y_m) → 0 kajÿc n, m → ∞. ’Ara, h (d(x_n, y_n)) eÐnai Cauchy sto R, kai èqei ìrio.

Prèpei akìma na deÐxoume ìti h epilogă twn antiprosÿpwn (x_n) ∈ x̂ kai (y_n) ∈ ŷ den èqei shmasÐa, kai ìti h d̂ ikanopoieÐ ta axiÿmata thc metrikăc (’Askhsh). ’Etsi, orÐsthke o (X̂, d̂).

(5) OrÐzoume W = {b̂ : b ∈ X}, ìpou b̂, b ∈ X, eÐnai h klĹsh thc stajerăc akoloujÐac (b, b, . . .).

Parathrăste ìti d̂(b̂_1, b̂_2) = lim_{n→∞} d(b_1, b_2) = d(b_1, b_2) an b_1, b_2 ∈ X. Dhladă, h T : (X, d) → (W, d̂) me b → b̂ eÐnai isometrÐa epÐ.

(6) Tèloc, deÐqnoume ìti o (X̂, d̂) eÐnai plărhc, kai ìti W = X̂ (’Askhsh).

(7) An (X̃, d̃) eÐnai ènac Ĺlloc plărhc metrikìc qÿroc pou èqei puknì upìqwro isometrikì me ton (X, d), tìte apodeiknÔetai ìti oi (X̂, d̂) kai (X̃, d̃) eÐnai isometrikoÐ. Dhladă, h plărwsh tou (X, d) gÐnetai {katĹ monadikì trìpo}.

Den ja qrhsimopoiăsoume to apotèlesma pou perigrĹyame. Gia mia leptomeră apìdeixh, deÐte p.q. to biblÐo tou E. Kreyszig.

2.4 To Jeÿrhma tou Baire

Skopìc mac eÐnai na apodeÐxoume to jeÿrhma tou Baire sthn akìloujh morfă:

Jeÿrhma 2.4.1 ’Estw (X, d) plărhc metrikìc qÿroc. An (F_n) eÐnai mia akoloujÐa kleistÿn uposunìlwn tou X tètoia ÿste X = ⋃_∞ n=1 F_n, tìte toulĹqiston èna apì ta F_n èqei mh kenì eswterikì.

Orismìc. ’Estw (X, d) metrikìc qÿroc, kai èstw ∅ ≠ A ⊆ X. H diĹmetroc tou A orÐzetai apì thn diam(A) := sup{d(x, y)|x, y ∈ A}. Parathrhseic.

(i) 0 ≤ diam(A) ≤ +∞.

(ii) diam(A) < +∞ ⇔ to A eÐnai fragmèno. (iii) diam(A) = diam(A).

Gia thn apìdeixh tou Jewrămatoc tou Baire ja qreiastoÔme ton exăc qarakthrismì tou plărouc metrikoÔ qÿrou (Cantor):

Jeÿrhma 2.4.2 ’Estw (X, d) metrikìc qÿroc. O X eÐnai plărhc an kai mìno an gia kĹje fjÐnousa akoloujÐa F_1 ⊇ F_2 ⊇ . . . ⊇ F_n ⊇ . . . kleistÿn mh kenÿn uposunìlwn tou X me diam(F_n) → 0, upĹrqei x ∈ X tètoio ÿste ⋂_∞ n=1 F_n = {x}. Apìdeixh: (⇒) ArkeÐ na deÐxoume ìti ⋂_∞ n=1 F_n ≠ ∅. GiatÐ, an x, y ∈ ⋂_∞ n=1 F_n tìte

0 ≤ d(x, y) ≤ diam(F_n) → 0,

dhladă d(x, y) = 0, Ĺra x = y. An loipìn to ⋂_∞ n=1 F_n eÐnai mh kenì, tìte ja eÐnai monosÔnolo.

Gia na deÐxoume ìti to ⋂_∞ n=1 F_n eÐnai mh kenì, douleÔoume wc exăc: afoÔ kĹje F_n ≠ ∅, mporoÔme na epilèxoume x_n ∈ F_n, n ∈ N.

Isqurismìc. H (x_n) eÐnai akoloujÐa Cauchy ston X.

Apìdeixh: ’Estw ε > 0. AfoÔ diam(F_n) → 0, upĹrqei n_0 ∈ N tètoioc ÿste: gia kĹje n ≥ n_0, diam(F_n) < ε. An n > m ≥ n_0, tìte x_n, x_m ∈ F_m (h (F_n) eÐnai fjÐnousa), Ĺra d(x_n, x_m) ≤ diam(F_m) < ε. □ O X eÐnai plărhc kai h (x_n) eÐnai akoloujÐa Cauchy, Ĺra upĹrqei x ∈ X me x_n → x. Ja deÐxoume ìti x ∈ ⋂_∞ n=1 F_n:

’Estw m ∈ N. ’Eqoume x_m, x_{m+1}, x_{m+2}, . . . ∈ F_m kai x_n → x, Ĺra x ∈ F_m = F_m. AfoÔ to m ătan tuqìn, x ∈ ⋂_∞ m=1 F_m.

(⇐) ’Estw (x_n) akoloujÐa Cauchy ston X. OrÐzoume: F^′_n = {x_n, x_{n+1}, . . .} = {x_m : m ≥ n}, kai F_n = F^′_n. AfoÔ h (F^′_n) eÐnai fjÐnousa akoloujÐa mh kenÿn sunìlwn, h (F_n) eÐnai fjÐnousa akoloujÐa kleistÿn mh kenÿn sunìlwn.

Isqurismìc. diam(F_n) → 0.

Apìdeixh: ’Estw ε > 0. H (x_n) eÐnai akoloujÐa Cauchy, Ĺra upĹrqei n_0 ∈ N tètoioc ÿste: gia kĹje n, m ≥ n_0, d(x_n, x_m) < ε. An loipìn n ≥ n_0, tìte gia kĹje x, y ∈ F^′_n isqÔei d(x, y) < ε (giatÐ?) epomènwc

diam(F_n) = diam(F^′_n) ≤ ε. □

Apì ton isqurismì kai thn upìjesă mac, èpetai ìti ⋂_∞ n=1 F_n = {x} gia kĹpoio x ∈ X. Tìte, 0 ≤ d(x_n, x) ≤ diam(F_n) → 0,

dhladă x_n → x. ’Ara, o X eÐnai plărhc. □

Paratărhsh. H upìjesh diam(F_n) → 0 den eÐnai perittă. PĹrte F_n = [n, +∞), n ∈ N. KĹje F_n eÐnai kleistì uposÔnolo tou R, kai F_1 ⊇ F_2 ⊇ . . . ⊇ F_n ⊇ . . ., ìmwc ⋂_∞ n=1 F_n = ∅ (giatÐ?).

Prin dÿsoume thn apìdeixh tou Jewrămatoc tou Baire ac doÔme mia kĹpwc aploÔsterh prìtash:

Prìtash 2.4.1 ’Estw (X, d) metrikìc qÿroc, kai G_1, G_2 anoiqtĹ puknĹ uposÔnola tou X. Tìte, to G_1 ∩ G_2 eÐnai (anoiqtì) puknì uposÔnolo tou X.

Apìdeixh: ’Estw D(x_0, r_0) anoiqtă mpĹla ston X. Jèloume na deÐxoume ìti

D(x_0, r_0) ∩ G_1 ∩ G_2 ≠ ∅.

To G_1 eÐnai puknì ston X, Ĺra upĹrqei x_1 ∈ D(x_0, r_0)∩G_1. To D(x_0, r_0)∩G_1 eÐnai anoiqtì, Ĺra to x_1 eÐnai eswterikì tou shmeÐo. Epomènwc, upĹrqei r_1 > 0 tètoioc ÿste D(x_1, r_1) ⊆ D(x_0, r_0) ∩ G_1.

’Omwc to G_2 eÐnai puknì, Ĺra upĹrqei

x_2 ∈ D(x_1, r_1) ∩ G_2 ⊆ D(x_0, r_0) ∩ G_1 ∩ G_2.

Dhladă, D(x_0, r_0) ∩ G_1 ∩ G_2 ≠ ∅. □

EÐnai fanerì ìti, epagwgikĹ, mporoÔme na deÐxoume ìti an G_1, . . . , G_m eÐnai anoiqtĹ puknĹ uposÔnola tou metrikoÔ qÿrou (X, d), tìte to Ðdio isqÔei kai gia thn tomă touc. An o (X, d) eÐnai plărhc, mporoÔme na deÐxoume kĹti parapĹnw (Baire):

Jeÿrhma 2.4.3 ’Estw (X, d) plărhc metrikìc qÿroc. An (G_n) eÐnai mia akoloujÐa anoiqtÿn puknÿn uposunìlwn tou X, tìte to ⋂_∞ n=1 G_n eÐnai puknì uposÔnolo tou X. Apìdeixh: ’Estw D(x_0, r_0) anoiqtă mpĹla ston X. Jèloume na deÐxoume ìti

D(x_0, r_0) ∩ (_∞ ⋂ n=1 G_n ) ≠ ∅. AfoÔ to G_1 eÐnai puknì, upĹrqei x_1 ∈ D(x_0, r_0)∩G_1, ki afoÔ to D(x_0, r_0)∩G_1 eÐnai anoiqtì, upĹrqei r_1 > 0 (mporoÔme mĹlista na upojèsoume ìti r_1 ≤ 1, mikraÐnontĹc to an qreiasteÐ) ÿste D(x_1, r_1) ⊆ D(x_0, r_0) ∩ G_1.

(PĹrte prÿta katĹllhlh anoiqtă mpĹla me kèntro to x_1, kai metĹ, kleistă me mikrìterh aktÐna). To G_2 eÐnai puknì, Ĺra upĹrqei x_2 ∈ D(x_1, r_1) ∩ G_2, kai to D(x_1, r_1) ∩ G_2 eÐnai anoiqtì, epomènwc mporoÔme na broÔme 0 < r_2 ≤ 1/2 tètoio ÿste D(x_2, r_2) ⊆ D(x_1, r_1) ∩ G_2.

EpagwgikĹ, brÐskoume x_n ∈ X kai 0 < r_n ≤ 1/n, tètoia ÿste D(x_n, r_n) ⊆ D(x_{n−1}, r_{n−1}) ∩ G_n, n ∈ N. Apì thn kataskeuă,

D(x_1, r_1) ⊇ D(x_2, r_2) ⊇ . . . ⊇ D(x_n, r_n) ⊇ . . .

kai diam(D(x_n, r_n)) ≤ 2r_n → 0. O X eÐnai plărhc, opìte to Jeÿrhma tou Cantor mac exasfalÐzei ìti_∞ ⋂ n=1 D(x_n, r_n) = {x} gia kĹpoio x ∈ X. Tìte,

(i) x ∈ D(x_n, r_n) ⊆ D(x_{n−1}, r_{n−1}) ∩ G_n ⊆ G_n gia kĹje n ∈ N, dhladă x ∈ ⋂_∞ n=1 G_n.

(ii) x ∈ D(x_1, r_1) ⊆ D(x_0, r_0) ∩ G_1 ⊆ D(x_0, r_0).

Dhladă,

D(x_0, r_0) ∩ (_∞ ⋂ n=1 G_n ) ≠ ∅. □

To Jeÿrhma 2.4.1 eÐnai sunèpeia tou Jewrămatoc 2.4.3:

Apìdeixh tou Jewrămatoc 2.4.1: ’Estw (X, d) plărhc metrikìc qÿroc, kai (F_n) akoloujÐa kleistÿn uposunìlwn tou X, tètoia ÿste X = ⋃_∞ n=1 F_n.

Upojètoume ìti F^∘_n = ∅ gia kĹje n ∈ N. OrÐzoume G_n = X\F_n. KĹje G_n eÐnai anoiqtì, kai G_n = X\F_n = X\F^∘_n = X\∅ = X, dhladă kĹje G_n eÐnai anoiqtì kai puknì ston X. Apì to Jeÿrhma 2.4.3, ∞⋂ n=1 G_n ≠ ∅ =⇒ X\ ∞⋃ n=1 F_n ≠ ∅.

Autì antifĹskei proc thn upìjesh. ’Ara, toulĹqiston èna apì ta F_n èqei mh kenì eswterikì. □

To Jeÿrhma tou Baire ja paÐxei polÔ shmantikì rìlo sth melèth twn qÿrwn Banach. Gia thn ÿra, dÐnoume treÐc efarmogèc apì tic opoÐec gÐnetai faneră h isqÔc tou:

(1) To jeÿrhma tou Osgood (1897) ’Estw f_n : [0, 1] → R, n ∈ N, suneqeÐc sunartăseic. Upojètoume ìti gia kĹje t ∈ [0, 1] h akoloujÐa (f_n(t)) eÐnai fragmènh. Tìte, upĹrqoun [a, b] ⊆ [0, 1] kai M > 0 tètoia ÿste ∀t ∈ [a, b] ∀n ∈ N, |f_n(t)| ≤ M. (Dhladă, h (f_n) eÐnai omoiìmorfa fragmènh sto [a, b].)

’Ena parĹdeigma prin apì thn apìdeixh: pĹrte san f_n thn sunĹrthsh sto sqăma. EÔkola elègqoume ìti gia kĹje t ∈ [0, 1], f_n(t) → 0 kajÿc n → ∞. ’Ara, h

(f_n(t))_{n∈N} eÐnai fragmènh gia kĹje t.

H (f_n) den eÐnai omoiìmorfa fragmènh sto [0, 1], giatÐ max_{t∈[0,1]} |f_n(t)| = n → ∞. ’Omwc h (f_n) eÐnai omoiìmorfa fragmènh p.q. sto [^1_2 , 1], giatÐ f_n ≡ 0 sto [^1_2 , 1] an n ≥ 2, kai |f_1(t)| ≤ 1 sto [^1_2 , 1]. Dhladă, ∀t ∈ [1/2, 1] ∀n ∈ N, |f_n(t)| ≤ 1. Apìdeixh tou jewrămatoc: Gia kĹje m ∈ N orÐzoume A_m = {t ∈ [0, 1] : ∀n ∈ N, |f_n(t)| ≤ m}. (a) KĹje A_m eÐnai kleistì: an t_k ∈ A_m kai t_k → t, tìte ∀n ∈ N, |f_n(t_k)| ≤ m kai, apì thn sunèqeia twn f_n èqoume f_n(t_k) → f_n(t) kajÿc k → ∞, Ĺra ∀n ∈ N, |f_n(t)| ≤ m, dhladă t ∈ A_m. (b) [0, 1] = ⋃_∞ m=1 A_m: ’Estw t ∈ [0, 1]. Apì thn upìjesh, h (f_n(t)) eÐnai fragmènh, dhladă upĹrqei M_t > 0 tètoioc ÿste, gia kĹje n ∈ N, |f_n(t)| ≤ M_t. UpĹrqei m = m(t) ∈ N me m ≥ M_t, kai gifl autì to m èqoume t ∈ A_m.

(g) O [0, 1] eÐnai plărhc metrikìc qÿroc, opìte to Jeÿrhma tou Baire mac exasfalÐzei ìti kĹpoio A_{m0} èqei mh kenì eswterikì, dhladă upĹrqei diĹsthma [a, b] ⊆ A_{m0} . ’Omwc tìte, h (f_n) eÐnai omoiìmorfa fragmènh sto [a, b]: ∀t ∈ [a, b] ∀n ∈ N, |f_n(t)| ≤ m_0. □

(2) Prìtash. ’Estw f : [1, ∞) → R suneqăc sunĹrthsh me thn idiìthta: ∀x ≥ 1, lim_{n→∞} f(nx) = 0. Tìte, f(y) → 0 kajÿc y → ∞.

Apìdeixh: ’Estw ε > 0. OrÐzoume A_m = {x ≥ 1 : ∀n ≥ m |f(nx)| ≤ ε}. (a) KĹje A_m eÐnai kleistì: an x_k ∈ A_m kai x_k → x, tìte gia kĹje n ≥ m, apì thn sunèqeia thc f sto nx, |f(nx)| = lim_{k→∞} |f(nx_k)| ≤ ε. ’Ara, x ∈ A_m. (b) [1, ∞) = ⋃_∞ m=1 A_m: ’Estw x ≥ 1. Apì thn upìjesh, f(nx) → 0. ’Ara, upĹrqei m_0 ∈ N tètoioc ÿste, gia kĹje n ≥ m_0, |f(nx)| ≤ ε. Dhladă, x ∈ A_{m0} . (g) O [1, ∞) eÐnai plărhc metrikìc qÿroc (kleistì uposÔnolo thc pragmatikăc eujeÐac). Apì to Jeÿrhma tou Baire, kĹpoio A_m èqei mh kenì eswterikì. Dhladă, upĹrqoun m ∈ N kai [γ, δ] ⊆ A_m. ParathroÔme ta exăc:

1. An x ∈ [γ, δ], tìte |f(nx)| ≤ ε gia kĹje n ≥ m. Dhladă, |f(y)| ≤ ε gia kĹje (∗) y ∈ [mγ, mδ] ∪ [(m + 1)γ, (m + 1)δ] ∪ . . . 2. UpĹrqei k ≥ m tètoioc ÿste, gia kĹje s ≥ k, sδ > (s + 1)γ (arkeÐ na dialèxoume k > γ/(δ − γ).) Tìte, [kγ, kδ] ∪ [(k + 1)γ, (k + 1)δ] ∪ . . . = [kγ, ∞). Apì thn (∗) èpetai ìti, gia kĹje y ≥ kγ, |f(y)| ≤ ε.

Gia tuqìn ε > 0 brăkame M(= kγ) > 0 tètoion ÿste |f(y)| ≤ ε gia kĹje y ≥ M. ’Ara, lim_{y→∞} f(y) = 0. □ (3) Prìtash. JewroÔme to qÿro C[0, 1] twn suneqÿn sunartăsewn sto [0, 1], me metrikă thn d(f, g) = max_{t∈[0,1]} |f(t) − g(t)|. To sÔnolo M twn f ∈ C[0, 1] pou den èqoun parĹgwgo se kanèna shmeÐo tou [0, 1] eÐnai puknì ston C[0, 1]. Ja qrhsimopoiăsoume to Jeÿrhma tou Baire kai to exăc Lămma: Lămma 2.4.1 Gia kĹje suneqă f : [0, 1] → R kai kĹje ε > 0, mporoÔme na broÔme g : [0, 1] → R suneqă kai katĹ tmămata grammikă, me thn idiìthta d(f, g) < ε. [H g lègetai katĹ tmămata grammikă an upĹrqei diamèrish P = {0 = t_0 < t_1 < . . . < t_N = 1} tètoia ÿste h g na eÐnai grammikă se kĹje (t_{i−1}, t_i), i = 1, . . . , N.]

Apìdeixh: Ja qrhsimopoiăsoume thn omoiìmorfh sunèqeia thc f: Gia to dosmèno ε > 0 upĹrqei δ > 0 tètoioc ÿste: an t, s ∈ [0, 1] kai |t − s| < δ tìte |f(s) − f(t)| < ε/2.

BrÐskoume fusikì arijmì N pou ikanopoieÐ thn 1/N < δ, kai qwrÐzoume to

[0, 1] se N Ðsa tmămata. PaÐrnoume dhladă th diamèrish P = { 0,^1_N , . . . ,^{N−1}_N , 1 } . OrÐzoume g ètsi ÿste na eÐnai grammikă se kĹje [_{i−1} N ,^i_N ] , i = 1, . . . , N, kai sta

Ĺkra kĹje upodiastămatoc na sumpÐptei me thn f: g(i/N) = f(i/N), i = 0, 1, . . . , N. ’Estw t ∈ [0, 1]. UpĹrqei deÐkthc 1 ≤ i ≤ N tètoioc ÿste^{i−1}_N ≤ t ≤^i_N . Tìte, (∗) |f(t) − g(t)| ≤ |f(t) − f(i/N)| + |f(i/N) − g(t)|. ’Omwc, | | |t − i N | | | < δ =⇒ | |f(t) − f(i/N) | | < ε 2 , kai, apì th grammikìthta thc g sto [^{i−1}_N ,^i_N ] kai to gegonìc ìti |^i_N −^{i−1}_N | =^1_N < δ,

blèpoume ìti | | | |f ( i N ) − g(t) | | | | = | | | |g ( i N ) − g(t) | | | | ≤ | | | |g ( i N ) − g ( i − 1 N ) | | | | = | | | |f ( i N ) − f ( i − 1 N ) | | | | < ε 2 . Epistrèfontac sthn (∗), blèpoume ìti |f(t) − g(t)| <^ε_2 +^ε_2 = ε. AfoÔ to t ătan tuqìn, d(f, g) < ε. □ Gia kĹje n ∈ N jewroÔme to sÔnolo

D_n = { f ∈ C[0, 1] : ∀t ∈ [0, 1] ∃y ∈ ( t − 1 n , t + 1 n ) ∩ (0, 1) : |f(y) − f(t)| > n|y − t| } .

Isqurismìc. KĹje f ∈ ⋂_∞ n=1 D_n eÐnai suneqăc, poujenĹ paragwgÐsimh sunĹrthsh.

Apìdeixh: ’Estw f ∈ ⋂ n D_n. Gia kĹje t ∈ [0, 1] kai kĹje n ∈ N, upĹrqei y_n =

y_n(t) ∈ (0, 1) tètoio ÿste |t − y_n| <^1_n kai |f(y_n) − f(t)| > n|y_n − t|. AfoÔ y_n ≠ t,

y_n → t, kai lim_{n→∞} | | f(y^n) − f(t) y_n − t | | = ∞, den upĹrqei h f^′(t).

ArkeÐ loipìn na deÐxoume ìti to ⋂ n D_n eÐnai puknì ston C[0, 1], kai, sÔmfwna

me to Jeÿrhma tou Baire, arkeÐ na deÐxoume ìti kĹje D_n eÐnai anoiqtì kai puknì.

Isqurismìc. KĹje D_n eÐnai anoiqtì uposÔnolo tou C[0, 1].

Apìdeixh: EÐnai pio eÔkolo na deÐxoume ìti to sumplărwma D^c_n tou D_n eÐnai

kleistì. ’Estw f_k ∈ D^c_n kai f_k → f wc proc thn d (autì shmaÐnei ìti h sÔgklish

eÐnai omoiìmorfh - giatÐ?)

AfoÔ f_k ∈ D^c_n, upĹrqei t_k ∈ [0, 1] tètoio ÿste, gia kĹje y ∈ (0, 1) me |y − t_k| < 1/n na isqÔei |f(y) − f(t_k)| ≤ n|y − t_k|.

AfoÔ t_k ∈ [0, 1], upĹrqoun t ∈ [0, 1] kai upakoloujÐa (t_{km} ) thc (t_k) me t_{km} → t. Ja deÐxoume ìti an y ∈ (0, 1) kai |y − t| < 1/n, tìte |f(y) − f(t)| ≤ n|y − t| (opìte, f ∈ D^c_n.) ’Estw ε > 0 kai y ∈ (0, 1) me |y − t| < 1/n. ParathroÔme ta exăc:

(i) An y_{km} = y + (t_{km} − t), tìte y_{km} → y. ’Ara, gia megĹla m èqoume y_{km} ∈ (0, 1) kai |y_{km} − t_{km} | = |y − t| < 1/n. Opìte, | |f_{km} (y_{km} ) − f_{km} (t_{km} ) | | ≤ n|y − t|. (ii) H f eÐnai omoiìmorfa suneqăc kai t_{km} → t. EpÐshc, y_{km} − y = t_{km} − t → 0. ’Ara, gia megĹla m isqÔoun oi |f(t) − f(t_{km} )| < ε , |f(y) − f(y_{km} )| < ε. (iii) PĹli gia megĹla m, d(f_{km} , f) < ε (afoÔ f_{km} → f.)

PaÐrnoume m tìso megĹlo pou na ikanopoioÔntai ta (i), (ii) kai (iii), kai grĹfoume |f(y) − f(t)| ≤ |f(y) − f(y_{km} )| + |f(y_{km} ) − f_{km} (y_{km} )| + |f_{km} (y_{km} ) − f_{km} (t_{km} )| + |f_{km} (t_{km} ) − f(t_{km} )| + |f(t_{km} ) − f(t)| < ε + d(f, f_{km} ) + n|y − t| + d(f_{km} , f) + ε < n|y − t| + 4ε. To ε > 0 ătan tuqìn, Ĺra |f(y)−f(t)| ≤ n|y−t|. Autì isqÔei gia to tuqìn y ∈ (0, 1) me |y − t| < 1/n, Ĺra f ∈ D^c_n. □ Isqurismìc. KĹje D_n eÐnai puknì uposÔnolo tou C[0, 1].

Apìdeixh: ’Estw f ∈ C[0, 1] kai èstw ε > 0. Apì to Lămma, upĹrqei g : [0, 1] → R suneqăc, katĹ tmămata grammikă, tètoia ÿste d(f, g) < ε/2. Epomènwc, arkeÐ na broÔme h ∈ D_n tètoia ÿste d(g, h) < ε/2.

H g eÐnai katĹ tmămata grammikă, dhladă upĹrqoun 0 = t_0 < t_1 < . . . < t_N = 1 tètoia ÿste h g na eÐnai grammikă se kĹje (t_{i−1}, t_i). ’Estw l_i h klÐsh thc g sto (t_{i−1}, t_i).

OrÐzoume mia mikră {odontwtă} sunĹrthsh w : [0, 1] → R tètoia ÿste: 0 ≤ w(t) < ε/2 sto [0, 1], kai oi klÐseic thc w eÐnai (katfl apìluth timă Ðsec kai) megalÔterec apì n + max{|l_j | : j = 1, . . . , N}. Jètoume h = g + w, opìte d(g, h) = max_{t∈[0,1]} |w(t)| < ε 2 .

Ja deÐxoume ìti h ∈ D_n: ’Estw t ∈ [0, 1]. UpĹrqei deÐkthc i ≤ N gia ton opoÐo t ∈ [t_{i−1}, t_i]. Epilègoume |s| < 1/n tìso mikrì ÿste sto diĹsthma me Ĺkra ta t, t+s oi g kai w na eÐnai kai oi dÔo grammikèc (to s mporeÐ na eÐnai jetikì ă arnhtikì). An y eÐnai èna shmeÐo tou anoiqtoÔ diastămatoc me Ĺkra t, t + s, èqoume y ∈ (0, 1), |y − t| < 1/n, kai |h(y) − h(t)| ≥ |w(y) − w(t)| − |g(y) − g(t)| > ( n + max_j |l_j | ) |y − t| − |l_i||y − t| = n|y − t|. ’Ara, h ∈ D_n. □

2.5 Askăseic

1. ’Estw (x_n) fragmènh akoloujÐa ston (X, d). EÐnai h (x_n) Cauchy? SugklÐnei? 2. ’Estw (x_n) kai (y_n) dÔo akoloujÐec Cauchy sto metrikì qÿro (X, d). DeÐxte ìti h akoloujÐa pragmatikÿn arijmÿn a_n = d(x_n, y_n) sugklÐnei. 3. JewroÔme dÔo metrikèc d_1 kai d_2 sto Ðdio sÔnolo X. Upojètoume ìti upĹrqoun a, b > 0 tètoioi ÿste: gia kĹje x, y ∈ X, ad_1(x, y) ≤ d_2(x, y) ≤ bd_1(x, y). DeÐxte ìti mia akoloujÐa (x_n) ston X eÐnai Cauchy ston (X, d_1) an kai mìno an eÐnai Cauchy ston (X, d_2).

4. ’Estw (x_n) akoloujÐa se èna metrikì qÿro (X, d), tètoia ÿste ∞∑ n=1 d(x_n, x_{n+1}) < +∞. DeÐxte ìti h (x_n) eÐnai Cauchy.

5. ’Estw (X, d) metrikìc qÿroc. An kĹje kleistă mpĹla B(x, r) tou X eÐnai plărhc metrikìc qÿroc wc proc thn epagìmenh metrikă, tìte o X eÐnai plărhc. 6. ’Estw (X, d) metrikìc qÿroc, kai M puknì uposÔnolo tou X. An kĹje akoloujÐa Cauchy stoiqeÐwn tou M sugklÐnei ston X, tìte o X eÐnai plărhc. 7. JewroÔme to sÔnolo Z twn akeraÐwn me metrikă thn d(m, n) = |m − n|. DeÐxte ìti o (Z, d) eÐnai plărhc metrikìc qÿroc.

8. JewroÔme to sÔnolo N twn fusikÿn me metrikă thn d(m, n) = |^1_m −^1_n |. DeÐxte ìti o (X, d) den eÐnai plărhc metrikìc qÿroc.

9. ’Estw U mh kenì, anoiqtì uposÔnolo tou R. OrÐzoume th sunĹrthsh ρ(x, y) = |x − y| + | | | | 1 d(x, U^c) − 1 d(y, U^c) | | | | sto U × U. DeÐxte ìti o (U, ρ) eÐnai plărhc metrikìc qÿroc.

10. (a) DeÐxte ìti o qÿroc C[a, b] twn suneqÿn sunartăsewn f : [a, b] → R me metrikă thn d(f, g) = max_{t∈[a,b]} |f(t) − g(t)| eÐnai plărhc.

[DeÐxte prÿta ìti d(f_n, f) → 0 an kai mìno an f_n → f omoiìmorfa.]

11. ’Estw c_{00} ⊆ ℓ_∞ o upìqwroc pou apoteleÐtai apì ìlec tic akoloujÐec x = (ξ_k) twn opoÐwn oi ìroi eÐnai telikĹ mhdèn. Dhladă, x ∈ c_{00} an kai mìno an upĹrqei n_x ∈ N tètoioc ÿste ξ_k = 0 gia kĹje k ≥ n_x.

DeÐxte ìti o c_{00} den eÐnai plărhc.

12. JewroÔme to R me metrikă thn d(x, y) = | arctan x − arctan y|. DeÐxte ìti h d eÐnai metrikă, allĹ o (R, d) den eÐnai plărhc.

13. JewroÔme ton upìqwro Y tou C[a, b] pou apoteleÐtai apì ìlec tic suneqeÐc f : [a, b] → R me f(a) = f(b). DeÐxte ìti o Y eÐnai plărhc.

14. DeÐxte ìti kĹje mh kenì sÔnolo X me th diakrită metrikă gÐnetai plărhc metrikìc qÿroc.

15. JewroÔme ton C[a, b] me metrikă thn d(f, g) =

∫_1 0 |f − g|. DeÐxte ìti h (f_n) me

f_n(t) = n , 0 ≤ t ≤^1_{n2} , 1√ t ,^1_{n2} ≤ t ≤ 1,

eÐnai akoloujÐa Cauchy, allĹ den sugklÐnei.

16. JewroÔme ton c_{00} me metrikă thn d(x, y) = ∑_∞ k=1 |ξ_k − η_k|. (Parathrăste ìti autì eÐnai èna peperasmèno Ĺjroisma: upĹrqei n(x, y) ∈ N tètoioc ÿste ξ_k = η_k = 0 gia kĹje k ≥ n(x, y).) DeÐxte ìti h akoloujÐa x_n = (1,^1_{22} , . . . ,^1_{n2} , 0, 0, . . .) eÐnai akoloujÐa Cauchy wc proc thn d, allĹ den sugklÐnei ston (c_{00}, d).

17. ’Estw X plărhc metrikìc qÿroc, Y metrikìc qÿroc, kai f : X → Y suneqăc. DeÐxte ìti an (A_n) eÐnai fjÐnousa akoloujÐa mh kenÿn kleistÿn uposunìlwn tou X me diam(A_n) → 0, tìte f( ⋂ n A_n) = ⋂ n f(A_n).

.

UpodeÐxeic - apantăseic 1. ’Oqi. PĹrte ac poÔme thn akoloujÐa a_k = (−1)^k sto R. EÐnai fragmènh, allĹ |a_k − a_{k+1}| = 2 gia kĹje k ∈ N, opìte h (a_k) den eÐnai akoloujÐa Cauchy. AfoÔ den eÐnai Cauchy, den sugklÐnei. 2. Gia kĹje m, n ∈ N èqoume d(xn, yn) ≤ d(xn, xm) + d(xm, ym) + d(ym, yn), dhladă, an ≤ d(xn, xm) + am + d(yn, ym) =⇒ an − am ≤ d(xn, xm) + d(yn, ym). Lìgw summetrÐac, |an − am| ≤ d(xn, xm) + d(yn, ym). ’Estw ε > 0. AfoÔ oi (xn), (yn) eÐnai Cauchy, mporoÔme na broÔme n0 ∈ N tètoion ÿste an n, m ≥ n0, tìte d(xn, xm) < ε 2 , d(yn, ym) < ε 2 . Tìte, gia kĹje n, m ≥ n0, |an − am| < ε 2 + ε 2 = ε. ’Ara, h (an) eÐnai akoloujÐa Cauchy sto R, opìte sugklÐnei.

3. Upojètoume ìti h (xn) eÐnai akoloujÐa Cauchy ston (X, d1). ’Estw ε > 0. UpĹrqei n0 ∈ N tètoioc ÿste, an m, n ≥ n0 tìte d1(xn, xm) < ε/b. Tìte, an m, n ≥ n0, d2(xn, xm) ≤ b · d(xn, xm) < b ε b = ε, kai afoÔ to ε > 0 ătan tuqìn, h (xn) eÐnai akoloujÐa Cauchy ston (X, d2). H antÐstrofh kateÔjunsh eÐnai entelÿc anĹlogh. 4. ’Estw ε > 0. AfoÔ ∑_∞ n=1 d(xn, xn+1) < +∞, upĹrqei N ∈ N tètoioc ÿste ∞∑ n=N d(xn, xn+1) < ε. An k > l ≥ N, tìte d(x_l, x_k) ≤ d(x_l, x_{l+1}) + d(x_{l+1}, x_{l+2}) + · · · + d(x_{k−1}, x_k) ≤ ∞∑ n=l d(xn, xn+1)

≤ ∞∑ n=N d(xn, xn+1) < ε. ’Ara, h (xn) eÐnai akoloujÐa Cauchy.

5. ’Estw (xn) akoloujÐa Cauchy ston X. ’Eqoume deÐ ìti kĹje akoloujÐa Cauchy eÐnai fragmènh. UpĹrqoun loipìn x ∈ X kai r > 0 tètoia ÿste: gia kĹje n ∈ N, xn ∈ B(x, r).

H B(x, r) eÐnai plărhc metrikìc qÿroc me thn epagìmenh metrikă (apì thn upìjesh), kai h (xn) eÐnai Cauchy ston X, Ĺra Cauchy kai ston (B(x, r), d). Epomènwc, upĹrqei x0 ∈ B(x, r) tètoio ÿste d(xn, x0) → 0. Dhladă, xn → x0 ston X.

H (xn) ătan tuqoÔsa akoloujÐa Cauchy ston X, Ĺra o (X, d) eÐnai plărhc.

6. ’Estw (xn) akoloujÐa Cauchy ston X. To M eÐnai puknì uposÔnolo tou X, Ĺra gia kĹje n ∈ N mporoÔme na broÔme wn ∈ M me thn idiìthta d(xn, wn) < 1/n.

’Estw ε > 0. AfoÔ h (xn) eÐnai Cauchy, upĹrqei n0 ∈ N tètoioc ÿste: gia kĹje n, m ≥ n0, d(xn, xm) < ε 3 . EpÐshc, upĹrqei n1 ∈ N tètoioc ÿste 1/n1 < ε/3. An jèsoume n2 = max{n0, n1}, tìte gia kĹje n, m ≥ n2 èqoume d(wn, wm) ≤ d(wn, xn) + d(xn, xm) + d(xm, wm) < 1 n + ε 3 + 1 m < ε 3 + ε 3 + ε 3 = ε. Epomènwc, h (wn) eÐnai Cauchy sto M. Apì thn upìjesă mac, upĹrqei x ∈ X tètoio ÿste d(wn, x) → 0. ’Omwc, d(wn, xn) ≤ 1/n, dhladă d(wn, xn) → 0. ’Ara, 0 ≤ d(xn, x) ≤ d(xn, wn) + d(wn, x) → 0 + 0 = 0. Dhladă, xn → x. AfoÔ h (xn) ătan tuqoÔsa akoloujÐa Cauchy ston X, o (X, d) eÐnai plărhc.

7. ’Estw (xn) akoloujÐa Cauchy sto Z. Gia ε = 1/2 > 0, brÐskoume n0 ∈ N tètoion ÿste, an n, m ≥ n0 tìte d(xn, xm) < 1/2. Eidikìtera, gia kĹje n ≥ n0 èqoume d(xn, xn_0 ) < 1 2 . ’Omwc, apì ton orismì thc metrikăc, èqoume d(y, xn_0 ) ≥ 1 an y ≠ xn_0 . Autì shmaÐnei ìti xn = xn_0 gia kĹje n ≥ n0. Dhladă, h (xn) eÐnai telikĹ stajeră, opìte sugklÐnei (giatÐ?).

8. OrÐzoume xn = n. H (xn) eÐnai akoloujÐa Cauchy ston (N, d): èstw ε > 0. UpĹrqei n0 ∈ N tètoioc ÿste 1/n0 < ε/2. Tìte, an m, n ≥ n0 èqoume d(xn, xm) = d(n, m) = | | 1 n − 1 m | | ≤ 1 n + 1 m ≤ 2 n0 < ε. Ac upojèsoume ìti upĹrqei k ∈ N tètoioc ÿste xn → k wc proc thn d. Tìte, d(xn, k) → 0 ⇐⇒ | | 1 n − 1 k | | → 0 ⇐⇒ 1 n → 1 k kajÿc n → ∞. ’Omwc, 1/n → 0, Ĺra 1/k = 0 to opoÐo eÐnai Ĺtopo.

Brăkame akoloujÐa Cauchy ston (N, d), h opoÐa den sugklÐnei wc proc thn d. ’Ara, o (N, d) den eÐnai plărhc.

9. ParathroÔme ìti an x, y ∈ U, tìte d(x, U^c) > 0 kai d(y, U^c) > 0 (giatÐ to U^c eÐnai kleistì kai x, y /∈ U^c). ’Ara, h ρ orÐzetai kalĹ.

Den eÐnai dÔskolo na elègxete ìti h ρ eÐnai metrikă. To pio endiafèron shmeÐo eÐnai ìti ρ(x, y) = 0 =⇒ |x − y| + | | | | | 1 d(x, U^c) − 1 d(y, U^c) | | | | | = 0 =⇒ |x − y| = 0 =⇒ x = y. ’Estw (xn) akoloujÐa Cauchy ston (U, ρ). Gia kĹje ε > 0 upĹrqei n0 ∈ N tètoioc ÿste, an m, n ≥ n0 tìte 0 ≤ |xn − xm| ≤ ρ(xn, xm) < ε, Ĺra h (xn) eÐnai akoloujÐa Cauchy kai ston (R, | · |). UpĹrqei loipìn x ∈ R tètoio ÿste |xn − x| → 0. EpÐshc, 0 ≤ | | | | 1 d(xn, U^c) − 1 d(xm, U^c) | | | | ≤ ρ(xn, xm) < ε, dhladă, h (1/d(xn, U^c)) eÐnai Cauchy ston (R, | · |), Ĺra eÐnai fragmènh. UpĹrqei loipìn M > 0 me thn idiìthta: gia kĹje n ∈ N, 1 d(xn, U^c) ≤ M =⇒ d(xn, U^c) ≥ 1 M . AfoÔ xn → x wc proc thn | · |, èqoume d(xn, U^c) → d(x, U^c), kai d(x, U^c) = lim_{n→∞} d(xn, U^c) ≥ 1 M > 0, dhladă x ∈ U. Tèloc, ρ(x, xn) = |x − xn| + | | | | 1 d(x, U^c) − 1 d(xn, U^c) | | | | → 0.

10. Apì ton orismì thc metrikăc tou C[a, b], d(fn, f) → 0 ⇔ ∀ε > 0 ∃n0(ε) ∈ N : ∀n ≥ n0 d(fn, f) < ε ⇔ ∀ε > 0 ∃n0(ε) ∈ N : ∀n ≥ n0 max_{t∈[a,b]} |fn (t) − f(t)| < ε ⇔ ∀ε > 0 ∃n0(ε) ∈ N : ∀n ≥ n0 ∀t ∈ [a, b] |fn(t) − f(t)| < ε, to opoÐo eÐnai akribÿc o orismìc thc omoiìmorfhc sÔgklishc thc (fn) sthn f.

’Estw tÿra (fn) akoloujÐa Cauchy ston C[a, b]. ’Estw ε > 0. UpĹrqei n0(ε) ∈ N tètoioc ÿste ∀n, m ≥ n0 d(fn, fm) < ε, dhladă, ∀n, m ≥ n0 ∀t ∈ [a, b] |fn(t) − fm(t)| < ε. Autì shmaÐnei ìti h (fn) eÐnai omoiìmorfa Cauchy. Apì gnwstì jeÿrhma (AnĹlush II), upĹrqei suneqăc sunĹrthsh f : [a, b] → R tètoia ÿste fn → f omoiìmorfa. ’Opwc eÐdame parapĹnw, autì grĹfetai isodÔnama sth morfă d(fn, f) → 0.

AfoÔ h (fn) ătan tuqoÔsa akoloujÐa Cauchy ston C[a, b], o C[a, b] eÐnai plărhc.

11. ArkeÐ na deÐxoume ìti o c00 den eÐnai kleistì uposÔnolo tou ℓ∞ (giatÐ o ℓ∞ eÐnai plărhc).

OrÐzoume xn = ( 1, 1 2 , . . . , 1 n , 0, . . . ) , x = ( 1, 1 2 , . . . , 1 n , 1 n + 1 , . . . ) ∈ ℓ∞\c00 . Tìte, d(xn, x) = sup { |1 − 1|, . . . , | | | 1 n − 1 n | | |, | | |0 − 1 n + 1 | | |, . . . } = 1 n + 1 → 0. Brăkame (xn) ston c00 me xn → x ∈ ℓ∞\c00. ’Ara, o c00 den eÐnai kleistì uposÔnolo tou ℓ∞. 12. Den eÐnai dÔskolo na elègxete ta axiÿmata thc metrikăc. To mìno shmeÐo pou qreiĹzetai prosoqă eÐnai h aitiolìghsh thc sunepagwgăc

d(x, y) = | arctan x − arctan y| = 0 =⇒ x = y,

h opoÐa ìmwc prokÔptei Ĺmesa apì to gegonìc ìti h f(x) = arctan x eÐnai gnhsÐwc aÔxousa, Ĺra èna proc èna, sto R.

Gia na deÐxoume ìti o (R, d) den eÐnai plărhc, orÐzoume xn = n. H (xn) eÐnai akoloujÐa Cauchy ston (R, d): èstw ε > 0. AfoÔ limx→∞ arctan x = π/2, upĹrqei n0 ∈ N tètoioc ÿste |π/2 − arctan n| < ε/2 gia kĹje n ≥ n0. Tìte, an m, n ≥ n0 èqoume d(xn, xm) = d(n, m) = | arctan n − arctan m| ≤ |π/2 − arctan n| + |π/2 − arctan m| < ε 2 + ε 2 = ε. Ac upojèsoume ìti upĹrqei w ∈ R tètoioc ÿste xn → w wc proc thn d. Tìte,

d(xn, w) → 0 ⇐⇒ | arctan n − arctan w| → 0 ⇐⇒ arctan n → arctan w

kajÿc n → ∞. ’Omwc tìte arctan w = π/2, to opoÐo eÐnai Ĺtopo.

Brăkame akoloujÐa Cauchy ston (R, d), h opoÐa den sugklÐnei wc proc thn d. ’Ara, o (R, d) den eÐnai plărhc.

13. O C[a, b] eÐnai plărhc, epomènwc arkeÐ na deÐxoume ìti o Y eÐnai kleistì uposÔnolo tou C[a, b]. ’Estw f, fn : [a, b] → R me fn ∈ Y kai d(fn, f) → 0. Apì thn upìjesh pou kĹnoume, fn(x) → f(x) gia kĹje x ∈ [a, b], Ĺra fn(a) → f(a), fn(b) → f(b). ’Omwc fn ∈ Y , Ĺra fn(a) = fn(b) gia kĹje n ∈ N. ’Epetai ìti f(a) = lim_{n→∞} fn(a) = lim_{n→∞} fn(b) = f(b), dhladă f ∈ Y . Autì apodeiknÔei ìti to Y eÐnai kleistì uposÔnolo tou C[a, b].

14. ’Estw (xn) akoloujÐa Cauchy ston X. Gia ε = 1/2 > 0, brÐskoume n0 ∈ N tètoio ÿste, an n, m ≥ n0 tìte d(xn, xm) < 1/2. Eidikìtera, gia kĹje n ≥ n0 èqoume d(xn, xn_0 ) < 1 2 .

’Omwc, h d eÐnai h diakrită metrikă, dhladă d(y, xn_0 ) = 1 an y ≠ xn_0 . Autì shmaÐnei ìti xn = xn_0 gia kĹje n ≥ n0. Dhladă, h (xn) eÐnai telikĹ stajeră, opìte sugklÐnei (giatÐ?).

15. KĹnte èna sqăma. ’Estw m < n. Oi fn, fm sumpÐptoun sto [^1_{m2} , 1] (Ðsec me 1/ √ t). ’Ara, d(fn, fm) = ∫_{1/n}2 0 |n − m|dt + ∫_{1/m}2 1/n2 | | | 1 √ t − m | | |dt

= n − m n^2 + 2 √ t | | | | | 1/m2

1/n2 − m ( 1 m^2 − 1 n^2 )

= 1 n − m n^2 + 2 m − 2 n − 1 m + m n^2 = 1 m − 1 n < 1 m . ’Estw ε > 0. UpĹrqei n0 ∈ N tètoioc ÿste^1_{n0} < ε. An n > m ≥ n0, tìte d(fn, fm) = 1 m − 1 n ≤ 1 n0 < ε. ’Ara, h (fn) eÐnai akoloujÐa Cauchy.

’Estw ìti upĹrqei f : [0, 1] → R suneqăc, tètoia ÿste d(fn, f) → 0. Gia kĹje δ > 0 brÐskoume n0 ∈ N tètoio ÿste 1/n^2_0 < δ. Tìte, gia kĹje n ≥ n0 èqoume 0 ≤ ∫_1 δ | | 1√ t − f(t) | |dt ≤ ∫_1 1/n2 | | 1√ t − f(t) | |dt

= ∫_1 1/n2 |fn(t) − f(t)|dt ≤ ∫_1 0 |fn(t) − f(t)|dt = d(fn, f) → 0. ’Ara, ∫_1 δ | | 1 √ t − f(t) | |dt = 0 =⇒ f(t) = 1 √ t , t ∈ [δ, 1]. To δ ∈ (0, 1) ătan tuqìn, Ĺra f(t) =^{1√}_t sto (0, 1]. ’Omwc tìte, lim_{t→0}+ f(t) = +∞, to opoÐo eÐnai Ĺtopo afoÔ f ∈ C[0, 1].

16. An n > m, tìte d(xn, xm) = m∑ k=1 | | | 1 k^2 − 1 k^2 | | | + n∑ k=m+1 | | | 1 k^2 − 0 | | | + ∞∑ k=n+1 |0 − 0| = n∑ k=m+1 1 k^2 ≤ ∞∑ k=m+1 1 k^2 .

’Omwc h seirĹ ∑_∞ k=1 1 k2 sugklÐnei, Ĺra an mĹc dÿsoun ε > 0 upĹrqei n0(ε) ∈ N tètoioc ÿste, gia kĹje m ≥ n0_∞ ∑ k=m+1 1 k^2 < ε. ’Epetai ìti: an n > m ≥ n0, tìte d(xn, xm) < ε. Dhladă, h (xn) eÐnai akoloujÐa Cauchy ston c00 .

Ac upojèsoume ìti xn → x = (ξ_k)_k ∈ c00. Ja deÐxoume ìti ξ_k =^1_{k2} gia kĹje k ∈ N, to opoÐo eÐnai Ĺtopo (giatÐ tìte, x /∈ c00). ’Estw ìti upĹrqei k0 ∈ N tètoioc ÿste ξ_{k0} ≠ 1/k^2_0 . Dhladă, | |ξk_0 −^1_{k20} | | = α > 0. Tìte, gia kĹje n > k0 isqÔei

d(xn, x) = n∑ k=1 | | 1 k^2 − ξ_k | | + ∞∑ k=n+1 |ξ_k| ≥ | | 1 k^2_0 − ξ_{k0} | | = α, to opoÐo eÐnai Ĺtopo afoÔ d(xn, x) → 0.

’Alloc trìpoc: deÐxte ìti o c00 me aută th metrikă den eÐnai kleistì uposÔnolo tou ℓ1 (giatÐ autì eÐnai arketì?).

17. ’Eqoume ⋂_∞ n=1 An ⊆ Am gia kĹje m ∈ N, Ĺra f (_∞ ⋂ n=1 An ) ⊆ f(Am) gia kĹje m ∈ N. ’Epetai ìti f (_∞ ⋂ n=1 An ) ⊆ ∞⋂ m=1 f(Am) = ∞⋂ n=1 f(An). Gia ton antÐstrofo egkleismì: èstw y ∈ ⋂_∞ n=1 f(An). Gia kĹje n ∈ N, upĹrqei xn ∈ An tètoio ÿste f(xn) = y.

AfoÔ diam(An) → 0, h (xn) eÐnai akoloujÐa Cauchy (jumhjeÐte thn apìdeixh tou jewrămatoc tou Cantor). O X eÐnai plărhc, Ĺra upĹrqei x ∈ X gia to opoÐo xn → x. Autì to shmeÐo x anăkei sto ⋂_∞ n=1 An (gia thn akrÐbeia, ⋂_∞ n=1 An = {x} - jumhjeÐte pĹli thn apìdeixh tou jewrămatoc tou Cantor). Tèloc, afoÔ h f eÐnai suneqăc, èqoume

f(x) = lim_{n→∞} f(xn) = lim_{n→∞} y = y.

Dhladă, y = f(x) ∈ f ( ⋂_∞ n=1 An ) .

KefĹlaio 3

Qÿroi me nìrma

3.1 GrammikoÐ qÿroi

3.1.1 ’Ena mh kenì sÔnolo X lègetai grammikìc qÿroc (ă dianusmatikìc qÿroc) pĹnw apì to R an eÐnai efodiasmèno me dÔo prĹxeic

+ : X × X → X (thn prìsjesh) kai · : R × X → X (ton pollaplasiasmì) pou ikanopoioÔn ta exăc:

(I) Axiÿmata thc prìsjeshc: gia kĹje x, y, z ∈ X,

1. x + y = y + x.

2. x + (y + z) = (x + y) + z.

3. UpĹrqei èna stoiqeÐo ⃗0 ∈ X tètoio ÿste, gia kĹje x ∈ X, ⃗0 + x = x. 4. Gia kĹje x ∈ X upĹrqei (monadikì) −x ∈ X tètoio ÿste x + (−x) = ⃗0.

Dhladă, to X eÐnai antimetajetikă omĹda me thn prĹxh thc prìsjeshc. (II) Axiÿmata tou pollaplasiasmoÔ: gia kĹje x, y ∈ X kai λ, μ ∈ R, 1. λ(μx) = (λμ)x. 2. 1x = x.

3. λ(x + y) = λx + λy. 4. (λ + μ)x = λx + μx.

’Amesec sunèpeiec twn axiwmĹtwn tou grammikoÔ qÿrou eÐnai, gia parĹdeigma, oi 0x = ⃗0, λ⃗0 = ⃗0, −x = (−1)x.

Sth sunèqeia ja qrhsimopoioÔme eleÔjera tètoiou eÐdouc idiìthtec (h domă tou grammikoÔ qÿrou ja jewrhjeÐ, se genikèc grammèc, gnwstă). Ta stoiqeÐa tou X ja lègontai shmeÐa (ă kai dianÔsmata).

3.1.2. ParadeÐgmata (a) O R^m gÐnetai grammikìc qÿroc me prĹxeic tic

(ξ_1, . . . , ξ_m) + (η_1, . . . , η_m) = (ξ_1 + η_1, . . . , ξ_m + η_m), λ(ξ_1, . . . , ξ_m) = (λξ_1, . . . , λξ_m). EÔkola elègqoume ìti ⃗0 = (0, . . . , 0) kai −(ξ_1, . . . , ξ_m) = (−ξ_1, . . . , −ξ_m).

(b) To sÔnolo s twn akoloujiÿn pragmatikÿn arijmÿn gÐnetai grammikìc qÿroc an orÐsoume prìsjesh kai pollaplasiasmì katĹ suntetagmènh: an x = (ξ_k ), y = (η_k ), kai λ ∈ R, jètoume x + y = (ξ_k + η_k) , λx = (λξ_k ).

(g) An A ≠ ∅ kai F (A) eÐnai to sÔnolo ìlwn twn sunartăsewn f : A → R, tìte to F (A) gÐnetai grammikìc qÿroc an orÐsoume prìsjesh kai pollaplasiasmì katĹ shmeÐo: an f, g ∈ F (A) kai λ ∈ R, orÐzoume f + g, λf ∈ F (A) jètontac (f + g)(t) = f(t) + g(t) , (λf)(t) = λf(t) , t ∈ A. 3.1.3 An X eÐnai ènac grammikìc qÿroc kai Y èna mh kenì uposÔnolo tou X, to Y lègetai (grammikìc) upìqwroc tou X an gia kĹje x, y ∈ Y kai λ, μ ∈ R èqoume λx + μy ∈ Y . EÔkola elègqoume ìti o Y eÐnai upìqwroc tou X an kai mìno an o Y eÐnai grammikìc qÿroc me prĹxeic touc periorismoÔc twn +, · sta Y × Y kai R × Y antÐstoiqa. O Y lègetai gnăsioc upìqwroc tou X an eÐnai upìqwroc tou X kai Y ≠ {0}, X. PollĹ apì ta klasikĹ paradeÐgmata qÿrwn pou parousiĹzoun endiafèron gia th Sunarthsiakă AnĹlush eÐnai upìqwroi tou s ă kĹpoiou F (A):

(1) O ℓ_∞ eÐnai grammikìc qÿroc: an λ, μ ∈ R kai x = (ξ_k ), y = (η_k ) eÐnai fragmènec akoloujÐec, tìte h λx + μy = (λξ_k + μy_k) eÐnai fragmènh.

(2) O c eÐnai grammikìc qÿroc: an x = (ξ_k), y = (η_k) ∈ c, tìte upĹrqoun a, b ∈ R tètoia ÿste ξ_k → a, η_k → b. Tìte, gia kĹje λ, μ ∈ R èqoume λξ_k + μη_k → λa + μb. Dhladă, λx + μy ∈ c.

(3) O c_0 eÐnai grammikìc qÿroc: an x = (ξ_k ), y = (η_k ) ∈ c_0 kai λ, μ ∈ R, tìte ξ_k → 0, η_k → 0 =⇒ λξ_k + μη_k → 0 =⇒ λx + μy ∈ c_0. (4) O ℓ_p, 1 ≤ p < +∞ eÐnai grammikìc qÿroc: an ∞∑ k=1 |ξ_k|^p < +∞ , ∞∑ k=1 |η_k|^p < +∞, tìte, gia kĹje λ, μ ∈ R, apì thn anisìthta tou Minkowski, (_∞ ∑ k=1 |λξ_k + μη_k |^p )_{1/p} ≤ |λ| (_∞ ∑ k=1 |ξ_k|^p )_{1/p} + |μ| (_∞ ∑ k=1 |η_k|^p )_{1/p} < +∞, dhladă (λξ_k + μη_k ) ∈ ℓ_p.

(5) O B(A) eÐnai grammikìc qÿroc: an oi f, g : A → R eÐnai fragmènec sunartăseic kai λ, μ ∈ R, tìte h λf + μg eÐnai fragmènh sunĹrthsh.

(6) O C[a, b] eÐnai grammikìc qÿroc: an oi f, g : [a, b] → R eÐnai suneqeÐc sunartăseic, tìte h λf + μg eÐnai suneqăc gia kĹje λ, μ ∈ R. TeleÐwc anĹloga, oi suneqÿc paragwgÐsimec sunartăseic C^1[a, b], oi paragwgÐsimec sunartăseic D[a, b], oi Riemann oloklhrÿsimec sunartăseic I[a, b] eÐnai grammikoÐ upìqwroi tou F [a, b].

3.1.4 An x_1, . . . , x_m eÐnai dianÔsmata tou grammikoÔ qÿrou X, tìte grammikìc sunduasmìc twn x_i eÐnai kĹje diĹnusma thc morfăc

λ_1x_1 + · · · + λ_mx_m, λ_i ∈ R.

An M ⊆ X, M ≠ ∅, tìte o upìqwroc pou parĹgetai apì to M (grĹfoume span(M) ă ⟨M⟩) eÐnai to sÔnolo ìlwn twn grammikÿn sunduasmÿn stoiqeÐwn tou M:

span(M) = {λ_1x_1 + · · · + λ_mx_m : λ_i ∈ R, x_i ∈ M, m ∈ N}.

EÔkola blèpoume ìti o span(M) eÐnai ìntwc upìqwroc tou X.

3.1.5 An x_1, . . . , x_m ∈ X, lème ìti ta x_i eÐnai grammikĹ anexĹrthta an

λ_1x_1 + · · · + λ_mx_m = ⃗0 =⇒ λ_1 = . . . = λ_m = 0.

IsodÔnama, an kanèna x_i den grĹfetai san grammikìc sunduasmìc twn x_j , j ≠ i. Lème ìti to peperasmèno sÔnolo {x_1, . . . , x_m} eÐnai grammikĹ anexĹrthto an ta x_1, . . . , x_m eÐnai grammikĹ anexĹrthta. Piì genikĹ, èna mh kenì M ⊆ X lègetai grammikĹ anexĹrthto an kĹje peperasmèno uposÔnolì tou eÐnai grammikĹ anexĹrthto.

Ta x_1, . . . , x_m lègontai exarthmèna an upĹrqoun λ_i ∈ R ìqi ìloi mhdèn, tètoioi ÿste λ_1x_1 + · · · + λ_mx_m = ⃗0. ’Ena M ≠ ∅ lègetai exarthmèno an èqei peperasmèno exarthmèno uposÔnolo, an dhladă upĹrqoun exarthmèna x_1, . . . , x_m ∈ M.

ParadeÐgmata. (a) Ston C[a, b], to sÔnolo M = {1, t, . . . , t^N , . . .} eÐnai grammikĹ anexĹrthto: Ac upojèsoume ìti λ_0 + λ_1t + · · · + λ_N t^N = ⃗0 gia kĹpoio N ∈ N, kai λ_N ≠ 0. Autì shmaÐnei ìti to poluÿnumo P (t) = λ_0 + λ_1t + · · · + λ_N t^N mhdenÐzetai tautotikĹ sto [a, b]. ’Ara kai h N-stă tou parĹgwgoc eÐnai tautotikĹ 0 sto [a, b]. ’Omwc, P^{(N)}(t) ≡ N!λ_N ≠ 0,

Ĺtopo. ’Ara, to M eÐnai grammikĹ anexĹrthto (giatÐ?).

(b) OrÐzoume δ_{nk} = 0 an n ≠ k kai δ_{nk} = 1 an n = k. To sÔnolo M = {e_n : n ∈ N} (ìpou e_n = (δ_{nk})_{k∈N}) eÐnai grammikĹ anexĹrthto ston s (exhgăste), Ĺra kai stouc ℓ_p, 1 ≤ p ≤ ∞, c, kai c_0.

3.1.6 Lème ìti o qÿroc X èqei peperasmènh diĹstash an upĹrqei n ∈ N tètoioc ÿste

1. Ston X upĹrqoun n to plăjoc grammikĹ anexĹrthta dianÔsmata x_1, . . . , x_n. 2. An k ≥ n + 1, opoiadăpote k dianÔsmata tou X eÐnai grammikĹ exarthmèna.

’Epetai ìti ta x_1, . . . , x_n parĹgoun to qÿro: X = span{x_1, . . . , x_n} (Ĺskhsh).

O X èqei Ĺpeirh diĹstash an X ≠ {0} kai o X den èqei peperasmènh diĹstash. Dhladă, an perièqei Ĺpeiro grammikĹ anexĹrthto uposÔnolo. ParĹdeigma: O C[a, b] kai oi qÿroi ℓ_p, 1 ≤ p ≤ ∞ eÐnai apeirodiĹstatoi. 3.1.7 ’Ena uposÔnolo M tou X lègetai bĹsh (Hamel bĹsh) tou X an eÐnai grammikĹ anexĹrthto kai parĹgei ton X. AnabĹlloume thn apìdeixh tou Jewrămatoc ’Uparxhc BĹshc:

Jeÿrhma KĹje grammikìc qÿroc X èqei bĹsh. Opoiesdăpote dÔo bĹseic tou X èqoun to Ðdio plăjoc stoiqeÐwn.

To plăjoc twn stoiqeÐwn miac bĹshc tou X lègetai diĹstash tou X.

3.2 Qÿroi me nìrma - Qÿroi Banach

Orismìc. ’Estw X ènac grammikìc qÿroc. Mia sunĹrthsh ‖ · ‖ : X → R lègetai nìrma an ikanopoieÐ ta exăc: gia kĹje x, y ∈ X kai λ ∈ R,

(N1) ‖x‖ ≥ 0.

(N2) ‖x‖ = 0 ⇔ x = 0. (N3) ‖λx‖ = |λ| ‖x‖. (N4) ‖x + y‖ ≤ ‖x‖ + ‖y‖. (h nìrma tou dianÔsmatoc x {metrĹei} thn apìstash tou x apì to 0, kai zhtĹme na èqei tic piì fusiologikèc idiìthtec pou h apìstash ja èprepe na èqei.)

KĹje nìrma epĹgei mia metrikă ston X: gia kĹje x, y ∈ X, orÐzoume d(x, y) = ‖x − y‖. Prìtash 3.2.1 H d eÐnai metrikă.

Apìdeixh: (M1) d(x, y) = ‖x − y‖ ≥ 0, apì thn (N1). (M2) d(x, y) = 0 ⇔ ‖x − y‖ = 0 ⇔ x − y = 0 ⇔ x = y, apì thn (N2). (M3) d(y, x) = ‖y − x‖ = ‖(−1)(x − y)‖ = | − 1| ‖x − y‖ = ‖x − y‖ = d(x, y), apì thn (N3).

(M4) d(x, y) = ‖x − y‖ = ‖(x − z) + (z − y)‖ ≤ ‖x − z‖ + ‖z − y‖ = d(x, z) + d(z, y), apì thn (N4). □

Orismìc. Qÿroc Banach eÐnai ènac plărhc qÿroc me nìrma (dhladă, ènac grammikìc qÿroc me nìrma pou eÐnai plărhc wc proc th metrikă d pou epĹgetai apì th nìrma.)

ParadeÐgmata. (a) Ston R^m orÐzoume thn ‖x‖ = √ ξ^2_1 + · · · + ξ^2_m, ìpou x = (ξ_1, . . . , ξ_m). EÔkola elègqoume ìti h ‖ · ‖ eÐnai nìrma (h trigwnikă anisìthta eÐnai h anisìthta tou Minkowski me p = 2.)

Sthn ParĹgrafo 2.2 eÐdame ìti o R^m eÐnai plărhc wc proc th metrikă d(x, y) = √∑_m k=1 |ξ_k − η_k|^2. ’Ara, o (R^m , ‖ · ‖) eÐnai qÿroc Banach.

(b) Ston ℓ_p = {x = (ξ_k ) : ∑ k |ξ_k|^p < ∞}, 1 ≤ p < ∞, orÐzoume ‖x‖ = (_∞ ∑ k=1 |ξ_k|^p )_{1/p} . Parathrăste ìti ‖λx‖ = (_∞ ∑ k=1 |λξ_k |^p )_{1/p} = ( |λ|^p ∞∑ k=1 |ξ_k|^p )_{1/p}

= |λ| (_∞ ∑ k=1 |ξ_k|^p )_{1/p} = |λ| ‖x‖. H trigwnikă anisìthta eÐnai h anisìthta tou Minkowski. ’Ara, o ℓ_p eÐnai qÿroc me nìrma. Sthn ParĹgrafo 2.2 eÐdame ìti o ℓ_p eÐnai plărhc wc proc th metrikă d(x, y) = (_∞ ∑ k=1 |ξ_k − η_k|^p )_{1/p} . ’Ara, o ℓ_p, 1 ≤ p < ∞, eÐnai qÿroc Banach.

(g) H ‖x‖ = sup{|ξ_k| : k ∈ N} eÐnai nìrma ston ℓ_∞. ’Eqoume deÐ ìti o ℓ_∞ eÐnai plărhc wc proc thn d(x, y) = sup{|ξ_k − η_k | : k ∈ N}. ’Ara, o ℓ_∞ eÐnai qÿroc Banach. Oi c, c_0 eÐnai kleistoÐ upìqwroi tou ℓ_∞, Ĺra qÿroi Banach.

(d) O C[a, b] eÐnai qÿroc Banach me nìrma thn ‖f‖ = max_{t∈[a,b]} |f(t)|. Elègxte tic leptomèreiec.

(e) H ‖f‖^′ = ∫_b a |f(t)|dt eÐnai epÐshc nìrma ston C[a, b]. EÐdame ìmwc ìti o C[a, b] den eÐnai plărhc wc proc thn d(f, g) = ∫_b a |f(t) − g(t)|dt. ’Ara, o (C[a, b], ‖ · ‖^′) eÐnai qÿroc me nìrma, allĹ ìqi qÿroc Banach.

H epìmenh prìtash sundèei th grammikă me thn topologikă domă enìc qÿrou me nìrma:

Prìtash 3.2.2 Se kĹje qÿro me nìrma, oi ‖·‖ kai +, · eÐnai suneqeÐc sunartăseic. Apìdeixh: Ti ennooÔme mfl autì: prÿta-prÿta, an x_n, x ∈ X, tìte x_n → x ston X an kai mìno an d(x_n, x) → 0, dhladă an ‖x_n − x‖ → 0. Katìpin, gia na elègxoume th sunèqeia miac sunĹrthshc f, arkeÐ na deÐxoume ìti x_n → x =⇒ f(x_n) → f(x). (a) H ‖ · ‖ eÐnai suneqăc: ZhtĹme, x_n → x =⇒ ‖x_n‖ → ‖x‖. Autì ìmwc èpetai apì thn | |‖x‖ − ‖x_n‖ | | ≤ ‖x − x_n‖, afoÔ ‖x − x_n‖ → 0.

(b) H + eÐnai suneqăc: Jèloume na deÐxoume ìti an x_n → x kai y_n → y, tìte x_n + y_n → x + y. Autì eÐnai sunèpeia thc ‖(x_n + y_n) − (x + y)‖ = ‖(x_n − x) + (y_n − y)‖ ≤ ‖x_n − x‖ + ‖y_n − y‖ → 0. (g) H · eÐnai suneqăc: Ja deÐxoume ìti an λ_n → λ kai x_n → x, tìte λ_nx_n → λx. GrĹfoume (∗) ‖λx − λ_nx_n‖ = ‖λ_n(x − x_n) + (λ − λ_n)x‖ ≤ |λ_n| ‖x − x_n‖ + ‖x‖ |λ − λ_n|. Parathrăste ìti, afoÔ λ_n → λ, upĹrqei M > 0 tètoioc ÿste |λ_n| ≤ M, n ∈ N. Opìte, h (∗) gÐnetai ‖λx − λ_nx_n‖ ≤ M‖x − x_n‖ + ‖x‖ |λ − λ_n| → 0. □ KĹje metrikă pou epĹgetai apì nìrma èqei prìsjetec idiìthtec: eÐnai {kală} metrikă (parathrăste ìti sthn apìdeixh thc Prìtashc 3.2.1 den qrhsimopoiăjhkan ìlec oi idiìthtec thc nìrmac):

Prìtash 3.2.3 ’Estw X qÿroc me nìrma, kai d h epagìmenh metrikă. Tìte, gia kĹje x, y, z ∈ X kai kĹje λ ∈ R, èqoume 1. d(x + z, y + z) = d(x, y), 2. d(λx, λy) = |λ|d(x, y). Apìdeixh: (a) d(x + z, y + z) = ‖(x + z) − (y + z)‖ = ‖x − y‖ = d(x, y). (b) d(λx, λy) = ‖λx − λy‖ = ‖λ(x − y)‖ = |λ| ‖x − y‖ = |λ|d(x, y). □ ParĹdeigma: Ston s, h d(x, y) = ∞∑ k=1 1 2^k |ξ_k − η_k| 1 + |ξ_k − η_k| eÐnai metrikă. O s eÐnai grammikìc qÿroc, ìmwc h d den epĹgetai apì kĹpoia nìrma ‖ · ‖ ston s: ja èprepe na ikanopoieÐ thn d(2x, 0) = ‖2x‖ = 2‖x‖ = 2d(x, 0), dhladă gia kĹje x = (ξ_k) ∈ s ja eÐqame ∞∑ k=1 1 2^k 2|ξ_k| 1 + 2|ξ_k| = 2 ∞∑ k=1 1 2^k |ξ_k| 1 + |ξ_k| . Autì den isqÔei (pĹrte, gia parĹdeigma, x = (1, 0, . . .).)

Orismìc ’Estw X qÿroc me nìrma. H monadiaÐa mpĹla B_X tou X eÐnai h kleistă mpĹla me kèntro 0 kai aktÐna 1. Dhladă, B_X = {x ∈ X : ‖x‖ ≤ 1}. Prìtash 3.2.4 Se kĹje qÿro me nìrma X, h monadiaÐa mpĹla B_X eÐnai sÔnolo kleistì, fragmèno, kurtì kai summetrikì wc proc to 0, me mh kenì eswterikì.

Apìdeixh: (a) H B_X eÐnai fragmènh: B_X ⊆ D(0, 2).

(b) An ‖x_n‖ ≤ 1 kai x_n → x, tìte ‖x‖ = lim_n ‖x_n‖ ≤ 1. Dhladă, h B_X eÐnai kleistì sÔnolo.

(g) H B_X eÐnai kurtă: an x, y ∈ B_X kai λ ∈ (0, 1), tìte ‖λx + (1 − λ)y‖ ≤ ‖λx‖ + ‖(1 − λ)y‖ ≤ λ + (1 − λ) = 1, dhladă, λx + (1 − λ)y ∈ B_X .

(d) An x ∈ B_X , tìte ‖ − x‖ = ‖x‖ ≤ 1, dhladă −x ∈ B_X . ’Ara, h B_X eÐnai summetrikă wc proc to 0.

(e) D(0, 1/2) ⊆ B_X , Ĺra B^∘_X ≠ ∅. □

3.3 SÔgklish seirÿn

’Eqoume deÐ ton orismì thc sugklÐnousac akoloujÐac se èna qÿro me nìrma: an x_n, x ∈ X, n ∈ N, tìte lème ìti x_n → x an ‖x_n − x‖ → 0.

