Sunarthsiakă AnĹlush

Panepisthmio Krhthc Tmhma Majhmatikwn Anoixh 2001

2

Perieqìmena

1 Eisagwgă 5 1.1 Qÿroi me nìrma . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5 1.2 To jeÿrhma tou Baire . . . . . . . . . . . . . . . . . . . . . . . . . . 7 1.3 Anisìthtec . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10 1.4 KlasikoÐ qÿroi Banach . . . . . . . . . . . . . . . . . . . . . . . . . 15 1.5 Plărwsh . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

2 Fragmènoi telestèc 25 2.1 Fragmènoi grammikoÐ telestèc . . . . . . . . . . . . . . . . . . . . . 25 2.2 KlasikoÐ duðkoÐ qÿroi . . . . . . . . . . . . . . . . . . . . . . . . . . 33 2.3 Qÿroc phlÐko . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36 2.4 Qÿroi peperasmènhc diĹstashc . . . . . . . . . . . . . . . . . . . . . 38

3 To Jeÿrhma Hahn-Banach 45 3.1 GrammikĹ sunarthsoeidă kai uperepÐpeda . . . . . . . . . . . . . . . . 45 3.2 To Lămma tou Zorn . . . . . . . . . . . . . . . . . . . . . . . . . . . 47 3.3 To Jeÿrhma Hahn - Banach . . . . . . . . . . . . . . . . . . . . . . . 48 3.4 DiaqwristikĹ jewrămata . . . . . . . . . . . . . . . . . . . . . . . . . 56

4 Telestèc se qÿrouc Banach 61 4.1 H arqă tou omoiìmorfou frĹgmatoc . . . . . . . . . . . . . . . . . . 61 4.2 To jeÿrhma anoiqtăc apeikìnishc kai to jeÿrhma kleistoÔ grafămatoc 65 4.3 BĹseic Schauder . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70 4.4 DeÔteroc duðkìc kai autopĹjeia . . . . . . . . . . . . . . . . . . . . . 73

5 Stoiqeiÿdhc jewrÐa qÿrwn Hilbert 79 5.1 Qÿroi Hilbert . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79 5.2 Kajetìthta . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82 5.3 Orjokanonikèc bĹseic . . . . . . . . . . . . . . . . . . . . . . . . . . 86

6 Fasmatikă jewrÐa 91 6.1 To fĹsma enìc telestă . . . . . . . . . . . . . . . . . . . . . . . . . 91 6.2 O suzugăc telestăc . . . . . . . . . . . . . . . . . . . . . . . . . . . 97

6.3 SumpageÐc telestèc . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102 6.4 SumpageÐc telestèc se qÿrouc Hilbert . . . . . . . . . . . . . . . . . 109 6.5 SumpageÐc telestèc se qÿrouc Banach . . . . . . . . . . . . . . . . . 118 6.6 Efarmogèc stic oloklhrwtikèc exisÿseic . . . . . . . . . . . . . . . . 121 6.7 AnalloÐwtoi upìqwroi - to jeÿrhma tou Lomonosov . . . . . . . . . 126

KefĹlaio 1

Eisagwgă

1.1 Qÿroi me nìrma

§1. ’Estw X ènac grammikìc qÿroc pĹnw apì to K (R ă C ). MÐa sunĹrthsh ‖ · ‖ : X → R lègetai nìrma an ikanopoieÐ ta exăc:

(a) ‖x‖ ≥ 0 gia kĹje x ∈ X kai ‖x‖ = 0 an kai mìno an x = 0. (b) ‖ax‖ = |a| · ‖x‖ gia kĹje x ∈ X, a ∈ K . (g) ‖x + y‖ ≤ ‖x‖ + ‖y‖ gia kĹje x, y ∈ X. O arijmìc ‖x‖ lègetai nìrma tou dianÔsmatoc x ∈ X. To zeugĹri (X, ‖ · ‖) eÐnai ènac qÿroc me nìrma.

Ston Ðdio grammikì qÿro X mporeÐ na jewrăsoume diĹforec nìrmec. ’Otan meletĹme mÐa sugkekrimènh nìrma pĹnw ston X, ja grĹfoume X antÐ tou (X, ‖ · ‖). §2. H nìrma ‖ · ‖ epĹgei me fusiologikì trìpo mÐa metrikă d ston X. An x, y ∈ X, orÐzoume d(x, y) = ‖x − y‖. EÔkola elègqoume ìti h d ikanopoieÐ ta axiÿmata thc metrikăc. Epiplèon, h d eÐnai sumbibastă me thn grammikă domă tou qÿrou:

(a) h d eÐnai analloÐwth wc proc metaforèc, dhladă d(x + z, y + z) = d(x, y) gia kĹje x, y, z ∈ X. (b) h d eÐnai omogenăc, dhladă d(ax, ay) = |a|d(x, y) gia kĹje x, y ∈ X kai a ∈ K . §3. JewroÔme gnwstă thn stoiqeiÿdh jewrÐa twn metrikÿn qÿrwn. DÐnoume mìno kĹpoiouc orismoÔc gia na sunennohjoÔme gia ton sumbolismì. H anoiktă mpĹla me kèntro to x ∈ X kai aktÐna r > 0 eÐnai to sÔnolo D(x, r) = {y ∈ X : ‖x − y‖ < r}. H kleistă mpĹla me kèntro to x ∈ X kai aktÐna r > 0 eÐnai to sÔnolo B(x, r) = {y ∈ X : ‖x − y‖ ≤ r}.

H sfaÐra me kèntro to x ∈ X kai aktÐna r > 0 eÐnai to sÔnolo S(x, r) = {y ∈ X : ‖x − y‖ = r}. Paratărhsh: Apì to gegonìc ìti h d eÐnai analloÐwth wc proc metaforèc èpetai ìti D(x, r) = x + D(0, r) := {x + z : ‖z‖ < r} dhladă oi perioqèc tou x prokÔptoun me metaforĹ twn perioqÿn tou 0 katĹ x. EpÐshc, an s, r > 0 tìte D(0, sr) = sD(0, r) := {sz : z ∈ D(0, r)}. Autì prokÔptei eÔkola apì to ìti h d eÐnai omogenăc. Me Ĺlla lìgia, an gnwrÐzoume thn anoiktă (ă thn kleistă) mpĹla me kèntro to 0 kai aktÐna 1, tìte gnwrÐzoume tic perioqèc kĹje shmeÐou tou X. GrĹfoume B_X gia thn kleistă monadiaÐa mpĹla tou X: B_X = {x ∈ X : ‖x‖ ≤ 1}. §4. ’Opwc se kĹje metrikì qÿro, èna sÔnolo A ⊆ X lègetai anoiktì an gia kĹje x ∈ A upĹrqei r > 0 tètoio ÿste D(x, r) ⊆ A. To B ⊆ X lègetai kleistì an to X\B eÐnai anoiktì.

An (x_n) eÐnai mÐa akoloujÐa ston X kai x ∈ X, lème ìti h (x_n) sugklÐnei sto x wc proc th nìrma (sugklÐnei isqurĹ sto x) an ‖x_n − x‖ → 0. Aută eÐnai aplÿc h sÔgklish wc proc thn d, epomènwc isqÔei otidăpote gnwrÐzoume gia thn sÔgklish se metrikoÔc qÿrouc. Gia parĹdeigma, èna sÔnolo B ⊆ X eÐnai kleistì an kai mìno an gia kĹje akoloujÐa (x_n) sto B me x_n → x ∈ X èpetai ìti x ∈ B.

An A ⊆ X, grĹfoume int(A) gia to eswterikì, A gia thn kleistă jăkh, kai ∂A gia to sÔnoro tou A. Oi orismoÐ eÐnai oi gnwstoÐ.

§5. MÐa akoloujÐa (x_n) ston X lègetai akoloujÐa Cauchy an gia kĹje ε > 0 upĹrqei n_0 = n_0(ε) me thn idiìthta m, n ≥ n_0 =⇒ ‖x_n − x_m‖ < ε. O X lègetai plărhc an kĹje akoloujÐa Cauchy (x_n) ston X sugklÐnei isqurĹ se kĹpoio x ∈ X.

Qÿroc Banach eÐnai ènac plărhc qÿroc me nìrma.

§6. KĹje grammikìc upìqwroc Y enìc qÿrou me nìrma (X, ‖ · ‖) eÐnai qÿroc me nìrma. JewroÔme aplÿc ton periorismì thc ‖ · ‖ ston Y . Ja lème ìti o Y eÐnai upìqwroc tou X, kai an eÐnai kleistì uposÔnolo tou X ja lème ìti o Y eÐnai kleistìc upìqwroc tou X. Den eÐnai dÔskolo na elègxete ìti ènac upìqwroc Y enìc qÿrou Banach X eÐnai qÿroc Banach an kai mìno an eÐnai kleistìc. §7. ’Estw X qÿroc me nìrma kai D ⊆ X. To D lègetai puknì ston X an D = X. IsodÔnama, an gia kĹje x ∈ X kai kĹje ε > 0 upĹrqei z ∈ D me ‖x − z‖ < ε.

O X lègetai diaqwrÐsimoc an upĹrqei arijmăsimo sÔnolo D ⊂ X pou eÐnai puknì ston X.

Askăseic 1. ’Estw X qÿroc me nìrma, x ∈ X kai r > 0. DeÐxte ìti int(B(x, r)) = D(x, r), D(x, r) = B(x, r), ∂D(x, r) = ∂B(x, r) = S(x, r). 2. ’Estw X qÿroc me nìrma. DeÐxte ìti oi apeikonÐseic + : X × X → X me (x, y) → x + y · : K × X → X me (a, x) → ax ‖ · ‖ : X → R^+ me x → ‖x‖ eÐnai suneqeÐc (wc proc tic fusiologikèc metrikèc se kĹje perÐptwsh). 3. ’Estw X qÿroc Banach kai Y upìqwroc tou X. DeÐxte ìti o Y eÐnai qÿroc Banach an kai mìno an eÐnai kleistìc.

4. ’Estw X grammikìc qÿroc kai ‖ · ‖1 , ‖ · ‖2 dÔo nìrmec ston X. DeÐxte ìti ‖x‖1 ≤ ‖x‖2 gia kĹje x ∈ X an kai mìno an B_{(X,‖·‖2)} ⊆ B_{(X,‖·‖1)}.

5. ’Estw X qÿroc me nìrma kai Y grammikìc upìqwroc tou X. DeÐxte ìti an int(Y ) ≠ ∅, tìte Y = X.

6. ’Estw B(xn, rn) mÐa fjÐnousa akoloujÐa apì kleistèc mpĹlec se ènan qÿro Banach X. DeÐxte ìti ⋂_∞ n=1 B(xn, rn) ≠ ∅. [Upìdeixh: DeÐxte ìti ‖xn+1 − xn‖ ≤ rn − rn+1 gia kĹje n.]

7. ’Estw X n-diĹstatoc pragmatikìc grammikìc qÿroc, kai x1, . . . , xm dianÔsmata pou parĹgoun ton X. Tìte, gia kĹje x ∈ X upĹrqoun λ1, . . . , λm ∈ R (ìqi anagkastikĹ monadikĹ), tètoia ÿste x = ∑_m i=1 λixi. OrÐzoume ‖x‖ = inf {_m ∑ i=1 |λi| : λi ∈ R, x = m∑ i=1 λixi } . DeÐxte ìti o (X, ‖ · ‖) eÐnai qÿroc me nìrma.

8. ’Estw K ⊆ R^n kurtì, sumpagèc, summetrikì wc proc to 0. Upojètoume ìti upĹrqei δ > 0 tètoio ÿste h EukleÐdeia mpĹla me kèntro to 0 kai aktÐna δ na perièqetai sto K. OrÐzoume ‖ · ‖ : R^n → R me ‖x‖ = min{λ ≥ 0 : x ∈ λK}. DeÐxte ìti h ‖ · ‖ orÐzetai kalĹ, kai eÐnai nìrma ston R^n . DeÐxte ìti K = {x ∈ R^n : ‖x‖ ≤ 1}.

1.2 To jeÿrhma tou Baire

’Estw (X, d) ènac metrikìc qÿroc. An A eÐnai èna mh kenì uposÔnolo tou X, h diĹmetroc tou A orÐzetai apì thn diam(A) = sup{d(x, y) : x, y ∈ A}. ’Eqoume 0 ≤ diam(A) ≤ +∞ kai h diam(A) eÐnai peperasmènh an kai mìno an to A eÐnai fragmèno. EÔkola elègqoume ìti diam(A) = diam(A).

Jeÿrhma 1.2.1 (Cantor) O (X, d) eÐnai plărhc an kai mìno an gia kĹje fjÐnousa akoloujÐa (F_n) mh kenÿn kleistÿn uposunìlwn tou X me diam(F_n) → 0, upĹrqei x ∈ X tètoio ÿste_∞ ⋂ n=1 F_n = {x}.

Apìdeixh: Parathrăste prÿta ìti to ⋂_∞ n=1 F_n eÐnai to kenì sÔnolo ă monosÔnolo.

Apì thn upìjesh, an x, y ∈ ⋂_∞ n=1 F_n tìte d(x, y) ≤ diam(F_n) → 0, Ĺra x = y.

(=⇒) Gia kĹje n ∈ N epilègoume x_n ∈ F_n. H (x_n) eÐnai akoloujÐa Cauchy ston X: Gia kĹje ε > 0 upĹrqei n_0 tètoio ÿste diam(F_{n0} ) < ε. An m, n ≥ n_0, tìte x_m, x_n ∈ F_{n0} . ’Ara, d(x_m, x_n) < ε.

O (X, d) eÐnai plărhc, Ĺra upĹrqei x ∈ X me x_n → x.

Gia kĹje n ∈ N èqoume x_n, x_{n+1}, . . . ∈ F_n, Ĺra x = lim_m x_m ∈ F_n = F_n. ’Epetai ìti x ∈ ⋂_∞ n=1 F_n.

(⇐=) ’Estw (x_n) akoloujÐa Cauchy ston X. OrÐzoume F_n = {x_m : m ≥ n}. H (F_n) eÐnai fjÐnousa akoloujÐa mh kenÿn kleistÿn uposunìlwn tou X.

’Estw ε > 0. UpĹrqei n_0 ∈ N tètoio ÿste d(x_m, x_n) < ε an m ≥ n ≥ n_0. ’Ara, diam(F_n) = sup{d(x_m, x_s) : m, s ≥ n} ≤ ε gia kĹje n ≥ n_0. Autì deÐqnei ìti diam(F_n) → 0.

Apì thn upìjesă mac, upĹrqei x ∈ ⋂_∞ n=1 F_n. Tìte, d(x, x_n) ≤ diam(F_n) → 0 kajÿc n → ∞. ’Ara, x_n → x. □

Paratărhsh: H upìjesh ìti diam(F_n) → 0 eÐnai aparaÐthth. O (R, | · |) eÐnai plărhc metrikìc qÿroc, an ìmwc orÐsoume F_n = [n, +∞) paÐrnoume mÐa fjÐnousa akoloujÐa mh kenÿn kleistÿn sunìlwn me kenă tomă.

Jeÿrhma 1.2.2 (Baire) ’Estw (X, d) plărhc metrikìc qÿroc kai (G_n) mÐa akoloujÐa anoiktÿn kai puknÿn uposunìlwn tou X. Tìte, to G = ⋂_∞ n=1 G_n eÐnai puknì uposÔnolo tou X.

Apìdeixh: Gia tuqìnta x ∈ X kai r > 0, ja deÐxoume ìti G ∩ D(x, r) ≠ ∅. Autì apodeiknÔei ìti G = X.

Jètoume x_0 = x, r_0 = r kai epagwgikĹ epilègoume x_n ∈ X kai 0 < r_n < 1/n, n = 1, 2, . . . ètsi ÿste (1) D(x_n, r_n) ⊆ D(x_{n−1}, r_{n−1}) ∩ G_n. Gia to prÿto băma parathrăste ìti to G_1 eÐnai anoiktì kai puknì, Ĺra to D(x_0, r_0)∩ G_1 eÐnai anoiktì kai mh kenì. MporoÔme loipìn na broÔme x_1 ∈ D(x_0, r_0) ∩ G_1 kai aktÐna 0 < r_1 < 1 ètsi ÿste D(x_1, r_1) ⊆ D(x_0, r_0) ∩ G_1.

To epagwgikì băma eÐnai akribÿc to Ðdio: to D(x_n, r_n) ∩ G_{n+1} eÐnai anoiktì kai mh kenì, kai an x_{n+1} ∈ D(x_n, r_n) ∩ G_{n+1} mporoÔme na broÔme aktÐna 0 < r_{n+1} < 1/(n + 1) ètsi ÿste D(x_{n+1}, r_{n+1}) ⊆ D(x_n, r_n) ∩ G_{n+1}.

H akoloujÐa (D(x_n, r_n)) eÐnai fjÐnousa lìgw thc (1). AfoÔ diam(D(x_n, r_n)) ≤ 2r_n → 0, apì to jeÿrhma tou Cantor upĹrqei x ∈ ⋂_∞ n=1 D(x_n, r_n). PĹli apì thn (1), blèpoume ìti

x ∈ D(x_0, r_0) ∩ (_∞ ⋂ n=1 G_n ) . □

OrismoÐ (a) ’Ena uposÔnolo A tou (X, d) lègetai poujenĹ puknì an h kleistă tou jăkh èqei kenì eswterikì: int(A) = ∅.

(b) ’Ena uposÔnolo B tou (X, d) lègetai prÿthc kathgorÐac an grĹfetai san ènwsh arijmăsimwn to plăjoc poujenĹ puknÿn uposunìlwn tou X. Se antÐjeth perÐptwsh, to B lègetai deutèrac kathgorÐac.

Me autăn thn orologÐa èqoume thn exăc duðkă diatÔpwsh tou jewrămatoc tou Baire.

Jeÿrhma 1.2.3 (Jeÿrhma kathgorÐac tou Baire) KĹje plărhc metrikìc qÿroc (X, d) eÐnai deutèrac kathgorÐac ston eautì tou.

Apìdeixh: ’Estw ìti X = ⋃_∞ n=1 F_n kai kĹje F_n eÐnai poujenĹ puknì ston X.

OrÐzoume G_n = X\F_n. Tìte,

G_n = X\int(F_n) = X,

dhladă kĹje G_n eÐnai anoiktì kai puknì ston X. ’Omwc, ∞⋂ n=1 G_n = X\ ∞⋃ n=1 F_n = ∅, to opoÐo eÐnai Ĺtopo apì to jeÿrhma 1.2.2. □

Askăseic

1. ’Estw (X, d) plărhc metrikìc qÿroc, Y metrikìc qÿroc, kai f : X → Y suneqăc. DeÐxte ìti an (Fn) eÐnai fjÐnousa akoloujÐa mh kenÿn kleistÿn uposunìlwn tou X me diam(Fn) → 0, tìte f( ⋂ n Fn) = ⋂ n f(Fn). 2. ’Estw X qÿroc Banach pou èqei Ĺpeirh diĹstash san grammikìc qÿroc. DeÐxte ìti h diĹstash tou X eÐnai uperarijmăsimh (jewrăste gnwstì ìti kĹje upìqwroc tou X pou èqei peperasmènh diĹstash eÐnai kleistìc).

3. ’Estw f : (0, +∞) → R suneqăc sunĹrthsh me thn idiìthta: gia kĹje x > 0, limn→∞ f(nx) = 0. DeÐxte ìti limx→+∞ f(x) = 0. [Upìdeixh: Stajeropoiăste ε > 0 kai jewrăste ta sÔnola Am = {x ≥ 1 : |f(nx)| ≤ ε gia kĹje n ≥ m}.] 4. (Osgood) ’Estw fn : [0, 1] → R, n ∈ N, suneqeÐc sunartăseic. Upojètoume ìti gia kĹje t ∈ [0, 1] h akoloujÐa (fn(t)) eÐnai fragmènh. Tìte, upĹrqoun [a, b] ⊆ [0, 1] kai M > 0 tètoia ÿste ∀t ∈ [a, b] ∀n ∈ N, |fn(t)| ≤ M. (Dhladă, h (fn) eÐnai omoiìmorfa fragmènh sto [a, b].)

5. ’Estw f : R → R.

(a) JewroÔme mÐa arÐjmhsh Im twn anoiktÿn diasthmĹtwn me Ĺkra rhtoÔc arijmoÔc. An x ∈ R, orÐzoume ω(x) = inf_{x∈Im}{diam(f(Im))}. (paÐrnoume to inf pĹnw apì ìla ta diastămata Im pou perièqoun to x). DeÐxte oti ω(x) = 0 an kai mìno an h f eÐnai suneqăc sto x.

(b) DeÐxte ìti an q > 0 rhtìc, tìte to {x ∈ R : ω(x) < q} eÐnai anoiktì sÔnolo.

(g) DeÐxte ìti to sÔnolo twn x ∈ R sta opoÐa h f eÐnai suneqăc, eÐnai arijmăsimh tomă anoiktÿn uposunìlwn tou R.

(d) DeÐxte ìti den upĹrqei sunĹrthsh f : R → R thc opoÐac to sÔnolo twn shmeÐwn suneqeÐac na eÐnai akribÿc to Q.

1.3 Anisìthtec

’Estw X grammikìc qÿroc kai C kurtì uposÔnolo tou X. MÐa sunĹrthsh f : C → R lègetai kurtă an (1) f(tx + (1 − t)y) ≤ tf(x) + (1 − t)f(y) gia kĹje x, y ∈ C kai t ∈ (0, 1). H f lègetai gnăsia kurtă an opotedăpote èqoume isìthta sthn (1) èpetai ìti x = y. H f : C → R lègetai koÐlh (antÐstoiqa, gnăsia koÐlh) an h −f eÐnai kurtă (antÐstoiqa, gnăsia kurtă).

Anisìthta tou Jensen ’Estw f : C → R koÐlh sunĹrthsh. An x_1, . . . , x_m ∈ C kai t_j ∈ (0, 1) me t_1 + . . . + t_m = 1, tìte (2) m∑ i=1 t_if(x_i) ≤ f(t_1x_1 + . . . + t_mx_m).

An epiplèon h f eÐnai gnăsia koÐlh, tìte isìthta èqoume an kai mìno an x_1 = . . . = x_m.

Apìdeixh: Me epagwgă wc proc m deÐqnoume tautìqrona ìti t_1x_1 +. . .+t_mx_m ∈ C kai isqÔei h (2). Gia m = 2 autì eÐnai Ĺmeso apì ton orismì tou kurtoÔ sunìlou kai thc koÐlhc sunĹrthshc.

’Estw ìti m ≥ 3 kai ac upojèsoume ìti h prìtash isqÔei an k < m. GrĹfoume

t_1x_1 + . . . + t_mx_m = t_1x_1 + s m∑ j=2 t_j s x_j , ìpou s = t_2 + . . . + t_m. Apì thn epagwgikă upìjesh, ∑_m j=2 t_j s x_j ∈ C giatÐ ∑_m j=2(t_j /s) = 1. EpÐshc, t_1 + s = 1 Ĺra ∑_m j=1 t_j x_j ∈ C. AfoÔ h f eÐnai koÐ- lh, f m∑ j=1 t_j x_j ≥ t_1f(x_1) + sf m∑ j=2 t_j s x_j kai apì thn epagwgikă upìjesh,

f m∑ j=2 t_j s x_j ≥ m∑ j=2 t_j s f(x_j ).

SunduĹzontac tic dÔo anisìthtec, paÐrnoume

f m∑ j=1 t_j x_j ≥ t_1f(x_1) + s m∑ j=2 t_j s f(x_j ),

dhladă to zhtoÔmeno. Elègxte mìnoi sac thn perÐptwsh thc gnăsia koÐlhc sunĹrthshc. □ H sunĹrthsh f : (0, +∞) → R me f(x) = ln x eÐnai gnăsia koÐlh. An loipìn a_1, . . . , a_m > 0 kai t_j ∈ (0, 1) me t_1 + . . . + t_m = 1, tìte (3) m∑ j=1 t_j ln a_j ≤ ln(t_1a_1 + . . . + t_ma_m).

’Epetai ìti

(4) a^{t1}_1 a^{t2}_2 . . . a^{tm}_m ≤ t_1a_1 + . . . + t_ma_m

me isìthta mìno an a_1 = . . . = a_m. H anisìthta aută genikeÔei thn anisìthta arijmhtikoÔ-gewmetrikoÔ mèsou. An t_1 = . . . = t_m = 1/m, paÐrnoume m√ a_1 . . . a_m ≤ a_1 + . . . + a_m m . Ja qrhsimopoiăsoume mÐa Ĺmesh sunèpeia thc (4).

Anisìthta tou Young An x, y ≥ 0 kai p, q > 1 me^1_p +^1_q = 1, tìte xy ≤ x^p p + y^q q me isìthta mìno an x^p = y^q.

Apìdeixh: Efarmìzoume thn anisìthta (4) me a = x^p, b = y^q. AfoÔ^1_p +^1_q = 1, a^{1/p}b^{1/q} ≤ a p + b q me isìthta mìno an a = b. □

Orismìc An p, q > 1 kai^1_p +^1_q = 1, lème ìti oi p kai q eÐnai suzugeÐc ekjètec.

Anisìthta tou Hölder ’Estw a_1, . . . , a_m kai b_1, . . . , b_m ∈ K kai p, q suzugeÐc ekjètec. Tìte, | | |^m ∑ j=1 a_j b_j | | | ≤ m∑ j=1 |a_j |^p 1/p m∑ j=1 |b_j |^q 1/q . Apìdeixh: Upojètoume ìti to dexiì mèloc den mhdenÐzetai, alliÿc h anisìthta eÐnai profanăc. Upojètoume epÐshc arqikĹ ìti m∑ j=1 |a_j |^p = m∑ j=1 |b_j |^q = 1.

Tìte, qrhsimopoiÿntac thn anisìthta tou Young paÐrnoume | | | | m∑ j=1 a_j b_j | | | | ≤ m∑ j=1 |a_j ||b_j |

≤ m∑ j=1 ( |a_j |^p p + |b_j |^q q )

= 1 p m∑ j=1 |a_j |^p + 1 q m∑ j=1 |b_j |^q = 1 p + 1 q = 1.

Gia thn genikă perÐptwsh, jètoume t = ( ∑ |a_j |^p)^{1/p}, s = ( ∑ |b_j |^q )^{1/q} . Parathrăste ìti_m ∑ j=1 |a_j /t|^p = m∑ j=1 |b_j /s|^q = 1 kai efarmìste thn prohgoÔmenh anisìthta. ExetĹste pìte isqÔei isìthta. □

Sthn perÐptwsh p = q = 2 paÐrnoume thn anisìthta Cauchy-Schwarz: | | | | m∑ j=1 a_j b_j | | | | ≤ m∑ j=1 |a_j |^2 1/2 m∑ j=1 |b_j |^2 1/2 .

Anisìthta tou Minkowski ’Estw a_1, . . . , a_m, b_1, . . . , b_m ∈ K kai 1 ≤ p < +∞. Tìte, m∑ j=1 |a_j + b_j |^p 1/p ≤ m∑ j=1 |a_j |^p 1/p + m∑ j=1 |b_j |^p 1/p .

Apìdeixh: An p = 1 h anisìthta eÐnai Ĺmesh sunèpeia thc trigwnikăc anisìthtac.

Upojètoume ìti p > 1 kai ìti ∑ |a_j + b_j |^p > 0 (alliÿc, h anisìthta eÐnai profanăc). ’Estw q o suzugăc ekjèthc tou p. GrĹfoume m∑ j=1 |a_j + b_j |^p ≤ m∑ j=1 |a_j + b_j |^{p−1}|a_j | + m∑ j=1 |a_j + b_j |^{p−1}|b_j |

kai efarmìzoume thn anisìthta tou Hölder me ekjètec p kai q gia kajèna apì ta dÔo ajroÐsmata. Parathrÿntac ìti q(p − 1) = p, èqoume m∑ j=1 |a_j + b_j |^p ≤ m∑ j=1 |a_j + b_j |^p 1/q m∑ j=1 |a_j |^p 1/p

+ m∑ j=1 |a_j + b_j |^p 1/q m∑ j=1 |b_j |^p 1/p ,

dhladă m∑ j=1 |a_j + b_j |^p ≤ m∑ j=1 |a_j + b_j |^p 1/q m∑ j=1 |a_j |^p 1/p + m∑ j=1 |b_j |^p 1/p .

Diairÿntac me ( ∑ |a_j + b_j |^p)^{1/q} kai qrhsimopoiÿntac thn 1−(1/q) = 1/p paÐrnoume to zhtoÔmeno. □

Parathrăseic (a) H anisìthta tou Minkowski epekteÐnetai kai se Ĺpeirec akoloujÐec. An (a_j ), (b_j ) eÐnai dÔo akoloujÐec sto K kai ∑_∞ j=1 |a_j |^p < +∞, ∑_∞ j=1 |b_j |^p < +∞, tìte h seirĹ ∑_∞ j=1 |a_j + b_j |^p sugklÐnei kai ∞∑ j=1 |a_j + b_j |^p 1/p ≤ ∞∑ j=1 |a_j |^p 1/p + ∞∑ j=1 |b_j |^p 1/p .

(b) Oi anisìthtec Hölder kai Minkowski isqÔoun kai gia oloklhrÿsimec sunartăseic. ’Estw (Ω, A, μ) qÿroc mètrou, f, g : Ω → K metrăsimec sunartăseic kai p, q suzugeÐc ekjètec.

Anisìthta Hölder An oi |f|^p kai |g|^q eÐnai oloklhrÿsimec, tìte h fg eÐnai oloklhrÿsimh kai | | | | ∫ Ω fg dμ | | | | ≤ (∫ Ω |f|^pdμ )_{1/p} (∫ Ω |g|^q dμ )_{1/q} .

Anisìthta Minkowski An oi |f|^p kai |g|^p eÐnai oloklhrÿsimec, tìte h |f + g|^p eÐnai oloklhrÿsimh kai (∫ Ω |f + g|^pdμ )_{1/p} ≤ (∫ Ω |f|^pdμ )_{1/p} + (∫ Ω |g|^pdμ )_{1/p} . H apìdeixh thc anisìthtac Hölder eÐnai entelÿc anĹlogh me autăn thc antÐstoiqhc anisìthtac gia peperasmènec akoloujÐec. Gia na deÐxete ìti h fg eÐnai oloklhrÿsimh arkeÐ to oloklărwma thc |fg| na eÐnai peperasmèno, kĹti pou eÐnai sunèpeia thc anisìthtac pou ja deÐxete. Gia na deÐxete ìti h |f +g|^p eÐnai oloklhrÿsimh sthn anisìthta Minkowski, parathrăste ìti |f(x) + g(x)|^p ≤ (|f(x)| + |g(x)|)^p ≤ [2 max{|f(x)|, |g(x)|}]^p = 2^p max{|f(x)|^p, |g(x)|^p} ≤ 2^p(|f(x)|^p + |g(x)|^p), x ∈ Ω. Katìpin, akoloujăste thn apìdeixh thc anisìthtac Minkowski gia peperasmènec akoloujÐec.

Askăseic 1. ’Estw a1, . . . , am > 0 me ∑_m i=1 ai = 1 kai x1, . . . , xm > 0. Gia kĹje t ≠ 0 orÐzoume Mt(⃗x,⃗a) = ( a1x^t_1 + . . . + amx^t_m )_{1/t} , enÿ gia t = 0 jètoume M0(⃗x,⃗a) = x^{a1}_1 . . . x^{am}_m . DeÐxte ìti lim_{t→0} Mt(⃗x,⃗a) = M0(⃗x,⃗a) kai ìti h Mt(⃗x,⃗a) eÐnai aÔxousa sunĹrthsh tou t.

2. Me to sumbolismì thc prohgoÔmenhc Ĺskhshc, deÐxte ìti an x_k = max{x1, . . . , xm}, tìte a^{1/t}_k x_k ≤ Mt(⃗x,⃗a) ≤ x_k gia kĹje t > 0. Poiì eÐnai to limt→+∞ Mt(⃗x,⃗a)? BreÐte to limt→−∞ Mt(⃗x,⃗a). SqediĹste th grafikă parĹstash thc Mt(⃗x,⃗a).

3. DeÐxte ìti an h f : (0, +∞) → R eÐnai kurtă kai x1, . . . , xm, y1, . . . , ym > 0, tìte (x1 + . . . + xm)f ( y1 + . . . + ym x1 + . . . + xm ) ≤ m∑ i=1 xif ( yi xi ) . DeÐxte ìti h f(x) = (1 + x^p)^{1/p} eÐnai kurtă sto (0, +∞) ìtan p ≥ 1, kai sumperĹnete ìti

((x1 + . . . + xm)^p + (y1 + . . . + ym)^p)^{1/p} ≤ m∑ i=1 (x^p_i + y^p_i )^{1/p}.

1.4 KlasikoÐ qÿroi Banach

1. Nìrmec ston K^n .

(a) ’Estw 1 ≤ p < ∞. An x = (x_1, . . . , x_n) ∈ K^n , orÐzoume

‖x‖_p = n∑ j=1 |x_j |^p 1/p

kai sumbolÐzoume ton (K^n , ‖·‖_p) me ℓ^n_p . EÔkola elègqoume ìti h ‖·‖_p eÐnai nìrma - h trigwnikă anisìthta eÐnai sunèpeia thc anisìthtac tou Minkowski. Sthn perÐptwsh p = 2 paÐrnoume ton EukleÐdeio qÿro ℓ^n_2 .

(b) An p = ∞, orÐzoume ‖x‖_∞ = max_{1≤j≤n} |x_j | kai sumbolÐzoume ton (K^n , ‖ · ‖_∞) me ℓ^n_∞. Elègxte ìti h ‖ · ‖_∞ eÐnai nìrma.

’Opwc ja doÔme sth sunèqeia, kĹje qÿroc peperasmènhc diĹstashc me nìrma eÐnai plărhc. Sthn perÐptwsh tou ℓ^n_p , 1 ≤ p ≤ ∞, o èlegqoc thc plhrìthtac mporeÐ na gÐnei kai Ĺmesa.

2. Qÿroi akoloujiÿn

(a) ’Estw 1 ≤ p < ∞. JewroÔme ton grammikì qÿro ìlwn twn Ĺpeirwn akoloujiÿn x = (x_n) gia tic opoÐec ∑_∞ n=1 |x_n|^p < +∞. OrÐzoume

‖x‖_p = (_∞ ∑ n=1 |x_n|^p )_{1/p} . H ‖·‖_p eÐnai nìrma (h trigwnikă anisìthta eÐnai akribÿc h anisìthta tou Minkowski). O qÿroc pou prokÔptei me autìn ton trìpo ja sumbolÐzetai me ℓ_p.

Prìtash 1.4.1 O ℓ_p, 1 ≤ p < ∞ eÐnai qÿroc Banach.

Apìdeixh: ’Estw (x^{(k)})_{k∈N} akoloujÐa Cauchy ston ℓ_p. An x^{(k)} = (x^{(k)}_n ), gia kĹje n ∈ N èqoume |x^{(k)}_n − x^{(l)}_n | ≤ ‖x^{(k)} − x^{(l)}‖_p,

Ĺra h akoloujÐa (x^{(k)}_n )_{k∈N} eÐnai Cauchy sto K . Epomènwc, upĹrqei x_n ∈ K tètoio ÿste x^{(k)}_n → x_n kajÿc k → ∞.

OrÐzoume x = (x_n). ’Estw ε > 0. UpĹrqei k_0 ∈ N tètoioc ÿste ‖x^{(k)}−x^{(l)}‖_p < ε gia kĹje k, l ≥ k_0. Eidikìtera, gia kĹje N ∈ N kai k, l ≥ k_0 èqoume N∑ n=1 |x^{(k)}_n − x^{(l)}_n |^p < ε^p.

Afănontac to l → ∞, blèpoume ìti gia kĹje N ∈ N kai kĹje k ≥ k_0, N∑ n=1 |x^{(k)}_n − x_n|^p ≤ ε^p.