TeleÐwc anĹloga, mia akoloujÐa (x_n) ston X lègetai akoloujÐa Cauchy an gia kĹje ε > 0 upĹrqei n_0 = n_0(ε) ∈ N tètoioc ÿste n, m ≥ n_0 =⇒ ‖x_n − x_m‖ < ε. O X eÐnai grammikìc qÿroc, epomènwc mporoÔme na prosjètoume touc ìrouc miĹc akoloujÐac ston X. Autì odhgeÐ se mia fusiologikă genÐkeush thc ènnoiac thc sugklÐnousac seirĹc se aujaÐreto qÿro me nìrma:

Orismìc (a) ’Estw (x_k ) akoloujÐa ston X. H akoloujÐa (s_n) twn merikÿn ajroismĹtwn thc (x_k) orÐzetai apì thn s_n = x_1 + · · · + x_n, n = 1, 2, . . .

An upĹrqei x ∈ X tètoio ÿste s_n → x, tìte lème ìti h seirĹ ∑_∞ k=1 x_k sugklÐnei sto x, kai grĹfoume x = ∞∑ k=1 x_k . (b) Lème ìti h seirĹ ∑_∞ k=1 x_k sugklÐnei apolÔtwc, an ∞∑ k=1 ‖x_k‖ < +∞ (dhladă, an h seirĹ pragmatikÿn arijmÿn ‖x_1‖ + ‖x_2‖ + · · · sugklÐnei sto R.) Prìtash 3.3.1 ’Estw X qÿroc Banach. An h ∑_∞ k=1 x_k sugklÐnei apolÔtwc ston X, tìte sugklÐnei ston X.

Apìdeixh: ’Estw (x_k ) akoloujÐa ston X, me thn idiìthta ∑_∞ k=1 ‖x_k‖ < ∞. An mĹc dÿsoun ε > 0, upĹrqei n_0(ε) ∈ N tètoioc ÿste, gia kĹje n > m ≥ n_0, ‖x_{m+1}‖ + · · · + ‖x_n‖ < ε. Tìte, an n > m ≥ n_0, ‖s_n − s_m‖ = ‖x_{m+1} + · · · + x_n‖ ≤ ‖x_{m+1}‖ + · · · + ‖x_n‖ < ε. To ε > 0 ătan tuqìn, Ĺra h (s_n) eÐnai Cauchy. O X eÐnai plărhc, Ĺra h s_n sugklÐnei se kĹpoio x ∈ X. Autì exfl orismoÔ shmaÐnei ìti h ∑_∞ k=1 x_k sugklÐnei sto x. □ H idiìthta thc Prìtashc 3.3.1 qarakthrÐzei touc plăreic qÿrouc me nìrma: Prìtash 3.3.2 An se èna qÿro X me nìrma, kĹje apolÔtwc sugklÐnousa seirĹ sugklÐnei, tìte o X eÐnai plărhc (eÐnai qÿroc Banach).

Apìdeixh: ’Estw (x_n) akoloujÐa Cauchy ston X. Gia ε =^1_{2k} , k = 1, 2, . . ., mporoÔme na broÔme (giatÐ?) n_1 < n_2 < . . . < n_k < . . . tètoia ÿste ∀n > m ≥ n_k, ‖x_n − x_m‖ < 1 2^k . Eidikìtera, n_2 > n_1 ≥ n_1 =⇒ ‖x_{n2} − x_{n1} ‖ < 1 2 , n_3 > n_2 ≥ n_2 =⇒ ‖x_{n3} − x_{n2} ‖ < 1 2^2 , kai, genikĹ, n_{k+1} > n_k ≥ n_k =⇒ ‖x_{nk+1} − x_{nk} ‖ < 1 2^k gia kĹje k ∈ N. ’Ara,_∞ ∑ k=1 ‖x_{nk+1} − x_{nk} ‖ < 1 < +∞. H ∑_∞ k=1(x_{nk+1} − x_{nk} ) sugklÐnei apolÔtwc, opìte (apì thn upìjesă mac) sugklÐnei:

upĹrqei x ∈ X tètoio ÿste m∑ k=1 (x_{nk+1} − x_{nk} ) → x, dhladă, x_{nm+1} −x_{n1} → x. ’Ara, x_{nk} → x+x_{n1} . DeÐxame ìti h (x_n) èqei sugklÐnousa upakoloujÐa. EÐnai ìmwc kai akoloujÐa Cauchy, Ĺra sugklÐnei ston X (Prìtash 2.1.3). ’Epetai ìti o X eÐnai plărhc. □ ’Eqontac sth diĹjesă mac thn ènnoia thc sugklÐnousac seirĹc, mporoÔme na orÐsoume mia ènnoia {bĹshc} diaforetikă apì autăn thc Hamel bĹshc: Orismìc Mia akoloujÐa (e_n) lègetai bĹsh Schauder tou qÿrou X, an e_n ∈ X, n ∈ N, kai kĹje x ∈ X grĹfetai katĹ monadikì trìpo sth morfă x = ∞∑ n=1 a_ne_n. (upĹrqoun dhladă monadikoÐ a_n = a_n(x) ∈ R tètoioi ÿste

‖x − (a_1e_1 + . . . + a_me_m)‖ → 0

kajÿc m → ∞.) H seirĹ ∑_∞ n=1 a_ne_n eÐnai to anĹptugma tou x wc proc th bĹsh (e_n).

ParĹdeigma An 1 ≤ p < +∞, h akoloujÐa (e_n) me e_n = (δ_{nk}) eÐnai bĹsh Schauder tou ℓ_p (exhgăste).

Prìtash 3.3.3 ’Estw X qÿroc me nìrma. An o X èqei bĹsh Schauder (e_n)_{n∈N}, tìte o X eÐnai diaqwrÐsimoc.

Apìdeixh: OrÐzoume M = { ∑_m n=1 q_ne_n : m ∈ N, q_n ∈ Q}. To M eÐnai arijmăsimo.

’Estw x ∈ X kai ε > 0. UpĹrqoun a_n ∈ R, n ∈ N tètoioi ÿste x = ∞∑ n=1 a_ne_n, Ĺra upĹrqei m ∈ N me thn idiìthta ‖ x − m∑ n=1 a_ne_n ‖ < ε 2 .

Gia kĹje n = 1, . . . , m, brÐskoume q_n ∈ Q tètoiouc ÿste |q_n − a_n| ‖e_n‖ < ε 2m . Tìte, ∑_m n=1 q_ne_n ∈ M, kai ‖ ‖x −^m ∑ n=1 q_ne_n ‖ ‖ ≤ ‖ ‖x −^m ∑ n=1 a_ne_n ‖ ‖ + ‖ ‖^m ∑ n=1 (a_n − q_n)e_n ‖ ‖

≤ ε 2 + m∑ n=1 |a_n − q_n| ‖e_n‖ < ε 2 + m ε 2m = ε. ’Ara, M = X. □

ShmeÐwsh: To 1936, o Mazur rÿthse an isqÔei to antÐstrofo thc Prìtashc 3.3.3: an dhladă, kĹje diaqwrÐsimoc qÿroc Banach èqei bĹsh Schauder. To erÿthma apodeÐqjhke exairetikĹ dÔskolo: to 1973, o Per Enflo èdwse arnhtikă apĹnthsh.

3.4 Askăseic

1. An Y kai Z eÐnai upìqwroi tou X, deÐxte ìti o Y ∩ Z eÐnai upìqwroc tou X, enÿ o Y ∪ Z eÐnai upìqwroc tou X an kai mìno an eÐte Y ⊆ Z eÐte Z ⊆ Y .

2. (a) DeÐxte ìti, an 1 ≤ p < r ≤ ∞, tìte gia kĹje x ∈ R^n isqÔei ‖x‖_r ≤ ‖x‖_p ≤ n^{1p − 1r} ‖x‖_r. BreÐte dianÔsmata x gia ta opoÐa isqÔei isìthta stic parapĹnw anisìthtec. (b) DeÐxte ìti gia kĹje ε > 0 upĹrqei N ∈ N tètoioc ÿste: an N < p < +∞, tìte gia kĹje x ∈ R^n isqÔei ‖x‖_∞ ≤ ‖x‖_p ≤ (1 + ε)‖x‖_∞. 3. ’Estw X qÿroc me nìrma. DeÐxte ìti h kleistă jăkh Y enìc grammikoÔ upoqÿrou Y tou X eÐnai grammikìc upìqwroc tou X.

4. DeÐxte ìti se ènan qÿro me nìrma (X, ‖ · ‖), gia kĹje x ∈ X kai r > 0 isqÔei B(x, r) = D(x, r). 5. ’Estw X qÿroc me nìrma, kai Y ènac grammikìc upìqwroc tou X. DeÐxte ìti an Y^∘ ≠ ∅, tìte Y = X.

6. ’Estw X grammikìc qÿroc, kai ‖ · ‖, ‖ · ‖^′ dÔo nìrmec ston X. DeÐxte ìti ‖x‖ ≤ ‖x‖^′ gia kĹje x ∈ X, an kai mìno an B_{(X,‖·‖}′_) ⊆ B_{(X,‖·‖)}.

7. O c_{00} perièqetai se kĹje ℓ_p, 1 ≤ p ≤ ∞. DeÐxte ìti eÐnai puknìc ston ℓ_p, 1 ≤ p < +∞, ìqi ìmwc ston ℓ_∞.

8. JewroÔme to S = {x ∈ ℓ_∞ : ∑_∞ k=1 |ξ_k| ≤ 1}. DeÐxte ìti to S eÐnai kleistì ston ℓ_1 (kai ston ℓ_∞) wc proc thn ‖x‖ = sup{|ξ_k| : k ∈ N} kai èqei kenì eswterikì.

DeÐxte ìti o ℓ_1 me nìrma thn ‖x‖ = sup{|ξ_k| : k ∈ N} den eÐnai qÿroc Banach.

9. Ston ℓ_1 orÐzoume ‖x‖^′ = 2 | | | ∞∑ k=1 ξ_k | | | + ∞∑ k=2 ( 1 + 1 k ) |ξ_k|.

DeÐxte ìti h ‖ · ‖^′ eÐnai nìrma. EÐnai isodÔnamh me thn ‖x‖ = ∑_∞ k=1 |ξ_k |? EÐnai o (ℓ_1, ‖ · ‖^′) qÿroc Banach?

10. ’Estw X n-diĹstatoc pragmatikìc grammikìc qÿroc, kai x_1, . . . , x_m dianÔsmata pou parĹgoun ton X. Tìte, gia kĹje x ∈ X upĹrqoun λ_1, . . . , λ_m ∈ R (ìqi anagkastikĹ monadikĹ), tètoia ÿste x = ∑_m i=1 λ_ix_i. OrÐzoume ‖x‖ = inf {_m∑ i=1 |λ_i| : λ_i ∈ R, x = m∑ i=1 λ_ix_i } . DeÐxte ìti o (X, ‖ · ‖) eÐnai qÿroc me nìrma.

11. ’Estw C^1[0, 1] o qÿroc twn suneqÿc paragwgÐsimwn f : [0, 1] → R, me nìrma thn ‖f‖ = max { max 0≤t≤1 |f(t)|, max_{0≤t≤1} |f^′(t)| } . DeÐxte ìti h ‖ · ‖ eÐnai ìntwc nìrma, kai ìti o (C^1[0, 1], ‖ · ‖) eÐnai qÿroc Banach.

12. Ston c_0 jewroÔme thn ‖x‖^′ = ∑_∞ k=1 |ξ_k | 2^k . DeÐxte ìti o (c0, ‖ · ‖

′) eÐnai qÿroc me nìrma, allĹ den eÐnai qÿroc Banach.

13. JewroÔme ton c_{00} san upìqwro tou ℓ_∞. ’Estw y_n = ( 0, . . . , 0,^1_{n2} , 0, . . . ) , n ∈ N. DeÐxte ìti h ∑ n ‖y_n‖ sugklÐnei, allĹ h ∑ n y_n den sugklÐnei ston Y . Ti sumperaÐnete?

.

UpodeÐxeic - apantăseic

1. (a) Gia thn tomă: upojètoume ìti x, y ∈ Y ∩ Z kai λ, μ ∈ R. AfoÔ x, y ∈ Y kai o Y eÐnai grammikìc upìqwroc tou X, paÐrnoume λx+μy ∈ Y . OmoÐwc, λx+μy ∈ Z. Dhladă, λx + μy ∈ Y ∩ Z. (b) Gia thn ènwsh: an Y ⊆ Z tìte Y ∪ Z = Z, enÿ an Z ⊆ Y tìte Y ∪ Z = Y . Se kĹje perÐptwsh, o Y ∪ Z eÐnai grammikìc upìqwroc tou X.

AntÐstrofa, ac upojèsoume ìti o Y ∪ Z eÐnai grammikìc upìqwroc tou X. Me thn upìjesh ìti upĹrqoun y ∈ Y \Z kai z ∈ Z\Y , ja katalăxoume se Ĺtopo. PrĹgmati, afoÔ y, z ∈ Y ∪ Z, èqoume y + z ∈ Y ∪ Z. An y + z ∈ Y tìte (y + z) − y ∈ Y giatÐ o Y eÐnai upìqwroc, dhladă z ∈ Y to opoÐo eÐnai Ĺtopo.

An y + z ∈ Z tìte (y + z) − z ∈ Z giatÐ o Z eÐnai upìqwroc, dhladă y ∈ Z to opoÐo eÐnai pĹli Ĺtopo.

AfoÔ den mporoÔn na isqÔoun tautìqrona oi Y \Z ≠ ∅ kai Z\Y ≠ ∅, èqoume eÐte Y ⊆ Z eÐte Z ⊆ Y . 2. (a) DeÐxte thn exăc anisìthta: an r ≥ 1 kai a, b ≥ 0, tìte (a+b)^r ≥ a^r +b^r. EpagwgikĹ blèpoume ìti an r ≥ 1 kai a1, . . . , an ≥ 0, tìte

(a1 + · · · + an)^r ≥ a^r_1 + · · · + a^r_n.

’Estw p < r. An x = (ξ1, . . . , ξn) ∈ R^n , èqoume ‖x‖^r_p = (|ξ1|^p + · · · + |ξn|^p)^{r/p} ≥ (|ξ1|^p)^{r/p} + · · · + (|ξn|^p)^{r/p} = |ξ1|^r + · · · + |ξn|^r = ‖x‖^r , opìte ‖x‖r ≤ ‖x‖p (qrhsimopoiăsame thn prohgoÔmenh anisìthta gia ta r/p > 1 kai a_k = |ξ_k|^p). Isìthta isqÔei an x = ⃗0 ă x = ei, i = 1, . . . , n.

Gia thn Ĺllh anisìthta qrhsimopoioÔme thn anisìthta tou Hölder: ‖x‖^p = |ξ1|^p · 1 + · · · + |ξn|^p · 1 ≤ ( (|ξ1|^p)^{r/p} + · · · + (|ξn|^p)^{r/p} ) p_r (1 + · · · + 1)^{1− pr} = ‖x‖^p_r n^{1− pr} , Ĺra ‖x‖p ≤ ‖x‖r n^{1p − 1r} . Isìthta isqÔei an x = (1, . . . , 1). H perÐptwsh r = ∞ eÐnai aplă.

(b) Apì to (a) èqoume ‖x‖∞ ≤ ‖x‖p ≤ n^{1/p}‖x‖∞ gia kĹje p ≥ 1 kai kĹje x ∈ R^n . ’Estw ε > 0. AfoÔ n^{1/p} → 1 ìtan p → ∞, upĹrqei N ∈ N tètoioc ÿste n^{1/p} < 1 + ε gia kĹje p > N. Tìte, gia kĹje p > N isqÔei h ‖x‖∞ ≤ ‖x‖p ≤ (1 + ε)‖x‖∞, x ∈ R^n .

3. ’Estw z, w ∈ Y kai λ, μ ∈ R. UpĹrqoun zn, wn ∈ Y me zn → z kai wn → w. AfoÔ o Y eÐnai grammikìc upìqwroc tou X, gia kĹje n ∈ N èqoume λzn + μwn ∈ Y .

’Omwc oi prĹxeic tou X eÐnai suneqeÐc wc proc th nìrma, Ĺra λzn + μwn → λz + μw. Autì shmaÐnei ìti λz + μw ∈ Y .

4. H B(x, r) eÐnai kleistì sÔnolo kai D(x, r) ⊆ B(x, r). ’Ara, D(x, r) ⊆ B(x, r). AntÐstrofa, èstw y ∈ B(x, r), y ≠ x. OrÐzoume yn = x + λn(y − x), ìpou (λn) gnhsÐwc aÔxousa akoloujÐa jetikÿn arijmÿn me ìrio to 1. Tìte yn → x + (y − x) = y kai ‖x − yn‖ = ‖λn(y − x)‖ = λn‖y − x‖ < ‖y − x‖ ≤ r, dhladă yn ∈ D(x, r) kai yn → y. ’Epetai ìti y ∈ D(x, r), kai afoÔ to y ∈ B(x, r), y ≠ x ătan tuqìn, B(x, r) ⊆ D(x, r).

5. AfoÔ Y^∘ ≠ ∅, upĹrqoun y ∈ X kai r > 0 tètoia ÿste D(y, r) ⊆ Y . Eidikìtera, y ∈ Y .

’Estw x ∈ X, x ≠ y. Tìte, y +^r_2^{x−y}_{‖x−y‖} ∈ D(y, r) (giatÐ?), Ĺra y + r 2 x − y ‖x − y‖ ∈ Y. ’Omwc o Y eÐnai grammikìc upìqwroc tou X, opìte qrhsimopoiÿntac thn paratărhsh ìti y ∈ Y paÐrnoume r 2 x − y ‖x − y‖ ∈ Y =⇒ x − y ∈ Y =⇒ x ∈ Y. To x ătan tuqìn, Ĺra Y = X.

6. ’Estw ìti ‖x‖ ≤ ‖x‖^′ gia kĹje x ∈ X. An x ∈ B_{(X,‖·‖}′_), tìte ‖x‖^′ ≤ 1. ’Ara, ‖x‖ ≤ ‖x‖^′ ≤ 1, to opoÐo shmaÐnei ìti x ∈ B_{(X,‖·‖)}. Dhladă, B_{(X,‖·‖}′_) ⊆ B_{(X,‖·‖)}.

AntÐstrofa, upojètoume ìti B_{(X,‖·‖}′_) ⊆ B_{(X,‖·‖)} kai jewroÔme tuqìn x ∈ X\{0}. Tìte, ‖ ‖ ‖ ‖ ‖ x ‖x‖^′ ‖ ‖ ‖ ‖ ‖ ′ = 1 =⇒ x ‖x‖^′ ∈ B_{(X,‖·‖}′_) ⊆ B_{(X,‖·‖)}, dhladă ‖ ‖ ‖ ‖ x ‖x‖^′ ‖ ‖ ‖ ‖ ≤ 1 =⇒ ‖x‖ ‖x‖^′ ≤ 1. H ‖0‖ ≤ ‖0‖^′ isqÔei san isìthta, opìte deÐxame ìti ‖x‖ ≤ ‖x‖^′ gia kĹje x ∈ X.

7. (a) ’Estw x = (ξ_k) ∈ ℓp, 1 ≤ p < +∞ kai ε > 0. AfoÔ ∑_∞ k=1 |ξ_k |^p < +∞, upĹrqei N ∈ N tètoioc ÿste ∑_∞ k=N+1 |ξk | p < ε^p. OrÐzoume w = (ξ1, . . . , ξN , 0, . . .) ∈ c00. Tìte,

‖x − w‖ = (_∞ ∑ k=N+1 |ξ_k|^p )_{1/p} < ε, dhladă D(x, ε) ∩ c00 ≠ ∅. AfoÔ to ε > 0 kai to x ∈ ℓp ătan tuqìnta, sumperaÐnoume ìti o c00 eÐnai puknìc ston ℓp, 1 ≤ p < +∞.

(b) JewroÔme to x = (1, . . . , 1, . . .) ∈ ℓ∞. An w ∈ c00, upĹrqei N ∈ N tètoioc ÿste w_k = 0 gia kĹje k ≥ N. ’Ara, ‖x − w‖ = sup{|1 − w_k| : k ∈ N} ≥ |1 − wN | = 1.

Dhladă d(x, c00) ≥ 1, to opoÐo shmaÐnei ìti D(x, 1) ∩ c00 = ∅. ’Ara, o c00 den eÐnai puknìc ston ℓ∞.

8. (a) ’Estw xn = (ξ_{nk}) ∈ S, dhladă ∑ k |ξ_{nk}| ≤ 1 gia kĹje n. Upojètoume ìti xn → x = (ξ_k) ∈ ℓ∞. Tìte, sup{|ξ_{nk} − ξ_k| : k ∈ N} → 0 kajÿc n → ∞, Ĺra gia kĹje k ∈ N èqoume ξ_{nk} → ξ_k kajÿc n → ∞. Gia kĹje N ∈ N èqoume_N ∑ k=1 |ξ_{nk} | ≤ ∞∑ k=1 |ξ_{nk} | ≤ 1, Ĺra_N ∑ k=1 |ξ_k| = lim_{n→∞} N∑ k=1 |ξ_{nk} | ≤ 1. AfoÔ autì isqÔei gia kĹje N, èpetai ìti ∑_∞ k=1 |ξ_k| ≤ 1, dhladă x ∈ S. Autì apodeiknÔei ìti to S eÐnai kleistì ston ℓ∞.

(b) Ja deÐxoume ìti to S èqei kenì eswterikì ston (ℓ1, ‖ · ‖_{ℓ∞} ) - Ĺra kai ston ℓ∞. ’Estw ìti upĹrqoun x ∈ S kai ε > 0 me thn idiìthta {z ∈ ℓ1 : ‖z − x‖_{ℓ∞} < ε} ⊆ S. MporoÔme na upojèsoume ìti upĹrqoun Ĺpeiroi deÐktec k1 < k2 < . . . < kN < . . . gia touc opoÐouc ξ_{kj} ≥ 0 (alliÿc douleÔoume me ta arnhtikĹ ξ_k). BrÐskoume n ∈ N tìso megĹlo ÿste Nε/2 > 1 kai orÐzoume ξ^′_{k1} = ξ_{k1} +^ε_2 , . . . , ξ^′_{kN} = ξ_{kN} +^ε_2 , kai ξ^′_k = ξ_k gia ìlouc touc Ĺllouc k. Tìte to x^′ = (ξ^′_k) ∈ ℓ1, ‖x − x^′‖_{ℓ∞} =^ε_2 < ε, kai ∞∑ k=1 |ξ^′_k| = ∞∑ k=1 |ξ_k| + Nε 2 > 1, dhladă x^′ /∈ S. ’Atopo, giatÐ eÐqame upojèsei ìti ℓ1 ∩ D(x, ε) ⊆ S.

(g) ’Estw ìti o (ℓ1, ‖ · ‖_{ℓ∞} ) eÐnai qÿroc Banach. Tìte, o ℓ1 eÐnai kleistì uposÔnolo tou ℓ∞ wc proc thn ‖ · ‖_{ℓ∞} (giatÐ?). Gia kĹje n ∈ N orÐzoume Fn = nS = {x ∈ ℓ1 : ∞∑ k=1 |ξ_k| ≤ n}. KĹje Fn eÐnai kleistì uposÔnolo tou ℓ1 wc proc thn ‖ · ‖_{ℓ∞} , kai èqei kenì eswterikì ston (ℓ1, ‖ · ‖_{ℓ∞} ): an to nS perieÐqe mpĹla aktÐnac r > 0, tìte to S ja perieÐqe mpĹla aktÐnac r/n, Ĺtopo apì to (b).

Ta Fn eÐnai kleistĹ uposÔnola tou ℓ1 me kenì eswterikì kai ℓ1 = ⋃_∞ n=1 Fn (giatÐ?).

Autì eÐnai Ĺtopo apì to jeÿrhma tou Baire. ’Ara, o (ℓ1, ‖ · ‖_{ℓ∞} ) den eÐnai qÿroc Banach.

9. H ‖ · ‖^′ orÐzetai kalĹ, giatÐ an x ∈ ℓ1 èqoume 2 | | | | ∞∑ k=1 ξ_k | | | | + ∞∑ k=2 ( 1 + 1 k ) |ξ_k| ≤ 2 ∞∑ k=1 |ξ_k| + 3 2 ∞∑ k=2 |ξ_k| < +∞.

H mình idiìthta thc nìrmac pou qreiĹzetai prosoqă, eÐnai h ‖x‖^′ = 0 =⇒ x = 0. ’Eqoume

‖x‖^′ = 0 =⇒ 2 | | | | | ∞∑ k=1 ξ_k | | | | | + ∞∑ k=2 ( 1 + 1 k ) |ξ_k| = 0, apfl ìpou paÐrnoume ξ_k = 0 gia kĹje k ≥ 2 kai ∑_∞ k=1 ξ_k = 0. AutĹ ta dÔo mĹc dÐnoun kai

thn ξ1 = 0, Ĺra x = 0.

Ja deÐxoume ìti h ‖ · ‖^′ kai h sunăjhc nìrma ‖ · ‖ ston ℓ1 eÐnai isodÔnamec. AfoÔ o

(ℓ1, ‖ · ‖) eÐnai qÿroc Banach, autì deÐqnei amèswc ìti o ℓ1 eÐnai plărhc wc proc thn ‖ · ‖^′

(giatÐ?). ’Eqoume: ‖x‖^′ ≤ 2 ∞∑ k=1 |ξ_k| + 3 2 ∞∑ k=2 |ξ_k| ≤ 2 ∞∑ k=1 |ξ_k| + 3 2 ∞∑ k=1 |ξ_k| = 7 2 ‖x‖, kai ‖x‖ = ∞∑ k=1 |ξ_k| = |ξ1| + ∞∑ k=2 |ξ_k|

= | | | | | ∞∑ k=1 ξ_k − ∞∑ k=2 ξ_k | | | | | + ∞∑ k=2 |ξ_k|

≤ | | | | ∞∑ k=1 ξ_k | | | | + | ∞∑ k=2 ξ_k| + ∞∑ k=2 |ξ_k|

≤ | | | | | ∞∑ k=1 ξ_k | | | | | + 2 ∞∑ k=2 |ξ_k |

≤ 2 ( 2 | | | ∞∑ k=1 ξ_k | | | + ∞∑ k=2 ( 1 + 1 k ) |ξ_k| )

= 2‖x‖^′. EÐdame ìti^1_2 ‖x‖ ≤ ‖x‖^′ ≤^7_2 ‖x‖ gia kĹje x ∈ ℓ1, Ĺra oi dÔo nìrmec eÐnai isodÔnamec.

10. Ta xi parĹgoun ton X, epomènwc kĹje x ∈ X grĹfetai me toulĹqiston ènan trìpo

sth morfă x = ∑_m i=1 λixi. ’Ara, to {_m ∑ i=1 |λi| : x = m∑ i=1 λixi }

eÐnai mh kenì kai kĹtw fragmèno apì to 0, opìte h ‖x‖ = inf {_m ∑ i=1 |λi| : x = m∑ i=1 λixi }

orÐzetai kalĹ. Profanÿc, ‖x‖ ≥ 0 gia kĹje x ∈ X.

Gia to (N2): ’Estw ìti ‖x‖ = 0. Tìte, gia kĹje k ∈ N upĹrqoun λ^{(k)}_i tètoioi ÿste ∑_m i=1 |λ^{(k)}_i | <^1_k kai x = ∑_m i=1 λ^{(k)}_i xi. AfoÔ |λ^{(k)}_i | < 1/k, èqoume λ^{(k)}_i → 0 gia kĹje

i ≤ m. PĹrte opoiadăpote nìrma ‖ · ‖^′ ston X. Tìte, x = ∑_m i=1 λ^{(k)}_i xi → ∑_m k=1 0 · xi = ⃗0 wc proc thn ‖ · ‖^′, Ĺra x = ⃗0.

Gia to (N3): ’Estw x ∈ X kai a ∈ R. Gia tuqìn ε > 0 upĹrqoun λi ∈ R tètoioi ÿste x = ∑_m i=1 λixi kai ‖x‖ ≤ ∑_m i=1 |λi| < ‖x‖ + ε. Tìte, ax = ∑_m i=1(aλi)xi kai m∑ i=1 |aλi| < |a| · ‖x‖ + |a|ε =⇒ ‖ax‖ < |a| · ‖x‖ + |a|ε. AfoÔ to ε ătan tuqìn, ‖ax‖ ≤ |a| · ‖x‖. TeleÐwc anĹloga deÐqnoume thn antÐstrofh anisìthta.

Gia to (N4): ’Estw x, y ∈ X kai ε > 0. UpĹrqoun λi, μi ∈ R tètoioi ÿste x = ∑_m i=1 λixi, y = ∑_m i=1 μixi kai_m ∑ i=1 |λi| < ‖x‖ + ε, m∑ i=1 |μi| < ‖y‖ + ε. Tìte, x + y = ∑_m i=1(λi + μi)xi kai m∑ i=1 |λi + μi| ≤ m∑ i=1 |λi| + m∑ i=1 |μi| < ‖x‖ + ‖y‖ + 2ε. ’Ara, ‖x + y‖ ≤ m∑ i=1 |λi + μi| < ‖x‖ + ‖y‖ + 2ε, kai afoÔ to ε ătan tuqìn, paÐrnoume thn ‖x + y‖ ≤ ‖x‖ + ‖y‖.

11. EÔkola elègqoume ìti h ‖ · ‖ eÐnai nìrma ston C^1[0, 1]. Ac upojèsoume ìti (fn) eÐnai mia akoloujÐa Cauchy ston C^1[0, 1]. Gia kĹje ε > 0 upĹrqei n0 ∈ N tètoioc ÿste: an n, m ≥ n0, tìte ‖fn − fm‖ < ε, dhladă ‖fn − fm‖^∗ < ε kai ‖f^′_n − f^′_m‖^∗ < ε, ìpou ‖ · ‖^∗ h sunăjhc nìrma ston C[0, 1]. O C[0, 1] eÐnai plărhc, oi (fn) kai (f^′_n) eÐnai akoloujÐec Cauchy, Ĺra upĹrqoun suneqeÐc f, g : [0, 1] → R tètoiec ÿste fn → f kai f^′_n → g omoiìmorfa. Apì gnwstì jeÿrhma (AnĹlush II), h f eÐnai paragwgÐsimh kai f^′ = g. AfoÔ h g eÐnai suneqăc, èqoume f ∈ C^1[0, 1]. Tèloc, ‖fn − f‖^∗ → 0 kai ‖f^′_n − f^′‖^∗ → 0, Ĺra ‖fn − f‖ = max{‖fn − f‖^∗, ‖f^′_n − f^′‖^∗} → 0. Dhladă, fn → f ston C^1[0, 1]. H (fn) ătan tuqoÔsa akoloujÐa Cauchy, Ĺra o (C^1[0, 1], ‖· ‖) eÐnai qÿroc Banach.

12. H ‖ · ‖^′ orÐzetai kalĹ: an x = (ξ_k) ∈ c0, tìte |ξ_k| → 0, Ĺra upĹrqei M > 0 tètoioc ÿste |ξ_k| ≤ M gia kĹje k ∈ N. Tìte, ∞∑ k=1 |ξ_k| 2^k ≤ ∞∑ k=1 M 2^k = M < +∞. Ta axiÿmata thc nìrmac elègqontai eÔkola.

Ja orÐsoume akoloujÐa Cauchy ston (c0, ‖ · ‖^′), h opoÐa den sugklÐnei. Autì ja deÐxei ìti o (c0, ‖ · ‖^′) den eÐnai qÿroc Banach.

OrÐzoume xn = (1, . . . , 1, 0, . . .) ∈ c0 (n monĹdec). ’Estw ε > 0. UpĹrqei n0 ∈ N tètoioc ÿste 1/2^{n0} < ε. An n > m ≥ n0, tìte ‖xn − xm‖ = n∑ k=m+1 1 2^k < 1 2^m < ε, dhladă h (xn) eÐnai akoloujÐa Cauchy wc proc thn ‖ · ‖^′. ’Estw ìti upĹrqei x = (ξ_k) ∈ c0 tètoio ÿste ‖xn − x‖^′ → 0. AfoÔ ξ_k → 0, upĹrqei k0 ∈ N tètoioc ÿste |ξ_{k0} | < 1/2. An n ≥ k0, tìte ‖xn − x‖^′ = n∑ k=1 |1 − ξ_k| 2^k + ∞∑ k=n+1 |ξ_k| 2^k ≥ |1 − ξ_{k0} | 2^{k0} ≥ 1 2^{k0 +1} . Autì eÐnai Ĺtopo, afoÔ upojèsame ìti ‖xn − x‖^′ → 0.

13. ’Eqoume ∑_∞ n=1 ‖yn‖ = ∑_∞ n=1 1 n2 < +∞. Ta merikĹ ajroÐsmata thc ∑ n yn eÐnai

s_k = y1 + · · · + y_k = (1, 1 2^2 , . . . , 1 k^2 , 0, . . .) → x = (1/n^2 )_{n∈N} ston ℓ∞. An upărqe y ∈ c00 gia to opoÐo s_k → y, apì monadikìthta tou orÐou (ston ℓ∞) ja eÐqame y = x /∈ c00, Ĺtopo. Brăkame seirĹ ston c00 h opoÐa sugklÐnei apolÔtwc allĹ den sugklÐnei. ’Ara, o (c00, ‖ · ‖_{ℓ∞} ) den eÐnai qÿroc Banach.

KefĹlaio 4

Qÿroi peperasmènhc diĹstashc

4.1 Basikèc idiìthtec

H prÿth klĹsh qÿrwn me nìrma pou ja meletăsoume eÐnai aută twn qÿrwn pou, san grammikoÐ qÿroi, èqoun peperasmènh diĹstash. EÐnai logikì na perimènei kaneÐc ìti h domă touc ja eÐnai aploÔsterh. Sto KefĹlaio autì ja doÔme arketèc kalèc touc idiìthtec, kajÿc kai merikèc shmantikèc diaforèc touc apì touc qÿrouc Ĺpeirhc diĹstashc.

Lămma 4.1.1 ’Estw X qÿroc me nìrma, kai èstw x_1, . . . , x_m grammikĹ anexĹrthta dianÔsmata ston X. UpĹrqei mia stajerĹ c > 0 (pou exartĹtai apì th nìrma kai apì ta x_1, . . . , x_m), tètoia ÿste gia kĹje a_1, . . . , a_m ∈ R na isqÔei c (|a_1| + · · · + |a_m|) ≤ ‖a_1x_1 + · · · + a_mx_m‖. (dhladă, an oi suntelestèc a_i eÐnai {megĹloi}, tìte to diĹnusma a_1x_1 + · · · + a_mx_m den mporeÐ na èqei {aujaÐreta} mikră nìrma.)

Apìdeixh: Ja deÐxoume prÿta ìti upĹrqei c > 0 tètoioc ÿste (∗) m∑ i=1 |β_i| = 1 =⇒ ‖β_1x_1 + · · · + β_mx_m‖ ≥ c.

Ac upojèsoume ìti autì den isqÔei. Tìte, gia kĹje k ∈ N upĹrqoun β^{(k)}_1 , . . . , β^{(k)}_m ∈ R me ∑_m i=1 |β^{(k)}_i | = 1 kai

‖β^{(k)}_1 x_1 + · · · + β^{(k)}_m x_m‖ < 1 k . Dhladă, an jèsoume y^{(k)} = ∑_m i=1 β^{(k)}_i x_i, èqoume ‖y^{(k)}‖ → 0.

Skeftìmaste wc exăc: afoÔ gia kĹje k isqÔei h ∑_m i=1 |β^{(k)}_i | = 1, eidikìtera gia kĹje k èqoume |β^{(k)}_1 | ≤ 1. ’Ara, upĹrqei upakoloujÐa (β^{(ks )}_1 ) thc (β^{(k)}_1 ) pou sugklÐnei se kĹpoion β_1 ∈ R.

KoitĹme tÿra thn (β^{(ks )}_2 ): pĹli, |β^{(ks )}_2 | ≤ 1, epomènwc upĹrqei upakoloujÐa (β^{(kls )}_2 ) thc (β^{(ks )}_2 ) me β^{(kls )}_2 → β_2 ∈ R. ’Omwc tìte, β^{(kls )}_1 → β_1 (eÐnai upakoloujÐa thc (β^{(ks )}_1 ).)

KĹnontac m bămata, brÐskoume β_1, . . . , β_m ∈ R kai k_1 < k_2 < . . . < k_n < . . . tètoiouc ÿste ∀i = 1, . . . , m, β^{(kn)}_i → β_i. OrÐzoume y = β_1x_1 + · · · + β_mx_m. Tìte, ‖y − y^{(kn)}‖ = ‖ m∑ i=1 (β_i − β^{(kn)}_i )x_i‖ ≤ m∑ i=1 |β_i − β^{(kn)}_i | ‖x_i‖ → 0. ’Ara, y^{(kn)} → y kai afoÔ ‖y^{(kn)}‖ → 0, ‖y‖ = lim_{n→∞} ‖y^{(kn)}‖ = 0, dhladă, y = β_1x_1 + · · · + β_mx_m = ⃗0. Ta x_1, . . . , x_m èqoun upotejeÐ grammikĹ anexĹrthta, Ĺra β_1 = β_2 = . . . = β_m = 0. ’Omwc, m∑ i=1 |β_i| = lim_{n→∞} m∑ i=1 |β^{(kn)}_i | = lim_{n→∞} 1 = 1,

to opoÐo eÐnai Ĺtopo. Autì apodeiknÔei thn (∗).

’Estw tÿra tuqìntec a_1, . . . , a_m ∈ R. An a_1 = . . . = a_m = 0, tìte

0 = ‖a_1x_1 + · · · + a_mx_m‖ ≥ c m∑ i=1 |a_i| = 0. An A = ∑_m i=1 |a_i| ≠ 0, orÐzoume β_i = a_i/A. Tìte, ∑_m i=1 |β_i| = 1, opìte h (∗) dÐnei ‖ ‖ 1 A (a_1x_1 + · · · + a_mx_m) ‖ ‖ = ‖β_1x_1 + · · · + β_mx_m‖ ≥ c,

ă, isodÔnama,

‖a_1x_1 + · · · + a_mx_m‖ ≥ cA = c m∑ i=1 |a_i|. □ Qrhsimopoiÿntac autì to Lămma, deÐqnoume kĹpoiec basikèc idiìthtec twn qÿrwn peperasmènhc diĹstashc:

Jeÿrhma 4.1.1 ’Estw X qÿroc me nìrma, kai èstw Y upìqwroc tou X pou èqei peperasmènh diĹstash. Tìte, o Y eÐnai plărhc. Eidikìtera, kĹje qÿroc peperasmènhc diĹstashc me nìrma eÐnai plărhc.

Apìdeixh: Upojètoume ìti dimY = n, kai stajeropoioÔme mia bĹsh {e_1, . . . , e_n} tou Y . ’Estw (y^{(m)}) akoloujÐa Cauchy ston Y . KĹje y^{(m)} grĹfetai monosămanta san grammikìc sunduasmìc twn e_i:

y^{(m)} = n∑ i=1 a^{(m)}_i e_i.

’Estw ε > 0. AfoÔ h (y^{(m)}) eÐnai akoloujÐa Cauchy, upĹrqei m_0(ε) ∈ N tètoioc ÿste: an m, s ≥ m_0, tìte ‖y^{(m)} − y^{(s)}‖ < ε. Dhladă, gia kĹje m, s ≥ m_0, ‖ ‖^n ∑ i=1 (a^{(m)}_i − a^{(s)}_i )e_i ‖ ‖ < ε.

Ta e_i eÐnai grammikĹ anexĹrthta, Ĺra, apì to Lămma upĹrqei c > 0 tètoioc ÿste: gia kĹje m, s ≥ m_0, c n∑ i=1 |a^{(m)}_i − a^{(s)}_i | ≤ ‖ ‖^n ∑ i=1 (a^{(m)}_i − a^{(s)}_i )e_i ‖ ‖ < ε.

Eidikìtera, gia kĹje i = 1, . . . , n kai kĹje m, s ≥ m_0, |a^{(m)}_i − a^{(s)}_i | < ε c (giatÐ?). ’Ara, gia kĹje i = 1, . . . , n, h (a^{(m)}_i ) eÐnai akoloujÐa Cauchy sto R. Opìte, upĹrqoun a_1, . . . , a_n ∈ R tètoioi ÿste

a^{(m)}_1 → a_1 , . . . , a^{(m)}_n → a_n.

OrÐzoume y = a_1e_1 + · · · + a_ne_n ∈ Y . Tìte, ‖y − y^{(m)}‖ ≤ n∑ i=1 |a_i − a^{(m)}_i | ‖e_i‖ → 0,

dhladă, y^{(m)} → y. ’Ara, o Y eÐnai plărhc. □ ShmeÐwsh: Sthn Prìtash 2.1.5(a) eÐdame ìti an (X, d) eÐnai ènac metrikìc qÿroc, tìte kĹje plărhc upìqwrìc tou eÐnai kleistìc. H paratărhsh aută kai to Jeÿrhma 4.1.1 èqoun thn exăc Ĺmesh sunèpeia:

Jeÿrhma 4.1.2 ’Estw X qÿroc me nìrma, kai èstw Y upìqwroc tou X pou èqei peperasmènh diĹstash. Tìte, o Y eÐnai kleistìc ston X.

Apìdeixh: Apì to Jeÿrhma 4.1.1, o Y eÐnai plărhc. □ Efarmogă: An X eÐnai ènac apeirodiĹstatoc qÿroc Banach, tìte kĹje bĹsh Hamel tou X eÐnai uperarijmăsimh.

Apìdeixh: Upojètoume ìti o X èqei Ĺpeirh arijmăsimh bĹsh Hamel e_1, e_2, . . . , e_n, . . . OrÐzoume Y_n = ⟨e_1, . . . , e_n⟩. KĹje Y_n èqei peperasmènh diĹstash, epomènwc eÐnai kleistìc upìqwroc tou X.

Apì thn Ĺllh pleurĹ, kĹje x ∈ X eÐnai peperasmènoc grammikìc sunduasmìc twn e_n, Ĺra X = ∞⋃ n=1 Y_n. ’Omwc, o X eÐnai plărhc. To Jeÿrhma tou Baire mac lèei ìti kĹpoioc Y_n èqei mh kenì eswterikì. UpĹrqoun dhladă n ∈ N, x ∈ Y_n kai r > 0 tètoia ÿste {z ∈ X : ‖z − x‖ < r} ⊆ Y_n. Autì odhgeÐ se Ĺtopo: èstw w ∈ X. UpĹrqei λ > 0 gia to opoÐo ‖λw‖ < r. Tìte, x + λw ∈ Y_n (giatÐ?). ’Omwc x ∈ Y_n, kai o Y_n eÐnai grammikìc upìqwroc tou X. ’Ara, w = 1 λ ((x + λw) − x) ∈ Y_n. ’Epetai ìti Y_n = X. Autì eÐnai Ĺtopo, giatÐ o X eÐnai apeirodiĹstatoc. □

Sunèpeia: An X eÐnai ènac grammikìc qÿroc pou èqei Ĺpeirh arijmăsimh diĹstash, tìte ìpoia nìrma ki an orÐsoume ston X apokleÐetai na pĹroume qÿro Banach. ’Ena tètoio parĹdeigma mac dÐnei o qÿroc P [a, b] twn poluwnÔmwn sto [a, b] (exhgăste).

Orismìc ’Estw X ènac grammikìc qÿroc. DÔo nìrmec ‖ · ‖ kai ‖ · ‖^′ ston X lègontai isodÔnamec an upĹrqoun jetikoÐ arijmoÐ a, b tètoioi ÿste, gia kĹje x ∈ X a‖x‖ ≤ ‖x‖^′ ≤ b‖x‖. Prìtash 4.1.1 ’Estw ‖ · ‖ kai ‖ · ‖^′ isodÔnamec nìrmec ston X. An x_n, x ∈ X, tìte ‖x − x_n‖ → 0 ⇔ ‖x − x_n‖^′ → 0. (dhladă, x_n → x ston (X, ‖ · ‖) an kai mìno an x_n → x ston (X, ‖ · ‖^′): oi dÔo qÿroi èqoun akribÿc tic Ðdiec sugklÐnousec akoloujÐec.)

Apìdeixh: An ‖x − x_n‖^′ → 0, tìte ‖x − x_n‖ ≤^1_a ‖x − x_n‖^′ → 0. Dhladă, ‖x − x_n‖ → 0. ’Omoia, an ‖x−x_n‖ → 0, tìte ‖x−x_n‖^′ ≤ b‖x−x_n‖ → 0, dhladă ‖x−x_n‖^′ → 0. □ Prìtash 4.1.2 ’Estw ‖ · ‖ kai ‖ · ‖^′ isodÔnamec nìrmec ston X. An A ⊆ X, tìte to A eÐnai kleistì ston (X, ‖ · ‖) an kai mìno an to A eÐnai kleistì ston (X, ‖ · ‖^′).

Apìdeixh: Upojètoume ìti to A eÐnai kleistì ston (X, ‖ · ‖). ’Estw x_n ∈ A me x_n → x wc proc thn ‖ · ‖^′. Apì thn Prìtash 4.1.1, x_n → x wc proc thn ‖ · ‖, kai afoÔ to A eÐnai kleistì wc proc thn ‖ · ‖, èpetai ìti x ∈ A. ’Ara, to A eÐnai kleistì wc proc thn ‖ · ‖^′.

H antÐstrofh sunepagwgă apodeiknÔetai entelÿc anĹloga. □ Oi dÔo autèc ProtĹseic odhgoÔn sto exăc:

Jeÿrhma 4.1.3 DÔo isodÔnamec nìrmec ston grammikì qÿro X orÐzoun thn Ðdia topologÐa ston X.

Apìdeixh: ’Ena A ⊆ X eÐnai anoiqtì wc proc thn ‖ · ‖ an kai mìno an eÐnai anoiqtì wc proc thn ‖ · ‖^′ (giatÐ?). □ Autì pou mporeÐ na deÐxei kaneÐc eÐnai ìti, se èna qÿro peperasmènhc diĹstashc opoiesdăpote dÔo nìrmec eÐnai isodÔnamec:

Jeÿrhma 4.1.4 ’Estw X grammikìc qÿroc peperasmènhc diĹstashc. An ‖ · ‖ kai ‖ · ‖^′ eÐnai dÔo nìrmec ston X, tìte upĹrqoun a, b > 0 me thn idiìthta: gia kĹje x ∈ X, a‖x‖ ≤ ‖x‖^′ ≤ b‖x‖. Apìdeixh: Upojètoume ìti dimX = n, kai èstw {e_1, . . . , e_n} mia bĹsh tou X. Apì to Lămma 4.1.1 (to efarmìzoume gia thn ‖ · ‖ kai gia thn ‖ · ‖^′), upĹrqoun c, c^′ tètoia ÿste, gia kĹje a_1, . . . , a_n ∈ R, c n∑ i=1 |a_i| ≤ ‖a_1e_1 + · · · + a_ne_n‖, kai c^′ n∑ i=1 |a_i| ≤ ‖a_1e_1 + · · · + a_ne_n‖^′. ’Estw x ∈ X. UpĹrqoun a_1, . . . , a_n ∈ R tètoioi ÿste x = a_1e_1 + · · · + a_ne_n. Tìte, ‖x‖ = ‖a_1e_1 + · · · + a_ne_n‖ ≤ n∑ i=1 |a_i| ‖e_i‖

≤ ( max_{i≤n} ‖e_i‖ )_n∑ i=1 |a_i|

≤ max ‖e_i‖ c^′ c^′ n∑ i=1 |a_i| ≤ max ‖e_i‖ c^′ ‖a_1e_1 + · · · + a_ne_n‖^′ = 1 a ‖x‖^′, ìpou a = c^′/ max ‖e_i‖. ’Omoia,

‖x‖^′ = ‖a_1e_1 + · · · + a_ne_n‖^′ ≤ max ‖e_i‖^′ c ‖x‖ = b‖x‖. ’Ara to zhtoÔmeno isqÔei me a = c^′ max ‖e_i‖ , b = max ‖e_i‖^′ c . □

To Jeÿrhma 4.1.4 mac lèei loipìn ìti se èna qÿro peperasmènhc diĹstashc, ìlec oi nìrmec epĹgoun thn Ðdia topologÐa: èna sÔnolo eÐnai anoiqtì wc proc ìlec tic dunatèc nìrmec ston X ă den eÐnai anoiqtì gia kammÐa apfl autèc.

KleÐnoume aută thn parĹgrafo me èna parĹdeigma normÿn pou den eÐnai isodÔnamec. JewroÔme ton grammikì qÿro c_{00} twn akoloujiÿn x = (ξ_k) pou èqoun peperasmènouc to plăjoc mh mhdenikoÔc ìrouc. Dhladă, x ∈ c_{00} ⇐⇒ ∃n_x ∈ N : ∀k > n_x, ξ_k = 0. OrÐzoume dÔo nìrmec ston c_{00}: ‖x‖_∞ = max{|ξ_k| : k ∈ N} , ‖x‖_1 = ∞∑ k=1 |ξ_k|.

Profanÿc, ‖x‖_∞ ≤ ‖x‖_1. Ja deÐxoume ìti den upĹrqei b > 0 tètoioc ÿste ∀x ∈ X, ‖x‖_1 ≤ b‖x‖_∞. An upărqe tètoioc b, jètontac x_n = (1, . . . , 1, 0, . . .) ja eÐqame n = ‖x_n‖_1 ≤ b‖x_n‖_∞ = b, ki autì gia kĹje n ∈ N, Ĺtopo. O X eÐnai bèbaia apeirodiĹstatoc.

4.2 SumpĹgeia kai peperasmènh diĹstash

O orismìc thc sumpĹgeiac pou ja qrhsimopoiăsoume eÐnai autìc thc akoloujiakăc sumpĹgeiac: ’Estw X qÿroc me nìrma. ’Ena mh kenì uposÔnolo M tou X lègetai sumpagèc an gia kĹje akoloujÐa (x_m) sto M upĹrqoun x ∈ M kai upakoloujÐa (x_{km} ) thc (x_m) tètoia ÿste ‖x − x_{km} ‖ → 0.

Prìtash 4.2.1 An to M eÐnai sumpagèc, tìte eÐnai kleistì kai fragmèno.

Apìdeixh: (a) To M eÐnai kleistì: èstw x ∈ M. UpĹrqei (x_m) sto M me x_m → x. AfoÔ to M eÐnai sumpagèc, upĹrqoun y ∈ M kai x_{km} → y. AfoÔ ìmwc x_m → x, ja prèpei x_{km} → x. ’Ara, x = y ∈ M. Dhladă, M ⊆ M.

(b) Ja deÐxoume ìti upĹrqei A > 0 tètoioc ÿste ‖x‖ ≤ A gia kĹje x ∈ M. Alliÿc upĹrqoun x_m ∈ M, m ∈ N, me ‖x_m‖ > m. Apì sumpĹgeia, upĹrqoun x ∈ M kai x_{km} → x. Tìte, ‖x_{km} ‖ → ‖x‖. ’Omwc, apì thn epilogă twn x_m, ‖x_{km} ‖ → ∞. ’Atopo. □

To antÐstrofo thc Prìtashc 4.2.1 den eÐnai swstì. Gia parĹdeigma, ac jewrăsoume to M = {e_n : n ∈ N} ston ℓ_1. An n ≠ m, tìte ‖e_n − e_m‖_1 = 2.

To M eÐnai kleistì kai fragmèno (deÐxte to), allĹ den eÐnai sumpagèc. H akoloujÐa (e_n) sto M den èqei sugklÐnousa upakoloujÐa: an eÐqe, oi ìroi thc ja èprepe na eÐnai telikĹ o ènac kontĹ ston Ĺllon, enÿ opoioidăpote dÔo apfl autoÔc èqoun apìstash Ðsh me 2.

Jeÿrhma 4.2.1 ’Estw X qÿroc peperasmènhc diĹstashc me nìrma, kai èstw ∅ ≠ M ⊆ X. Tìte, to M eÐnai sumpagèc an kai mìno an eÐnai kleistì kai fragmèno.

Apìdeixh: (⇐) Upojètoume ìti dimX = n, kai èstw {e_1, . . . , e_n} miĹ bĹsh tou X. ’Estw x_m = a^{(m)}_1 e_1 + · · · + a^{(m)}_n e_n, akoloujÐa sto M.

To M eÐnai fragmèno, Ĺra upĹrqei A > 0 tètoioc ÿste ‖a^{(m)}_1 e_1 + · · · + a^{(m)}_n e_n‖ = ‖x_m‖ ≤ A, m ∈ N. Apì to Lămma, upĹrqei c > 0 tètoioc ÿste c n∑ i=1 |a^{(m)}_i | ≤ ‖x_m‖ ≤ A, m ∈ N, kai, ìpwc akribÿc sthn apìdeixh tou Lămmatoc 4.1.1, brÐskoume k_1 < k_2 < . . . < k_m < . . . kai a_i ∈ R tètoiouc ÿste

a^{(km )}_1 → a_1 , . . . , a^{(km )}_n → a_n.

OrÐzoume x = a_1e_1 + · · · + a_ne_n. Tìte, ‖x − x_{km} ‖ = ‖^n∑ i=1 (a_i − a^{(km)}_i )e_i ‖ ≤ n∑ i=1 |a_i − a^{(km)}_i | ‖e_i‖ → 0, dhladă x_{km} → x. Tèloc, x ∈ M afoÔ x_{km} ∈ M kai to M eÐnai kleistì. KĹje akoloujÐa tou M èqei sugklÐnousa (sto M) upakoloujÐa, Ĺra to M eÐnai sumpagèc. □ Se qÿrouc peperasmènhc diĹstashc, ta sumpagă eÐnai akribÿc ta kleistĹ kai fragmèna sÔnola. Stouc apeirodiĹstatouc qÿrouc autì paÔei na isqÔei. Kai mĹlista, h monadiaÐa mpĹla B_X enìc apeirodiĹstatou qÿrou X den eÐnai potè sumpagăc. H apìdeixh autoÔ tou apotelèsmatoc basÐzetai se èna gewmetrikì lămma:

Lămma tou F. Riesz (1918) ’Estw X qÿroc me nìrma, kai Y, Z upìqwroi tou X. Upojètoume ìti o Y eÐnai kleistìc, gnăsioc upìqwroc tou Z. Tìte, gia kĹje θ ∈ (0, 1) upĹrqei z ∈ Z tètoio ÿste ‖z‖ = 1 kai d(z, Y ) = inf{‖z − y‖ : y ∈ Y } ≥ θ. Apìdeixh: O Y eÐnai gnăsioc upìqwroc tou Z, Ĺra upĹrqei v ∈ Z\Y . O Y eÐnai kleistìc kai v /∈ Y , epomènwc upĹrqei r > 0 tètoioc ÿste D(v, r) ∩ Y = ∅. Dhladă, ‖v − y‖ ≥ r gia kĹje y ∈ Y . ’Epetai ìti d(v, Y ) = inf{‖v − y‖ : y ∈ Y } = a > 0. AfoÔ θ ∈ (0, 1), èqoume a/θ > a. ’Ara, upĹrqei y_0 ∈ Y tètoio ÿste ‖v − y_0‖ < a θ . OrÐzoume z =^{v−y0}_{‖v−y0‖} (profanÿc y_0 ≠ v, Ĺra ‖v − y_0‖ ≠ 0.) Tìte, ‖z‖ = 1, kai z ∈ Z giatÐ v, y_0 ∈ Z kai o Z eÐnai grammikìc upìqwroc tou X.

Ja deÐxoume ìti ‖z − y‖ ≥ θ gia kĹje y ∈ Y . PrĹgmati, an y ∈ Y èqoume: ‖z − y‖ = ‖ ‖ ‖ v − y_0 ‖v − y_0‖ − y ‖ ‖ ‖ = ‖ ‖ ‖ v − (y_0 + ‖v − y_0‖y) ‖v − y_0‖ ‖ ‖ ‖ = ‖v − (y_0 + ‖v − y_0‖y)‖ ‖v − y_0‖ ≥ ‖v − (y_0 + ‖v − y_0‖y)‖ a/θ ≥ a a/θ = θ, giatÐ y_0 + ‖v − y_0‖y ∈ Y (o Y eÐnai upìqwroc). □

Jeÿrhma 4.2.2 ’Estw X qÿroc me nìrma. O X èqei peperasmènh diĹstash an kai mìno an h B_X eÐnai sumpagăc.

Apìdeixh: An o X èqei peperasmènh diĹstash, tìte h B_X eÐnai sumpagăc: èqoume deÐ ìti h B_X eÐnai pĹnta kleistì kai fragmèno sÔnolo, opìte to sumpèrasma èpetai apì to Jeÿrhma 4.2.1.

Mènei na deÐxoume ìti an o X eÐnai apeirodiĹstatoc, tìte h B_X den eÐnai sumpagăc. Ja to deÐxoume kataskeuĹzontac miĹ akoloujÐa (x_n) ston X me ‖x_n‖ = 1, n ∈ N, pou ikanopoieÐ thn n ≠ m =⇒ ‖x_n − x_m‖ ≥ 1 2 . (tìte, h (x_n) perièqetai sthn B_X kai eÐnai fanerì ìti den èqei sugklÐnousa upakoloujÐa.)

1. San x_1 epilègoume opoiodăpote diĹnusma tou X me ‖x_1‖ = 1.

2. Epilogă tou x_2: O Y_1 = ⟨x_1⟩ èqei peperasmènh diĹstash, Ĺra eÐnai kleistìc upìqwroc tou X. AfoÔ o X eÐnai apeirodiĹstatoc, o Y_1 eÐnai gnăsioc upìqwroc tou X. Efarmìzoume to Lămma tou Riesz me Y = Y_1, Z = X kai θ =^1_2 : upĹrqei x_2 ∈ X me ‖x_2‖ = 1 kai d(x_2, Y_1) ≥ 1/2. Eidikìtera, afoÔ x_1 ∈ Y_1, blèpoume ìti ‖x_2 − x_1‖ ≥^1_2 .

3. Epagwgikì băma: Upojètoume ìti èqoun epilegeÐ ta x_1, . . . , x_k ètsi ÿste ‖x_n − x_m‖ ≥ 1/2 an n ≠ m, n, m ∈ {1, . . . k}. OrÐzoume Y_k = ⟨x_1, . . . , x_k⟩. ’Opwc prin, o Y_k èqei peperasmènh diĹstash, Ĺra eÐnai kleistìc kai gnăsioc upìqwroc tou X. Apì to Lămma tou Riesz me Y = Y_k, Z = X kai θ =^1_2 , upĹrqei x_{k+1} ∈ X me ‖x_{k+1}‖ = 1 kai d(x_{k+1}, Y_k) ≥ 1/2. AfoÔ x_1, . . . , x_k ∈ Y_k, èpetai ìti ‖x_{k+1} − x_j ‖ ≥ 1 2 , j = 1, . . . , k. MazÐ me thn epagwgikă upìjesh, autì shmaÐnei ìti

‖x_1‖ = ‖x_2‖ = . . . = ‖x_{k+1}‖ = 1,

kai, an n ≠ m sto {1, . . . , k + 1}, tìte ‖x_n − x_m‖ ≥ 1 2 . EpagwgikĹ, orÐzoume akoloujÐa (x_n) me tic idiìthtec pou jèloume. □ Ac jumhjoÔme tÿra merikèc efarmogèc thc sumpĹgeiac stic suneqeÐc sunartăseic metaxÔ metrikÿn qÿrwn:

(a) An T : (X, d) → (Y, ρ) suneqăc sunĹrthsh, kai M ⊆ X sumpagèc, tìte to T (M) eÐnai sumpagèc.

Apìdeixh: ’Estw (y_k) akoloujÐa sto T (M). Gia kĹje k upĹrqei x_k ∈ M tètoio ÿste T (x_k) = y_k. To M eÐnai sumpagèc, Ĺra upĹrqoun (x_{kn} ) kai x ∈ M me x_{kn} → x. H T eÐnai suneqăc, Ĺra T (x_{kn} ) → T (x). ’Omwc, T (x_{kn} ) = y_{kn} . ’Ara, y_{kn} → T (x) ∈ T (M). □ (b) An T : (X, d) → (R, |·|) suneqăc kai M ⊆ X sumpagèc, tìte h T paÐrnei mègisth kai elĹqisth timă sto M.

Apìdeixh: To T (M) eÐnai sumpagèc uposÔnolo tou R, Ĺra kleistì kai fragmèno. AfoÔ eÐnai fragmèno èqei sup kai inf, kai afoÔ eÐnai kleistì, to sup eÐnai max kai to inf eÐnai min. Dhladă, upĹrqoun a, b ∈ R tètoia ÿste a ≤ T (x) ≤ b gia kĹje x ∈ M, kai ta a, b eÐnai timèc thc T sto M: UpĹrqoun x_1, x_2 ∈ M tètoia ÿste

T (x_1) = a ≤ T (x) ≤ b = T (x_2)

gia kĹje x ∈ M. □

SÔmfwna me to Jeÿrhma 4.2.2, prèpei kaneÐc na eÐnai polÔ prosektikìc me antÐstoiqec protĹseic gia kleistĹ kai fragmèna uposÔnola apeirodiĹstatwn qÿrwn: ta kleistĹ kai fragmèna den eÐnai pĹnta sumpagă, kai h sumpĹgeia ătan polÔ ousiastikă gia thn apìdeixh twn (a) kai (b).

4.3 Askăseic

1. ’Estw ‖ · ‖ kai ‖ · ‖^′ dÔo isodÔnamec nìrmec sto grammikì qÿro X. DeÐxte ìti upĹrqei omoiomorfismìc f : B_{(X,‖·‖)} → B_{(X,‖·‖}′_). Dhladă, h f eÐnai suneqăc, èna proc èna kai epÐ, kai h f^{−1} eÐnai suneqăc.

2. (a) DeÐxte ìti gia kĹje 1 ≤ p < q < +∞, o ℓ_p perièqetai gnăsia ston ℓ_q, kai o ℓ_q perièqetai gnăsia ston c_0.

(b) ExetĹste an oi nìrmec ‖ · ‖_p kai ‖ · ‖_q eÐnai isodÔnamec ston ℓ_p (p < q). (g) ExetĹste an isqÔei c_0 = ⋃ 1≤p<+∞ ℓp. 3. DeÐxte thn exăc parallagă tou Lămmatoc tou Riesz: an o Y eÐnai upìqwroc tou X pou èqei peperasmènh diĹstash, tìte upĹrqei x ∈ X me ‖x‖ = 1 kai d(x, Y ) = 1.

Upìdeixh: PĹrte v ∈ X\Y . O Y eÐnai kleistìc, Ĺra d(v, Y ) = a > 0. BreÐte y_n ∈ Y tètoia ÿste a ≤ ‖v − y_n‖ < a +^1_n . H (y_n) perièqetai se katĹllhlh kleistă mpĹla tou Y , h opoÐa eÐnai sumpagăc.

4. DeÐxte ìti ènac metrikìc qÿroc (X, d) pou èqei Ĺpeira shmeÐa kai metrikă thn diakrită metrikă, den eÐnai sumpagăc.

5. An o X eÐnai sumpagăc metrikìc qÿroc kai to M kleistì uposÔnolo tou X, tìte to M eÐnai sumpagèc.

6. KĹje sumpagăc metrikìc qÿroc eÐnai diaqwrÐsimoc.

Upìdeixh: JumhjeÐte ton isodÔnamo orismì thc sumpĹgeiac apì thn {AnĹlush II}.

7. ’Estw X, Y metrikoÐ qÿroi, o X sumpagăc, kai T : X → Y suneqăc, èna proc èna kai epÐ. DeÐxte ìti h T^{−1} : Y → X eÐnai suneqăc.

8. Ston qÿro C[0, 1] jewroÔme th sunăjh nìrma ‖f‖ = max_{t∈[0,1]} |f(t)|. Se kĹje mÐa apì tic parakĹtw periptÿseic, breÐte to sÔnolo {g ∈ K : ‖f − g‖ = d(f, K)}. (a) K eÐnai to sÔnolo twn stajerÿn sunartăsewn, f tuqoÔsa ston C[0, 1]. (b) K = {ax : a ∈ R}, f stajeră. (g) K = {g ∈ C[0, 1] : g ≥ 0,

∫_1 0 g(t)dt ≥ g(0) + 1}, f ≡ 0.

UpodeÐxeic - apantăseic

1. Oi ‖·‖ kai ‖·‖^′ eÐnai isodÔnamec, Ĺra upĹrqoun a, b > 0 tètoioi ÿste a‖x‖ ≤ ‖x‖^′ ≤ b‖x‖ gia kĹje x ∈ X.

OrÐzoume f : B_{(X,‖·‖)} → B_{(X,‖·‖}′_) me f(⃗0) = ⃗0 kai f(x) = ‖x‖ ‖x‖^′ x, x ≠ ⃗0. (a) H f eÐnai kalĹ orismènh: an x ∈ B_{(X,‖·‖)}, x ≠ ⃗0, tìte ‖x‖ ≤ 1 Ĺra ‖f(x)‖^′ = ‖x‖ ‖x‖^′ ‖x‖^′ = ‖x‖ ≤ 1, dhladă f(x) ∈ B_{(X,‖·‖}′_). An x = ⃗0, tìte f(x) = ⃗0 ∈ B_{(X,‖·‖}′_).

(b) DeÐqnoume prÿta th sunèqeia thc f: an xn → x0 wc proc thn ‖ · ‖ kai x0 ≠ ⃗0, tìte apì thn isodunamÐa twn normÿn paÐrnoume ‖xn‖ → ‖x0‖, xn → x0 wc proc thn ‖ · ‖^′ (giatÐ?) kai ‖xn‖^′ → ‖x0‖^′ > 0, opìte apì th sunèqeia tou pollaplasiasmoÔ wc proc thn ‖ · ‖^′ sumperaÐnoume ìti f(xn) = ‖xn‖ ‖xn‖^′ xn → ‖x0‖ ‖x0‖^′ x0 = f(x0)

wc proc thn ‖ · ‖^′.

An ‖xn‖ → 0 tìte ‖xn‖^′ → 0 apì thn isodunamÐa twn normÿn, kai ‖xn‖/‖xn‖^′ ≤ 1/a an xn ≠ ⃗0 ă f(xn) = ⃗0 an xn = ⃗0. Se kĹje perÐptwsh, ‖f(xn)‖^′ ≤ 1 a ‖xn‖^′ ≤ b a ‖xn‖ → 0, dhladă f(xn) → ⃗0 = f(⃗0). ’Epetai ìti h f eÐnai suneqăc.

(g) H f eÐnai epÐ: an y ≠ ⃗0 kai ‖y‖^′ ≤ 1, tìte to x = (‖y‖^′/‖y‖)y èqei nìrma ‖x‖ = ‖y‖^′ ≤ 1 kai (elègxte to) f(x) = ‖x‖ ‖x‖^′ x = y. (d) H f eÐnai èna proc èna: an f(x) = f(x1) kai x ≠ ⃗0, tìte x1 ≠ ⃗0 (giatÐ?) kai (∗) ‖x‖ ‖x‖^′ x = ‖x1‖ ‖x1‖^′ x1. Autì shmaÐnei ìti ta x, x1 eÐnai suggrammikĹ kai mĹlista x = tx1, t > 0. ’Ara, h (∗) paÐrnei th morfă ‖x‖ ‖x‖^′ x = t‖x‖ t‖x‖^′ tx =⇒ x = tx =⇒ t = 1, opìte x1 = x. An pĹli x = ⃗0 kai f(x1) = f(⃗0) = ⃗0, eÐnai fanerì ìti x1 = ⃗0 = x.

(e) H f^{−1} : B_{(X,‖·‖}′_) → B_{(X,‖·‖)} orÐzetai apì thn

f^{−1}(y) = ‖y‖^′ ‖y‖ y.

’Opwc sto (b) deÐqnoume ìti h f^{−1} eÐnai suneqăc. ’Ara, h f eÐnai omoiomorfismìc.

2. (a) ’Estw x = (ξ_k) ∈ ℓp. Tìte ∑_∞ k=1 |ξ_k|^p < +∞, Ĺra |ξ_k | → 0. Gia megĹla k èqoume 0 ≤ |ξ_k| < 1 kai afoÔ p < q blèpoume ìti 0 ≤ |ξ_k|^q ≤ |ξ_k|^p. Apì kritărio sÔgkrishc ∑_∞ k=1 |ξ_k|^q < +∞, dhladă x ∈ ℓq . ’Ara, ℓp ⊆ ℓq .

O egkleismìc eÐnai gnăsioc. To x = (1/k^{1/p}) ∈ ℓq \ℓp (giatÐ?).

(b) Gia kĹje n ∈ N orÐzoume xn = (1, . . . , 1, 0, . . .) (n monĹdec kai metĹ mhdenikĹ). Tìte, ‖xn‖p ‖xn‖q = n^{1/p} n^{1/q} = n^{1p − 1q} → +∞

ìtan n → ∞. Dhladă, den upĹrqei b > 0 tètoio ÿste ‖x‖p ≤ b‖x‖q gia kĹje x ∈ ℓp. ’Ara, oi dÔo nìrmec den eÐnai isodÔnamec.

(g) PaÐrnoume ξ_k =^1_{ln(k+1)} , k = 1, 2, . . .. Tìte, ξ_k → 0 ìtan k → ∞, ìmwc to kritărio sumpÔknwshc deÐqnei ìti_∞ ∑ k=1 1 [ln(k + 1)]^p

= +∞

gia kĹje p ≥ 1. ’Ara x = (^1_{ln(k+1)} )_{k∈N}∈ c0\ ∪_{p≥1} ℓp.

3. ’Estw v ∈ X\Y . AfoÔ o Y èqei peperasmènh diĹstash, eÐnai kleistìc upìqwroc tou X, kai afoÔ v /∈ Y èqoume d(v, Y ) = a > 0. Gia kĹje n ∈ N mporoÔme na broÔme yn ∈ Y me thn idiìthta a ≤ ‖v − yn‖ < a + 1 n (jumhjeÐte ton orismì thc d(v, Y )). Gia kĹje n ∈ N èqoume ‖yn − y1‖ ≤ ‖yn − v‖ + ‖v − y‖ < 2a + 1 + 1 n ≤ 2a + 2. Dhladă, h akoloujÐa (yn) perièqetai sthn B(y1, 2a+2) pou eÐnai sumpagèc sÔnolo giatÐ o Y èqei peperasmènh diĹstash. ’Ara, upĹrqei upakoloujÐa (y_{kn} ) thc (yn) me y_{kn} → y ∈ Y .

Tìte, ‖v − y‖ = lim ‖v − yn‖ = a. Dhladă, upĹrqei plhsièstero proc to v shmeÐo tou Y . SuneqÐzoume ìpwc sthn apìdeixh tou Lămmatoc tou Riesz. OrÐzoume x =^1_a (v − y). Tìte ‖x‖ = 1 kai gia kĹje z ∈ Y ‖x − z‖ = ‖ v − y a − z‖ = ‖ v − (y + az) a ‖ = ‖v − (y + az)‖ a ≥ d(v, Y ) a = 1,

giatÐ y + az ∈ Y (o Y eÐnai grammikìc upìqwroc tou X). DeÐxame ìti d(x, Y ) ≥ 1 kai afoÔ d(x, Y ) ≤ ‖x − ⃗0‖ = ‖x‖ = 1, èqoume d(x, Y ) = 1.