Afănontac tÿra to N → ∞ blèpoume ìti ‖x^{(k)} − x‖_p ≤ ε gia kĹje k ≥ k_0. Autì deÐqnei tautìqrona ìti x^{(k)} − x ∈ ℓ_p =⇒ x ∈ ℓ_p kai x^{(k)} → x isqurĹ ston ℓ_p. □ (b) Sthn perÐptwsh p = ∞ mporoÔme na orÐsoume tic exăc apeirodiĹstatec genikeÔseic tou ℓ^n_∞.

(b1) Ton qÿro ℓ_∞ ìlwn twn fragmènwn akoloujiÿn, me nìrma thn ‖x‖_∞ = sup{|x_n| : n ∈ N}. (b2) Ton qÿro c_0 ìlwn twn mhdenikÿn akoloujiÿn, me nìrma pĹli thn ‖x‖_0 = sup{|x_n| : n ∈ N}. ApodeiknÔetai eÔkola ìti h ‖ · ‖_∞ eÐnai nìrma ston ℓ_∞. EpÐshc, o c_0 eÐnai kleistìc upìqwroc tou ℓ_∞. ’Opwc ja doÔme sthn epìmenh parĹgrafo, o ℓ_∞ eÐnai plărhc (ja deÐxoume kĹti polÔ genikìtero). ’Ara, oi ℓ_∞, c_0 eÐnai qÿroi Banach. (g) Oi qÿroi ℓ_p, 1 ≤ p < ∞ kai c_0 eÐnai diaqwrÐsimoi. DeÐqnoume autìn ton isqurismì gia ton ℓ_p.

Prìtash 1.4.2 Gia kĹje 1 ≤ p < ∞, o ℓ_p eÐnai diaqwrÐsimoc.

Apìdeixh: Upojètoume ìti K = R (h migadikă perÐptwsh eÐnai entelÿc anĹlogh). JewroÔme to sÔnolo D = {y = (y_1, . . . , y_N , 0, 0, . . .) : N ∈ N, y_n ∈ Q}. To D eÐnai arijmăsimo. Ja deÐxoume ìti D = ℓ_p. ’Estw x = (x_n) ∈ ℓ_p kai ε > 0.

H seirĹ ∑ n |x_n|^p sugklÐnei, Ĺra upĹrqei N ∈ N tètoioc ÿste ∞∑ n=N+1 |x_n|^p < ε^p 2 . Gia kĹje n = 1, . . . , N mporoÔme na broÔme rhtì osodăpote kontĹ ston x_n. MporoÔme loipìn na broÔme rhtoÔc y_n , n = 1, . . . , N pou na ikanopoioÔn thn |x_n − y_n|^p < ε^p 2N , n = 1, . . . , N. Prosjètontac, èqoume_N ∑ n=1 |x_n − y_n|^p < ε^p 2 .

OrÐzoume y = (y_1, . . . , y_N , 0, 0, . . .). Tìte, y ∈ D kai

‖x − y‖_p = (_N ∑ n=1 |x_n − y_n|^p + ∞∑ n=N+1 |x_n|^p )_{1/p}

< ( ε^p 2 + ε^p 2 )_{1/p} = ε. AfoÔ ta x ∈ ℓ_p kai ε > 0 ătan tuqìnta, èpetai to zhtoÔmeno. □ (d) O ℓ_∞ den eÐnai diaqwrÐsimoc. GenikĹ, gia na deÐxoume ìti ènac metrikìc qÿroc den eÐnai diaqwrÐsimoc qrhsimopoioÔme sunăjwc ton exăc isqurismì.

Lămma 1.4.1 ’Estw (X, d) metrikìc qÿroc. Ac upojèsoume ìti mporoÔme na broÔme x_i, i ∈ I ston X kai a > 0 pou ikanopoioÔn thn ∀i, j ∈ I i ≠ j =⇒ d(x_i, x_j ) ≥ a. Tìte, gia kĹje puknì D ⊆ X èqoume card(I) ≤ card(D).

Apìdeixh: Oi mpĹlec D(x_i, a/2), i ∈ I eÐnai xènec. An to D eÐnai puknì, se kĹje D(x_i, a/2) upĹrqei kĹpoio d_i ∈ D. An i ≠ j, tìte d_i ≠ d_j afoÔ D(x_i, a/2) ∩ D(x_j , a/2) = ∅. ’Ara, h f : I → D me f(i) = d_i eÐnai èna proc èna. Dhladă, to D èqei toulĹqiston tìsa stoiqeÐa ìsa to I. □ Sthn perÐptwsh tou ℓ_∞, jewroÔme to sÔnolo A = {x = (x_n) : x_n ∈ {0, 1}, n ∈ N}. KĹje akoloujÐa me ìrouc 0 ă 1 eÐnai fragmènh, Ĺra A ⊆ ℓ_∞.

ParathroÔme ìti an x = (x_n), y = (y_n) ∈ A kai x ≠ y, tìte ‖x − y‖_∞ = 1. SÔmfwna me to lămma, an D eÐnai puknì uposÔnolo tou ℓ_∞, tìte to D èqei toulĹqiston tìsa stoiqeÐa ìsa to A. ’Omwc, to diagÿnio epiqeÐrhma tou Cantor deÐqnei ìti to A eÐnai uperarijmăsimo. ’Epetai ìti o ℓ_∞ den eÐnai diaqwrÐsimoc.

3. Qÿroi fragmènwn sunartăsewn

’Estw A tuqìn mh kenì sÔnolo. JewroÔme ton grammikì qÿro B(A) ìlwn twn fragmènwn sunartăsewn f : A → K me nìrma thn ‖f‖_∞ = sup{|f(t)| : t ∈ A}. Elègxte ìti h ‖ · ‖_∞ eÐnai nìrma. Sthn perÐptwsh A = N, o qÿroc B(A) sumpÐptei me ton ℓ_∞. Parathrăste ìti ‖f_n − f‖_∞ → 0 an gia kĹje ε > 0 upĹrqei n_0 ∈ N tètoioc ÿste gia kĹje n ≥ n_0 kai kĹje t ∈ A na isqÔei |f_n(t) − f(t)| < ε. Dhladă, f_n → f ston B(A) an kai mìno an f_n → f omoiìmorfa.

Prìtash 1.4.3 O B(A) eÐnai qÿroc Banach.

Apìdeixh: ’Estw (f_n) akoloujÐa Cauchy ston B(A). Gia kĹje t ∈ A èqoume |f_n(t) − f_m(t)| ≤ ‖f_n − f_m‖_∞

Ĺra h (f_n(t)) eÐnai Cauchy sto K . Epomènwc, upĹrqei to lim_n f_n(t). OrÐzoume f : A → K me f(t) = lim_n f_n(t). ’Estw ε > 0. UpĹrqei n_0 ∈ N tètoioc ÿste gia kĹje n, m ∈ N kai kĹje t ∈ A na isqÔei |f_n(t) − f_m(t)| ≤ ‖f_n − f_m‖_∞ < ε. Afănontac to m → ∞ blèpoume ìti ‖f_n − f‖_∞ = sup{|f_n(t) − f(t)| : t ∈ A} ≤ ε gia kĹje n ≥ n_0. Autì apodeiknÔei tautìqrona ìti f ∈ B(A) kai ìti ‖f_n−f‖_∞ → 0. □ Ac upojèsoume tÿra ìti K eÐnai ènac sumpagăc metrikìc qÿroc kai C(K) o grammikìc qÿroc ìlwn twn suneqÿn sunartăsewn f : K → K . JewroÔme ton C(K) san upìqwro tou B(K).

Prìtash 1.4.4 O C(K) eÐnai kleistìc upìqwroc tou B(K).

Apìdeixh: Upojètoume ìti f_n ∈ C(K) kai f_n → f omoiìmorfa. Ja deÐxoume ìti h f eÐnai suneqăc.

’Estw ε > 0. UpĹrqei n ∈ N tètoioc ÿste ‖f_n − f‖_∞ < ε/3. H f_n eÐnai suneqăc sto sumpagèc K, Ĺra omoiìmorfa suneqăc. Epomènwc, upĹrqei δ > 0 me thn idiìthta: d(x, y) < δ =⇒ |f_n(x) − f_n(y)| < ε/3.

An loipìn x, y ∈ K kai d(x, y) < δ, tìte |f(x) − f(y)| ≤ |f(x) − f_n(x)| + |f_n(x) − f_n(y)| + |f_n(y) − f(y)| ≤ ‖f_n − f‖_∞ + |f_n(x) − f_n(y)| + ‖f_n − f‖_∞ < ε. Dhladă, h f eÐnai (omoiìmorfa) suneqăc sto K. □ San pìrisma paÐrnoume ìti o C(K) eÐnai qÿroc Banach gia kĹje sumpagă metrikì qÿro K. Eidikìtera, o C([a, b]) eÐnai qÿroc Banach.

4. Qÿroi L^p

’Estw (Ω, A, μ) qÿroc mètrou kai 1 ≤ p < ∞. JewroÔme ton grammikì qÿro L^p(μ) ìlwn twn metrăsimwn sunartăsewn f : Ω → K gia tic opoÐec ∫ Ω |f|^pdμ < ∞. OrÐzoume sqèsh isodunamÐac ston L^p(μ) jètontac f ∼ g an f = g μ-sqedìn pantoÔ. To sÔnolo L^p(μ) twn klĹsewn isodunamÐac [f], f ∈ L^p(μ) gÐnetai grammikìc qÿroc me prĹxeic tic [f] + [g] = [f + g] , a[f] = [af].

Ja suneqÐsoume na qrhsimopoioÔme to sÔmbolo f gia thn klĹsh [f], ennoÿntac ìti h [f] ∈ L^p(μ) antiproswpeÔetai apì opoiadăpote sunĹrthsh stoiqeÐo thc. An loipìn f ∈ L^p(μ), orÐzoume ‖f‖_p = (∫ Ω |f|^pdμ )_{1/p} .

H ‖ · ‖_p eÐnai nìrma. H trigwnikă anisìthta eÐnai sunèpeia thc anisìthtac tou Minkowski gia oloklhrÿsimec sunartăseic. H taÔtish sunartăsewn pou sumpÐptoun μ-sqedìn pantoÔ gÐnetai gia na ikanopoieÐtai h ‖f‖_p = 0 =⇒ f = 0. PrĹgmati, an ∫ Ω |f|^pdμ = 0 tìte f = 0 μ-sqedìn pantoÔ, dhladă [f] = [0].

Prìtash 1.4.5 O L^p(μ), 1 ≤ p < ∞ eÐnai qÿroc Banach.

Apìdeixh: ’Estw (f_n) akoloujÐa Cauchy ston L^p(μ). Ja deÐxoume ìti upĹrqoun upakoloujÐa (f_{kn} ) thc (f_n) kai f ∈ L^p(μ) me thn idiìthta ‖f_{kn} − f‖_p → 0. ’Epetai ìti ‖f_n − f‖_p → 0 (se kĹje metrikì qÿro, miĹ akoloujÐa Cauchy pou èqei sugklÐnousa upakoloujÐa sugklÐnei).

Epilègoume thn (f_{kn} ) ètsi ÿste na ikanopoieÐtai h ‖f_{kn} − f_{km} ‖_p < 1 2^{2n} gia kĹje n < m. H epilogă twn k_n gÐnetai wc exăc: afoÔ h (f_n) eÐnai Cauchy, upĹrqei k_1 ∈ N tètoioc ÿste ‖f_{k1} − f_k‖_p < 1 2^2 , k > k_1. Gia ton Ðdio lìgo, upĹrqei k_2 > k_1 tètoioc ÿste ‖f_{k2} − f_k‖_p < 1 2^{2.2} , k > k_2. EpagwgikĹ, brÐskoume k_1 < k_2 < . . . < k_n < . . . ètsi ÿste ‖f_{kn} − f_k‖_p < 1 2^{2n} , k > k_n. Tìte, an n < m èqoume k_n < k_m, Ĺra ‖f_{kn} − f_{km} ‖_p <^1_{22n} .

Isqurismìc UpĹrqei metrăsimh sunĹrthsh f : Ω → K tètoia ÿste f_{kn} → f μ-sqedìn pantoÔ.

Apìdeixh tou isqurismoÔ: Gia kĹje n ∈ N orÐzoume

E_n = { ω ∈ Ω : |f_{kn} (ω) − f_{kn+1} (ω)| ≥ 1 2^n } . Apì thn anisìthta tou Markov, 1 2^{np} μ(E_n) ≤ ∫ Ω |f_{kn} (ω) − f_{kn+1} (ω)|^pdμ < 1 2^{2np} , Ĺra μ(E_n) < 1/2^{np}. Epomènwc, ∞∑ n=1 μ(E_n) < ∞∑ n=1 1 2^{np} < +∞.

JewroÔme to Z = lim sup E_n. Parathrăste ìti

μ(Z) = μ (∩^∞_{m=1} ∪^∞_{n=m} E_n) ≤ μ (∪^∞_{n=m}E_n) ≤ ∞∑ n=m 1 2^{np} gia kĹje m ∈ N, Ĺra μ(Z) = 0.

’Estw ω /∈ Z. Tìte, upĹrqei m ∈ N tètoioc ÿste |f_{kn} (ω) − f_{kn+1} (ω)| < 1/2^n gia kĹje n ≥ m. Dhladă h (f_{kn} (ω)) eÐnai akoloujÐa Cauchy sto K , epomènwc sugklÐnei. OrÐzoume f : Ω → K me f(ω) = lim f_{kn} (ω) an ω /∈ Z kai f(ω) = 0 alliÿc. H f eÐnai metrăsimh kai f_{kn} → f μ-sqedìn pantoÔ. □ DeÐqnoume tÿra ìti ‖f_{kn} − f‖_p → 0 (autì deÐqnei tautìqrona ìti f ∈ L^p(μ)).

StajeropoioÔme n ∈ N. AfoÔ |f_{kn} − f_{km} |^p → |f_{kn} − f|^p sqedìn pantoÔ kajÿc m → ∞, apì to lămma tou Fatou paÐrnoume ‖f_{kn} − f‖^p = ∫ Ω |f_{kn} − f|^pdμ = ∫ Ω lim_m |f_{kn} − f_{km} |^pdμ ≤ lim inf_m ∫ Ω |f_{kn} − f_{km} |^pdμ = lim inf_m ‖f_{kn} − f_{km} ‖^p ≤ 1 2^{2np} . Epomènwc, ‖f_{kn} − f‖^p → 0 kajÿc n → ∞. □ O L^∞(Ω, A, μ) orÐzetai wc exăc: an f : Ω → K eÐnai mÐa metrăsimh sunĹrthsh, orÐzoume to ousiÿdec Ĺnw frĹgma thc f apì thn esssup(f) = inf{t > 0 : μ({ω : |f(ω)| > t}) = 0}.

To sÔnolo twn metrăsimwn sunartăsewn f gia tic opoÐec esssup(f) < +∞ eÐnai grammikìc qÿroc. ’Opwc prÐn, tautÐzoume tic f kai g an f = g sqedìn pantoÔ kai jewroÔme ton qÿro L^∞(Ω, A, μ) twn klĹsewn isodunamÐac, me nìrma thn ‖f‖_∞ = esssup(f).

H ‖ · ‖_∞ eÐnai nìrma kai o L^∞(μ) := L^∞(Ω, A, μ) eÐnai qÿroc Banach.

Askăseic 1. JewroÔme ton R^n me tic nìrmec ‖ · ‖p, 1 ≤ p ≤ ∞. DeÐxte ìti an 1 ≤ p < q ≤ ∞ kai x ∈ R^n , tìte ‖x‖q ≤ ‖x‖p ≤ n^{(1/p)−(1/q)}‖x‖q . DeÐxte ìti gia kĹje ε > 0 upĹrqei N ∈ N tètoioc ÿste, gia kĹje p > N kai kĹje x ∈ R^n , ‖x‖∞ ≤ ‖x‖p ≤ (1 + ε)‖x‖∞. 2. DeÐxte ìti o C[a, b] eÐnai diaqwrÐsimoc, enÿ o B[a, b] ìqi. 3. Ja grĹfoume L^p[0, 1] gia ton L^p(λ), ìpou λ to mètro Lebesgue sto [0, 1].

(a) DeÐxte ìti o L^∞[0, 1] eÐnai qÿroc Banach.

(b) An f ∈ L^∞[0, 1], deÐxte ìti ‖f‖p → ‖f‖∞ kajÿc p → ∞. (g) ExetĹste an o L^∞[0, 1] eÐnai diaqwrÐsimoc.

4. ’Estw 1 ≤ p ≤ q ≤ ∞. DeÐxte ìti an x ∈ ℓp tìte ‖x‖q ≤ ‖x‖p kai an f ∈ L^q [0, 1] tìte ‖f‖p ≤ ‖f‖q . Eidikìtera, ℓp ⊆ ℓq kai L^q [0, 1] ⊆ L^p[0, 1].

5. ’Estw 1 ≤ p < ∞ kai fn, f ∈ L^p[0, 1] me fn → f sqedìn pantoÔ. DeÐxte ìti ‖fn‖p → ‖f‖p an kai mìno an ‖fn − f‖p → 0. 6. ’Estw 1 ≤ p < ∞ kai fn ∈ L^p[0, 1] me fn → f sqedìn pantoÔ. DeÐxte ìti ta exăc eÐnai isodÔnama: (a) f ∈ L^p[0, 1] kai ‖fn − f‖p → 0. (b) Gia kĹje ε > 0 upĹrqei δ > 0 tètoio ÿste, gia kĹje metrăsimo A ⊆ [0, 1] me λ(A) < δ kai kĹje n ∈ N, na isqÔei ∫ A |fn|^pdt < ε. 7. ’Estw C^k[0, 1] o qÿroc ìlwn twn f : [0, 1] → R pou èqoun k suneqeÐc paragÿgouc, me nìrma thn ‖f‖ = max_{0≤s≤k} (max{|f^s(t)| : t ∈ [0, 1]}) . DeÐxte ìti o C^k[0, 1] eÐnai qÿroc Banach.