4. UpĹrqei akoloujÐa (xn) ston X me xi ≠ xj an i ≠ j (o metrikìc mac qÿroc èqei Ĺpeira shmeÐa). H (xn) den mporeÐ na èqei sugklÐnousa upakoloujÐa: an (x_{kn} ) eÐnai opoiadăpote upakoloujÐa thc (xn), tìte gia kĹje n ≠ m èqoume d(x_{kn} , x_{km} ) = 1 (giatÐ?), opìte h (x_{kn} ) den eÐnai Cauchy (Ĺra, den sugklÐnei). Brăkame akoloujÐa ston X pou den èqei sugklÐnousa upakoloujÐa. ’Ara, o X den eÐnai sumpagăc.

5. ’Estw (xn) akoloujÐa sto M. AfoÔ xn ∈ X kai o X eÐnai sumpagăc, upĹrqoun upakoloujÐa (x_{kn} ) thc (xn) kai x ∈ X tètoia ÿste x_{kn} → x. ’Omwc x_{kn} ∈ M kai to M eÐnai kleistì, Ĺra x ∈ M. Autì apodeiknÔei ìti to M eÐnai sumpagèc (giatÐ?).

6. Gia kĹje n ∈ N mporoÔme na grĹyoume X = ⋃ x∈X D(x, 1/n). AfoÔ o X eÐnai sumpagăc, upĹrqoun xn1, . . . , x_{nk(n)} ∈ X tètoia ÿste X = D(xn1, 1/n) ∪ . . . ∪ D(x_{nk(n)}, 1/n). OrÐzoume M = {xnj : n ∈ N, j = 1, . . . , k(n)}. To M eÐnai arijmăsimo wc arijmăsimh ènwsh peperasmènwn sunìlwn. Ja deÐxoume ìti eÐnai puknì ston X.

’Estw x ∈ X kai ε > 0. UpĹrqei n ∈ N tètoio ÿste 1/n < ε kai upĹrqei j ≤ k(n) tètoio ÿste x ∈ D(xnj , 1/n). Tìte, xnj ∈ M kai d(x, xnj ) < 1/n < ε, dhladă D(x, ε) ∩ M ≠ ∅. ’Ara to M eÐnai puknì kai, afoÔ to M eÐnai arijmăsimo, o X eÐnai diaqwrÐsimoc.

7. ’Estw ìti h T^{−1} : Y → X den eÐnai suneqăc se kĹpoio y0. Tìte upĹrqoun ε > 0 kai yn → y0 tètoia ÿste d(T^{−1}yn, T^{−1}y0) ≥ ε gia kĹje n ∈ N. JewroÔme ta xn = T^{−1}yn kai x0 = T^{−1}y0 ∈ X.

O X eÐnai sumpagăc, Ĺra upĹrqei upakoloujÐa (x_{kn} ) thc (xn) me x_{kn} → w ∈ X. Apì th sunèqeia thc T paÐrnoume y_{kn} = T x_{kn} → T w. AfoÔ yn → y0, èqoume y_{kn} → y0, Ĺra y0 = T w. Dhladă, x_{kn} = T^{−1}y_{kn} → w = T^{−1}y0.

Autì eÐnai Ĺtopo, giatÐ d(T^{−1}y_{kn} , T^{−1}y0) ≥ ε gia kĹje n. To Ĺtopo deÐqnei ìti h T^{−1} eÐnai suneqăc.

8. (a) ’Estw f ∈ C[0, 1] kai M = max{f(t) : 0 ≤ t ≤ 1}, m = min{f(t) : 0 ≤ t ≤ 1}. An g ∈ K, tìte g(x) = c ∈ R sto [0, 1]. DiakrÐnoume treÐc periptÿseic: 1. c ≤ m =⇒ ‖f − g‖ = M − c ≥ M − m. 2. c ≥ M =⇒ ‖f − g‖ = c − m ≥ M − m. 3. m ≤ c ≤ M =⇒ ‖f − g‖ = max{M − c, c − m} ≥^{M−m}_2 . Apì ta parapĹnw èpetai ìti d(f, K) =^{M+m}_2 = d(f, g0) ìpou g0(x) =^{M+m}_2 sto [0, 1].

(b) ’Estw f(x) = c, x ∈ [0, 1]. Tìte, gia kĹje g(x) = ax sto K èqoume ‖f − g‖ = max_{0≤x≤1} |c − ax|. 1. An c ≥ 0, tìte ìlec oi g(x) = ax me 0 ≤ a ≤ 2c ikanopoioÔn thn ‖f − g‖ = c = d(f, K). 2. An c < 0, tìte ìlec oi g(x) = ax me 2c ≤ a ≤ 0 ikanopoioÔn thn ‖f −g‖ = |c| = d(f, K).

(g) An g ∈ K, tìte ‖g − f‖ = max_{0≤x≤1} |g(x)| = max_{0≤x≤1} g(x). ’Omwc,

(∗) 1 ≤ g(0) + 1 ≤

∫_1 0 g(t)dt ≤ max_{0≤x≤1} g(x). ’Ara ‖g − f‖ ≥ 1, kai afoÔ h g ∈ K ătan tuqoÔsa, d(f, K) ≥ 1. ’Estw ìti upĹrqei g ∈ K gia thn opoÐa ‖g − f‖ = 1. Tìte èqoume isìthta sthn (∗), Ĺra 0 ≤ g ≤ 1 kai ∫_1 0 g(t)dt = g(0) + 1 = 1, opìte h g eÐnai suneqăc sunĹrthsh me g(0) = 0, 0 ≤ g ≤ 1 kai ∫_1 0 g(t)dt = 1, to opoÐo eÐnai Ĺtopo (giatÐ?).

Apì thn Ĺllh pleurĹ, d(f, K) = 1. PrĹgmati, gia kĹje mikrì ε > 0 orÐzoume gε me gε(0) = 0, g ≡ 1 + δ sto [ε, 1] kai gε grammikă sto [0, ε]. An δ =^{ε/2}_{1−(ε/2)} , tìte ∫_1 0 gε(t)dt = 1. ’Ara, gε ∈ K kai

‖g − f‖ = 1 + δ = 1 + ε/2 1 − (ε/2) . ’Epetai ìti d(f, K) ≤ lim_{ε→0+} ( 1 + ε/2 1 − (ε/2) ) = 1.

’Ara d(f, K) = 1, allĹ den upĹrqei g ∈ K me thn idiìthta ‖f − g‖ = d(f, K).

KefĹlaio 5

Telestèc kai sunarthsoeidă

5.1 Fragmènoi grammikoÐ telestèc

’Estw X kai Y dÔo qÿroi me nìrma. Grammikìc telestăc apì ton X ston Y eÐnai mia apeikìnish T : X → Y pou ikanopoieÐ thn

T (λx_1 + μx_2) = λT (x_1) + μT (x_2)

gia kĹje x_1, x_2 ∈ X kai λ, μ ∈ R. Gia suntomÐa ja grĹfoume T x_1, T x_2 klp, antÐ gia T (x_1), T (x_2).

O purănac tou T eÐnai to sÔnolo Ker(T ) = {x ∈ X : T x = 0}, kai h eikìna tou T eÐnai to sÔnolo R(T ) = {y ∈ Y |∃x ∈ X : T x = y} = {T x : x ∈ X}. O purănac kai h eikìna enìc grammikoÔ telestă T : X → Y eÐnai grammikoÐ upìqwroi twn X kai Y antÐstoiqa.

Oi X kai Y èqoun topologÐa pou epĹgetai apì tic nìrmec touc, mac endiafèrei loipìn na doÔme pìte ènac grammikìc telestăc T : X → Y eÐnai suneqăc. XekinĹme me ton orismì tou fragmènou telestă:

OrismoÐ (a) ’Estw X kai Y qÿroi me nìrma. ’Enac grammikìc telestăc T : X → Y lègetai fragmènoc an upĹrqei stajerĹ c > 0 tètoia ÿste (∗) ‖T x‖_Y ≤ c‖x‖_X gia kĹje x ∈ X (qwrÐc kÐnduno sÔgqushc, sto exăc ja grĹfoume aplÿc ‖ · ‖ kai gia tic dÔo nìrmec.)

(b) An o T eÐnai fragmènoc, orÐzoume th nìrma ‖T ‖ tou T san th mikrìterh stajerĹ c gia thn opoÐa h (∗) isqÔei gia kĹje x ∈ X.

• Autì to min upĹrqei: jewroÔme to sÔnolo C_T = {c ≥ 0 : ∀x ∈ X, ‖T x‖ ≤ c‖x‖}.

An o T eÐnai fragmènoc, autì to sÔnolo eÐnai mh kenì kai kĹtw fragmèno apì to 0. ’Ara, orÐzetai to inf C_T kai isqÔei inf C_T ∈ C_T giatÐ to C_T eÐnai kleistì (Ĺskhsh). ’Ara, h ‖T ‖ = min{c ≥ 0 : ∀x ∈ X, ‖T x‖ ≤ c‖x‖} orÐzetai kalĹ, kai ikanopoieÐ thn ‖T x‖ ≤ ‖T ‖ ‖x‖, x ∈ X. ’Enac Ĺlloc, exÐsou qrăsimoc, trìpoc orismoÔ thc nìrmac tou T dÐnetai apì thn akìloujh prìtash:

Prìtash 5.1.1 ’Estw T : X → Y fragmènoc telestăc. Tìte,

‖T ‖ = sup_{x≠0} ‖T x‖ ‖x‖ = sup_{x∈BX} ‖T x‖ = sup_{‖x‖=1} ‖T x‖. Apìdeixh: An x ≠ 0, tìte to y = x/‖x‖ èqei nìrma ‖y‖ = 1. ’Ara, ‖T x‖ ‖x‖ = ‖ ‖T ( x ‖x‖ ) ‖ ‖ = ‖T y‖ ≤ sup ‖x‖=1 ‖T x‖. AfoÔ to x ≠ 0 ătan tuqìn, kai afoÔ {x : ‖x‖ = 1} ⊆ B_X ,

(1) sup_{x≠0} ‖T x‖ ‖x‖ ≤ sup_{‖x‖=1} ‖T x‖ ≤ sup_{x∈BX} ‖T x‖. Apì thn Ĺllh pleurĹ, an x ∈ B_X \{0}, tìte ‖T x‖ ≤ ‖T x‖ ‖x‖ ≤ sup_{x≠0} ‖T x‖ ‖x‖ , Ĺra (2) sup_{x∈BX} ‖T x‖ ≤ sup_{x≠0} ‖T x‖ ‖x‖ . Apì tic (1) kai (2) èpetai ìti ta trÐa sup thc Prìtashc eÐnai Ðsa.

Apì ton orismì thc nìrmac èqoume ‖T x‖ ≤ ‖T ‖ ‖x‖ ≤ ‖T ‖ gia kĹje x ∈ B_X , epomènwc (3) sup_{x∈BX} ‖T x‖ ≤ ‖T ‖. Tèloc, afoÔ h ‖T ‖ eÐnai h mikrìterh stajerĹ gia thn opoÐa ‖T x‖ ≤ c‖x‖ gia kĹje x ∈ X, kai afoÔ ‖T w‖ ≤ ( sup_{x≠0} ‖T x‖ ‖x‖ ) ‖w‖ gia kĹje w ∈ X, èqoume

(4) ‖T ‖ ≤ sup_{x≠0} ‖T x‖ ‖x‖ . H prÿth isìthta thc Prìtashc èpetai tÿra apì tic (3) kai (4). □

H epìmenh Prìtash dikaiologeÐ ton ìro {nìrma telestă}:

Prìtash 5.1.2 ’Estw B(X, Y ) to sÔnolo twn fragmènwn telestÿn T : X → Y . To B(X, Y ) eÐnai grammikìc qÿroc, kai h ‖ · ‖ : B(X, Y ) → R me T → ‖T ‖ eÐnai nìrma.

Apìdeixh: An T, S : X → Y fragmènoi telestèc kai λ ∈ R, tìte (a) ‖(λT )x‖ = ‖λT x‖ = |λ| ‖T x‖ ≤ |λ| ‖T ‖ ‖x‖, dhladă o λT eÐnai fragmènoc kai ‖λT ‖ ≤ |λ| ‖T ‖. Epiplèon, ‖λT ‖ = sup_{‖x‖=1} ‖λT x‖ = sup_{‖x‖=1} |λ| ‖T x‖ = |λ| sup_{‖x‖=1} ‖T x‖ = |λ| ‖T ‖. ’Ara, ikanopoieÐtai to (N3). (b) ‖(T +S)x‖ = ‖T x+Sx‖ ≤ ‖T x‖+‖Sx‖ ≤ ‖T ‖ ‖x‖+‖S‖ ‖x‖= (‖T ‖ + ‖S‖) ‖x‖, dhladă o T + S eÐnai fragmènoc, kai ‖T + S‖ ≤ ‖T ‖ + ‖S‖. ’Epetai to (N4), kai to ìti o B(X, Y ) eÐnai grammikìc qÿroc (se sunduasmì me to prohgoÔmeno).

Tèloc ‖T ‖ ≥ 0 (profanèc), kai an ‖T ‖ = 0, tìte 0 ≤ ‖T x‖ ≤ ‖T ‖ ‖x‖ = 0 gia kĹje x ∈ X, dhladă ‖T x‖ = 0 =⇒ T x = 0 gia kĹje x ∈ X. ’Ara, ‖T ‖ = 0 =⇒ T ≡ 0. □ ParadeÐgmata (a) H tautotikă apeikìnish I : X → X eÐnai fragmènoc telestăc, kai ‖I‖ = sup_{‖x‖=1} ‖Ix‖ = sup_{‖x‖=1} ‖x‖ = 1. (b) JewroÔme to grammikì qÿro P [0, 1] twn poluwnÔmwn p : [0, 1] → R, kai orÐzoume T : P [0, 1] → P [0, 1] me T p = p^′ (h parĹgwgoc poluwnÔmou eÐnai poluÿnumo, Ĺra o T orÐzetai kalĹ.)

EÔkola elègqoume ìti o T eÐnai grammikìc telestăc: T (λp + μq) = (λp + μq)^′ = λp^′ + μq^′ = λT p + μT q. ’Omwc o T den eÐnai fragmènoc: èstw p_n(t) = t^n. Ston P [0, 1] jewroÔme wc sunăjwc thn ‖p‖ = max_{t∈[0,1]} |p(t)|, Ĺra ‖p_n‖ = 1, n ∈ N. AllĹ p^′_n(t) = nt^{n−1}, Ĺra ‖p^′_n‖ = n. ’Epetai ìti sup ‖p‖=1 ‖T p‖ ≥ ‖T p_n‖ = ‖p^′_n‖ = n gia kĹje n ∈ N, Ĺra o T den eÐnai fragmènoc (giatÐ?). (g) OloklhrwtikoÐ telestèc. JewroÔme ton C[0, 1] me nìrma thn ‖f‖ = max_{t∈[0,1]} |f(t)|, kai mia suneqă sunĹrthsh K : [0, 1] × [0, 1] → R.

OrÐzoume T : C[0, 1] → C[0, 1] me

(T f)(t) =

∫_1 0 K(t, s)f(s)ds. H K lègetai purănac tou T . Prèpei na deÐxoume ìti o T eÐnai kalĹ orismènoc, dhladă ìti h T f eÐnai suneqăc: èqoume |(T f)(t) − (T f)(t^′)| = | | | ∫_1 0 {K(t, s) − K(t^′, s)}f(s)ds | | | ≤ ∫_1 0 |K(t, s) − K(t^′, s)| |f(s)|ds ≤ ‖f‖ ∫_1 0 |K(t, s) − K(t^′, s)|ds. ’Omwc, h K eÐnai omoiìmorfa suneqăc sto [0, 1] × [0, 1], Ĺra an mĹc dÿsoun ε > 0 upĹrqei δ > 0 tètoioc ÿste |t − t^′| < δ =⇒ ∀s, |K(t, s) − K(t^′, s)| < ε. ’Ara, |t − t^′| < δ =⇒ |(T f)(t) − (T f)(t^′)| ≤ ‖f‖ε, ki autì apodeiknÔei th sunèqeia thc T f. H grammikìthta tou T elègqetai eÔkola. Gia na deÐxoume ìti o T eÐnai fragmènoc, parathroÔme ìti lìgw sunèqeiac tou purăna K upĹrqei M > 0 me thn idiìthta |K(t, s)| ≤ M gia kĹje (t, s) ∈ [0, 1]×[0, 1], opìte |(T f)(t)| = | | | | ∫_1 0 K(t, s)f(s)ds | | | | ≤ ∫_1 0 |K(t, s)||f(s)|ds ≤ M‖f‖ ∫_1 0 ds = M‖f‖ gia kĹje t ∈ [0, 1], Ĺra ‖T f‖ ≤ M‖f‖.

H Prìtash pou akoloujeÐ perigrĹfei touc fragmènouc grammikoÔc telestèc pou orÐzontai se qÿrouc peperasmènhc diĹstashc:

Jeÿrhma 5.1.1 ’Estw X, Y qÿroi me nìrma, dimX = n < ∞, kai T : X → Y grammikìc telestăc. Tìte, o T eÐnai fragmènoc.

Apìdeixh: ’Estw {e_1, . . . , e_n} mia bĹsh tou X. Apì to basikì Lămma tou KefalaÐou 4, an x = a_1e_1 + · · · + a_ne_n ∈ X, tìte c n∑ i=1 |a_i| ≤ ‖a_1e_1 + · · · + a_ne_n‖ = ‖x‖, ìpou c > 0 stajerĹ pou exartĹtai mìno apì th nìrma kai th bĹsh tou X. ’Epetai ìti ‖T x‖ = ‖ ‖T (^n ∑ i=1 a_ie_i) ‖ ‖ = ‖ ‖^n ∑ i=1 a_iT e_i ‖ ‖

≤ n∑ i=1 |a_i| ‖T e_i‖ ≤ ( max 1≤i≤n ‖T e_i‖ )_n∑ i=1 |a_i| ≤ max ‖T e_i‖ c ‖x‖. ’Ara o T eÐnai fragmènoc, me ‖T ‖ ≤ (max_i ‖T e_i‖)/c. □ FusiologikĹ, ènac grammikìc telestăc T : X → Y ja lègetai suneqăc an gia kĹje x_0 ∈ X kai ε > 0, upĹrqei δ = δ(ε, x_0) > 0 tètoioc ÿste ‖x − x_0‖ < δ =⇒ ‖T x − T x_0‖ < ε. IsodÔnama, an: x_n → x ston X =⇒ T x_n → T x ston Y . Ja deÐxoume ìti ènac grammikìc telestăc T : X → Y eÐnai suneqăc an kai mìno an eÐnai fragmènoc.

Jeÿrhma 5.1.2 ’Estw X, Y qÿroi me nìrma, kai T : X → Y grammikìc telestăc. (a) O T eÐnai suneqăc an kai mìno an eÐnai fragmènoc. (b) An o T eÐnai suneqăc se èna shmeÐo x_0, tìte eÐnai pantoÔ suneqăc.

Apìdeixh: (a) ’Estw ìti o T eÐnai suneqăc. Tìte, eÐnai suneqăc sto 0. PaÐrnontac ε = 1 > 0, brÐskoume δ > 0 tètoio ÿste ‖x‖ < δ =⇒ ‖T x‖ < 1. ’Omwc tìte, gia kĹje y ≠ 0 jewroÔme to δy/2‖y‖ (pou èqei nìrma mikrìterh apì δ), kai grĹfoume ‖ ‖ ‖T ( δy 2‖y‖ )‖ ‖ ‖ < 1 =⇒ ‖T y‖ < 2 δ ‖y‖. ’Epetai ìti o T eÐnai fragmènoc, kai ‖T ‖ ≤^2_δ .

AntÐstrofa: upojètoume ìti o T eÐnai fragmènoc, kai jewroÔme tuqìn x_0 ∈ X. An x_n → x_0, tìte ‖T x_n − T x_0‖ = ‖T (x_n − x_0)‖ ≤ ‖T ‖ ‖x_n − x_0‖ → 0,

Ĺra T x_n → T x_0. Dhladă, o T eÐnai suneqăc.

(b) Upojètoume ìti o T eÐnai suneqăc sto x_0. ’Estw y_0 ∈ X kai y_n → y_0. Jèloume na deÐxoume ìti T y_n → T y_0. ’Omwc, y_n − y_0 + x_0 → x_0 (giatÐ?), Ĺra T (y_n − y_0 + x_0) = T y_n − T y_0 + T x_0 → T x_0, apfl ìpou èpetai h T y_n → T y_0. □ KleÐnoume aută thn parĹgrafo me merikèc aplèc parathrăseic pĹnw stouc fragmènouc telestèc:

1. An o T : X → Y eÐnai fragmènoc, tìte o KerT eÐnai kleistìc upìqwroc tou X. 2. An o T : X → Y eÐnai fragmènoc, kai X^′ eÐnai ènac upìqwroc tou X, tìte o periorismìc tou T ston X^′ eÐnai fragmènoc telestăc.

3. ’Estw Y qÿroc Banach, kai T_0 : X_0 → Y fragmènoc telestăc pou orÐzetai sfl ènan puknì upìqwro X_0 tou X. Tìte, o T_0 epekteÐnetai katĹ monadikì trìpo se fragmèno telestă T : X → Y me ‖T ‖ = ‖T_0‖.

H apìdeixh autÿn twn isqurismÿn afănetai san Ĺskhsh ston anagnÿsth.

5.2 GrammikĹ sunarthsoeidă

’Estw X grammikìc qÿroc. Sunarthsoeidèc eÐnai ènac grammikìc telestăc F : X → R. An o X eÐnai qÿroc me nìrma, tìte to sunarthsoeidèc F lègetai fragmèno an eÐnai fragmènoc telestăc apì ton (X, ‖·‖) ston (R, |·|). Epomènwc, ì,ti apodeÐxame sthn prohgoÔmenh parĹgrafo metafèretai autoÔsio edÿ:

Jeÿrhma 5.2.1 ’Estw X qÿroc me nìrma, kai F : X → R grammikì sunarthsoeidèc. To F eÐnai fragmèno an upĹrqei c > 0 tètoioc ÿste, gia kĹje x ∈ X, |F (x)| ≤ c‖x‖. H nìrma tou F eÐnai h mikrìterh tètoia stajerĹ, kai isoÔtai me ‖F ‖ = sup_{‖x‖=1} |F (x)|. □ ParadeÐgmata (a) H nìrma tou qÿrou X ≠ {0}, ‖ · ‖ : X → R den eÐnai grammikì sunarthsoeidèc. An ătan, ja eÐqame ‖x‖ + ‖ − x‖ = ‖x + (−x)‖, dhladă 2‖x‖ = 0 gia kĹje x ∈ X.

(b) JewroÔme ton X = R^n , kai stajeropoioÔme a = (a_1, . . . , a_n) ∈ X\{0}. OrÐzoume F : X → R, me F (x) = F (ξ_1, . . . , ξ_n) = a_1ξ_1 + · · · + a_nξ_n.

H F eÐnai grammikì sunarthsoeidèc (to {eswterikì ginìmeno} me to a). An ston R^n jewrăsoume thn EukleÐdeia nìrma ‖ · ‖, tìte apì thn anisìthta Cauchy-Schwarz paÐrnoume

|F (x)| = |a_1ξ_1 + · · · + a_nξ_n| ≤ (_n ∑ i=1 |a_i|^2 )_{1/2} (_n ∑ i=1 |ξ_i|^2 )_{1/2}

= ‖a‖ ‖x‖. Dhladă, to F eÐnai fragmèno sunarthsoeidèc, kai ‖F ‖ ≤ ‖a‖. Epiplèon,

|F (a)| = a^2_1 + · · · + a^2_n = ‖a‖^2, Ĺra ‖F ‖ = sup_{x≠0} |F (x)| ‖x‖ ≥ |F (a)| ‖a‖ = ‖a‖. Dhladă, ‖F ‖ = ‖a‖.

(g) OrÐzoume F : C[a, b] → R me F (g) = ∫_b a g(t)dt. To F eÐnai grammikì sunarthsoeidèc ston C[a, b], kai |F (g)| ≤ ∫_b a |g(t)|dt ≤ ( max t∈[a,b] |g(t)| ) (b − a) = (b − a)‖g‖. ’Ara, to F eÐnai fragmèno kai ‖F ‖ ≤ b−a. An pĹroume san g_0 th stajeră sunĹrthsh g_0(t) = 1, tìte ‖g_0‖ = 1 kai ‖F ‖ = sup_{‖g‖=1} |F (g)| ≥ |F (g_0)| = b − a. ’Ara, ‖F ‖ = b − a.

(d) JewroÔme pĹli ton X = C[a, b] me nìrma thn ‖g‖ = max_{t∈[a,b]} |g(t)|, stajeropoioÔme kĹpoio t_0 ∈ [a, b], kai orÐzoume F : C[a, b] → R me F (g) = g(t_0).

H F eÐnai grammikì sunarthsoeidèc, kai |F (g)| = |g(t_0)| ≤ ‖g‖. ’Ara, ‖F ‖ ≤ 1. PaÐrnontac g_0 ≡ 1, elègqoume ìti ‖F ‖ = 1.

Orismìc ’Estw X qÿroc me nìrma. O duðkìc qÿroc tou X eÐnai o grammikìc qÿroc X^∗ twn fragmènwn grammikÿn sunarthsoeidÿn F : X → R. Dhladă, X^∗ = B(X, R). O X^∗ eÐnai mh kenìc: h F : X → R me F (x) = 0 gia kĹje x ∈ X, eÐnai fragmèno grammikì sunarthsoeidèc. Ta paradeÐgmata pou prohgăjhkan deÐqnoun ìti an p.q. X = R^n ă C[a, b], tìte o X^∗ eÐnai polÔ {plousiìteroc} apì to {0}. Sthn pragmatikìthta, gia kĹje qÿro X me nìrma, o X^∗ perièqei pollĹ mh tetrimmèna fragmèna sunarthsoeidă. Autì ìmwc apaiteÐ arketă douleiĹ (Jeÿrhma Hahn-Banach).

Orismìc ’Estw X grammikìc qÿroc, kai W grammikìc upìqwroc tou X. OrÐzoume to qÿro phlÐko X/W sa grammikì qÿro wc exăc: orÐzoume prÿta mia sqèsh isodunamÐac ∼ ston X, jètontac x ∼ y ⇐⇒ x − y ∈ W. Tìte, o X/W eÐnai o qÿroc twn klĹsewn isodunamÐac [x] = x + W me prĹxeic tic λ[x] = [λx] kai [x] + [y] = [x + y]. Parathrăste ìti [x] = 0 an kai mìno an x ∈ W .

Lème ìti o W èqei sundiĹstash 1 ston X an gia to qÿro phlÐko X/W èqoume dim(X/W ) = 1. An o W èqei sundiĹstash 1 kai x_0 ∈ X, tìte to x_0 + W lègetai uperepÐpedo.

H Prìtash pou akoloujeÐ, dÐnei th sqèsh anĹmesa se upoqÿrouc sundiĹstashc 1 kai grammikĹ sunarthsoeidă:

Prìtash 5.2.1 ’Estw X grammikìc qÿroc, kai W grammikìc upìqwroc tou X. O W èqei sundiĹstash 1 an kai mìno an upĹrqei mh mhdenikì grammikì sunarthsoeidèc f : X → R me Kerf = W . DÔo grammikĹ sunarthsoeidă f, g èqoun ton Ðdio purăna an kai mìno an upĹrqei β ≠ 0 tètoio ÿste g = βf.

Apìdeixh: ’Estw f : X → R, f ≠ 0 grammikì sunarthsoeidèc. O purănac W = Kerf tou f eÐnai grammikìc upìqwroc tou X, kai h f̃ : X/W → R me f̃(x + W ) = f(x) eÐnai isomorfismìc grammikÿn qÿrwn (giatÐ?). ’Ara, dim(X/W ) = 1.

AntÐstrofa, an o W èqei sundiĹstash 1 ston X, tìte upĹrqei isomorfismìc T : X/W → R. OrÐzoume f : X → R me f(x) = T (x + W ). To f eÐnai grammikì sunarthsoeidèc, f ≠ 0, kai Kerf = W .

Gia to deÔtero isqurismì, an g = βf, β ≠ 0, tìte profanÿc Kerf = Kerg. AntÐstrofa, èstw f, g : X → R grammikĹ sunarthsoeidă me Kerf = Kerg. An f ≡ 0, den èqoume tÐpota na apodeÐxoume. ’Estw loipìn x_0 ∈ X me f(x_0) = 1 (upĹrqei, giatÐ?). ’Epetai ìti g(x_0) ≠ 0. Tìte, gia kĹje x ∈ X èqoume

x − f(x)x_0 ∈ Kerf =⇒ g(x − f(x)x_0) = 0 =⇒ g(x) = g(x_0)f(x).

Dhladă, g = βf, me β = g(x_0). □

Ac upojèsoume tÿra ìti èqoume kai mia nìrma ‖ · ‖ ston X.

Prìtash 5.2.2 ’Estw X qÿroc me nìrma, kai èstw W upìqwroc tou X sundiĹstashc 1. Tìte, èna apì ta dÔo sumbaÐnei: EÐte o W eÐnai kleistìc ston X ă o W eÐnai puknìc ston X.

Apìdeixh: O W eÐnai ki autìc grammikìc upìqwroc tou X. An o W den eÐnai kleistìc, tìte upĹrqei x ∈ W \ W , kai afoÔ o W èqei sundiĹstash 1 èqoume [z] ∈ span([x]) (dhladă z = λx + w gia kĹpoia λ ∈ R kai w ∈ W ) gia kĹje z ∈ X (giatÐ?), Ĺra W = X. □

Paratărhsh: Oi kleistoÐ grammikoÐ upìqwroi sundiĹstashc 1 eÐnai akribÿc oi purănec twn fragmènwn grammikÿn sunarthsoeidÿn: an f : X → R eÐnai fragmèno grammikì sunarthsoeidèc, tìte apì th sunèqeia tou f eÐnai fanerì ìti o

W = Kerf = f^{−1}{0} eÐnai kleistìc grammikìc upìqwroc tou X, kai apì thn Prìtash 5.2.1 o W èqei sundiĹstash 1. Ja apodeÐxoume ton antÐstrofo isqurismì san sunèpeia tou Jewrămatoc Hahn-Banach.

5.3 Qÿroi telestÿn - duðkoÐ qÿroi

’Estw X, Y dÔo qÿroi me nìrma. Sthn ParĹgrafo 5.1 eÐdame ìti o qÿroc B(X, Y ) twn fragmènwn grammikÿn telestÿn T : X → Y eÐnai grammikìc qÿroc me nìrma, ìpou ‖T ‖ = sup_{‖x‖=1} ‖T x‖, T ∈ B(X, Y ). To Jeÿrhma pou akoloujeÐ apantĹ sto erÿthma: pìte o B(X, Y ) eÐnai plărhc? Jeÿrhma 5.3.1 ’Estw X kai Y qÿroi me nìrma. An o Y eÐnai qÿroc Banach, tìte o B(X, Y ) eÐnai qÿroc Banach.

Apìdeixh: ’Estw (T_n) akoloujÐa Cauchy ston B(X, Y ), kai èstw ε > 0. UpĹrqei n_0(ε) ∈ N tètoioc ÿste, an n, m ≥ n_0 tìte (∗) ‖T_n − T_m‖ < ε. StajeropoioÔme x ∈ X. An n, m ≥ n_0, tìte ‖T_nx − T_mx‖ = ‖(T_n − T_m)x‖ ≤ ‖T_n − T_m‖ ‖x‖ ≤ ε‖x‖. Autì shmaÐnei ìti h (T_nx) eÐnai akoloujÐa Cauchy ston Y (giatÐ?), kai afoÔ o Y eÐnai plărhc, upĹrqei y_x ∈ Y tètoio ÿste T_mx → y_x kajÿc m → ∞. OrÐzoume T : X → Y me T x = y_x = lim_{m→∞} T_mx.

O T eÐnai grammikìc telestăc: an x_1, x_2 ∈ X kai λ, μ ∈ R, tìte T (λx_1 + μx_2) = lim_{m→∞} T_m(λx_1 + μx_2) = lim_{m→∞}(λT_mx_1 + μT_mx_2) = λ lim_{m→∞} T_mx_1 + μ lim_{m→∞} T_mx_2 = λT x_1 + μT x_2.

Epistrèfoume sthn (∗). ’Estw x ∈ X me ‖x‖ = 1. An n, m ≥ n_0, tìte ‖T_nx − T_mx‖ ≤ ε‖x‖ = ε, kai afănontac to m na pĹei sto Ĺpeiro, paÐrnoume ‖T_nx − T x‖ ≤ ε, ‖x‖ = 1, dhladă, (∗∗) ‖T_n − T ‖ = sup_{‖x‖=1} ‖T_nx − T x‖ ≤ ε. Autì deÐqnei dÔo prĹgmata: (a) gia kĹje n ≥ n_0, T_n − T ∈ B(X, Y ), kai afoÔ o B(X, Y ) eÐnai grammikìc qÿroc kai T_n ∈ B(X, Y ), T = T_n − (T_n − T ) ∈ B(X, Y ). (b) Apì thn (∗∗), gia kĹje n ≥ n_0(ε) èqoume ‖T_n − T ‖ ≤ ε. ’Ara, T_n → T ston B(X, Y ). □ Pìrisma 5.3.1 An o X eÐnai qÿroc me nìrma, tìte o X^∗ me nìrma thn ‖F ‖ = sup_{‖x‖=1} |F (x)| eÐnai qÿroc Banach.

Apìdeixh: O X^∗ eÐnai o B(X, R). O R eÐnai plărhc wc proc thn | · |, opìte to zhtoÔmeno prokÔptei amèswc apì to Jeÿrhma 5.3.1. □

Orismìc (a) O T : X → Y lègetai isomorfismìc an eÐnai grammikìc, èna proc èna kai epÐ telestăc, kai oi T : X → Y , T^{−1} : Y → X eÐnai fragmènoi telestèc. (b) O T : X → Y lègetai isometrikìc isomorfismìc an eÐnai isomorfismìc kai, epiplèon, gia kĹje x ∈ X isqÔei ‖T x‖ = ‖x‖.

Parathrăseic (i) O T eÐnai èna proc èna an kai mìno an KerT = {0}. (ii) An o T : X → Y eÐnai grammikìc, èna proc èna kai epÐ, kai ‖T x‖ = ‖x‖, x ∈ X, tìte o T eÐnai isometrikìc isomorfismìc.

DÔo qÿroi X kai Y me nìrma lègontai isometrikĹ isomorfikoÐ an upĹrqei isometrikìc isomorfismìc T : X → Y . Apì th skopiĹ thc Sunarthsiakăc AnĹlushc, dÔo tètoioi qÿroi tautÐzontai: èqoun thn Ðdia grammikă kai topologikă domă, afoÔ ta shmeÐa touc brÐskontai se èna proc èna antistoiqÐa pou diathreÐ tic apostĹseic kai th grammikă domă tou qÿrou.

Me th boăjeia thc ènnoiac tou isometrikoÔ isomorfismoÔ mporoÔme na dÿsoume polÔ sugkekrimmènh perigrafă tou duðkoÔ qÿrou gia arketĹ klasikĹ paradeÐgmata qÿrwn Banach:

Jeÿrhma 5.3.2 JewroÔme ton R^n me thn EukleÐdeia nìrma. O duðkìc tou qÿroc eÐnai isometrikĹ isomorfikìc me ton R^n . GrĹfoume (R^n )^∗ ≃ R^n .

Apìdeixh: OrÐzoume T : (R^n )^∗ → R^n wc exăc: apeikonÐzoume to f : R^n → R sthn n-Ĺda (f(e_1), . . . , f(e_n)) ∈ R^n , ìpou {e_1, . . . , e_n} h sunăjhc orjokanonikă bĹsh tou R^n .

Parathrăste ìti to f prosdiorÐzetai plărwc apì to diĹnusma T f = (f(e_i))_{i≤n}: an x = (ξ_i) ∈ R^n , tìte x = ∑_n i=1 ξ_ie_i =⇒ f(x) = ∑_n i=1 ξ_if(e_i), dhladă xèroume to f(x) an mĹc dÿsoun tic suntetagmènec tou x.

DeÐqnoume prÿta ìti o T eÐnai grammikìc, èna proc èna kai epÐ:

(a) Gia th grammikìthta, T (λf + μg) = ((λf + μg)(e_1), . . . , (λf + μg)(e_n)) = (λf(e_1) + μg(e_1), . . . , λf(e_n) + μg(e_n)) = λ(f(e_1), . . . , f(e_n)) + μ(g(e_1), . . . , g(e_n)) = λT f + μT g. (b) Gia to èna proc èna, T f = ⃗0 =⇒ ∀i = 1, . . . , n, f(e_i) = 0 =⇒ ∀x ∈ R^n , f(x) = n∑ i=1 ξ_if(e_i) = 0 =⇒ f ≡ 0. (g) An a = (a_1, . . . , a_n) ∈ R^n , orÐzoume f(x) = ∑_n i=1 ξ_ia_i. Tìte, f ∈ (R^n )^∗ kai f(e_i) = a_i, i = 1, . . . , n. ’Ara, T f = a. Autì deÐqnei ìti o T eÐnai epÐ.

Mènei na deÐxoume ìti o T eÐnai isometrikìc isomorfismìc. ’Estw f ∈ (R^n )^∗. Tìte, f(x) = ∑_n i=1 ξ_if(e_i), kai èqoume deÐ ìti èna sunarthsoeidèc autăc thc morfăc èqei nìrma ‖f‖ = ‖(f(e_1), . . . , f(e_n))‖ = ‖T f‖. □ Jeÿrhma 5.3.3 O (ℓ_1)^∗ eÐnai isometrikĹ isomorfikìc me ton ℓ_∞.

Apìdeixh: OrÐzoume T : ℓ^∗_1 → ℓ_∞ wc exăc: ’Estw e_k = (δ_{kn}) kai f : ℓ_1 → R fragmèno grammikì sunarthsoeidèc. Elègxte touc parakĹtw isqurismoÔc:

(i) H (e_k) eÐnai bĹsh Schauder tou ℓ_1, dhladă, kĹje x = (ξ_k ) ∈ ℓ_1 grĹfetai (monosămanta) sth morfă x = ∑_∞ k=1 ξ_ke_k.

(ii) To f eÐnai suneqèc, Ĺra f(x) = ∑_∞ k=1 ξ_kf(e_k), x ∈ X. OrÐzoume T (f) = (f(e_1), . . . , f(e_k), . . .). Ja deÐxoume ìti o T eÐnai isometrikìc isomorfismìc.

(a) O T eÐnai kalĹ orismènoc. Gia kĹje k ∈ N èqoume |f(e_k)| ≤ ‖f‖ ‖e_k‖ = ‖f‖ (giatÐ ‖e_k‖ = 1.) ’Ara, (∗) ‖T f‖_∞ ≤ ‖f‖. Eidikìtera, T f ∈ ℓ_∞.

(b) An ‖x‖_1 = ∑_∞ k=1 |ξ_k | = 1, tìte |f(x)| = | | | | ∞∑ k=1 ξ_kf(e_k) | | | | ≤ ∞∑ k=1 |ξ_k| |f(e_k)|

≤ ( sup_k |f(e_k)| )_∞∑ k=1 |ξ_k| = ‖T f‖_∞.

’Ara, (∗∗) ‖f‖ = sup_{‖x‖1=1} |f(x)| ≤ ‖T f‖_∞. Apì tic (∗) kai (∗∗), gia kĹje f ∈ ℓ^∗_1 isqÔei ‖T f‖_∞ = ‖f‖ (dhladă, o T eÐnai isometrÐa.)

(g) H grammikìthta tou T elègqetai eÔkola.

(d) An T f = 0, tìte gia kĹje k ∈ N èqoume f(e_k) = 0. ’Ara, gia kĹje x ∈ ℓ_1, f(x) = ∞∑ k=1 ξ_kf(e_k) = 0 =⇒ f ≡ 0.

AfoÔ KerT = {0}, o T eÐnai èna proc èna.

(e) ’Estw a = (a_1, . . . , a_k, . . .) ∈ ℓ_∞ (upĹrqei loipìn M > 0 tètoioc ÿste |a_k| ≤ M, k ∈ N.) OrÐzoume f(x) = ∑_∞ k=1 ξ_ka_k. Tìte, |f(x)| ≤ ∞∑ k=1 |ξ_k| |a_k| ≤ (sup_k |a_k|) ∞∑ k=1 |ξ_k| ≤ M‖x‖_1. ’Ara, f ∈ ℓ^∗_1, kai afoÔ f(e_k) = a_k, T f = a. Dhladă o T eÐnai epÐ. □ Jeÿrhma 5.3.4 An 1 < p < +∞, tìte o ℓ^∗_p eÐnai isometrikĹ isomorfikìc me ton ℓ_q, ìpou q o suzugăc ekjèthc tou p.

Apìdeixh: H (e_k) eÐnai bĹsh Schauder tou ℓ_p (elègxte to). KĹje x = (ξ_k) ∈ ℓ_p grĹfetai monosămanta sth morfă x = ∑ k ξ_ke_k, kai an f : ℓ_p → R eÐnai fragmèno grammikì sunarthsoeidèc, tìte f(x) = ∑ k ξ_kf(e_k). OrÐzoume T : ℓ^∗_p → ℓ_q me T f = (f(e_1), . . . , f(e_k), . . .).

(a) O T eÐnai kalĹ orismènoc: Prèpei na deÐxoume ìti, gia kĹje f ∈ ℓ^∗_p isqÔei ∑ k |f(e_k)|^q < +∞. ’Estw N ∈ N. OrÐzoume γ_k = |f(e_k)|^q /f(e_k) an f(e_k) ≠ 0, kai γ_k = 0 alliÿc. Tìte, N∑ k=1 |f(e_k)|^q = N∑ k=1 γ_kf(e_k) = f (_N ∑ k=1 γ_ke_k )

≤ ‖f‖ (_N ∑ k=1 |γ_k|^p )_{1/p}

= ‖f‖ (_N ∑ k=1 |f(e_k)|^{(q−1)p} )_{1/p}

= ‖f‖ (_N ∑ k=1 |f(e_k)|^q )_{1/p} .

’Epetai ìti (_N ∑ k=1 |f(e_k)|^q )_{1−}^1_p ≤ ‖f‖ =⇒ (_N ∑ k=1 |f(e_k)|^q )_{1/q} ≤ ‖f‖,

kai afănontac to N → ∞, paÐrnoume

(∗) ‖T f‖_q = (_∞ ∑ k=1 |f(e_k)|^q )_{1/q} ≤ ‖f‖,

to opoÐo bèbaia deÐqnei kai ìti T f ∈ ℓ_q.

(b) An f ∈ ℓ^∗_p, qrhsimopoiÿntac thn anisìthta tou Hölder blèpoume ìti

|f(x)| = | |^∞ ∑ k=1 ξ_kf(e_k) | | ≤^∞ ∑ k=1 |ξ_k| |f(e_k)|

≤ (_∞ ∑ k=1 |ξ_k|^p )_{1/p} (_∞ ∑ k=1 |f(e_k)|^q )_{1/q}

= ‖x‖_p ‖T f‖_q. ’Ara, (∗∗) ‖f‖ = sup_{‖x‖p=1} |f(x)| ≤ ‖T f‖_q.

Apì tic (∗) kai (∗∗) blèpoume ìti o T eÐnai isometrÐa: gia kĹje f ∈ ℓ^∗_p, ‖T f‖ = ‖f‖.

(g) EÔkola elègqoume ìti o T eÐnai grammikìc kai èna proc èna telestăc.

(d) ’Estw a = (a_1, . . . , a_k, . . .) ∈ ℓ_q. Dhladă, ∑ k |a_k|^q < +∞. OrÐzoume f(x) = ∑_∞ k=1 ξ_ka_k. Tìte,

|f(x)| ≤ ∞∑ k=1 |ξ_k| |a_k|

≤ ( ∑ k |a_k|^q )_{1/q} (_∞ ∑ k=1 |ξ_k |^p )_{1/p}

= ‖a‖_q ‖x‖_p. ’Ara, f ∈ ℓ^∗_p, kai afoÔ f(e_k) = a_k, T f = a. Dhladă o T eÐnai epÐ. □

5.4 Askăseic

1. ’Estw T : C[0, 1] → C[0, 1], me (T f)(t) = ∫_t 0 f(s)ds, t ∈ [0, 1]. (a) DeÐxte ìti o T eÐnai fragmènoc, grammikìc kai èna proc èna telestăc. (b) BreÐte thn eikìna R(T ) tou T . (g) EÐnai o T^{−1} : R(T ) → C[0, 1] fragmènoc? (d) BreÐte thn ‖T ‖.

2. OrÐzoume T : ℓ_2 → ℓ_2 wc exăc: an x = (ξ_1, ξ_2, . . . , ξ_k, . . .), jètoume T x = (ξ_2, ξ_3, . . .).

(a) DeÐxte ìti o T orÐzetai kalĹ, kai eÐnai fragmènoc grammikìc telestăc. (b) OrÐzoume T_n = T ∘ T ∘ · · · ∘ T (n forèc). BreÐte thn ‖T_n‖, n ∈ N, kai to lim_n ‖T_n‖.

(g) An x ∈ ℓ_2, breÐte to lim_n ‖T_nx‖.

3. Ston C[0, 1] orÐzoume ‖f‖ = max_{−1≤t≤1} |f(t)|. UpologÐste tic nìrmec twn parakĹtw sunarthsoeidÿn F : C[−1, 1] → R: (a) F (g) =

∫_1 −1 g(s)ds − g(0). (b) F (g) =^{g(1/2)+g(−1/2)−2g(0)} 2 . 4. OrÐzoume F : ℓ_1 → R me F (x) = ∑_∞ k=1 ξ_k. DeÐxte ìti to F eÐnai grammikì sunarthsoeidèc. EÐnai fragmèno? An nai, poiĹ eÐnai h nìrma tou? 5. OrÐzoume T, S : C[0, 1] → C[0, 1] me (T f)(t) = t ∫_1 0 f(s)ds , (Sf)(t) = tf(t). (a) DeÐxte ìti oi T, S eÐnai fragmènoi grammikoÐ telestèc. (b) BreÐte touc T ∘ S kai S ∘ T . EÐnai swstì ìti T ∘ S = S ∘ T ? (g) UpologÐste tic ‖T ‖, ‖S‖, ‖T ∘ S‖ kai ‖S ∘ T ‖.

6. JewroÔme to trÐgwno Δ = {(x, y) ∈ R^2 : a ≤ x ≤ b, a ≤ y ≤ x}, kai mia suneqă sunĹrthsh ϕ : Δ → R. OrÐzoume T : C[a, b] → C[a, b] me

(T f)(x) = ∫_x a ϕ(x, y)f(y)dy. DeÐxte ìti o T eÐnai fragmènoc grammikìc telestăc, kai ‖T ‖ ≤ (b − a) max{|ϕ(x, y)| : (x, y) ∈ Δ}. 7. JewroÔme to qÿro C^1[0, 1] twn suneqÿc paragwgÐsimwn sunartăsewn sto [0, 1]. Ston C^1[0, 1] jewroÔme tic nìrmec

‖f‖_2 = (∫_1 0 |f|^2 )1/2 , ‖f‖_{1,2} = (∫_1 0 |f^′|^2 )1/2 + |f(0)|.

DeÐxte ìti o tautotikìc telestăc I : (C^1[0, 1], ‖ · ‖_{1,2}) → (C^1[0, 1], ‖ · ‖_2) eÐnai fragmènoc.

[Upìdeixh: PerioristeÐte prÿta ston qÿro {f ∈ C^1 : f(0) = 0}, kai efarmìste thn anisìthta Cauchy-Schwarz.]

8. ’Estw X o qÿroc ìlwn twn fragmènwn f : R → R me nìrma thn ‖f‖ = sup_{t∈R} |f(t)|. OrÐzoume T : X → X, me (T f)(t) = f(t − a), ìpou a > 0 dosmènh stajerĹ. EÐnai o T grammikìc? Fragmènoc?

9. ’Estw X, Y qÿroi me nìrma, T_n, T ∈ B(X, Y ) kai x_n, x ∈ X. DeÐxte ìti, an T_n → T kai x_n → x, tìte T_nx_n → T x.

10. ’Estw F : X → R mh mhdenikì grammikì sunarthsoeidèc. DeÐxte ìti to F eÐnai fragmèno an kai mìno an upĹrqei δ > 0 tètoio ÿste F (B(0, δ)) ≠ R. 11. ’Estw X qÿroc me nìrma, kai F ∈ X^∗, F ≠ 0. DeÐxte ìti ‖F ‖ = 1 inf{‖x‖ : F (x) = 1} .

12. ’Estw X apeirodiĹstatoc qÿroc me nìrma. DeÐxte ìti upĹrqei grammikì sunarthsoeidèc F : X → R pou den eÐnai fragmèno.

13. ’Estw T : X → Y grammikìc telestăc me thn exăc idiìthta: an x_n → 0 ston X, tìte h {‖T x_n‖} eÐnai fragmènh. DeÐxte ìti o T eÐnai fragmènoc. 14. ’Estw X, Y qÿroi me nìrma, kai T : X → Y èna proc èna, fragmènoc grammikìc telestăc. DeÐxte ìti o T eÐnai isometrikìc isomorfismìc an kai mìno an T (B_X ) = B_Y .

15. ’Estw X qÿroc me nìrma, kai M^∗ ⊆ X^∗. OrÐzoume N(M^∗) = {x ∈ X : ∀F ∈ M^∗, F (x) = 0}. DeÐxte ìti to N(M^∗) eÐnai kleistìc grammikìc upìqwroc tou X.

.

UpodeÐxeic - apantăseic

1. (a) Gia kĹje t ∈ [0, 1] èqoume |(T f)(t)| = | ∫_t 0 f(s)ds| ≤ ∫_t 0 |f(s)|ds ≤ ‖f‖ ∫_t 0 ds = ‖f‖ · t ≤ ‖f‖, Ĺra ‖T f‖ = max_{0≤t≤1} |(T f)(t)| ≤ ‖f‖. ’Epetai ìti o T eÐnai fragmènoc kai ‖T ‖ ≤ 1. Gia thn grammikìthta tou T parathroÔme ìti an f, g ∈ C[0, 1] kai a, b ∈ R, tìte [T (af + bg)](t) = ∫_t 0 (af(s) + bg(s))ds = a ∫_t 0 f(s)ds + b ∫_t 0 g(s)ds = a(T f)(t) + b(T g)(t) = [a(T f) + b(T g)](t), Ĺra T (af + bg) = a(T f) + b(T g). H T f eÐnai suneqÿc paragwgÐsimh sunĹrthsh, afoÔ (T f)^′ = f. Autì apodeiknÔei ìti o T eÐnai kalĹ orismènoc, allĹ kai ìti eÐnai èna proc èna:

T f = T g =⇒ (T f)^′ = (T g)^′ =⇒ f = g.

(b) ’Opwc parathrăsame sto (a) h T f eÐnai suneqÿc paragwgÐsimh kai (T f)(0) = 0. Autèc eÐnai akribÿc oi sunartăseic pou anăkoun sthn eikìna R(T ) tou T . PrĹgmati, an g ∈ C^1[0, 1] kai g(0) = 0, jewroÔme thn f = g^′ ∈ C[0, 1]. Apì to jemeliÿdec jeÿrhma tou apeirostikoÔ logismoÔ èqoume

(T f)(t) = ∫_t 0 f(s)ds = ∫_t 0 g^′(s)ds = g(t) − g(0) = g(t), dhladă, T f = g.

(g) Gia kĹje n ∈ N, h sunĹrthsh fn(t) = t^n eÐnai suneqÿc paragwgÐsimh kai fn(0) = 0. Apì to (b), fn ∈ R(T ) kai [T^{−1}(fn)](t) = f^′_n(t) = nt^{n−1}. ’Ara, ‖T^{−1}(fn)‖ ‖fn‖ = n 1 = n (giatÐ?). ’Epetai ìti o T^{−1} den eÐnai fragmènoc: an ătan, ja eÐqame ‖T^{−1}‖ ≥ n gia kĹje n ∈ N (giatÐ?).

(d) An pĹroume f ≡ 1 sto [0, 1], tìte ‖f‖ = 1 kai (T f)(t) = ∫_t 0 ds = t. ’Ara, ‖T ‖ ≥ ‖T f‖ = max_{0≤t≤1} |t| = 1, to opoÐo apodeiknÔei ìti ‖T ‖ = 1. 2. (a) O T orÐzetai kalĹ, giatÐ

‖T x‖^2 = ∞∑ k=2 |ξ_k|^2 ≤ ∞∑ k=1 |ξ_k|^2 = ‖x‖^2 < +∞,

dhladă T x ∈ ℓ2. H Ðdia anisìthta deÐqnei ìti o T eÐnai fragmènoc kai ‖T ‖ ≤ 1. H grammikìthta tou T elègqetai eÔkola.

(b) EpagwgikĹ deÐqnoume ìti Tnx = (ξn+1, ξn+2, . . .). Gia th nìrma tou Tn èqoume ‖Tn‖ ≤ ‖T ‖ . . . ‖T ‖ = ‖T ‖^n ≤ 1. IsqÔei isìthta, giatÐ ‖Tn‖ ≥ ‖Tnen+1‖2 ‖en+1‖2 = 1 1 = 1.

Eidikìtera, limn→∞ ‖Tn‖ = 1.

(g) An x ∈ ℓ2, tìte ‖Tnx‖2 = √∑_∞ k=n+1 |ξk| 2 → 0 ìtan n → ∞ (ourĹ sugklÐnousac seirĹc). Dhladă, Tnx → ⃗0 gia kĹje x ∈ ℓ2. □

3. (a) Gia kĹje g ∈ C[0, 1] èqoume |F (g)| = | ∫_1 −1 g(s)ds − g(0)| ≤ ∫_1 −1 |g(s)|ds + |g(0)| ≤ 2‖g‖ + ‖g‖ = 3‖g‖. ’Ara, to F eÐnai fragmèno kai ‖F ‖ ≤ 3. Gia kĹje mikrì ε > 0 orÐzoume gε ∈ C[−1, 1] jètontac gε ≡ 1 sta [−1, −ε] kai [ε, 1], gε(0) = −1 kai epekteÐnontac grammikĹ sta [−ε, 0] kai [0, ε]. Tìte ‖gε‖ = 1 kai ‖F ‖ ≥ |F (gε)| = | ∫_1 −1 gε(s)ds + 1| = | | | ∫_{−ε} −1 ds + ∫_0 −ε gε(s)ds + ∫_ε 0 gε(s)ds + ∫_1 ε ds + 1 | | | = |(1 − ε) + 0 + 0 + (1 − ε) + 1| = 3 − 2ε.

AfoÔ h anisìthta aută isqÔei gia kĹje mikrì ε > 0, blèpoume ìti

‖F ‖ ≥ lim_{ε→0+} (3 − 2ε) = 3.

’Ara, ‖F ‖ = 3.

(b) Gia kĹje g ∈ C[0, 1] èqoume |F (g)| = | | | g(1/2) 2 + g(−1/2) 2 − g(0) | | | ≤ |g(1/2)| 2 + |g(−1/2)| 2 + |g(0)| ≤ ‖g‖ 2 + ‖g‖ 2 + ‖g‖ = 2‖g‖. ’Ara, to F eÐnai fragmèno kai ‖F ‖ ≤ 2. OrÐzoume g ∈ C[−1, 1] jètontac g ≡ 1 sta [−1, −1/2] kai [1/2, 1], g(0) = −1 kai epekteÐnontac grammikĹ sta [−1/2, 0] kai [0, 1/2]. Tìte ‖g‖ = 1 kai ‖F ‖ ≥ |F (g)| = | | | g(1/2) 2 + g(−1/2) 2 − g(0) | | | = | 1 2 + 1 2 − (−1)| = 2. ’Ara, ‖F ‖ = 2.

4. An x ∈ ℓ1, h seirĹ ∑_∞ k=1 ξ_k sugklÐnei apolÔtwc Ĺra sugklÐnei. Autì shmaÐnei ìti to F eÐnai kalĹ orismèno. H grammikìthta elègqetai eÔkola: F (ax + by) = ∞∑ k=1 (aξ_k + bη_k) = a ∑ k=1 ξ_k + b ∞∑ k=1 η_k = aF (x) + bF (y).

’Eqoume |F (x)| = | ∞∑ k=1 ξ_k| ≤ ∞∑ k=1 |ξ_k| = ‖x‖1, Ĺra to F eÐnai fragmèno kai ‖F ‖ ≤ 1. IsqÔei isìthta, giatÐ an ξ_k ≥ 0 tìte |F (x)| = F (x) = ∞∑ k=1 ξ_k = ∞∑ k=1 |ξ_k| = ‖x‖1.

5. (a) H grammikìthta twn T kai S elègqetai eÔkola. EpÐshc, |(T f)(t)| = |t ∫_1 0 f(s)ds| ≤ t ∫_1 0 |f(s)|ds ≤ t‖f‖ ∫_1 0 ds = t‖f‖ ≤ ‖f‖ gia kĹje t ∈ [0, 1], Ĺra ‖T f‖ ≤ ‖f‖. Dhladă, o T eÐnai fragmènoc kai ‖T ‖ ≤ 1. ’Omoia, |(Sf)(t)| = |tf(t)| = t|f(t)| ≤ 1 · ‖f‖ = ‖f‖ gia kĹje t ∈ [0, 1], Ĺra ‖Sf‖ ≤ ‖f‖. Dhladă, o S eÐnai fragmènoc kai ‖S‖ ≤ 1. (b) ’Eqoume [(T ∘ S)(f)](t) = t

∫_1 0 (Sf)(s)ds = t ∫_1 0 sf(s)ds, kai [(S ∘ T )(f)](t) = t(T f)(t) = t^2

∫_1 0 f(s)ds. Den isqÔei ìti T ∘ S = S ∘ T . An Ðsque, gia thn f ≡ 1 ja paÐrname

[(T ∘ S)(f)](t) = [(S ∘ T )(f)](t) =⇒ t

∫_1 0 sds = t^2 ∫_1 0 ds =⇒ t 2 = t^2

gia kĹje t ∈ [0, 1], to opoÐo profanÿc den isqÔei.

(g) ’Opwc sto (a), elègqoume ìti ‖T ∘ S‖ ≤ 1/2 kai ‖S ∘ T ‖ ≤ 1. PaÐrnontac f ≡ 1, blèpoume ìti isqÔoun isìthtec: ‖T ‖ = ‖S‖ = ‖S ∘ T ‖ = 1, ‖T ∘ S‖ = 1 2 . EpalhjeÔste ìlouc autoÔc touc isqurismoÔc.

6. H T f eÐnai suneqăc sunĹrthsh, dhladă o T orÐzetai kalĹ: an mac dÿsoun ε > 0, upĹrqei δ > 0 (mporoÔme na upojèsoume ìti δ < ε) tètoioc ÿste an (x, y), (x1, y1) ∈ Δ kai √ (x − x1)^2 + (y − y1)^2 < δ na èqoume |ϕ(x, y) − ϕ(x1, y1)| < ε.

Eidikìtera, an x < x1 kai x1−x < δ kai (x, y), (x1, y) ∈ Δ, tìte |ϕ(x, y)−ϕ(x1, y)| < ε. ’Estw x < x1 sto [a, b] me x1 − x < δ. Tìte, |(T f)(x1) − (T f)(x)| = | | | ∫_{x1} a ϕ(x1, y)f(y)dy − ∫_x a ϕ(x, y)f(y)dy | | | ≤ | | ∫_{x1} x ϕ(x1, y)f(y)dy | | + | | ∫_x a [ϕ(x1, y) − ϕ(x, y)]f(y)dy | |

≤ ∫_{x1} x |ϕ(x1, y)| · |f(y)|dy + ∫_x a |ϕ(x1, y) − ϕ(x, y)| · |f(y)|dy ≤ ( max_Δ |ϕ| ) ‖f‖(x1 − x) + ‖f‖ε(x − a) < [( max_Δ |ϕ| ) + b − a ] ε‖f‖.

To ε > 0 ătan tuqìn, Ĺra h T f eÐnai (omoiìmorfa) suneqăc.

H grammikìthta tou T elègqetai eÔkola. Tèloc, gia kĹje x ∈ [a, b] |(T f)(x)| = | | | ∫_x a ϕ(x, y)f(y)dy | | | ≤ ∫_x a |ϕ(x, y)| · |f(y)|dy ≤ ( max_Δ |ϕ| ) ‖f‖(x − a) ≤ [ (b − a) max_Δ |ϕ| ] ‖f‖. ’Epetai ìti ‖T f‖ ≤ [ (b − a) max_Δ |ϕ| ] ‖f‖. ’Ara, o T eÐnai fragmènoc kai ‖T ‖ ≤ (b − a) maxΔ |ϕ|.

7. ’Estw f ∈ C^1[0, 1] me f(0) = 0. Tìte,

‖f‖^2 =

∫_1 0 |f(t)|^2dt = ∫_1 0 | | | ∫_t 0 f^′(s)ds | | |^2dt ≤ ∫_1 0 (∫_t 0 |f^′(s)|^2ds ) (∫_t 0 1^2ds ) dt ≤ ∫_1 0 (∫_1 0 |f^′(s)|^2ds ) tdt ≤ ∫_1 0 |f^′(s)|^2ds ≤ ‖f‖^2_{1,2} . Dhladă, ‖f‖2 ≤ ‖f‖1,2 se autăn thn perÐptwsh. ’Estw tÿra tuqoÔsa f ∈ C^1[0, 1]. Tìte, h g(t) = f(t) − f(0) ikanopoieÐ thn g(0) = 0, Ĺra ‖g‖2 ≤ ‖g‖1,2. ’Omwc, g^′ = f^′ Ĺra ‖g‖1,2 = (∫_1 0 |g^′|^2 )_{1/2} + |g(0)| = (∫_1 0 |f^′|^2 )_{1/2} + |f(0)| − |f(0)| = ‖f‖1,2 − |f(0)|, epomènwc ‖f‖2 = ‖g + f(0)‖2 ≤ ‖g‖2 + |f(0)| ≤ ‖g‖1,2 + |f(0)| = ‖f‖1,2 . Autì apodeiknÔei ìti o tautotikìc telestăc I : (C^1[0, 1], ‖ · ‖1,2) → (C^1[0, 1], ‖ · ‖2) eÐnai fragmènoc kai ‖I‖ ≤ 1.

8. ’Estw f, g : R → R fragmènec sunartăseic kai λ, μ ∈ R. Tìte, [T (λf + μg)](t) = (λf + μg)(t − a) = λf(t − a) + μg(t − a) = λ(T f)(t) + μ(T g)(t) = [λT f + μT g](t),

Ĺra T (λf + μg) = λT f + μT g, dhladă o T eÐnai grammikìc. EpÐshc, |(T f)(t)| = |f(t − a)| ≤ sup_{s∈R}|f(s)| = ‖f‖, Ĺra ‖T f‖ = sup_{t∈R}|(T f)(t)| ≤ ‖f‖. ’Ara, o T eÐnai fragmènoc.

9. Oi (Tn) kai (xn) eÐnai fragmènec akoloujÐec stouc B(X, Y ) kai X antÐstoiqa, wc sugklÐnousec akoloujÐec. Dhladă, upĹrqei M > 0 tètoioc ÿste ‖Tn‖ ≤ M, ‖xn‖ ≤ M, n ∈ N. Epomènwc, ‖Tnxn − T x‖ = ‖Tnxn − T xn + T xn − T x‖ ≤ ‖(Tn − T )(xn)‖ + ‖T (xn − x)‖ ≤ ‖Tn − T ‖ · ‖xn‖ + ‖T ‖ · ‖xn − x‖ ≤ M‖Tn − T ‖ + ‖T ‖ · ‖xn − x‖ → 0, to opoÐo shmaÐnei ìti Tnxn → T x.

10. ’Estw ìti to F eÐnai fragmèno. Tìte, gia kĹje x ∈ B(0, 1) èqoume |F (x)| ≤ ‖F ‖ · ‖x‖ ≤ ‖F ‖, dhladă, F (B(0, 1)) ⊆ [−‖F ‖, ‖F ‖]. ’Ara, gia δ = 1 èqoume F (B(0, δ)) ≠ R.

AntÐstrofa, ac upojèsoume ìti F (B(0, δ)) ≠ R gia kĹpoio δ > 0. ParathroÔme ìti to sÔnolo F (B(0, δ)) eÐnai kurtì kai summetrikì wc proc to 0 uposÔnolo tou R (apì th grammikìthta tou F - exhgăste). AfoÔ eÐnai gnăsio uposÔnolo tou R, prèpei na eÐnai anoiktì ă kleistì diĹsthma me kèntro to 0. Dhladă, upĹrqei M > 0 tètoio ÿste ‖x‖ ≤ δ =⇒ |F (x)| ≤ M. ’Epetai ìti to F eÐnai fragmèno: an x ≠ 0, tìte | | | | | F ( δx 2‖x‖ ) | | | | | ≤ M =⇒ |F (x)| ≤ 2M δ ‖x‖.

11. An F (x) = 1, tìte 1 = F (x) ≤ ‖F ‖ · ‖x‖, Ĺra ‖x‖ ≥^1_{‖F ‖} . Dhladă, inf{‖x‖ : F (x) = 1} ≥ 1 ‖F ‖ . Apì thn Ĺllh pleurĹ, gia kĹje 0 < ε < ‖F ‖ upĹrqei xε ∈ X me ‖xε‖ = 1 tètoio ÿste F (xε) = aε > ‖F ‖ − ε (giatÐ?). Tìte, F (xε/aε) = 1 kai ‖ ‖ ‖ xε aε ‖ ‖ ‖ = 1 aε < 1 ‖F ‖ − ε .

’Ara, inf{‖x‖ : F (x) = 1} ≤ 1 ‖F ‖ − ε , kai afoÔ to ε > 0 ătan tuqìn, paÐrnoume inf{‖x‖ : F (x) = 1} ≤ 1 ‖F ‖ .

12. JewroÔme mia bĹsh Hamel tou X. O X eÐnai apeirodiĹstatoc, epomènwc mporoÔme na grĹyoume aută th bĹsh sth morfă {xn : n ∈ N} ∪ {yi : i ∈ I}. [XeqwrÐzoume dhladă èna Ĺpeiro arijmăsimo uposÔnolo miĹc bĹshc tou X kai to arijmoÔme.] AfoÔ ta xn, yi eÐnai grammikĹ anexĹrthta, kĹje xn eÐnai mh mhdenikì. OrÐzoume F : X → R prÿta sta stoiqeÐa thc bĹshc tou X, jètontac F (xn) = n‖xn‖, F (yi) = 0. Katìpin epekteÐnoume grammikĹ se olìklhro to qÿro X (kĹje x ∈ X grĹfetai monosămanta san peperasmènoc grammikìc sunduasmìc kĹpoiwn xn kai kĹpoiwn yi - exhgăste). To F eÐnai grammikì sunarthsoeidèc, ìmwc den eÐnai fragmèno giatÐ tìte ja eÐqame ‖F ‖ ≥ |F (xn)| ‖xn‖ = n gia kĹje n ∈ N, to opoÐo eÐnai Ĺtopo.

13. ’Estw ìti o T den eÐnai fragmènoc. Tìte, o T den eÐnai suneqăc sto 0. Autì shmaÐnei ìti upĹrqei ε > 0 tètoio ÿste: gia kĹje n ∈ N upĹrqei zn ∈ X me ‖zn‖ < 1/n kai ‖T zn‖ ≥ ε. OrÐzoume xn =^{zn}√_{‖zn‖} (afoÔ ‖T zn‖ ≥ ε èqoume T zn ≠ 0 Ĺra zn ≠ 0). Tìte, ‖xn‖ = ‖zn‖ √ ‖zn‖ = √ ‖zn‖ < 1 √ n → 0, Ĺra xn → 0. ’Omwc, ‖T xn‖ = ‖T zn‖ √ ‖zn‖ ≥ ε √ n → +∞, dhladă h (‖T xn‖) den eÐnai fragmènh. Katalăxame se Ĺtopo, Ĺra o T eÐnai fragmènoc.

14. (=⇒) Upojètoume ìti o T : X → Y eÐnai isometrikìc isomorfismìc, dhladă grammikìc, èna proc èna kai epÐ, me thn idiìthta ‖T x‖ = ‖x‖ gia kĹje x ∈ X. An x ∈ BX , tìte ‖T x‖ = ‖x‖ ≤ 1 Ĺra T x ∈ BY . ’Ara, T (BX ) ⊆ BY . An y ∈ BY , afoÔ o T eÐnai èna proc èna kai epÐ, upĹrqei monadikì x ∈ X gia to opoÐo T x = y, kai ‖x‖ = ‖T x‖ = ‖y‖ ≤ 1, dhladă x ∈ BX . ’Ara, BY ⊆ T (BX ). Epomènwc, T (BX ) = BY .

(⇐=) DeÐqnoume prÿta ìti o T eÐnai epÐ: an y ∈ Y , y ≠ 0, tìte^y_{‖y‖} ∈ BY = T (BX ), Ĺra upĹrqei x ∈ BX tètoio ÿste T x =^y_{‖y‖} . Tìte, y = T (‖y‖x) ∈ T (X).

Profanÿc, 0 = T (0) ∈ T (X). ’Ara, T (X) = Y .

O T eÐnai isometrÐa: an eÐqame ‖T x‖ > ‖x‖ gia kĹpoio x ∈ X, tìte ja eÐqame ‖T (x/‖x‖)‖ > 1 =⇒ T (x/‖x‖) /∈ BY , enÿ x/‖x‖ ∈ BX . Autì eÐnai Ĺtopo, afoÔ èqoume upojèsei ìti T (BX ) = BY . ’Omoia katalăgoume se Ĺtopo an upojèsoume ìti upĹrqei x ∈ X gia to opoÐo ‖T x‖ < ‖x‖.

AfoÔ o T eÐnai isometrÐa, prèpei na eÐnai kai èna proc èna. ’Ara, eÐnai isometrikìc isomorfismìc.

15. ’Estw x, y ∈ N(M^∗) kai a, b ∈ R. Gia kĹje F ∈ M^∗ èqoume F (ax + by) = aF (x) + bF (y) = a · 0 + b · 0 = 0, Ĺra ax + by ∈ N(M^∗). Dhladă, o N(M^∗) eÐnai grammikìc upìqwroc tou X.

’Estw tÿra ìti xn ∈ N(M^∗) kai xn → x ∈ X. Gia kĹje F ∈ M^∗ èqoume F (x) = lim_{n→∞} F (xn) = lim_{n→∞} 0 = 0, Ĺra x ∈ N(M^∗). Epomènwc, o N(M^∗) eÐnai kleistìc grammikìc upìqwroc tou X.

106

KefĹlaio 6

Qÿroi Hilbert

6.1 Qÿroi Hilbert

Orismìc ’Estw X grammikìc qÿroc. Mia sunĹrthsh ⟨·, ·⟩ : X × X → R lègetai eswterikì ginìmeno an ikanopoieÐ ta exăc: (a) ⟨x, x⟩ ≥ 0, gia kĹje x ∈ X. (b) ⟨x, x⟩ = 0 ⇔ x = ⃗0. (g) ⟨x, y⟩ = ⟨y, x⟩, gia kĹje x, y ∈ X. (d) ⟨λ_1x_1 + λ_2x_2, y⟩ = λ_1⟨x_1, y⟩ + λ_2⟨x_2, y⟩, gia kĹje x_1, x_2, y ∈ X kai λ_1, λ_2 ∈ R.

Apì tic (a)-(d) èpetai ìti ⟨x, λ_1y_1 + λ_2y_2⟩ = λ_1⟨x, y_1⟩ + λ_2⟨x, y_2⟩ gia kĹje y_1, y_2, x ∈ X kai λ_1, λ_2 ∈ R. EpÐshc, x = ⃗0 ⇔ ⟨x, y⟩ = 0 gia kĹje y ∈ X. ParadeÐgmata (a) Ston R^N , an x = (ξ_k ), y = (η_k ), orÐzoume ⟨x, y⟩ = N∑ k=1 ξ_kη_k. (b) Ston ℓ_2, an x = (ξ_k ), y = (η_k ), orÐzoume ⟨x, y⟩ = ∞∑ k=1 ξ_kη_k. (H seirĹ ∑ k ξ_kη_k sugklÐnei apolÔtwc, apì thn anisìthta Cauchy-Schwarz kai apì to gegonìc ìti ∑ k ξ^2_k < +∞, ∑ k η^2_k < +∞.)

(g) Ston C[a, b], an f, g : [a, b] → R, orÐzoume ⟨f, g⟩ = ∫_b a f(t)g(t)dt. Oi idiìthtec (a)-(d) tou eswterikoÔ ginomènou epalhjeÔontai eÔkola kai sta trÐa paradeÐgmata.

Prìtash 6.1.1 (anisìthta Cauchy-Schwarz) ’Estw X qÿroc me eswterikì ginìmeno. An x, y ∈ X, tìte |⟨x, y⟩| ≤ √ ⟨x, x⟩ √ ⟨y, y⟩. Isìthta isqÔei an kai mìno an ta x kai y eÐnai grammikĹ exarthmèna.

Apìdeixh: An y = ⃗0, tìte h anisìthta isqÔei san isìthta, kai ta ⃗0, x eÐnai grammikĹ exarthmèna.

’Estw y ≠ ⃗0. OrÐzoume P : R → R me P (λ) = ⟨x − λy, x − λy⟩. Tìte, P (λ) ≥ 0 gia kĹje λ ∈ R, dhladă ⟨x, x⟩ − 2λ⟨x, y⟩ + λ^2⟨y, y⟩ ≥ 0, λ ∈ R. Autì shmaÐnei ìti h diakrÐnousa tou triwnÔmou P (λ) eÐnai mikrìterh ă Ðsh tou 0. Dhladă, 4⟨x, y⟩^2 − 4⟨x, x⟩⟨y, y⟩ ≤ 0, apfl ìpou paÐrnoume thn |⟨x, y⟩| ≤ √ ⟨x, x⟩ √ ⟨y, y⟩. Isìthta èqoume an kai mìno an h diakrÐnousa tou P eÐnai 0, dhladă, an kai mìno an to P èqei diplă rÐza λ_0. ’Omwc,

P (λ_0) = 0 ⇐⇒ x = λ_0y,

dhladă, an ta x, y eÐnai grammikĹ exarthmèna. □

OrÐzoume ‖ · ‖ : X → R me ‖x‖ = √ ⟨x, x⟩. H anisìthta Cauchy-Schwarz mĹc epitrèpei na deÐxoume ìti h ‖ · ‖ eÐnai nìrma:

Prìtash 6.1.2 ’Estw X qÿroc me eswterikì ginìmeno. H ‖ · ‖ : X → R, me ‖x‖ = √ ⟨x, x⟩ eÐnai nìrma.

Apìdeixh: (a) ‖x‖ = √ ⟨x, x⟩ ≥ 0, kai ‖x‖ = 0 ⇔ ⟨x, x⟩ = 0 ⇔ x = ⃗0. (b) ‖λx‖ = √ ⟨λx, λx⟩ = √ λ^2⟨x, x⟩ = |λ| √ ⟨x, x⟩ = |λ| ‖x‖. (g) ‖x + y‖^2 = ‖x‖^2 + 2⟨x, y⟩ + ‖y‖^2 ≤ ‖x‖^2 + 2‖x‖ ‖y‖ + ‖y‖^2 = (‖x‖ + ‖y‖)^2, apì tic idiìthtec tou eswterikoÔ ginomènou kai thn anisìthta Cauchy-Schwarz. □

O (X, ‖·‖) eÐnai qÿroc me nìrma, kai èqoume deÐ ìti oi (x, y) → x+y, (λ, x) → λx eÐnai suneqeÐc wc proc thn ‖ · ‖. To eswterikì ginìmeno eÐnai ki autì suneqèc wc proc thn ‖ · ‖:

Prìtash 6.1.3 ’Estw X qÿroc me eswterikì ginìmeno, kai ‖ · ‖ h epagìmenh nìrma. An x_n → x kai y_n → y wc proc thn ‖ · ‖, tìte ⟨x_n, y_n⟩ → ⟨x, y⟩.

Apìdeixh: GrĹfoume |⟨x_n, y_n⟩ − ⟨x, y⟩| = |⟨x_n, y_n − y⟩ + ⟨x_n − x, y⟩| ≤ |⟨x_n, y_n − y⟩| + |⟨x_n − x, y⟩| ≤ ‖x_n‖ ‖y_n − y‖ + ‖x_n − x‖ ‖y‖. H (x_n) sugklÐnei Ĺra eÐnai fragmènh, kai ‖y_n − y‖ → 0, ‖x_n − x‖ → 0. ’Ara, ⟨x_n, y_n⟩ → ⟨x, y⟩. □ Oi parakĹtw tautìthtec eÐnai aplèc sunèpeiec tou orismoÔ thc ‖ · ‖: (i) Kanìnac tou parallhlogrĹmmou. Gia kĹje x, y ∈ X, ‖x + y‖^2 + ‖x − y‖^2 = 2‖x‖^2 + 2‖y‖^2.

(ii) Pujagìreio jeÿrhma. An x, y ∈ X kai ⟨x, y⟩ = 0, tìte ‖x + y‖^2 = ‖x‖^2 + ‖y‖^2.

Paratărhsh: Mia nìrma ‖ · ‖ ston grammikì qÿro X, proèrqetai apì eswterikì ginìmeno an kai mìno an ikanopoieÐ ton kanìna tou parallhlogrĹmmou. (Upìdeixh: upojèste ìti h ‖·‖ ikanopoieÐ ton kanìna tou parallhlogrĹmmou, kai orÐste ⟨x, y⟩ = 1 4 {‖x + y‖^2 − ‖x − y‖^2}. DeÐxte ìti eÐnai eswterikì ginìmeno, kai epalhjeÔste ìti h ‖ · ‖ eÐnai h epagìmenh nìrma.)

Orismìc ’Enac qÿroc me eswterikì ginìmeno lègetai qÿroc Hilbert an eÐnai plărhc wc proc th nìrma ‖ · ‖ pou epĹgetai apì to eswterikì ginìmeno. ParadeÐgmata: (a) ’Eqoume deÐ ìti o EukleÐdeioc qÿroc R^n kai o ℓ_2 eÐnai plăreic wc proc thn ‖x‖ = √∑ k ξ^2_k. ’Ara, eÐnai qÿroi Hilbert.

(b) Ston C[a, b], h ‖f‖_2 = √∫_b a [f(t)]^2dt proèrqetai apì eswterikì ginìmeno, allĹ den eÐnai plărhc (jumhjeÐte anĹlogo epiqeÐrhma gia thn ‖f‖_1 = ∫_b a |f(t)|dt.) (g) O C[a, b] me thn ‖f‖_∞ = max_{t∈[a,b]} |f(t)| eÐnai plărhc, allĹ h ‖·‖_∞ den proèrqetai apì eswterikì ginìmeno, giatÐ den ikanopoieÐ ton kanìna tou parallhlogrĹmmou (pĹrte p.q. f(t) = 1 − t, g(t) = t ston C[0, 1].)

6.2 Kajetìthta

Orismìc (a) Lème ìti dÔo dianÔsmata x, y tou qÿrou me eswterikì ginìmeno X eÐnai orjogÿnia (ă kĹjeta), kai grĹfoume x ⊥ y, an ⟨x, y⟩ = 0. (b) MiĹ oikogèneia {e_i : i ∈ I} ⊆ X lègetai orjokanonikă, an ⟨e_i, e_j ⟩ = { 1 , i = j,

0 , i ≠ j.

Parathrăseic: (a) To ⃗0 eÐnai kĹjeto se kĹje x ∈ X, kai eÐnai to monadikì stoiqeÐo tou X pou èqei autăn thn idiìthta.

(b) An {e_i : i ∈ I} eÐnai mia orjokanonikă oikogèneia ston X, tìte to {e_i : i ∈ I} eÐnai grammikĹ anexĹrthto sÔnolo. PrĹgmati, an ∑_n k=1 λ_ke_{ik} = ⃗0, tìte gia kĹje j = 1, . . . , n èqoume

0 = ⟨ n∑ k=1 λ_k e_{ik} , e_{ij} ⟩ = n∑ k=1 λ_k⟨e_{ik} , e_{ij} ⟩ = λ_j .

An {x_n : n ∈ N} eÐnai mia grammikĹ anexĹrthth akoloujÐa ston X, tìte me th diadikasÐa Gram-Schmidt pou perigrĹfetai sthn epìmenh Prìtash, brÐskoume orjokanonikă akoloujÐa {e_n : n ∈ N} ston X pou eÐnai {isodÔnamh} me thn {x_n : n ∈ N} me thn exăc ènnoia:

Prìtash 6.2.1 ’Estw X qÿroc me eswterikì ginìmeno, kai {x_n : n ∈ N} grammikĹ anexĹrthth akoloujÐa ston X. UpĹrqei orjokanonikă akoloujÐa {e_n : n ∈ N} me thn idiìthta: gia kĹje k ∈ N, span{e_1, . . . , e_k} = span{x_1, . . . , x_k}. Apìdeixh: OrÐzoume ta e_k epagwgikĹ: parathrăste ìti x_n ≠ 0, n ∈ N. Gia k = 1, jètoume e_1 = x_1/‖x_1‖. Profanÿc, ‖e_1‖ = 1 kai span{x_1} = span{e_1}.

Upojètoume ìti èqoun oristeÐ ta e_1, . . . , e_k ètsi ÿste: ⟨e_i, e_j ⟩ = δ_{ij} , i, j ≤ k, kai span{x_1, . . . , x_k} = span{e_1, . . . , e_k}.

Jètoume y_{k+1} = x_{k+1} − ∑_k i=1⟨x_{k+1}, e_i⟩e_i. ParathroÔme ìti y_{k+1} ≠ 0, alliÿc ja eÐqame x_{k+1} ∈ span{e_1, . . . , e_k} = span{x_1, . . . , x_k}, Ĺtopo afoÔ ta x_1, . . . , x_k, x_{k+1} eÐnai grammikĹ anexĹrthta. EpÐshc, gia j = 1, . . . , k, ⟨y_{k+1}, e_j ⟩ = ⟨x_{k+1}, e_j ⟩ − k∑ i=1 ⟨x_{k+1}, e_i⟩⟨e_i, e_j ⟩ = ⟨x_{k+1}, e_j ⟩ − ⟨x_{k+1}, e_j ⟩ = 0. ’Ara, to e_{k+1} = y_{k+1}/‖y_{k+1}‖ orÐzetai kalĹ, kai ta e_1, . . . , e_{k+1} eÐnai orjokanonikĹ. Tèloc, e_{k+1} ∈ span{x_{k+1}, e_1, . . . , e_k} ⊆ span{x_1, . . . , x_{k+1}}, kai x_{k+1} ∈ span{y_{k+1}, e_1, . . . , e_k} ⊆ span{e_1, . . . , e_k, e_{k+1}}. ’Ara, span{e_1, . . . , e_{k+1}} = span{x_1, . . . , x_{k+1}}. □

Eidikă perÐptwsh: An X qÿroc me eswterikì ginìmeno, kai F upìqwroc peperasmènhc diĹstashc (dimF = n < ∞), tìte o F èqei bĹsh {x_1, . . . , x_n}, kai h orjokanonikopoÐhsh Gram-Schmidt mĹc dÐnei miĹ orjokanonikă bĹsh {e_1, . . . , e_n} tou F . KĹje x ∈ F grĹfetai sth morfă x = ∑_n i=1 λ_ie_i, kai ⟨x, e_j ⟩ = n∑ i=1 λ_i⟨e_i, e_j ⟩ = λ_j , j = 1, . . . , n.

Dhladă, x = n∑ i=1 ⟨x, e_i⟩e_i, x ∈ F. Apì to Pujagìreio Jeÿrhma,

‖x‖^2 = n∑ i=1 ‖⟨x, e_i⟩e_i‖^2 = n∑ i=1 ⟨x, e_i⟩^2, x ∈ F.

Sth sunèqeia, meletĹme to exăc prìblhma: dÐnontai ènac qÿroc X me nìrma, ènac upìqwroc F tou X peperasmènhc diĹstashc, kai gia kĹje x ∈ X orÐzoume d(x, F ) = inf{‖x − y‖ : y ∈ F }, thn apìstash tou x apì ton F . Ja deÐxoume ìti upĹrqei y_0 ∈ F sto opoÐo {piĹnetai} h apìstash: ‖x − y_0‖ = d(x, F ).

PrĹgmati, apì ton orismì thc d(x, F ), mporoÔme na broÔme y_n ∈ F tètoia ÿste d(x, F ) ≤ ‖x − y_n‖ < d(x, F ) + 1 n . Eidikìtera, y_n ∈ B(y_1, 2(d + 1)) ∩ F , to opoÐo eÐnai sumpagèc sÔnolo giatÐ o F èqei peperasmènh diĹstash, Ĺra upĹrqei upakoloujÐa y_{kn} → y_0 ∈ F . ’Epetai ìti ‖x − y_0‖ = lim_n ‖x − y_{kn} ‖ = d(x, F ). To y_0 mporeÐ na mhn eÐnai monadikì: ston R^2 me nìrma thn ‖(ξ_1, ξ_2)‖ = max{|ξ_1|, |ξ_2|}, an pĹroume x = (1, 1) kai F = {(ξ_1, 0), ξ_1 ∈ R}, tìte d(x, F ) = 1, kai ‖x − y‖ = 1 an y = (ξ_1, 0) me 0 ≤ ξ_1 ≤ 2.

Ja doÔme ìti an h ‖ · ‖ proèrqetai apì eswterikì ginìmeno, tìte to plhsièstero proc to x shmeÐo tou F eÐnai monosămanta orismèno:

Prìtash 6.2.2 ’Estw X qÿroc me eswterikì ginìmeno, kai F upìqwroc tou X diĹstashc n, me orjokanonikă bĹsh thn {e_1, . . . , e_n}. An x ∈ X, tìte to plhsièstero proc to x shmeÐo tou F eÐnai to ∑_n i=1⟨x, e_i⟩e_i. Epiplèon, to x − ∑_n i=1⟨x, e_i⟩e_i eÐnai kĹjeto ston F .

Apìdeixh: ParathroÔme prÿta ìti to x− ∑_n i=1⟨x, e_i⟩e_i eÐnai kĹjeto ston F . ArkeÐ na deÐxoume ìti eÐnai kĹjeto se kĹje e_j , j = 1, . . . , n. ’Omwc, ⟨x − n∑ i=1 ⟨x, e_i⟩e_i, e_j ⟩ = ⟨x, e_j ⟩ − n∑ i=1 ⟨x, e_i⟩⟨e_i, e_j ⟩ = ⟨x, e_j ⟩ − ⟨x, e_j ⟩ = 0.

’Estw y ∈ F . UpĹrqoun λ_1, . . . , λ_n ∈ R tètoia ÿste y = ∑_n i=1 λ_ie_i. Tìte, ‖ ‖x −^n ∑ i=1 λ_ie_i ‖ ‖^2 = ‖ ‖(x −^n ∑ i=1 ⟨x, e_i⟩e_i) + n∑ i=1 (⟨x, e_i⟩ − λ_i)e_i ‖ ‖^2,

kai ta dÔo dianÔsmata eÐnai orjogÿnia, opìte to Pujagìreio Jeÿrhma mĹc dÐnei ‖x − n∑ i=1 λ_ie_i‖^2 = ‖ ‖x −^n ∑ i=1 ⟨x, e_i⟩e_i ‖ ‖^2 +^n ∑ i=1 (⟨x, e_i⟩ − λ_i)^2

≥ ‖x − n∑ i=1 ⟨x, e_i⟩e_i‖^2. Epiplèon, isìthta mporeÐ na isqÔei mìno an λ_i = ⟨x, e_i⟩, i = 1, . . . , n, dhladă an y = ∑_n i=1⟨x, e_i⟩e_i. □ Shmantikă sunèpeia thc Prìtashc 6.2.2 eÐnai h anisìthta tou Bessel:

Prìtash 6.2.3 ’Estw {e_n : n ∈ N} orjokanonikă akoloujÐa se ènan qÿro X me eswterikì ginìmeno. Tìte, gia kĹje x ∈ X h seirĹ ∑_∞ n=1 |⟨x, e_n⟩|^2 sugklÐnei, kai ∞∑ n=1 |⟨x, e_n⟩|^2 ≤ ‖x‖^2. Apìdeixh: ’Estw N ∈ N. JewroÔme ton upìqwro F_N = span{e_1, . . . , e_N }, kai efarmìzoume thn Prìtash 6.2.3. To plhsièstero proc to x shmeÐo tou F_N eÐnai to ∑_N n=1⟨x, e_n⟩e_n, kai to x − ∑_N n=1⟨x, e_n⟩e_n eÐnai kĹjeto ston F_N . ’Ara, ‖x‖^2 = ‖x − N∑ n=1 ⟨x, e_n⟩e_n‖^2 + ‖ N∑ n=1 ⟨x, e_n⟩e_n‖^2

≥ ‖ N∑ n=1 ⟨x, e_n⟩e_n‖^2 = N∑ n=1 |⟨x, e_n⟩|^2. AfoÔ h anisìthta isqÔei gia kĹje N, paÐrnoume ∞∑ n=1 |⟨x, e_n⟩|^2 ≤ ‖x‖^2. □

6.3 Orjogÿnio sumplărwma - probolèc

’Estw H qÿroc Hilbert, kai èstw M kleistìc grammikìc upìqwroc tou H (endeqomènwc apeirodiĹstatoc). Ja deÐxoume ìti, kai sfl autăn thn perÐptwsh, to prìblhma thc bèltisthc prosèggishc èqei monadikă lÔsh:

Prìtash 6.3.1 ’Estw H qÿroc Hilbert, M kleistìc grammikìc upìqwroc tou H, kai x ∈ H. UpĹrqei monadikì y_0 ∈ M tètoio ÿste ‖x − y_0‖ = d(x, M) = inf{‖x − y‖ : y ∈ M}. To monadikì autì y_0 ∈ M sumbolÐzetai me P_M (x), kai onomĹzetai probolă tou x ston M.

Apìdeixh: Jètoume δ = d(x, M). UpĹrqei akoloujÐa (y_n) ston M tètoia ÿste ‖x − y_n‖ → δ. Apì ton kanìna tou parallhlogrĹmmou,

‖y_n − y_m‖^2 = ‖(y_n − x) + (x − y_m)‖^2 = 2‖y_n − x‖^2 + 2‖y_m − x‖^2 − ‖(y_n + y_m) − 2x‖^2 = 2‖y_n − x‖^2 + 2‖y_m − x‖^2 − 4 ‖ ‖ y^n + y^m 2 − x ‖ ‖^2.

’Omwc,^{yn+ym}_2 ∈ M, Ĺra ‖^{yn+ym}_2 − x‖ ≥ δ. Epomènwc,

‖y_n − y_m‖^2 ≤ 2‖y_n − x‖^2 + 2‖y_m − x‖^2 − 4δ^2 → 2δ^2 + 2δ^2 − 4δ^2 = 0. ’Ara, h (y_n) eÐnai akoloujÐa Cauchy ston H. O H eÐnai plărhc, Ĺra upĹrqei y_0 ∈ H tètoio ÿste y_n → y_0. ’Epetai ìti y_0 ∈ M (o M eÐnai kleistìc), kai ‖x − y_0‖ = lim_n ‖x − y_n‖ = δ.

Gia th monadikìthta, qrhsimopoioÔme kai pĹli ton kanìna tou parallhlogrĹmmou. An ‖x − y‖ = δ = ‖x − y^′‖, tìte

0 ≤ ‖y − y^′‖^2 = 2‖x − y^′‖^2 + 2‖x − y‖^2 − 4 ‖ ‖ y + y^′ 2 − x ‖ ‖^2 ≤ 2δ^2 + 2δ^2 − 4δ^2 = 0.

’Ara, y = y^′. □ To x − P_M (x) eÐnai kai sthn {apeirodiĹstath perÐptwsh} kĹjeto ston M: Prìtash 6.3.2 Me tic upojèseic thc Prìtashc 6.3.1, x − P_M (x) ⊥ M. Apìdeixh: Jètoume z = x − P_M (x), kai deÐqnoume ìti ⟨z, y⟩ = 0 gia kĹje y ∈ M. ’Estw y ∈ M. JewroÔme ton F = {y, P_M (x)} ⊆ M. Tìte, d(x, F ) ≤ ‖z‖ = d(x, M) ≤ d(x, F ), ìpou h teleutaÐa anisìthta isqÔei giatÐ F ⊆ M, kai h prÿth giatÐ P_M (x) ∈ F . AfoÔ ‖x − P_M (x)‖ = d(x, F ), kai o F èqei peperasmènh diĹstash, èqoume x − P_M (x) ⊥ F. Eidikìtera, x − P_M (x) ⊥ y, dhladă ⟨z, y⟩ = 0. □

Pìrisma 6.3.1 An H qÿroc Hilbert kai M kleistìc gnăsioc upìqwroc tou H, tìte upĹrqei z ∈ H, z ≠ 0, tètoio ÿste z ⊥ M.

Apìdeixh: ’Estw x ∈ H\M. PaÐrnoume z = x − P_M (x) ≠ 0. □

Pìrisma 6.3.2 ’Enac grammikìc upìqwroc F tou H eÐnai puknìc an kai mìno an to monadikì diĹnusma tou H pou eÐnai kĹjeto ston F eÐnai to 0.

Apìdeixh: (⇒) Upojètoume ìti o F eÐnai puknìc ston H, kai ìti ⟨z, x⟩ = 0 gia kĹje x ∈ F .

’Estw y ∈ H. AfoÔ o F eÐnai puknìc, upĹrqei akoloujÐa (y_n) ∈ F me y_n → y. Tìte, 0 = ⟨z, y_n⟩ → ⟨z, y⟩. ’Ara, ⟨z, y⟩ = 0. AfoÔ ⟨z, y⟩ = 0 gia kĹje y ∈ H, èqoume z = 0.

(⇐) Ac upojèsoume ìti o F den eÐnai puknìc ston H. Tìte, o F eÐnai gnăsioc kleistìc upìqwroc tou H. ’Ara, upĹrqei z ≠ 0, z ⊥ F .

Eidikìtera, z ⊥ F , Ĺtopo. □

Paratărhsh An o X eÐnai qÿroc me eswterikì ginìmeno, allĹ ìqi plărhc, tìte to Pìrisma 6.3.1 mporeÐ na mhn isqÔei.

Gia parĹdeigma, jewroÔme ton qÿro c_{00} twn telikĹ mhdenikÿn akoloujiÿn, me eswterikì ginìmeno to ⟨x, y⟩ = ∑_∞ k=1 ξ_k η_k. OrÐzoume f : c_{00} → R me f(x) = ∑ k ξ_k k . To f eÐnai grammikì sunarthsoeidèc, kai eÐnai fragmèno giatÐ

|f(x)| = | ∑ k ξ_k k | ≤ ( ∑ k 1 k^2

)_{1/2} ( ∑ k ξ^2_k )_{1/2}

= ( ∑ k 1 k^2 )_{1/2} ‖x‖.

’Ara, o purănac tou f, M = {x ∈ c_{00} : ∑ k ξ_k k = 0} eÐnai kleistìc grammikìc upìqwroc tou c_{00}. EpÐshc, o M eÐnai profanÿc gnăsio uposÔnolo tou c_{00}.

Ac upojèsoume ìti z ⊥ M, z = (ζ_1, ζ_2, . . .). AfoÔ y_n = e_1 − ne_n ∈ M, èqoume ⟨z, y_n⟩ = ζ_1 − nζ_n = 0, n ∈ N. An ζ_1 ≠ 0, tìte ζ_n = ζ_1/n ≠ 0, n ∈ N, Ĺtopo, giatÐ to z ja eÐqe ìlec tou tic suntetagmènec mh mhdenikèc. ’Ara, ζ_1 = 0, ki autì mĹc dÐnei ζ_n = ζ_1/n = 0, n ∈ N, dhladă z = 0.

Blèpoume loipìn ìti, an kai o M eÐnai kleistìc, to mìno diĹnusma tou c_{00} pou eÐnai kĹjeto ston M eÐnai to 0.

Orismìc ’Estw H qÿroc Hilbert, kai A ⊆ H, A ≠ ∅. OrÐzoume A^⊥ = {x ∈ H : ∀a ∈ A, ⟨x, a⟩ = 0}. O A^⊥ eÐnai kleistìc grammikìc upìqwroc tou H (Ĺskhsh).

Jeÿrhma 6.3.1 ’Estw H qÿroc Hilbert, kai M kleistìc grammikìc upìqwroc tou H. Tìte, H = M ⊕ M^⊥. Dhladă, kĹje x ∈ H grĹfetai monosămanta sth morfă x = x_1 + x_2, x_1 ∈ M, x_2 ∈ M^⊥.

Apìdeixh: ’Estw x ∈ H. GrĹfoume x = P_M (x) + (x − P_M (x)). Apì th suzăthsh pou èqei prohghjeÐ, P_M (x) ∈ M kai x − P_M (x) ∈ M^⊥.

An x_1 + x_2 = x^′_1 + x^′_2 kai x_1, x^′_1 ∈ M, x_2, x^′_2 ∈ M^⊥, tìte to y = x_1 − x^′_1 = x_2 − x^′_2 ∈ M ∩ M^⊥ giatÐ oi M, M^⊥ eÐnai upìqwroi, Ĺra y ⊥ y, to opoÐo shmaÐnei ìti y = 0. ’Ara, x_1 = x^′_1 kai x_2 = x^′_2, apfl ìpou èpetai h monadikìthta tou trìpou grafăc. □

Pìrisma 6.3.3 ’Estw M ≠ {0} kleistìc grammikìc upìqwroc tou qÿrou Hilbert H. OrÐzoume P_M : H → H me P_M (x) = P_M (x_1 + x_2) = x_1, ìpou x = x_1 + x_2 ìpwc sto Jeÿrhma. O P_M eÐnai fragmènoc grammikìc telestăc, kai ‖P_M ‖ = 1.

Apìdeixh: An x = x_1 + x_2, x^′ = x^′_1 + x^′_2 kai λ, μ ∈ R, tìte λx + μx^′ = (λx_1 + μx^′_1) + (λx_2 + μx^′_2) ∈ M + M^⊥, opìte P_M (λx + μx^′) = λx_1 + μx^′_1 = λP_M (x) + μP_M (x^′), Ĺra o P_M eÐnai grammikìc telestăc. EpÐshc, ‖P_M (x)‖^2 = ‖x_1‖^2 ≤ ‖x_1‖^2 + ‖x_2‖^2 = ‖x_1 + x_2‖^2 = ‖x‖^2, dhladă o P_M eÐnai fragmènoc, kai ‖P_M ‖ ≤ 1. An x_0 ∈ M, x_0 ≠ 0, tìte P_M (x_0) = x_0. ’Ara, ‖P_M ‖ ≥ ‖P_M (x_0)‖ ‖x_0‖ = 1. □

6.4 To Jeÿrhma anaparĹstashc tou Riesz

’Estw H ≠ {0} qÿroc Hilbert. Se aută thn parĹgrafo ja doÔme ìti o H^∗ perièqei {pollĹ} sunarthsoeidă, ta opoÐa anaparÐstantai me polÔ sugkekrimmèno trìpo apì ta stoiqeÐa tou H.

Lămma 6.4.1 Gia kĹje a ∈ H, h f_a : H → R me f_a(x) = ⟨x, a⟩ anăkei ston H^∗, kai ‖f_a‖_H∗ = ‖a‖_H .

Apìdeixh: ’Eqoume f_a(λx + μy) = ⟨λx + μy, a⟩ = λ⟨x, a⟩ + μ⟨y, a⟩ = λf_a(x) + μf_a(y), kai |f_a(x)| = |⟨x, a⟩| ≤ ‖a‖ ‖x‖. ’Ara, f_a ∈ H^∗ kai ‖f_a‖ ≤ ‖a‖. Tèloc, an a ≠ 0, ‖f_a‖ ≥ |f_a(a)| ‖a‖ = |⟨a, a⟩| ‖a‖ = ‖a‖. An a = 0, profanÿc ‖f_a‖ = 0 (f_a ≡ 0). □ To Jeÿrhma tou Riesz mĹc lèei ìti kĹje f ∈ H^∗ anaparÐstatai san f = f_a gia kĹpoio a ∈ H:

Jeÿrhma 6.4.1 (Jeÿrhma anaparĹstashc tou Riesz) ’Estw H qÿroc Hilbert, kai f ∈ H^∗. UpĹrqei monadikì a ∈ H tètoio ÿste f = f_a.

Apìdeixh: OrÐzoume M = Kerf = {x ∈ H : f(x) = 0}. O M eÐnai kleistìc grammikìc upìqwroc tou H.

An M = H, tìte f ≡ 0 kai f = f_0.

An M ≠ H, tìte upĹrqei z ≠ 0, z ∈ H pou eÐnai kĹjeto ston M (giatÐ?). Tìte, gia kĹje y ∈ H èqoume f(f(z)y − f(y)z) = f(z)f(y) − f(y)f(z) = 0. ’Ara f(z)y − f(y)z ∈ M, kai afoÔ z ⊥ M paÐrnoume ⟨f(z)y − f(y)z, z⟩ = 0 =⇒ f(z)⟨y, z⟩ = f(y)⟨z, z⟩ =⇒ f(y) = ⟨ y, f(z)z ‖z‖^2 ⟩ = f_a(y), ìpou a = f(z)z/‖z‖^2. H monadikìthta tou a eÐnai aplă. An f(y) = ⟨y, a⟩ = ⟨y, a^′⟩ gia kĹje y ∈ H, tìte a − a^′ ⊥ y gia kĹje y ∈ H. ’Ara, a = a^′. □ Pìrisma 6.4.1 ’Estw H qÿroc Hilbert. H apeikìnish T : H → H^∗ me T (a) = f_a eÐnai grammikă isometrÐa epÐ (isometrikìc isomorfismìc). Apìdeixh: (a) Gia th grammikìthta thc T , parathroÔme ìti f_{λa+μa}′ (x) = ⟨x, λa + μa^′⟩ = λ⟨x, a⟩ + μ⟨x, a^′⟩ = λf_a(x) + μf_a′ (x), Ĺra T (λa + μa^′) = f_{λa+μa}′ = λf_a + μf_a′ = λT (a) + μT (a^′). (b) Apì to Lămma, ‖T (a)‖ = ‖f_a‖ = ‖a‖. Dhladă, h T eÐnai isometrÐa. (g) An f ∈ H^∗, upĹrqei a ∈ H tètoio ÿste T (a) = f_a = f, apì to Jeÿrhma anaparĹstashc tou Riesz. Dhladă, h T eÐnai epÐ. □

6.5 Orjokanonikèc bĹseic

Orismìc ’Estw X diaqwrÐsimoc qÿroc me eswterikì ginìmeno. Mia orjokanonikă akoloujÐa {e_n : n ∈ N} lègetai orjokanonikă bĹsh tou X, an X = span{e_n : n ∈ N}. ShmeÐwsh: Autì den shmaÐnei ìti h {e_n : n ∈ N} eÐnai bĹsh Hamel tou X. Gia parĹdeigma, h sunăjhc orjokanonikă akoloujÐa (e_n) ston ℓ_2 eÐnai orjokanonikă bĹsh (giatÐ?), ìqi ìmwc algebrikă tou bĹsh.

Prìtash 6.5.1 KĹje diaqwrÐsimoc qÿroc X me eswterikì ginìmeno, èqei orjokanonikă bĹsh.

Apìdeixh: O X eÐnai diaqwrÐsimoc, dhladă upĹrqei arijmăsimo puknì uposÔnolo {x_n : n ∈ N} tou X. OrÐzoume Y = span{x_n : n ∈ N}, opìte Y = X.

ParaleÐpontac diadoqikĹ ekeÐna ta x_n ta opoÐa grĹfontai san grammikoÐ sunduasmoÐ twn prohgoumènwn touc, paÐrnoume èna grammikĹ anexĹrthto {y_n : n ∈ N} ⊆ {x_n : n ∈ N} tètoio ÿste Y = span{y_n : n ∈ N}. Me th diadikasÐa Gram-Schmidt, brÐskoume orjokanonikă akoloujÐa {e_n : n ∈ N} tètoia ÿste span{y_1, . . . , y_k} = span{e_1, . . . , e_k} gia kĹje k ∈ N. Eidikìtera, Y = span{e_n : n ∈ N}. ’Ara, X = Y = span{e_n : n ∈ N}. □ Paratărhsh: An o X èqei orjokanonikă bĹsh {e_n : n ∈ N}, tìte eÐnai diaqwrÐsimoc. To M = { ∑_N n=1 a_ne_n : N ∈ N, a_n ∈ Q} eÐnai arijmăsimo puknì uposÔnolo tou X.

Prìtash 6.5.2 ’Estw X qÿroc me eswterikì ginìmeno, kai {e_n : n ∈ N} orjokanonikă bĹsh tou X. Tìte, an x ∈ X èqoume (a) x = ∑_∞ n=1⟨x, e_n⟩e_n, (b) ‖x‖^2 = ∑_∞ n=1 |⟨x, e_n⟩|^2. Apìdeixh: ’Estw x ∈ X, kai ε > 0. AfoÔ X = span{e_n : n ∈ N}, upĹrqoun N ∈ N kai λ_1, . . . , λ_N ∈ R tètoia ÿste ‖ ‖x −^N ∑ n=1 λ_ne_n ‖ ‖ < ε.

’Omwc, ston F_N = span{e_1, . . . , e_N } èqoume ‖ x − N∑ n=1 ⟨x, e_n⟩e_n ‖ ≤ ‖ x − N∑ n=1 λ_ne_n ‖ < ε.

Dhladă, ‖x‖^2 − N∑ n=1 ⟨x, e_n⟩^2 = ‖ ‖x −^N ∑ n=1 ⟨x, e_n⟩e_n ‖ ‖^2 < ε^2.

(elègxte thn teleutaÐa isìthta xekinÿntac apì to dexiì mèloc.) Tìte, gia kĹje M ≥ N, 0 ≤ ‖ ‖x −^M ∑ n=1 ⟨x, e_n⟩e_n ‖ ‖^2 = ‖x‖^2 −^M ∑ n=1 ⟨x, e_n⟩^2

≤ ‖x‖^2 − N∑ n=1 ⟨x, e_n⟩^2 = ‖ ‖x −^N ∑ n=1 ⟨x, e_n⟩e_n ‖ ‖^2 < ε^2. AfoÔ to ε > 0 ătan tuqìn, autì shmaÐnei ìti (a) ∑_M n=1⟨x, e_n⟩e_n → x kajÿc M → ∞, dhladă x = ∞∑ n=1 ⟨x, e_n⟩e_n.

(b) ‖x‖^2 − ∑_M n=1⟨x, e_n⟩^2 → 0 kajÿc M → ∞, dhladă

‖x‖^2 = ∞∑ n=1 |⟨x, e_n⟩|^2. □

An loipìn h {e_n} eÐnai orjokanonikă bĹsh tou X, tìte kĹje x ∈ X èqei anĹptugma wc proc thn {e_n}, me suntelestèc Fourier touc ⟨x, e_n⟩, kai h nìrma tou x upologÐzetai apì thn ‖x‖^2 = ∑ n⟨x, e_n⟩^2. Pìrisma 6.5.1 KĹje diaqwrÐsimoc qÿroc Hilbert H eÐnai isometrikĹ isomorfikìc me ton ℓ_2.

Apìdeixh: O H èqei orjokanonikă bĹsh {e_n : n ∈ N}. OrÐzoume T : H → ℓ_2 me T (x) = (⟨x, e_1⟩, . . . , ⟨x, e_n⟩, . . .). (a) O T eÐnai kalĹ orismènoc, giatÐ ∑ n⟨x, e_n⟩^2 = ‖x‖^2 < +∞, Ĺra T (x) ∈ ℓ_2.

(b) H grammikìthta tou T elègqetai eÔkola. (g) ‖T (x)‖^2_{ℓ2} = ∑ n⟨x, e_n⟩^2 = ‖x‖^2, Ĺra o T eÐnai isometrÐa (Ĺra kai èna proc èna).

(d) ’Estw (a_1, . . . , a_n, . . .) ∈ ℓ_2. OrÐzoume x_N = ∑_N n=1 a_ne_n. Tìte, an N > M èqoume

‖x_N − x_M ‖^2 = N∑ n=M+1 a^2_n → 0 kajÿc N, M → ∞, kai autì deÐqnei ìti h (x_N ) eÐnai akoloujÐa Cauchy ston H. O H eÐnai plărhc, Ĺra upĹrqei x ∈ H tètoio ÿste x_N → x.

’Eqoume ⟨x_N , e_m⟩ → ⟨x, e_m⟩ kajÿc N → ∞, kai an N > m, ⟨x_N , e_m⟩ = ⟨ N∑ n=1 a_ne_n, e_m⟩ = a_m. ’Ara, ⟨x, e_m⟩ = a_m, m ∈ N. Tèloc, T (x) = (⟨x, e_m⟩)_{m∈N} = (a_m)_{m∈N}, Ĺra o T eÐnai epÐ. □

6.6 Askăseic

1. ’Estw X qÿroc me eswterikì ginìmeno, kai èstw x, y ∈ X. DeÐxte ìti (a) x ⊥ y an kai mìno an ‖x + ay‖ = ‖x − ay‖ gia kĹje a ∈ R. (b) x ⊥ y an kai mìno an ‖x + ay‖ ≥ ‖x‖ gia kĹje a ∈ R.

2. ’Estw H qÿroc Hilbert, x_n, y_n sth monadiaÐa mpĹla tou H, kai ⟨x_n, y_n⟩ → 1. DeÐxte ìti ‖x_n − y_n‖ → 0.

3. ’Estw H qÿroc Hilbert, kai x_n, x ∈ H me tic idiìthtec: ‖x_n‖ → ‖x‖, kai, gia kĹje y ∈ H, ⟨x_n, y⟩ → ⟨x, y⟩. DeÐxte ìti ‖x_n − x‖ → 0. 4. ’Estw X qÿroc me eswterikì ginìmeno, kai x_1, . . . , x_n ∈ X. DeÐxte ìti ∑ i≠j ‖x_i − x_j ‖^2 = n n∑ i=1 ‖x_i‖^2 − ‖ n∑ i=1 x_i‖^2.

An ‖x_i − x_j ‖ ≥ 2 gia i ≠ j, deÐxte ìti an miĹ mpĹla perièqei ìla ta x_i, prèpei na èqei aktÐna toulĹqiston √ 2(n − 1)/n. 5. ’Estw X qÿroc me eswterikì ginìmeno, kai x_1, . . . , x_n ∈ X. DeÐxte ìti ∑ ε_i =±1 ‖^n∑ i=1 ε_ix_i ‖_2 = 2^n n∑ i=1 ‖x_i‖^2, ìpou to exwterikì Ĺjroisma eÐnai pĹnw apì ìlec tic akoloujÐec (ε_1, . . . , ε_n) ∈ {−1, 1}^n. 6. ’Estw X qÿroc me eswterikì ginìmeno, kai A, B mh kenĹ uposÔnola tou X, me A ⊆ B. DeÐxte ìti

(a) A ⊆ A^{⊥⊥}, (b) B^⊥ ⊆ A^⊥, (g) A^{⊥⊥⊥} = A^⊥.

7. ’Estw H qÿroc Hilbert, kai Y upìqwroc tou H. DeÐxte ìti o Y eÐnai kleistìc an kai mìno an Y = Y^{⊥⊥}.

8. ’Estw M, N kleistoÐ upìqwroi enìc qÿrou Hilbert. DeÐxte ìti

(M + N)^⊥ = M^⊥ ∩ N^⊥ , (M ∩ N)^⊥ = M^⊥ + N^⊥.

9. Dÿste parĹdeigma qÿrou Hilbert H kai grammikoÔ upìqwrou F tou H me thn idiìthta H ≠ F + F^⊥.

10. ’Estw H qÿroc Hilbert, kai W, Z kleistoÐ upìqwroi tou H me thn idiìthta: an w ∈ W kai z ∈ Z, tìte w ⊥ z (oi W kai Z eÐnai kĹjetoi). DeÐxte ìti o W + Z eÐnai kleistìc upìqwroc tou H.

11. Se ènan qÿro Hilbert H, jewroÔme dÔo kleistoÔc upoqÿrouc M, N, kai tic antÐstoiqec orjogÿniec probolèc P_M , P_N . ExetĹste an isqÔei pĹnta P_M ∘ P_N = P_N ∘ P_M .

12. JewroÔme ton C[−1, 1] me eswterikì ginìmeno to ⟨f, g⟩ =

∫_1 −1 f(t)g(t)dt. BreÐ- te to orjokanonikì sÔnolo pou prokÔptei an efarmìsoume th diadikasÐa Gram- Schmidt stic 1, t, t^2.

BreÐte a, b, c ∈ R tètoiouc ÿste na elaqistopoieÐtai to ∫_1 −1 (t^4 − a − bt − ct^2)^2dt. 13. ’Estw T : H → H fragmènoc grammikìc telestăc, tou opoÐou h eikìna eÐnai monodiĹstath. DeÐxte ìti upĹrqoun u, v ∈ H tètoia ÿste T (x) = ⟨x, u⟩v, x ∈ H. [Upìdeixh: UpĹrqei v ∈ H tètoio ÿste T (x) = λ_xv, x ∈ H. DeÐxte ìti h x → λ_x eÐnai fragmèno grammikì sunarthsoeidèc, kai qrhsimopoiăste to jeÿrhma anaparĹstashc tou Riesz.]

14. ’Estw W kleistìc grammikìc upìqwroc tou qÿrou Hilbert H, kai f ∈ W^∗. DeÐxte ìti upĹrqei monadikì f̃ ∈ H^∗ tètoio ÿste f̃|_W = f kai ‖f̃‖_H∗ = ‖f‖_W ∗ . [Upìdeixh: Jeÿrhma anaparĹstashc tou Riesz ston W .]

15. ’Estw X qÿroc me eswterikì ginìmeno, kai {e_k} orjokanonikă akìloujÐa ston X. An x, y ∈ X, deÐxte ìti ∞∑ k=1 |⟨x, e_k⟩⟨y, e_k⟩| ≤ ‖x‖ · ‖y‖.

16. ’Estw Y kleistìc upìqwroc tou qÿrou Hilbert H, kai {e_n : n ∈ N} orjokanonikă bĹsh tou Y . DeÐxte ìti an x ∈ H, tìte to plhsièstero shmeÐo tou Y proc to x eÐnai to ∑_∞ n=1⟨x, e_n⟩e_n. 17. DeÐxte ìti h sunăjhc orjokanonikă bĹsh tou ℓ_2 èqei thn exăc idiìthta: ∀f ∈ ℓ^∗_2, f(e_n) → 0.

18. ’Estw H qÿroc Hilbert, kai (x_n) orjogÿnia akoloujÐa ston H (dhladă, an n ≠ m, tìte x_n ⊥ x_m.) Tìte, h ∑ n x_n sugklÐnei an kai mìno an h ∑ n ‖x_n‖^2 sugklÐnei.

.

UpodeÐxeic - apantăseic

1. (a) Gia kĹje a ∈ R èqoume ‖x + ay‖^2 = ‖x − ay‖^2 =⇒ ‖x‖^2 + 2a⟨x, y⟩ + ‖ay‖^2 = ‖x‖^2 − 2a⟨x, y⟩ + ‖ay‖^2, dhladă, a⟨x, y⟩ = 0. PaÐrnontac a = 1, blèpoume ìti x ⊥ y.

Gia thn antÐstrofh kateÔjunsh, an x ⊥ y gia kĹje a ∈ R èqoume ‖x + ay‖^2 = ‖x‖^2 + ‖ay‖^2 = ‖x − ay‖^2. (b) Gia kĹje a ∈ R èqoume ‖x + ay‖^2 ≥ ‖x‖^2 =⇒ ‖x‖^2 + 2a⟨x, y⟩ + a^2‖y‖^2 ≥ ‖x‖^2, dhladă, 2a⟨x, y⟩ + a^2‖x‖^2 ≥ 0. Diairÿntac me a kai paÐrnontac a → 0^+, blèpoume ìti ⟨x, y⟩ ≥ 0, enÿ paÐrnontac a → 0^−, blèpoume ìti ⟨x, y⟩ ≤ 0. ’Ara, ⟨x, y⟩ = 0.

Gia thn antÐstrofh kateÔjunsh, an x ⊥ y gia kĹje a ∈ R èqoume ‖x + ay‖^2 = ‖x‖^2 + ‖ay‖^2 ≥ ‖x‖^2.

2. Uyÿnoume thn ‖xn − yn‖ sto tetrĹgwno: 0 ≤ ‖xn − yn‖^2 = ‖xn‖^2 + ‖yn‖^2 − 2⟨xn, yn⟩ ≤ 2 − 2⟨xn, yn⟩ → 0. ’Ara, ‖xn − yn‖ → 0. 3. Uyÿnoume thn ‖xn − x‖ sto tetrĹgwno, kai efarmìzoume thn upìjesh gia y = x: 0 ≤ ‖xn − x‖^2 = ‖xn‖^2 + ‖x‖^2 − 2⟨xn, x⟩ → ‖x‖^2 + ‖x‖^2 − 2⟨x, x⟩ = ‖x‖^2 + ‖x‖^2 − 2‖x‖^2 = 0. ’Ara, ‖xn − x‖ → 0. 4. Me aplèc prĹxeic blèpoume ìti ∑ i≠j ‖xi − xj ‖^2 + ‖ n∑ i=1 xi‖^2 = ∑ i≠j (‖xi‖^2 − 2⟨xi, xj ⟩ + ‖xj ‖^2) + ⟨ n∑ i=1 xi, n∑ j=1 xj ⟩

= (n − 1) n∑ i=1 ‖xi‖^2 − 2 ∑ i<j ⟨xi, xj ⟩ + n∑ i=1 ‖xi‖^2 + 2 ∑ i<j ⟨xi, xj ⟩

= n n∑ i=1 ‖xi‖^2.

An ‖xi − xj ‖ ≥ 2 ìtan i ≠ j, tìte gia kĹje y ∈ X èqoume i ≠ j =⇒ ‖(xi − y) − (xj − y)‖ ≥ 2. Upojètoume ìti upĹrqoun y ∈ X kai r > 0 tètoia ÿste ‖y − xi‖ ≤ r, i = 1, . . . , n. Tìte, n(n − 1) 2 · 4 ≤ ∑ i≠j ‖(xi − y) − (xj − y)‖^2

= n n∑ i=1 ‖xi − y‖^2 − ‖ n∑ i=1 xi − ny‖^2

≤ n n∑ i=1 ‖xi − y‖^2 ≤ n n∑ i=1 r^2

= n^2r^2.

’Epetai ìti

r^2 ≥

2(n − 1) n =⇒ r ≥ √ 2(n − 1) n .

5. An n = 1, èqoume ‖x‖^2 + ‖ − x‖^2 = 2‖x‖^2.

Gia to epagwgikì băma, grĹfoume ∑ εi=±1 ‖ ‖^{k+1}∑ i=1 εixi ‖ ‖^2 = ∑ εi=±1 (‖ ‖^k∑ i=1 εixi + x_{k+1} ‖ ‖^2 + ‖ ‖^k∑ i=1 εixi − x_{k+1} ‖ ‖^2 )

= 2 ∑ εi=±1 (‖ ‖ ‖ k∑ i=1 εixi ‖ ‖ ‖^2 + ‖xk+1‖^2 )

= 2 ∑ εi=±1 ‖ ‖ ‖ k∑ i=1 εixi ‖ ‖ ‖^2 + 2 · 2^k‖xk+1‖^2

= 2 · 2^k k∑ i=1 ‖xi‖^2 + 2 · 2^k‖x_{k+1}‖^2

= 2^{k+1} k+1∑ i=1 ‖xi‖^2.

Qrhsimopoiăsame diadoqikĹ: ton kanìna tou parallhlogrĹmmou gia ta ∑_k i=1 εixi kai x_{k+1} (gia kĹje epilogă twn ε1, . . . , ε_k), thn epagwgikă upìjesh gia ta x1, . . . , x_k, kai to gegonìc ìti to {−1, 1}^k èqei 2^k stoiqeÐa.

6. (a) ’Estw x ∈ A. Apì ton orismì tou A^⊥, gia kĹje y ∈ A^⊥ èqoume ⟨x, y⟩ = 0. ’Omwc autì shmaÐnei ìti x ∈ (A^⊥)^⊥ =: A^{⊥⊥}.

AfoÔ to x ∈ A ătan tuqìn, èqoume A ⊆ A^{⊥⊥}.

(b) An x ∈ B^⊥, tìte x ⊥ y gia kĹje y ∈ B. AfoÔ A ⊆ B, autì shmaÐnei ìti x ⊥ y gia kĹje y ∈ A, Ĺra x ∈ A^⊥.

(g) Efarmìzontac to (a) gia to A^⊥ sth jèsh tou A, èqoume A^⊥ ⊆ (A^⊥)^{⊥⊥} = A^{⊥⊥⊥}. Apì thn Ĺllh pleurĹ, afoÔ A ⊆ A^{⊥⊥}, to (b) mĹc dÐnei A^{⊥⊥⊥} = (A^{⊥⊥})^⊥ ⊆ A^⊥. Epomènwc, A^{⊥⊥⊥} = A^⊥.

7. O Y^{⊥⊥} eÐnai (pĹnta) kleistìc grammikìc upìqwroc tou H, Ĺra, an Y = Y^{⊥⊥} tìte o Y eÐnai kleistìc.

Gia thn antÐstrofh kateÔjunsh: xèroume ìti Y ⊆ Y^{⊥⊥}, arkeÐ loipìn na deÐxoume ìti Y^{⊥⊥} ⊆ Y . ’Estw x ∈ Y^{⊥⊥}. AfoÔ o H eÐnai qÿroc Hilbert kai o Y kleistìc upìqwrìc tou, to x grĹfetai monosămanta sth morfă x = y + z, ìpou y ∈ Y kai z ∈ Y^⊥. ’Omwc, x ∈ Y^{⊥⊥} kai y ∈ Y ⊆ Y^{⊥⊥}, Ĺra z = x − y ∈ Y^{⊥⊥}. AfoÔ z ∈ Y^{⊥⊥} ∩ Y^⊥, èqoume z ⊥ z. ’Ara, z = 0. Autì shmaÐnei ìti x = y ∈ Y , kai afoÔ to x ∈ Y^{⊥⊥} ătan tuqìn, èpetai ìti Y = Y^{⊥⊥}.

8. AfoÔ M, N ⊆ M + N, èqoume (M + N)^⊥ ⊆ M^⊥, N^⊥, Ĺra (M + N)^⊥ ⊆ M^⊥ ∩ N^⊥.

AntÐstrofa, èstw x ∈ M^⊥ ∩ N^⊥ kai w ∈ M + N. Tìte, w = m + n gia kĹpoia m ∈ M kai n ∈ N, kai afoÔ x ⊥ m, n paÐrnoume ⟨x, w⟩ = ⟨x, m⟩ + ⟨x, n⟩ = 0, dhladă, x ⊥ w. ’Epetai ìti x ∈ (M + N)^⊥, dhladă M^⊥ ∩ N^⊥ ⊆ (M + N)^⊥.

Autì apodeiknÔei thn prÿth isìthta. Gia th deÔterh, bĹzoume sthn prÿth touc M^⊥, N^⊥ sth jèsh twn M, N: èqoume M^{⊥⊥} ∩ N^{⊥⊥} = (M^⊥ + N^⊥)^⊥, kai afoÔ oi M, N eÐnai kleistoÐ, paÐrnoume M ∩ N = (M^⊥ + N^⊥)^⊥.

PaÐrnontac orjogÿnia sumplhrÿmata, blèpoume ìti (∗) (M ∩ N)^⊥ = (M^⊥ + N^⊥)^{⊥⊥}.

Mènei na deÐxoume ìti: an F eÐnai ènac grammikìc upìqwroc tou H, tìte F^{⊥⊥} = F (shmeiÿste ìti o M^⊥ + N^⊥ mporeÐ na mhn eÐnai kleistìc upìqwroc tou H). Sthn ’Askhsh 7 eÐdame ìti F ⊆ F^{⊥⊥} kai afoÔ o F^{⊥⊥} eÐnai kleistìc èpetai ìti F ⊆ F^{⊥⊥}. An upărqe z ∈ F^{⊥⊥}\F , tìte to mh mhdenikì diĹnusma z − PF (z) ja anăke ston F^⊥ ∩ F^{⊥⊥} = {0} (giatÐ?), to opoÐo eÐnai Ĺtopo. ’Ara, èqoume isìthta, kai jètontac F = M^⊥ + N^⊥ sthn (∗) èqoume to zhtoÔmeno.

9. JewroÔme ton H = ℓ2, kai san F paÐrnoume ton upìqwro c00 pou apoteleÐtai apì tic telikĹ mhdenikèc akoloujÐec. Profanÿc F ≠ H, giatÐ ( 1, 1 2 , . . . , 1 n , . . . ) ∈ ℓ2\c00 . Apì thn Ĺllh pleurĹ, en ∈ c00 gia kĹje n ∈ N. An loipìn y ∈ c^⊥_{00}, to y = (ηn) prèpei na ikanopoieÐ tic ηn = ⟨y, en⟩ = 0, n ∈ N, dhladă y = 0. ’Ara, c^⊥_{00} = {0}. Tìte,

c00 + c^⊥_{00} = c00 ≠ ℓ2.

10. ’Estw xn = wn + zn akoloujÐa ston W + Z, h opoÐa sugklÐnei se kĹpoio x ∈ H. Ja deÐxoume ìti upĹrqoun w ∈ W kai z ∈ Z tètoia ÿste x = w + z. Autì apodeiknÔei ìti o W + Z eÐnai kleistìc upìqwroc tou H (giatÐ?).

H (xn) sugklÐnei, Ĺra eÐnai akoloujÐa Cauchy: èqoume ‖xn − xm‖ → 0 kajÿc m, n → ∞. ’Omwc, apì thn kajetìthta twn W kai Z, kai apì to Pujagìreio Jeÿrhma, èqoume ‖wn − wm‖^2 + ‖zn − zm‖^2 = ‖xn − xm‖^2, kai autì deÐqnei ìti oi (wn), (zn) eÐnai akoloujÐec Cauchy stouc W, Z antÐstoiqa. Oi W, Z eÐnai kleistoÐ upìqwroi tou H, Ĺra eÐnai plăreic san metrikoÐ qÿroi. Epomènwc, upĹrqoun w ∈ W kai z ∈ Z tètoia ÿste wn → w kai zn → z. ’Epetai ìti xn = wn + zn → w + z, kai apì monadikìthta tou orÐou, x = w + z ∈ W + Z.

11. Ston R^2 jewroÔme touc M = {(x, 0) : x ∈ R} kai N = {(x, x) : x ∈ R}. Tìte,

(PM ∘ PN )(1, 1) = PM (1, 1) = (1, 0), enÿ (PN ∘ PM )(1, 1) = PN (1, 0) = ( 1 √ 2 , 1 √ 2 ) . ’Ara, PM ∘ PN ≠ PN ∘ PM . IsqÔei ìmwc isìthta an M ⊥ N: gia kĹje x ∈ H èqoume (PM ∘ PN )(x) = (PN ∘ PM )(x) = 0, dhladă PM ∘ PN = PN ∘ PM ≡ 0. 12. Oi treÐc prÿtec sunartăseic pou prokÔptoun apì thn orjokanonikopoÐhsh eÐnai oi exăc:

(a) f1(t) =^1_{‖1‖} ≡^{1√}_2 . (b) f2(t) =^{t−⟨t,f1 ⟩f1(t)} ‖t−⟨t,f1⟩f1 ‖ = √_3

2 t. (g) f3(t) =^{t2−⟨t2,f1 ⟩f1(t)−⟨t2 ,f2⟩f2(t)} ‖t2−⟨t2,f1⟩f1 −⟨t2 ,f2⟩f2‖ = √_{45}

8 (t^2 −^1_3 ).

ParathroÔme ìti min_{a,b,c} ∫_1 −1 |t^4 − a − bt − ct^2|^2dt = d^2(t^4, ⟨1, t, t^2⟩), epomènwc mporoÔme na broÔme ta bèltista a, b, c brÐskontac to plhsièstero shmeÐo tou ⟨1, t, t^2⟩ proc thn t^4. ’Omwc, oi f1, f2, f3 eÐnai orjokanonikă bĹsh tou ⟨1, t, t^2⟩, Ĺra h lÔsh dÐnetai apì thn g(t) = ⟨t^1, f1⟩f1(t) + ⟨t^4, f2⟩f2(t) + ⟨t^4, f3⟩f3(t) = . . . = 6 7 t^2 − 3 35 , to opoÐo dÐnei a = − 3 35 , b = 0, c = 6 7 .

13. Upojètoume ìti R(T ) = span{v} gia kĹpoio v ≠ o. Tìte, gia kĹje x ∈ H èqoume T (x) = λxv, ìpou o λx ∈ R exartĹtai apì to x. MporoÔme na upologÐsoume to λx mèsw tou T wc exăc: ⟨T x, v⟩ = λx⟨v, v⟩ =⇒ λx = ⟨ T x, v ‖v‖^2 ⟩ . ParathroÔme ìti to f : H → R pou orÐzetai apì thn f(x) = ⟨ T x, v ‖v‖^2 ⟩ , eÐnai fragmèno grammikì sunarthsoeidèc: h grammikìthta elègqetai eÔkola, kai |f(x)| = | ⟨ T x, v ‖v‖^2 ⟩ | ≤ ‖T x‖ · ‖ ‖ v ‖v‖^2 ‖ ‖ ≤ ‖T ‖ ‖v‖ ‖x‖. Apì to jeÿrhma anaparĹstashc tou Riesz, upĹrqei u ∈ H tètoio ÿste λx = f(x) = ⟨x, u⟩, x ∈ H. ’Ara, T (x) = λxv = ⟨x, u⟩v gia kĹje x ∈ H.

14. O W eÐnai qÿroc Hilbert, Ĺra to jeÿrhma anaparĹstashc tou Riesz mac dÐnei monadikì w ∈ W tètoio ÿste f(x) = ⟨w, x⟩, x ∈ W. AfoÔ (profanÿc) w ∈ H, mporoÔme na orÐsoume f̃ : H → R me f̃(x) = ⟨w, x⟩, x ∈ H. Tìte, to f̃ eÐnai fragmèno grammikì sunarthsoeidèc ston H, epekteÐnei to f, kai ‖f‖W ∗ = ‖w‖ = ‖f̃ ‖H∗ . Mènei na deÐxoume th monadikìthta: èstw ìti kĹpoio g ∈ H^∗ ikanopoieÐ ta parapĹnw. Tìte, apì to jeÿrhma anaparĹstashc tou Riesz ston H, upĹrqei u ∈ H tètoio ÿste g(x) = ⟨u, x⟩, x ∈ H. ’Omwc tìte, ⟨w − u, x⟩ = 0 gia kĹje x ∈ W , opìte w − u = z ∈ W^⊥. Tìte,

‖u‖^2 = ‖w‖^2 + ‖z‖^2 apì to Pujagìreio jeÿrhma (exhgăste), kai afoÔ ‖u‖ = ‖g‖ = ‖f‖ = ‖f̃ ‖ = ‖w‖, prèpei na èqoume ‖z‖ = 0, to opoÐo dÐnei z = 0 =⇒ w = u. ’Epetai ìti g = f̃. 15. Efarmìzoume prÿta thn anisìthta Cauchy-Schwarz, kai katìpin thn anisìthta tou Bessel: ∞∑ k=1 |⟨x, e_k⟩⟨y, e_k⟩| ≤ (_∞ ∑ k=1 ⟨x, e_k⟩^2 )_{1/2} (_∞ ∑ k=1 ⟨y, e_k⟩^2 )_{1/2}

≤ ‖x‖ · ‖y‖.

16. ’Estw y to plhsièstero shmeÐo tou Y proc to x. AfoÔ y ∈ Y kai h {en : n ∈ N} eÐnai orjokanonikă bĹsh tou Y , to y grĹfetai sth morfă y = ∞∑ n=1 ⟨y, en⟩en. ’Omwc xèroume ìti x − y ⊥ Y kai en ∈ Y gia kĹje n ∈ N. ’Ara, ⟨x − y, en⟩ = 0 =⇒ ⟨x, en⟩ = ⟨y, en⟩ gia kĹje n ∈ N. SunduĹzontac ta parapĹnw, paÐrnoume y = ∞∑ n=1 ⟨x, en⟩en.

17. ’Estw f ∈ ℓ^∗_2 . Apì to jeÿrhma anaparĹstashc tou Riesz, upĹrqei y ∈ ℓ2 tètoio ÿste f(x) = ⟨y, x⟩, x ∈ ℓ2. Eidikìtera, f(en) = ⟨y, en⟩. ’Omwc, apì thn tautìthta tou Parseval èqoume ∞∑ n=1 ⟨y, en⟩^2 = ‖y‖^2 < +∞, Ĺra, ⟨y, en⟩^2 → 0, dhladă f(en) → 0. 18. O H eÐnai plărhc, Ĺra h ∑ n xn sugklÐnei an kai mìno an h akoloujÐa twn merikÿn ajroismĹtwn sm = ∑_m n=1 xn eÐnai Cauchy. ’Omwc, an l > m èqoume

‖s_l − sm‖^2 = ‖xm+1 + · · · + x_l‖^2 = l∑ n=m+1 ‖xn‖^2, apì to Pujagìreio jeÿrhma. ’Ara, h (sm) eÐnai Cauchy an kai mìno an h tm = m∑ n=1 ‖xn‖^2 eÐnai akoloujÐa Cauchy sto R, dhladă an kai mìno an h seirĹ ∑_∞ n=1 ‖xn‖^2 sugklÐnei.

KefĹlaio 7

To Jeÿrhma Hahn - Banach

7.1 To Lămma tou Zorn

’Estw M èna mh kenì sÔnolo. Mia sqèsh ≤ sto M lègetai merikă diĹtaxh an ikanopoieÐ ta exăc:

(1) gia kĹje a ∈ M, a ≤ a (anaklastikă idiìthta). (2) an a ≤ b kai b ≤ a, tìte a = b (antisummetrikă idiìthta). (3) an a ≤ b kai b ≤ c, tìte a ≤ c (metabatikă idiìthta).

To M lègetai tìte merikĹ diatetagmèno sÔnolo (wc proc thn ≤). Apì ton orismì faÐnetai ìti mporeÐ sto M na upĹrqoun a kai b gia ta opoÐa na mhn isqÔei kammÐa apì tic a ≤ b kai b ≤ a (tìte, lème ìti ta a kai b den sugkrÐnontai.) Ta a kai b sugkrÐnontai an isqÔei toulĹqiston mÐa apì tic a ≤ b ă b ≤ a.

(a) ’Ena mh kenì uposÔnolo A tou M lègetai olikĹ diatetagmèno (ă alusÐda) an opoiadăpote dÔo stoiqeÐa tou sugkrÐnontai.

(b) An W ≠ ∅, W ⊆ M kai u ∈ M, lème ìti to u eÐnai Ĺnw frĹgma gia to W an: gia kĹje x ∈ W isqÔei x ≤ u. ’Ena uposÔnolo W tou M mporeÐ na èqei ă na mhn èqei Ĺnw frĹgma.

(g) To r lègetai mègisto stoiqeÐo tou M an gia kĹje x ∈ M isqÔei x ≤ r. An to M èqei mègisto stoiqeÐo, tìte autì eÐnai monadikì (Ĺskhsh).

(d) To m ∈ M lègetai megistikì stoiqeÐo tou M an: gia kĹje x ∈ M me m ≤ x isqÔei m = x. Dhladă, an den upĹrqei stoiqeÐo tou M gnăsia megalÔtero apì to m. ’Ena merikĹ diatetagmèno sÔnolo M mporeÐ na èqei ă na mhn èqei megistikĹ stoiqeÐa. An to M èqei mègisto stoiqeÐo, tìte autì eÐnai to monadikì megistikì stoiqeÐo tou M (giatÐ?).

ParadeÐgmata (a) To sÔnolo R twn pragmatikÿn arijmÿn me th sunăjh diĹtaxh eÐnai èna olikĹ diatetagmèno sÔnolo pou den perièqei megistikĹ stoiqeÐa.

(b) ’Estw X ≠ ∅ kai M = P(X) to sÔnolo ìlwn twn uposunìlwn tou X (to dunamosÔnolo tou X). OrÐzoume ≤ sto M wc exăc: A ≤ B ⇐⇒ A ⊆ B. H ≤ eÐnai merikă diĹtaxh sto M (kai an to X èqei perissìtera apì èna stoiqeÐa, tìte upĹrqoun A, B ∈ M pou den sugkrÐnontai: pĹrte p.q. A mh kenì, gnăsio uposÔnolo tou X, kai B = X\A.) To M èqei èna (akribÿc) megistikì stoiqeÐo, to X (to opoÐo eÐnai to mègisto stoiqeÐo tou M).

(g) JewroÔme to sÔnolo M = R^n , n ≥ 2, twn diatetagmènwn n-Ĺdwn pragmatikÿn arijmÿn. An x = (ξ_1, . . . , ξ_n), y = (η_1, . . . , η_n), lème ìti x ≤ y an ξ_i ≤ η_i gia kĹje i = 1, . . . , n. To M eÐnai merikĹ diatetagmèno wc proc thn ≤, kai den perièqei megistikĹ stoiqeÐa.

(d) JewroÔme to sÔnolo M = N twn fusikÿn arijmÿn, kai lème ìti m ≤ n an o m diaireÐ ton n. H ≤ eÐnai merikă diĹtaxh sto N (ta stoiqeÐa 3 kai 7 tou N den sugkrÐnontai.) To A = {3 · 2^k : k = 0, 1, 2, . . .} eÐnai olikĹ diatetagmèno uposÔnolo tou N. To N den perièqei megistikĹ stoiqeÐa wc proc thn ≤.

An jewrăsoume to sÔnolo P = {2, 3, 5, 7, 11, . . .} twn prÿtwn arijmÿn me thn Ðdia diĹtaxh ≤, tìte kĹje stoiqeÐo tou P eÐnai megistikì. PĹli me thn ≤, to {2, 3, 4, 8} èqei dÔo megistikĹ stoiqeÐa: to 3 kai to 8 (elègxte touc parapĹnw isqurismoÔc.)

Lămma tou Zorn ’Estw M ≠ ∅ èna merikĹ diatetagmèno sÔnolo (wc proc thn ≤). Upojètoume ìti kĹje alusÐda A ⊆ M èqei Ĺnw frĹgma sto M. Tìte, to M èqei toulĹqiston èna megistikì stoiqeÐo.

Ac dokimĹsoume na {apodeÐxoume} autăn thn prìtash: to M eÐnai mh kenì, paÐrnoume loipìn kĹpoio x_1 ∈ M. An to x_1 eÐnai megistikì èqoume to zhtoÔmeno, alliÿc upĹrqei x_2 ∈ M me x_1 < x_2, kai to {x_1, x_2} eÐnai alusÐda. An to x_2 eÐnai megistikì èqoume to zhtoÔmeno, alliÿc upĹrqei x_3 ∈ M me x_1 < x_2 < x_3 kai to {x_1, x_2, x_3} eÐnai alusÐda. SuneqÐzontac ètsi, brÐskoume megistikì stoiqeÐo x_n ă ftiĹqnoume alusÐda {x_n : n ∈ N}. Aută èqei Ĺnw frĹgma, èstw y_1 apì thn upìjesh. An to y_1 eÐnai megistikì, teleiÿsame. Alliÿc? SuneqÐzoume ìpwc kai prin. Autì pou den eÐnai fanerì eÐnai an aută h diadikasÐa ja mac dÿsei kĹpoia stigmă megistikì stoiqeÐo tou M.

Gia thn akrÐbeia, h mèjodoc aută den mporeÐ na dÿsei apìdeixh: to Lămma tou Zorn eÐnai isodÔnamo me to axÐwma thc epilogăc, kai ja to deqtoÔme san axÐwma sth melèth mac.

O trìpoc me ton opoÐo qrhsimopoieÐtai to Lămma tou Zorn ja gÐnei kajarìc me thn apìdeixh tou exăc jewrămatoc (thn opoÐa eÐqame anabĹllei):

Jeÿrhma 7.1.1 KĹje grammikìc qÿroc X ≠ {0} èqei bĹsh Hamel.

Apìdeixh: JewroÔme to sÔnolo M ìlwn twn grammikĹ anexĹrthtwn uposunìlwn tou X. To M eÐnai mh kenì: afoÔ X ≠ {0}, upĹrqei x ∈ X, x ≠ 0. To {x} eÐnai grammikĹ anexĹrthto, Ĺra {x} ∈ M.

OrÐzoume diĹtaxh ≤ sto M, jètontac A ≤ B ⇔ A ⊆ B. H ≤ eÐnai merikă diĹtaxh (parathrăste ìti se ènan grammikì qÿro, mporoÔme na èqoume dÔo xèna, Ĺra mh sugkrÐsima, grammikĹ anexĹrthta sÔnola.)

Isqurismìc. To (M, ≤) ikanopoieÐ thn upìjesh tou Lămmatoc tou Zorn.

Apìdeixh: ’Estw A ⊆ M olikĹ diatetagmèno. GrĹfoume A = {A_i : i ∈ I}, ìpou kĹje A_i eÐnai grammikĹ anexĹrthto uposÔnolo tou X, kai, an i, j ∈ I, tìte eÐte A_i ⊆ A_j eÐte A_j ⊆ A_i.

OrÐzoume U = ⋃ i∈I A_i. Profanÿc, U ⊆ X kai A_i ⊆ U gia kĹje i ∈ I.

DeÐqnoume ìti U ∈ M, dhladă ìti to U eÐnai grammikĹ anexĹrthto. Autì ja deÐxei ìti to U eÐnai Ĺnw frĹgma tou A sto M.