8. ’Estw f : [0, 1] → R. H kÔmansh thc f orÐzetai apì thn

V (f) = sup {^n∑ i=1 |f(ti) − f(ti−1)| : n ∈ N, 0 = t0 < t1 < . . . < tn = 1 } . An V (f) < +∞, tìte lème ìti h f èqei fragmènh kÔmansh. JewroÔme ton qÿro BV ([0, 1]) ìlwn twn sunartăsewn f : [0, 1] → R pou èqoun fragmènh kÔmansh, eÐnai suneqeÐc apì dexiĹ kai ikanopoioÔn thn f(0) = 0. DeÐxte ìti h ‖f‖ = V (f) eÐnai nìrma ston BV ([0, 1]) kai ìti o (BV ([0, 1]), ‖ · ‖) eÐnai qÿroc Banach. 9. JewroÔme ton qÿro C([0, 1]) me nìrma thn ‖ · ‖∞.

(a) DeÐxte ìti gia kĹje 0 ≤ a < b ≤ 1, to sÔnolo F_{a,b} = {f ∈ C[0, 1] : h f eÐnai aÔxousa sto [a, b]} eÐnai kleistì uposÔnolo tou C([0, 1]) kai èqei kenì eswterikì. DeÐxte ìti to Ðdio isqÔei an antikatastăsoume to {aÔxousa} me {fjÐnousa}.

(b) DeÐxte ìti to sÔnolo twn suneqÿn sunartăsewn f : [0, 1] → R pou den eÐnai monìtonec se kanèna upodiĹsthma tou [0, 1] eÐnai puknì ston C([0, 1]). 10. ’Estw x = (xn) ∈ ℓ∞. DeÐxte ìti h apìstash tou x apì ton c0 eÐnai Ðsh me d(x, c0) = lim sup_n |xn|. 11. ’Estw X qÿroc me nìrma. Upojètoume ìti upĹrqei arijmăsimo sÔnolo A ⊆ X me thn idiìthta o upìqwroc span(A) na eÐnai puknìc ston X. DeÐxte ìti o X eÐnai diaqwrÐsimoc. 12. ’Estw 1 ≤ p < +∞ kai K kleistì kai fragmèno uposÔnolo tou ℓp. DeÐxte ìti to K eÐnai sumpagèc an kai mìno an gia kĹje ε > 0 upĹrqei n0(ε) ∈ N tètoioc ÿste gia kĹje n ≥ n0 kai kĹje x = (ξ_k) ∈ K,_∞ ∑ k=n |ξ_k|^p < ε.

1.5 Plărwsh

§1. Stic askăseic eÐdame ìti ènac qÿroc me nìrma pou èqei Ĺpeirh arijmăsimh diĹstash den mporeÐ na eÐnai plărhc. TupikĹ paradeÐgmata eÐnai ta exăc.

(a) O qÿroc c_{00} ìlwn twn telikĹ mhdenikÿn akoloujiÿn: x = (x_n) ∈ c_{00} an upĹrqei N = N(x) ∈ N tètoioc ÿste x_n = 0 gia kĹje n ≥ N. H akoloujÐa e^{(k)} ìpou e^{(k)}n = δ_{kn} eÐnai bĹsh tou c_{00}. O c_{00} eÐnai upìqwroc opoioudăpote ℓ_p allĹ den eÐnai qÿroc Banach me kammÐa apì tic nìrmec ‖ · ‖_p.

(b) O qÿroc P [a, b] tÿn poluwnÔmwn p : [a, b] → R eÐnai upìqwroc tou L^p[a, b], 1 ≤ p ≤ ∞ kai tou C[a, b], den eÐnai ìmwc qÿroc Banach me kammÐa apì autèc tic nìrmec: h akoloujÐa {1, t, t^2, . . .} eÐnai bĹsh tou P [a, b], Ĺra o P [a, b] èqei Ĺpeirh arijmăsimh diĹstash.

§2. ’Enac grammikìc qÿroc mporeÐ na eÐnai qÿroc Banach me kĹpoia nìrma, allĹ na mhn eÐnai plărhc wc proc kĹpoia Ĺllh nìrma. ParadeÐgmata:

(g) JewroÔme ton qÿro C[0, 1] twn suneqÿn sunartăsewn f : [0, 1] → R (o opoÐoc eÐnai plărhc wc proc thn ‖ · ‖_∞) me nìrma thn

‖f‖_1 =

∫_1 0 |f(t)|dt. Gia kĹje n ≥ 3 orÐzoume f_n : [0, 1] → R jètontac

f_n(t) =

0 , 0 ≤ t ≤^1_2 −^1_n n ( t −^1_2 +^1_n ) ,^1_2 −^1_n ≤ t ≤^1_2

1 ,^1_2 ≤ t ≤ 1.

An n < m tìte ‖f_n − f_m‖_1 ≤ 1/n, Ĺra h (f_n) eÐnai akoloujÐa Cauchy wc proc thn ‖ · ‖_1. ’Omwc, den upĹrqei suneqăc f : [0, 1] → R tètoia ÿste ‖f_n − f‖_1 → 0. An upărqe tètoia f, ja èprepe na paÐrnei thn timă 1 sto [1/2, 1] kai thn timă 0 sto [0, 1/2) (Ĺskhsh).

(d) JewroÔme ton qÿro c_0 twn mhdenikÿn akoloujiÿn, me nìrma thn ‖x‖ = ∞∑ n=1 |x_n| 2^n . H akoloujÐa (x^{(k)}) me x^{(k)} = (1, . . . , 1, 0, . . .) (k monĹdec kai metĹ mhdenikĹ) eÐnai akoloujÐa Cauchy wc proc thn ‖ · ‖, an ìmwc upărqe x ∈ c_0 me x^{(k)} → x, ja èprepe na isqÔei x_n = 1 gia kĹje n ∈ N (Ĺskhsh).

§3. KĹje qÿroc me nìrma X {emfuteÔetai} isometrikĹ kai puknĹ se ènan qÿro Banach. H diadikasÐa aută lègetai plărwsh.

Orismìc ’Estw (X, ‖ · ‖) qÿroc me nìrma. O qÿroc Banach (X̃, ‖ · ‖^′) lègetai plărwsh tou X an upĹrqei grammikă apeikìnish τ : X → X̃ me tic exăc idiìthtec:

(a) h τ eÐnai isometrÐa, dhladă ‖τ(x)‖^′ = ‖x‖ gia kĹje x ∈ X. (b) o τ(X) eÐnai puknìc upìqwroc tou X̃.

Prìtash 1.5.1 KĹje qÿroc me nìrma èqei mÐa plărwsh.

Apìdeixh: JewroÔme to sÔnolo [X] ìlwn twn akoloujiÿn Cauchy (x_n) ston X. OrÐzoume mÐa sqèsh isodunamÐac ∼ sto [X], jètontac (x_n) ∼ (y_n) ⇐⇒ ‖x_n − y_n‖ → 0. To sÔnolo X̃ twn klĹsewn isodunamÐac gÐnetai grammikìc qÿroc wc exăc: an x^∗, y^∗ eÐnai oi klĹseic stic opoÐec anăkoun oi akoloujÐec Cauchy (x_n), (y_n) antÐstoiqa, orÐzoume x^∗ + y^∗ thn klĹsh thc akoloujÐac Cauchy (x_n + y_n) kai a · x^∗, a ∈ K , thn klĹsh thc (ax_n). Elègxte ìti oi prĹxeic orÐzontai kalĹ kai ìti o (X̃, +, ·) eÐnai grammikìc qÿroc.

OrÐzoume nìrma ston X̃ wc exăc: an x^∗ ∈ X̃ kai (x_n) mÐa akoloujÐa Cauchy sthn klĹsh x^∗, jètoume ‖x^∗‖^′ = lim_{n→∞} ‖x_n‖. To ìrio autì upĹrqei giatÐ h akoloujÐa (‖x_n‖) eÐnai Cauchy sto R, kai eÐnai anexĹrthto apì thn epilogă thc akoloujÐac Cauchy (x_n) sthn x^∗. Elègxte ta parapĹnw, kajÿc kai to ìti h ‖ · ‖^′ eÐnai nìrma.

Tèloc, jewroÔme thn apeikìnish τ : X → X̃, ìpou τ(x) eÐnai h klĹsh thc stajerăc akoloujÐac (x, x, . . . , x, . . .). H τ eÐnai grammikă apeikìnish kai ‖τ(x)‖^′ = lim_n ‖x‖ = ‖x‖ gia kĹje x ∈ X. Dhladă, o X emfuteÔetai {isometrikĹ} ston X̃.

Isqurismìc: O τ(X) eÐnai puknìc ston X̃.

Apìdeixh: ’Estw x^∗ ∈ X̃ kai (x_n) akoloujÐa Cauchy sthn klĹsh x^∗. Tìte,

lim_n ‖x^∗ − τ(x_n)‖^′ = lim_n lim_m ‖x_m − x_n‖ = 0,

dhladă τ(x_n) → x^∗. AfoÔ to x^∗ ătan tuqìn kai τ(x_n) ∈ τ(X), o τ(X) eÐnai puknìc ston X̃. □

Mènei na deÐxoume ìti o X̃ eÐnai plărhc. Ja qrhsimopoiăsoume èna genikì epiqeÐrhma.

Lămma 1.5.1 ’Estw (X, d) metrikìc qÿroc kai M puknì uposÔnolo tou X me thn idiìthta: kĹje akoloujÐa Cauchy stoiqeÐwn tou M sugklÐnei se stoiqeÐo tou X. Tìte, o X eÐnai plărhc.

Apìdeixh: ’Estw (x_n) akoloujÐa Cauchy ston X. MporoÔme na broÔme m_n ∈ M me d(x_n, m_n) < 1/n. Tìte, h (m_n) eÐnai Cauchy Ĺra upĹrqei x ∈ X tètoio ÿste m_n → x. AfoÔ d(x_n, x) ≤ d(x_n, m_n) + d(m_n, x) < 1/n + d(m_n, x), blèpoume ìti x_n → x. □ ’Eqoume ădh deÐ ìti o τ(X) eÐnai puknìc ston X̃. EpÐshc, h (τ(x_n)) eÐnai akoloujÐa Cauchy an kai mìno an h (x_n) eÐnai Cauchy, kai tìte τ(x_n) → x^∗ ∈ X̃, ìpou x^∗ h klĹsh thc (x_n). SÔmfwna me to Lămma, o X̃ eÐnai plărhc. □

Askăseic 1. DeÐxte ìti o qÿroc C[0, 1] twn suneqÿn sunartăsewn f : [0, 1] → R me nìrma thn ‖f‖1 = ∫_1 0 |f(t)|dt den eÐnai plărhc.

2. DeÐxte ìti o qÿroc c0 twn mhdenikÿn akoloujiÿn me nìrma thn ‖x‖ = ∞∑ n=1 |xn| 2^n

den eÐnai plărhc.

3. DeÐxte ìti h plărwsh enìc qÿrou me nìrma X eÐnai monadikă. An X^′ eÐnai mÐa Ĺllh plărwsh tou X kai τ^′ h isometrikă emfÔteush tou X ston X^′, tìte upĹrqei isometrÐa epÐ Φ : X̃ → X^′ tètoia ÿste Φ(τ (x)) = τ^′(x) gia kĹje x ∈ X.

KefĹlaio 2

Fragmènoi telestèc

2.1 Fragmènoi grammikoÐ telestèc

’Estw X, Y dÔo qÿroi me nìrma. MÐa apeikìnish T : X → Y lègetai grammikìc telestăc an T (ax_1 + bx_2) = aT (x_1) + bT (x_2)

gia kĹje x_1, x_2 ∈ X kai a, b ∈ K . H eikìna tou T eÐnai o upìqwroc Im(T ) = {T (x) : x ∈ X} kai o purănac tou T eÐnai o upìqwroc Ker(T ) = {x ∈ X : T (x) = 0}. O T eÐnai grammikìc isomorfismìc an eÐnai èna proc èna kai epÐ, dhladă an Im(T ) = Y kai Ker(T ) = {0}.

’Enac grammikìc telestăc T : X → Y lègetai fragmènoc an upĹrqei M > 0 tètoioc ÿste ‖T (x)‖ ≤ M‖x‖ gia kĹje x ∈ X. Apì thn grammikìthta tou T kai tic idiìthtec thc nìrmac èpetai ìti o T eÐnai fragmènoc an kai mìno an eÐnai suneqăc:

Jeÿrhma 2.1.1 ’Estw X, Y qÿroi me nìrma kai T : X → Y grammikìc telestăc. Ta exăc eÐnai isodÔnama:

(a) o T eÐnai suneqăc apeikìnish. (b) o T eÐnai suneqăc sto 0. (g) o T eÐnai fragmènoc.

Apìdeixh: An o T eÐnai suneqăc, tìte eÐnai suneqăc kai sto 0.

Upojètoume ìti o T eÐnai suneqăc sto 0. Gia ε = 1 > 0, mporoÔme na broÔme δ > 0 tètoio ÿste ‖x‖ ≤ δ =⇒ ‖T (x)‖ ≤ 1. ’Estw x ∈ X, x ≠ 0. Tìte, ‖(δ/2‖x‖)x‖ ≤ δ Ĺra ‖T ((δ/2‖x‖)x)‖ ≤ 1. Dhladă, ‖T (x)‖ ≤ M‖x‖ gia kĹje x ∈ X, ìpou M = 2/δ.

Tèloc, upojètoume ìti o T eÐnai fragmènoc kai deÐqnoume ìti eÐnai suneqăc. UpĹrqei M > 0 me thn idiìthta ‖T (x)‖ ≤ M‖x‖ gia kĹje x ∈ X. ’Estw x_0 ∈ X kai ε > 0. Epilègoume δ = ε/M. Tìte, an ‖x − x_0‖ < δ èqoume ‖T (x) − T (x_0)‖ = ‖T (x − x_0)‖ ≤ M‖x − x_0‖ ≤ Mδ = ε. □ SumbolÐzoume me B(X, Y ) to sÔnolo tÿn fragmènwn grammikÿn telestÿn T :

X → Y . O B(X, Y ) eÐnai grammikìc qÿroc. OrÐzoume mÐa nìrma ston B(X, Y ) wc exăc: an T ∈ B(X, Y ) jètoume ‖T ‖ = inf{M ≥ 0 : ∀x ∈ X, ‖T (x)‖ ≤ M‖x‖}. AfoÔ o T eÐnai fragmènoc, to sÔnolo ston orismì eÐnai mh kenì, Ĺra h ‖T ‖ orÐzetai kalĹ. ParathroÔme epÐshc ìti to inf eÐnai sthn pragmatikìthta min. Dhladă, ‖T (x)‖ ≤ ‖T ‖ · ‖x‖, x ∈ X. Autì faÐnetai wc exăc: paÐrnoume fjÐnousa akoloujÐa M_n → ‖T ‖ me thn idiìthta ‖T (x)‖ ≤ M_n‖x‖, x ∈ X. Afănontac to n → ∞ blèpoume ìti ‖T (x)‖ ≤ lim_{n→∞} M_n‖x‖ = ‖T ‖ · ‖x‖. Prìtash 2.1.1 ’Estw T : X → Y fragmènoc grammikìc telestăc. Tìte, ‖T ‖ = sup{‖T (x)‖ : ‖x‖ ≤ 1} = sup{‖T (x)‖ : ‖x‖ = 1}. Apìdeixh: DeÐqnoume mìno thn prÿth isìthta. ’Estw A = sup{‖T (x)‖ : ‖x‖ ≤ 1}. An ‖x‖ ≤ 1, tìte ‖T (x)‖ ≤ ‖T ‖ · ‖x‖ ≤ ‖T ‖. ’Ara, A ≤ ‖T ‖. AntÐstrofa, an x ≠ 0 tìte ‖(x/‖x‖)‖ ≤ 1 Ĺra ‖T (x/‖x‖)‖ ≤ A =⇒ ‖T (x)‖ ≤ A‖x‖. Apì ton orismì thc ‖T ‖ paÐrnoume ‖T ‖ ≤ A. □ Prìtash 2.1.2 H apeikìnish ‖ · ‖ : B(X, Y ) → R^+ me T → ‖T ‖ eÐnai nìrma. Apìdeixh: (a) Profanÿc ‖T ‖ ≥ 0 gia kĹje T ∈ B(X, Y ). An ‖T ‖ = 0, tìte ‖T (x)‖ ≤ 0 · ‖x‖ = 0 gia kĹje x ∈ X, opìte T (x) = 0 gia kĹje x ∈ X. ’Ara, T = 0. (b) An a ∈ K kai T ∈ B(X, Y ), tìte ‖aT ‖ = sup{‖aT (x)‖ : ‖x‖ = 1} = sup{|a| · ‖T (x)‖ : ‖x‖ = 1} = |a| sup{‖T (x)‖ : ‖x‖ = 1} = |a| · ‖T ‖. (g) An T, S ∈ B(X, Y ) kai x ∈ X, tìte ‖(T + S)(x)‖ = ‖T (x) + S(x)‖ ≤ ‖T (x)‖ + ‖S(x)‖ ≤ ‖T ‖ · ‖x‖ + ‖S‖ · ‖x‖ = (‖T ‖ + ‖S‖)‖x‖, Ĺra T + S ∈ B(X, Y ) kai ‖T + S‖ ≤ ‖T ‖ + ‖S‖. □

Prìtash 2.1.3 ’Estw X qÿroc me nìrma kai Y qÿroc Banach. Tìte, o B(X, Y ) eÐnai qÿroc Banach.

Apìdeixh: ’Estw (T_n) akoloujÐa Cauchy ston B(X, Y ). Gia kĹje ε > 0 upĹrqei n_0(ε) ∈ N tètoioc ÿste ‖T_n − T_m‖ ≤ ε an n, m ≥ n_0.

Tìte, an x ∈ X kai n, m ≥ n_0, èqoume ‖T_n(x) − T_m(x)‖ ≤ ε‖x‖. Autì deÐqnei ìti h (T_n(x)) eÐnai Cauchy ston Y kai afoÔ o Y eÐnai plărhc upĹrqei y_x ∈ Y me T_n(x) → y_x.