’Estw x_1, . . . , x_m ∈ U. AfoÔ x_k ∈ U, k = 1, . . . , m, upĹrqoun A_{i1} , . . . , A_{im} tètoia ÿste x_k ∈ A_{ik} . To A eÐnai olikĹ diatetagmèno, Ĺra ta A_{ik} sugkrÐnontai anĹ dÔo. AfoÔ eÐnai peperasmèna to plăjoc, upĹrqei k_0 tètoio ÿste A_{ik} ⊆ A_{ik0} , k = 1, . . . , m. Dhladă, x_1, . . . , x_m ∈ A_{ik0} . To A_{ik0} eÐnai grammikĹ anexĹrthto, Ĺra to {x_1, . . . , x_m} ⊆ A_{ik0} eÐnai ki autì grammikĹ anexĹrthto. AfoÔ to {x_1, . . . , x_m} ătan to tuqìn peperasmèno uposÔnolo tou U, to U eÐnai grammikĹ anexĹrthto. □

Tÿra, efarmìzetai to Lămma tou Zorn: To M èqei megistikì stoiqeÐo B. To B eÐnai grammikĹ anexĹrthto, kai gia na deÐxoume ìti eÐnai bĹsh arkeÐ na doÔme ìti parĹgei ton X.

’Estw Y = span(B). Upojètoume ìti Y ≠ X. Tìte, upĹrqei z ∈ X\Y , dhladă to z den grĹfetai san peperasmènoc grammikìc sunduasmìc stoiqeÐwn tou B. Ja deÐxoume ìti to B ∪ {z} eÐnai grammikĹ anexĹrthto: An λ_1x_1 + · · ·+ λ_mx_m + μz = 0, tìte μ = 0, alliÿc to z ja ătan grammikìc sunduasmìc twn x_1, . . . , x_m. ’Ara, λ_1x_1 + · · ·+ λ_mx_m = 0, kai afoÔ to B eÐnai grammikĹ anexĹrthto, λ_1 = · · · = λ_m = 0. ’Ara, to B den eÐnai megistikì stoiqeÐo tou M. To B ∪ {z} anăkei sto M kai perièqei gnăsia to B. Autì eÐnai Ĺtopo.

’Epetai ìti X = Y = span(B), dhladă to B eÐnai bĹsh. □

ShmeÐwsh: H ousÐa thc apìdeixhc brÐsketai sto teleutaÐo băma. OusiastikĹ deÐxame ìti an B eÐnai èna grammikĹ anexĹrthto uposÔnolo tou X pou den parĹgei ton X, tìte mporoÔme na epekteÐnoume to B se èna gnăsia megalÔtero sÔnolo B^′ = B ∪ {z}, pou eÐnai epÐshc grammikĹ anexĹrthto. To Lămma tou Zorn mĹc epitrèpei na isquristoÔme thn Ôparxh megistikoÔ grammikĹ anexĹrthtou uposunìlou tou X. Autì den epekteÐnetai, Ĺra parĹgei to qÿro, Ĺra eÐnai bĹsh.

Se tètoiec periptÿseic, ìpou to zhtoÔmeno eÐnai kĹpoia {megistikă epèktash}, to Lămma tou Zorn eÐnai exairetikĹ qrăsimo. To Jeÿrhma Hahn-Banach eÐnai, ìpwc ja doÔme, akribÿc èna jeÿrhma epèktashc.

7.2 To Jeÿrhma Hahn - Banach

Orismìc ’Estw X grammikìc qÿroc, kai p : X → R. To p lègetai upogrammikì sunarthsoeidèc, an ikanopoieÐ ta exăc:

(a) p(x + y) ≤ p(x) + p(y) gia kĹje x, y ∈ X, (b) p(λx) = λp(x) gia kĹje λ ≥ 0 kai kĹje x ∈ X, dhladă, an eÐnai upoprosjetikì kai jetikĹ omogenèc. Parathrăste ìti: den apaitoÔme to p na paÐrnei mh arnhtikèc timèc, oÔte thn p(λx) = |λ|p(x), λ ∈ R (an h p èqei ki autèc tic idiìthtec, tìte lègetai hminìrma.)

EÔkola elègqontai oi p(0) = 0 kai p(−x) ≥ −p(x), x ∈ X (Ĺskhsh).

ParadeÐgmata (a) An f : X → R eÐnai grammikì sunarthsoeidèc, tìte ta f, |f| eÐnai upogrammikĹ sunarthsoeidă.

(b) KĹje nìrma ‖ · ‖ : X → R eÐnai upogrammikì sunarthsoeidèc.

(g) H p : ℓ_∞ → R me p((ξ_k )) = limsupξ_k eÐnai upogrammikì sunarthsoeidèc ston ℓ_∞.

Jeÿrhma 7.2.1 (Jeÿrhma epèktashc tou Hahn) ’Estw X grammikìc qÿroc, kai p : X → R upogrammikì sunarthsoeidèc. ’Estw Z grammikìc upìqwroc tou X, kai f : Z → R grammikì sunarthsoeidèc me thn idiìthta: gia kĹje x ∈ Z, (∗) f(x) ≤ p(x). Tìte, upĹrqei grammikì sunarthsoeidèc f̃ : X → R tètoio ÿste (a) f̃(x) = f(x) an x ∈ Z (to f̃ eÐnai epèktash tou f), (b) f̃(x) ≤ p(x) gia kĹje x ∈ X.

(a) Parathrăste ìti den upojètoume kammÐa topologikă domă gia to qÿro X (eÐnai aplÿc ènac grammikìc qÿroc.)

(b) ’Opwc ja doÔme, to ousiastikì băma thc apìdeixhc eÐnai na doÔme pÿc ja epekteÐnoume to f apì ènan upìqwro W se ènan upìqwro W_1 pou èqei {mÐa diĹstash parapĹnw}, me grammikì trìpo kai qwrÐc na qalĹsei h (∗). Apì th stigmă pou autì eÐnai dunatì, to Lămma tou Zorn mac exasfalÐzei mia {megistikă epèktash} f̃, ki aută (ìpwc ja doÔme) upoqreoÔtai na èqei pedÐo orismoÔ olìklhron ton X.

ArqÐzoume loipìn me to exăc Lămma:

Lămma 7.2.1 Me tic upojèseic tou Jewrămatoc, ac upojèsoume epiplèon ìti gia kĹpoion grammikì upìqwro W_1 tou X o opoÐoc perièqei ton Z, èqoume breÐ f_1 : W_1 → R tètoia ÿste f_1|_Z = f kai f_1(x) ≤ p(x) gia kĹje x ∈ W_1.

’Estw y ∈ X\W_1, kai W_2 = span{W_1, y}. Tìte, upĹrqei f_2 : W_2 → R tètoia ÿste f_2|_{W1} = f_1 kai f_2(x) ≤ p(x) gia kĹje x ∈ W_2.

Apìdeixh: KĹje z ∈ W_2 grĹfetai monosămanta sth morfă z = x + λy gia kĹpoia x ∈ W_1 kai λ ∈ R (Ĺskhsh). H grammikă epèktash f_2 pou zhtĹme prosdiorÐzetai loipìn monosămanta apì thn timă a ∈ R pou ja epilèxoume san f_2(y). An jèsoume f_2(y) = a, tìte prèpei na èqoume

(1) f_2(z) = f_2(x) + λf_2(y) = f_1(x) + λa,

afoÔ zhtĹme to f_2 na eÐnai grammikì kai na epekteÐnei to f_1. H Ĺllh idiìthta pou zhtĹme apì to a eÐnai h exăc: Gia kĹje x ∈ W_1 kai kĹje λ ∈ R,

(2) f_1(x) + λa ≤ p(x + λy).

IsodÔnama, paÐrnontac upfl ìyin tic (1) kai (2), zhtĹme a ∈ R me thn idiìthta: gia kĹje x ∈ W_1 kai kĹje λ > 0, (3) f_1(x) + λa ≤ p(x + λy) , f_1(x) − λa ≤ p(x − λy). Epeidă to p eÐnai jetikĹ omogenèc kai to f_1 grammikì ston W_1, h (3) eÐnai isodÔnamh me to exăc: gia kĹje x ∈ W_1 kai kĹje λ > 0,

(4) f_1 ( x λ ) + a ≤ p ( x λ + y ) , f_1 ( x λ ) − a ≤ p (x λ − y ) , kai epeidă o W_1 eÐnai upìqwroc, isodÔnama zhtĹme a ∈ R tètoio ÿste: gia kĹje x, x^′ ∈ W_1, f_1(x^′) − p(x^′ − y) ≤ a ≤ p(x + y) − f_1(x).

MiĹ tètoia epilogă tou a eÐnai dunată an kai mìno an gia kĹje x, x^′ ∈ W_1,

f_1(x) + f_1(x^′) ≤ p(x^′ − y) + p(x + y).

’Omwc,

f_1(x) + f_1(x^′) = f_1(x + x^′) ≤ p(x + x^′) = p((x^′ − y) + (x + y)) ≤ p(x^′ − y) + p(x + y), apì thn upogrammikìthta tou p, thn grammikìthta tou f_1 ston W_1, thn f_1 ≤ p ston W_1, kai to gegonìc ìti to p orÐzetai se olìklhro ton X. Autì apodeiknÔei to Lămma. □ Apìdeixh tou Jewrămatoc: ’Estw W h oikogèneia ìlwn twn zeugariÿn (W_1, f_1) pou ikanopoioÔn ta exăc:

(a) o W_1 eÐnai grammikìc upìqwroc tou X, kai Z ⊆ W_1. (b) to f_1 : W_1 → R eÐnai grammikì, kai f_1|_Z = f. (g) f_1(x) ≤ p(x) gia kĹje x ∈ W_1.

H W eÐnai mh kenă, afoÔ (Z, f) ∈ W. OrÐzoume diĹtaxh ≤ sthn W jètontac (W_1, f_1) ≤ (W_2, f_2) an kai mìno an W_1 ⊆ W_2 kai f_2|_{W1} = f_1.

To (W, ≤) eÐnai merikĹ diatetagmèno sÔnolo. Ja deÐxoume ìti ikanopoieÐ thn upìjesh tou Lămmatoc tou Zorn: ’Estw C = {(W_i, f_i) : i ∈ I} mia alusÐda sto (W, ≤). OrÐzoume W^′ = ⋃ i∈I W_i kai f^′ : W^′ → R me f^′(x) = f_i(x), x ∈ W_i. ApodeiknÔoume eÔkola ìti:

(a) O W^′ eÐnai grammikìc upìqwroc tou X, kai Z ⊆ W_i ⊆ W^′ gia kĹje i ∈ I (ja qreiasteÐte to gegonìc ìti an i, j ∈ I tìte, eÐte W_i ⊆ W_j eÐte W_j ⊆ W_i, afoÔ h C eÐnai alusÐda.)

(b) H f^′ orÐzetai kalĹ, eÐnai grammikă, kai f^′(x) ≤ p(x) gia kĹje x ∈ W^′ (ki edÿ ja qreiasteÐte to gegonìc ìti an i, j ∈ I tìte, eÐte f_j |_{Wi} = f_i eÐte f_i|_{Wj} = f_j afoÔ h C eÐnai alusÐda.)

(g) Gia kĹje i ∈ I, f^′|_{Wi} = f_i.

’Epetai ìti (W^′, f^′) ∈ W, kai to (W^′, f^′) eÐnai Ĺnw frĹgma thc C.

Apì to Lămma tou Zorn, to (W, ≤) èqei megistikì stoiqeÐo (W_0, f_0). Apì to Lămma 7.2.1 blèpoume ìti W_0 = X: An ìqi, ja paÐrname y ∈ X\W_0, kai orÐzontac W^′_0 = span{W_0, y} ja epekteÐname to f_0 se f^′_0 : W^′_0 → R, opìte to (W^′_0, f^′_0) ja ătan gnăsia megalÔtero apì to (W_0, f_0), Ĺtopo.

H f̃ = f_0 : X → R eÐnai h zhtoÔmenh epèktash thc f ston X. □ Sto plaÐsio twn qÿrwn me nìrma, to Jeÿrhma Hahn-Banach diatupÿnetai sunăjwc sthn exăc morfă:

Jeÿrhma 7.2.2 (Banach) ’Estw X qÿroc me nìrma, Y grammikìc upìqwroc tou X, kai f : Y → R fragmèno grammikì sunarthsoeidèc. Dhladă,

‖f‖_Y ∗ = sup x∈Y,‖x‖=1 |f(x)| < +∞. Tìte, upĹrqei f̃ : X → R fragmèno grammikì sunarthsoeidèc me f̃|_Y = f kai ‖f̃‖ = ‖f‖_Y ∗ . (Dhladă, upĹrqei suneqăc epèktash tou f ston X, me diatărhsh thc nìrmac.)

Apìdeixh: ’Eqoume |f(x)| ≤ ‖f‖_Y ∗ ‖x‖ gia kĹje x ∈ Y . OrÐzoume p : X → R me p(x) = ‖f‖_Y ∗ ‖x‖. To p eÐnai upogrammikì sunarthsoeidèc: (a) Gia thn upogrammikìthta, parathroÔme ìti p(x + y) = ‖f‖_Y ∗ ‖x + y‖ ≤ ‖f‖_Y ∗ (‖x‖ + ‖y‖) = ‖f‖_Y ∗ ‖x‖ + ‖f‖_Y ∗ ‖y‖ = p(x) + p(y). (b) To p eÐnai jetikĹ omogenèc: an λ > 0, tìte p(λx) = ‖f‖_Y ∗ ‖λx‖ = λ‖f‖_Y ∗ ‖x‖ = λp(x). Apì to Jeÿrhma epèktashc tou Hahn, upĹrqei grammikă epèktash f̃ : X → R thc f, tètoia ÿste (1) f̃(x) ≤ p(x) = ‖f‖_Y ∗ ‖x‖, x ∈ X.

PaÐrnontac to −x sth jèsh tou x kai qrhsimopoiÿntac th grammikìthta tou f̃, blèpoume ìti (2) −f̃(x) = f̃(−x) ≤ p(−x) = ‖f‖_Y ∗ ‖ − x‖ = ‖f‖_Y ∗ ‖x‖, x ∈ X. Apì tic (1) kai (2) sumperaÐnoume ìti, gia kĹje x ∈ X, |f̃(x)| ≤ ‖f‖_Y ∗ ‖x‖. ’Ara, f̃ ∈ X^∗, kai ‖f̃‖ ≤ ‖f‖_Y ∗ . Apì thn Ĺllh pleurĹ, afoÔ f̃|_Y = f, paÐrnoume

‖f̃‖ = sup x∈X,‖x‖=1 |f̃(x)| ≥ sup x∈Y,‖x‖=1 |f(x)| = ‖f‖_Y ∗ .

Dhladă, ‖f̃‖ = ‖f‖_Y ∗ . □

To Jeÿrhma 7.2.2 mĹc lèei ìti o X^∗ eÐnai {ploÔsioc se sunarthsoeidă}. Sthn epìmenh parĹgrafo ja doÔme pollèc efarmogèc autoÔ tou eÐdouc. DÐnoume edÿ èna prÿto parĹdeigma.

Prìtash 7.2.1 ’Estw X qÿroc me nìrma, x_1, . . . , x_m grammikĹ anexĹrthta dianÔsmata ston X, kai a_1, . . . , a_m ∈ R. UpĹrqei f ∈ X^∗ tètoio ÿste f(x_i) = a_i, i = 1, . . . , m. Apìdeixh: Jètoume Y = span{x_1, . . . , x_m}. O Y èqei diĹstash m kai ta dianÔsmata x_1, . . . , x_m sqhmatÐzoun bĹsh tou. OrÐzoume f_0 : Y → R me

f_0 (_m ∑ i=1 λ_ix_i ) = m∑ i=1 λ_ia_i. Tìte, f_0(x_i) = a_i, kai to f_0 eÐnai fragmèno grammikì sunarthsoeidèc ston Y , afoÔ o Y èqei peperasmènh diĹstash (parathrăste ìti to f_0 eÐnai kalĹ orismèno, afoÔ kĹje x ∈ Y grĹfetai monosămanta sth morfă x = ∑_m i=1 λ_ix_i.)

Apì to Jeÿrhma Hahn-Banach, to f_0 èqei fragmènh grammikă epèktash f ∈ X^∗. Profanÿc, f(x_i) = f_0(x_i) = a_i, i = 1, . . . , m. □

7.3 Efarmogèc

(a) O X^∗ perièqei {pollĹ} sunarthsoeidă,

Jeÿrhma 7.3.1 ’Estw X ≠ {0} qÿroc me nìrma, kai x_0 ∈ X, x_0 ≠ 0. UpĹrqei fragmèno grammikì sunarthsoeidèc f̃ : X → R tètoio ÿste ‖f̃‖ = 1 kai f̃(x_0) = ‖x_0‖.

Apìdeixh: JewroÔme ton upìqwro Z = span{x_0} pou parĹgetai apì to x_0, kai orÐzoume f : Z → R me f(λx_0) = λ‖x_0‖. To f eÐnai grammikì, kai ‖f‖_Z∗ = sup_{λ≠0} |f(λx_0)| ‖λx_0‖ = 1.

Apì to Jeÿrhma Hahn-Banach, upĹrqei f̃ : X → R fragmèno grammikì sunarthsoeidèc, me ‖f̃‖ = ‖f‖_Z∗ = 1 kai f̃(x_0) = f(x_0) = ‖x_0‖. □ Pìrisma 7.3.1 An X ≠ {0}, tìte X^∗ ≠ {0}.

Apìdeixh: An x_0 ≠ 0 kai f̃ ìpwc sto Jeÿrhma 7.3.1, tìte f̃ ≠ 0. □ IsqÔei mĹlista kĹti polÔ isqurìtero:

Jeÿrhma 7.3.2 ’Estw X qÿroc me nìrma, kai x ∈ X. Tìte, ‖x‖ = max_{‖f ‖=1} |f(x)|. Apìdeixh: Apì to Jeÿrhma 7.3.1, upĹrqei f̃ ∈ X^∗, ‖f̃‖ = 1 me f̃(x) = ‖x‖. ’Ara, (∗) sup_{‖f ‖=1} |f(x)| ≥ |f̃(x)| = ‖x‖. Apì thn Ĺllh pleurĹ, an ‖f‖ = 1 tìte |f(x)| ≤ ‖f‖ ‖x‖ = ‖x‖. ’Ara, (∗∗) sup_{‖f ‖=1} |f(x)| ≤ ‖x‖. Apì tic (∗) kai (∗∗), ‖x‖ = sup_{‖f ‖=1} |f(x)|. To sup eÐnai max lìgw tou f̃. □ ShmeÐwsh: GnwrÐzoume ădh ìti ‖f‖ = sup_{‖x‖=1} |f(x)| gia kĹje f ∈ X^∗ (autì ătan sunèpeia tou orismoÔ thc nìrmac telestă.) To Jeÿrhma Hahn-Banach, sth morfă tou Jewrămatoc 7.3.2, mĹc dÐnei th duðkă sqèsh ‖x‖ = sup_{‖f ‖=1} |f(x)|: h nìrma tou x {piĹnetai} san timă kĹpoiou f apì th monadiaÐa sfaÐra tou duðkoÔ qÿrou. Pìrisma 7.3.2 An f(x) = f(y) gia kĹje f ∈ X^∗, tìte x = y. Apìdeixh: ‖x − y‖ = sup_{‖f ‖=1} |f(x − y)| = sup_{‖f ‖=1} |f(x) − f(y)| = 0, Ĺra x = y. □ ShmeÐwsh: Lème ìti o X^∗ diaqwrÐzei ta shmeÐa tou X: an x ≠ y, tìte upĹrqei f ∈ X^∗ tètoio ÿste f(x) ≠ f(y).

(b) O deÔteroc duðkìc enìc qÿrou me nìrma - AutopajeÐc qÿroi ’Estw X qÿroc me nìrma. ’Eqoume deÐ ìti o X^∗ eÐnai qÿroc Banach me nìrma thn ‖f‖ = sup{|f(x)| : ‖x‖ = 1}. MporoÔme loipìn na milăsoume gia ton (X^∗)^∗, to qÿro ìlwn twn fragmènwn grammikÿn sunarthsoeidÿn F : X^∗ → R, me nìrma thn ‖F ‖ = sup ‖f ‖_X∗ =1 |F (f)|. Gia eukolÐa grĹfoume X^{∗∗} := (X^∗)^∗. O X^{∗∗} eÐnai o deÔteroc duðkìc tou X. KĹje x ∈ X orÐzei me fusiologikì trìpo èna stoiqeÐo τ(x) tou X^{∗∗} wc exăc: orÐzoume τ(x) : X^∗ → R, me [τ(x)](f) = f(x), f ∈ X^∗. Lămma 7.3.1 To τ(x) eÐnai fragmèno grammikì sunarthsoeidèc ston X^{∗∗}.

Apìdeixh: Elègqoume prÿta th grammikìthta tou τ(x): An f, g ∈ X^∗ kai λ, μ ∈ R, tìte [τ(x)](λf + μg) = (λf + μg)(x) = λf(x) + μg(x) = λ[τ(x)](f) + μ[τ(x)](g). EpÐshc, |[τ(x)](f)| = |f(x)| ≤ ‖f‖ ‖x‖ = ‖x‖ ‖f‖, f ∈ X^∗. ’Ara, τ(x) ∈ X^{∗∗} kai ‖τ(x)‖_X ∗∗ ≤ ‖x‖_X . □ Lămma 7.3.2 H apeikìnish τ : X → X^{∗∗} me x → τ(x) eÐnai grammikă isometrÐa. Eidikìtera, h τ eÐnai èna proc èna.

Apìdeixh: (a) ’Estw x_1, x_2 ∈ X kai λ_1, λ_2 ∈ R. Gia kĹje f ∈ X^∗ èqoume

[τ(λ_1x_1 + λ_2x_2)](f) = f(λ_1x_1 + λ_2x_2) = λ_1f(x_1) + λ_2f(x_2) = λ_1[τ(x_1)](f) + λ_2[τ(x_2)](f) = [λ_1τ(x_1) + λ_2τ(x_2)](f).

’Ara, τ(λ_1x_1 + λ_2x_2) = λ_1τ(x_1) + λ_2τ(x_2), dhladă h τ eÐnai grammikă. (b) ’Estw x ∈ X. Apì to Jeÿrhma 7.3.1, upĹrqei f̃ ∈ X^∗ tètoio ÿste ‖f̃‖ = 1 kai f̃(x) = ‖x‖. ’Ara, ‖τ(x)‖_X ∗∗ = sup_{‖f ‖=1} |[τ(x)](f)| ≥ |[τ(x)](f̃ )| = |f̃(x)| = ‖x‖.

Dhladă, ‖τ(x)‖_X ∗∗ ≥ ‖x‖. Sto prohgoÔmeno Lămma eÐdame ìti isqÔei kai h antÐstrofh anisìthta. Epomènwc, ‖τ(x)‖_X ∗∗ = ‖x‖, kai h τ eÐnai isometrÐa.

(g) Profanÿc, τ(x) = 0 =⇒ ‖τ(x)‖_X ∗∗ = 0 =⇒ ‖x‖ = 0 =⇒ x = 0. Epeidă h τ eÐnai grammikă, autì deÐqnei ìti h τ eÐnai èna proc èna. □

’Amesh sunèpeia twn dÔo lhmmĹtwn eÐnai to exăc:

Jeÿrhma 7.3.3 KĹje qÿroc X me nìrma emfuteÔetai me fusiologikì trìpo isometrikĹ ston X^{∗∗} mèsw thc τ : X → X^{∗∗} pou orÐzetai apì thn [τ(x)](f) = f(x). □ Parathrăseic (1) O X eÐnai qÿroc Banach an kai mìno an o τ(x) eÐnai kleistìc upìqwroc tou X^{∗∗}. PrĹgmati, o X^{∗∗} eÐnai plărhc kai o τ(X) grammikìc upìqwroc tou X^{∗∗}. O τ(X) eÐnai kleistìc an kai mìno an eÐnai plărhc, ìmwc o τ(X) eÐnai isometrikĹ isomorfikìc me ton X. ’Ara, o τ(X) eÐnai plărhc an kai mìno an o X eÐnai plărhc.

(2) Orismìc H apeikìnish τ lègetai kanonikă emfÔteush tou X ston X^{∗∗}. O X lègetai autopajăc an τ(X) = X^{∗∗}, dhladă an h τ eÐnai epÐ. Tìte, o X eÐnai isometrikĹ isomorfikìc me ton X^{∗∗}.

(3) H idiìthta thc autopĹjeiac den eÐnai isodÔnamh me thn Ôparxh isometrikoÔ isomorfismoÔ anĹmesa stouc X kai X^{∗∗}. An o X eÐnai autopajăc, tìte eÐnai isometrikĹ isomorfikìc me ton X^{∗∗}, allĹ me polÔ isqurì trìpo: h kanonikă emfÔteush τ eÐnai isometrÐa epÐ apì ton X ston X^{∗∗}. O James (1951) èqei dÿsei parĹdeigma qÿrou pou eÐnai isometrikĹ isomorfikìc me ton deÔtero duðkì tou, qwrÐc na eÐnai autopajăc.

(4) UpĹrqoun polloÐ mh autopajeÐc qÿroi. Prÿta-prÿta, ènac qÿroc me nìrma pou den eÐnai plărhc den mporeÐ na eÐnai autopajăc (giatÐ?).

O c_0 den eÐnai autopajăc, giatÐ c^∗_0 ≃ ℓ_1 kai ℓ^∗_1 ≃ ℓ_∞. An o c_0 ătan autopajăc, tìte oi c_0 kai ℓ_∞ ja ătan isometrikĹ isomorfikoÐ. Autì den mporeÐ na isqÔei, afoÔ o c_0 eÐnai diaqwrÐsimoc enÿ o ℓ_∞ ìqi.

O ℓ_1 den eÐnai autopajăc. An ătan, ja ătan isometrikĹ isomorfikìc me ton ℓ^∗_∞, dhladă o ℓ^∗_∞ ja ătan diaqwrÐsimoc. ’Opwc ja doÔme sthn epìmenh upoparĹgrafo, autì ja sămaine ìti kai o ℓ_∞ eÐnai diaqwrÐsimoc, Ĺtopo.

Prìtash 7.3.1 O ℓ_p, 1 < p < ∞, eÐnai autopajăc.

Apìdeixh: Prèpei na deÐxoume ìti τ(ℓ_p) = (ℓ^∗_p)^∗. JumhjeÐte ìti, gia kĹje f ∈ ℓ^∗_p upĹrqei y(f) = (η_k ) ∈ ℓ_q tètoio ÿste f(x) = ∑ k ξ_kη_k gia kĹje x = (ξ_k ) ∈ ℓ_p.

H S_p : ℓ^∗_p → ℓ_q me S_p(f) = y(f) eÐnai isometrÐa epÐ. AntÐstoiqa orÐzetai h S_q : ℓ^∗_q → ℓ_p.

’Estw F ∈ (ℓ^∗_p)^∗. To F ∘ S^{−1}_p ∈ ℓ^∗_q , Ĺra upĹrqei x ∈ ℓ_p tètoio ÿste

(F ∘ S^{−1}_p )((η_k )) = ∑ k ξ_kη_k, y = (η_k) ∈ ℓ_q. DeÐqnoume ìti τ(x) = F . ’Estw f ∈ ℓ^∗_p. UpĹrqei y = (η_k) ∈ ℓ_q tètoio ÿste f(x) = ∑ k ξ_kη_k, dhladă, y = S_p(f). ’Omwc tìte,

F (f) = F ∘ S^{−1}_p ∘ S_p(f) = F ∘ S^{−1}_p ((η_k )) = ∑ k ξ_kη_k = f(x) = [τ(x)](f).

’Ara, F = τ(x). To F ătan tuqìn, Ĺra τ(ℓ_p) = ℓ^{∗∗}_p . □

(g) O X^∗ dÐnei plhroforÐec gia ton X.

Sthn 7.3(a) eÐdame ìti o X^∗ diaqwrÐzei ta shmeÐa tou X. To Jeÿrhma pou akoloujeÐ deÐqnei ìti o X^∗ diaqwrÐzei shmeÐa apì kleistoÔc upoqÿrouc:

Jeÿrhma 7.3.4 ’Estw X qÿroc me nìrma, Y gnăsioc kleistìc upìqwroc tou X, kai x_0 ∈ X\Y . An δ = d(x_0, Y ) = inf{‖x_0 − y‖ : y ∈ Y }, tìte upĹrqei f̃ ∈ X^∗ tètoio ÿste ‖f̃‖_X ∗ = 1, f̃(y) = 0 gia kĹje y ∈ Y , kai f̃(x_0) = δ.

Apìdeixh: JewroÔme ton upìqwro Z = span{Y, x_0}. KĹje x ∈ Z grĹfetai monosămanta sth morfă x = y + λx_0, gia kĹpoia y ∈ Y kai λ ∈ R. OrÐzoume f : Z → R me f(x) = f(y + λx_0) = δλ. Tìte, f(y) = 0 gia kĹje y ∈ Y , kai f(x_0) = δ. Prèpei na deÐxoume ìti to f eÐnai fragmèno ston Z, kai ‖f‖_Z∗ = 1. Katìpin, qrhsimopoiÿntac to Jeÿrhma Hahn- Banach epekteÐnoume to f se kĹpoio f̃ ∈ X^∗ me tic zhtoÔmenec idiìthtec (elègxte to.)

To f eÐnai fragmèno: ’Estw x = y_1 + λx_0 ∈ Z. An λ ≠ 0, |f(x)| = |λ|δ = |λ| inf_{y∈Y} ‖x_0 − y‖ ≤ |λ| ‖ ‖ ‖x_0 + 1 λ y_1 ‖ ‖ ‖ = ‖λx_0 + y_1‖ = ‖x‖.

An λ = 0, tìte |f(x)| = 0 ≤ ‖x‖. ’Ara, f ∈ Z^∗ kai ‖f‖_Z∗ ≤ 1.

AntÐstrofh anisìthta gia thn ‖f‖_Z∗ : UpĹrqoun y_n ∈ Y me ‖x_0 − y_n‖ → δ. EpÐshc, èqoume δ > 0, giatÐ o Y eÐnai kleistìc kai x_0 /∈ Y .

Gia kĹje n ∈ N èqoume 0 ≠ x_0 − y_n ∈ Z, Ĺra ‖f‖_Z∗ ≥ |f(x_0 − y_n)| ‖x_0 − y_n‖ = δ ‖x_0 − y_n‖ → 1 kajÿc n → ∞. ’Ara, ‖f‖_Z∗ = 1. □

Qrhsimopoiÿntac to Jeÿrhma 7.3.4, deÐqnoume to exăc:

Jeÿrhma 7.3.5 An o X^∗ eÐnai diaqwrÐsimoc, tìte o X eÐnai diaqwrÐsimoc.

Apìdeixh: Ja mĹc qreiasteÐ èna Lămma:

Lămma 7.3.3 H S_X ∗ = {f ∈ X^∗ : ‖f‖ = 1} eÐnai diaqwrÐsimh wc proc thn epagìmenh metrikă.

Apìdeixh: UpĹrqei M arijmăsimo puknì uposÔnolo tou X^∗. OrÐzoume M_1 = {g = f/‖f‖ : f ∈ M\{0}}. To M_1 eÐnai arijmăsimo uposÔnolo thc S_X ∗ , kai ja deÐxoume ìti eÐnai puknì sthn S_X ∗ .

’Estw f ∈ S_X ∗ . UpĹrqei akoloujÐa {h_k} sto M me h_k → f. ’Ara, ‖h_k‖ → ‖f‖ = 1, dhladă, telikĹ h_k ≠ 0. Oi l_k = h_k/‖h_k‖ anăkoun sto M_1, kai ‖f − l_k‖ = ‖ ‖ ‖ ‖f − h_k ‖h_k‖ ‖ ‖ ‖ ‖ = ‖ ‖ ‖f − h^k + h^k ( 1 − 1 ‖h_k‖ )‖ ‖ ‖ ≤ ‖f − h_k‖ + ‖h_k‖ | | |1 − 1 ‖h_k‖ | | | → 0.

’Ara, M_1 = S_X ∗ . □

Apìdeixh tou Jewrămatoc: JewroÔme {g_n : n ∈ N} arijmăsimo puknì uposÔnolo thc S_X ∗ . Gia kĹje n ∈ N èqoume ‖g_n‖ = sup_{‖x‖=1} |g_n(x)| = 1, Ĺra upĹrqei x_n ∈ X, ‖x‖ = 1, tètoio ÿste |g_n(x_n)| > 1 2 . OrÐzoume Y = span{x_n : n ∈ N}. H idèa eÐnai ìti epeidă ta g_n eÐnai puknĹ sthn S_X ∗ , prèpei kai ta x_n na eÐnai {puknĹ} sthn S_X , opìte Y = X, to opoÐo ja deÐxei ìti o X eÐnai diaqwrÐsimoc.

Austhră apìdeixh: ’Estw ìti Y ≠ X. Tìte, apì to Jeÿrhma 7.3.4, upĹrqei f̃ ∈ X ∗ tètoio ÿste ‖f̃‖ = 1 kai f̃(y) = 0 gia kĹje y ∈ Y . Eidikìtera, f̃(x_n) = 0, n ∈ N. Tìte, gia kĹje n ∈ N, ‖f̃ − g_n‖ ≥ |(f̃ − g_n)(x_n)| = |f̃(x_n) − g_n(x_n)| = |g_n(x_n)| > 1/2, Ĺtopo, giatÐ to {g_n : n ∈ N} eÐnai puknì sthn S_X ∗ .

’Ara, Y = X. ’Omwc, o Y eÐnai diaqwrÐsimoc: oi peperasmènoi grammikoÐ sunduasmoÐ twn x_n me rhtoÔc suntelestèc eÐnai puknoÐ ston Y (Ĺskhsh). ’Ara, o X eÐnai diaqwrÐsimoc. □

7.4 DiaqwristikĹ jewrămata

Orismìc ’Estw X qÿroc me nìrma, kai A, B mh kenĹ uposÔnola tou X. (a) Lème ìti ta A, B diaqwrÐzontai, an upĹrqoun f ∈ X^∗ kai λ ∈ R tètoia ÿste: f(a) ≥ λ gia kĹje a ∈ A, kai, f(b) ≤ λ gia kĹje b ∈ B.

(b) Lème ìti ta A, B diaqwrÐzontai gnăsia, an upĹrqoun f ∈ X^∗ kai λ ∈ R tètoia ÿste: f(a) > λ gia kĹje a ∈ A, kai, f(b) < λ gia kĹje b ∈ B.

O ìroc dikaiologeÐtai apì to gegonìc ìti to {x ∈ X : f(x) = λ} eÐnai èna kleistì uperepÐpedo, to opoÐo qwrÐzei ton X se dÔo xènouc {hmiqÿrouc} ek twn opoÐwn o ènac perièqei to A kai o Ĺlloc to B.

Ta diaqwristikĹ jewrămata pou ja suzhtăsoume aforoÔn kurtĹ sÔnola, kai h apìdeixă touc basÐzetai polÔ ousiastikĹ sto Jeÿrhma Hahn-Banach. Gifl autì kai anaferìmaste sfl autĹ me ton ìro {gewmetrikă morfă tou Jewrămatoc Hahn- Banach}.

Lămma 7.4.1 ’Estw X qÿroc me nìrma, kai A ⊆ X anoiqtì kai kurtì, me 0 ∈ A. OrÐzoume q_A(x) = inf{t > 0 : x ∈ tA}. Tìte, to q_A eÐnai èna mh arnhtikì upogrammikì sunarthsoeidèc, upĹrqei M > 0 tètoio ÿste (∗) q_A(x) ≤ M‖x‖, x ∈ X kai (∗∗) A = {x ∈ X : q_A(x) < 1}. Apìdeixh: H q_A orÐzetai kalĹ: to A eÐnai anoiqtì kai perièqei to 0, Ĺra upĹrqei δ > 0 tètoio ÿste D(0, δ) ⊆ A. ’Epetai ìti an 0 ≠ x ∈ X, tìte (δ/2‖x‖)x ∈ A, Ĺra

2 δ ‖x‖ ∈ {t > 0 : x ∈ tA} kai to sÔnolo autì eÐnai kĹtw fragmèno apì to 0, Ĺra èqei mègisto kĹtw frĹgma. EpÐshc, q_A(x) ≤ 2 δ ‖x‖, dhladă h (∗) isqÔei me M = 2/δ (an x = 0, tìte apì thn kurtìthta tou A èpetai ìti 0 ∈ tA gia kĹje t > 0 (giatÐ?), Ĺra q_A(0) = 0.)

DeÐqnoume tÿra tic dÔo idiìthtec tou upogrammikoÔ sunarthsoeidoÔc: ’Estw λ > 0. Tìte, q_A(x) = inf{t > 0 : λx ∈ tA} = inf{t > 0 : x ∈ (t/λ)A} = λ inf{(t/λ) : t > 0, x ∈ (t/λ)A} = λ inf{s > 0 : x ∈ sA} = λq_A(x). Gia thn upoprosjetikìthta, èstw x, y ∈ X kai ε > 0. UpĹrqoun t, s > 0 tètoia ÿste t < q_A(x) + ε, s < q_A(y) + ε, kai x ∈ tA, y ∈ sA. Apì thn kurtìthta tou A èqoume tA + sA = (t + s)A (giatÐ?), Ĺra x + y ∈ (t + s)A. ’Epetai ìti

q_A(x + y) ≤ t + s < q_A(x) + q_A(y) + 2ε,

kai afoÔ to ε > 0 ătan tuqìn,

q_A(x + y) ≤ q_A(x) + q_A(y).

Tèloc, deÐqnoume ìti A = {x ∈ X : q_A(x) < 1}. An q_A(x) < 1, tìte upĹrqei r tètoio ÿste q_A(x) < r < 1 kai x ∈ rA ⊆ A. AntÐstrofa, an x ∈ A, epeidă to A eÐnai anoiqtì upĹrqei t > 0 t.w x + tx ∈ A (Ĺskhsh), opìte q_A(x) ≤^1_{1+t} < 1. □

Jeÿrhma 7.4.1 ’Estw X qÿroc me nìrma, kai A mh kenì, anoiqtì kurtì uposÔnolo tou X pou den perièqei to 0. Tìte, upĹrqei f̃ ∈ X^∗ me thn idiìthta f̃(x) > 0 gia kĹje x ∈ A. Dhladă, to f̃ diaqwrÐzei to A apì to {0}.

Apìdeixh: ’Estw x_0 ∈ A. To A^′ = x_0 − A eÐnai anoiqtì, kurtì kai perièqei to 0. SÔmfwna me to Lămma upĹrqei jetikì upogrammikì sunarthsoeidèc q : A → R tètoio ÿste q(x) ≤ M‖x‖, x ∈ X, kai q(x) < 1 an kai mìno an x ∈ A. Eidikìtera, q(x_0) ≥ 1 (giatÐ?).

JewroÔme ton upìqwro W = ⟨x_0⟩ pou parĹgei to x_0, kai orÐzoume f : W → R me f(λx_0) = λq(x_0). H f frĹssetai apì to q: an λ ≥ 0, tìte f(λx_0) = q(λx_0), enÿ an λ < 0, tìte f(λx_0) < 0 ≤ q(λx_0). EpÐshc, f ∈ W^∗ giatÐ |f(λx_0)| = |λ|q(x_0) ≤ M|λ| ‖x_0‖ = M‖λx_0‖.

Apì to Jeÿrhma Hahn-Banach, h f epekteÐnetai se f̃ ∈ X^∗ me ‖f̃‖ = ‖f‖_W ∗ . Tèloc, gia kĹje x ∈ A èqoume x_0 − x ∈ A^′, Ĺra q(x_0 − x) < 1, apfl ìpou blèpoume ìti f̃(x_0) − f̃(x) = f̃(x_0 − x) ≤ q(x_0 − x) < 1.

PaÐrnontac upfl ìyin kai thn q(x_0) ≥ 1, sumperaÐnoume ìti ∀x ∈ A, f̃(x) > f̃(x_0) − 1 = q(x_0) − 1 ≥ 0. □ Jeÿrhma 7.4.2 ’Estw X qÿroc me nìrma, kai A, B xèna kurtĹ sÔnola, me to A anoiqtì. Tìte, upĹrqoun f ∈ X^∗ kai λ ∈ R tètoia ÿste: f(a) < λ an a ∈ A, kai f(b) ≥ λ an b ∈ B. An to B eÐnai ki autì anoiqtì, tìte ta A, B diaqwrÐzontai gnăsia.

Apìdeixh: Jètoume G = A − B := {a − b : a ∈ A, b ∈ B}. EÔkola elègqoume ìti to G eÐnai kurtì, kai afoÔ G = ⋃ b∈B (A − b), to G eÐnai anoiqtì. Apì thn A ∩ B ≠ ∅ èpetai ìti 0 /∈ G. Apì to prohgoÔmeno jeÿrhma, upĹrqei f ∈ X^∗ tètoio ÿste f(x) > 0 gia kĹje x ∈ G.

’Estw a ∈ A, b ∈ B. Tìte, a − b ∈ G Ĺra f(a − b) > 0. Dhladă, f(a) > f(b). UpĹrqei loipìn λ ∈ R me thn idiìthta (∗) sup{f(b) : b ∈ B} ≤ λ ≤ inf{f(a) : a ∈ A}. To A èqei upotejeÐ anoiqtì kai kurtì, Ĺra to f(A) eÐnai èna anoiqtì diĹsthma sto R (Ĺskhsh), Ĺra h (∗) dÐnei ∀a ∈ A, f(a) > λ , ∀b ∈ B, f(b) ≤ λ. An kai to B eÐnai anoiqtì, tìte to f(B) eÐnai epÐshc anoiqtì diĹsthma, Ĺra f(b) < λ gia kĹje b ∈ B, dhladă ta A, B diaqwrÐzontai gnăsia. □

Tèloc, deÐqnoume èna diaqwristikì jeÿrhma gia xèna kleistĹ kai kurtĹ uposÔnola tou X, an èna apì autĹ eÐnai sumpagèc. Ja qrhsimopoiăsoume to exăc lămma:

Lămma 7.4.2 ’Estw X qÿroc me nìrma, K sumpagèc uposÔnolo tou X, kai A anoiqtì uposÔnolo tou X me K ⊆ A. Tìte, upĹrqei r > 0 tètoio ÿste K + D(0, r) ⊆ A, ìpou K + D(0, r) = {x + y : x ∈ K, ‖y‖ < r} = {x ∈ X : d(x, K) < r}. Apìdeixh: Gia kĹje x ∈ K èqoume x ∈ A kai to A eÐnai anoiqtì, Ĺra upĹrqei r_x > 0 tètoio ÿste D(x, r_x) = x + D(0, r_x) ⊆ A.

Tìte, K ⊆ ⋃ x∈K D(x, r_x/2), kai afoÔ to K eÐnai sumpagèc, upĹrqoun x_1, . . . , x_m ∈ K tètoia ÿste K ⊆ D(x_1, r_{x1} /2) ∪ · · · ∪ D(x_m, r_{xm} /2). Jètoume r = min{r_{x1} /2, . . . , r_{xm} /2}. Tìte, K + D(0, r) ⊆ m⋃ i=1 (x_i + D(0, r_{xi} )) ⊆ A. □ Jeÿrhma 7.4.3 ’Estw X qÿroc me nìrma, kai A, B dÔo xèna kleistĹ kurtĹ uposÔnola tou X. An to B eÐnai sumpagèc, tìte ta A, B diaqwrÐzontai gnăsia.

Apìdeixh: AfoÔ ta A, B eÐnai xèna, to sumpagèc B perièqetai sto anoiqtì X\A, kai apì to Lămma upĹrqei r > 0 tètoio ÿste B+D(0, r) ⊆ X\A, apfl ìpou paÐrnoume (B + D(0, r/2)) ∩ (A + D(0, r/2)) = ∅. Ta A + D(0, r/2), B + D(0, r/2) eÐnai anoiqtĹ kai kurtĹ: kurtĹ giatÐ ta A, B kai D(0, r/2) eÐnai kurtĹ, kai anoiqtĹ giatÐ h D(0, r/2) eÐnai anoiqtì sÔnolo. Apì to Jeÿrhma 7.4.2 diaqwrÐzontai gnăsia, Ĺra to Ðdio isqÔei kai gia ta uposÔnolĹ touc A, B. □ Paratărhsh: An ta A, B upotejoÔn aplÿc kleistĹ, tìte to Jeÿrhma 7.4.3 paÔei na isqÔei. Gia parĹdeigma, sto R^2 jewroÔme ta A = {(x, y) : y ≤ 0} kai B = {(x, y) : x > 0, xy ≥ 1}. Ta A, B eÐnai kleistĹ, kurtĹ kai xèna, allĹ den diaqwrÐzontai gnăsia.

7.5 Askăseic

1. DeÐxte ìti h apìluth timă grammikoÔ sunarthsoeidoÔc eÐnai upogrammikì sunarthsoeidèc.

2. DeÐxte ìti kĹje nìrma eÐnai upogrammikì sunarthsoeidèc.

3. ’Estw X qÿroc me nìrma, kai p : X → R upoprosjetikì sunarthsoeidèc (den upojètoume dhladă ìti eÐnai jetikĹ omogenèc.) DeÐxte ìti:

(a) An p(0) = 0 kai to p eÐnai suneqèc sto 0, tìte eÐnai suneqèc se kĹje x_0 ∈ X. (b) An p(x) ≥ 0 èxw apì miĹ sfaÐra {x : ‖x‖ = r}, tìte p(x) ≥ 0 gia kĹje x ∈ X. 4. ’Estw p èna upogrammikì sunarthsoeidèc ston grammikì qÿro X. OrÐzoume Z = ⟨x_0⟩, kai f(x) = ap(x_0) an x = ax_0 ∈ Z. DeÐxte ìti to f eÐnai grammikì sunarthsoeidèc kai f(x) ≤ p(x), x ∈ Z.

5. ’Estw X grammikìc qÿroc kai p : X → R upogrammikì sunarthsoeidèc. DeÐxte ìti upĹrqei grammikì sunarthsoeidèc f : X → R tètoio ÿste −p(−x) ≤ f(x) ≤ p(x), x ∈ X.

6. ’Estw X qÿroc me nìrma, kai (f_n) fragmènh akoloujÐa ston X^∗. DeÐxte ìti upĹrqei f ∈ X^∗ me thn idiìthta liminf_nf_n(x) ≤ f(x) ≤ limsup_nf_n(x), x ∈ X.

7. DeÐxte ìti an o X èqei toulĹqiston n to plăjoc grammikĹ anexĹrthta dianÔsmata, tìte kai o X^∗ èqei toulĹqiston n to plăjoc grammikĹ anexĹrthta dianÔsmata. 8. ’Estw Y kleistìc upìqwroc tou qÿrou me nìrma X, tètoioc ÿste: an f ∈ X^∗ kai f|_Y ≡ 0, tìte f ≡ 0. DeÐxte ìti Y = X. 9. ’Estw Y upìqwroc enìc qÿrou me nìrma X. OrÐzoume A = {f ∈ X^∗ : Y ⊆ Kerf}. DeÐxte ìti Y = ⋂ {Kerf : f ∈ A}. 10. ’Estw X kai Y qÿroi me nìrma. An T : X → Y grammikìc telestăc, deÐxte ìti o T eÐnai fragmènoc an kai mìno an M = sup{f(T x) : ‖x‖ ≤ 1, ‖f‖ ≤ 1} < +∞. Sfl aută thn perÐptwsh, deÐxte ìti ‖T ‖ = M.

11. ’Estw X qÿroc me nìrma, kai A mh kenì uposÔnolo tou X. DeÐxte ìti: x ∈ span(A) an kai mìno an, gia kĹje f ∈ X^∗ me f|_A ≡ 0, isqÔei f(x) = 0. 12. Gia kĹje upìqwro Y tou qÿrou me nìrma X, orÐzoume N(Y ) = {f ∈ X^∗ : ∀y ∈ Y, f(y) = 0}. (a) DeÐxte ìti o N(Y ) eÐnai kleistìc grammikìc upìqwroc tou X^∗. (b) DeÐxte ìti an Y_1, Y_2 eÐnai kleistoÐ grammikoÐ upìqwroi tou X kai Y_1 ≠ Y_2, tìte N(Y_1) ≠ N(Y_2).

13. ’Estw X, Y qÿroi me nìrma, kai T : X → Y fragmènoc grammikìc telestăc. OrÐzoume T^∗ : Y^∗ → X^∗ me T^∗(f) = f ∘ T . DeÐxte ìti o T^∗ orÐzetai kalĹ, eÐnai fragmènoc grammikìc telestăc, kai ‖T^∗‖ = ‖T ‖.

14. ’Estw X, Y dÔo qÿroi me nìrma, kai X ≠ {0}. DeÐxte ìti an o B(X, Y ) eÐnai plărhc, tìte o Y eÐnai plărhc.

.

UpodeÐxeic - apantăseic

1. ’Estw f : X → R grammikì sunarthsoeidèc, kai p(x) = |f(x)|. An x, y ∈ X, tìte p(x + y) = |f(x + y)| = |f(x) + f(y)| ≤ |f(x)| + |f(y)| = p(x) + p(y). An x ∈ X kai λ ≥ 0, tìte p(λx) = |f(λx)| = |λf(x)| = λ|f(x)| = λp(x). ’Ara, to p eÐnai upogrammikì sunarthsoeidèc.

2. ’Estw ‖ · ‖ : X → R^+ . ’Opwc prÐn, elègqoume ìti gia kĹje x, y ∈ X kai λ ≥ 0, isqÔoun oi ‖x + y‖ ≤ ‖x‖ + ‖y‖, ‖λx‖ = |λ| · ‖x‖ = λ‖x‖, apì tic gnwstèc idiìthtec thc nìrmac.

3. (a) To p eÐnai suneqèc sto 0 kai p(0) = 0, Ĺra gia dosmèno ε > 0 upĹrqei δ > 0 tètoio ÿste ‖z‖ < δ =⇒ |p(z)| < ε. ’Estw x0 ∈ X kai ε > 0. An ‖x − x0‖ < δ, tìte kai ‖x0 − x‖ = ‖x − x0‖ < δ, opìte |p(x − x0)| < ε, |p(x0 − x)| < ε. Apì thn upoprosjetikìthta tou p, p(x) − p(x0) ≤ p(x − x0) ≤ |p(x − x0)| < ε kai p(x0) − p(x) ≤ p(x0 − x) ≤ |p(x0 − x)| < ε, Ĺra |p(x) − p(x0)| < ε. Dhladă, to p eÐnai suneqèc sto x0.

(b) ’Estw r > 0, kai ac upojèsoume ìti gia kĹpoio x0 me ‖x0‖ = r isqÔei h p(x0) < 0. Tìte, p(2x0) = p(x0 + x0) ≤ p(x0) + p(x0) = 2p(x0) < 0.

’Omwc, ‖2x0‖ = 2r ≠ r, Ĺra 2x0 /∈ {x : ‖x‖ = r}. Apì thn upìjesă mac, p(2x0) ≥ 0, to opoÐo eÐnai Ĺtopo. ’Ara, p(x) ≥ 0 kai sthn {x : ‖x‖ = r}.

An r = 0, tìte p(x) ≥ 0 gia kĹje x /∈ 0. ’Omwc, p(0) = p(0 + 0) ≤ 2p(0) Ĺra p(0) ≥ 0. Dhladă, p(x) ≥ 0 gia kĹje x ∈ X.

4. To f eÐnai profanÿc grammikì, giatÐ an λ, μ ∈ R kai x = ax0, y = bx0 ∈ Z, tìte f(λx + μy) = f((λa + μb)x0) = (λa + μb)p(x0) = λ(ap(x0)) + μ(bp(x0)) = λf(x) + μf(y). Gia thn anisìthta f(x) ≤ p(x) parathroÔme ìti: an a ≥ 0, tìte f(ax0) = ap(x0) = p(ax0), enÿ an a < 0, tìte f(ax0) = −f((−a)x0) = −p(−ax0) ≤ p(ax0), afoÔ kĹje upogrammikì sunarthsoeidèc ikanopoieÐ thn −p(−z) ≤ p(z).

5. PaÐrnoume tuqìn x0 ≠ 0 ston X. JewroÔme ton Z = ⟨x0⟩, kai orÐzoume g : Z → R, me g(ax0) = ap(x0). Apì thn ’Askhsh 4, to g eÐnai grammikì sunarthsoeidèc ston Z, kai ikanopoieÐ thn g(z) ≤ p(z) ston Z.

Apì to jeÿrhma Hahn-Banach, upĹrqei f : X → R grammikì sunarthsoeidèc, pou epekteÐnei to g, kai ikanopoieÐ thn f(x) ≤ p(x), x ∈ X. Tèloc, −f(x) = f(−x) ≤ p(−x) =⇒ f(x) ≥ −p(−x), x ∈ X. Dhladă, −p(−x) ≤ f(x) ≤ p(x) gia kĹje x ∈ X.

6. To p(x) = lim sup fn(x) eÐnai upogrammikì sunarthsoeidèc ston X. An x, y ∈ X, tìte

p(x + y) = lim sup fn(x + y) = lim sup[fn(x) + fn(y)] ≤ lim sup fn(x) + lim sup fn(y) = p(x) + p(y),

kai an λ ≥ 0,

p(λx) = lim sup fn(λx) = lim sup[λfn(x)] = λ lim sup fn(x) = λp(x).

Tÿra efarmìzoume thn ’Askhsh 5: upĹrqei grammikì sunarthsoeidèc f : X → R, tètoio ÿste lim inf fn(x) = − lim sup fn(−x) ≤ f(x) ≤ lim sup fn(x), x ∈ X.

7. ’Estw x1, . . . , xn grammikĹ anexĹrthta dianÔsmata ston X. Xèroume ìti gia kĹje epilogă pragmatikÿn arijmÿn a1, . . . , an, upĹrqei f ∈ X^∗ me f(xi) = ai, i = 1, . . . , n.

MporoÔme loipìn na broÔme f1, . . . , fn ∈ X^∗ tètoia ÿste fi(xj ) = δij , i, j = 1, . . . , n. Ta f1, . . . , fn eÐnai grammikĹ anexĹrthta: an t1f1 + . . . + tnfn ≡ 0, tìte gia kĹje j ≤ n èqoume 0 = (t1f1 + . . . + tnfn)(xj ) = t1f1(xj ) + . . . + tnfn(xj ) = tj · 1 = tj . ’Ara, t1 = . . . = tn = 0.

8. ’Estw x ∈ X\Y . AfoÔ o Y eÐnai kleistìc kai x /∈ Y , upĹrqei f ∈ X^∗ pou ikanopoieÐ ta exăc: f(y) = 0, y ∈ Y, ‖f‖ = 1, f(x) ≠ 0. (basikă efarmogă tou jewrămatoc Hahn-Banach). Autì eÐnai Ĺtopo, giatÐ h upìjesh mac lèei ìti f|Y ≡ 0 =⇒ f ≡ 0. ’Ara, Y = X.

9. ’Estw y ∈ Y . UpĹrqoun yn ∈ Y me yn → y. Gia kĹje f ∈ A èqoume f(yn) = 0, n ∈ N, Ĺra f(y) = lim f(yn) = 0.

Dhladă, y ∈ Kerf. AfoÔ to f ∈ A ătan tuqìn, y ∈ ∩{Kerf : f ∈ A}. AfoÔ to y ∈ Y ătan tuqìn, Y ⊆ ⋂ {Kerf : f ∈ A}. ’Estw ìti o egkleismìc eÐnai gnăsioc. Tìte, upĹrqei z ∈ ∩{Kerf : f ∈ A}\Y . Apì to jeÿrhma Hahn-Banach, upĹrqei g ∈ X^∗ me ‖g‖ = 1, g(z) ≠ 0 kai g(y) = 0 gia kĹje y ∈ Y . Tìte, g ∈ A kai z /∈ Kerg, to opoÐo eÐnai Ĺtopo.

10. To dexiì mèloc isoÔtai me M = sup_{‖x‖} X ≤1 ( sup ‖f ‖Y ∗ ≤1 f(T x) ) = sup ‖x‖X ≤1 ‖T x‖Y , apì to jeÿrhma Hahn-Banach (gia to T x ∈ Y ). ’Omwc, o T eÐnai fragmènoc an kai mìno an sup ‖x‖X ≤1 ‖T x‖Y < +∞, kai tìte ‖T ‖ = sup_{‖x‖X ≤1} ‖T x‖ (KefĹlaio 5).

11. ’Omoia me thn 8. An Y = span(A), parathrăste ìti f|A ≡ 0 ⇐⇒ f|Y ≡ 0.

12. (a) O N(Y ) eÐnai grammikìc upìqwroc tou X^∗: an f, g ∈ X^∗ kai λ, μ ∈ R, tìte gia kĹje y ∈ Y èqoume (λf + μg)(y) = λf(y) + μg(y) = λ · 0 + μ · 0, dhladă λf + μg ∈ N(Y ).

O N(Y ) eÐnai kleistìc: an fn ∈ N(Y ) kai fn → f ∈ X^∗, tìte gia kĹje y ∈ Y èqoume f(y) = lim_{n→∞} fn(y) = lim_{n→∞} 0 = 0,

dhladă f ∈ N(Y ).

(b) ’Estw Y1, Y2 kleistoÐ upìqwroi tou X me Y1 ≠ Y2. ’Eqoume dÔo periptÿseic: eÐte upĹrqei y ∈ Y1\Y2 eÐte upĹrqei y ∈ Y2\Y1. Sthn prÿth perÐptwsh, afoÔ o Y2 eÐnai kleistìc grammikìc upìqwroc tou X kai y /∈ Y2, mporoÔme na broÔme f ∈ X^∗ me tic idiìthtec f|Y_2 ≡ 0, ‖f‖ = 1, f(y) ≠ 0. Tìte, f ∈ N(Y2)\N(Y1), Ĺra N(Y1) ≠ N(Y2).

Entelÿc anĹloga, an upĹrqei y ∈ Y2\Y1, brÐskoume f ∈ N(Y1)\N(Y2).

13. H f ∘ T : X → R eÐnai grammikă san sÔnjesh grammikÿn sunartăsewn, kai gia kĹje x ∈ X, |[T^∗(f)](x)| = |f(T x)| ≤ ‖f‖ · ‖T x‖Y ≤ ‖f‖ · ‖T ‖ · ‖x‖, dhladă T^∗(f) ∈ X^∗ kai ‖T^∗(f)‖ ≤ ‖T ‖ · ‖f‖.

Autì deÐqnei ìti o T^∗ orÐzetai kalĹ, kai (∗) ‖T^∗‖ ≤ ‖T ‖.

[H grammikìthta tou T^∗ elègqetai eÔkola: T^∗(λf + μg) = (λf + μg) ∘ T = λ(f ∘ T ) + μ(g ∘ T ) = λT^∗(f) + μT^∗(g).] Gia thn isìthta twn ‖T ‖ kai ‖T^∗‖ qrhsimopoioÔme to jeÿrhma Hahn-Banach: ’Estw x ∈ X. Tìte, T x ∈ Y kai upĹrqei f ∈ Y^∗ tètoio ÿste ‖f‖ = 1 kai f(y) = ‖y‖ = ‖T x‖. ’Ara, ‖T x‖ = f(y) = (f ∘ T )(x) = [T^∗(f)](x) ≤ ‖T^∗(f)‖ · ‖x‖ ≤ ‖T^∗‖ · ‖f‖ · ‖x‖ = ‖T^∗‖ · ‖x‖. ’Ara, ‖T ‖ ≤ ‖T^∗‖, kai apì thn (∗) èpetai to zhtoÔmeno.

14. StajeropoioÔme f ∈ X^∗ me ‖f‖ = 1. ’Estw (yn) akoloujÐa Cauchy ston Y . OrÐzoume Tn : X → Y me Tn(x) = f(x)yn. Tìte, ‖Tn − Tm‖ = sup_{‖x‖} X ≤1 ‖f(x)(yn − ym)‖Y = ( sup ‖x‖X ≤1 |f(x)| ) · ‖yn − ym‖ = ‖f‖ · ‖yn − ym‖ = ‖yn − ym‖, dhladă, h (Tn) eÐnai akoloujÐa Cauchy ston B(X, Y ). AfoÔ o B(X, Y ) èqei upotejeÐ plărhc, upĹrqei fragmènoc grammikìc telestăc T : X → Y tètoioc ÿste Tn → T , dhladă (∗) T (x) = lim_{n→∞}(f(x)yn), x ∈ X. AfoÔ f ≠ 0, upĹrqei x ∈ X me f(x) = 1. Tìte, an orÐsoume y = T (x), èqoume yn → y apì thn (∗).

KefĹlaio 8

BasikĹ jewrămata gia qÿrouc Banach

Skopìc mac se autì to KefĹlaio eÐnai na apodeÐxoume trÐa basikĹ jewrămata gia telestèc se qÿrouc Banach: to jeÿrhma omoiìmorfou frĹgmatoc, to jeÿrhma anoiqtăc apeikìnishc kai to jeÿrhma kleistoÔ grafămatoc. Sthn apìdeixă touc qrhsimopoieÐtai ousiastikĹ to jeÿrhma tou Baire: eÐnai dhladă apotelèsmata pou aforoÔn plăreic qÿrouc me nìrma.

8.1 To jeÿrhma omoiìmorfou frĹgmatoc

Sthn ParĹgrafo 2.4 eÐdame to jeÿrhma tou Osgood: an {f_n} eÐnai mia akoloujÐa suneqÿn sunartăsewn sto [0, 1] me thn idiìthta h {f_n(t)} na eÐnai fragmènh gia kĹje t ∈ [0, 1], tìte upĹrqei upodiĹsthma [a, b] tou [0, 1] sto opoÐo h {f_n} eÐnai omoiìmorfa fragmènh. H apìdeixh basÐsthke sto jeÿrhma tou Baire.

To jeÿrhma omoiìmorfou frĹgmatoc diatupÿnetai gia mia akoloujÐa telestÿn T_n ∈ B(X, Y ) pou èqoun thn idiìthta h {T_n(x)} na eÐnai fragmènh ston Y gia kĹje x ∈ X. An o X eÐnai plărhc, h grammikìthta twn T_n kai h aplă idèa thc apìdeixhc tou jewrămatoc tou Osgood mac dÐnoun ìti oi nìrmec ‖T_n‖ eÐnai omoiìmorfa fragmènec:

Jeÿrhma 8.1.1 ’Estw X qÿroc Banach, Y qÿroc me nìrma, kai T_n : X → Y fragmènoi grammikoÐ telestèc, n ∈ N. Upojètoume ìti, gia kĹje x ∈ X upĹrqei M_x > 0 tètoioc ÿste ‖T_nx‖_Y ≤ M_x, n ∈ N. (dhladă, h {T_nx} eÐnai fragmènh akoloujÐa ston Y ). Tìte, upĹrqei M > 0 tètoioc ÿste ‖T_n‖ ≤ M, n ∈ N. (dhladă, h {‖T_n‖} eÐnai fragmènh).

Apìdeixh: Gia kĹje n ∈ N orÐzoume A_k = {x ∈ X : sup_n ‖T_nx‖ ≤ k}. (a) KĹje A_k eÐnai kleistì uposÔnolo tou X: èstw x_j ∈ A_k me x_j → x. Gia kĹje n ∈ N èqoume ‖T_nx_j ‖ ≤ k gia kĹje j, Ĺra kai ‖T_nx‖ = lim_{j→∞} ‖T_nx_j ‖ ≤ k. AfoÔ autì isqÔei gia tuqìn n, èqoume x ∈ A_k. (b) H upìjesă mac exasfalÐzei ìti X = ∞⋃ k=1 A_k. PrĹgmati, an x ∈ X, upĹrqei M_x > 0 tètoioc ÿste sup_n ‖T_nx‖ ≤ M_x, kai an pĹroume k_x > M_x, k_x ∈ N, ja èqoume x ∈ A_{kx} ⊆ ⋃ k A_k. (g) O X eÐnai plărhc kai ta A_k kleistĹ. Apì to jeÿrhma tou Baire, upĹrqei k_0 ∈ N tètoioc ÿste to A_{k0} na èqei mh kenì eswterikì. Dhladă, upĹrqoun x_0 ∈ X kai r > 0 tètoia ÿste D(x_0, r) ⊆ A_{k0} . ’Estw x ∈ X, x ≠ 0. Tìte,

x_0 , x_0 + r 2‖x‖ x ∈ D(x_0, r) ⊆ A_{k0} , Ĺra, gia kĹje n ∈ N,

‖T_nx_0‖ ≤ k_0 kai ‖ ‖T_n ( x_0 + r 2‖x‖ x )‖ ‖ ≤ k_0. Tìte, ‖ T_n ( r 2‖x‖ x )‖ ‖ = ‖T_n ( x_0 + r 2‖x‖ x ) + T_n(−x_0) ‖

≤ ‖ ‖T_n ( x_0 + r 2‖x‖ x )‖ ‖ + ‖T_n(x_0)‖

≤ 2k_0.

Qrhsimopoiÿntac xanĹ th grammikìthta tou T kai to gegonìc ìti h nìrma eÐnai jetikĹ omogenăc, paÐrnoume ‖T_nx‖ ≤ 4k_0 r ‖x‖. ’Epetai ìti ‖T_n‖ ≤^{4k0}_r gia kĹje n ∈ N. □ Ac doÔme tÿra merikèc endeiktikèc efarmogèc tou jewrămatoc omoiìmorfou frĹgmatoc:

Prìtash 8.1.1 ’Estw X qÿroc me nìrma, kai {x_n} akoloujÐa ston X. H {x_n} eÐnai fragmènh an kai mìno an gia kĹje f ∈ X^∗ h {f(x_n)} eÐnai fragmènh sto R.

Apìdeixh: (⇒) Upojètoume ìti upĹrqei M > 0 tètoioc ÿste ‖x_n‖ ≤ M, n ∈ N. Tìte, gia kĹje f ∈ X^∗ èqoume |f(x_n)| ≤ ‖f‖ ‖x_n‖ ≤ M‖f‖, n ∈ N. Dhladă, h {f(x_n)} eÐnai fragmènh.

(⇐) JewroÔme touc T_n = τ(x_n) : X^∗ → R me T_nf = [τ(x_n)](f) = f(x_n). Apì thn upìjesă mac, h {T_nf} eÐnai fragmènh gia kĹje f ∈ X^∗. O X^∗ eÐnai qÿroc Banach, opìte efarmìzontac to jeÿrhma omoiìmorfou frĹgmatoc èqoume sup_n ‖x_n‖_X = sup_n ‖[τ(x_n)]‖_X ∗∗ = sup_n ‖T_n‖ < +∞.

Dhladă, h {‖x_n‖} eÐnai fragmènh. □ AnĹlogo parĹdeigma se sugkekrimèno qÿro:

Prìtash 8.1.2 ’Estw y = (η_k) akoloujÐa pragmatikÿn arijmÿn me thn exăc idiìthta: gia kĹje x = (ξ_k) ∈ c_0, h seirĹ ∑ k ξ_k η_k sugklÐnei. Tìte, y ∈ ℓ_1. Dhladă, ∑ k |η_k| < +∞.

Apìdeixh: OrÐzoume T_n : c_0 → R, me T_n((ξ_k )) = ∑_n k=1 ξ_kη_k. KĹje T_n eÐnai fragmèno grammikì sunarthsoeidèc: |T_nx| = | n∑ k=1 ξ_kη_k| ≤ n∑ k=1 |ξ_k | |η_k|

≤ (_n ∑ k=1 |η_k| ) sup_k |ξ_k|

= (_n ∑ k=1 |η_k| ) ‖x‖_{c0} . ’Ara, ‖T_n‖ ≤ n∑ k=1 |η_k|. IsqÔei mĹlista isìthta: an orÐsoume

ξ_k =

0 , k > n,

sign(η_k) , k ≤ n, èqoume x^′ = (ξ_k ) ∈ c_0, kai ‖x^′‖ ≤ 1. ’Omwc,

T_n(x^′) = n∑ k=1 sign(η_k)η_k = n∑ k=1 |η_k|.

AfoÔ ‖x^′‖ ≤ 1, ‖T_n‖ ≥ |T_n(x^′)| = n∑ k=1 |η_k|. Apì thn upìjesă mac, an x = (ξ_k) ∈ c_0, tìte to ∑ k ξ_kη_k = lim_n ∑_n k=1 ξ_kη_k = lim_n T_nx upĹrqei. ’Ara, h {T_nx} eÐnai fragmènh. Apì to jeÿrhma omoiìmorfou frĹgmatoc (o c_0 eÐnai plărhc), paÐrnoume sup_n ‖T_n‖ < +∞, dhladă ∞∑ k=1 |η_k| = sup_n n∑ k=1 |η_k| < +∞.

’Ara, y = (η_k) ∈ ℓ_1. □

To jeÿrhma omoiìmorfou frĹgmatoc qrhsimopoieÐtai suqnĹ gia thn {kataskeuă} antiparadeigmĹtwn sthn AnĹlush. O trìpoc eÐnai o exăc: An T_n : X → Y me sup_n ‖T_n‖ = +∞, tìte upĹrqei x ∈ X tètoio ÿste sup_n ‖T_n(x)‖_Y = +∞.

ParĹdeigma (apoklÐnousec seirèc Fourier). ’Estw f : [−π, π] → R suneqăc sunĹrthsh. H seirĹ Fourier thc f eÐnai h (∗) a_0 2 + ∞∑ m=1 (a_m cos mt + b_m sin mt),

ìpou oi suntelestèc a_m, b_m dÐnontai apì tic

a_m = 1 π ∫_π −π f(t) cos(mt)dt , b_m = 1 π ∫_π −π f(t) sin(mt)dt. To erÿthma pou ja mac apasqolăsei eÐnai an gia kĹje suneqă f kai kĹje t ∈ [−π, π] h seirĹ (∗) sugklÐnei (sto f(t)). Qrhsimopoiÿntac to jeÿrhma omoiìmorfou frĹgmatoc, ja doÔme ìti h apĹnthsh eÐnai arnhtikă:

Prìtash 8.1.3 UpĹrqei suneqăc f : [−π, π] → R thc opoÐac h seirĹ Fourier apoklÐnei sto shmeÐo t_0 = 0.

Apìdeixh: JewroÔme ton C[−π, π] me nìrma thn ‖f‖ = max_{t∈[−π,π]} |f(t)|. O (C[−π, π], ‖ · ‖) eÐnai qÿroc Banach. OrÐzoume T_n : C[−π, π] → R, me T_nf = a_0 2 + n∑ m=1 a_m, thn timă dhladă tou n-stoÔ merikoÔ ajroÐsmatoc thc (∗) sto t_0 = 0. Alliÿc, mporoÔme na grĹyoume (giatÐ?) T_nf = 1 π ∫_π −π f(t) [ 1 2 + n∑ m=1 cos mt ] dt. Aplă trigwnometrÐa deÐqnei ìti 1 2 + n∑ m=1 cos mt = 1 2 sin(n +^1_2 )t sin^t_2 . Dhladă, T_nf = 1 2π ∫_π −π f(t)q_n(t)dt, q_n(t) = sin(n +^1_2 )t sin^t_2 . ’Eqoume |T_nf| ≤ 1 2π ∫_π −π |f(t)| |q_n(t)|dt ≤ ( 1 2π ∫_π −π |q_n(t)|dt ) ‖f‖, Ĺra o T_n eÐnai fragmènoc, kai ‖T_n‖ ≤ 1 2π ∫_π −π |q_n(t)|dt. Epiplèon, an f suneqăc me ‖f‖ = 1 pou {proseggÐzei} thn sign(q_n), tìte T_nf ∼ 1 2π ∫_π −π sign(q_n)q_n(t)dt = 1 2π ∫_π −π |q_n(t)|dt. Dhladă, ‖T_n‖ = 1 2π ∫_π −π |q_n(t)|dt. ’Omwc, 1 2π ∫_π −π |q_n(t)| = 1 2π ∫_{2π} 0 | sin(n +^1_2 )t| | sin^t_2 | dt ≥ 1 π ∫_{2π} 0 | sin(n +^1_2 )t| t dt, giatÐ | sin^t_2 | ≤^{|t|}_2 sto [−π, π], kai jètontac v = (n +^1_2 )t paÐrnoume ‖T ‖ ≥ 1 π ∫_{(2n+1)π} 0 | sin v| v dv = 1 π 2n∑ k=0 ∫_{(k+1)π} kπ | sin v| v dv

≥ 1 π 2n∑ k=0 1 (k + 1)π

∫_{(k+1)π} kπ | sin v|dv

= 2 π^2 2n∑ k=0 1 k + 1 → ∞ kajÿc n → ∞. Dhladă, sup_n ‖T_n‖ = ∞. ’Ara, upĹrqei f ∈ C[−π, π] tètoia ÿste h (T_nf) na mhn eÐnai fragmènh. Autì shmaÐnei ìti h seirĹ Fourier thc f apoklÐnei sto t_0 = 0. □

DÐnoume tÿra mia efarmogă tou jewrămatoc omoiìmorfou frĹgmatoc, sthn arijmhtikă oloklărwsh: JewroÔme èna diĹsthma J = [a, b] kai to qÿro C[a, b] me th sunăjh nìrma ‖f‖ = max_{t∈[a,b]} |f(t)|.

Mia mèjodoc arijmhtikăc oloklărwshc sto J eÐnai mia epilogă pragmatikÿn arijmÿn a_1, . . . , a_m kai shmeÐwn t_1 < · · · < t_m sto J.

An ta t_i, a_i èqoun dojeÐ, tìte gia kĹje f ∈ C[J] ektimĹme to ∫_b a f(t)dt mèsw tou ajroÐsmatoc_m ∑ i=1 a_if(t_i). An ta t_i, a_i èqoun epilegeÐ {swstĹ}, perimènoume autì to Ĺjroisma na {proseggÐzei} kalĹ to oloklărwma thc f. Den eÐnai dÔskolo na deÐ kaneÐc ìti, ìpwc kai na epilèxoume ta t_i, a_i, mporoÔme na kataskeuĹsoume f ∈ C[J] gia thn opoÐa to sfĹlma na eÐnai megĹlo: pĹrte p.q. thn f na mhdenÐzetai se ìla ta t_i kai na èqei polÔ megĹlh timă se kĹpoio Ĺllo t ∈ J.

OrÐzoume mia piì sugkrothmènh diadikasÐa arijmhtikăc oloklărwshc sto J wc exăc: Gia kĹje n ∈ N jewroÔme ta poluÿnuma

f_0(t) = 1, f_1(t) = t, , . . . , f_n(t) = t^n,

kai epilègoume t^{(n)}_0 , t^{(n)}_1 , . . . , t^{(n)}n ∈ J kai a^{(n)}_0 , a^{(n)}_1 , . . . , a^{(n)}n ∈ R, tètoia ÿste (∗) n∑ i=0 a^{(n)}_i f_j (t^{(n)}_i ) = ∫_b a f_j (t)dt, j = 0, 1, . . . , n.

Tètoiec epilogèc upĹrqoun pollèc: pĹrte, ac poÔme, tuqìnta t^{(n)}_0 < t^{(n)}_1 < · · · < t^{(n)}n ∈ J. Tìte, to sÔsthma (∗) me agnÿstouc touc a^{(n)}_i paÐrnei th morfă n∑ i=0 a^{(n)}_i (t^{(n)}_i )^j = b^{j+1} − a^{j+1} j + 1 , j = 0, 1, . . . , n.

To sÔsthma autì èqei lÔsh wc proc a^{(n)}_i giatÐ h orÐzousa det [ (t^{(n)}_i )^j ]_n i,j=1 eÐnai mh mhdenikă (orÐzousa Vandermonde). AfoÔ loipìn epilèxoume ta t^{(n)}_i , prosdiorÐzoume monosămanta ta a^{(n)}_i ètsi ÿste

T_t(n)_{i ,a}(n)_i (f_j ) := n∑ i=0 a^{(n)}_i f_j (t^{(n)}_i ) = ∫_b a f_j (t)dt, j = 0, 1, . . . , n.

Lìgw grammikìthtac tou aristeroÔ kai tou dexioÔ mèlouc wc proc f, èpetai ìti

T_t(n)_{i ,a}(n)_i (p) = n∑ i=0 a^{(n)}_i p(t^{(n)}_i ) = ∫_b a p(t)dt gia kĹje poluÿnumo p : [a, b] → R pou èqei bajmì mikrìtero ă Ðso tou n.

Jètoume T_n := T_t(n)_{i ,a}(n)_i , kai lème ìti h (T_n) eÐnai mia diadikasÐa arijmhtikăc oloklărwshc sto J: Gia kĹje f ∈ C[J] orÐzoume

T_n(f) = n∑ i=0 a^{(n)}_i f(t^{(n)}_i ),

kai xèroume ìti kĹje T_n eÐnai akribăc sta poluÿnuma bajmoÔ ≤ n. To erÿthma pou prokÔptei eÐnai an gia kĹje suneqă f : [a, b] → R isqÔei (∗∗) T_n(f) → ∫_b a f(t)dt, ìtan n → ∞. H apĹnthsh dÐnetai apì to akìloujo jeÿrhma tou Polya: Prìtash 8.1.4 Mia diadikasÐa arijmhtikăc oloklărwshc (T_n) = (T_a(n)_{i ,t}(n)_i ) ìpwc parapĹnw, ikanopoieÐ thn (∗∗) gia kĹje f ∈ C[a, b] an kai mìno an upĹrqei M > 0 tètoioc ÿste, gia kĹje n ∈ N, n∑ i=0 |a^{(n)}_i | ≤ M. Apìdeixh: KĹje T_n : C[a, b] → R eÐnai grammikì sunarthsoeidèc, kai |T_n(f)| = | n∑ i=0 a^{(n)}_i f(t^{(n)}_i )| ≤ n∑ i=0 |a^{(n)}_i | |f(t^{(n)}_i )|

≤ (_n ∑ i=0 |a^{(n)}_i | ) ‖f‖,

dhladă to T_n eÐnai fragmèno, kai ‖T_n‖ ≤ ∑_n i=0 |a^{(n)}_i |.

Epiplèon isqÔei isìthta giatÐ mporoÔme na orÐsoume f : [a, b] → R suneqă me |f(t)| ≤ 1 sto [a, b] kai

f(t^{(n)}_i ) =

1 , a^{(n)}_i > 0, −1 , a^{(n)}_i < 0, opìte ‖T_n‖ ≥ |T_n(f)| = n∑ i=0 a^{(n)}_i sign(a^{(n)}_i ) = n∑ i=0 |a^{(n)}_i |.

H apìdeixh thc (⇐) thc Prìtashc ja mac dÿsei thn idèa gia to ti sumbaÐnei. An

upĹrqei M > 0 tètoioc ÿste ∑_n i=0 |a^{(n)}_i | ≤ M, n ∈ N, tìte ‖T_n‖ ≤ M, n ∈ N. Oi basikèc parathrăseic eÐnai dÔo:

(a) Apì thn kataskeuă, an p : [a, b] → R eÐnai poluÿnumo (bajmoÔ ac poÔme

m), tìte gia kĹje n ≥ m, T_n(p) = ∫_b a p. ’Ara, T_n(p) → ∫_b a p kajÿc n → ∞, gia

kĹje poluÿnumo.

(b) Ta poluÿnuma eÐnai puknĹ ston C[a, b] (jeÿrhma Weierstrass). An loipìn

mac dÿsoun f ∈ C[a, b] kai ε > 0, upĹrqei poluÿnumo p me thn idiìthta ‖f − p‖ = max_{t∈[a,b]} |f(t) − p(t)| < ε. Tìte, | | | |T^nf − ∫_b a f | | | | ≤ |T^nf − T^np| + | | | |T^np − ∫_b a p | | | | + | | | | ∫_b a p − ∫_b a f | | | | ≤ ‖T_n‖ ‖f − p‖ + | | | |T^np − ∫_b a p | | | | + (b − a)‖p − f‖ < Mε + | | | |T^np − ∫_b a p | | | | + (b − a)ε. AfoÔ T_np → ∫_b a p, gia n ≥ n_0(ε) èqoume | | | |T^nf − ∫_b a f | | | | < (M + 1 + b − a)ε, kai afoÔ to ε > 0 ătan tuqìn, èpetai ìti T_nf → ∫_b a f. H apìdeixh thc (⇒) eÐnai Ĺmesh sunèpeia tou jewrămatoc omoiìmorfou frĹg-

matoc: An T_nf → ∫_b a f gia kĹje f ∈ C[a, b], tìte h {T_nf} eÐnai fragmènh gia kĹje

f. Epomènwc, sup_n ‖T_n‖ < +∞.

’Omwc, ‖T_n‖ = ∑_n i=0 |a^{(n)}_i |, n ∈ N. ’Ara,

sup_n n∑ i=0 |a^{(n)}_i | = M < +∞. □

8.2 To jeÿrhma anoiqtăc apeikìnishc

Orismìc ’Estw X kai Y metrikoÐ qÿroi, kai T : X → Y sunĹrthsh. H T lègetai

anoiqtă apeikìnish an gia kĹje A ⊆ X anoiqtì, to T (A) eÐnai anoiqtì uposÔnolo

tou Y .

An T : X → Y suneqăc, h T den eÐnai aparaÐthta anoiqtă: gia parĹdeigma, h

T : (0, 2π) → R me T (x) = sin x eÐnai suneqăc, allĹ T ((0, 2π)) = [−1, 1].

Jeÿrhma anoiqtăc apeikìnishc ’Estw X kai Y qÿroi Banach, kai T : X → Y fragmènoc kai epÐ grammikìc telestăc. Tìte, o T eÐnai anoiqtă apeikìnish. Basikì rìlo sthn apìdeixh ja paÐxei to exăc:

Lămma 8.2.1 An X, Y qÿroi Banach, T : X → Y fragmènoc kai epÐ grammikìc telestăc, tìte to T (D_X (0, 1)) perièqei anoiqtă mpĹla me kèntro to 0 ston Y . Apìdeixh: Băma 1 JewroÔme thn anoiqtă mpĹla D_X (0, 1/2) tou X. AfoÔ kD_X (0, 1/2) = D_X (0, k/2) , k = 1, 2, . . . , isqÔei X = ∞⋃ k=1 kD_X (0, 1/2). AfoÔ o T eÐnai grammikìc kai epÐ, paÐrnoume

Y = T (X) = ∞⋃ k=1 kT (D_X (0, 1/2)). ’Ara, Y = ∞⋃ k=1 kT (D_X (0, 1/2)) = ∞⋃ k=1 kT (D_X (0, 1/2)). O Y eÐnai plărhc, kai kĹje kT (D_X (0, 1/2)) kleistì. Apì to jeÿrhma tou Baire, upĹrqei k_0 tètoioc ÿste to k_0T (D_X (0, 1/2)) na perièqei mia mpĹla D_Y (y_0, δ) ston Y . Dhladă, (1) y_0 + D_Y (0, δ) ⊆ k_0T (D_X (0, 1/2)).

Băma 2 ’Estw y ∈ D_Y (0, δ). Tìte, y_0 + y ∈ k_0T (D_X (0, 1/2)), Ĺra upĹrqei akoloujÐa x_n ∈ D_X (0, 1/2) tètoia ÿste k_0T (x_n) → y_0 + y.

EpÐshc, y_0 ∈ k_0T (D_X (0, 1/2)) (giatÐ?), Ĺra upĹrqei akoloujÐa x^′_n ∈ D_X (0, 1/2) tètoia ÿste k_0T (x^′_n) → y_0.

Tìte, x_n − x^′_n ∈ D_X (0, 1), kai k_0T (x_n − x^′_n) = k_0T (x_n) − k_0T (x^′_n) → y.

Dhladă, y ∈ k_0T (D_X (0, 1)).

’Ara, (2) T (D_X (0, 1)) ⊇ D_Y (0, δ/k_0) = D_Y (0, δ^′) ston Y , ìpou δ^′ = δ/k_0.

Băma 3 EÐdame ìti h kleistă jăkh thc T (D_X (0, 1)) perièqei mia anoiqtă mpĹla D_Y (0, δ^′) ston Y . Mènei na doÔme ìti to Ðdio to T (D_X (0, 1)) èqei thn Ðdia idiìthta.

JewroÔme thn D_Y (0, δ^′/2). ’Estw y ∈ Y me ‖y‖ < δ^′/2. Tìte, y ∈ 1 2 T (D_X (0, δ^′/2)) = T (D_X (0, 1/2)),

Ĺra upĹrqei x_1 ∈ D_X (0, 1/2) tètoio ÿste ‖y − T x_1‖ < δ^′ 2^2 . Tìte, y − T x_1 ∈^1_{22} T (D_X (0, 1)) = T (D_X (0, 1/2^2)), Ĺra upĹrqei x_2 ∈ D_X (0, 1/2^2) tètoio ÿste ‖y − T x_1 − T x_2‖ < δ^′ 2^3 . EpagwgikĹ, brÐskoume x_n ∈ D_X (0, 1/2^n) me thn idiìthta (∗) ‖y − T x_1 − · · · − T x_n‖ < δ^′ 2^{n+1} . H akoloujÐa z_n = x_1 + · · · + x_n eÐnai Cauchy ston X: an m > n, tìte ‖z_m − z_n‖ = ‖x_m + · · · + x_{n+1}‖ ≤ ‖x_m‖ + · · · + ‖x_{n+1}‖ < 1 2^m + · · · + 1 2^{n+1} < 1 2^n . O X eÐnai plărhc, Ĺra upĹrqei x ∈ X tètoio ÿste z_n → x. ParathroÔme ìti ‖z_n‖ = ‖x_1 + · · · + x_n‖ ≤ ‖x_1‖ + · · · + ‖x_n‖ < ‖x_1‖ + 1 2^2 + · · · + 1 2^n < ‖x_1‖ + 1 2 . ’Ara, ‖x‖ = lim_n ‖z_n‖ ≤ ‖x_1‖ + 1 2 < 1. Dhladă, x ∈ D_X (0, 1). Apì thn (∗), T (z_n) = T (x_1) + · · · + T (x_n) → y. ’Omwc z_n → x kai o T eÐnai suneqăc, Ĺra T (z_n) → T (x). Dhladă, T (x) = y, ki autì shmaÐnei ìti y ∈ T (D_X (0, 1)).

To y ∈ D_Y (0, δ^′/2) ătan tuqìn, Ĺra

T (D_X (0, 1)) ⊇ D_Y (0, δ^′/2). □

Apìdeixh tou jewrămatoc anoiqtăc apeikìnishc: ’Estw A ⊆ X anoiqtì. Ja deÐxoume ìti to T (A) eÐnai anoiqtì: èstw y ∈ T (A). UpĹrqei x ∈ A tètoio ÿste T x = y. To A eÐnai anoiqtì, Ĺra upĹrqei r > 0 tètoio ÿste D_X (x, r) ⊆ A.

Apì to Lămma, upĹrqei δ > 0 tètoio ÿste T (D_X (0, 1)) ⊇ D_Y (0, δ). Tìte,

T (D_X (0, r)) = T (rD_X (0, 1)) = rT (D_X (0, 1)) ⊇ rD_Y (0, δ) = D_Y (0, δr).

An y^′ ∈ D_Y (y, δr), tìte y^′ − y ∈ D_Y (0, δr), Ĺra upĹrqei z ∈ D_X (0, r) tètoio ÿste T (z) = y^′ − y. ’Epetai ìti x + z ∈ D_X (x, r), kai T (x + z) = y^′. Dhladă, T (A) ⊇ T (D_X (x, r)) ⊇ D_Y (y, δr). To y ∈ T (A) ătan tuqìn, Ĺra to T (A) eÐnai anoiqtì. □

Pìrisma 8.2.1 (Jeÿrhma antÐstrofhc apeikìnishc) ’Estw X, Y qÿroi Banach, kai T : X → Y fragmènoc, èna proc èna kai epÐ, grammikìc telestăc. Tìte, o T^{−1} : Y → X eÐnai fragmènoc grammikìc telestăc.

Apìdeixh: O T^{−1} orÐzetai kalĹ kai eÐnai grammikìc telestăc (giatÐ?). AfoÔ o T eÐnai anoiqtă apeikìnish, gia kĹje A ⊆ X anoiqtì èqoume ìti to (T^{−1})^{−1}(A) = T (A) eÐnai anoiqtì uposÔnolo tou Y . ’Ara, o T^{−1} eÐnai suneqăc. □

8.3 To jeÿrhma kleistoÔ grafămatoc

To teleutaÐo basikì jeÿrhma autoÔ tou KefalaÐou eÐnai to jeÿrhma kleistoÔ grafămatoc, to opoÐo mac dÐnei èna polÔ qrăsimo kritărio gia na elègqoume an ènac grammikìc telestăc eÐnai fragmènoc.

Orismìc ’Estw X, Y qÿroi me nìrma, kai èstw T : X → Y grammikìc telestăc. To grĹfhma tou T eÐnai to sÔnolo Γ(T ) = {(x, y) : y = T x} ⊆ X × Y. O T èqei kleistì grĹfhma an isqÔei to exăc:

An x_n → x ston X, y_n → y ston Y , kai y_n = T (x_n), n ∈ N, tìte y = T (x).

IsodÔnama, an to Γ(T ) eÐnai kleistì uposÔnolo tou X × Y , me nìrma p.q. thn ‖(x, y)‖ = ‖x‖_X + ‖y‖_Y (Ĺskhsh).

Jeÿrhma kleistoÔ grafămatoc ’Estw X, Y qÿroi Banach, kai T : X → Y grammikìc telestăc. An to grĹfhma Γ(T ) tou T eÐnai kleistì uposÔnolo tou X ×Y , tìte o T eÐnai fragmènoc.

Apìdeixh: JewroÔme ton X × Y me nìrma thn ‖(x, y)‖ = ‖x‖_X + ‖y‖_Y . O X × Y eÐnai plărhc: an z_n = (x_n, y_n) eÐnai akoloujÐa Cauchy ston X × Y kai ε > 0, upĹrqei n_0 ∈ N tètoioc ÿste, gia kĹje n > m ≥ n_0, ε > ‖z_n − z_m‖ = ‖(x_n − x_m, y_n − y_m)‖ = ‖x_n − x_m‖_X + ‖y_n − y_m‖_Y . Tìte ìmwc, ‖x_n − x_m‖ < ε kai ‖y_n − y_m‖ < ε, dhladă oi (x_n), (y_n) eÐnai akoloujÐec Cauchy stouc X, Y antÐstoiqa. Oi X, Y eÐnai plăreic, Ĺra upĹrqoun x ∈ X kai y ∈ Y tètoia ÿste x_n → x kai y_n → y.

’Omwc tìte, an z = (x, y), èqoume ‖z − z_n‖ = ‖x − x_n‖ + ‖y − y_n‖ → 0. ’Ara, z_n → z.

Apì thn upìjesă mac, to Γ(T ) eÐnai kleistì uposÔnolo tou X × Y , kai eÔkola elègqoume ìti eÐnai grammikìc upìqwroc tou X × Y . AfoÔ o X × Y eÐnai qÿroc Banach, to Γ(T ) eÐnai qÿroc Banach.

OrÐzoume P : Γ(T ) → X me P (x, T x) = x. O P eÐnai grammikìc telestăc, kai P (x, T x) = 0 =⇒ x = 0 =⇒ T x = 0 =⇒ (x, T x) = (0, 0), Ĺra o P eÐnai èna proc èna. Profanÿc, o P eÐnai epÐ. Tèloc, o P eÐnai fragmènoc: ‖P (x, T x)‖ = ‖x‖_X ≤ ‖x‖_X + ‖T x‖_Y = ‖(x, T x)‖_{X×Y} . Dhladă, ‖P ‖ ≤ 1.

Apì to jeÿrhma anoiqtăc apeikìnishc, o P^{−1} : X → Γ(T ) me P^{−1}(x) = (x, T x) eÐnai fragmènoc. Dhladă, upĹrqei M > 0 tètoioc ÿste, gia kĹje x ∈ X ‖T x‖_Y ≤ ‖x‖_X + ‖T x‖_Y = ‖(x, T x)‖_{X×Y} = ‖P^{−1}(x)‖_{X×Y} ≤ M‖x‖_X . Epomènwc, o T eÐnai fragmènoc. □

8.4 Askăseic

1. ’Estw X qÿroc Banach, Y qÿroc me nìrma, kai T_n : X → Y fragmènoi grammikoÐ telestèc. Upojètoume ìti gia kĹje x ∈ X h akoloujÐa (T_nx) eÐnai Cauchy. DeÐxte ìti h (‖T_n‖) eÐnai fragmènh.

An epiplèon o Y eÐnai plărhc, deÐxte ìti upĹrqei T : X → Y fragmènoc grammikìc telestăc tètoioc ÿste T_nx → T x gia kĹje x ∈ X.

2. DeÐxte ìti h plhrìthta tou X eÐnai aparaÐthth sto jeÿrhma omoiìmorfou frĹgmatoc: pĹrte ton c_{00} san upìqwro tou ℓ_∞, kai orÐste T_n : c_{00} → R me T_n(x) = nξ_n. 3. An X qÿroc me nìrma, kai x_n → x ston X, tìte f(x_n) → f(x) gia kĹje f ∈ X^∗. IsqÔei to antÐstrofo?

4. ’Estw X qÿroc me nìrma, kai (x_k) akoloujÐa ston X tètoia ÿste ∑ k |f(x_k)| < +∞ gia kĹje f ∈ X^∗. DeÐxte ìti upĹrqei stajerĹ M > 0 tètoia ÿste ∞∑ k=1 |f(x_k)| ≤ M‖f‖ gia kĹje f ∈ X^∗.

5. ’Estw X qÿroc Banach, (f_n) fragmènh akoloujÐa ston X^∗, kai ε_n > 0 tètoia ÿste: ε_n → 0 kai, gia kĹje x ∈ X upĹrqei K_x > 0 tètoio ÿste |f_n(x)| ≤ K_xε_n gia kĹje n ∈ N. DeÐxte ìti ‖f_n‖ → 0.

6. ’Estw X, Y qÿroi Banach, kai T_n ∈ B(X, Y ), n ∈ N. DeÐxte ìti ta exăc eÐnai isodÔnama:

(a) sup_n ‖T_n‖ < +∞.

(b) Gia kĹje x ∈ X, sup_n ‖T_nx‖ < +∞.

(g) Gia kĹje x ∈ X kai g ∈ Y^∗, sup_n |g(T_nx)| < +∞.

7. ’Estw X, Y qÿroi Banach, kai T : X → Y fragmènoc kai epÐ grammikìc telestăc. DeÐxte ìti upĹrqei M > 0 tètoioc ÿste: gia kĹje y ∈ Y upĹrqei x ∈ X me T (x) = y kai ‖x‖ ≤ M‖y‖. 8. ’Estw X grammikìc qÿroc, plărhc wc proc tic nìrmec ‖·‖_1 kai ‖·‖_2. Upojètoume ìti ‖x_n‖_1 → 0 =⇒ ‖x_n‖_2 → 0.

DeÐxte ìti oi dÔo nìrmec eÐnai isodÔnamec.

9. JewroÔme ton c_{00} san upìqwro tou ℓ_∞, kai orÐzoume T : c_{00} → c_{00} me T x = (ξ_1,^{ξ2}_2 ,^{ξ3}_3 , . . .). DeÐxte ìti o T eÐnai grammikìc, fragmènoc, èna proc èna kai epÐ. EÐnai o T^{−1} fragmènoc? Exhgăste.

10. ’Estw X, Y qÿroi Banach, kai T : X → Y fragmènoc, grammikìc, èna proc èna kai epÐ telestăc. DeÐxte ìti upĹrqoun a, b > 0 tètoioi ÿste a‖x‖ ≤ ‖T x‖ ≤ b‖x‖ gia kĹje x ∈ X.

11. ’Estw X, Y qÿroi me nìrma, T_1 : X → Y telestăc me kleistì grĹfhma, kai T_2 : X → Y fragmènoc telestăc. DeÐxte ìti o T_1 + T_2 èqei kleistì grĹfhma. 12. ’Estw X, Y qÿroi me nìrma, kai T : X → Y grammikìc telestăc me kleistì grĹfhma. DeÐxte ìti:

(a) An C ⊆ X sumpagèc, tìte to T (C) eÐnai kleistì ston Y . (b) An K ⊆ Y sumpagèc, tìte to T^{−1}(K) eÐnai kleistì ston X. 13. DeÐxte to jeÿrhma antÐstrofhc apeikìnishc qrhsimopoiÿntac to jeÿrhma kleistoÔ grafămatoc.

14. ’Estw X, Y qÿroi Banach kai T : X → Y grammikìc telestăc me thn exăc idiìthta: an ‖x_n‖ → 0 kai f ∈ Y^∗, tìte f(T x_n) → 0. DeÐxte ìti o T eÐnai fragmènoc.

15. ’Estw X qÿroc Banach, kai x_n → x ston X. ’Estw (f_n) akoloujÐa ston X^∗, tètoia ÿste f_n(x) → f(x) gia kĹje x ∈ X. DeÐxte ìti f_n(x_n) → f(x).

16. ’Estw X, Y qÿroi Banach, kai T : X → Y èna proc èna, fragmènoc grammikìc telestăc. DeÐxte ìti o T^{−1} : R(T ) → X eÐnai fragmènoc an kai mìno an o R(T ) = {T x : x ∈ X} eÐnai kleistìc upìqwroc tou Y .

17. ’Estw X, Y qÿroi Banach, kai T : X → Y grammikìc telestăc. DeÐxte ìti o T eÐnai fragmènoc an kai mìno an gia kĹje g ∈ Y^∗ èqoume g ∘ T ∈ X^∗.

18. JewroÔme ton C[0, 1] kai ton upìqwrì tou C^1[0, 1] pou apoteleÐtai apì ìlec tic f pou èqoun suneqă parĹgwgo f^′ sto [0, 1]. OrÐzoume C^1[0, 1] : X → C[0, 1] me T f = f^′.

(a) DeÐxte ìti o T èqei kleistì grĹfhma. (b) O T den eÐnai fragmènoc (giatÐ?). Ti sumperaÐnete?

UpodeÐxeic - apantăseic

1. KĹje akoloujÐa Cauchy eÐnai fragmènh, Ĺra h upìjesh mac dÐnei to exăc: gia kĹje x ∈ X h akoloujÐa (Tnx) eÐnai fragmènh. AfoÔ o X eÐnai qÿroc Banach, apì to jeÿrhma omoiìmorfou frĹgmatoc upĹrqei M > 0 tètoioc ÿste ‖Tn‖ ≤ M gia kĹje n ∈ N.

Me thn epiplèon upìjesh ìti o Y eÐnai plărhc, èqoume: gia kĹje x ∈ X h (Tnx) eÐnai akoloujÐa Cauchy, Ĺra upĹrqei to limn Tnx ∈ Y . OrÐzoume T : X → Y me T x := lim_{n→∞} Tnx. Mènei na deÐxoume ìti o T eÐnai fragmènoc grammikìc telestăc: gia kĹje x, y ∈ X kai a, b ∈ R èqoume Tnx → T x kai Tny → T y, Ĺra Tn(ax + by) = aTnx + bTny → aT x + bT y. ’Omwc, apì ton orismì tou T èqoume Tn(ax + by) → T (ax + by). ’Ara, T (ax + by) = aT x + bT y, dhladă, o T eÐnai grammikìc. Gia na deÐxoume ìti o T eÐnai fragmènoc, parathroÔme ìti, apì to prÿto mèroc, èqoume ‖Tnx‖ ≤ M‖x‖ gia kĹje x ∈ X kai n ∈ N. AfoÔ Tnx → T x, blèpoume ìti ‖T x‖ = lim ‖Tnx‖ ≤ M‖x‖, x ∈ X dhladă o T eÐnai fragmènoc, kai ‖T ‖ ≤ M.

2. JewroÔme ton c00 me nìrma thn ‖x‖ = sup_k |ξ_k |. OrÐzoume Tn : c00 → R, me Tn(x) = nξn. KĹje Tn eÐnai grammikì sunarthsoeidèc, kai |Tnx| = n|ξn| ≤ n‖x‖, Ĺra, kĹje Tn eÐnai fragmèno kai ‖Tn‖ ≤ n. ’Eqoume Tn(en) = n, Ĺra ‖Tn‖ = n (giatÐ?). Autì deÐqnei ìti h akoloujÐa (‖Tn‖) den eÐnai fragmènh.

Apì thn Ĺllh pleurĹ, kĹje x ∈ c00 eÐnai telikĹ mhdenikă akoloujÐa, Ĺra upĹrqei n0 = n0(x) tètoioc ÿste Tn(x) = nξn = 0 gia kĹje n ≥ n0. Dhladă, h akoloujÐa (Tnx) eÐnai fragmènh gia kĹje x ∈ c00.

To jeÿrhma omoiìmorfou frĹgmatoc den efarmìzetai edÿ, giatÐ o c00 den eÐnai plărhc.

3. An xn → x, tìte gia kĹje f ∈ X^∗ èqoume |f(xn) − f(x)| = |f(xn − x)| ≤ ‖f‖ · ‖xn − x‖ → 0, dhladă f(xn) → f(x).

To antÐstrofo den isqÔei: an, gia parĹdeigma, ston ℓ2 pĹroume xn = en ta dianÔsmata thc sunăjouc orjokanonikăc bĹshc, èqoume

f(en) → 0 = f(0)

gia kĹje f ∈ ℓ^∗_2 (’Askhsh 17, KefĹlaio 6). ’Omwc, ‖en‖ = 1 gia kĹje n ∈ N, Ĺra den isqÔei ìti en → 0.

4. OrÐzoume Tn : X^∗ → ℓ1, me Tn(f) = (f(x1), . . . , f(xn), 0, 0, . . .). KĹje Tn eÐnai grammikìc telestăc, kai ‖Tn(f)‖_{ℓ1} = n∑ k=1 |f(x_k)| ≤ n∑ k=1 ‖f‖ · ‖x_k‖ = (_n ∑ k=1 ‖x_k‖ ) · ‖f‖. ’Ara, o Tn eÐnai fragmènoc, kai ‖Tn‖ ≤ ∑_n k=1 ‖x_k‖. H upìjesh ìti ∑_∞ k=1 |f(x_k)| < +∞ gia kĹje f ∈ X^∗, mac lèei ìti h akoloujÐa (Tn(f)) eÐnai fragmènh ston ℓ1 gia kĹje f ∈ X^∗ (giatÐ?). O X^∗ eÐnai qÿroc Banach, Ĺra efarmìzetai to jeÿrhma omoiìmorfou frĹgmatoc: upĹrqei M > 0 tètoioc ÿste ‖Tn(f)‖ ≤ M‖f‖ gia kĹje n ∈ N, dhladă n∑ k=1 |f(x_k )| ≤ M‖f‖ gia kĹje f ∈ X^∗ kai kĹje n ∈ N, dhladă, ∞∑ k=1 |f(x_k )| ≤ M‖f‖ gia kĹje f ∈ X^∗ (giatÐ?).

5. JewroÔme thn akoloujÐa (gn) = (^1_{εn} fn) ston X^∗. Apì thn upìjesh, |gn(x)| ≤ Kx, n ∈ N, dhladă, h (gn) ikanopoieÐ tic upojèseic tou jewrămatoc omoiìmorfou frĹgmatoc. AfoÔ o X eÐnai qÿroc Banach, upĹrqei M > 0 tètoioc ÿste ‖gn‖ ≤ M, n ∈ N =⇒ ‖fn‖ ≤ Mεn → 0, Ĺra, ‖fn‖ → 0. 6. Apì to (a) sto (b): an x ∈ X, tìte ‖Tnx‖ ≤ ‖Tn‖ · ‖x‖ ≤ (sup_n ‖Tn‖) · ‖x‖, Ĺra sup_n ‖Tnx‖ ≤ (sup_n ‖Tn‖) · ‖x‖ < +∞. Apì to (b) sto (g): ìpwc prÐn, gia kĹje x ∈ X kai g ∈ Y^∗, èqoume sup_n |g(Tnx)| ≤ sup_n (‖g‖ · ‖Tnx‖) = ‖g‖ · sup_n ‖Tnx‖ < +∞. Apì to (g) sto (b): Gia kĹje g ∈ Y^∗, h akoloujÐa (g(Tnx)) eÐnai fragmènh sto R. Sth jewrÐa eÐdame ìti autì mac dÐnei ìti h (Tnx) eÐnai fragmènh ston Y . Apì to (b) sto (a): autì eÐnai akribÿc to jeÿrhma omoiìmorfou frĹgmatoc. 7. O T eÐnai anoiktă apeikìnish. Eidikìtera, upĹrqei δ > 0 tètoioc ÿste T (DX (0, 1)) ⊇ DY (0, δ) (jumhjeÐte to basikì lămma sthn apìdeixh tou jewrămatoc anoiktăc apeikìnishc).

’Estw 0 ≠ y ∈ Y . Tìte, δy/2‖y‖ ∈ DY (0, δ), Ĺra upĹrqei z ∈ X me ‖z‖ < 1 kai T z = δy/2‖y‖. Jètoume x = 2‖y‖z/δ. Apì th grammikìthta tou T , T (x) = T ( 2‖y‖z δ ) = 2‖y‖ δ δy 2‖y‖ = y, kai ‖x‖ = 2‖y‖ · ‖z‖ δ ≤ 2 δ ‖y‖, to opoÐo eÐnai to zhtoÔmeno, me M = 2/δ.

8. JewroÔme ton tautotikì telestă I : (X, ‖ · ‖1) → (X, ‖ · ‖2). O I eÐnai grammikìc, èna proc èna kai epÐ, kai h upìjesh mac dÐnei ìti o I eÐnai suneqăc sto 0, Ĺra fragmènoc telestăc (giatÐ?). AfoÔ o X eÐnai plărhc wc proc tic dÔo nìrmec, to jeÿrhma antÐstrofhc apeikìnishc mac lèei ìti o I^{−1} = I : (X, ‖ · ‖2) → (X, ‖ · ‖1) eÐnai epÐshc fragmènoc.

UpĹrqoun loipìn a, b > 0 tètoioi ÿste: gia kĹje x ∈ X, ‖x‖2 = ‖I(x)‖2 ≤ a‖x‖1, ‖x‖1 = ‖I^{−1}(x)‖1 ≤ b‖x‖2. Oi dÔo anisìthtec deÐqnoun ìti oi dÔo nìrmec eÐnai isodÔnamec.

9. EÔkola elègqoume ìti o T eÐnai grammikìc isomorfismìc. O T^{−1} : Y → X orÐzetai apì thn T^{−1}(y) = (η1, 2η2, 3η3, . . .). ’Eqoume ‖T x‖ = sup_k |ξ_k| k ≤ sup_k |ξ_k| = ‖x‖, Ĺra o T eÐnai fragmènoc, kai ‖T ‖ ≤ 1 (isqÔei isìthta - giatÐ?). ’Omwc, gia kĹje n èqoume ‖T^{−1}(en)‖ ‖en‖ = ‖nen‖ ‖en‖ = n, Ĺra o T^{−1} den eÐnai fragmènoc. To jeÿrhma antÐstrofhc apeikìnishc den efarmìzetai, giatÐ o c00 den eÐnai plărhc.

10. O T eÐnai fragmènoc, Ĺra paÐrnontac b = ‖T ‖ èqoume ‖T x‖ ≤ b‖x‖, x ∈ X. AfoÔ o T eÐnai fragmènoc, grammikìc, èna proc èna kai epÐ, kai afoÔ oi X, Y eÐnai qÿroi Banach, apì to jeÿrhma antÐstrofhc apeikìnishc o T^{−1} eÐnai fragmènoc. An x ∈ X, tìte x = T^{−1}(T x) Ĺra ‖x‖ = ‖T^{−1}(T x)‖ ≤ ‖T^{−1}‖ · ‖T x‖, dhladă isqÔei kai h aristeră anisìthta, me a = 1/‖T^{−1}‖.

11. Upojètoume ìti xn → x ston X kai (T1 + T2)(xn) → y ston Y . Ja deÐxoume ìti

(T1 + T2)(x) = T1x + T2x = y, opìte o T èqei kleistì grĹfhma.

AfoÔ o T2 eÐnai fragmènoc kai xn → x, èqoume T2xn → T2x. ’Omwc tìte, T1xn = (T1 + T2)(xn) − T2xn → y − T2x. AfoÔ o T1 èqei kleistì grĹfhma, autì shmaÐnei ìti y − T2x = T1x (giatÐ?), dhladă to zhtoÔmeno.

12. (a) ’Estw yn = T xn sto T (C), me yn → y ston Y . Ja deÐxoume ìti y ∈ T (C), dhladă ìti upĹrqei x ∈ C tètoio ÿste y = T x.

AfoÔ to C eÐnai sumpagèc kai xn ∈ C, upĹrqoun upakoloujÐa (x_{kn} ) thc (xn) kai x ∈ C, tètoia ÿste x_{kn} → x. Tìte, afoÔ h (y_{kn} ) eÐnai upakoloujÐa thc sugklÐnousac akoloujÐac (yn), èqoume T x_{kn} = y_{kn} → y. O T èqei kleistì grĹfhma, x_{kn} → x kai y_{kn} → y. ’Ara, y = T x ∈ T (C).

(b) ’Estw xn = T^{−1}yn ∈ T^{−1}(K), me xn → x ∈ X. Ja deÐxoume ìti upĹrqei y ∈ K me x = T^{−1}y.

AfoÔ to K eÐnai sumpagèc uposÔnolo tou Y , upĹrqoun (y_{kn} ) kai y ∈ K tètoia ÿste y_{kn} = T x_{kn} → y. ’Omwc, x_{kn} → x, kai o T èqei kleistì grĹfhma. ’Ara, y = T x.

13. ’Estw X, Y qÿroi Banach, kai T : X → Y fragmènoc, grammikìc, èna proc èna kai epÐ telestăc. Gia na deÐxoume ìti o T^{−1} : Y → X eÐnai fragmènoc, arkeÐ na deÐxoume ìti èqei kleistì grĹfhma.

’Estw yn → y ston Y , kai xn = T^{−1}yn → x ston X. Ja deÐxoume ìti x = T^{−1}y ⇐⇒ T x = y. (h isodunamÐa exhgeÐtai apì to ìti o T eÐnai èna proc èna kai epÐ). O T eÐnai fragmènoc, kai xn → x. ’Ara, yn = T xn → T x. ’Omwc, èqoume kai thn yn → y. Apì monadikìthta tou orÐou, y = T x.

14. ArkeÐ na deÐxoume ìti o T èqei kleistì grĹfhma. Upojètoume ìti xn → x ston X kai T xn → y ston Y . Ja deÐxoume ìti y = T x.

Gia kĹje f ∈ Y^∗ isqÔoun ta exăc:

(a) AfoÔ T xn → y kai to f : Y → R eÐnai suneqèc, f(T xn) → f(y). (b) Apì thn upìjesh, afoÔ xn − x → 0, f(T (xn − x)) = f(T xn) − f(T x) → 0 =⇒ f(T xn) → f(T x). Dhladă, gia kĹje f ∈ Y^∗, f(T x) = f(y). ’Omwc autì shmaÐnei ìti y = T x

(basikă sunèpeia tou jewrămatoc Hahn-Banach eÐnai ìti o Y^∗ {diaqwrÐzei} ta shmeÐa tou Y ).

15. ParathroÔme prÿta ìti gia tic fn : X → R ikanopoioÔntai oi upojèseic tou jewrămatoc omoiìmorfou frĹgmatoc. O X eÐnai qÿroc Banach kai gia kĹje x ∈ X h akoloujÐa (fn(x)) eÐnai fragmènh (giatÐ sugklÐnei). ’Ara, upĹrqei M > 0 tètoioc ÿste ‖fn‖ ≤ M, n ∈ N. Tìte ‖f‖ ≤ M (blèpe ’Askhsh 1), kai qrhsimopoiÿntac to gegonìc ìti fn(x) → f(x) blèpoume ìti |fn(xn) − f(x)| = |fn(xn − x) + fn(x) − f(x)| ≤ |fn(xn − x)| + |fn(x) − f(x)| ≤ M‖xn − x‖ + |fn(x) − f(x)| → 0, dhladă, fn(xn) → f(x).

16. An o R(T ) eÐnai kleistìc upìqwroc tou Y , tìte eÐnai qÿroc Banach, kai o T : X → R(T ) eÐnai fragmènoc, grammikìc, èna proc èna kai epÐ telestăc. Apì to jeÿrhma antÐstrofhc apeikìnishc, o T^{−1} : R(T ) → X eÐnai fragmènoc.

AntÐstrofa: èstw ìti o T^{−1} : R(T ) → X eÐnai fragmènoc, kai èstw yn ∈ R(T ) me yn → y ∈ Y . Ja deÐxoume ìti upĹrqei x ∈ X tètoio ÿste T x = y.

UpĹrqoun xn ∈ X me T xn = yn, kai afoÔ o T^{−1} eÐnai fragmènoc, èqoume (∗) ‖xn − xm‖ = ‖T^{−1}(yn − ym)‖ ≤ ‖T^{−1}‖ · ‖yn − ym‖ gia kĹje n, m ∈ N. ’Omwc h (yn) sugklÐnei ston Y Ĺra eÐnai akoloujÐa Cauchy ston Y , kai apì thn (∗) sumperaÐnoume ìti h (xn) eÐnai akoloujÐa Cauchy ston X. O X eÐnai plărhc, Ĺra upĹrqei x ∈ X tètoio ÿste xn → x.

O T eÐnai fragmènoc kai xn → x, Ĺra yn = T xn → T x. Apì monadikìthta tou orÐou, y = T x ∈ R(T ), dhladă to R(T ) eÐnai kleistì.

17. An o T eÐnai fragmènoc, tìte gia kĹje g ∈ Y^∗ to g ∘ T : X → R eÐnai fragmèno grammikì sunarthsoeidèc (wc sÔnjesh suneqÿn grammikÿn sunartăsewn), dhladă g ∘ T ∈ X^∗.

Gia thn antÐstrofh kateÔjunsh, me thn upìjesh g ∈ Y^∗ =⇒ g ∘ T ∈ X^∗ deÐqnoume ìti o T èqei kleistì grĹfhma, opìte eÐnai fragmènoc: èstw xn → x ston X kai T xn → y ston Y .

An g ∈ Y^∗, apì th mÐa meriĹ èqoume T xn → y =⇒ g(T xn) → g(y), kai apì thn Ĺllh, afoÔ g ∘ T ∈ X^∗ kai xn → x, èqoume g(T xn) = (g ∘ T )(xn) → (g ∘ T )(x) = g(T x). Dhladă, g(y) = g(T x), g ∈ Y^∗ kai afoÔ o Y^∗ diaqwrÐzei ta shmeÐa tou Y , paÐrnoume y = T x. ’Epetai ìti o T èqei kleistì grĹfhma.

18. (a) An fn → f ston C^1[0, 1] kai T fn → g ston C[0, 1], tìte èqoume tic omoiìmorfec sugklÐseic fn → f, f^′_n → g. EÐnai gnwstì ìti me autèc tic upojèseic èqoume f^′ = g sto [0, 1], dhladă T (f) = g. Autì deÐqnei ìti o T èqei kleistì grĹfhma.

(b) JewroÔme tic sunartăseic fn : [0, 1] → R, me fn(t) = t^n. Tìte ‖fn‖ = 1 gia kĹje n, allĹ (T fn)(t) = nt^{n−1}, t ∈ [0, 1], dhladă, ‖T fn‖ = n. Autì deÐqnei ìti o T den eÐnai fragmènoc (giatÐ?).

To jeÿrhma kleistoÔ grafămatoc den efarmìzetai sfl autăn thn perÐptwsh, ki autì shmaÐnei (anagkastikĹ) ìti o C^1[0, 1] den eÐnai qÿroc Banach.

KefĹlaio 9

To jeÿrhma stajeroÔ shmeÐou

9.1 Sustolèc - jeÿrhma stajeroÔ shmeÐou

Orismìc (a) ’Estw (X, d) metrikìc qÿroc, kai T : X → X miĹ sunĹrthsh. To x ∈ X lègetai stajerì shmeÐo thc T an T (x) = x.

(b) H T lègetai sustolă ston X, an upĹrqei 0 < a < 1 tètoioc ÿste, gia kĹje x, y ∈ X d(T (x), T (y)) ≤ ad(x, y). Jeÿrhma stajeroÔ shmeÐou (Banach) ’Estw (X, d) metrikìc qÿroc. Upojètoume ìti o X eÐnai plărhc, kai ìti T : X → X eÐnai miĹ sustolă ston X. Tìte, h T èqei akribÿc èna stajerì shmeÐo.

Apìdeixh: OrÐzoume diadoqikĹ touc ìrouc miĹc akoloujÐac (x_n) ston X wc exăc: epilègoume tuqìn x_0 ∈ X, kai jètoume

x_1 = T (x_0), x_2 = T (x_1) = T^2(x_0), x_3 = T (x_2) = T^3(x_0), . . .

GenikĹ, x_n = T^n(x_0), n ∈ N.

H (x_n) eÐnai akoloujÐa Cauchy ston X: an m ∈ N, tìte d(x_{m+1}, x_m) = d(T x_m, T x_{m−1}) ≤ ad(x_m, x_{m−1}) = ad(T x_{m−1}, T x_{m−2}) ≤ a^2d(x_{m−1}, x_{m−2}), kai, suneqÐzontac me ton Ðdio trìpo, blèpoume ìti d(x_{m+1}, x_m) ≤ a^md(x_1, x_0), m ∈ N.

An m > n, qrhsimopoiÿntac thn prohgoÔmenh ektÐmhsh kai thn trigwnikă anisìthta, paÐrnoume d(x_n, x_m) ≤ d(x_m, x_{m−1}) + d(x_{m−1}, x_{m−2}) + . . . + d(x_{n+1}, x_n) ≤ a^{m−1}d(x_1, x_0) + a^{m−2}d(x_1, x_0) + . . . + a^nd(x_1, x_0) = a^nd(x_1, x_0) 1 − a^{m−n} 1 − a ≤ a^n d(x_1, x_0) 1 − a . AfoÔ 0 < a < 1, èqoume a^nd(x_1, x_0)/(1 − a) → 0 kajÿc m, n → ∞. ’Ara, h (x_m) eÐnai akoloujÐa Cauchy. O (X, d) eÐnai plărhc, epomènwc upĹrqei x ∈ X tètoio ÿste x_m → x. ’Eqoume d(x, T x) ≤ d(x, x_m) + d(x_m, T x) = d(x, x_m) + d(T x_{m−1}, T x) ≤ d(x, x_m) + d(x_{m−1}, x) → 0, Ĺra d(x, T x) = 0, dhladă T x = x.

An upărqe ki Ĺllo stajerì shmeÐo y thc T , ja eÐqame 0 < d(x, y) = d(T x, T y) ≤ ad(x, y), Ĺtopo, afoÔ 0 < a < 1. □ H apìdeixh tou jewrămatoc mĹc dÐnei kai ektÐmhsh gia to pìso kontĹ briskìmaste sto stajerì shmeÐo x thc T metĹ to m-stì băma thc diadikasÐac pou perigrĹyame:

Pìrisma 9.1.1 ’Estw T : X → X sustolă ìpwc sto Jeÿrhma, kai x_0 ∈ X. An x eÐnai to stajerì shmeÐo thc T , tìte

(a) d(x_m, x) ≤^{am}_{1−a} d(x_1, x_0), (b) d(x_m, x) ≤^a_{1−a} d(x_m, x_{m−1}).

Apìdeixh: Sthn apìdeixh tou jewrămatoc eÐdame ìti, an s > m tìte d(x_s, x_m) ≤ a^m 1 − a d(x_1, x_0).

Afănontac to s na pĹei sto Ĺpeiro, èqoume x_s → x, Ĺra d(x, x_m) = lim_{s→∞} d(x_s, x_m) ≤ a^m 1 − a d(x_1, x_0).

Gia to (b) jewroÔme thn y_0 = x_{m−1} , y_1 = x_m , . . . , y_s = x_{m−1+s} → x.

Efarmìzontac to (a) gia thn (y_s) me s = 1, paÐrnoume d(y_1, x) ≤ a 1 − a d(y_1, y_0),

dhladă d(x_m, x) ≤ a 1 − a d(x_m, x_{m−1}). □ PolÔ suqnĹ xèroume ìti h T : X → X eÐnai sustolă se èna uposÔnolo Y tou X (kai ìqi se olìklhron ton X). An to Y eÐnai kleistì, tìte epilègontac to x_0 ∈ Y kai exasfalÐzontac ìti ìloi oi ìroi thc (x_m) ja parameÐnoun sto Y , mporoÔme na broÔme stajerì shmeÐo thc T sto Y (Ĺra, ston X):

ParĹdeigma. ’Estw (X, d) plărhc metrikìc qÿroc, kai T : X → X. Upojètoume ìti h T eÐnai sustolă (gia kĹpoio 0 < a < 1) se miĹ kleistă mpĹla Y = {x ∈ X : d(x_0, x) ≤ r}, ìpou x_0 ∈ X kai r > 0. An d(x_0, T x_0) < (1 − a)r, tìte h x_m = T^mx_0 sugklÐnei se stajerì shmeÐo thc T .

Apìdeixh: ArkeÐ na deÐxoume ìti kĹje x_m anăkei sto Y . Sthn apìdeixh tou jewrămatoc stajeroÔ shmeÐou eÐdame ìti d(x_m, x_n) ≤ a^n 1 − a d(x_1, x_0).

PaÐrnontac, n = 0, èqoume

d(x_m, x_0) ≤ 1 1 − a d(x_1, x_0) = 1 1 − a d(T x_0, x_0) < (1 − a)r 1 − a = r, dhladă, x_m ∈ Y , m ∈ N. □

9.2 Efarmogă stic diaforikèc exisÿseic

JewroÔme th diaforikă exÐswsh f^′ = F (t, f), me arqikă sunjăkh thn f(t_0) = x_0.

Jeÿrhma 9.2.1 (Picard) ’Estw F suneqăc sunĹrthsh sto orjogÿnio R = {(t, x) : |t − t_0| ≤ a, |x − x_0| ≤ b}, tètoia ÿste |f(t, x)| ≤ M gia kĹje (t, x) ∈ R. Upojètoume ìti h F ikanopoieÐ sunjăkh Lipschitz wc proc th deÔterh metablhtă: upĹrqei L > 0 tètoioc ÿste, gia kĹje (t, x), (t, y) ∈ R, |F (t, x) − F (t, y)| ≤ L|x − y|. Tìte, h f^′ = F (t, f), f(t_0) = x_0, èqei monadikă lÔsh sto diĹsthma [t_0 − h, t_0 + h], an h < min{a,^b_M ,^1_L }.

Apìdeixh: JewroÔme ton plărh metrikì qÿro C[J], J = [t_0 − h, t_0 + h], me metrikă thn d(f, g) = max_{t∈J} |f(t) − g(t)|, kai ton upìqwro C_1 = {f ∈ C[J] : |f(t) − x_0| ≤ Mh}. O C_1 eÐnai kleistìc upìqwroc tou C[J], Ĺra plărhc. H f eÐnai lÔsh thc exÐswshc an kai mìno an T f = f, ìpou

(T f)(t) = x_0 + ∫_t t_0 F (s, f(s))ds, t ∈ J. ’Eqoume |f(s) − x_0| ≤ Ml ≤ b, Ĺra (s, f(s)) ∈ R gia kĹje s, kai h F eÐnai suneqăc sto R, Ĺra to ∫_t t_0 F (s, f(s))ds eÐnai kalĹ orismèno. EpÐshc, |(T f)(t) − t_0| = | | | | ∫_t t_0 F (s, f(s))ds | | | | ≤ M|t − t^0| ≤ Mh, Ĺra, f ∈ C_1 =⇒ T f ∈ C_1. Tèloc, |(T f)(t) − (T g)(t)| = | | | | ∫_t t_0 {F (s, f(s)) − F (s, g(s))} ds | | | | ≤ L ( max_J |f(s) − g(s)| ) |t − t_0| ≤ (Lh)d(f, g), kai 0 < Lh < 1, Ĺra h T eÐnai sustolă: d(T f, T g) ≤ (Lh)d(f, g).

Apì to jeÿrhma stajeroÔ shmeÐou, upĹrqei monadikă f ∈ C_1 tètoia ÿste T f = f, dhladă

f(t) = x_0 + ∫_t t_0 F (s, f(s))ds, t ∈ J, opìte f^′ = F (t, f), kai f(t_0) = x_0. □

ShmeÐwsh: H apìdeixh tou jewrămatoc stajeroÔ shmeÐou deÐqnei ìti mporoÔme na pĹroume th lÔsh f san ìrio thc akoloujÐac

f_{n+1}(s) = x_0 + ∫_t t_0 F (s, f(s))ds, xekinÿntac apì tuqoÔsa f_0 ∈ C_1.

9.3 Efarmogă stic oloklhrwtikèc exisÿseic

(a) ExÐswsh Fredholm. ’Estw J = [a, b], kai K : J × J → R, g : J → R suneqeÐc sunartăseic. An |K(t, s)| ≤ M sto J × J, kai |μ| < 1/M(b − a), tìte h f(t) = g(t) + μ ∫_b a K(t, s)f(s)ds èqei monadikă lÔsh sto J.

Apìdeixh: OrÐzoume T : C[a, b] → C[a, b], me

(T f)(t) = g(t) + μ ∫_b a K(t, s)f(s)ds. ArkeÐ na deÐxoume ìti h T eÐnai sustolă (giatÐ?). ’Omwc, d(T f, T h) = max_{t∈J} |(T f)(t) − (T h)(t)| = |μ| max_{t∈J} | | ∫_b a K(t, s)(f(s) − h(s))ds | | ≤ |μ|M ( max_{s∈J} |f(s) − h(s)| ) (b − a) = {|μ|M(b − a)} d(f, h). AfoÔ |μ|M(b − a) < 1, to jeÿrhma stajeroÔ shmeÐou mĹc exasfalÐzei monadikă f_0 ∈ C[a, b] tètoia ÿste T f_0 = f_0. □ (b) ExÐswsh Volterra ’Estw J = [a, b], kai K : J × J → R, g : J → R suneqeÐc sunartăseic. Tìte, gia kĹje μ ∈ R, h f(t) = g(t) + μ ∫_b a K(t, s)f(s)ds èqei monadikă lÔsh sto J.

Apìdeixh: Gia kĹje f ∈ C[J] orÐzoume

(T f)(t) = g(t) + μ ∫_t a K(t, s)f(s)ds, t ∈ J. EÔkola elègqoume ìti o T (f) ∈ C[J]. Dhladă, T : C[J] → C[J]. Gia kĹje f, h ∈ C[J], èqoume |(T f)(t) − (T h)(t)| = |μ| | | | ∫_b a K(t, s)(f(s) − h(s))ds | | | ≤ |μ|(max |K|)d(f, h) ∫_t a ds = |μ|(max |K|)d(f, h)(t − a).

EpagwgikĹ deÐqnoume ìti (∗) |(T^mf)(t) − (T^mh)(t)| ≤ |μ|^m(max |K|)^m (t − a)^m m! d(f, h). Epagwgikì băma: |(T^{m+1}f)(t) − (T^{m+1}h)(t)| = |μ| | | | ∫_t a K(t, s) {(T^mf)(s) − (T^mh)(s)} ds | | | ≤ |μ|(max |K|) ∫_t a |μ|^m(max |K|)^m (s − a)^m m! d(f, h)ds = |μ|^{m+1}(max |K|)^{m+1} (t − a)^{m+1} (m + 1)! d(f, h). Apì thn (∗) prokÔptei ìti

d(T^mf, T^mh) = max_t |(T^mf)(t) − (T^mh)(t)| ≤ { |μ|^m(max |K|)^m (b − a)^m m! } d(f, h). Gia megĹla m èqoume |μ|^m(max |K|)^{m (b−a)m}_{m!} < 1. ’Ara, h T^m eÐnai sustolă ston C[a, b]. ’Epetai ìti h T^m èqei stajerì shmeÐo: upĹrqei f_0 me thn idiìthta T^mf_0 = f_0. An pĹroume tuqoÔsa f ∈ C[a, b], tìte (T^m)^nf → f_0 kajÿc n → ∞.

PaÐrnontac f = T f_0, èqoume

f_0 = lim_{n→∞} T^{mn}(T f_0) = lim_{n→∞} T (T^{mn}f_0) = lim_{n→∞} T f_0 = T f_0.

H f_0 eÐnai to monadikì stajerì shmeÐo thc T , giatÐ kĹje stajerì shmeÐo thc T eÐnai kai stajerì shmeÐo thc T^m, kai h T^m èqei monadikì stajerì shmeÐo (eÐnai sustolă). □

9.4 Askăseic

1. KĹje sustolă T : X → X eÐnai omoiìmorfa suneqăc.

2. DeÐxte me èna parĹdeigma ìti h plhrìthta tou X eÐnai ousiastikă gia thn apìdeixh tou jewrămatoc stajeroÔ shmeÐou.

3. ’Estw T : [1, +∞) → [1, +∞) me T x = x +^1_x . DeÐxte ìti an x ≠ y tìte |T x − T y| < |x − y|, allĹ h T den èqei stajerì shmeÐo.

4. An h T eÐnai sustolă, tìte h T^n, n ∈ N eÐnai sustolă. DeÐxte ìti to antÐstrofo den isqÔei genikĹ.

5. ’Estw X sumpagăc metrikìc qÿroc, kai T : X → X sunĹrthsh me thn idiìthta d(T (x), T (y)) < d(x, y) gia kĹje x ≠ y ston X. DeÐxte ìti h T èqei stajerì shmeÐo.

6. ’Estw g : [a, b] → R suneqÿc paragwgÐsimh sunĹrthsh, me g(a) < 0, g(b) > 0, kai 0 < c ≤ g^′(x) ≤ d sto [a, b]. Qrhsimopoiăste to jeÿrhma tou stajeroÔ shmeÐou gia na breÐte kală prosèggish thc monadikăc (giatÐ?) lÔshc thc g(x) = 0 sto [a, b]. Upìdeixh: JewreÐste sunĹrthsh f(x) = x − μg(x) gia katĹllhlo μ, kai breÐte stajerì shmeÐo thc f.

7. ’Estw f : [a, b] → R suneqÿc paragwgÐsimh sunĹrthsh, kai x_0 aplă rÐza thc f sto (a, b). DeÐxte ìti h g(x) = x − f(x) f^′(x) eÐnai sustolă se miĹ perioqă tou x_0, kai sumperĹnete ìti an xekinăsoume me x_1 sfl autăn thn perioqă kai orÐsoume (x_n) mèsw thc x_{n+1} = g(x_n), tìte x_n → x_0. 8. DÐnetai to grammikì sÔsthma exisÿsewn x = Ax + b, ìpou A = (a_{ij} )_{i,j≤n} kai b = (b_1, . . . , b_n). An_n ∑ k=1 |a_{ik}| < 1 gia kĹje i = 1, . . . , n, deÐxte ìti to sÔsthma èqei monadikă lÔsh. DeÐxte ìti h lÔsh aută paÐrnetai san to ìrio thc x_1, x_2, . . . , x_n, . . ., ìpou x_1 ∈ R^n aujaÐreto, kai x_{n+1} = Ax_n + b.

9. (a) To Ðdio me thn ’Askhsh 9, an gia ton pÐnaka A upojèsoume ìti n∑ k=1 |a_{kj} | < 1, j = 1, . . . , n. (b) To Ðdio, an upojèsoume ìti n∑ i=1 n∑ j=1 a^2_{ij} < 1.

10. DeÐxte ìti to prìblhma arqikÿn timÿn f^′ = |f|^{1/2}, f(0) = 0 èqei lÔseic tic f ≡ 0 kai g(t) = t|t|/4. ’Erqetai autì se antÐfash me to jeÿrhma tou Picard? BreÐte ki Ĺllec lÔseic.

11. BreÐte ìlec tic arqikèc sunjăkec gia tic opoÐec to prìblhma arqikÿn timÿn tf^′ = 2f, f(t_0) = x_0 (a) den èqei lÔsh, (b) èqei perissìterec apì mÐa lÔsh, (g) èqei akribÿc mÐa lÔsh.

12. JewroÔme thn oloklhrwtikă exÐswsh (∗) f(x) = μ ∫_b a K(x, y, f(y))dy + ϕ(x), me suneqeÐc K kai ϕ, kai thn K na ikanopoieÐ sunjăkh Lipschitz thc morfăc |K(x, y, z_1) − K(x, y, z_2)| ≤ M|z_1 − z_2|.

DeÐxte ìti h (∗) èqei monadikă lÔsh an |μ| <^1_{M(b−a)} .

13. LÔste thn oloklhrwtikă exÐswsh f(t) − μ ∫_1 0 e^{t−s}f(s)ds = g(t) ìpou |μ| < 1, paÐrnontac f_0 = g kai orÐzontac f_{n+1} = T f_n gia katĹllhlh T .

14. DÐnontai ènac qÿroc me nìrma X, ènac fragmènoc grammikìc telestăc T : X → X, kai èna sumpagèc kai kurtì uposÔnolo K tou X me thn idiìthta T (K) ⊆ K. DeÐxte ìti o T èqei stajerì shmeÐo sto K (Jeÿrhma Markov-Kakutani), akoloujÿntac ta parakĹtw bămata:

(a) Jètoume T_0 ton tautotikì telestă, T^k = T ∘ . . . ∘ T (k forèc). DeÐxte ìti o

S_n = 1 n n−1∑ k=0 T^k, n ∈ N eÐnai fragmènoc, grammikìc, kai S_n(K) ⊆ K.

(b) DeÐxte ìti oi S_n antimetatÐjentai: S_m ∘ S_n = S_n ∘ S_m, m, n ∈ N. (g) Gia kĹje n_1, . . . , n_s ∈ N isqÔei S_{n1} ∘ . . . ∘ S_{ns} (K) ⊆ S_{n1} (K). (d) ’Estw (Y, d) sumpagăc metrikìc qÿroc. An (F_n) akoloujÐa kleistÿn uposunìlwn tou Y me thn idiìthta ⋂ j≤n F_k ≠ ∅ gia kĹje n, tìte ⋂_∞ n=1 F_n ≠ ∅. (e) ⋂_∞ n=1 S_n(K) ≠ ∅.

(z) An x ∈ ⋂_∞ n=1 S_n(K), tìte T (x)−x ∈^1_n (K−K), ìpou K−K = {u−v : u, v ∈ K}. (h) An x ∈ ⋂_∞ n=1 S_n(K), tìte T (x) = x.

KefĹlaio 10

H zwă tou Stefan Banach

10.1 Ta prÿta qrìnia

’Enac apì touc megalÔterouc majhmatikoÔc tou eikostoÔ aiÿna, o Stefan Banach sundèetai me èna eurÔ fĹsma jemeliwdÿn kai gnăsiwn majhmatikÿn, eidikĹ sthn perioqă thc Sunarthsiakăc AnĹlushc. Sthn PolwnÐa, jewreÐtai ejnikìc ărwac.

O Banach gennăjhke thn TetĹrth, 30 MartÐou tou 1892 sthn KrakobÐa, sto Genikì NosokomeÐo tou Ag. LazĹrou. Ta onìmata tou prÿtou kai tou deÔterou giatroÔ pou ekteloÔsan uphresÐa ston jĹlamo, kajÿc kai thc maÐac pou katĹ pĹsa pijanìthta èfere se pèrac ton toketì, eÐnai katagegrammèna sta arqeÐa tou nosokomeÐou. To pistopoihtikì gennăsewc anafèrei ìti mhtèra tou Banach ătan h Katarzyna Banach, kai ìti patèrac tou ătan o Stefan Greczek, ènac katÿteroc dhmìsioc upĹllhloc. Oi goneÐc den ătan pantremènoi.

O Banach den gnÿrise potè th mhtèra tou, h opoÐa ton egkatèleiye amèswc metĹ th bĹptisă tou sthn Rwmaiokajolikă EkklhsÐa tou Ag. NikolĹou, stic 3 AprilÐou tou 1892. Arketèc forèc o Banach prospĹjhse na mĹjei kĹti gifl autăn apì ton patèra tou, allĹ to mustărio den lÔjhke potè, giatÐ o patèrac tou arnoÔntan na apokalÔyei thn tautìthtĹ thc ă opoiadăpote Ĺllh plhroforÐa gia to jèma. O Greczek sunăjize na apantĹ ìti eÐqe orkisteÐ na kratăsei to mustikì. Argìtera pantreÔthke dÔo forèc, kai apèkthse èna paidÐ apì ton prÿto tou gĹmo kai tèssera apì th deÔterh gunaÐka tou.

SÔmfwna me ton Hugo Steinhaus, o opoÐoc anakĹluye ton Banach kai sth sunèqeia ătan stenìc fÐloc kai majhmatikìc sunergĹthc tou, o Stefan Greczek katagìtan apì ta uyÐpeda tou Jordanów, kai ergazìtan san upĹllhloc sta kentrikĹ grafeÐa twn Sidhrodrìmwn thc KrakobÐac. ’Omwc autì den eÐnai alăjeia. Apì stoiqeÐa pou diathroÔntai sthn Kentrikă EforÐa thc KrakobÐac, gnwrÐzoume ìti o Greczek proselăfjh san klhtărac thc EforÐac to 1903. DÔo qrìnia argìtera tou apenemăjh arguroÔc staurìc gia tic uphresÐec tou, kai proăqjh se axiwmatoÔqo thc EforÐac. O Greczek pèjane to 1968 se hlikÐa 100 etÿn, sqedìn eikosipènte qrìnia metĹ ton Banach.

H oikogeneiakă mujologÐa anafèrei ìti o Banach pèrase ta prÿta tou qrìnia me th giagiĹ tou sto Ostrowsko. EÐte autì alhjeÔei ă ìqi, o nearìc Stefan ătan polÔ sundedemènoc mazÐ thc, kai aisjanìtan megalÔtero sebasmì gifl autăn parĹ gia touc upìloipouc suggeneÐc tou. ’Otan aută arrÿsthse, o patèrac tou ton èsteile sthn KrakobÐa kai empisteÔthke thn anatrofă tou se dÔo gunaÐkec, thn Franciszka Plowa kai thn kìrh thc Maria. O Stefan episkeptìtan th giagiĹ tou suqnĹ mèqri to jĹnatì thc, kai ătan parÿn sthn khdeÐa thc.

Me ta dedomèna thc epoqăc, o Banach zoÔse sqetikĹ Ĺneta me tic Plowa, pou ătan arketĹ eukatĹstatec. Arketèc phgèc sumfwnoÔn ìti o Greczek den xèqase potè to giì tou, akìma ki ìtan eÐqe dhmiourgăsei th dikă tou nìmimh oikogèneia. ’Oqi mìno pareÐqe taktikă oikonomikă boăjeia, allĹ diathroÔse kai stenă epafă me tic Plowa pou epèblepan ton Banach mèqri ta qrìnia tou kollegÐou. Oi epafèc patèra kai gioÔ ătan eugenikèc kai egkĹrdiec. Se miĹ kĹrta pou o Banach èsteile ston patèra tou, o majhtăc tìte tou gumnasÐou euqaristeÐ ton Greczel gia ta qrămata pou tou èdwse gia na summetĹsqei se sqolikă ekdromă sto Kielce kai ta bounĹ bìreia thc KrakobÐac.

To 1902, afoÔ teleÐwse to dhmotikì sqoleÐo, o Banach, se hlikÐa dèka etÿn, grĹfthke sthn prÿth tĹxh tou gumnasÐou Henryk Sienkiewicz thc KrakobÐac. To gumnĹsio, pou eidikeuìtan stic anjrwpistikèc spoudèc, briskìtan sto Podwale (akribÿc kĹtw apì ta teÐqh thc pìlhc) kai sunăjwc apokaloÔntan {Goetz}, giatÐ to noikiasmèno ktÐrio sto opoÐo stegazìtan anăke ston zujèmporo thc KrakobÐac Goetz-Okocimski.

Oi summajhtèc kai kalÔteroi fÐloi tou Banach ătan oi Witold Wilkosz (mellontikìc majhmatikìc) kai Marian Albinski. Ta apomnhmoneÔmata tou Albinski mac dÐnoun th mình axiìpisth anaforĹ gifl autăn thn perÐodo thc zwăc tou Banach. Autìc kai o Banach sunupărxan apì to 1902 wc to 1906, opìte o Marian metakinăjhke sto gumnĹsio Sobieski. H aitÐa autăc thc metakÐnhshc rÐqnei fÿc se kĹpoia qarakthristikĹ tou sqolikoÔ sustămatoc sto Austriakì kommĹti thc diamelismènhc tìte PolwnÐac. O Albinski grĹfei ìti aitÐa thc metakÐnhshc ătan h sÔgkrousă tou me ton kajhghtă twn Ellhnikÿn. ’Otan sto tèloc tou prÿtou examănou aperrÐfjh sta EllhnikĹ, tou epiblăjhke sklhrì qrhmatikì prìstimo! IdoÔ ti grĹfei o Albinski gia touc kaloÔc tou fÐlouc:

{O Wilkosz ărje mazÐ mou sto Sobieski. Den xèrw poioÐ ătan oi dikoÐ tou lìgoi. O Banach parèmeine sto Goetz mèqri thn apofoÐthsă tou sta 1910.

Oi epafèc mou me ton Banach periorÐsthkan, ìmwc o Wilkosz sunèqise na ton blèpei polÔ taktikĹ. O Stefan Banach, ìpwc ton jumĹmai, ătan kalìc fÐloc. ’Hsuqoc, allĹ me miĹ eugenikă aÐsjhsh tou qioÔmor, ătan mĹllon apìmakroc. H oikonomikă tou katĹstash ton upoqrèwne na paradÐdei idiaÐtera majămata se mikrìterouc majhtèc kajÿc kai se majhtèc apì to {kèntro thc pìlhc}, potè tou ìmwc den èmoiaze ftwqìc. Prèpei na prosjèsw ìti stouc summajhtèc tou èkane idiaÐtera majămata dwreĹn.