OrÐzoume T : X → Y me T (x) = y_x = lim_n T_n(x). EÔkola elègqoume ìti o T eÐnai grammikìc telestăc. Ja deÐxoume tautìqrona ìti T ∈ B(X, Y ) kai ‖T −T_n‖ → 0. Gia kĹje x ∈ X kai n ≥ n_0,

‖T (x) − T_n(x)‖ = ‖ lim_n (T_m(x) − T_n(x))‖ = lim_n ‖T_m(x) − T_n(x)‖ ≤ lim sup_n ‖T_m − T_n‖ · ‖x‖ ≤ ε‖x‖. Autì deÐqnei ìti (T − T_n) ∈ B(X, Y ), Ĺra T = (T − T_n) + T_n ∈ B(X, Y ). EpÐshc, ‖T − T_n‖ ≤ ε gia kĹje n ≥ n_0, kai afoÔ to ε > 0 ătan tuqìn, ‖T − T_n‖ → 0. □

Paratărhsh: An X, Y, Z eÐnai qÿroi me nìrma kai an T ∈ B(X, Y ), S ∈ B(Y, Z), tìte ‖(S ∘ T )(x)‖ = ‖S(T (x))‖ ≤ ‖S‖ · ‖T (x)‖ ≤ (‖S‖ · ‖T ‖)‖x‖, Ĺra S ∘ T ∈ B(X, Z) kai ‖S ∘ T ‖ ≤ ‖S‖ · ‖T ‖. Eidikìtera, an T ∈ B(X, X) tìte T^m ∈ B(X, X) gia kĹje m kai ‖T^m‖ ≤ ‖T ‖^m.

Orismìc KĹje grammikìc telestăc f : X → K lègetai grammikì sunarthsoeidèc. O qÿroc B(X, K ) ìlwn twn fragmènwn grammikÿn sunarthsoeidÿn f : X → K lègetai duðkìc qÿroc tou X kai sumbolÐzetai me X^∗.

AfoÔ o (K , | · |) eÐnai plărhc, paÐrnoume to exăc.

Prìtash 2.1.4 ’Estw X qÿroc me nìrma. O duðkìc qÿroc X^∗ tou X eÐnai qÿroc Banach me nìrma thn ‖f‖ = sup{|f(x)| : ‖x‖ = 1}. □ An X eÐnai ènac qÿroc me nìrma, tìte X^∗ ≠ ∅. To sunarthsoeidèc f : X → K me f(x) = 0, x ∈ K eÐnai fragmèno.

Apì thn Ĺllh pleurĹ, se kĹje apeirodiĹstato qÿro me nìrma X mporoÔme na orÐsoume èna mh fragmèno grammikì sunarthsoeidèc wc exăc: jewroÔme akoloujÐa grammikĹ anexĹrthtwn dianusmĹtwn x_n me ‖x_n‖ = 1, thn opoÐa epekteÐnoume se bĹsh tou X prosjètontac èna sÔnolo dianusmĹtwn {z_i : i ∈ I}. OrÐzoume f(x_n) = n kai f(z_i) = 0, i ∈ I, kai epekteÐnoume grammikĹ. ’Etsi paÐrnoume èna grammikì sunarthsoeidèc f gia to opoÐo sup{|f(x)| : ‖x‖ = 1} ≥ sup{|f(x_n)| : n ∈ N} = +∞. To erÿthma {pìso ploÔsioc eÐnai o duðkìc qÿroc} ja mac apasqolăsei argìtera. Ja doÔme (jeÿrhma Hahn-Banach) ìti o X^∗ perièqei pĹnta pollĹ sunarthsoeidă.

To parĹdeigma pou akoloujeÐ deÐqnei ìti autì den eÐnai genikĹ swstì gia {grammikoÔc metrikoÔc qÿrouc}. O qÿroc L^p[0, 1], 0 < p < 1.

’Estw 0 < p < 1. Me L^p[0, 1] sumbolÐzoume ton grammikì qÿro twn klĹsewn isodunamÐac (tautÐzoume dÔo sunartăseic an eÐnai sqedìn pantoÔ Ðsec) twn Lebesgue metrăsimwn sunartăsewn gia tic opoÐec ∫ [0,1] |f|^pdλ < +∞. An f, g ∈ L^p[0, 1], orÐzoume d(f, g) = ∫ [0,1] |f − g|^pdλ. H d eÐnai metrikă. H trigwnikă anisìthta eÐnai sunèpeia thc anisìthtac (a + b)^p ≤ a^p + b^p, a, b ≥ 0, 0 < p < 1. EÔkola elègqoume ìti h d eÐnai analloÐwth wc proc metaforèc kai ìti oi prĹxeic tou grammikoÔ qÿrou eÐnai suneqeÐc wc proc thn d. EpÐshc, mimoÔmenoi thn apìdeixh thc plhrìthtac tou L^p(μ), p ≥ 1, mporeÐte na deÐxete ìti o (L^p[0, 1], d), 0 < p < 1 eÐnai plărhc.

Ja exetĹsoume thn Ôparxh suneqÿn grammikÿn sunarthsoeidÿn F : L^p[0, 1] → R. Lămma 2.1.1 ’Estw G mh kenì, anoiqtì kai kurtì uposÔnolo tou L^p[0, 1]. Tìte, G = L^p[0, 1].

Apìdeixh: AfoÔ h metrikă d eÐnai analloÐwth wc proc metaforèc, mporoÔme epiplèon na upojèsoume ìti 0 ∈ G. AfoÔ to G eÐnai anoiqtì kai 0 ∈ G, upĹrqei R > 0 me thn idiìthta ∫

[0,1] |f|^pdλ < R =⇒ f ∈ G. ’Estw g ∈ L^p[0, 1]. Gia kĹje n ∈ N brÐskoume diamèrish 0 = x_0 < x_1 < . . . < x_n = 1 tètoia ÿste ∫ [x_i,x_{i+1}] |g|^pdλ = 1 n ∫ [0,1] |g|^pdλ, i = 0, . . . , n − 1. JewroÔme tic sunartăseic g_i = ngχ_{[xi,xi+1]}, i = 0, . . . , n − 1. Tìte, g = (g_1 + . . . + g_n)/n kai ∫ [0,1] |g_i|^pdλ = n^p ∫ [x_i,x_{i+1}] |g|^pdλ = 1 n^{1−p} ∫ [0,1] |g|^pdλ.

An to n eÐnai arketĹ megĹlo petuqaÐnoume g_i ∈ G gia kĹje i: arkeÐ na epilèxoume n gia to opoÐo ∫

[0,1] |g|^pdλ ≤ n^{1−p}R. AfoÔ to G eÐnai kurtì, blèpoume ìti g = g_1 + . . . + g_n n ∈ G, kai afoÔ h g ătan tuqoÔsa, G = L^p[0, 1]. □

Prìtash 2.1.5 An 0 < p < 1 kai F : L^p[0, 1] → R suneqèc grammikì sunarthsoeidèc, tìte F ≡ 0.

Apìdeixh: Gia kĹje ε > 0, to sÔnolo G_ε = {f ∈ L^p[0, 1] : |F (f)| < ε} eÐnai anoiqtì, kurtì kai mh kenì giatÐ F (0) = 0. Apì to Lămma, G_ε = L^p[0, 1]. Dhladă, ∀f ∈ L^p[0, 1] ∀ε > 0, |F (f)| < ε. Afănontac to ε → 0^+ blèpoume ìti F (f) = 0 gia kĹje f ∈ L^p[0, 1]. Dhladă, F ≡ 0. □ ParadeÐgmata telestÿn kai sunarthsoeidÿn (a) ’Estw 1 ≤ p ≤ ∞. OrÐzoume R, L : ℓ_p → ℓ_p me R(x_1, . . . , x_n, . . .) = (0, x_1, . . . , x_n, . . .), L(x_1, . . . , x_n, . . .) = (x_2, . . . , x_n, . . .). O R (dexiĹ metatìpish) kai o L (aristeră metatìpish) eÐnai grammikoÐ telestèc. O R eÐnai èna proc èna allĹ ìqi epÐ, enÿ o L eÐnai epÐ allĹ ìqi èna proc èna. Akìma, ‖R‖ = ‖L‖ = 1 kai L ∘ R = Id, enÿ R ∘ L ≠ Id kai Ker(R ∘ L) = {x ∈ ℓ_p : x_n = 0, n ≥ 2}. (b) ’Estw 1 ≤ p ≤ ∞ kai q o suzugăc ekjèthc tou p. Gia stajerì y ∈ ℓ_q orÐzoume f_y : ℓ_p → K me

f_y(x) = ∞∑ n=1 x_ny_n. Apì thn anisìthta tou Hölder èpetai ìti gia kĹje x ∈ ℓ_p h seirĹ ∑ n x_ny_n sugklÐnei apolÔtwc kai |f_y(x)| = |^∞∑ n=1 x_ny_n | ≤ ‖y‖_q‖x‖_p. ’Ara f_y ∈ ℓ^∗_p kai ‖f_y‖ ≤ ‖y‖_q (h grammikìthta tou f_y eÐnai faneră). (g) TeleÐwc anĹloga, an p kai q eÐnai suzugeÐc ekjètec kai g ∈ L^q (μ), orÐzoume ϕ_g : L^p(μ) → K me ϕ_g (f) = ∫ Ω fgdμ.

Tìte, ϕ_g ∈ (L^p(μ))^∗ kai ‖ϕ_g ‖ ≤ ‖g‖_Lq_{(μ)}.

(d) ’Estw t ∈ [0, 1]. OrÐzoume δ_t : C[0, 1] → K me δ_t(f) = f(t). Tìte, δ_t ∈ (C[0, 1])^∗ kai ‖δ_t‖ = 1.

(e) ’Estw X, Y sumpageÐc metrikoÐ qÿroi kai τ : Y → X suneqăc. OrÐzoume A : C(X) → C(Y ) me (Af)(y) = f(τ(y)). Tìte, A ∈ B(C(X), C(Y )) kai ‖A‖ = 1. (z) ’Estw κ : [0, 1] × [0, 1] → R metrăsimh sunĹrthsh me thn idiìthta ∫ [0,1] |κ(x, y)|dλ(y) ≤ c_1, x − (a.e) ∫ [0,1] |κ(x, y)|dλ(x) ≤ c_2, y − (a.e) ìpou c_1, c_2 jetikèc apìlutec stajerèc. Gia kĹje 1 ≤ p < +∞ orÐzoume T : L^p([0, 1]) → L^p([0, 1]) me

(T f)(x) = ∫ [0,1] κ(x, y)f(y)dλ(y). Ja deÐxoume tautìqrona ìti h (T f)(x) orÐzetai kalĹ x − (a.e) kai ìti o T eÐnai fragmènoc telestăc. ’Eqoume |(T f)(x)| = |∫ [0,1] κ(x, y)f(y)dλ(y) | ≤ ∫ [0,1] |κ(x, y)|^{1/q} |κ(x, y)|^{1/p}|f(y)|dλ(y)

≤ (∫ [0,1] |κ(x, y)|dλ(y) )_{1/q} (∫ [0,1] |κ(x, y)||f(y)|^pdλ(y) )_{1/p}

≤ c^{1/q}_1 (∫ [0,1] |κ(x, y)||f(y)|^pdλ(y) )_{1/p}

ìpou q o suzugăc ekjèthc tou p. Tìte, ‖T f‖^p = ∫ [0,1] |(T f)(x)|^pdx ≤ c^{p/q}_1 ∫ [0,1] ∫ [0,1] |κ(x, y)||f(y)|^pdλ(y)dλ(x)

= c^{p/q}_1 ∫ [0,1] |f(y)|^p (∫ [0,1] |κ(x, y)|dλ(x) ) dλ(y) ≤ c^{p/q}_1 c_2 ∫ [0,1] |f(y)|^pdλ(y).

Dhladă, ‖T f‖_p ≤ c^{1/q}_1 c^{1/p}_2 ‖f‖_p.

(h) ’Estw X o upìqwroc tou C[0, 1] pou apoteleÐtai apì tic suneqÿc paragwgÐsimec sunartăseic. OrÐzoume D : X → C[0, 1] me Df = f^′. O D eÐnai ènac mh fragmènoc grammikìc telestăc (Ĺskhsh).

IsomorfismoÐ, isometrÐec, isodÔnamec nìrmec (a) ’Estw X, Y qÿroi me nìrma. ’Enac grammikìc telestăc T : X → Y lègetai isomorfismìc an eÐnai isomorfismìc grammikÿn qÿrwn (dhl. èna proc èna kai epÐ) kai oi T, T^{−1} eÐnai fragmènoi telestèc.

EÔkola elègqoume ìti an o T : X → Y eÐnai isomorfismìc, upĹrqoun M_1, M_2 > 0 tètoioi ÿste (∗) 1 M_2 ‖x‖ ≤ ‖T (x)‖ ≤ M_1‖x‖, x ∈ X. AntÐstrofa an o T : X → Y eÐnai grammikìc isomorfismìc kai upĹrqoun M_1, M_2 > 0 ÿste na isqÔei h (∗), tìte o T eÐnai isomorfismìc qÿrwn me nìrma.

Lème ìti dÔo qÿroi me nìrma X kai Y eÐnai isomorfikoÐ an upĹrqei isomorfismìc T : X → Y . Oi X kai Y lègontai isometrikĹ isomorfikoÐ an upĹrqei isomorfismìc T : X → Y me thn epiplèon idiìthta ‖T (x)‖ = ‖x‖, x ∈ X. ’Enac tètoioc isomorfismìc lègetai isometrÐa. Parathrăste ìti kĹje isometrÐa diathreÐ tic apostĹseic: an x_1, x_2 ∈ X, tìte ‖T (x_1) − T (x_2)‖ = ‖x_1 − x_2‖. Epomènwc, dÔo isometrikĹ isomorfikoÐ qÿroi {tautÐzontai} tìso san grammikoÐ ìso kai san metrikoÐ qÿroi.

(b) DÔo nìrmec ‖·‖_1 kai ‖·‖_2 pĹnw ston Ðdio grammikì qÿro X lègontai isodÔnamec an h tautotikă apeikìnish Id : (X, ‖·‖_1) → (X, ‖·‖_2) eÐnai isomorfismìc. IsodÔnama, an upĹrqoun jetikèc stajerèc a, b tètoiec ÿste a‖x‖_1 ≤ ‖x‖_2 ≤ b‖x‖_1 gia kĹje x ∈ X.

Parathrăseic 1. O isomorfismìc qÿrwn me nìrma kai h isodunamÐa normÿn eÐnai sqèseic isodunamÐac.

2. An ènac qÿroc me nìrma eÐnai plărhc, tìte eÐnai plărhc kai wc proc kĹje isodÔnamh nìrma.

3. An ‖ · ‖_1 kai ‖ · ‖_2 eÐnai dÔo isodÔnamec nìrmec, tìte h anisìthta a‖x‖_1 ≤ ‖x‖_2 ≤ b‖x‖_1, x ∈ X, eÐnai isodÔnamh me thn aB_2 ⊆ B_1 ⊆ bB_2, ìpou B_i h monadiaÐa mpĹla tou (X, ‖ · ‖_i).

Askăseic

1. ’Estw (xn) akoloujÐa se ènan qÿro me nìrma X. Lème ìti h seirĹ ∑_∞ n=1 xn sugklÐnei an upĹrqei x ∈ X tètoio ÿste lim m→∞ ‖ ‖ ‖ ‖ x − m∑ n=1 xn ‖ ‖ ‖ ‖ = 0.

DeÐxte ìti ta exăc eÐnai isodÔnama:

(a) O X eÐnai plărhc.

(b) An (xn) eÐnai akoloujÐa ston X me ∑_∞ n=1 ‖xn‖ < +∞, tìte h seirĹ ∑_∞ n=1 xn sugklÐnei.

2. ’Estw X qÿroc Banach kai T ∈ B(X, X) me thn idiìthta ∑_∞ n=1 ‖T^n‖ < +∞. An y ∈ X orÐzoume ton metasqhmatismì Sy : X → X me Sy (x) = y + T (x). DeÐxte ìti o Sy èqei monadikì stajerì shmeÐo (Sy(x0) = x0), to x0 = y + ∑_∞ n=1 T^n(y).

3. DÐnontai g : [0, 1] → R kai K : [0, 1] × [0, 1] → R suneqeÐc. DeÐxte ìti upĹrqei suneqăc sunĹrthsh f : [0, 1] → R pou ikanopoieÐ thn exÐswsh tou Volterra

f(t) = g(t) + ∫_t 0 K(s, t)f(s)ds gia kĹje t ∈ [0, 1]. [Upìdeixh: An M = max{|K(s, t)| : 0 ≤ s, t ≤ 1} kai T : C[0, 1] → C[0, 1] o telestăc pou orÐzetai apì thn

(T f)(t) = ∫_t 0 K(s, t)f(s)ds, deÐxte ìti ‖T^n‖ ≤ M^n/n! gia kĹje n ∈ N.]

4. ’Estw X, Y qÿroi me nìrma kai T : X → Y grammikìc telestăc me thn idiìthta: an (xn) akoloujÐa ston X me ‖xn‖ → 0, tìte h (T (xn)) eÐnai fragmènh akoloujÐa ston Y . DeÐxte ìti o T eÐnai fragmènoc.

5. DeÐxte ìti o ℓp eÐnai isometrikĹ isomorfikìc me ènan upìqwro tou Lp[0, 1] gia kĹje p ≥ 1. [Upìdeixh: Jewrăste ton upìqwro tou Lp[0, 1] pou parĹgetai apì tic fn = (n(n + 1))^{1/p}χ_[ 1_{n+1 ,} 1_{n ]}.]

6. Ston c00 orÐste nìrma ‖ · ‖ me thn exăc idiìthta: h ‖ · ‖ den eÐnai isodÔnamh me thn ‖ · ‖∞, allĹ oi qÿroi (c00, ‖ · ‖) kai (c00, ‖ · ‖∞) eÐnai isometrikĹ isomorfikoÐ. [Upìdeixh: An T : c00 → c00 eÐnai grammikìc isomorfismìc, h ‖x‖ = ‖T x‖∞ eÐnai nìrma ston c00.] 7. An X eÐnai ènac qÿroc me nìrma kai f ∈ X^∗, eÐdame ìti ‖f‖ = sup{|f(x)| : ‖x‖ = 1}. DeÐxte me èna parĹdeigma ìti mporeÐ na sumbeÐ |f(x)| < ‖f‖ gia kĹje x ∈ X me ‖x‖ = 1. Dhladă, to sup den eÐnai pĹnta max. [Upìdeixh: c^∗_0 ≃ ℓ1.]