O Banach kai o Wilkosz ărjan kontĹ mèsa apì thn agĹph touc gia ta majhmatikĹ. Sta dialeÐmata, touc èblepa suqnĹ na prospajoÔn na lÔsoun majhmatikĹ problămata. An kĹpoio prìblhma touc erèjize, h epistrofă touc apì to sqoleÐo sto spÐti kratoÔse ÿrec: perpatoÔsan apì to spÐti tou enìc sto spÐti tou Ĺllou kai antÐstrofa, suzhtÿntac to epÐ ÿrec.}

Prèpei na shmeiwjeÐ ìti to ekpaideutikì prìgramma tou gumnasÐou èriqne idiaÐtera to bĹroc stic klasikèc spoudèc - LatinikĹ, EllhnikĹ, Xènec glÿsec, IstorÐa klp., kai ìqi sta majhmatikĹ kai tic fusikèc epistămec. O Banach den akoloÔjhse loipìn èna prìgramma spoudÿn sumbibastì me thn klÐsh tou. PolÔ suqnĹ didaskìtan majhmatikĹ apì aneparkeÐc anjrÿpouc. Argìtera, ìtan jumìtan autăn thn perÐodo, o Banach den miloÔse kai polÔ eugenikĹ gia thn poiìthta kai tic mejìdouc didaskalÐac sto agaphmèno tou antikeÐmeno.

EÐnai endiafèron na deÐ kaneÐc to wrolìgio prìgramma thc deutèrac (gia parĹdeigma) tĹxhc: JrhskeutikĹ (dÔo ÿrec), LatinikĹ (oktÿ ÿrec), PolwnikĹ (treÐc ÿrec), GermanikĹ (pènte ÿrec), IstorÐa kai GewgrafÐa (tèsseric ÿrec), MajhmatikĹ (treÐc ÿrec), Fusikă istorÐa (dÔo ÿrec). Upărqan kai proairetikĹ majămata wdikăc, sqedÐou, kalligrafÐac, gumnastikăc, kai stenografÐac.

Ta MajhmatikĹ didĹskontan apì ta biblÐa {Basikă Arijmhtikă kai ’Algebra} tou Brzostowin, kai {GewmetrÐa kai FantasÐa} twn Mocnik-Maryniak.

To gumnĹsio pou parakoloÔjhse o Banach den ătan idiaÐtera aristokratikì, diathroÔse ìmwc isquroÔc desmoÔc me anÿtera ekpaideutikĹ idrÔmata, ìpwc kai pollĹ Ĺlla sqoleÐa thc KrakobÐac. PolloÐ akadhmaðkoÐ dĹskaloi ergĹzontan suqnĹ kai san kajhghtèc gumnasÐwn, kĹti pou exasfĹlize polÔ uyhlì epÐpedo sth deuterobĹjmia ekpaÐdeush. Sugkrinìmeno me to Sobieski, to gumnĹsio tou Banach den ătan polÔ thc mìdac, Ðswc ìmwc autì na ătan to megĹlo tou pleonèkthma, afoÔ sfl autĹ ta apofasistikĹ qrìnia o Banach apèfuge tic arnhtikèc empeirÐec twn sugqrìnwn tou sta geitonikĹ gumnĹsia. H èntonh parousÐa twn gìnwn thc aristokratÐac sfl autĹ, polÔ suqnĹ parèlue touc majhtèc pou eÐqan tapeinìterh katagwgă, bgĹzontac sthn epifĹneia sunaisjămata katwterìthtac pou odhgoÔsan ston arribismì kai th mataiodoxÐa.

AntÐjeta me to Sobieski, h atmìsfaira sto Goetz ătan polÔ piì Ĺneth. Kanènac apì touc summajhtèc tou Banach den proerqìtan apì thn uyhlă koinwnÐa thc KrakobÐac. O parĹgontac autìc èqei eidikì bĹroc, kai ephrrèase safÿc tic metagenèsterec politikèc tĹseic kai sumpĹjeièc tou. Ston katĹlogo twn onomĹtwn thc tĹxhc tou sumperilambĹnontai ta kajìlou aristokratikĹ onìmata Piotr Owca (prìbato), Stanislaw Klocek (koÔtsouro), Albin Kawaler (ergènhc), kai Ĺlla.

Oi bajmoÐ tou Banach ătan {Ĺrista} sta MajhmatikĹ kai tic Fusikèc Epistămec, {lÐan kalÿc} kai {kalÿc} sta upìloipa. O Albinski shmeiÿnei:

{H metriofrosÔnh tou, ă kalÔtera h ntropalosÔnh tou, eÐnai o lìgoc pou den kalofaÐnetai sthn fwtografÐa thc deutèrac tĹxhc pou èqw fulĹxei. KĹjetai sto jranÐo thc trÐthc seirĹc kai eÐnai sqedìn krummènoc. H kanonikă tou jèsh ătan sthn prÿth seirĹ, ìtan ìmwc emfanÐsthke o fwtogrĹfoc, o Banach epwfelăjhke apì thn anastĹtwsh kai ètrexe pÐsw.}

IdoÔ kai mÐa Ĺllh perigrafă tou Banach apì ton Adolf Rozek, summajhtă pou katìpin ègine istorikìc:

{O Banach ătan euqĹristoc stic sqèseic tou me touc summajhtèc, èxw ìmwc apì ta majhmatikĹ den ton endièfere tÐpota. An potè miloÔse, miloÔse tìso grăgora, ìso grăgorh ătan kai h majhmatikă tou skèyh. EÐqe tìso megĹlh taqÔthta sth skèyh kai touc upologismoÔc, pou oi gÔrw tou nìmizan ìti eÐqe mantikèc ikanìthtec.}

UpĹrqoun endiafèrousec anaforèc gia tic sqèseic tou Banach me ton jeolìgo tou sqoleÐou, Patèra Pylko. O Banach tou aphÔjune suqnĹ erwtăseic tou tÔpou {afoÔ o Jeìc eÐnai pantodÔnamoc, mporeÐ na ftiĹxei èna brĹqo pou na mhn mporeÐ na metakinăsei?} EÐnai safèc ìti eÐqe apì nwrÐc prosqwrăsei sto skeptikismì. Stic sqolikèc fwtografÐec diakrÐnetai miĹ ăremh, elafrÿc sarkastikă, allĹ kai sunestalmènh èkfrash sto prìswpì tou. Aută h èkfrash ton sunìdeue wc to tèloc twn gumnasiakÿn tou qrìnwn: o enjousiasmìc tou gia tic spoudèc eÐqe anakopeÐ, afoÔ apì dekapènte qrìnwn o Banach parĹllhla ergazìtan sta frontistăria gia na antimetwpÐsei ta èxodĹ tou.

Apì touc eikosieftĹ majhtèc pou păran to apolutărio gumnasÐou sth qroniĹ tou, èxi timăjhkan me {diĹkrish}. O Banach den ătan anĹmesĹ touc, qarakthrÐsthke ìmwc {proikismènoc} majhtăc. Apì touc eikosieftĹ, dÔo păgan proc th JeologÐa, oqtÿ sth Nomikă, treÐc sthn Iatrikă, èxi sth Filosofikă, ènac sth Gewponikă, treÐc sto PoluteqneÐo, dÔo sta OikonomikĹ, kai ènac se miĹ Stratiwtikă AkadhmÐa. ’Enac apì autoÔc pou păgan sto PoluteqneÐo, ătan o Stefan Banach.

ShmeÐwsh Prin to 1914 h PolwnÐa brÐsketai kurÐwc upì rwsikă kuriarqÐa. Autì eÐnai apotèlesma makraÐwnwn ejnikÿn agÿnwn kai antizhliÿn anĹmesa se isqurìterouc geÐtonec (SouhdÐa, PrwssÐa, RwsÐa). ParĹ tic metaptÿseic thc tÔqhc tou kai thn katastolă twn exegèrsewn, h shmantikìterh twn opoÐwn ătan tou 1830, o laìc autìc, basikĹ agrotikìc, paramènei bajÔtata jrhskeuìmenoc (rwmaiokajolikìc) kai ejnikistăc.

10.2 H {megalÔterh anakĹluyh} tou Hugo Steinhaus

LÐga prĹgmata eÐnai gnwstĹ gia thn perÐodo thc zwăc tou Banach amèswc metĹ thn apofoÐthsă tou. Oi Ĺnjrwpoi pou ton gnÿrizan ekeÐnh thn epoqă de zoÔn piĹ, kai pollĹ apì ta ntokoumènta ekeÐnwn twn qrìnwn den sÿjhkan, ă toulĹqiston o suggrafèac den katĹfere na ta anakalÔyei. Ta gegonìta ìmwc pou epakoloÔjhsan deÐqnoun ìti ekeÐna ta qrìnia ătan shmantikĹ.

MetĹ thn apofoÐthsă touc to 1910, o Stefan Banach kai o fÐloc tou Witold Wilkosz èkanan sqèdia gia to mèllon touc. To sumpèrasma pou èbgalan ătan ìti ta majhmatikĹ eÐqan anaptuqjeÐ tìso polÔ, pou ja ătan adÔnato na kĹnoun kĹti kainoÔrgio sfl autìn ton klĹdo, den eÐqe loipìn kai tìso nìhma na spoudĹsoun majhmatikĹ. O Banach epèlexe mÐa poluteqnikă sqolă, enÿ o Wilkosz păge na spoudĹsei glÿsec. ’Etsi, qÿrisan. Argìtera o Banach paradeqìtan ìti ătan polÔ afeleÐc ìtan pÐsteuan ìti den upărqe plèon qÿroc gia aujentikă douleiĹ sta majhmatikĹ.

H apĹnthsh tou patèra tou Banach gia thn apofoÐthsh kai thn eÐsodì tou sto PoluteqneÐo lègetai ìti ătan h exăc: {Uposqèjhka sth mhtèra sou ìti ja se bohjoÔsa mèqri autì to shmeÐo. Apì dÿ kai pèra eÐsai mìnoc sou}. Kajÿc o Banach etoimazìtan na fÔgei gia to PoluteqneÐo thc Lvov, tou èdwse merikèc akìma sumboulèc: {Na frontÐzeic ton eautì sou kai na apofeÔgeic ta mikrìbia}. EÐnai diastaurwmèno ìti o Banach, qwrÐc na aisjĹnetai prosbolă ă jlÐyh, Ĺfhse thn KrakobÐa qwrÐc draqmă sto onomĹ tou, kai qwrÐc na perimènei peraitèrw oikonomikă boăjeia apì ton patèra tou.

Gia ton Wilkosz, pou proerqìtan apì mÐa axiosèbasth oikogèneia thc KrakobÐac, h katĹstash ătan polÔ diaforetikă. O patèrac tou ătan kajhghtăc gumnasÐou, kai oi klÐseic tou nearoÔ Witold, tìso sth filologÐa ìso kai sta majhmatikĹ, eÐqan anagnwristeÐ apì polÔ nwrÐc. Th stigmă pou apofoÐthse eÐqe ădh exasfalÐsei mÐa upotrofÐa gia na perĹsei merikoÔc mănec sth Bhrutì. GrĹfthke sto prìgramma filologÐac tou Jagiellonian panepisthmÐou, ìmwc metĹ apì dÔo qrìnia to gÔrise sta majhmatikĹ. Me to xekÐnhma tou prÿtou pagkosmÐou polèmou dèqthke miĹ jèsh kajhghtă gumnasÐou sto Zawiercie, enÿ parĹllhla sunèqise stic akadhmaðkèc tou epidiÿxeic. Păre to didaktorikì tou apì to Jagiellonian to 1919, kai thn ufhgesÐa tou to 1920. Mèsa se lÐga qrìnia ègine taktikìc kajhghtăc kai katìpin păre ton tÐtlo tou {diakekrimènou} kajhghtă. ’Htan diĹshmoc san dĹskaloc, ègraye eklaðkeutikĹ Ĺrjra, prwtìtupec ergasÐec kai panepisthmiakĹ suggrĹmmata.

Antijètwc, o Banach èprepe na breÐ mìnoc ta qrămata gia na uposthrÐxei tic spoudèc tou. To pijanìtero eÐnai ìti parèdide idiaÐtera majămata. Den prèpei loipìn na prokaleÐ èkplhxh to gegonìc ìti qreiĹsthke tèssera qrìnia gia na perĹsei tic {exetĹseic tou mèsou twn spoudÿn}: sumplărwse tic apaităseic twn prÿtwn dÔo etÿn mìlic to 1914. H epitropă pou ton exètase eÐqe prìedro ton Jan Bogucki, kai metaxÔ twn melÿn thc brÐskontan o majhmatikìc Placyd Dziwinski kai o fusikìc Kazimierz Olearski.

PolÔ lÐga prĹgmata eÐnai gnwstĹ gia ta endiafèrontĹ tou, touc fÐlouc tou, kai to pÿc pernoÔse ton kairì tou.

Ton IoÔlio tou 1914 xèspase o prÿtoc pagkìsmioc pìlemoc. Ta RwsikĹ strateÔmata epitèjhkan, kai o Banach egkatèleiye thn Lvov. O Banach den uphrèthse sto stratì gia dÔo lìgouc: ătan aristerìqeirac kai eÐqe sobarì prìblhma me to aristerì tou mĹti. O Turowicz lèei ìti o Banach brăke douleiĹ san ergodhgìc kĹpou sthn Galicia, gia èna ìmwc diĹsthma ton kairì tou polèmou èzhse sthn KrakobÐa. EÐnai gnwstì ìti kĹpoia stigmă h dieujÔntria enìc parjenagwgeÐou thc KrakobÐac tou prosèfere kanonikă jèsh kajhghtă majhmatikÿn, ìmwc o Banach thn apèrriye. Den eÐqe kanèna endiafèron na doulèyei sto gumnĹsio. ’Iswc ekeÐnh thn epoqă na eÐqe ădh apofasÐsei ìti ăjele na kĹnei èreuna sta majhmatikĹ.

’Opwc èqoume ădh peÐ, polÔ lÐgec plhroforÐec upĹrqoun giĹ thn perÐodo aută tou polèmou. Akìma kai sta mhtrÿa tou Jagiellonian den brèjhke tÐpota sqetikì me ton Banach, an kai eÐnai safèc ìti parakoloujoÔse kĹpoiec dialèxeic ekeÐ. To Jagiellonian idrÔjhke to 1363 kai ătan èna apì ta megĹla ekpaideutikĹ kèntra epÐ aiÿnec. Apì to 1900, h kurÐarqh fusiognwmÐa stouc majhmatikoÔc kÔklouc tou panepisthmÐou ătan o Stanislaw Zaremba (1863-1942), pou ensĹrkwne merikèc apì tic shmantikìterec Eurwpaðkèc episthmonikèc paradìseic. Gennhmènoc sth Romanówka thc OukranÐac, eÐqe apofoităsei apì to InstitoÔto TeqnologÐac thc St. Petersburg (RwsÐa), kai eÐqe pĹrei didaktorikì sta majhmatikĹ apì thn Sorbonne (GallÐa). EÐqe prwtìtuph sumbolă sth jewrÐa twn elleiptikÿn kai uperbolikÿn merikÿn diaforikÿn exisÿsewn, sth jewrÐa dunamikoÔ, kai se problămata thc majhmatikăc fusikăc. Oi idèec tou efarmìsthkan argìtera apì ton Henri Poincaré (1854-1912), GĹllo majhmatikì, fusikì kai filìsofo, pou eÐqe terĹstia epÐdrash sthn kateÔjunsh twn majhmatikÿn tou eikostoÔ aiÿna. O Henri Lebesgue (1875- 1941), ènac Ĺlloc spoudaÐoc GĹlloc majhmatikìc, apì touc jemeliwtèc thc sÔgqronhc jewrÐac mètrou, kai Ĺnjrwpoc pou den sunăjize na epaineÐ, anagnÿrize th dÔnamh twn mejìdwn tou kai thn aujentikìthta twn empneÔseÿn tou, eidikĹ sth majhmatikă fusikă.

Me dedomèno to kÔroc tou Zaremba allĹ kai thn èlleiyh stoiqeÐwn gia th zwă tou Banach ekeÐnh thn epoqă, upărqe megĹlh diamĹqh gÔrw apì to an o Banach, pou sÐgoura den eÐqe foithtikă tautìthta, parakoloujoÔse ă ìqi tic dialèxeic tou Zaremba. DÔo spoudaÐoi PolwnoÐ majhmatikoÐ pou gnÿrizan kalĹ ton Banach, o Hugo Steinhaus kai o Kazimierz Kuratowski, sunèklinan proc th jetikă apĹnthsh. Thn Ðdia gnÿmh èqoun kai polloÐ Ĺlloi. O Andrzej Turowicz, pou ătan polÔ kontĹ ston Banach, lèei:

{PĹnta kukloforoÔse h fămh, kai to Ðdio pisteÔw ki egÿ, ìti o Banach parakoloujoÔse tic dialèxeic tou Zaremba. KatĹ th gnÿmh mou ìmwc, autì den sunèbh prin fÔgei gia th Lvov, allĹ metĹ, ìtan epèstreye sthn KrakobÐa, sth diĹrkeia tou prÿtou pagkosmÐou polèmou. Bèbaia, ìpwc lène, o Banach potè den parakoloujoÔse dialèxeic se kanonikă bĹsh. Autì mou faÐnetai apolÔtwc fusikì. O Banach skeftìtan me astrapiaÐa taqÔthta, enÿ oi dialèxeic tou Zaremba, tic opoÐec gnwrÐzw polÔ kalĹ, ătan episthmonikĹ Ĺyogec, allĹ sqolastikèc kai gemĹtec mikrèc leptomèreiec. O Banach den qreiazìtan pollèc exhgăseic. ’Epiane tic idèec sth stigmă, kai sunăjwc briskìtan polÔ mprostĹ apì ton omilhtă. Apì thn Ĺllh meriĹ, apì kairoÔ eic kairìn ja ăjele asfalÿc na xèrei poiĹ kainoÔrgia jèmata suzhtoÔntan ÿste na ta doulèyei mìnoc tou.}

O Banach miloÔse ston Turowicz gia ton Zaremba me megĹlo sebasmì kai jaumasmì, kai Ðswc apì autèc tic suzhtăseic o Turowicz èbgale to sumpèrasma ìti o Banach parakoloujoÔse tic dialèxeic tou Zaremba. ’Ena eÐnai bèbaio: o Banach gnÿrize ta Ĺrjra kai ta basikĹ ereunhtikĹ apotelèsmata tou Zaremba polÔ kalĹ.

KĹpoiec endeÐxeic gia to an ja mporoÔse o Banach na eisqwrăsei sto amfijèatro tou Zaremba qwrÐc na eÐnai grammènoc sto Jagiellonian, mĹc dÐnei o gewmètrhc Stanislaw Golab se èna Ĺrjro gia thn istorÐa tou panepisthmÐou:

{Prèpei na lĹboume upfl ìyin ìti ekeÐnh thn epoqă o trìpoc gia na perĹsei epituqÿc ènac foithtăc apì th mÐa qroniĹ sthn Ĺllh ătan mÐa kai mìno telikă exètash. Apotèlesma autoÔ tou sustămatoc ătan oi kajhghtèc na mhn gnwrÐzoun touc foithtèc touc.}

EÐte o Banach parakoloujoÔse tic sqolastikĹ epexergasmènec dialèxeic tou

Zaremba ă ìqi, èna eÐnai bèbaio: to metagenèstero dikì tou stÔl douleiĹc kai didaskalÐac ja ătan dramatikĹ diaforetikì.

H zwă tou Stefan Banach păre anapĹnteqh tropă thn ’Anoixh tou 1916, ìtan teleÐwc sumptwmatikĹ sunantăjhke me ton Hugo Steinhaus. Aută h sunĹnthsh èmelle na allĹxei teleÐwc thn epaggelmatikă allĹ kai proswpikă zwă tou Banach: mèsw tou Steinhaus o Banach gnÿrise kai th mellontikă sÔzugì tou Lucja Braus.

Poiìc ătan o Hugo Dyonizy Steinhaus? Gennăjhke to 1887 sto Jaslo thc Galicia se miĹ oikogèneia EbraÐwn dianooumènwn (o jeÐoc tou ătan gnwstìc politikìc, mèloc tou koinoboulÐou thc AustrÐac). An kai mìlic pènte qrìnia megalÔteroc apì ton Banach, eÐqe majhmatikă stadiodromÐa asugkrÐtwc eutuqèsterh apì autăn tou Banach. SpoÔdase sth Lvov kai sunèqise sto Gottingen, ìpou păre didaktorikì me epiblèponta kajhghtă ton D. Hilbert sta 1911. To jèma thc diatribăc tou ătan oi trigwnometrikèc seirèc. Apì to 1920 wc to 1941 ătan kajhghtăc majhmatikÿn sto Panepistămio thc Lvov. MetĹ ton deÔtero pagkìsmio pìlemo metakinăjhke sto Wroclaw, ìpou ătan kajhghtăc tou PanepisthmÐou kai mèloc thc Polwnikăc AkadhmÐac Episthmÿn. Sthn teleutaÐa aută perÐodo episkèfthke diĹfora Panepistămia stic Hnwmènec PoliteÐec. O Steinhaus kai o Banach jewroÔntai idrutèc thc Majhmatikăc Sqolăc thc Lvov. H bibliografÐa tou perilambĹnei pĹnw apì 170 ergasÐec me jèma tic seirèc Fourier, th jewrÐa telestÿn, th jewrÐa pijanotătwn, th jewrÐa paignÐwn, kai efarmogèc twn majhmatikÿn sth biologÐa, thn iatrikă, ta nomikĹ, kai th statistikă. ’Htan epÐshc spoudaÐoc eklaðkeutăc twn majhmatikÿn.

’Ola ìmwc autĹ sunèbhsan argìtera. Ton kairì thc sunĹnthsăc tou me ton Banach, metĹ apì miĹ sÔntomh stratiwtikă jhteÐa sthn Polwnikă Legeÿna pou boăjhse thn PolwnÐa na apoktăsei thn anexarthsÐa thc me to tèloc tou prÿtou pagkosmÐou polèmou, etoimazìtan na pĹrei jèsh bohjoÔ sto Panepistămio Jan Kazimierz thc Lvov. Sta {ApomnhmoneÔmatĹ} tou, o Steinhaus perigrĹfei th sunĹnthsh wc exăc:

{An kai h KrakobÐa ătan tupikĹ akìma se empìlemh katĹstash, ătan ădh arketĹ asfalèc na kĹneic èna bradunì perÐpato sto pĹrko thc. Sth diĹrkeia enìc tètoiou peripĹtou, Ĺkousa katĹ lĹjoc tic lèxeic {mètro Lebesgue}. PlhsÐasa to pagkĹki kai sustăjhka stouc dÔo lĹtreic twn majhmatikÿn. Mou eÐpan ìti eÐqan Ĺllon èna fÐlo pou legìtan Witold Wilkosz, kai mou ton epaÐnesan uperbolikĹ. Oi dÔo nèoi lègontan Stefan Banach kai Otto Nikodym.

Apì ekeÐnh th stigmă kai metĹ sunantiìmastan se kanonikă bĹsh, kai kajÿc ekeÐno ton kairì brÐskontan sthn KrakobÐa oi Wladyslaw Slebodzinski, Leon Chwistek, Jan Kroc kai Wlodzimierz Stozek, apofasÐsame na idrÔsoume mÐa majhmatikă etaireÐa. San empneustăc thc idèac, prosfèrjhka oi sunantăseic na gÐnontai sto dwmĹtiì mou. H prÿth mou enèrgeia loipìn ătan na karfÿsw èna mauropÐnaka ston toÐqo. ’Otan h GallÐda upeÔjunh ktirÐou eÐde ti eÐqa kĹnei, tromokratăjhke ` tÐ ja èlege o idioktăthc? Thn kajhsÔqasa upenjumÐzontĹc thc ìti o idioktăthc tou ktirÐou ătan makrinìc suggenăc mou, kai mou sugqÿrhse to amĹrthma. EÐqa ìmwc kĹnei lĹjoc. O kÔrioc L. fèrjhke san ènac paradosiakìc Ĺkardoc spitonoikokÔrhc, kai èmeine asugkÐnhtoc apì ton uyhlì skopì pou exuphretoÔse o pÐnakac. Parfl ìlec tic duskolÐec, h etaireÐa suneqÿc epekteinìtan: ătan h prÿth aqtÐda fwtìc autoÔ tou eÐdouc sthn PolwnÐa.}

O Hugo Steinhaus, sto upìloipo thc zwăc tou, se omilÐec kai graptĹ tou, suneqÿc isqurizìtan ìti o Stefan Banach ătan h {megalÔterh anakĹluyh} thc zwăc tou. Amèswc metĹ thn tuqaÐa prÿth sunĹnthsă touc, miĹ polÔ stenă sunergasÐa anaptÔqjhke anĹmesa sfl autèc tic dÔo teleÐwc diaforetikèc proswpikìthtec, sunergasÐa pou krĹthse pollĹ qrìnia. Oi suqnèc plèon sunantăseic touc gÐnontan sto Esplanada Café, sth gwnÐa twn odÿn Karmelicka kai Podwale.

’Ena apìgeuma o Steinhaus periègraye ston Banach èna prìblhma pou prospajoÔse na lÔsei gia megĹlo qronikì diĹsthma. To prìblhma aforoÔse th sÔgklish katĹ mèso twn merikÿn ajroismĹtwn thc seirĹc Fourier miĹc oloklhrÿsimhc sunĹrthshc. LÐgec mèrec metĹ, o Banach epèstreye me thn plărh apĹnthsh. O Steinhaus jumĹtai:

{’Emeina èkplhktoc ìtan, metĹ apì lÐgec mèrec, o Banach èdwse arnhtikă apĹnthsh. H apìdeixh pou mou èdwse eÐqe èna kenì, pou ofeilìtan sto ìti agnooÔse to parĹdeigma tou Du Bois-Reymond. GrĹyame mazÐ èna Ĺrjro, to opoÐo parousiĹsthke apì ton Zaremba sthn AkadhmÐa thc KrakobÐac kai, me megĹlh kajustèrhsh, dhmosieÔthke to 1918.}

To Ĺrjro dhmosieÔthke sto DeltÐo thc AkadhmÐac thc KrakobÐac. Me autì, o Banach èkane to ntempoÔto tou san majhmatikìc.

H sunĹnthsh me ton Steinhaus eÐqe ki Ĺllec sunèpeiec gia thn proswpikă zwă tou Banach. Stic 19 OktwbrÐou tou 1920, o Banach pantreÔthke thn Lucja Braus sthn KrakobÐa. H nÔfh proerqìtan apì oikogèneia mastìrwn kai doÔleue apì mikră gia ta proc to zăn. Ton kairì pou gnÿrise ton Banach, ătan grammatèac tou dikhgìrou Lisowski pou ătan gamprìc tou politikoÔ jeÐou tou Steinhaus. H oikogèneia Steinhaus èmene ekeÐno ton kairì stouc Lisowski, kai o Stefan gnÿrise thn Lucja thn ÿra pou daktulografoÔse tic agoreÔseic tou Lisowski. H neară Lucja trĹbhxe amèswc thn prosoqă tou Banach.

MetĹ to gĹmo, oi Banach aposÔrjhkan sta ìrh Tatra, kai pèrasan to kalokaÐri touc sth bÐlla Gerlach. H bÐlla anăke ston majhmatikì Leon Chwistek kai sthn aderfă tou Anna Stozek, sÔzugo tou Wlodzimierz Stozek pou ătan majhmatikìc sto Jagiellonian. Oi Chwistek kai oi Stozek pernoÔsan ekeÐ ta kalokaÐria touc, kai sta epìmena qrìnia eÐqan suqnĹ filoxenoÔmenouc ton Banach kai ton Sierpinski. Sta gÔrw dĹsh kai stic ìqjec enìc krÔou oreinoÔ potamoÔ, o Banach, o Sierpinski kai o Stozek ègrayan ta sqolikĹ biblÐa majhmatikÿn apì ta opoÐa èmajan majhmatikĹ olìklhrec genièc Polwnÿn majhtÿn kai foithtÿn panepisthmÐou.

ShmeÐwsh Stic 28 IounÐou tou 1919, h sunjăkh twn Bersalliÿn kajierÿnei thn Ôparxh PolwnikoÔ krĹtouc. To nèo krĹtoc briskìtan sth sfaÐra epirroăc twn ’Agglwn kai twn GĹllwn, pou ekeÐnh thn epoqă epijumoÔsan miĹ prostateutikă zÿnh apènanti sthn Oktwbriană epanĹstash. Ta sÔnora tou krĹtouc kajorÐsthkan mìlic to 1922-23, me to tèloc tou {leukoÔ polèmou} enantÐon thc RwsÐac.

10.3 Fundamenta Mathematicae

DÔo apì ta piì shmantikĹ gegonìta thc epoqăc sto qÿro thc epistămhc, ătan h emfĹnish tou Principia Mathematica twn Alfred Whitehead kai Bertrand Russell, pou ekdìjhke lÐgo prin ton prÿto pagkìsmio pìlemo, kai h eidikă kai genikă jewrÐa thc sqetikìthtac tou Einstein. Oi PolwnoÐ dianooÔmenoi parakoloujoÔsan tic exelÐxeic me enjousiasmì. Ta nèa èrqontan suneqÿc apì kĹje kateÔjunsh.

Ta MajhmatikĹ ătan ki autĹ zwntanĹ. O nearìc topolìgoc Zygmund Janisewski (1988-1920), pou mìlic eÐqe epistrèyei apì to ParÐsi, prospajoÔse na diamorfÿsei èna prìgramma stìqwn kai drĹshc gia ta PolwnikĹ majhmatikĹ. O Kazimierz Kuratowski, dieujuntăc, epÐ seirĹn etÿn metĹ ton deÔtero pagkìsmio pìlemo, tou InstitoÔtou Majhmatikÿn thc Polwnikăc AkadhmÐac Episthmÿn, perigrĹfei ekeÐnh thn perÐodo sto biblÐo tou {Misìc aiÿnac majhmatikÿn sthn PolwnÐa}:

{Proc to tèloc tou prÿtou pagkosmÐou polèmou, h Kasa im. J. Mianowskiego, mÐa trĹpeza pou exuphretoÔse touc PolwnoÔc epistămonec, idiaÐtera ekeÐnouc pou proèrqontan apì tic eparqÐec pou upĹgontan sth RwsÐa, Ðdruse to periodikì {Polwnikă epistămh: oi anĹgkec thc, h orgĹnwsă thc, kai h anĹptuxă thc}. ’Opwc faÐnetai ki apì to ìnoma, skopìc thc èkdoshc ătan na exasfalÐsei èna băma antallagăc apìyewn gia thn episthmonikă anĹptuxh thc PolwnÐac, miĹc qÿrac pou eÐqe mìlic epanaktăsei thn anexarthsÐa thc. Ston prÿto tìmo thc èkdoshc, pou emfanÐsthke to 1918, o Janisewski dhmosÐeuse èna Ĺrjro me tÐtlo {Oi anĹgkec twn majhmatikÿn sthn PolwnÐa}. Me ekplhktikă safăneia kai akrÐbeia, parousÐase èna prosqèdio gia ta PolwnikĹ majhmatikĹ. O Janisewski xekinoÔse me thn upìjesh ìti {oi PolwnoÐ majhmatikoÐ den prèpei na arkestoÔn sto rìlo twn pelatÿn kai akoloujhtÿn twn xènwn majhmatikÿn kèntrwn}, allĹ {prèpei na diekdikăsoun ènan anexĹrthto rìlo gia ta PolwnikĹ majhmatikĹ}. ’Enac apì touc kalÔterouc trìpouc gia na epiteuqjeÐ autìc o stìqoc, prìteine o Janisewski, ja ătan oi PolwnoÐ majhmatikoÐ na sugkentrwjoÔn sta sqetikĹ stenĹ pedÐa èreunac sta opoÐa eÐqan koinĹ endiafèronta, kai ` to piì shmantikì ` eÐqan ădh diejnÿc anagnwrismènh suneisforĹ. Sta pedÐa autĹ perilambĹnontan h jewrÐa sunìlwn, h topologÐa, kai ta jemèlia twn majhmatikÿn (mazÐ kai h majhmatikă logikă).}

Mèsa sto neanikì tou enjousiasmì, o Janisewski proqwroÔse sth diatÔpwsh enìc polÔ filìdoxou progrĹmmatoc:

{EÐnai alăjeia ìti ènac majhmatikìc den qreiĹzetai ergastăria kai polÔplokec ă akribèc egkatastĹseic. QreiĹzetai ìmwc thn katĹllhlh majhmatikă atmìsfaira kai tic eukairÐec na parameÐnei se epafă me touc sunergĹtec tou. MiĹ tètoia atmìsfaira mporeÐ na dhmiourghjeÐ mìno an oi Ĺnjrwpoi douleÔoun mazÐ, se koinĹ ereunhtikĹ problămata. Oi sunergĹtec eÐnai sqedìn aparaÐthtoi gia ènan ereunhtă. Apomonwmènoc, sunăjwc marazÿnei. O lìgoc gifl autì den eÐnai mìno h yuqologikă èlleiyh kinătrwn: eÐnai ìti o monaqikìc ereunhtăc xèrei polÔ ligìtera apì autoÔc pou douleÔoun mazÐ. Mìno ta telikĹ apotelèsmata ftĹnoun sfl autìn: idèec pou eÐnai ădh ÿrimec kai se teleiwmènh morfă, suqnĹ polÔ metĹ th stigmă thc dhmiourgÐac touc, ìtan epitèlouc ekdÐdontai. O monaqikìc ereunhtăc den katalabaÐnei potè giatÐ dhmiourgăjhkan kai pÿc proèkuyan: den èzhse th diadikasÐa thc sfurhlĹthsăc touc mazÐ me touc dhmiourgoÔc touc. EÐmaste polÔ makriĹ apì ta kamÐnia kai ta kazĹnia ìpou dhmiourgoÔntai ta majhmatikĹ. FtĹnoume argĹ, kai anapìfeukta mĹc èqoun afăsei pÐsw. To sumpèrasma loipìn eÐnai ìti an den jèloume na mènoume pÐsw, prèpei na akoloujăsoume rizospastikèc mejìdouc kai na antimetwpÐsoume th rÐza tou problămatoc. Prèpei na ftiĹxoume èna dikì mac kamÐni.}

Prospajÿntac na upodeÐxei ènan anexĹrthto drìmo gia ta PolwnikĹ majhmatikĹ, o Janisewski anèlue se bĹjoc tic allhlepidrĹseic twn diafìrwn klĹdwn twn sÔgqronwn majhmatikÿn, dÐnontac ènan aujentikì kai polÔploko qĹrth pou tic optikopoioÔse. Epiplèon, prìteine th dhmiourgÐa enìc periodikoÔ pou ja ătan afierwmèno apokleistikĹ sth jewrÐa sunìlwn kai ta jemèlia twn majhmatikÿn. ’Ena tètoio periodikì, to prÿto ston kìsmo pou ja eÐqe tìso sugkekrimèno perieqìmeno, ja ekdidìtan se glÿsec katanohtèc gia th diejnă koinìthta, kai ja èpaize diplì rìlo: ja parousÐaze ston episthmonikì kìsmo th douleiĹ twn Polwnÿn majhmatikÿn, kai thn Ðdia stigmă ja prosălkue Ĺrjra xènwn suggrafèwn pou eÐqan ta Ðdia endiafèronta. En suntomÐa, ja ătan èna diejnèc ìrgano gia thn perioqă twn majhmatikÿn pou prowjoÔsan oi PolwnoÐ. {An jèloume na apoktăsoume miĹ jèsh ston episthmonikì kìsmo, ac to kĹnoume me dikă mac prwtoboulÐa}, eÐpe o Janisewski sthn omilÐa tou proc th majhmatikă koinìthta thc BarsobÐac. Oi stìqoi tou epiteÔqjhkan polÔ sÔntoma. O prÿtoc tìmoc tou Fundamenta Mathematicae emfanÐsthke to 1920. Ekdìtec ătan oi Stefan Mazurkiewicz kai Waclaw Sierpinski. KatĹ tragikă sÔmptwsh, o prÿtoc autìc tìmoc perieÐqe kai th nekrologÐa tou Zygmunt Janisewski. Pèjane stic 3 IanouarÐou tou 1920: ătan èna apì ta pollĹ jÔmata miĹc epidhmÐac dusenterÐac.

To periodikì eÐqe megĹlh apăqhsh sto majhmatikì kìsmo. O Henri Lebesgue, pou summeteÐqe stic suzhtăseic gia thn Ðdrush tou Fundamenta Mathematicae tou Janisewski, sumboÔleuse touc PolwnoÔc majhmatikoÔc na lĹboun upfl ìyin {ìlec tic pijanèc efarmogèc thc jewrÐac sunìlwn, kai ìqi mìno tic apeujeÐac efarmogèc pou periègrafan oi programmatikèc protĹseic}. H sÔstash aută antanakloÔse ìqi mìno thn eilikrină tou epijumÐa na petÔqei to nèo periodikì, allĹ kai thn agwnÐa tou gia to mèllon thc jewrÐac sunìlwn, miĹc apì tic piì shmantikèc anaptussìmenec perioqèc twn majhmatikÿn ekeÐnh thn perÐodo.

O Lebesgue ègrafe ìti {...h jewrÐa briskìtan èxw apì to pedÐo twn majhmatikÿn pou meletoÔse to uyhlì ierateÐo thc jewrÐac twn analutikÿn sunartăsewn}, kai pwc, akìma ki an {o exostrakismìc thc jewrÐac sunìlwn lăgei, autì sumbaÐnei mìno giatÐ h jewrÐa sunìlwn (h opoÐa, arketĹ eirwnikĹ, xepădhse apì th jewrÐa twn analutikÿn sunartăsewn) fĹnhke polÔ qrăsimh sth megalÔterh adelfă thc kai apèdeixe thn axÐa kai ton ploÔto thc se ìlouc}. EpÐshc ektimoÔse ìti, exaitÐac twn epafÿn pou oi idrutèc thc diathroÔsan me touc analÔstec, {den metakinăjhkan se pedÐa èreunac apomonwmèna apì ta upìloipa majhmatikĹ. Autì ja mporoÔse na eÐqe odhgăsei sth dhmiourgÐa enìc nèou, axiosèbastou Ðswc klĹdou, o opoÐoc ìmwc ja eÐqe pijanìtata meÐnei gia polÔ kairì èxw apì thn perioqă tou genikoÔ endiafèrontoc}.

H jetikă epÐdrash twn sumboulÿn tou Lebesgue, kai h euèlikth ermhneÐa pou èdine sta ìria twn efarmogÿn thc jewrÐac sunìlwn, eÐqe san apotèlesma na emfanistoÔn stic selÐdec tou Fundamenta Mathematicae pollĹ shmantikĹ Ĺrjra me jèma th gewmetrÐa, thn jewrÐa pijanotătwn, kai tic trigwnometrikèc seirèc. Me ta lìgia tou Lebesgue, h jewrÐa sunìlwn xeplărwne to qrèoc thc sthn jewrÐa twn trigwnometrikÿn seirÿn, afoÔ to sÔnolo tou Cantor, mÐa apì tic piì lamprèc anakalÔyeic tou Georg Cantor, proèkuye apì problămata thc jewrÐac twn trigwnometrikÿn seirÿn.

Sta apomnhmoneÔmatĹ tou, o Kuratowski, suzhtÿntac th sumboulă tou Lebesgue, sqoliĹzei ìti èna Ĺllo jetikì touc apotèlesma ătan h apeleujèrwsh (sta 1929) thc sunarthsiakăc anĹlushc (tou klĹdou ston opoÐo kurÐwc suneisèfere o Banach) apì to Fundamenta Mathematicae. H èreuna sth sunarthsiakă anĹlush odăghse sth dhmiourgÐa enìc deÔterou eidikoÔ periodikoÔ: tou Studia Mathematica. Edÿ ìmwc èqoume fÔgei polÔ mprostĹ apì thn istorÐa mac.

10.4 Ta majhmatikĹ sthn Lvov: 1919-1929

Sthn perÐodo 1919-29, h apÐsteuth ereunhtikă drasthriìthta tou Banach, allĹ kai h suneisforĹ tou sthn anadiorgĹnwsh twn majhmatikÿn sthn PolwnÐa, eÐqan san apotèlesma na jewreÐtai ènac apì touc korufaÐouc PolwnoÔc majhmatikoÔc. Sunèqize tic sunantăseic tou me ton Steinhaus, suzhtoÔse ìmwc kai me Ĺllouc majhmatikoÔc, èkane fÐlouc kai apèkthse epafèc sth diejnă majhmatikă koinìthta.

H dhmosÐeush tou prÿtou Ĺrjrou tou Banach sto DeltÐo thc AkadhmÐac thc KrakobÐac (1918) trĹbhxe thn prosoqă tou majhmatikoÔ kìsmou, pou anagnÿrise qwrÐc amfibolÐa to talènto tou. To Ĺrjro eÐqe megĹlo eidikì bĹroc. Grammèno apì koinoÔ me ton Steinhaus, ătan sth Gallikă glÿsa, kurÐarqh glÿsa thc epistămhc ekeÐnh thn epoqă, kai eÐqe tÐtlo Sur la convergence en moyenne de séries de Fourier. ’Htan miĹ shmantikă suneisforĹ sthn akmĹzousa tìte jewrÐa twn seirÿn Fourier, h opoÐa eÐqe anaptuqjeÐ stic arqèc tou 19ou aiÿna gia na bohjăsei sthn epÐlush problhmĹtwn thc majhmatikăc fusikăc, ìpwc h metĹdosh thc jermìthtac kai h kumatikă diĹdosh. Stic mèrec mac, oi foithtèc twn majhmatikÿn apodeiknÔoun autì to apotèlesma san miĹ sqetikĹ aplă Ĺskhsh, kai mporoÔme na to doÔme san Ĺmeso pìrisma enìc apì ta piì shmantikĹ jewrămata thc sunarthsiakăc anĹlushc to opoÐo apèdeixe o Banach. MporeÐ mĹlista na jewrhjeÐ san ènac apì touc spìrouc pou telikĹ gènnhsan thn afhrhmènh mèjodo pou sămera lègetai sunarthsiakă anĹlush.

PolloÐ apì touc astèrec twn Polwnikÿn majhmatikÿn eÐdan to Ĺrjro kai Ĺrqisan na rwtoÔn me perièrgeia gia th douleiĹ tou Banach. O Steinhaus dièdide pantoÔ ìti o {autodÐdaktoc} èlune dÔskola kai polÔploka majhmatikĹ problămata, to èna metĹ to Ĺllo.

EkeÐnh thn epoqă, o Banach ègraye to deÔtero Ĺrjro tou, mìnoc aută th forĹ: Sur la valeur moyenne des fonctions orthogonales. Se autì apèdeixe ìti h akoloujÐa twn arijmhtikÿn mèswn miĹc orjokanonikăc akoloujÐac sunartăsewn sugklÐnei sto mhdèn sqedìn pantoÔ ` èna fainìmeno pou jumÐzei ton isqurì nìmo twn megĹlwn arijmÿn sth jewrÐa twn pijanotătwn. Argìtera, to apotèlesma autì isquropoiăjhke apì Ĺllouc majhmatikoÔc. Parathrăjhke akìma ìti me efarmogă tou Lămmatoc tou Kronecker, h apìdeixă tou aplopoieÐtai shmantikĹ, gegonìc pou periìrise th shmasÐa tou Ĺrjrou tou Banach.

Thn Ðdia qroniĹ, o Banach ègraye Ĺllo èna Ĺrjro, pou entupwsiĹzei akìma kai sămera me thn komyìthtĹ tou. EmfanÐsthke argìtera sto Fundamenta Mathematicae me tÐtlo Sur l’équation fonctionelle f(x + y) = f(x) + f(y). PolloÐ majhmatikoÐ eÐqan meletăsei to prìblhma na brejoÔn sunartăseic pou ikanopoioÔn autăn thn sunarthsiakă exÐswsh, me prÿton ton Augustin Louis Cauchy (1789-1857) katĹ ton 19o aiÿna. [O Cauchy ătan ènac apì touc prÿtouc majhmatikoÔc pou èdwsan austhră jemelÐwsh tou apeirostikoÔ logismoÔ. ’Htan o Ĺnjrwpoc pou dhmioÔrghse ton ε-δ orismì pou tìso polÔ foboÔntai oi prwtoeteÐc foithtèc.] Sto Ĺrjro tou (măkouc dÔo selÐdwn), o Banach apedeÐknue ìti mÐa metrăsimh sunĹrthsh pou ikanopoieÐ thn parapĹnw exÐswsh, eÐnai upoqrewtikĹ suneqăc, Ĺra grammikă. To apotèlesma autì exakoloujeÐ na qrhsimopoieÐtai, kai brÐskei efarmogèc se pollèc perioqèc thc majhmatikăc anĹlushc.

To epìmeno Ĺrjro tou, Sur les ensembles de points ou la dérivée est infinie, perièqei miĹ apìdeixh tou exăc jewrămatoc: to sÔnolo twn shmeÐwn sta opoÐa h dexiĹ pleurikă parĹgwgoc miĹc sunĹrthshc apeirÐzetai, èqei mètro mhdèn. To apotèlesma tou Banach ătan isqurìtero apì ta prohgoÔmena gnwstĹ apotelèsmata tou eÐdouc, kai, thn Ðdia stigmă, h apìdeixh pou èdine ătan aploÔsterh.

Ta teleutaÐa autĹ dÔo Ĺrjra ătan pragmatikĹ aristourgămata thc sÔgqronhc jewrÐac sunartăsewn pragmatikÿn metablhtÿn, kai ătan mìno h arqă miĹc seirĹc ergasiÿn tou Banach pĹnw sfl autì to jèma. Mìno gifl autĹ, o Banach eÐqe exasfalismènh thn apodoqă thc majhmatikăc koinìthtac.

Sta 1920, o Antoni Marian Lomnicki (1881-1941), pou eÐqe mìlic pĹrei èdra sto PoluteqneÐo thc Lvov, prosèfere ston Banach miĹ jèsh bohjoÔ. Aută ătan h prÿth epÐ plhrwmă akadhmaðkă jèsh tou Banach, an kai mèsa sta kajăkontĹ tou sumperilambĹnontan to baby-sitting thc mikrăc kìrhc tou Lomnicki kai Ĺllec anorjìdoxec asqolÐec.

O Banach sunèqize na apodeiknÔei me frenărh rujmì. MazÐ me to fÐlo tou Stanislaw Ruziewicz, brăkan ìlec tic sunartăseic f pou ikanopoioÔn thn isìthta f(u)f(v)f(w) = u^2 + v^2 + w^2, miĹ exÐswsh pou eÐqe meletăsei o Maxwell se sqèsh me problămata thc majhmatikăc fusikăc (eÐqe breÐ ìlec tic paragwgÐsimec lÔseic thc). Sto èkto Ĺrjro tou, epèstreye sth jewrÐa twn sunartăsewn miĹc pragmatikăc metablhtăc, thn opoÐa emploÔtize me idèec apì th nèa jewrÐa mètrou tou Lebesgue. Aută ja ătan pĹnta h megĹlh dÔnamă tou: me idiofuă trìpo, efĹrmoze nèec anaptussìmenec teqnikèc gia na lÔsei klasikĹ paliĹ problămata. Autì eÐqe sunèpeiec tìso gia tic palièc ìso kai gia tic nèec jewrÐec.

O Banach pèrase èna mèroc autăc thc èntonhc ereunhtikĹ periìdou sto spÐti tou Lomnicki: zoÔse mazÐ tou kai doÔleue gifl autìn. H megalÔterh kìrh tou Lomnicki, h Irena, shmeiÿnei:

{’Hmoun èfhbh tìte, sta 1920, ìtan o Banach èftase sthn Lvov kai egkatastĹjhke se èna dwmĹtio tou spitioÔ mac, sthn odì Nabielaka. Ektìc apì thn kouzÐna kai to mpĹnio, to spÐti mac eÐqe trÐa dwmĹtia: thn trapezarÐa, to upnodwmĹtio, kai to grafeÐo tou patèra mou. An jumĹmai kalĹ, o Banach koimìtan sto grafeÐo. ’Ezhse mazÐ mac merikoÔc mănec, mèqri na breÐ dikì tou qÿro sthn Lvov. ’Htan polÔ semnìc kai eugenikìc, kai den mĹc enoqloÔse kajìlou. H mhtèra mou Wladyslawa agapoÔse th logoteqnÐa, kai eÐqe megĹlh sullogă mujistorhmĹtwn. O Banach daneizìtan suqnĹ biblÐa apì autăn, kai h mhtèra mou eÐqe na to lèei gia to pìso grăgora ta teleÐwne, kai pìsec ousiastikèc leptomèreiec sugkratoÔse apì ta diabĹsmatĹ tou.}

Argìtera, o Lomnicki sunăjize na dihgeÐtai istorÐec gia thn apÐsteuth mnămh tou prÿhn bohjoÔ tou, o opoÐoc mporoÔse na anakataskeuĹsei me kĹje leptomèreia mujistorămata pou eÐqe diabĹsei pollĹ qrìnia prin ă akìma kai na afhghjeÐ apì mnămhc olìklhra apospĹsmata apì autĹ ta biblÐa ` pĹnta me èna elafrÿc eirwnikì kai dăjen autĹresko Ôfoc.

To 1920, metĹ apì polloÔc distagmoÔc, o Banach ègraye telikĹ th didaktorikă diatribă tou me tÐtlo {PrĹxeic se afhrhmèna sÔnola kai efarmogèc touc stic oloklhrwtikèc exisÿseic}. ’Htan grammènh sta PolwnikĹ, kai to 1922 dhmosieÔthke h Gallikă thc èkdosh sto Fundamenta Mathematicae me tÐtlo Sur les opérations dans les ensembles abstraits et leur application aux équations integrales.

AxÐzei na perigrĹyoume aută th douleiĹ me kĹpoia leptomèreia, ìqi mìno giatÐ ătan h diatribă tou Banach, allĹ kai giatÐ perieÐqe merikèc apì tic piì shmantikèc idèec pou prosèfere potè. Ti perieÐqe loipìn? Prÿta apfl ìla, eisăgage miĹ afhrhmènh domă pou argìtera onomĹsthke qÿroc Banach. O Banach èdine axiwmatikì orismì tètoiwn (endeqomènwc apeirodiĹstatwn) qÿrwn, kai eisăgage thn ènnoia tou grammikoÔ metasqhmatismoÔ metaxÔ touc. ’Ena plăjoc sugkekrimènwn paradeigmĹtwn pou eÐqan prohgoumènwc melethjeÐ to èna anexĹrthta apì to Ĺllo, èmpaine tÿra upì thn skèph thc enopoihtikăc jewrÐac twn qÿrwn Banach. Oi gnwstoÐ EukleÐdeioi qÿroi ătan profaneÐc eidikèc periptÿseic, polÔ piì endiafèrontec ìmwc ătan oi apeirodiĹstatoi qÿroi sunartăsewn pou èpaizan shmantikì rìlo se polloÔc klĹdouc thc klasikăc anĹlushc. H domă touc, kai h domă twn grammikÿn metasqhmatismÿn (telestÿn) anĹmesĹ touc, ătan polÔ plousiìterh kai den èqei` akìma kai stic mèrec mac ` katanohjeÐ plărwc. An kai autì ătan to prÿto Ĺrjro tou Banach sthn perioqă pou sămera onomĹzetai sunarthsiakă anĹlush, h axiwmatikopoÐhsh pou eisăgage ătan ekplhktikĹ plărhc kai, me mÐa ènnoia, telikă. Wc èna bajmì, eÐnai swstì na poÔme ìti h diatribă tou Banach gènnhse ènan klĹdo me anexĹrthth zwă mèsa se mÐa mèra.

H alăjeia eÐnai ìti parìmoiec idèec axiwmatikopoÐhshc wrÐmazan se Ĺrjra Ĺllwn majhmatikÿn thc epoqăc. To 1921, o Austriakìc majhmatikìc E. Helly eisăgage antÐstoiqec ènnoiec. O Ðdioc o Steinhaus eÐqe orÐsei thn ènnoia tou grammikoÔ telestă, kai o Norbert Wiener isqurÐzetai sthn autobiografÐa tou ìti eÐqe tautìqrona kĹnei kĹpoiec anakalÔyeic ston klĹdo. Autì ìmwc pou diaqÿrize th douleiĹ tou Banach apì th douleiĹ ìlwn twn upoloÐpwn, ătan ìti apaitoÔse safÿc oi qÿroi tou na eÐnai plăreic. Anagnÿrise autăn thn idiìthta wc jemeliÿdh kai èdeixe giatÐ h idiìthta aută eÐnai aparaÐthth gia na apodeiqjoÔn bajiĹ kai qrăsima jewrămata. DÔo tètoia jewrămata emfanÐzontan ădh sth diatribă tou. To prÿto isqurizìtan ìti to katĹ shmeÐo ìrio miĹc akoloujÐac grammikÿn kai suneqÿn telestÿn eÐnai upoqrewtikĹ grammikìc, allĹ kai suneqăc, telestăc. To deÔtero ătan to fhmismèno jeÿrhma stajeroÔ shmeÐou tou Banach gia sustolèc. To jeÿrhma autì, mÐa polÔ genikă kai afhrhmènh èkdosh thc klasikăc mejìdou twn diadoqikÿn proseggÐsewn pou efarmozìtan se pollèc eidikèc periptÿseic, dÐnei praktikă mèjodo gia thn epÐlush diafìrwn exisÿsewn. H axÐa twn dÔo jewrhmĹtwn ătan safăc. PareÐqan kleidiĹ pou Ĺnoigan pollèc pìrtec tautìqrona: qwrÐc autĹ, kĹje pìrta apaitoÔse to dikì thc antikleÐdi.

ParĹ th shmasÐa thc anakĹluyhc tou Banach, h tupikă diadikasÐa thc aponomăc tou didaktorikoÔ ătan èna polÔ sobarì prìblhma. Upărqan pollĹ empìdia. O Banach, pou ătan autodÐdaktoc kai den eÐqe ptuqÐo panepisthmÐou, èprepe na exairejeÐ me upourgikă apìfash gia na dÿsei apeujeÐac exetĹseic gia thn aponomă metaptuqiakoÔ diplÿmatoc, kĹti pou èprepe na prohghjeÐ thc exètashc gia to didaktorikì. To megalÔtero ìmwc prìblhma ătan o Ðdioc o Banach! Oi kajhghtèc sthn Lvov sÔntoma katĹlaban ìti to ulikì thc diatribăc tou Banach ătan ètoimo apì kairì, allĹ o Banach den eÐqe kammÐa prìjesh na kajăsei na to grĹyei sto qartÐ. Apì th stigmă pou o Banach apedeÐknue to jeÿrhmĹ tou, den endiaferìtan kai polÔ na to metatrèyei se ekdìsimo qeirìgrafo. Bariìtan th diadikasÐa. Oi akrobasÐec thc skèyhc ton enjousÐazan, ìmwc h metaforĹ touc sto qartÐ ton apwjoÔse. O Nikodym jumĹtai pÿc oi sunĹdelfoi tou Banach ton bohjoÔsan, suqnĹ ton xegeloÔsan, ÿste oi idèec tou na grĹfontai:

{O kajhghtăc Ruziewicz kajodăghse ènan apì touc bohjoÔc tou na sunodeÔei ton Banach stic suqnèc episkèyeic tou sta kafeneÐa thc pìlhc. EkeÐ, èbriske thn eukairÐa na ton rwtăsei diakritikĹ gia th douleiĹ tou. Katìpin, ègrafe ta jewrămata kai tic apodeÐxeic tou Banach. ’Otan ìla eÐqan grafteÐ kai daktulografhjeÐ, parousÐazan thn ergasÐa ston Banach, kai tou zhtoÔsan na kĹnei tic diorjÿseic. Mìnon ètsi oloklhrÿjhke telikĹ h diatribă tou Banach}.

Se hlikÐa eikosioktÿ etÿn, o Banach ègine didĹktwr twn majhmatikÿn. Epiblèpwn thc diatribăc ătan o Antoni Lomnicki.

O Stanislaw Marcin Ulam, foithtăc tìte sthn Lvov kai mellontikìc majhtăc tou Banach, perigrĹfei sta apomnhmoneÔmatĹ tou ton trìpo me ton opoÐo aponèmontan ekeÐnh thn epoqă ta didaktorikĹ sto Panepistămio Jan Kazimierz:

{H diadikasÐa ătan mĹllon tupikă. Ginìtan se mÐa megĹlh aÐjousa tou tmămatoc, gemĹth apì suggeneÐc kai fÐlouc. O upoyăfioc èprepe na forĹei leukă grabbĹta kai gĹntia. Oi epiblèpontec èbgazan èna logÔdrio pou periègrafe to èrgo kai tic dhmosieÔseic tou upoyhfÐou. MetĹ apì mÐa polÔ sÔntomh parousÐash tou didaktorikoÔ, èdinan ston upoyăfio to dÐplwma}.

H exètash gia to didaktorikì kĹlupte to antikeÐmeno thc èreunac tou upoyhfÐou kai èna akìma jèma. O Steinhaus upèdeixe ston Banach na epilèxei san deÔtero jèma thn astronomÐa. O Banach, me kalèc arqikĹ projèseic, epikoinÿnhse me ton kajhghtă astronomÐac Stanislaw Loria gia na tou zhtăsei thn Ôlh pĹnw sthn opoÐa ja exetazìtan. O Loria tou èdwse ènan katĹlogo biblÐwn, kai, ìpwc èlege argìtera, eÐqe meÐnei èkplhktoc apì thn taqÔthta me thn opoÐa o Banach kajhmerinĹ kĹlupte thn Ôlh. ’Omwc, an kai o Banach diekperaÐwne me enjousiasmì th majhsiakă diadikasÐa, den poluskeftìtan thn idèa ìti qreiĹzetai na exetasteÐ sto antikeÐmeno. Th mèra kai ÿra thc exètashc, oi fÐloi tou ton parèsuran me tèqnasma sthn programmatismènh aÐjousa.

Sto deltÐo tou PoluteqneÐou thc Lvov gia to akadhmaðkì ètoc 1920-21, o Banach anafèretai san bohjìc tou A. Lomnicki sto tmăma majhmatikÿn. Oi didaktikèc upoqreÿseic tou ătan treÐc ÿrec thn ebdomĹda, kĹti pou ton Ĺfhne ousiastikĹ aperÐspasto sthn èreunĹ tou. H eleÔjerh antallagă ideÿn pou pĹnta qaraktărize th majhmatikă koinìthta thc Lvov, apèdwse sÔntoma karpoÔc. EkeÐnh thn epoqă, o Banach ègraye to Ĺrjro Sur le problème de la mesure, pou argìtera dhmosieÔthke ston tètarto tìmo tou Fundamenta Mathematicae.

To 1922, o Stefan Banach păre thn ufhgesÐa tou. Sto {Qronikì tou PanepisthmÐou Jan Kazimierz} thc Lvov gia to akadhmaðkì ètoc 1921-22, sth stălh {proswpikĹ}, diabĹzoume:

{Stic 7 AprilÐou tou 1922, o Dr. Banach păre ufhgesÐa sta majhmatikĹ. Proselăfjh wc Diakekrimènoc Kajhghtăc twn Majhmatikÿn me proedrikì diĹtagma pou ekdìjhke stic 22 IoulÐou tou 1922.}

Se genikèc grammèc, oi kajhghtèc tou panepisthmÐou zoÔsan polÔ Ĺneta. To kìstoc zwăc sthn Lvov ătan mikrìtero apfl ìti sth BarsobÐa: ènac Ĺnjrwpoc me mètriec apaităseic mporoÔse na zăsei logikĹ me misì dollĹrio thn hmèra.

San kajhghtăc panepisthmÐou loipìn o Banach ja èprepe na eÐnai se kală oikonomikă katĹstash. Autì ìmwc den sunèbaine sthn perÐptwsă tou. ’Arqise na xodeÔei polÔ perissìtera apfl ìsa èbgaze, kai ătan suqnĹ qrewmènoc. Gia na beltiÿsei thn oikonomikă tou katĹstash, Ĺrqise na grĹfei didaktikĹ biblÐa, èrgo pou păre polÔ sta sobarĹ. O Steinhaus sqoliĹzei autăn thn perÐodo twn {sqolikÿn biblÐwn}:

{O Banach spataloÔse ton qrìno kai thn enèrgeiĹ tou grĹfontac biblÐa arijmhtikăc, Ĺlgebrac kai gewmetrÐac gia to GumnĹsio. Ta ègrafe mazÐ me ton Sierpinski kai ton Stozek, allĹ kai mìnoc tou. Lìgw thc empeirÐac pou eÐqe apoktăsei kĹnontac frontistăria, o Banach eÐqe plărh epÐgnwsh tou ìti kĹje orismìc, kĹje apìdeixh, kai kĹje Ĺskhsh eÐnai megĹlh prìklhsh gia èna suggrafèa sqolikÿn egqeiridÐwn pou endiafèretai gia th didaskalÐa.}

Piì kĹtw, o Steinhaus kĹnei èna perÐergo allĹ apokaluptikì sqìlio gia tic suggrafikèc drasthriìthtec tou Banach:

{KatĹ th gnÿmh mou, apì ton Banach èleipe mìno èna apì ta qarÐsmata pou prèpei na èqei ènac suggrafèac sqolikÿn biblÐwn: h ikanìthta na sullambĹnei me th fantasÐa tou ton qÿro.}

Ta qrìnia 1929 kai 1930, o Banach exèdwse, se dÔo tìmouc, kai to panepisthmiakì sÔggramma Diaforikìc kai Oloklhrwtikìc Logismìc. ’Egine gnwstì gia thn austhră prosèggisă tou sto antikeÐmeno, kai kĹluye èna kenì thc Polwnikăc majhmatikăc bibliografÐac.

Pèra apì autèc tic {parĹpleurec} asqolÐec, o Banach sunèqise to ereunhtikì tou prìgramma, to opoÐo apèfere tèsseric akìma ergasÐec. H teleutaÐa apì autèc, me tÐtlo Sur la décomposition des ensembles de points en parties respectivement congruentes, axÐzei idiaÐterh mneÐa. O Banach thn ègraye mazÐ me ton Alfred Tarski, ènan filìsofo kai majhmatikì katĹ dèka qrìnia neÿterì tou (o opoÐoc ègine argìtera prÔtanic tou PanepisthmÐou thc BarsobÐac, kai to 1946 kajhghtăc sto Berkeley, ìpou ătan o idrutăc olìklhrhc ereunhtikăc sqolăc sth majhmatikă logikă kai eÐqe terĹstia epÐdrash sthn anĹptuxh tou klĹdou stic Hnwmènec PoliteÐec kai alloÔ). H ergasÐa perièqei èna diaisjhtikĹ anapĹnteqo apotèlesma, pou rÐqnei fÿc ìqi mìno sth jewrÐa twn metrăsimwn sunìlwn, allĹ kai sthn antÐlhyă mac gia ta jemèlia twn majhmatikÿn.

Gia na exhgăsoume autì to apotèlesma, prèpei na dÿsoume dÔo orismoÔc. Lème ìti dÔo uposÔnola miĹc mpĹlac tairiĹzoun, an to èna metafèretai sto Ĺllo me peristrofă thc mpĹlac gÔrw apì to kèntro thc. Lème akìma ìti dÔo sÔnola eÐnai isodÔnama wc proc peperasmènh diĹspash, an mporoÔme na orÐsoume diaspĹseic touc se peperasmèna to plăjoc kommĹtia (Ðdio plăjoc kommatiÿn gia kajèna apì ta dÔo sÔnola), ètsi ÿste ta antÐstoiqa kommĹtia twn dÔo diaspĹsewn na tairiĹzoun.

O Banach kai o Tarski apèdeixan ìti upĹrqoun dÔo xèna uposÔnola thc mpĹlac, kajèna apì ta opoÐa eÐnai isodÔnamo wc proc peperasmènh diĹspash me thn arqikă mpĹla. MÐa ligìtero akribăc, allĹ piì parastatikă, perigrafă tou apotelèsmatoc eÐnai h exăc: MporoÔme na qwrÐsoume th mpĹla se dÔo kommĹtia, me tètoio trìpo ÿste apì autĹ ta kommĹtia na mporoÔme na sunarmologăsoume dÔo mpĹlec panomoiìtupec me thn arqikă. EÐnai fanerì ìti gifl autĹ ta kommĹtia h ènnoia tou ìgkou den èqei kanèna nìhma: alliÿc, o ìgkoc thc arqikăc mpĹlac ja ătan Ðsoc me to diplĹsiì tou.

Aută h parĹdoxh diĹspash thc mpĹlac, pou stic mèrec mac onomĹzetai {to parĹdoxo twn Banach kai Tarski}, ătan mÐa apì tic anakalÔyeic pou èkanan epitaktikă thn anĹgkh epanexètashc twn jemeliwdÿn ennoiÿn twn majhmatikÿn. Eidikìtera, èbale touc majhmatikoÔc na exetĹsoun polÔ prosektikĹ to rìlo tou legìmenou axiÿmatoc thc epilogăc. ’Egine fanerì ìti mporeÐ na exasfalÐzetai h Ôparxh miĹc tètoiac diĹspashc, ìqi ìmwc kai o trìpoc kataskeuăc thc. To parĹdoxo enèpneuse polloÔc majhmatikoÔc kai prokĹlese èntono endiafèron, akìma kai èxw apì ton kÔklo twn epaggelmatiÿn majhmatikÿn. ’Htan mÐa apì tic elĹqistec mh tetrimmènec sÔgqronec majhmatikèc anakalÔyeic pou mporoÔse kaneÐc eÔkola na perigrĹyei kai stouc adaeÐc.

AutĹ ta qrìnia ătan polÔ eutuqismèna gia ton Banach. Sto {Qronikì tou PanepisthmÐou Jan Kazimierz}, diabĹzoume:

{Autì to qrìno, ìpwc kai tic prohgoÔmenec qronièc, to UpourgeÐo PaideÐac qorăghse Ĺdeia se kĹpoiouc apì touc kajhghtèc twn Majhmatikÿn kai twn Fusikÿn Episthmÿn, ÿste na gnwrÐsoun apì prÿto qèri tic piì prìsfatec exelÐxeic sthn epistămh kai na dhmiourgăsoun proswpikèc epafèc me diakekrimènouc epistămonec se Ĺllec qÿrec. Gia to ètoc 1924-25, dìjhkan Ĺdeiec (me plărh misjì) ston kajhghtă Loria gia na suneqÐsei thn èreunĹ tou sto California Institute of Technology sthn Pasadena, kai ston kajhghtă Banach gia na suneqÐsei thn majhmatikă èreunĹ tou sto ParÐsi.}

Den gnwrÐzoume pìso shmantikì ătan to taxÐdi tou Banach sth GallÐa gia thn peraitèrw exèlixă tou. H epirroă ìmwc twn GĹllwn sth majhmatikă sqolă thc Lvov eÐnai emfanăc. O Marek Kac, majhtăc tou Steinhaus kai diakekrimènoc pijanojewrhtikìc argìtera, grĹfei:

{H epirroă tou Lebesgue sth sqolă thc Lvov ătan polÔ Ĺmesh. H sqolă, pou ousiastikĹ idrÔjhke apì touc Banach kai Steinhaus, epikentrwnìtan sth sunarthsiakă anĹlush, th genikă jewrÐa twn orjogÿniwn seirÿn, kai th jewrÐa pijanotătwn. KammÐa apì autèc tic jewrÐec den ja eÐqe proqwrăsei sto shmerinì thc bĹjoc, qwrÐc thn ousiastikă katanìhsh tou mètrou kai tou oloklhrÿmatoc tou Lebesgue. Apì thn Ĺllh pleurĹ, oi idèec tou Lebesgue den brăkan poujenĹ alloÔ tìso entupwsiakèc kai gìnimec efarmogèc, ìso ekeÐ: sthn Lvov.}

MiĹ marturÐa gia ton {dĹskalo} Banach dÐnetai apì ton Josef Jarymowicz: {O Banach eÐqe to talènto na metadÐdei thn majhmatikă gnÿsh me kajarì trìpo.

Sto mĹjhma miloÔse qamhlìfwna, allĹ sthn aÐjousa upărqe hsuqÐa: ìloi ătan magemènoi apfl autĹ pou èlege. QrhsimopoioÔse polÔ aplă glÿssa, sa na mĹc èlege: koÐta pìso eÔkolo kai aplì eÐnai. KatalabaÐname tic idiaiterìthtec twn nèwn ennoiÿn, ki autì eÐnai to piì shmantikì ìtan prwtompaÐneic se miĹ jewrÐa. KatĹ kanìna, erqìtan dèka me dekapènte leptĹ kajusterhmènoc, ìmwc sthn upìloiph misă ÿra prolĹbaine na mĹc metadÿsei perissìterh gnÿsh apì ìsh ja paÐrname an parakoloujoÔsame kĹpoion Ĺllon epÐ ÿrec. ’Oloi oi Ĺlloi kajhghtèc eÐqan uperèntash, kai parèdidan to mĹjhma me neurikìthta. Den mporoÔsan na to kĹnoun ètsi aplĹ kai abÐasta ìpwc autìc.}

Sta apomnhmoneÔmata tou Marceli Stark diabĹzoume:

{EkeÐnh thn epoqă, upărqan tèsseric èdrec majhmatikÿn sto Jan Kazimierz, tic opoÐec kateÐqan (katĹ seirĹn proslăyewc) oi E. Zylinski, H. Steinhaus, S. Ruziewicz, kai S. Banach. Sunăjwc, to mĹjhma thc AnĹlushc gia touc prwtoeteÐc didaskìtan kĹje qroniĹ apì diaforetikì kajhghtă, o opoÐoc kratoÔse thn Ðdia tĹxh kai sto deÔtero ètoc, kai sth sunèqeia dihÔjune seminĹria kai kajodhgoÔse touc Ðdiouc foithtèc kai sto trÐto ètoc. MetĹ apfl autì, sto teleutaÐo touc ètoc, oi foithtèc parakoloujoÔsan mìno eidikĹ majămata kai seminĹria.

Thn tĹxh mou eÐqe analĹbei o kajhghtăc Steinhaus. ’Htan polÔ megĹlh tĹxh, kai stic paradìseic thc AnĹlushc pĹnw apì 220 Ĺtoma sunwstÐzontan se èna mikrì amfijèatro me polÔ ftwqì klimatismì, ìpou polloÐ boleÔontan sta skaliĹ kai sta perbĹzia twn parajÔrwn. Olìklhro to tmăma twn Majhmatikÿn eÐqe mìno tèsseric bohjoÔc, kai wc ek toÔtou h tĹxh den eÐqe moirasteÐ se mikrìtera tmămata gia tic frontisthriakèc askăseic, tic opoÐec eÐqe analĹbei mìnoc o kajhghtăc Steinhaus, qwrÐc kammÐa boăjeia.

Skarfalwmènoc se èna bĹjro mprostĹ apì ènan mikrì mauropÐnaka, kuriarqoÔse sto amfijèatro. An kai proetoÐmaze polÔ kalĹ tic dialèxeic tou, o mèsoc foithtăc eÐqe foberă duskolÐa sto na ton parakoloujăsei. Me autăn thn ènnoia, o Steinhaus ătan to akribÿc antÐjeto tou Banach, oi dialèxeic tou opoÐou ătan ìqi mìno sqolastikĹ proetoimasmènec, allĹ kai dÐnontan me tètoion trìpo pou ìloi sthn tĹxh mporoÔsan na tic parakoloujăsoun.