8. ’Estw (aij )^∞_{i,j=1} ènac Ĺpeiroc pÐnakac me aij ≥ 0 gia kĹje i, j. Upojètoume akìma ìti upĹrqoun b, c > 0 kai pi > 0 tètoia ÿste, gia kĹje i, j, ∞∑ i=1 aij pi ≤ bpj , ∞∑ j=1 aij pj ≤ cpi. DeÐxte ìti o telestăc T : ℓ2 → ℓ2 pou orÐzetai apì thn

T ((ξi)i) = ( ∞∑ j=1 ξiaij )i

eÐnai fragmènoc, kai ‖T ‖ ≤ √ bc.

9. An x0, x1, . . . , xn ∈ R, tìte | |^n∑ i,j=0 xixj i + j + 1 | | ≤ π^n∑ i=0 x^2_i .

Aută eÐnai h anisìthta tou Hilbert. Ja qreiasteÐte to kritărio tou Schur, kai thn ∞∑ i=0 1 i +^1_2 + j +^1_2 · 1 √ i +^1_2 < ∫_∞ 0 dx (x + j +^1_2 ) √ x = π √ j +^1_2 .

2.2 KlasikoÐ duðkoÐ qÿroi

Jeÿrhma 2.2.1 O duðkìc qÿroc tou ℓ_p, 1 < p < ∞ eÐnai isometrikĹ isomorfikìc me ton ℓ_q, ìpou q o suzugăc ekjèthc tou p.

Apìdeixh: ’Estw q o suzugăc ekjèthc tou p. Sthn prohgoÔmenh parĹgrafo eÐdame ìti an y ∈ ℓ_q, h apeikìnish f_y : ℓ_p → K me f_y(x) = ∑ n x_ny_n eÐnai fragmèno grammikì sunarthsoeidèc kai ‖f_y‖ ≤ ‖y‖_q.

OrÐzoume T : ℓ_q → ℓ^∗_p me T (y) = f_y. H grammikìthta tou T elègqetai eÔkola. Ja deÐxoume ìti o T eÐnai isometrÐa. Gia kĹje y ∈ ℓ_q, stajeropoioÔme N ∈ N kai jewroÔme to x(N) = (x_1, . . . , x_N , 0, . . .) ìpou x_k = |y_k|^{q−1}sign(y_k), k ≤ N. Tìte,

‖x(N)‖_p = (_N ∑ k=1 |y_k|^{(q−1)p} )_{1/p} = (_N ∑ k=1 |y_k|^q )_{1/p}

kai f_y(x(N)) = N∑ k=1 |y_k|^q , opìte ‖f_y‖ ≥ f_y(x(N)) ‖x(N)‖_p = (_N ∑ k=1 |y_k|^q )_{1/q}

gia kĹje N ∈ N. ’Epetai ìti ‖f_y‖ ≥ ‖y‖_q, Ĺra ‖T (y)‖_ℓ∗_p = ‖f_y‖ = ‖y‖_q. Mènei na deÐxoume ìti o T eÐnai epÐ. ’Estw f ∈ ℓ^∗_p. Jètoume y = (y_n) ìpou y_n = f(e_n). Ja deÐxoume ìti y ∈ ℓ_q kai ìti f_y = f (opìte T (y) = f). ’Estw N ∈ N. JewroÔme to x(N) = (x_1, . . . , x_N , 0, . . .) ìpou x_k = |y_k|^{q−1}sign(y_k), k ≤ N. Tìte, f(x(N)) = N∑ k=1 |y_k|^{q−1}sign(y_k)f(e_k) = N∑ k=1 |y_k|^q kai ‖x(N)‖_p = (_N ∑ k=1 |y_k|^{(q−1)p} )_{1/p} = (_N ∑ k=1 |y_k|^q )_{1/p}

Ĺra N∑ k=1 |y_k|^q = |f(x(N))| ≤ ‖f‖ · ‖x(N)‖_p = ‖f‖ (_N ∑ k=1 |y_k|^q )_{1/p} , dhladă,_N ∑ k=1 |y_k|^q ≤ ‖f‖^q gia kĹje N ∈ N. ’Epetai ìti y ∈ ℓ_q kai ‖y‖_q ≤ ‖f‖.

Gia na deÐxoume ìti f_y = f, parathroÔme ìti ta dÔo autĹ fragmèna sunarthsoeidă sumfwnoÔn se kĹje e_n apì ton orismì tou y. Lìgw grammikìthtac sumfwnoÔn ston span{e_1, . . . , e_n, . . .} o opoÐoc eÐnai puknìc ston ℓ_p kai lìgw sunèqeiac sumfwnoÔn se olìklhro ton ℓ_p. □

Jeÿrhma 2.2.2 ’Estw (Ω, A, μ) qÿroc mètrou me μ(Ω) < +∞ kai 1 < p < ∞. O duðkìc qÿroc tou L^p(μ) eÐnai isometrikĹ isomorfikìc me ton L^q(μ), ìpou q o suzugăc ekjèthc tou p.

Apìdeixh: Sthn prohgoÔmenh parĹgrafo eÐdame ìti gia kĹje g ∈ L^q(μ), h apeikìnish ϕ_g : L^p(μ) → K me

ϕ_g (f) = ∫ Ω fgdμ eÐnai fragmèno grammikì sunarthsoeidèc kai ‖ϕ_g ‖ ≤ ‖g‖_q. OrÐzoume T : L^q(μ) → (L^p(μ))^∗ me T (g) = ϕ_g .

DeÐqnoume prÿta ìti o T eÐnai isometrÐa. ’Estw g ∈ L^q(μ), g ≠ 0. OrÐzoume f me f(ω) = |g(ω)|^{q−1}sign(g(ω)). Tìte, f ∈ L^p(μ) kai ∫ Ω |f|^pdμ = ∫ Ω |g|^q dμ. Epomènwc, ‖T (g)‖ = ‖ϕ_g ‖ ≥ |ϕ_g (f)| ‖f‖_p = ‖g‖^q ‖g‖^{q/p}_q = ‖g‖_q. Mènei na deÐxoume ìti o T eÐnai epÐ. ’Estw ϕ : L^p(μ) → K fragmèno grammikì sunarthsoeidèc. OrÐzoume ν : A → K me ν(A) = ϕ(χ_A). H ν orÐzetai kalĹ giatÐ χ_A ∈ L^p(μ) (afoÔ μ(Ω) < ∞). EpÐshc, h ν eÐnai mètro: apì thn grammikìthta tou ϕ èpetai ìti h ν eÐnai peperasmèna prosjetikă, kai an (A_n) eÐnai mÐa fjÐnousa akoloujÐa sthn A me ⋂ n A_n = ∅, tìte |ν(A_n)| ≤ ‖ϕ‖ · ‖χ_{An} ‖_p = ‖ϕ‖ (μ(A_n))^{1/p} → 0.

To Ðdio epiqeÐrhma deÐqnei ìti μ(A) = 0 =⇒ ν(A) = 0, dhladă to ν eÐnai apìluta suneqèc wc proc to μ. Apì to jeÿrhma Radon-Nikodym, upĹrqei μ-metrăsimh sunĹrthsh g tètoia ÿste

ϕ(χ_A) = ν(A) = ∫ A gdμ = ∫ Ω χ_Agdμ. ’Epetai ìti ϕ(f) = ∫ Ω fgdμ gia kĹje aplă metrăsimh sunĹrthsh f. Ja deÐxoume ìti g ∈ L^q(μ). JewroÔme mÐa akoloujÐa apì aplèc metrăsimec sunartăseic h_k me 0 ≤ h_k ↗ |g|^q kai jètoume g_k = h^{1/p}_k signg. Tìte, ‖g_k‖^p = ‖h_k‖_1 kai | | | | ∫ Ω g_kg | | | | = |ϕ(g^k)| ≤ ‖ϕ‖ · ‖g^k‖^p, Ĺra | | | | ∫ Ω g_kgdμ | | | ≤ ‖ϕ‖ · ‖h^k‖^{1/p}1 . Apì thn Ĺllh pleurĹ, g_kg = h^{1/p}_k |g| ≥ h^{1/p}_k h^{1/q}_k = h_k. ’Ara, ‖h_k‖_1 ≤ | | | ∫ Ω g_kgdμ | | | ≤ ‖ϕ‖ · ‖h_k‖^{1/p}_1 , to opoÐo dÐnei ‖h_k‖_1 ≤ ‖ϕ‖^q. PaÐrnontac k → ∞ kai qrhsimopoiÿntac to jeÿrhma monìtonhc sÔgklishc, blèpoume ìti ∫ Ω |g|^qdμ = lim_k ∫ Ω h_kdμ ≤ ‖ϕ‖^q. Autì deÐqnei ìti g ∈ L^q (μ). Tÿra, ta ϕ_g kai ϕ sumfwnoÔn stic aplèc sunartăseic oi opoÐec eÐnai puknèc ston L^p(μ). Lìgw sunèqeiac, T (g) = ϕ_g ≡ ϕ, dhladă o T eÐnai isometrÐa epÐ. □

Askăseic

1. DeÐxte ìti o c^∗_0 eÐnai isometrikĹ isomorfikìc me ton ℓ1.

2. DeÐxte ìti o ℓ^∗_1 eÐnai isometrikĹ isomorfikìc me ton ℓ∞.

3. (a) DeÐxte ìti oi qÿroi c kai c0 eÐnai isomorfikoÐ. [Upìdeixh: Jewrăste thn apeikìnish T : c → c0 pou orÐzetai wc exăc: an x = (an) me an → a, tìte T (x) = (a, a1 −a, a2 −a, . . .).]

(b) DeÐxte ìti oi c kai c0 den eÐnai isometrikĹ isomorfikoÐ. [Upìdeixh: An S; c0 → c eÐnai isometrÐa epÐ, parathrăste ìti upĹrqei n ∈ N gia to opoÐo S(en) /∈ c0.]

(g) DeÐxte ìti o c^∗ eÐnai isometrikĹ isomorfikìc me ton ℓ1.

2.3 Qÿroc phlÐko

’Estw X qÿroc me nìrma kai Z ènac grammikìc upìqwroc tou X. OrÐzoume mÐa sqèsh isodunamÐac ston X wc exăc: x ∼ y ⇐⇒ x − y ∈ Z. O qÿroc phlÐko X/Z eÐnai to sÔnolo twn klĹsewn isodunamÐac [x] = x + Z, to opoÐo gÐnetai grammikìc qÿroc me prĹxeic tic

[x] + [y] = [x + y] , a[x] = [ax].

To oudètero stoiqeÐo thc prìsjeshc eÐnai h klĹsh [0] = Z.

Ac upojèsoume epiplèon ìti o Z eÐnai kleistìc upìqwroc tou X. OrÐzoume mÐa sunĹrthsh ‖ · ‖_0 : X/Z → R^+ mèsw thc ‖[x]‖_0 = inf{‖y‖ : y ∼ x} = inf{‖x + z‖ : z ∈ Z}. Prìtash 2.3.1 An o Z eÐnai kleistìc upìqwroc tou X, tìte h ‖ · ‖_0 eÐnai nìrma ston X/Z. Apìdeixh: (a) Profanÿc ‖[x]‖_0 ≥ 0, kai an ‖[x]‖_0 = 0 tìte upĹrqoun z_n ∈ Z tètoia ÿste ‖x + z_n‖ → 0. Dhladă,

x = lim_n (−z_n) ∈ Z = Z

afoÔ o Z eÐnai kleistìc. ’Omwc autì shmaÐnei ìti [x] = [0].

AntÐstrofa, ‖[0]‖_0 = inf{‖z‖ : z ∈ Z} = 0, afoÔ o Z eÐnai upìqwroc. (b) An a ≠ 0, qrhsimopoiÿntac thn aZ = Z èqoume ‖a[x]‖_0 = ‖[ax]‖_0 = inf{‖ax + z‖ : z ∈ Z} = inf{‖ax + az‖ : z ∈ Z} = inf{|a|‖x + z‖ : z ∈ Z} = |a|‖[x]‖_0. (g) OmoÐwc, afoÔ Z + Z = Z,

‖[x] + [y]‖_0 = ‖[x + y]‖_0 = inf{‖x + y = z‖ : z ∈ Z} = inf{‖x + y + z_1 + z_2‖ : z_1, z_2 ∈ Z} ≤ inf{‖x + z_1‖ + ‖y + z_2‖ : z_1, z_2 ∈ Z} = inf{‖x + z_1‖ : z_1 ∈ Z} + inf{‖y + z_2‖ : z_2 ∈ Z} = ‖[x]‖_0 + ‖[y]‖_0. □

O qÿroc (X/Z, ‖ · ‖_0) lègetai qÿroc phlÐko tou X (me ton Z). O orismìc thc ‖ · ‖_0 dikaiologeÐtai apì thn epìmenh prìtash.

Prìtash 2.3.2 H fusiologikă apeikìnish Q : X → X/Z me Q(x) = [x] eÐnai fragmènoc grammikìc telestăc kai ‖Q‖ ≤ 1.

Apìdeixh: H grammikìthta tou Q elègqetai eÔkola. EpÐshc, ‖Q(x)‖ = ‖[x]‖_0 = inf{‖x + z‖ : z ∈ Z} ≤ ‖x‖. ’Ara, ‖Q‖ ≤ 1. □ Prìtash 2.3.3 ’Estw X, Y qÿroi me nìrma, T ∈ B(X, Y ) kai Z = Ker(T ). OrÐzoume T_0 : X/Z → Y me T_0([x]) = T (x). Tìte, o T_0 eÐnai èna proc èna, fragmènoc grammikìc telestăc kai ‖T_0‖ = ‖T ‖.

Apìdeixh: O Z eÐnai kleistìc upìqwroc tou X giatÐ o T eÐnai suneqăc kai grammikă apeikìnish. ’Ara, o X/Z orÐzetai kalĹ. EpÐshc, afoÔ Z = Ker(T ) èqoume [x] = [x_1] =⇒ x − x_1 ∈ Ker(T ) =⇒ T (x) = T (x_1), dhladă o T_0 orÐzetai kalĹ. EÔkola elègqoume ìti o T_0 eÐnai èna proc èna, grammikìc telestăc. EpÐshc, an x ∈ X tìte ‖T_0([x])‖ = ‖T_0[x + z]‖ = ‖T (x + z)‖ ≤ ‖T ‖ · ‖x + z‖ gia kĹje z ∈ Z, Ĺra ‖T_0([x])‖ ≤ ‖T ‖ · ‖[x]‖_0. Dhladă, o T_0 eÐnai fragmènoc kai ‖T_0‖ ≤ ‖T ‖.

’Estw 0 < ε < ‖T ‖ kai x ∈ X me ‖x‖ = 1 kai ‖T (x)‖ > ‖T ‖ − ε. Tìte, ‖T_0([x])‖ = ‖T (x)‖ > ‖T ‖ − ε kai ‖[x]‖_0 ≤ ‖x‖ = 1. ’Ara, ‖T_0‖ ≥ ‖T_0([x])‖ ‖[x]‖_0 > ‖T ‖ − ε. AfoÔ to ε ătan tuqìn, ‖T_0‖ ≥ ‖T ‖. Dhladă, ‖T_0‖ = ‖T ‖. □ Prìtash 2.3.4 ’Estw X qÿroc Banach kai Z kleistìc upìqwroc tou X. Tìte, o X/Z eÐnai qÿroc Banach.

Apìdeixh: ’Estw ([x_n]) akoloujÐa Cauchy ston X/Z. Ja deÐxoume ìti h ([x_n]) èqei sugklÐnousa upakoloujÐa.

AfoÔ h ([x_n]) eÐnai Cauchy, mporoÔme na broÔme aÔxousa akoloujÐa deiktÿn n_1 < n_2 < . . . < n_k < . . . gia thn opoÐa ‖[x_{nk+1} − x_{nk} ]‖_0 = ‖[x_{nk+1} ] − [x_{nk} ]‖_0 < 1 2^{k+1} . EpagwgikĹ, brÐskoume z_k ∈ Z tètoia ÿste ‖(x_{nk+1} + z_{k+1}) − (x_{nk} + z_k)‖ < 1 2^k .

H epilogă twn z_k gÐnetai wc exăc: jètoume z_1 = 0. Ac upojèsoume ìti èqoun epilegeÐ ta z_1, . . . , z_k. AfoÔ ‖[x_{nk+1} − x_{nk} ]‖_0 < 1/2^{k+1}, upĹrqei y_{k+1} ∈ Z me thn idiìthta ‖x_{nk+1} − x_{nk} − y_{k+1}‖ < 1/2^k. Jètoume z_{k+1} = z_k − y_{k+1}, opìte

‖(x_{nk+1} + z_{k+1}) − (x_{nk} + z_k)‖ = ‖x_{nk+1} − x_{nk} − y_{k+1}‖ < 1 2^k . H akoloujÐa (x_{nk} +z_k) eÐnai Cauchy ston X, epomènwc upĹrqei x_0 ∈ X tètoio ÿste x_{nk} + z_k → x_0. Apì thn Prìtash 2.3.2 èpetai ìti Q(x_{nk} + z_k) → Q(x_0), dhladă [x_{nk} ] → [x_0]. □

KleÐnoume autăn thn parĹgrafo me mÐa tupikă efarmogă twn qÿrwn phlÐkwn (jewroÔme pĹli gnwstì ìti kĹje upìqwroc peperasmènhc diĹstashc enìc qÿrou me nìrma eÐnai kleistìc).

Efarmogă: ’Estw X qÿroc me nìrma, Z kleistìc upìqwroc tou X kai Y upìqwroc peperasmènhc diĹstashc tou X. Tìte, o Z + Y eÐnai kleistìc upìqwroc tou X.

Apìdeixh: JewroÔme thn fusiologikă apeikìnish Q : X → X/Z. AfoÔ o Y èqei peperasmènh diĹstash, o Q(Y ) eÐnai upìqwroc peperasmènhc diĹstashc tou X/Z, Ĺra kleistìc upìqwroc tou X/Z. AfoÔ h Q eÐnai suneqăc apeikìnish, o Q^{−1}(Q(Y )) eÐnai kleistìc upìqwroc tou X. ’Omwc, x ∈ Q^{−1}(Q(Y )) ⇐⇒ Q(x) ∈ Q(Y ) ⇐⇒ ∃y ∈ Y : x − y ∈ Z ⇐⇒ x ∈ Y + Z. □ Askăseic 1. ’Estw X qÿroc me nìrma kai Y kleistìc upìqwroc tou X. An oi Y kai X/Y eÐnai qÿroi Banach, tìte o X eÐnai qÿroc Banach.

2. ’Estw X qÿroc Banach kai Y, Z kleistoÐ upìqwroi tou X. Upojètoume ìti o Y eÐnai isomorfikìc me ton Z. EÐnai oi X/Y kai X/Z isomorfikoÐ? [Upìdeixh: Jewrăste touc X = ℓ2, Y = {x ∈ ℓ2 : x1 = 0} kai Z = {x ∈ ℓ2 : x1 = x2 = 0}.]

3. ’Estw X grammikìc qÿroc kai Y upìqwroc tou X. ’Enac grammikìc telestăc P : X → Y lègetai probolă epÐ tou Y an, gia kĹje y ∈ Y , P (y) = y.

Upojètoume ìti o X eÐnai qÿroc me nìrma, o Y eÐnai kleistìc upìqwroc tou X kai ìti upĹrqei suneqăc probolă P : X → Y . Jètoume Z = Ker(P ) kai jewroÔme ton Y ⊕ Z = (Y × Z, ‖ · ‖1) ìpou ‖(y, z)‖1 = ‖y‖ + ‖z‖, gia kĹje (y, z) ∈ Y × Z. (a) DeÐxte ìti o Y ⊕ Z eÐnai isomorfikìc me ton X.

(b) DeÐxte ìti o X/Y eÐnai isomorfikìc me ton Z kai o X/Z eÐnai isomorfikìc me ton Y . 2.4 Qÿroi peperasmènhc diĹstashc

’Estw X grammikìc qÿroc diĹstashc n kai {e_1, . . . , e_n} mÐa bĹsh tou pĹnw apì to K . H ℓ_1-nìrma ston X orÐzetai wc exăc: an x = ∑_n i=1 a_ie_i ∈ X, jètoume

‖x‖_1 = n∑ i=1 |a_i|.

Lămma 2.4.1 H monadiaÐa mpĹla B_1 tou (X, ‖ · ‖_1) eÐnai sumpagăc.

Apìdeixh: ’Estw (x^{(k)}) mÐa akoloujÐa sthn B_1. KĹje x^{(k)} grĹfetai sth morfă

x^{(k)} = n∑ i=1 a^{(k)}_i e_i

ìpou ∑_n i=1 |a_i| ≤ 1. Eidikìtera, gia kĹje i ≤ n kai kĹje k, èqoume |a^{(k)}_i | ≤ 1.

AfoÔ h (a^{(k)}_1 ) eÐnai fragmènh, èqei upakoloujÐa pou sugklÐnei se kĹpoio a_1 ∈ K . Epilègontac diadoqikĹ upakoloujÐec, mporoÔme se n bămata na broÔme aÔxousa akoloujÐa deiktÿn m_1 < . . . < m_k < . . . me thn idiìthta: gia kĹje i ≤ n, a^{(mk )}_i → a_i ∈ K . OrÐzoume x = ∑_n i=1 a_ie_i. Tìte,

lim_{k→∞} ‖x − x^{(mk )}‖_1 = lim_{k→∞} n∑ i=1 |a_i − a^{(mk )}_i | = 0.

Dhladă, x^{(mk )} → x. Profanÿc x ∈ B_1, Ĺra deÐxame ìti h B_1 eÐnai akoloujiakĹ sumpagăc. □

Jeÿrhma 2.4.1 ’Estw X qÿroc diĹstashc n. Opoiesdăpote dÔo nìrmec ston X eÐnai isodÔnamec.

Apìdeixh: JewroÔme thn bĹsh {e_1, . . . , e_n} kai th nìrma ‖ · ‖_1 tou Lămmatoc. ’Estw ‖·‖ tuqoÔsa nìrma ston X. Ja deÐxoume ìti oi ‖·‖ kai ‖·‖_1 eÐnai isodÔnamec. Autì apodeiknÔei to jeÿrhma giatÐ h isodunamÐa normÿn eÐnai sqèsh isodunamÐac.

JewroÔme th monadiaÐa sfaÐra S_1 = {x ∈ X : ‖x‖_1 = 1} tou (X, ‖ · ‖_1), kai th sunĹrthsh f : S_1 → R^+ me f(x) = ‖x‖.

H f eÐnai suneqăc sunĹrthsh: an x, y ∈ S_1, tìte |f(x) − f(y)| = | ‖x‖ − ‖y‖ | ≤ ‖x − y‖ = ‖ n∑ i=1 (x_i − y_i)e_i‖

≤ n∑ i=1 |x_i − y_i| · ‖e_i‖ ≤ ( max_{i≤n} ‖e_i‖ )_n∑ i=1 |x_i − y_i| = ( max_{i≤n} ‖e_i‖ ) ‖x − y‖_1. ParathroÔme akìma ìti f(x) > 0 gia kĹje x ∈ S_1 (giatÐ ‖x‖ = 0 =⇒ x = 0 =⇒ x /∈ S_1) kai ìti h S_1 eÐnai sumpagăc wc kleistì uposÔnolo thc B_1. ’Ara h f paÐrnei mÐa gnăsia jetikă elĹqisth timă m kai mÐa mègisth timă M sthn S_1. Dhladă, an x ∈ S_1 èqoume 0 < m ≤ ‖x‖ ≤ M.

AfoÔ oi dÔo nìrmec eÐnai jetikĹ omogeneÐc, èpetai ìti m‖x‖_1 ≤ ‖x‖ ≤ M‖x‖_1 gia kĹje x ∈ X, dhladă oi ‖ · ‖ kai ‖ · ‖_1 eÐnai isodÔnamec. □ Jeÿrhma 2.4.2 ’Estw X qÿroc peperasmènhc diĹstashc me nìrma kai Y qÿroc me nìrma. KĹje grammikìc telestăc T : X → Y eÐnai fragmènoc. Apìdeixh: OrÐzoume ston X mÐa deÔterh nìrma ‖ · ‖^′ wc exăc: ‖x‖^′ = ‖x‖_X + ‖T (x)‖_Y . (elègxte ìti eÐnai nìrma). Oi ‖·‖_X kai ‖·‖^′ eÐnai isodÔnamec, Ĺra upĹrqoun m, M > 0 tètoioi ÿste m‖x‖_X ≤ ‖x‖_X + ‖T (x)‖_Y ≤ M‖x‖_X gia kĹje x ∈ X. Eidikìtera, ‖T (x)‖_Y ≤ M‖x‖_X gia kĹje x ∈ X, Ĺra o T eÐnai fragmènoc. □ Pìrisma 2.4.1 Opoioidăpote dÔo n-diĹstatoi qÿroi me nìrma eÐnai isomorfikoÐ. Apìdeixh: ’Estw X kai Y dÔo qÿroi me nìrma diĹstashc dimX = dimY = n. AfoÔ oi dÔo qÿroi èqoun thn Ðdia diĹstash, upĹrqei grammikìc isomorfismìc T : X → Y . AfoÔ h diĹstash twn X kai Y eÐnai peperasmènh, oi T kai T^{−1} eÐnai fragmènoi telestèc. ’Ara o T eÐnai isomorfismìc qÿrwn me nìrma. □ Pìrisma 2.4.2 KĹje qÿroc peperasmènhc diĹstashc me nìrma eÐnai plărhc. Apìdeixh: An ènac qÿroc eÐnai plărhc wc proc kĹpoia nìrma, tìte eÐnai plărhc kai wc proc kĹje isodÔnamh nìrma. An dimX = n, tìte ìlec oi nìrmec ston X eÐnai isodÔnamec. ArkeÐ loipìn na deÐxoume ìti o X eÐnai plărhc wc proc mÐa apì autèc. DeÐxte ìti o X eÐnai plărhc wc proc thn ‖ n∑ i=1 a_ie_i‖ = max_{i≤n} |a_i|. □

Pìrisma 2.4.3 Se ènan qÿro peperasmènhc diĹstashc, èna sÔnolo eÐnai sumpagèc an kai mìno an eÐnai kleistì kai fragmèno.

Apìdeixh: ’Estw A kleistì kai fragmèno uposÔnolo tou X wc proc kĹpoia nìrma ‖ · ‖. Ja deÐxoume ìti to A eÐnai akoloujiakĹ sumpagèc.

AfoÔ oi ‖ · ‖ kai ‖ · ‖_1 eÐnai isodÔnamec, upĹrqoun a, b > 0 tètoioi ÿste a‖x‖ ≤ ‖x‖_1 ≤ b‖x‖ gia kĹje x ∈ X. ’Estw (x_n) akoloujÐa sto A. AfoÔ to A eÐnai fragmèno wc proc thn ‖ · ‖ èqoume ‖x_n‖ ≤ M =⇒ ‖x‖_1 ≤ bM gia kĹje n. To sÔnolo (bM)B_1 eÐnai sumpagèc apì to Lămma 2.4.1, Ĺra upĹrqei upakoloujÐa (x_{nk} ) pou sugklÐnei se kĹpoio x ∈ X wc proc thn ‖ · ‖_1. ’Omwc tìte, ‖x − x_{nk} ‖ ≤ 1 a ‖x − x_{nk} ‖_1 → 0, Ĺra x_{nk} → x wc proc thn ‖ · ‖. Tèloc, x ∈ A giatÐ to A eÐnai ‖ · ‖-kleistì.

O antÐstrofoc isqurismìc isqÔei se kĹje metrikì qÿro. □

Pìrisma 2.4.4 KĹje upìqwroc peperasmènhc diĹstashc enìc qÿrou me nìrma eÐnai kleistìc.

Apìdeixh: ’Estw X qÿroc me nìrma kai Y upìqwroc tou X me dimY < ∞. Apì to Pìrisma 2.4.2, o Y eÐnai plărhc Ĺra kleistì uposÔnolo tou X (h teleutaÐa sunepagwgă isqÔei se kĹje metrikì qÿro). □ To Lămma tou F. Riesz

EÐdame ìti h monadiaÐa mpĹla enìc qÿrou peperasmènhc diĹstashc eÐnai sumpagăc. H sumpĹgeia thc monadiaÐac mpĹlac qarakthrÐzei touc qÿrouc peperasmènhc diĹstashc. H apìdeixh basÐzetai sto exăc lămma.

Lămma tou Riesz, 1918 ’Estw X qÿroc me nìrma kai Y ènac gnăsioc kleistìc upìqwrìc tou.

(a) Gia kĹje ε ∈ (0, 1) upĹrqei x_ε ∈ S_X tou opoÐou h apìstash apì ton Y eÐnai toulĹqiston 1 − ε: d(x_ε, Y ) := inf{‖x_ε − y‖ : y ∈ Y } ≥ 1 − ε. (b) An o Y èqei peperasmènh diĹstash, tìte upĹrqei x ∈ S_X tou opoÐou h apìstash apì ton Y eÐnai 1, h mègisth dunată.

Apìdeixh: (a) ’Estw ε ∈ (0, 1). O Y eÐnai gnăsioc upìqwroc tou X, epomènwc mporoÔme na broÔme x_0 ∈ X\Y . AfoÔ o Y eÐnai kleistìc,

d(x_0, Y ) = d > 0.

AfoÔ d/(1 − ε) > d, upĹrqei y_0 ∈ Y tètoio ÿste

0 ≠ ‖x_0 − y_0‖ < d 1 − ε . JewroÔme to x_ε = (x_0 − y_0)/‖x_0 − y_0‖ ∈ S_X . Gia kĹje y ∈ Y èqoume ‖x_ε − y‖ = ‖ ‖ ‖ x^0 − y^0 ‖x_0 − y_0‖ − y ‖ ‖ ‖ = 1 ‖x_0 − y_0‖

‖x_0 − (y_0 + ‖x_0 − y_0‖y)‖ ≥ d ‖x_0 − y_0‖ > 1 − ε, Ĺra d(x_0, Y ) ≥ 1 − ε.

(b) Ac upojèsoume tÿra ìti o Y èqei peperasmènh diĹstash. Gia to x_0 sto (a), brÐskoume y_n ∈ Y me d(x_0, y_n) → d := d(x_0, Y ). H (y_n) eÐnai fragmènh ston Y , epomènwc èqei sugklÐnousa upakoloujÐa (y_{nk} ) (ta kleistĹ kai fragmèna uposÔnola tou Y eÐnai sumpagă). An lim_k y_{nk} = y_0, tìte y_0 ∈ Y kai ‖x_0 −y_0‖ = d. H apìdeixh suneqÐzetai ìpwc sto (a). □

Pìrisma 2.4.5 ’Estw X_1 ⊂ X_2 ⊂ . . . ⊂ X_n ⊂ . . . upìqwroi peperasmènhc diĹstashc enìc qÿrou me nìrma X (ìloi oi egkleismoÐ eÐnai gnăsioi). Tìte, mporoÔme na broÔme monadiaÐa dianÔsmata x_n ∈ X_n tètoia ÿste d(x_n, X_{n−1}) = 1, n ≥ 2.

Eidikìtera, se kĹje apeirodiĹstato qÿro me nìrma X mporoÔme na broÔme akoloujÐa (x_n) apì monadiaÐa dianÔsmata me thn idiìthta ‖x_n − x_m‖ ≥ 1 an n ≠ m.

Apìdeixh: BrÐskoume to x_n efarmìzontac to deÔtero mèroc tou Lămmatoc tou Riesz gia to zeugĹri X_{n−1} ⊂ X_n, dimX_{n−1} < ∞.

’Estw tÿra apeirodiĹstatoc qÿroc me nìrma X. Gia thn kataskeuă thc akoloujÐac (x_n), dialègoume tuqìn x_1 ∈ S_X kai orÐzoume X_1 = span{x_1}. Apì to Lămma tou Riesz upĹrqei x_2 ∈ S_X tètoio ÿste d(x_2, X_1) = 1. OrÐzoume X_2 = span{x_1, x_2} kai suneqÐzoume me ton Ðdio trìpo: an ta x_1, . . . , x_n èqoun oristeÐ, jètoume X_n = span{x_1, . . . , x_n} kai brÐskoume x_{n+1} ∈ S_X tètoio ÿste d(x_{n+1}, X_n) = 1.

Apì thn kataskeuă eÐnai fanerì ìti an n < m tìte x_n ∈ X_{m−1} Ĺra ‖x_n − x_m‖ ≥ d(x_m, X_{m−1}) = 1. □ MporoÔme tÿra na qarakthrÐsoume touc qÿrouc peperasmènhc diĹstashc wc exăc:

Jeÿrhma 2.4.3 ’Enac qÿroc me nìrma èqei peperasmènh diĹstash an kai mìno an h monadiaÐa mpĹla tou eÐnai sumpagăc.

Apìdeixh: ’Eqoume deÐ ìti an dimX < ∞ tìte h B_X eÐnai sumpagăc. Ac upojèsoume ìti o X eÐnai apeirodiĹstatoc. SÔmfwna me to prohgoÔmeno pìrisma, mporoÔme na broÔme akoloujÐa (x_n) monadiaÐwn dianusmĹtwn me ‖x_n − x_m‖ ≥ 1 an n ≠ m. H (x_n) den èqei sugklÐnousa upakoloujÐa, Ĺra h B_X den eÐnai sumpagăc. □

Askăseic

1. ’Estw X qÿroc me nìrma kai 0 < θ < 1, A ⊂ BX . To A lègetai θ-dÐktuo gia thn BX an gia kĹje x ∈ BX upĹrqei a ∈ A me ‖x − a‖ < θ. An to A eÐnai θ-dÐktuo gia thn BX , deÐxte ìti gia kĹje x ∈ BX upĹrqoun an ∈ A, n ∈ N, tètoia ÿste x = ∞∑ n=0 θ^nan.

2. ’Estw X = (R^n , ‖ · ‖) kai ε > 0.

(a) An x1, . . . , x_k ∈ BX kai ‖xi − xj ‖ ≥ ε an i ≠ j, deÐxte ìti k ≤ (1 + 2/ε)^n. (b) DeÐxte ìti upĹrqei ε-dÐktuo gia thn BX me plhjĹrijmo N ≤ (1 + 2/ε)^n.

[Upìdeixh gia to (a): Oi mpĹlec B(xi, ε/2) perièqontai sthn B(0, 1 + ε/2) kai èqoun xèna eswterikĹ.]

3. ’Estw X apeirodiĹstatoc qÿroc me nìrma.

(a) DeÐxte ìti upĹrqoun x1, x2, . . . , xn, . . . ∈ BX tètoia ÿste xn +^1_4 BX ⊆ BX kai ta xn +^1_4 BX èqoun xèna eswterikĹ.

(b) DeÐxte ìti den upĹrqei mètro Borel μ ston X pou na ikanopoieÐ ta exăc:

1. To μ eÐnai analloÐwto wc proc tic metaforèc, dhladă μ(x + A) = μ(A) gia kĹje Borel A kai kĹje x ∈ X.

2. μ(A) > 0 gia kĹje mh kenì anoiqtì A ⊆ X. 3. UpĹrqei mh kenì anoiqtì A0 ⊂ X me μ(A0) < +∞.

44

KefĹlaio 3

To Jeÿrhma Hahn-Banach

3.1 GrammikĹ sunarthsoeidă kai uperepÐpeda

’Estw X grammikìc qÿroc pĹnw apì to K . Lème ìti ènac grammikìc upìqwroc W tou X èqei peperasmènh sundiĹstash k ∈ N an dim(X/W ) = k. An o X/W èqei sundiĹstash 1 kai x_0 ∈ X, tìte to x_0 + W lègetai uperepÐpedo tou X. Paratărhsh ’Eqoume dim(X/W ) = k an kai mìno an upĹrqoun x_1, . . . , x_k grammikĹ anexĹrthta dianÔsmata sto X/W me thn exăc idiìthta: gia kĹje x ∈ X upĹrqoun monadikĹ w ∈ W kai a_1, . . . , a_k ∈ K tètoia ÿste

(∗) x = w + a_1x_1 + · · · + a_kx_k .