Prèpei na exhgăsw merikĹ prĹgmata gia th sqèsh tou Steinhaus me touc Ĺllouc majhmatikoÔc thc sqolăc thc Lvov. UpĹrqoun kĹpoiec paranoăseic, eidikĹ gia th sqèsh tou Banach me ton Steinhaus... Lègetai ìti o Banach strĹfhke proc th sunarthsiakă anĹlush kĹtw apì thn epirroă tou Steinhaus. EÐqa pĹnta thn perièrgeia, kai kĹpoia stigmă, amèswc metĹ ton deÔtero pagkìsmio pìlemo, rÿthsa ton Ðdio ton Steinhaus. O Steinhaus siÿphse gia lÐga leptĹ, kai katìpin apĹnthse: {’Oqi!} O Banach kinăjhke sfl autăn thn kateÔjunsh anexĹrthta, ìpwc èkane ki ìtan Ĺrqise na douleÔei pĹnw sth jewrÐa sunìlwn, kai, nwrÐtera, pĹnw sto oloklărwma tou Lebesgue (ătan akìma foithtăc tìte, kai to jèma den upărqe kan sta panepisthmiakĹ biblÐa). QwrÐc amfibolÐa, o Steinhaus epèdrase katalutikĹ ston Banach: to prÿto Ĺrjro tou Banach stic trigwnometrikèc seirèc proèkuye apì mÐa erÿthsh tou Steinhaus. O Steinhaus ton èpeise na doulèyei stic orjogÿniec seirèc. Sth dekaetÐa tou 20 ătan polÔ stenoÐ sunergĹtec. Kajÿc ìmwc h sunarthsiakă anĹlush Ĺrqise na apoktĹ to dikì thc bĹroc, oi drìmoi touc Ĺrqisan na apoklÐnoun. O Banach sqhmĹtise miĹ dikă tou omĹda, me sunergĹtec touc Schauder, Mazur, Orlicz (majhtă tou Steinhaus), kai Ulam (o opoÐoc xekÐnhse san majhtăc tou Kuratowski), kai Ĺrqisan na douleÔoun pĹnw sth sunarthsiakă anĹlush kai tic efarmogèc thc.}

H sunergasÐa anĹmesa ston Banach kai ton Steinhaus den eÐqe teleiÿsei: antijètwc, eÐqe me mÐa ènnoia gÐnei bajÔterh. To 1928-29 dÐdaxan mazÐ to mĹjhma EidikĹ jèmata majhmatikăc fusikăc, kai, to 1929, Ðdrusan apì koinoÔ èna nèo majhmatikì periodikì pou èmelle na apoktăsei diejnă epirroă: to Studia Mathematica. O Banach eÐqe deÐxei tic projèseic touc na kĹnoun autì to băma, sto Sunèdrio twn Polwnÿn mjhmatikÿn pou ègine sthn Lvov, ton Septèmbrio tou 1927. Se èna Ĺrjro pou parèdwse gia ta praktikĹ tou sunedrÐou, ègrafe:

{Sto sunèdrio ègine safèc ìti h jewrÐa sunìlwn kai ă èreuna sta jemèlia twn majhmatikÿn eÐnai eidikìthta twn Polwnÿn majhmatikÿn. H epituqÐa tou Fundamenta Mathematicae tonÐzei autì akribÿc to shmeÐo. Apì thn Ĺllh pleurĹ, h polÔ ìmorfh perioqă twn efarmogÿn twn majhmatikÿn, stic opoÐec sumperilambĹnw th mhqanikă kai olìklhro ton klĹdo thc majhmatikăc fusikăc, den èqei ektimhjeÐ apì tic neÿterec genièc twn Polwnÿn majhmatikÿn, plăn elaqÐstwn exairèsewn.}

10.5 Studia Mathematica

Oi shmantikìterec episthmonikèc suneisforèc tou Banach sthn perÐodo 1920-30, ătan h dhmiourgÐa tou periodikoÔ Studia Mathematica mazÐ me ton Steinhaus, kai h èkdosh tou biblÐou Théorie des Opérations Linéaires.

To Studia arqikĹ qrhmatodotăjhke apì to UpourgeÐo Ejnikăc PaideÐac kai JrhskeumĹtwn, kai, sta qrìnia prin ton deÔtero pagkìsmio pìlemo, apì mÐa dwreĹ tou Josef Pilsudski. O Kazimierz Szalajko, o opoÐoc ătan upeÔjunoc gia thn diakÐnhsh tou periodikoÔ katĹ thn perÐodo 1934-39, anafèrei ìti ta èsoda tou periodikoÔ apì tic sundromèc ătan shmantikĹ, kai ìti to Ôyoc tou logariasmoÔ pou eÐqe anoiqteÐ sthn trĹpeza Handlowy anèbaine me gorgoÔc rujmoÔc. Upărqe epÐshc èna drastărio prìgramma antallagÿn me Ĺlla majhmatikĹ periodikĹ, to opoÐo emploÔtise Ĺmesa th bibliojăkh tou tmămatoc majhmatikÿn.

H Ðdrush tou nèou majhmatikoÔ periodikoÔ anakoinÿjhke ton Oktÿbrio tou 1929 sto Mathesis Polska:

{O prÿtoc tìmoc enìc nèou periodikoÔ, tou Studia Mathematica, emfanÐsthke sthn Lvov, kĹtw apì thn dieÔjunsh twn Stefan Banach kai Hugo Steinhaus.

To periodikì ja dhmosieÔei ereunhtikèc ergasÐec stic perioqèc twn kajarÿn kai efarmosmènwn majhmatikÿn, kai h dieÔjunsă tou skopeÔei na epikentrwjeÐ sthn sunarthsiakă anĹlush kai tic efarmogèc thc.

To Studia Mathematica ja dhmosieÔei Ĺrjra grammèna sta GallikĹ, ta GermanikĹ, ta AgglikĹ, kai ta ItalikĹ. Ta Ĺrjra prèpei na upobĹllontai se ènan apì touc ekdìtec: ton Kajhghtă Stefan Banach, Lvov, St. Nicolaus 4, ă ton Kajhghtă Hugo Steinhaus, Lvov, Kadecka 14. KĹje tìmoc kostÐzei 1.5 dollĹrio sto exwterikì, kai 12 zlotys sthn PolwnÐa. Ta grafeÐa tou periodikoÔ brÐskontai sthn Lvov, sthn odì St. Nicolaus 4, sto Panepistămio.}

’Opwc blèpete, o Banach èdine th dieÔjunsh tou grafeÐou tou, enÿ o Steinhaus th dieÔjunsh tou spitioÔ tou. Oi Banach eÐqan èna diamèrisma sto {paliì} ktÐrio tou panepisthmÐou. Ta diorjwmèna qeirìgrafa èprepe na epistrèfontai ston Steinhaus, o opoÐoc epèblepe ìlec tic diadikastikèc leptomèreiec thc èkdoshc: tic epafèc me touc ekdotikoÔc oÐkouc, tic antallagèc me Ĺlla periodikĹ, ta oikonomikĹ, thn tupografikă epimèleia, kai Ĺlla.

Se autì to shmeÐo, tairiĹzei Ðswc na sqoliĹsoume thn proswpikìthta tou Steinhaus. O Andrzej Turowicz perigrĹfei ènan Ĺnjrwpo pou sundÔaze ton aneptugmèno pragmatismì me mÐa idiaÐterh aÐsjhsh thc metafusikăc, dÔo qarakthristikĹ pou moiĹzoun aparaÐthta gia ènan majhmatikì pou uperbaÐnei ta ìria thc sumbatikăc karièrac:

{Ja sac dihghjÿ èna anèkdoto pou Ĺkousa apì ton Steinhaus sto Scottish Café thc Lvov prin apì ton pìlemo, to opoÐo epanalambĹnetai kai sta apomnhmoneÔmatĹ tou. O Steinhaus me rÿthse: xèreic poiì eÐnai to piì shmantikì erÿthma ìlwn twn epoqÿn?

Tou apĹnthsa ìti den eÐqa idèa, kai mou eÐpe ìti kĹpote, se mÐa diĹlexă tou, o Hilbert eÐqe peÐ pwc an gia kĹpoio lìgo koimìtan kai xupnoÔse metĹ apì 500 qrìnia, den ja rwtoÔse gia ta istorikĹ gegonìta ă tic koinwnikèc allagèc, allĹ gia tic exelÐxeic pĹnw sthn upìjesh tou Riemann, giatÐ autì ătan to piì shmantikì prìblhma.

O Steinhaus eÐqe mÐa mèjodo anĹlogh me autăn tou SwkrĹth. Tou Ĺrese na odhgeÐ touc anjrÿpouc sth bajÔterh katanìhsh enìc problămatoc, kĹnontac erwtăseic. Touc kolloÔse tìso polÔ ston toÐqo me tic erwtăseic tou, pou sto tèloc èmenan Ĺfwnoi. Stic anamnăseic tou apì to Gottingen, an jumĹmai kalĹ, perigrĹfei ènan diĹlogo me th spitonoikokurĹ tou. Thn rÿthse giatÐ prèpei kaneÐc na plhrÿnei fìrouc.

` MĹllon plhrÿnoume fìrouc gia na diasfalisteÐ to axiìmaqon tou stratoÔ mac.

` Ma ti ton jèloume autìn to stratì? ` Gia na nikăsoume touc GĹllouc, fantĹzomai. ` Ma giatÐ na nikăsoume touc GĹllouc?

Se autì to shmeÐo, den upărxe apĹnthsh. O Steinhaus qrhsimopoioÔse autăn th mèjodo polÔ suqnĹ.

O Steinhaus prospajoÔse na didĹxei touc nèouc na eÐnai taktikoÐ kai akribeÐc sth douleiĹ touc. O Mazur mou dihgăjhke thn istorÐa tou prÿtou Ĺrjrou pou, foithtăc akìma, ègraye kai upèballe ston Steinhaus. O Steinhaus ja to parousÐaze se mÐa sunĹnthsh thc majhmatikăc etaireÐac thc Lvov. DÔo ÿrec prin th sunĹnthsh, kĹlese ton Mazur kai tou eÐpe:

` KÔrie Mazur, pÿc mporÿ na parousiĹsw to Ĺrjro sac, afoÔ den mou to dÿsate?

O Mazur èmeine embrìnthtoc.

` Ti ennoeÐte kÔrie? Sac to parèdwsa egÿ o Ðdioc. ` Mou paradÿsate tèsseric Ĺdeiec kìllec. KoitĹxte.

Ti eÐqe sumbeÐ: prin apì ton pìlemo, kukloforoÔse èna eÐdoc fthnoÔ qartioÔ, me elafrÿc kitrinwpă apìqrwsh. Kajÿc o Mazur ègrafe to Ĺrjro, tou teleÐwse to melĹni, kai mèsa sth biasÔnh tou, antÐ na pĹei na agorĹsei melĹni prìsjese lÐgo nerì sto melanodoqeÐo. O Steinhaus èdwse to Ĺrjro ston ftwqì suggrafèa, kai tou eÐpe:

` ’Iswc, kÔrie Mazur, na grĹyate kĹpoia prĹgmata edÿ. An ìmwc skopeÔete na afierÿsete th zwă sac sthn epistămh, kalĹ ja kĹnete na efodiasteÐte me Ĺspra qartiĹ kai arketì maÔro melĹni.}

O Steinhaus ektimoÔse polÔ th sunergasÐa tou me ton Banach. An kai ătan o Ĺnjrwpoc pou anakĹluye ton Banach, o prÿtoc tou dĹskaloc, kai arketèc forèc o kajodhghtăc tou, sunăjize na apodÐdei ston eautì tou ton tapeinì rìlo tou exwterikoÔ parathrhtă. GnwrÐzoume polÔ kalĹ ìti pollĹ krÐsima bămata proăljan apì autìn: h Ðdrush thc majhmatikăc etaireÐac sthn KrakobÐa, to Studia Mathematica, koinĹ majămata, kai koinĹ ereunhtikĹ apotelèsmata. Upărqe ìmwc kĹti pragmatikĹ jaumĹsio ston qaraktăra tou Steinhaus: den zăleue, bohjoÔse touc anjrÿpouc qwrÐc na perimènei antallĹgmata, kai ătan metriìfrwn. ’Htan idanikìc upoyăfioc gia sunergasÐa me opoiondăpote. Sta apomnhmoneÔmatĹ tou grĹfei:

{To 1927, mÐa sunergasÐa me ton Banach odăghse sto Ĺrjro Sur le principe de la condensation des singularités, to opoÐo dhmosieÔthke sto Fundamenta Mathematicae O Henkel eÐqe nwrÐtera skefteÐ ìti kĹti tètoio èprepe na isqÔei. O Stanislaw Saks diĹbase to arqikì qeirìgrafo, kai isquropoÐhse to apotèlesmĹ mac qrhsimopoiÿntac to Jeÿrhma tou Baire. Autì boăjhse to Ĺrjro mac na exeliqjeÐ se mÐa shmantikă Polwnikă epituqÐa thc epoqăc tou mesopolèmou, sthn perioqă thc sunarthsiakăc anĹlushc...

To 1928, idrÔsame to Studia Mathematica. O prÿtoc tìmoc emfanÐsthke sthn Lvov to 1929. To periodikì eÐnai afierwmèno sth sunarthsiakă anĹlush, kai eÐnai to epÐshmo ìrgano thc legìmenhc sqolăc thc Lvov. Mèqri ton pìlemo, to Studia ekdidìtan sta GallikĹ, ta GermanikĹ, ta AgglikĹ, kai ta ItalikĹ. MetĹ ton pìlemo, ta ItalikĹ antikatastĹjhkan apì ta RwssikĹ.}

Ston prÿto tìmo tou Studia Mathematica, o Banach dhmosÐeuse to Ĺrjro Sur les fonctionelles linéaires, se dÔo mèrh. To Ĺrjro perieÐqe exairetikĹ shmantikèc idèec. Sto prÿto tou mèroc, èdine mÐa apìdeixh tou jemeliÿdouc jewrămatoc epèktashc grammikÿn sunarthsoeidÿn, kai merikèc aplèc allĹ shmantikèc sunèpeièc tou. Stic mèrec mac, to jeÿrhma autì eÐnai gnwstì san Jeÿrhma Hahn-Banach. O Germanìc majhmatikìc Hans Hahn to eÐqe apodeÐxei nwrÐtera, ìmwc o Banach, pou den parakoloujoÔse stenĹ th bibliografÐa, agnooÔse thn Ôparxă tou. Sto deÔtero mèroc, o Banach eisăgage mÐa seirĹ shmantikÿn ennoiÿn kai apedeÐknue plăjoc spoudaÐwn jewrhmĹtwn. MetaxÔ Ĺllwn, eisăgage thn ènnoia tou suzugoÔc telestă, thn asjenă sumpĹgeia, kai apèdeixe mÐa prÿth morfă tou jewrămatoc kleistoÔ grafămatoc, to opoÐo ja teleiopoioÔse o Ðdioc lÐgo argìtera.

To 1931, mÐa nèa seirĹ {Majhmatikÿn Monografiÿn} Ĺrqise na ekdÐdetai me oikonomikă enÐsqush apì to Ejnikì ’Idruma PolitismoÔ. Thn ekdotikă epimèleia eÐqan oi Banach kai Steinhaus apì thn Lvov, kai oi Knaster, Kuratowski, Mazurkiewicz kai Sierpinski apì th BarsobÐa. O Kuratowski pÐsteue ìti h dhmiourgÐa autăc thc seirĹc ătan kajoristikă gia to mèllon twn majhmatikÿn sthn PolwnÐa. IdoÔ pÿc thn perigrĹfei:

{’Ena apì ta piì shmantikĹ gegonìta gia ta PolwnikĹ majhmatikĹ ătan h dhmiourgÐa thc seirĹc twn Majhmatikÿn Monografiÿn, sta 1931. Oi prohgoÔmenec ekdotikèc drasthriìthtec exantloÔntan sth dhmosÐeush sÔntomwn ereunhtikÿn ergasiÿn apì ta periodikĹ Fundamenta Mathematicae kai Studia Mathematica. EÐqe ìmwc èrjei h ÿra gia mÐa piì ousiÿdh sÔnjesh twn epiteugmĹtwn twn Polwnÿn majhmatikÿn, ă akìma kai th sÔnjesh ìlwn twn klĹdwn twn majhmatikÿn stouc opoÐouc oi PolwnoÐ majhmatikoÐ eÐqan exairetikĹ shmantikă suneisforĹ. To arqikì sqèdio perilĹmbane thn èkdosh monografiÿn stic perioqèc thc sunarthsiakăc anĹlushc (Tìmoc 1 - Opérations linéaires tou Banach), thc jewrÐac tou oloklhrÿmatoc (Tìmoc 2 - Théorie de l’ integrale tou Saks), thc topologÐac (Tìmoc 3 - Kuratowski), thc upìjeshc tou suneqoÔc (Tìmoc 4 - Sierpinski), kai thc jewrÐac twn orjogÿniwn seirÿn (Tìmoc 5 - Steinhaus kai Kaczmarz).}

Sto arqikì sqèdio prostèjhke kai to biblÐo Trigonometric series tou Zygmund (ShmeÐwsh: kukloforeÐ sta ellhnikĹ apì tic Panepisthmiakèc Ekdìseic Krăthc). ’Ola autĹ ta biblÐa ărjan sto fÿc mèsa se ekplhktikĹ sÔntomo qronikì diĹsthma. To 1935 eÐqan ìla ekdojeÐ, kai paramènoun klasikĹ sto eÐdoc touc. To biblÐo tou Banach ègine dektì me enjousiasmì. Prÿtoi apfl ìlouc antèdrasan oi AmerikanoÐ. O Tamarkin, sqoliĹzontĹc to sto Bulletin of the American Mathematical Society, ton topojèthse metaxÔ twn megĹlwn thc anĹlushc: Volterra, Fredholm, Hilbert, Hadamard, Frechet, Riesz. ’Egrafe: {h Theory of Linear Operators eÐnai oÔtwc ă Ĺllwc gohteutikă, h shmasÐa thc ìmwc ektimĹtai perissìtero apì tic poluĹrijmec ìmorfec efarmogèc thc}.

To biblÐo eÐqe kukloforăsei nwrÐtera sta PolwnikĹ, to 1931. O tÐtloc tou, Teoria operacyj. Tom I. Operacje liniowe, èdeiqne ìti o Banach eÐqe skopì na proqwrăsei pèra apì thn grammikă sunarthsiakă anĹlush, sth melèth twn mh grammikÿn telestÿn. O deÔteroc ìmwc tìmoc den oloklhrÿjhke potè, an kai, argìtera, o Banach anèptuxe mÐa jewrÐa poluwnumikÿn telestÿn mazÐ me touc sunergĹtec tou Mazur kai Orlicz. H prÿth èkdosh tou biblÐou perieÐqe thn afièrwsh {A Madame Lucie Banach}, ătan 256 selÐdwn, kai kìstize 3 dollĹria.

To 1931, o Banach dhmosÐeuse Ĺlla tèssera Ĺrjra. To trÐto qrhsimopoioÔse to Jeÿrhma tou Baire gia na apodeÐxei (me exairetikĹ aplì trìpo) thn Ôparxh suneqoÔc sunĹrthshc pou den èqei parĹgwgo se kanèna shmeÐo. Autì ătan gnwstì apì thn epoqă tou Weierstrass, o opoÐoc ìmwc eÐqe qrhsimopoiăsei polÔplokec kataskeuèc gia na to apodeÐxei.

Mèqri to 1936, o Banach eÐqe grĹyei 47 ergasÐec, kai eÐqe thn megĹlh timă na prosklhjeÐ san kÔrioc omilhtăc sto International Congress tou Oslo. DiĹlexe na milăsei gia thn {JewrÐa Telestÿn kai th shmasÐa thc sthn AnĹlush}. O Antoni Zygmund, kajhghtăc tìte sto Wilno, kai katìpin kajhghtăc sto Panepistămio tou Chicago kai patèrac thc Amerikanikăc sqolăc thc armonikăc anĹlushc, ègraye to 1938 gia th sunĹnthsh tou Oslo:

{H summetoqă sto Oslo den ătan megĹlh. Oi sÔnedroi ătan mìlic 500, lÐgoi se sqèsh me touc 1200 thc Bologna kai touc 700 thc ZurÐqhc. Sobarìc lìgoc gifl autì ătan to politikì klÐma. Oi ItaloÐ arnăjhkan kathgorhmatikĹ na summetĹsqoun, antidrÿntac ston diejnă apokleismì pou eÐqe epiblhjeÐ sthn ItalÐa. Oi Rÿssoi den emfanÐsthkan ki autoÐ, an kai eÐqan arqikĹ uposqejeÐ ìti ja summeteÐqan. Akìma kai oi GermanoÐ, pou sunăjwc ătan poluĹrijmoi kai păgainan pantoÔ, ătan apìntec. Autì ermhneÔthke san antÐdrash sto ìti oi NorbhgoÐ den eÐqan steÐlei antiproswpeÐa sth giortă tou PanepisthmÐou thc Qaðdelbèrghc, nwrÐtera ton Ðdio qrìno.

Oi AmerikanoÐ eÐqan th megalÔterh omĹda, me 70 majhmatikoÔc. Thn PolwnÐa ekprosÿphsan oi: Borsuk, Eilenberg, Gruzewska, Lubelski, Sierpinski, Zarankiewicz apì th BarsobÐa, Banach, Kaczmarz, Schauder, Zylinski apì thn Lvov, Golab, Wazewski, Zaremba apì thn KrakobÐa, kai o Zygmund apì to Wilno.

Wc sunăjwc, upărqan dÔo eidÿn omilÐec: oi kÔriec kai oi omilÐec anĹ klĹdo. O arijmìc twn kÔriwn omiliÿn eÐnai polÔ periorismènoc: gÐnontai to prwÐ, kai kratoÔn mÐa ÿra. Oi organwtèc dÐnoun autèc tic omilÐec se exairetikoÔc majhmatikoÔc, oi opoÐoi perigrĹfoun tic genikèc kateujÔnseic enìc klĹdou ston opoÐo èqoun hgetikì rìlo. MiĹ tètoia prìsklhsh jewreÐtai pĹnta polÔ timhtikă. O Banach ekprosÿphse touc PolwnoÔc majhmatikoÔc me tètoia diĹlexh.}

Akribÿc prin apì ton pìlemo, o Banach gnÿrise megĹlec timèc. Ton AprÐlio tou 1939 exelègh Prìedroc thc Polwnikăc Majhmatikăc EtaireÐac, thc opoÐac ătan sunidrutăc eÐkosi qrìnia nwrÐtera. H EtaireÐa eÐqe polÔ èntonh drasthriìthta. MetaxÔ Ĺllwn, suntìnize tic episkèyeic diĹshmwn EurwpaÐwn majhmatikÿn sthn PolwnÐa, gia dialèxeic kai sunergasÐa me touc PolwnoÔc majhmatikoÔc. MetaxÔ autÿn ătan oi: P. Aleksandrov, E. Borel, E. Cartan, R. Frechet, H. Hardy, L. Kantorovich, H. Lebesgue, S. Lefschetz, N. Luzin, F. Riesz, I. Vinogradov kai E. Zermelo.

Stic 9 IounÐou tou 1939, o Banach èlabe brabeÐo 20.000 zlotys (posì antÐstoiqo tou etăsiou misjoÔ kajhghtă AmerikanikoÔ PanepisthmÐou thc epoqăc) apì thn Polwnikă AkadhmÐa Episthmÿn, gia to Ĺrjro tou Sur les fonctionelles linéaires. ’Htan to prÿto tètoio brabeÐo pou dinìtan se majhmatikì, kai to megalÔtero se axÐa pou dìjhke potè. To posì katatèjhke sto logariasmì tou, ìmwc o Banach den mpìrese na to eisprĹxei potè. Xèspase o pìlemoc, kai ìloi oi logariasmoÐ pĹgwsan. H teletă thc aponomăc ja ginìtan ton Oktÿbrio, me to xekÐnhma thc nèac akadhmaðkăc qroniĹc. ’Omwc o pìlemoc Ĺrqise to Septèmbrio, kai ìlec oi giortèc anablăjhkan. Thn 1h OktwbrÐou, o Sobietikìc stratìc eÐqe katalĹbei thn Lvov.

10.6 Scottish Café

’Opwc grĹfei o Zygmund, h Lvov ătan mÐa polÔ zwntană kai euqĹristh pìlh sth diĹrkeia tou mesopolèmou: h genikeumènh aisiodoxÐa kai h susswreumènh enèrgeia pou apeleujerÿjhke me thn anakăruxh thc anexĹrththc PolwnÐac, wjoÔsan touc anjrÿpouc na bgoÔn apì ta spÐtia touc, stic plateÐec, stouc drìmouc kai sta magaziĹ.

H geitoniĹ thc Academicka Street, polÔ kontĹ sto Panepistămio, ătan èna apì ta stèkia twn dianooumènwn thc pìlhc. Sto noÔmero 22 briskìtan to zaqaroplasteÐo tou Zalewski, sto opoÐo sÔqnazan oi Lomnicki, Steinhaus kai Kuratowski. PolÔ kontĹ tou brÐskontan to Café Roma kai to Scottish Café. ArqikĹ, oi majhmatikoÐ sunantioÔntan sto Café Roma kĹje Sabbatìbrado, metĹ tic ebdomadiaÐec sunantăseic tou topikoÔ parartămatoc thc Polwnikăc majhmatikăc etaireÐac. Oi sunantăseic gÐnontan sthn aÐjousa seminarÐwn tou PanepisthmÐou, kai ătan polÔ sÔntomec. Amèswc metĹ, h suzăthsh metaferìtan sto Café Roma. O Banach Ĺrqise na phgaÐnei mazÐ touc, kai exelÐqjhke se kajhmerinì jamÿna tou magazioÔ. PolÔ sÔntoma ìmwc ekneurÐsthke me ton trìpo pou o idioktăthc antimetÿpize ta qrèh tou, kai metèfere ìlh thn parèa sthn apènanti gwnÐa, sto Scottish Café.

O eikonografhmènoc odhgìc thc Lvov tou 1925, shmeiÿnei ìti to Scottish Café briskìtan sto 9 thc Academicka, anăke ston kÔrio Zielinski, kai ătan stèki fÐlwn tou ajlhtismoÔ kai thc logoteqnÐac, kai anjrÿpwn tou PanepisthmÐou. To brĹdu eÐqe kală zwntană mousikă. O suggrafèac tou odhgoÔ den kĹnei eidikă mneÐa stouc majhmatikoÔc: wc to 1925, to Scottish den eÐqe akìma apoktăsei thn eÔnoia tou Banach.

To Scottish Café eÐqe Biennèzikh diakìsmhsh. Oi marmĹrinec epifĹneiec twn mikrÿn trapeziÿn tou ătan ja èlege kaneÐc eidikĹ ftiagmènec gia na filoxenăsoun majhmatikoÔc tÔpouc. Sthn arqă o idioktăthc den ătan kai tìso enjousiÿdhc me autăn thn drasthriìthta. ’Omwc, metĹ apì lÐgo o Zielinski sunăjise na mhn diamartÔretai gia thn {katastrofă} thc periousÐac tou (argìtera, h kurÐa Banach ton lupăjhke kai agìrase èna polusèlido tetrĹdio, to opoÐo exelÐqjhke sto fhmismèno Scottish book). Sto kĹtw-kĹtw, autoÐ pou kĹjontan sta trapèzia tou den ătan tuqaÐoi èfhboi taraxÐec, allĹ sobaroÐ kajhghtèc tou PanepisthmÐou kai tou PoluteqneÐou.

Oi sunantăseic twn majhmatikÿn sto Scottish Café ătan arqikĹ akanìnistec, polÔ sÔntoma ìmwc èginan kajhmerină sunăjeia, kai păran ta qarakthristikĹ alhjinăc ierotelestÐac sthn opoÐa summeteÐqan ìlo kai perissìteroi. Ta arqikĹ {mèlh} ătan oi Banach, Stozek, Ruziewicz, Steinhaus, Kaczmarz, Zylinski, kai o piì kontinìc sunergĹthc tou Banach, o Mazur. Sthn omĹda prosqÿrhsan argìtera oi Nikliborc, Auerbach, Schreier, Schauder, Kuratowski, Nikodym, Ulam, Eilenberg, Orlicz, Eidelheit, Kac, kai Birnbaum. MazeÔontan sto kafeneÐo gÔrw stic 5 me 7 to apìgeuma, kĹjontan pĹnta sta Ðdia trapèzia, kai doÔleuan wc argĹ th nÔqta me apìluth sugkèntrwsh, diakosmÿntac ta trapèzia tou Zielinski me majhmatikoÔc tÔpouc. ’Otan ìmwc lème ìti {doÔleuan me apìluth sugkèntrwsh}, den eÐmaste entelÿc akribeÐc: den upărqe sunĹnthsh qwrÐc asteÐa, zwhrèc suzhtăseic, fwnèc, kai potì. O Banach, gia parĹdeigma, èpine terĹstiec posìthtec kafè kai koniĹk, kai kĹpnize dekĹdec tsigĹra.

OÔte oi suzhtăseic ătan apokleistikĹ majhmatikèc. O Stozek, gia parĹdeigma, èpaize suqnĹ skĹki me ton Nikliborc, kai oi upìloipoi èpinan trigÔrw kai touc peÐrazan. O Auebarch ătan epÐshc maniÿdhc skakistăc. Kanènac den paraponiìtan gia to mètrio faghtì kai potì, ìla katanalÿnontan se megĹlec posìthtec. O Ulam jumĹtai thn atmìsfaira thc epoqăc:

{O Kuratowski kai o Steinhaus emfanÐzontan araiĹ kai poÔ. SÔqnazan se èna eugenèstero teðopoteÐo pou prosèfere ta kalÔtera glukĹ sthn PolwnÐa.

’Htan dÔskolo na xeperĹseic ton Banach, eÐte sth suzăthsh eÐte sto potì. SuzhtoÔsame problămata pou proteÐnontan epÐ tìpou, qwrÐc na broÔme th lÔsh metĹ apì pollèc ÿrec skèyhc. Thn epìmenh mèra, o Banach ja erqìtan kratÿntac diĹfora qartĹkia pou perieÐqan to sqăma twn apodeÐxewn pou eÐqe sumplhrÿsei. An den ătan tèleiec ă an eÐqan kĹpoio mikrì lĹjoc, o Mazur analĹmbane na mpalÿsei tic atèleiec kai na tic fèrei se ikanopoihtikă morfă.

Peritì na poÔme ìti oi majhmatikèc suzhtăseic diakìptontan apì koubènta gÔrw apì thn epistămh, to panepisthmiakì koutsompoliì, thn politikă, thn katĹstash sthn PolwnÐa. To {upìloipo sÔmpan} gia na qrhsimopoiăsoume thn èkfrash tou John von Neumann. H Ĺnodoc tou QÐtler sthn exousÐa kai o fìboc tou pagkosmÐou polèmou ătan basikĹ jèmata suzăthshc.}

H aÐsjhsh tou qioÔmor qaraktărize thn majhmatikă koinìthta thc Lvov. Plăjoc anèkdota kukloforoÔn gia thn epoqă ekeÐnh. ’Otan kĹpoioc diamarturăjhke ston Auerbach, prìedro tìte tou tmămatoc majhmatikÿn, gia thn akatastasÐa pou epikratoÔse sth bibliojăkh twn majhmatikÿn, autìc apĹnthse ìti {to qĹoc eÐnai kalÔtero apì thn tĹxh. MporeÐ mèsa sto qĹoc na mhn breÐc potè autì pou yĹqneic, apokleÐetai ìmwc kai na to qĹseic.}

’Oloi aisjĹnontan Ĺneta sthn Lvov, akìma kai oi xènoi. To 1938, o Steinhaus kanìnise mÐa epÐskeyh tou Lebesgue sto Panepistămio Jan Kazimierz, gia na ton anagoreÔsei epÐtimo didĹktora. Na pÿc perigrĹfei o Kac thn istorÐa:

{Ton kairì thc epÐskeyăc tou, o Lebesgue endiaferìtan piĹ mìno gia ta stoiqeiÿdh majhmatikĹ. Arniìtan na suzhtăsei gia to mètro, to oloklărwma, ta sÔnola Borel kai ta toiaÔta. ’Edwse dÔo dialèxeic, exairetikĹ ìmorfec allĹ exairetikĹ stoiqeiÿdeic: mÐa gia kataskeuèc me kanìna kai diabăth, kai mÐa gia rizikĹ.

H dexÐwsh gia ton Lebesgue ègine sto Scottish Café. Oi parìntec den ătan parapĹnw apì dekapènte, oi kairoÐ ătan piĹ dÔskoloi. O serbitìroc moÐrase touc katalìgouc, kai, nomÐzontac ìti o Lebesgue ătan Polwnìc, èdwse ènan kai sfl autìn. O Lebesgue periergĹsthke ton katĹlogo me polÔ sobarì Ôfoc, kai eÐpe: Merci, je ne mange que des choses bien définies (Euqaristÿ, trÿw mìno kalĹ orismèna prĹgmata).}

Ta majhmatikĹ ătan fusikĹ to kÔrio jèma twn sunantăsewn. O Ulam tic jumĹtai kalĹ:

{Upărqan sÔntomec exĹrseic sth suzăthsh, duì-treÐc grammèc grĹfontan pĹnw sto trapèzi, kĹpoioc xespoÔse xafnikĹ se gèlia, kai akoloujoÔsan makrèc perÐodoi siwpăc, ìpou pÐname kafè kai koitoÔsame anèkfrasta o ènac ton Ĺllon. Oi pelĹtec sta diplanĹ trapèzia èmoiazan aporhmènoi me thn allìkoth sumperiforĹ mac. ’Omwc, aută h epimonă kai h exĹskhsh sth sugkèntrwsh sunistoÔn to piì shmantikì proapaitoÔmeno gia thn aujentikă kai dhmiourgikă majhmatikă douleiĹ.}

O Steinhaus paradeqìtan ìti to trapèzi sto o opoÐo kĹjontan o Banach me ton Mazur (argìtera, kai me ton Ulam), ătan to kèntro tou Scottish Café. MÐa sunĹnthsh krĹthse 17 ÿrec. To apotèlesmĹ thc ătan èna jeÿrhma gia touc qÿrouc Banach, to opoÐo kanènac den ègraye sto qartÐ. Sămera, kaneÐc den xèrei pÿc na to apodeÐxei, giatÐ, ìpwc ègraye o Steinhaus, ìtan èkleise to kafeneÐo, o idioktăthc kajĹrise epimelÿc to trapèzi. Aută ătan h moÐra pollÿn apì ta jewrămata pou apèdeixan o Banach kai oi fÐloi tou. O Steinhaus jumĹtai ton trìpo douleiĹc tou Banach:

{O Banach eÐqe ekeÐnh thn kajarìthta skèyhc pou o Kazimierz Bartel kĹpote apekĹlese {sqedìn dusĹresth}. Potè den empisteuìtan thn tÔqh: suqnĹ èlege ìti h {elpÐda eÐnai h mhtèra twn hlijÐwn}. QrhsimopoioÔse autìn ton aforismì enantÐon thc aisiodoxÐac, tìso sta majhmatikĹ ìso kai sthn politikă. ’Emoiaze me ton Hilbert sfl autì to jèma: afoÔ apèkleie me paradeÐgmata ìla ta monopĹtia pou den ja odhgoÔsan sth lÔsh, èriqne ìlo to bĹroc ston monadikì drìmo pou apèmene. PÐsteue ìti h logikă anĹlush enìc problămatoc, teleÐwc antÐstoiqh me thn anĹlush pou kĹnei ènac skakistăc gia mÐa dÔskolh jèsh, prèpei na odhgeÐ eÐte sthn apìdeixh enìc jewrămatoc ă se èna antiparĹdeigma.

Prèpei pĹntwc na pÿ ìti pollĹ axiìloga apotelèsmata tou Banach kai thc sqolăc tou qĹjhkan, lìgw thc èlleiyhc sqolastikìthtac pou qaraktărize ta mèlh thc sqolăc, kai, prÿton apfl ìlouc, ton Ðdio ton Banach. Autì ătan megĹlh zhmiĹ gia thn Polwnikă epistămh.}

O Andrzej Turowicz sumplhrÿnei:

{Dustuqÿc, autì den eÐnai uperbolă. PisteÔw ìti qĹjhkan perissìtera apfl ìsa sÿjhkan. FusikĹ, o Banach dhmosÐeuse ta shmantikìtera apotelèsmatĹ tou, ìqi ìmwc ìla. Mporÿ na exhgăsw touc lìgouc. Parăgage me tètoio rujmì, pou ătan anÐkanoc na grĹyei kai na dhmosieÔsei ta jewrămatĹ tou. KĹje prìblhma pou èlune ton odhgoÔse se nèa problămata. Katèlhxe na metabibĹzei proforikĹ tic anakalÔyeic tou sthn koinìthta thc Lvov. An dÔo ă treÐc Ĺnjrwpoi kĹjontan na grĹyoun ìsa touc èlege, tìte ìlo to èrgo tou ja eÐqe swjeÐ. ’Omwc, teleÐwc fusikĹ, ìloi ătan aporrofhmènoi me th dikă touc douleiĹ: den ja qarĹmizan to qrìno touc gia na antigrĹyoun ta jewrămata kĹpoiou Ĺllou. An to magnhtìfwno eÐqe anakalufjeÐ sthn epoqă tou, ja upărqe ènac aplìc trìpoc gia na perĹsei sthn istorÐa ìlh h douleiĹ tou. ’Omwc o Banach èzhse prin apì autăn thn qrusă epoqă.}

’Eqei eipwjeÐ kai grafteÐ, sthn PolwnÐa kai alloÔ, ìti h koultoÔra thc douleiĹc sto kafeneÐo eÐnai {o Polwnikìc drìmoc gia thn majhmatikă èreuna}. Me autìn ton ìro perigrĹfetai h omadikă ergasÐa se anorjìdoxa mèrh pou odhgeÐ sth lÔsh ereunhtikÿn problhmĹtwn. O Banach dikaioÔtai ton tÐtlo tou dhmiourgoÔ autoÔ tou stÔl douleiĹc.

To Scottish Book: ti ătan kai pÿc proèkuye? Sămera, eÐnai èna apì ta plèon axiosèbasta keimălia tou majhmatikoÔ kìsmou. ’Opwc sumbaÐnei me kĹje jrÔlo, merikèc apì tic leptomèreiec thc istorÐac tou diafèroun anĹloga me to prìswpo pou tic afhgeÐtai. XekÐnhse polÔ aplĹ, san èna kanonikì sqolikì tetrĹdio me qontrì, zwgrafistì exÿfullo, to opoÐo agìrase h sÔzugoc tou Banach apì èna katĹsthma yilikÿn, sthn timă twn duìmish zlotys. Profanÿc ătan ahdiasmènh apì thn agaphmènh asqolÐa tou suzÔgou thc kai twn fÐlwn tou na lerÿnoun ta trapèzia tou Café me touc logariasmoÔc kai ta majhmatikĹ touc problămata. EÐqe sumfwnhjeÐ na fulĹssoun to tetrĹdio sto bestiĹrio kai na to paradÐdoun stouc majhmatikoÔc ìtan to zhtoÔsan, an kai o Steinhaus isqurizìtan ìti frourìc tou Scottish Book den ătan oÔte o upĹllhloc tou bestiarÐou, oÔte o serbitìroc, oÔte kan o idioktăthc, allĹ o tamÐac tou Café. GrĹfei akìma:

{Ta problămata tou biblÐou grĹfontan stic perittèc selÐdec diadoqikÿn fÔllwn, kai oi pÐsw selÐdec èmenan kenèc perimènontac tic apantăseic pou Ðswc dÐnontan sto mèllon.}

Opoiosdăpote endiaferìtan, mporoÔse na jèsei problămata sto biblÐo, kai opoiosdăpote mporoÔse na grĹyei tic lÔseic tou. Me mÐa ènnoia, to biblÐo ătan mÐa anepÐshmh koină episthmonikă èkdosh. O Kuratowski perigrĹfei ki autìc th gènnhsh tou Scottish Book:

{Sth diĹrkeia twn poluĹrijmwn sunantăsewn pou gÐnontan sto Scottish Café (to agaphmèno café twn majhmatikÿn thc Lvov), to plăjoc twn nèwn problhmĹtwn pou diatupÿnontan auxanìtan me tètoiouc rujmoÔc pou kĹpoia stigmă apofasÐsthke ìti ătan skìpimo na grĹfontai se èna eidikì shmeiwmatĹrio, to opoÐo ja fulagìtan mìnima sto Café. ’Etsi, gennăjhke to jrulikì Scottish Book. Apèkthse shmantikă episthmonikă, sunaisjhmatikă, kai istorikă axÐa, lìgw twn onomĹtwn pou suneisèferan sfl autì: anĹmesĹ touc brÐskontan kai polloÐ diakekrimènoi xènoi.}

To prÿto prìblhma pou mpăke sto BiblÐo, tèjhke apì ton Banach stic 17 IoulÐou tou 1935. Mèqri to 1941, pou to BiblÐo èkleise, 193 problămata eÐqan katagrafeÐ apì dekĹdec PolwnoÔc kai xènouc majhmatikoÔc. Den ătan omoiìmorfa katanemhmèna anĹmesa stouc pistoÔc jamÿnec thc ierotelestÐac tou Scottish Café. O Banach prosèfere 14 mìnoc tou (kai Ĺlla 11 apì koinoÔ me touc Mazur kai Ulam), o Ulam 40 (ki Ĺlla 15 mazÐ me Ĺllouc), o Mazur 24 (ki Ĺlla 19 mazÐ me Ĺllouc). AutoÐ oi treÐc safÿc kuriarqoÔsan sth sugkomidă. O Steinhaus prosèfere 10 problămata, kai oi Ĺlloi taktikoÐ jamÿnec (Ruziewicz, Auerbach, Kac, Eilenberg, Orlicz, Nikliborc kai Schreier) apì 5-6 o kajènac. Se diĹfora shmeÐa emfanÐzontai problămata pou èjetan diakekrimènoi proskeklhmènoi episkèptec: Frechet, Zygmund, Offord, Kampe, de Feriet, von Neumann, Sobolev, kai Lyusternik.

Oi summetoqèc den ătan omoiìmorfa katanemhmènec sto qrìno. Apì ta 193 problămata tou BiblÐou, ta 122 mpăkan sfl autì stouc prÿtouc èxh mănec thc zwăc tou. Katìpin Ĺrqise h fjÐnousa poreÐa: 32 to 1936, 13 to 1937, 9 to 1938, 4 to 1939, 7 to 1940, kai 4 to 1941. ’Opwc grĹfei o Ulam,

{pollĹ apì ta problămata upărqan prin to 1935. Ginìtan leptomerăc anĹlush gia thn patrìthtĹ touc prin apodojoÔn se kĹpoio sugkekrimèno Ĺtomo. H pleioyhfÐa twn problhmĹtwn pou proteÐnontan suzhtoÔntan se bĹjoc prin jewrhjoÔn Ĺxia gia na kataqwrhjoÔn episămwc sto biblÐo. Merikèc ìmwc forèc ta problămata lÔnontan epÐ tìpou, kai tìte oi apantăseic èmpainan amèswc sto pÐsw fÔllo.}

Sta lÐga qrìnia thc pragmatikăc tou zwăc, to Scottish Book antanakloÔse thn Ðdia th zwă thc Lvov. Amèswc metĹ thn arqă tou deutèrou pagkosmÐou polèmou, thn 1h SeptembrÐou tou 1939, h pìlh prosartăjhke apì th Sobietikă ’Enwsh, kai onìmata Sobietikÿn majhmatikÿn ìpwc oi Bogolubov, Aleksandrov, Sobolev kai Lyusternik Ĺrqisan na emfanÐzontai sto biblÐo, shmĹdi tou endiafèrontoc twn nèwn dunĹmewn gia th douleiĹ thc majhmatikăc sqolăc thc Lvov. To teleutaÐo prìblhma pou mpăke sto biblÐo ătan tou Steinhaus stic 31 MaÐou tou 1941, kai perieÐqe mÐa mĹllon parĹxenh sullogă apì arijmhtikĹ apotelèsmata pou aforoÔsan diamerÐseic spÐrtwn se èna spirtìkouto! MetĹ to xekÐnhma twn eqjropraxiÿn anĹmesa sto RĹiq kai th Sobietikă ’Enwsh, kai thn katĹlhyh thc pìlhc apì ta GermanikĹ strateÔmata to kalokaÐri tou 1941, to biblÐo stamĹthse na dèqetai problămata.

Prin xespĹsei o pìlemoc, kĹpoioi majhmatikoÐ eÐqan arqÐsei na kĹnoun sqèdia gia th fÔlaxh tou BiblÐou. SÔmfwna me ton Ulam,

{...to kalokaÐri tou 1939, sthn teleutaÐa mou epÐskeyh sth Lvov kai lÐgec mèrec prin thn epistrofă mou stic Hnwmènec PoliteÐec, suzhtoÔsa me ton Mazur to endeqìmeno tou polèmou (Shm: apì to 1935 kai metĹ, o Ulam metakìmise sto Princeton, kai metĹ sto Harvard, pernoÔse ìmwc ta kalokaÐria tou sthn PolwnÐa). GenikĹ, oi Ĺnjrwpoi perÐmenan Ĺllh mÐa krÐsh tÔpou MonĹqou, kai den ătan proetoimasmènoi gia ènan Pagkìsmio Pìlemo. O Mazur eÐpe:

{To endeqìmeno pagkosmÐou polèmou den apokleÐetai. Ti ja kĹnoume me to Scottish Book kai tic anèkdotec sunergasÐec mac? PhgaÐneic stic Hnwmènec PoliteÐec, kai ekeÐ ja eÐsai asfalăc. An bombardisteÐ h pìlh, ja mazèyw ta qeirìgrafa kai to BiblÐo, ja ta bĹlw se èna kibÿtio kai ja to jĹyw.}

ApofasÐsame akìma kai thn topojesÐa: dÐpla sto tèrma, se èna găpedo podosfaÐrou sta proĹstia thc pìlhc. Den xèrw an ègine akribÿc ètsi. PĹntwc, to Scottish Book epèzhse ston pìlemo, qwrÐc na pĹjei to paramikrì. MetĹ ton pìlemo, o Steinhaus mou èsteile èna antÐgrafo. To 1957, to metèfrasa sta AgglikĹ kai to èsteila se diĹforouc fÐlouc-majhmatikoÔc, stic Hnwmènec PoliteÐec kai alloÔ.}

Sto International Congress tou EdimboÔrgou, to 1958, o Ulam etoÐmase fwtotuphmèna antÐgrafa tou Scottish Book gia touc sunèdrouc. ExaitÐac tou onìmatìc tou, arqikĹ prokĹlese megĹlh aÐsjhsh anĹmesa stouc oikodespìtec Skwtsèzouc, oi opoÐoi apogohteÔthkan ìtan èmajan ìti h sqèsh tou me th SkwtÐa ătan mÐa aplă sunwnumÐa.

PollĹ apì ta problămata tou Scottish Book èpaixan shmantikì rìlo sthn anĹptuxh thc sunarthsiakăc anĹlushc kai Ĺllwn klĹdwn twn majhmatikÿn. To prìblhma tou Mazur (upfl arijmìn 153, me hmeromhnÐa 6 NoembrÐou 1936) gia thn Ôparxh bĹshc Schauder stouc diaqwrÐsimouc qÿrouc Banach èmeine èna apì ta kentrikĹ anoiktĹ problămata thc sunarthsiakăc anĹlushc mèqri to 1972, opìte o

Souhdìc majhmatikìc Per Enflo (tÿra sto Panepistămio Kent tou Ohio) èdwse arnhtikă apĹnthsh. O Mazur eÐqe uposqejeÐ èna èpajlo -mÐa zwntană qăna- gia ìpoion èlune to prìblhma, kai to brabeÐo dìjhke pragmatikĹ apì ton Ðdio to Mazur ston Enflo, o opoÐoc episkèfthke th BarsobÐa kai èdwse dialèxeic gia th lÔsh tou. ’Htan èna gegonìc pou problăjhke polÔ apì ta mèsa. ’Htan sunhjismèno ta problămata tou BiblÐou na sunodeÔontai apì brabeÐa. O Mazur ătan o piì drastărioc sfl autìn ton tomèa, allĹ me thn exaÐresh thc qănac, ta brabeÐa tou ătan mĹllon pezĹ: duì-trÐa mpoukĹlia mpÔra ă èna mpoukĹli krasÐ. O eupatrÐdhc Steinhaus prosèfere mìno dÔo brabeÐa: to èna ătan 100 grammĹria qabiĹri, kai to Ĺllo èna deÐpno sto sik estiatìrio tou George. O Banach uposqèjhke brabeÐo mìno mÐa forĹ: èna mpoukĹli krasÐ.

Oi xènoi emfanÐzontai stic selÐdec tou BiblÐou me piì exwtikĹ brabeÐa. O von Neumann me èna mpoukĹli ouÐsku mètrou > 0, o Ward me èna geÔma sto Cambridge, kai o Wavre me fontÔ sth GeneÔh. Den eÐnai safèc an kĹluptan kai ta èxoda tou taxidioÔ. Oi SobietikoÐ katakthtèc prosèferan eortastikĹ oinopneumatÿdh: mprĹntu apì ton Bogolubov, sampĹnia apì ton Lyusternik. EkeÐnh thn epoqă, o topikìc plhjusmìc, exantlhmènoc apì thn peÐna kai thn katoqă thc pìlhc, den eÐqe kammÐa diĹjesh gia giortèc, kai strĹfhke se piì praktikĹ brabeÐa. Thn pagwmènh 8h FebrouarÐou tou 1940, o Stanislaw Saks prosèfere èna kilì mpèikon gia èna prìblhma sqetikì me ufarmonikèc sunartăseic.

MetĹ ton pìlemo, to prwtìtupo tou Scottish Book ărje sthn katoqă thc gunaÐkac tou Banach, h opoÐa to èfere sthn Wroclaw. MetĹ to jĹnato thc Lucja Banach to 1954 -ston tĹfo thc grĹfthke {sÔzugoc majhmatikoÔ}- to Scottish Book pèrase sta qèria tou gioÔ tou Banach, neuroqeirourgoÔ sth BarsobÐa, pou to èqei wc tÿra. Sth dekaetÐa tou 1980, ektèjhke sto Banach Center tou InstitoÔtou Majhmatikÿn thc Polwnikăc AkadhmÐac Episthmÿn sthn BarsobÐa. To 1981, to BiblÐo ekdìjhke apì thn Birkhäuser, me majhmatikĹ kai istorikĹ sqìlia apì ton Daniel Mauldin.

O Steinhaus, o opoÐoc egkatastĹjhke sthn Wroclaw, parăggeile na tou agorĹsoun èna nèo tetrĹdio. To onìmase New Scottish Book. QrhsimopoieÐtai apì to 1946, kai ta perieqìmenĹ tou ekdÐdontai taktikĹ sto Colloquium Mathematicum, èna majhmatikì periodikì pou Ðdruse o Edward Marczewski. ’Epaixe rìlo anĹlogo me autìn tou Scottish Book, an bèbaia afairèsoume ton Banach kai to Scottish Café. ArqikĹ fulagìtan sthn koină bibliojăkh tou PanepisthmÐou thc Wroclaw kai tou Tomèa Majhmatikÿn tou PoluteqneÐou, kai, metĹ to 1970, metakinăjhke sto nèo ktÐrio tou InstitoÔtou Majhmatikÿn. ’Etsi, suneqÐsthke h parĹdosh tou Scottish Book.

10.7 Ta teleutaÐa qrìnia

Stic 17 SeptembrÐou tou 1939, metĹ to sÔmfwno Ribbentrop-Molotov, h Sobietikă ’Enwsh mpăke ston pìlemo, kai, polÔ sÔntoma, ta SobietikĹ strateÔmata katèlaban thn Lvov. H Sobietikă katoqă sunodeÔthke apì mazikoÔc diwgmoÔc kai talaipwrÐa tou PolwnikoÔ plhjusmoÔ.

Amèswc zhtăjhkan plhroforÐec gia ton Banach. Oi SobietikoÐ majhmatikoÐ ektimoÔsan polÔ th suneisforĹ tou sthn epistămh, kai eÐqan deÐxei pollèc forèc autăn touc thn ektÐmhsh. ’Etsi, o Banach diathroÔse kalèc sqèseic me touc Rÿsouc kai touc OukranoÔc. To nèo kajestÿc tou prosèfere mÐa jèsh kajhghtă sto Jan Kazimierz -to opoÐo metonomĹsthke se Ivan Franko proc timăn enìc OukranoÔ poihtă- thn Ðdia stigmă pou plăjoc OukranoÐ èrqontan na analĹboun jèseic apì to KÐebo kai to QĹrkobo. O Banach ègine kosmătorac thc fusikomajhmatikăc sqolăc kai dieujuntăc tou tomèa majhmatikăc anĹlushc. Sto Ðdio tmăma, brăkan douleiĹ oi Orlicz, Saks kai Knaster. MetĹ apì prìsklhsh, taxÐdeye sth Mìsqa. To biblÐo tou Theory of Linear Operations metafrĹsthke amèswc sta OukranikĹ. SobietikoÐ majhmatikoÐ ìpwc oi Bermant kai Lyusternik taxÐdeyan apì th Mìsqa sth Lvov. ’Otan o Bermant rwtăjhke poiĹ ătan ta piì spoudaÐa majhmatikĹ kèntra thc Sobietikăc ’Enwshc, apĹnthse: {h Mìsqa eÐnai sthn prÿth jèsh. Gia th deÔterh den eÐmai bèbaioc. ’Iswc to Leningrad, Ðswc h Lvov}.

EkeÐnh thn epoqă, h zwă tou Banach den Ĺllaxe polÔ. DÐdaske, sunèqize thn èreunĹ tou, eÐqe tic dioikhtikèc tou asqolÐec, episkeptìtan to Scottish Café, kai ègrafe sqolikĹ biblÐa. Sta tèlh tou 1940, h {Kìkkinh ShmaÐa}, epÐshmh Sobietikă efhmerÐda thc Lvov ekeÐnh thn perÐodo, anafèrei me to amÐmhto stÔl thc:

{...Sto Panepistămio thc Lvov, to kamÐni thc gnÿshc twn Dutikÿn eparqiÿn thc DhmokratÐac mac, douleÔoun polloÐ diakekrimènoi epistămonec pou - kĹtw apì tic exairetikĹ eunoðkèc sunjăkec pou dhmiourgeÐ h Sobietikă dÔnamh - prowjoÔn ta platiĹ touc progrĹmmata. Sto Panepistămio thc Lvov upĹrqoun 65 episthmonikĹ tmămata kai tomeÐc, kai ta mèlh touc ergĹzontai se 477 diaforetikĹ episthmonikĹ progrĹmmata.}

ParakĹtw, upĹrqoun sugkekrimènec plhroforÐec gia ton Banach:

{...Oi Kajhghtèc Banach kai Schauder grĹfoun èna ekpaideutikì biblÐo jewrhtikăc mhqanikăc.}

H Ðdia efhmerÐda mĹc plhroforeÐ ìti to 1940 o Banach eklèqjhke dhmotikìe sÔmbouloc sthn Lvov. EÐnai gnwstì ìti qrhsimopoÐhse thn epirroă tou gia na bohjăsei thn diwkìmenh Polwnikă koinìthta. Oi polÔ stenoÐ desmoÐ tou me touc SobietikoÔc epistămonec suneqÐsthkan. O Pavel Aleksandrov, spoudaÐoc Sobietikìc topolìgoc, ègraye argìtera ston Kuratowski: {ekeÐna ta qrìnia, gnwristăkame kalĹ me ton Banach, ton opoÐo eÐqa gnwrÐsei sthn Lvov. MĹc episkèfthke pollèc forèc sth Mìsqa ìpou eÐqa thn timă na ton filoxenăsw kai sto spÐti mou}. Thn Ðdia epoqă, o Banach eklèqthke antepistèllon mèloc thc Oukranikăc AkadhmÐac Episthmÿn sto KÐebo.

H katĹrghsh tou sumfÿnou Ribbentrop-Molotov kai h Germanikă eisbolă sthn Sobietikă ’Enwsh brăkan ton Banach sto KÐebo, ìpou parakoloujoÔse èna majhmatikì sunèdrio. Amèswc epibibĹsthke se èna traÐno -to teleutaÐo pou èfeuge apì to KÐebo proc thn Lvov- kai, agnoÿntac ton kÐnduno, epèstreye sthn oikogèneiĹ tou. Ton IoÔnio tou 1941, ìtan ta strateÔmata tou QÐtler mpăkan sthn Lvov, oi Banach brèjhkan se polÔ dÔskolh jèsh. O Banach fobìtan ìti oi GermanoÐ ja tou zhtoÔsan na logodotăsei gia tic egkĹrdiec sqèseic tou me touc SobietikoÔc.

AllĹ kai to gegonìc ìti anăke sthn Polwnikă pneumatikă elÐt ton èjete se kÐnduno. Sunelăfjh apì thn Gestapo me thn kathgorÐa ìti emporeuìtan me germanikì sunĹllagma, allĹ afèjhke eleÔjeroc metĹ apì lÐgec ebdomĹdec. KĹpoioi apì touc noikĹrhdèc tou ătan ìpwc faÐnetai mplegmènoi se tètoiec drasthriìthtec. Akìma kai mèsa sth fulakă, katĹfere na apodeÐxei merikĹ jewrămata.

O Jósef Sieradzki, kĹtoikoc thc Lvov sth diĹrkeia thc Sobietikăc katoqăc, perigrĹfei thn atmìsfaira pou basÐleue sthn pìlh:

{Mporÿ na pÿ qwrÐc uperbolă ìti pejaÐname kĹje forĹ pou xhmèrwne. O Ôpnoc ătan h mình mac anakoÔfish. ’Omwc, akìma ki autèc oi spĹniec ÿrec pou o kajènac apì mĹc - katĹkopoc kai ekneurismènoc apì thn apaÐsia katanagkastikă ergasÐa pou mĹc epèbalan - èbriske katafÔgio ston makrinì kai qamèno kìsmo twn palaiÿn episthmonikÿn tou enasqolăsewn, èpayan na upĹrqoun me ton erqomì twn Germanÿn.}

’Htan mÐa tragikă epoqă. Me entolă tou Himmler, h pneumatikă elÐt thc Lvov exafanÐsthke oloklhrwtikĹ. Sthn KrakobÐa, oi kajhghtèc eÐqan sullhfjeÐ me sunoptikèc diadikasÐec kai eÐqan staleÐ se stratìpeda sugkèntrwshc dÔo qrìnia nwrÐtera. H exolìjreush twn dianooumènwn thc Lvov eÐqe sqediasteÐ ădh apì to 1939. EÐqan katartisteÐ dÔo lÐstec anjrÿpwn pou ja ekteloÔntan. H prÿth perieÐqe onìmata episthmìnwn pou doÔleuan sthn Poluteqnikă kai thn Emporikă Sqolă. H deÔterh, onìmata kajhghtÿn tou PanepisthmÐou. Oi proetoimasÐec eÐqan gÐnei sqolastikĹ: akìma kai o tìpoc twn ektelèsewn eÐqe proepilegeÐ. Ta dolofonikĹ autĹ sqèdia efarmìsthkan me plărh mustikìthta, se antÐjesh me tic proklhtikĹ dhmìsiec ektelèseic thc KrakobÐac pou eÐqan foberì antÐktupo sthn Dutikă koină gnÿmh. EidikĹ ekpaideumènoi {ekkajaristèc} emfanÐsthkan, anèlaban drĹsh akribÿc pÐsw apì ta strateÔmata pou păgainan mprostĹ, èkanan th douleiĹ, kai exafanÐsthkan. ’Olh aută h drasthriìthta emfanÐsthke wc anexĹrthth apì thn kajodăghsh thc Wehrmacht.

Th nÔqta thc 3hc IoulÐou tou 1941, 40 PolwnoÐ epistămonec, kajhghtèc, suggrafeÐc kai dianooÔmenoi ektelèsthkan apì touc NazÐ kai touc OukranoÔc ejnikistèc thc {Nachtigall}. AnĹmesĹ touc ătan oi fÐloi kai sunĹdelfoi tou Banach, Wlodzimierz Stozek, Antoni Lomnicki, kai Stanislaw Ruziewicz.

Autèc oi ektelèseic ătan mìno h arqă miĹc ektetamènhc epÐjeshc pou eÐqe skopì thn katastrofă thc pneumatikăc zwăc thc Lvov. MetĹ ton pìlemo, o Jósef Sieradzki prospĹjhse na breÐ kĹpoia logikă exăghsh gia to makeleiì:

{...Ta GermanikĹ egklămata eÐqan th jewrÐa kai th mejodologÐa touc. An kaneÐc meletăsei thn proèleush kai thn yuqologÐa autÿn twn egklhmĹtwn, odhgeÐtai se èna polÔploko kai skoteinì topÐo, o stìqoc ìmwc twn ektelèsewn thc Lvov, thn Ðdia mèra pou o Himmler episkeptìtan thn pìlh, eÐnai teleÐwc profanăc. Ta pĹnta èginan me astrapiaÐa taqÔthta, qwrÐc profĹseic kai nomikèc diadikasÐec. H katastrofă oloklhrÿjhke tìso grăgora pou akìma kai kĹpoiec Germanikèc arqèc piĹsthkan ston Ôpno. LÐgec mèrec metĹ tic ektelèseic, apestalmènoi etairiÿn petrelaÐou apì to BerolÐno, prospĹjhsan na plhsiĹsoun ton Kajhghtă Pilat - diejnoÔc kÔrouc eidikì sthn teqnologÐa tou petrelaÐou - o opoÐoc eÐqe mìlic dolofonhjeÐ.

UpĹrqoun apodeÐxeic gia to ìti oi lÐstec twn jumĹtwn eÐqan katartisteÐ apì to 1938-39: Thn hmèra thc epÐjeshc, Ĺnjrwpoi thc Gestapo èyaqnan dÔo epistămonec pou eÐqan ădh pejĹnei sthn perÐodo 1939-41. Ton dermatolìgo Leszczynski kai ton ofjalmolìgo Bednarski. PeÐsthkan gia to jĹnatì touc mìno ìtan oi qărec touc parousÐasan ta pistopoihtikĹ janĹtou.

Sqedìn ìla ta onìmata thc lÐstac eÐqan plăjoc dhmosieÔsewn, shmantikèc anakalÔyeic, diejnă brabeÐa, diakrÐseic kai metĹllia. Oi GermanoÐ touc exafĹnisan, akribÿc ìpwc eÐqan kĹnei merikoÔc aiÿnec nwrÐtera sto Gdansk, mìno kai mìno giatÐ ătan SlĹboi kai PolwnoÐ.}

O Banach epèzhse apì autăn thn epidromă. Oi sunjăkec ìmwc kĹtw apì tic opoÐec anagkĹsthke na zăsei sth diĹrkeia thc Nazistikăc katoqăc, ătan polÔ sklhrèc. H Jadwiga Hallaunbrenner, majhmatikìc apì thn Lvov, pou o Ĺntrac thc Michal ătan fusikìc, jumĹtai:

{O Banach mĹc episkeptìtan suqnĹ. O Ĺntrac mou eÐqe katafèrei na breÐ douleiĹ sthn Viehverband, mÐa epiqeÐrhsh pou paraskeÔaze loukĹnika deutèrac dialogăc. ’Eferne sto spÐti èna kilì krèac th bdomĹda, to qeirìtero eÐdoc loukĹnikou. Katèbaza ta rollĹ thc kouzÐnac kai èftiaqna èna kazĹni fasìlia me krèac. To brĹdu mĹc episkèptontan o Stefan Banach, o Tadeusz Riedl, o kajhghtăc filologÐac Kazimierz Branczyk, kai merikoÐ Ĺlloi pou den jumĹmai. O Banach ătan exoujenwmènoc, limoktonoÔse kai èsbhne, enÿ prin ton pìlemo ătan polÔ dunatìc kai tetrĹgwnoc. MetĹ to deÐpno, Ĺrqizan th suzăthsh: gia thn katĹstash sto mètwpo, thn anamonă twn summĹqwn, to Anatolikì mètwpo, ta nèa sthn PolwnÐa, thn Lvov, tic pijanìthtec epibÐwshc.}

H Ĺsqhmh fusikă katĹstash tou Banach den ătan mìno apotèlesma thc genikăc peÐnac, allĹ kai thc douleiĹc tou: ătan {ektrofeÔc yeirÿn} sto Bakthriologikì InstitoÔto tou Rudolf Weigl. ’Arqise na douleÔei ekeÐ to fjinìpwro tou 1941. To epĹggelma autì eÐqe kai ta kalĹ tou. MÐa eidikă kĹrta tou InstitoÔtou, h opoÐa tou epètrepe na epibiÿsei me sqetikă asfĹleia sthn katoqă. O giìc tou Ruziewicz jumĹtai autăn thn perÐodo:

{... To InstitoÔto prosèlabe sqedìn ìlouc ìsouc eÐqan Ĺmesh ă èmmesh sqèsh me thn epistămh, dhladă thn pleioyhfÐa thc dianìhshc sthn Lvov. DoÔleua ki egÿ sto InstitoÔto tou Weigl. Kajìmastan se èna makrÔ xÔlino trapèzi kai taðzame tic yeÐrec. JumĹmai ìti sqedìn autìmata Ĺrqisan na sqhmatÐzontai koinwnikèc omĹdec. Upărqe èna trapèzi sto opoÐo ìloi oi ektrofeÐc ătan kajhghtèc twn anjrwpistikÿn episthmÿn. O Banach kai o Knaster kĹjontan sto Ðdio trapèzi, kai èdinan thn entÔpwsh ìti ătan aporrofhmènoi se majhmatikèc suzhtăseic. GnwrÐzw ìti sth diĹrkeia tou polèmou o Banach parèdide majămata sto giì tou Tadeusz Riedl.}

O Banach doÔleye {stic yeÐrec} mèqri ton IoÔlio tou 1944, opìte èlhxe h Nazistikă katoqă. Stic 27 IoulÐou, ta SobietikĹ strateÔmata xanampăkan sthn Lvov. O Banach ananèwse tic Rwsikèc epafèc tou kai summeteÐqe energĹ sthn Panslabikă Antifasistikă Epitropă, mÐa orgĹnwsh pou upostărizan oi SobietikoÐ. H epitropă {...dhmiourgăjhke ton AÔgousto tou 1941, prowjoÔse thn antÐstash twn SlĹbwn katĹ tou germanikoÔ fasismoÔ, kai enhmèrwne thn koină gnÿmh gia ta nazistikĹ egklămata sth Sobietikă ’Enwsh, thn PolwnÐa, th GiougkoslabÐa, kai Ĺllec qÿrec}. EkeÐnh thn epoqă, o Sobolev sunantoÔse suqnĹ ton Banach sto Uzkov, èna jèretro lÐgo èxw apì th Mìsqa:

{ParĹ ta Ðqnh pou eÐqe afăsei pĹnw tou o pìlemoc, kai parĹ thn arrÿstia pou ton eÐqe exasjenÐsei, o Banach diathroÔse th zwntĹnia sta mĹtia tou. ’Htan o Ðdioc koinwnikìc, euqĹristoc kai gohteutikìc Stefan Banach pou eÐqa deÐ sthn Lvov prin ton pìlemo. ’Etsi ton jumĹmai: spĹnia aÐsjhsh tou qioÔmor, enèrgeia, ìmorfh yuqă, megĹlo talènto.}

Amèswc prosfèrjhke mÐa èdra tou Jagiellonian ston Banach. Thn dèqthke me qarĹ, afoÔ ja dieukìlune kai ton epanapatrismì tou apì thn Oukranikă plèon Lvov sthn PolwnÐa. O Banach parèmene prìedroc thc Polwnikăc Majhmatikăc EtairÐac, kai h nèa - epibeblhmènh apì touc SobietikoÔc- kubèrnhsh thc PolwnÐac tou prosèfere th jèsh tou UpourgoÔ PaideÐac. ’Omwc, parĹ tic prospĹjeiec twn giatrÿn, to dialumèno shkÿti tou kai o karkÐnoc tou fĹrugga ton katèbalan.

O Banach pèjane stic 31 AugoÔstou tou 1945, sthn Lvov. ’Htan mìlic 53 etÿn, gemĹtoc sqèdia gia to mèllon. Ta nèa gia tic epituqÐec twn prÿhn majhtÿn tou stic Hnwmènec PoliteÐec eÐqan arqÐsei na ftĹnoun. Oi topikèc efhmerÐdec thc periìdou deÐqnoun to jrăno thc episthmonikăc koinìthtac thc Lvov. Pènte ergasÐec kai èna biblÐo tou Banach kuklofìrhsan metĹ to jĹnatì tou. EÐqe doulèyei gifl autĹ sta qrìnia tou polèmou.

10.8 EpÐlogoc

Pollèc marturÐec bebaiÿnoun ìti o Banach den endiaferìtan gia tÐpota èxw apì ta majhmatikĹ. ’Opwc grĹfei o Steinhaus,

{O Banach ătan prÿta apfl ìla majhmatikìc. H politikă den ton endièfere kai polÔ, h omorfiĹ thc fÔshc den ton entupwsÐaze, h tèqnh kai h logoteqnÐa ătan gifl autìn deutereÔousec apolaÔseic, sÔntoma dialeÐmata apì th douleiĹ.} ’Opwc kai nĹ eÐnai, plăjoc istorÐec anatrèpoun thn eikìna thc monìpleurhc kai adiĹforhc gia ìla majhmatikăc diĹnoiac. Piì qarakthristikă eÐnai h jrulikă sunĹnthsh tou Banach me ton von Neumann:

O von Neumann episkèfthke thn PolwnÐa treÐc forèc prin ton pìlemo. KĹje forĹ, me proswpikèc odhgÐec tou Wiener, tou patèra thc kubernhtikăc, prospĹjhse na peÐsei ton Banach na metanasteÔsei stic Hnwmènec PoliteÐec. H teleutaÐa tou epÐskeyh sthn Lvov ătan to 1937. Apantÿntac sthn prosforĹ tou, o Banach rÿthse:

{Kai pìsa eÐnai diatejeimènoc na plhrÿsei o Wiener?} {Autì to èqoume ădh frontÐsei} apĹnthse gemĹtoc autopepoÐjhsh o Amerikanìc, bĹzontac to qèri sthn tsèph. {Autì eÐnai èna tsek me thn upografă tou Wiener. ’Eqei shmeiÿsei mìno to yhfÐo 1, mporeÐc na prosjèseic dÐpla ìsa mhdenikĹ nomÐzeic ìti apaitoÔntai}.

O Banach skèfthke thn prìtash gia miĹ stigmă, kai apĹnthse: {autì to posì eÐnai polÔ mikrì gia na afăsw thn PolwnÐa}.