PrĹgmati, an dim(X/W ) = k kai {[x_1], . . . , [x_k]} eÐnai mÐa bĹsh tou X/W , tìte gia kĹje x ∈ X upĹrqoun a_1, . . . , a_k me [x] = a_1[x_1] + · · · + a_k[x_k ] = [a_1x_1 + · · · + a_kx_k], dhladă x − (a_1x_1 + · · · + a_kx_k) =: w ∈ W . EpÐshc,

a_1x_1 + · · · + a_kx_k = 0 =⇒ a_1[x_1] + · · · + a_k[x_k] = [0] =⇒ a_1 = · · · = a_k = 0,

dhladă ta x_1, . . . , x_k eÐnai grammikĹ anexĹrthta. Apì thn anexarthsÐa twn [x_i] èpetai kai h monadikìthta thc parĹstashc tou x sthn (∗). Sumplhrÿste tic leptomèreiec, kajÿc kai thn apìdeixh thc antÐstrofhc kateÔjunshc.

Eidikìtera, an dim(X/W ) kai x_0 eÐnai tuqìn stoiqeÐo tou X\W , tìte kĹje x ∈ X grĹfetai monosămanta sth morfă x = w + ax_0 ìpou w ∈ W kai a ∈ K .

Oi upìqwroi sundiĹstashc 1 eÐnai akribÿc oi purănec twn mh tetrimmènwn grammikÿn sunarthsoeidÿn:

Prìtash 3.1.1 ’Estw X grammikìc qÿroc kai W upìqwroc tou X. O W èqei sundiĹstash 1 an kai mìno an upĹrqei grammikì sunarthsoeidèc f : X → K , f ≠ 0, me Kerf = W .

Apìdeixh: ’Estw f : X → K mh mhdenikì grammikì sunarthsoeidèc. O purănac W = Kerf eÐnai grammikìc upìqwroc tou X. OrÐzoume f̃ : X/W → K me f̃([x]) = f(x). To f̃ eÐnai kalĹ orismèno, èna proc èna kai epÐ, dhladă grammikìc isomorfismìc. ’Ara, dim(X/W ) = dim(K ) = 1.

AntÐstrofa, an dim(X/W ) = 1, upĹrqei grammikìc isomorfismìc T : X/W → K . OrÐzoume f : X → K me f(x) = T (Q(x)), ìpou Q(x) = [x] = x + W h fusiologikă apeikìnish. To f eÐnai mh mhdenikì grammikì sunarthsoeidèc kai Kerf = W . □ Sth sunèqeia upojètoume ìti èqoume kai mÐa nìrma ‖ · ‖ ston grammikì qÿro X. Prìtash 3.1.2 ’Estw X qÿroc me nìrma kai W upìqwroc tou X sundiĹstashc 1. Tìte, o W eÐnai kleistìc upìqwroc tou X ă puknìc upìqwroc tou X.

Apìdeixh: O W eÐnai kleistìc grammikìc upìqwroc tou X. An upojèsoume ìti upĹrqei x_0 ∈ W \W , tìte oi arqikèc mac parathrăseic deÐqnoun ìti kĹje x ∈ X grĹfetai sth morfă x = w + ax_0 gia kĹpoia w ∈ W kai a ∈ K . AfoÔ x_0 ∈ W kai W ⊂ W , autì shmaÐnei ìti X ⊆ W . Dhladă, o W eÐnai puknìc. □

Oi kleistoÐ upìqwroi sundiĹstashc 1 eÐnai akribÿc oi purănec twn fragmènwn mh mhdenikÿn grammikÿn sunarthsoeidÿn. Gia thn apìdeixh ja qreiastoÔme èna lămma.

Lămma 3.1.1 ’Estw X grammikìc qÿroc. DÔo grammikĹ sunarthsoeidă f, g : X → K èqoun ton Ðdio purăna an kai mìno an upĹrqei b ∈ K \{0} tètoio ÿste g = bf.

Apìdeixh: An g = bf, b ≠ 0, tìte profanÿc Kerf = Kerg.

AntÐstrofa, èstw f, g : X → K grammikĹ sunarthsoeidă me Kerf = Kerg. An f ≡ 0, tìte g ≡ 0 kai g = 1·f. Upojètoume loipìn ìti f ≠ 0, opìte upĹrqei x_0 ∈ X me f(x_0) = 1. AfoÔ f(x_0) ≠ 0, èqoume g(x_0) ≠ 0. Gia kĹje x ∈ X,

f(x−f(x)x_0) = f(x)−f(x)f(x_0) = 0 =⇒ g(x−f(x)x_0) = 0 =⇒ g(x) = g(x_0)f(x).

Dhladă, g = bf ìpou b = g(x_0). □

Prìtash 3.1.3 ’Estw X qÿroc me nìrma kai f : X → K mh mhdenikì grammikì sunarthsoeidèc. Tìte, f ∈ X^∗ an kai mìno an o Kerf eÐnai kleistìc.

Apìdeixh: An to f eÐnai suneqèc, tìte o Kerf eÐnai profanÿc kleistìc. Gia thn antÐstrofh kateÔjunsh, ac upojèsoume ìti f : X → K eÐnai èna mh mhdenikì grammikì sunarthsoeidèc kai ìti o Kerf eÐnai kleistìc.

JewroÔme ton qÿro phlÐko X/Kerf kai thn fusiologikă apeikìnish Q : X → X/Kerf. Apì thn Prìtash 3.1.1, o X/Kerf èqei diĹstash 1, Ĺra upĹrqei grammikìc isomorfismìc T : X/Kerf → K . Oi Q kai T eÐnai suneqeÐc, Ĺra h g := T ∘ Q : X → K eÐnai fragmèno grammikì sunarthsoeidèc.

ParathroÔme ìti g(x) = 0 an kai mìno an Q(x) = [x] = 0, dhladă an kai mìno an x ∈ Kerf. AfoÔ Kerg = Kerf, to Lămma 3.1.1 deÐqnei ìti f = bg gia kĹpoio b ≠ 0, b ∈ K . H sunèqeia tou f èpetai tÿra apì thn sunèqeia tou g. □

Askăseic

1. ’Estw X grammikìc qÿroc kai W upìqwroc tou X. DeÐxte ìti dim(X/W ) = k an kai mìno an upĹrqoun x1, . . . , x_k grammikĹ anexĹrthta dianÔsmata sto X\W me thn idiìthta: gia kĹje x ∈ X upĹrqoun monadikĹ w ∈ W kai a1, . . . , a_k ∈ K tètoia ÿste x = w + a1x1 + · · · + a_kx_k.

2. ’Estw X grammikìc qÿroc kai H ⊂ X. DeÐxte ìti to H eÐnai uperepÐpedo an kai mìno an upĹrqoun t ∈ K kai mh mhdenikì grammikì sunarthsoeidèc f : X → K tètoia ÿste H = {x ∈ X : f(x) = t}. 3.2 To Lămma tou Zorn

(a) ’Estw P èna mh kenì sÔnolo. MÐa sqèsh ≤ sto P lègetai merikă diĹtaxh an ikanopoieÐ ta exăc:

(1) gia kĹje a ∈ P , a ≤ a (anaklastikă idiìthta) (2) an a ≤ b kai b ≤ a, tìte a = b (antisummetrikă idiìthta) (3) an a ≤ b kai b ≤ c, tìte a ≤ c (metabatikă idiìthta).

To P lègetai merikĹ diatetagmèno wc proc thn ≤. Apì ton orismì faÐnetai ìti mporeÐ sto P na upĹrqoun a kai b gia ta opoÐa na mhn isqÔei kammÐa apì tic a ≤ b kai b ≤ a (tìte, lème ìti ta a kai b den sugkrÐnontai.) Ta a kai b sugkrÐnontai an isqÔei toulĹqiston mÐa apì tic a ≤ b ă b ≤ a.

(b) ’Ena mh kenì uposÔnolo C tou P lègetai olikĹ diatetagmèno (ă alusÐda) an opoiadăpote dÔo stoiqeÐa tou sugkrÐnontai.

(g) An A ≠ ∅, A ⊆ P kai b ∈ P , lème ìti to b eÐnai Ĺnw frĹgma gia to A an: gia kĹje a ∈ A isqÔei a ≤ b. ’Ena uposÔnolo A tou P mporeÐ na èqei ă na mhn èqei Ĺnw frĹgma.

(d) To m ∈ P lègetai megistikì stoiqeÐo tou P an: gia kĹje a ∈ P me m ≤ a isqÔei m = a. Dhladă, an den upĹrqei stoiqeÐo tou P gnăsia megalÔtero apì to m. ’Ena merikĹ diatetagmèno sÔnolo P mporeÐ na èqei ă na mhn èqei megistikĹ stoiqeÐa.

ParadeÐgmata (1) To sÔnolo R twn pragmatikÿn arijmÿn me th sunăjh diĹtaxh eÐnai èna olikĹ diatetagmèno sÔnolo pou den perièqei megistikĹ stoiqeÐa.

(2) ’Estw X ≠ ∅ kai M = P(X) to sÔnolo ìlwn twn uposunìlwn tou X (to dunamosÔnolo tou X). OrÐzoume ≤ sto M wc exăc: A ≤ B ⇐⇒ A ⊆ B. H ≤ eÐnai merikă diĹtaxh sto M (kai an to X èqei perissìtera apì èna stoiqeÐa, tìte upĹrqoun A, B ∈ M pou den sugkrÐnontai: pĹrte p.q. A mh kenì, gnăsio uposÔnolo tou X, kai B = X\A.) To M èqei èna (akribÿc) megistikì stoiqeÐo, to X. (3) JewroÔme to sÔnolo M = R^n , n ≥ 2, twn diatetagmènwn n-Ĺdwn pragmatikÿn arijmÿn. An x = (ξ_1, . . . , ξ_n), y = (η_1, . . . , η_n), lème ìti x ≤ y an ξ_i ≤ η_i gia kĹje i = 1, . . . , n. To M eÐnai merikĹ diatetagmèno wc proc thn ≤, kai den perièqei megistikĹ stoiqeÐa.

(4) JewroÔme to sÔnolo M = N twn fusikÿn arijmÿn, kai lème ìti m ≤ n an o m diaireÐ ton n. H ≤ eÐnai merikă diĹtaxh sto N (ta stoiqeÐa 3 kai 7 tou N den sugkrÐnontai.) To A = {3.2^k : k = 0, 1, 2, . . .} eÐnai olikĹ diatetagmèno uposÔnolo tou N. To N den perièqei megistikĹ stoiqeÐa wc proc thn ≤.

An jewrăsoume to sÔnolo P = {2, 3, 5, 7, 11, . . .} twn prÿtwn arijmÿn me thn Ðdia diĹtaxh ≤, tìte kĹje stoiqeÐo tou P eÐnai megistikì. PĹli me thn ≤, to {2, 3, 4, 8} èqei dÔo megistikĹ stoiqeÐa: to 3 kai to 8 (elègxte touc parapĹnw isqurismoÔc.)

Lămma tou Zorn ’Estw P ≠ ∅ èna merikĹ diatetagmèno sÔnolo wc proc thn ≤. Upojètoume ìti kĹje alusÐda C ⊆ P èqei Ĺnw frĹgma sto P . Tìte, to P èqei toulĹqiston èna megistikì stoiqeÐo.

To Lămma tou Zorn eÐnai isodÔnamo me to axÐwma thc epilogăc kai ja to deqtoÔme san axÐwma.

Askăseic

1. DeÐxte ìti kĹje grammikìc qÿroc X ≠ {0} èqei bĹsh. [Upìdeixh: Jewrăste to sÔnolo P ìlwn twn grammikĹ anexĹrthtwn uposunìlwn tou X me diĹtaxh thn A ≤ B ⇔ A ⊆ B. DeÐxte ìti to (P, ≤) ikanopoieÐ tic upojèseic tou Lămmatoc tou Zorn.]

3.3 To Jeÿrhma Hahn - Banach

Orismìc ’Estw X grammikìc qÿroc pĹnw apì to R, kai p : X → R. To p lègetai upogrammikì sunarthsoeidèc, an ikanopoieÐ ta exăc:

(a) p(x + y) ≤ p(x) + p(y) gia kĹje x, y ∈ X, (b) p(λx) = λp(x) gia kĹje λ ≥ 0 kai kĹje x ∈ X, dhladă, an eÐnai upoprosjetikì kai jetikĹ omogenèc. Parathrăste ìti: den apaitoÔme to p na paÐrnei mh arnhtikèc timèc, oÔte thn p(λx) = |λ|p(x), λ ∈ R. EÔkola elègqontai oi p(0) = 0 kai p(−x) ≥ −p(x).

ParadeÐgmata (a) An f : X → R eÐnai grammikì sunarthsoeidèc, tìte ta f, |f| eÐnai upogrammikĹ sunarthsoeidă.

(b) KĹje nìrma ‖ · ‖ : X → R eÐnai upogrammikì sunarthsoeidèc.

(g) H p : ℓ_∞(R) → R me p((ξ_k)) = limsupξ_k eÐnai upogrammikì sunarthsoeidèc ston ℓ_∞.

Jeÿrhma 3.3.1 (Jeÿrhma epèktashc tou Hahn) ’Estw X grammikìc qÿroc pĹnw apì to R kai p : X → R upogrammikì sunarthsoeidèc. ’Estw W grammikìc upìqwroc tou X, kai f : W → R grammikì sunarthsoeidèc me thn idiìthta: gia kĹje x ∈ W , (∗) f(x) ≤ p(x). Tìte, upĹrqei grammikì sunarthsoeidèc f̃ : X → R tètoio ÿste

(a) f̃(x) = f(x) an x ∈ W (to f̃ eÐnai epèktash tou f), (b) f̃(x) ≤ p(x) gia kĹje x ∈ X.

Parathrăste ìti den upojètoume kammÐa topologikă domă gia to qÿro X (eÐnai aplÿc ènac grammikìc qÿroc.) ’Opwc ja doÔme, to ousiastikì băma thc apìdeixhc eÐnai pÿc ja epekteÐnoume to f apì ènan upìqwro W_1 se ènan upìqwro W_2 pou èqei {mÐa diĹstash parapĹnw}, me grammikì trìpo kai qwrÐc na qalĹsei h (∗). Apì th stigmă pou autì eÐnai dunatì, to Lămma tou Zorn mĹc exasfalÐzei miĹ {megistikă epèktash} f̃, ki aută upoqreoÔtai na èqei pedÐo orismoÔ olìklhron ton X.

Lămma 3.3.1 Me tic upojèseic tou Jewrămatoc, ac upojèsoume epiplèon ìti gia kĹpoion grammikì upìqwro W_1 tou X o opoÐoc perièqei ton W , èqoume breÐ f_1 : W_1 → R tètoia ÿste f_1|_W = f kai f_1(x) ≤ p(x) gia kĹje x ∈ W_1.

’Estw y ∈ X\W_1, kai W_2 = span{W_1, y}. Tìte, upĹrqei f_2 : W_2 → R tètoia ÿste f_2|_{W1} = f_1 kai f_2(x) ≤ p(x) gia kĹje x ∈ W_2.

Apìdeixh: KĹje z ∈ W_2 grĹfetai monosămanta sth morfă z = x + λy gia kĹpoia x ∈ W_1 kai λ ∈ R. H grammikă epèktash f_2 pou zhtĹme prosdiorÐzetai loipìn monosămanta apì thn timă a ∈ R pou ja epilèxoume san f_2(y). An jèsoume f_2(y) = a, tìte prèpei na èqoume

(1) f_2(z) = f_2(x) + λf_2(y) = f_1(x) + λa,

afoÔ zhtĹme to f_2 na eÐnai grammikì kai na epekteÐnei to f_1. H Ĺllh idiìthta pou zhtĹme apì to a eÐnai h exăc: Gia kĹje x ∈ W_1 kai kĹje λ ∈ R,

(2) f_1(x) + λa ≤ p(x + λy).

IsodÔnama, paÐrnontac upfl ìyin tic (1) kai (2), zhtĹme a ∈ R me thn idiìthta: gia kĹje x ∈ W_1 kai kĹje λ > 0, (3) f_1(x) + λa ≤ p(x + λy) , f_1(x) − λa ≤ p(x − λy). Epeidă to p eÐnai jetikĹ omogenèc kai to f_1 grammikì ston W_1, h (3) eÐnai isodÔnamh me to exăc: gia kĹje x ∈ W_1 kai kĹje λ > 0,

(4) f_1 ( x λ ) + a ≤ p ( x λ + y ) , f_1 ( x λ ) − a ≤ p (x λ − y ) , kai epeidă o W_1 eÐnai upìqwroc, isodÔnama zhtĹme a ∈ R tètoio ÿste: gia kĹje x, x^′ ∈ W_1, f_1(x^′) − p(x^′ − y) ≤ a ≤ p(x + y) − f_1(x).

MiĹ tètoia epilogă tou a eÐnai dunată an kai mìno an gia kĹje x, x^′ ∈ W_1,

f_1(x) + f_1(x^′) ≤ p(x^′ − y) + p(x + y).

’Omwc,

f_1(x) + f_1(x^′) = f_1(x + x^′) ≤ p(x + x^′) = p((x^′ − y) + (x + y)) ≤ p(x^′ − y) + p(x + y), apì thn upogrammikìthta tou p, thn grammikìthta tou f_1 ston W_1, thn f_1 ≤ p ston W_1 kai to gegonìc ìti to p orÐzetai se olìklhro ton X. Autì apodeiknÔei to Lămma. □

Apìdeixh tou Jewrămatoc 3.3.1: ’Estw W h oikogèneia ìlwn twn zeugariÿn (W_1, f_1) pou ikanopoioÔn ta exăc:

(a) o W_1 eÐnai grammikìc upìqwroc tou X, kai W ⊆ W_1. (b) to f_1 : W_1 → R eÐnai grammikì, kai f_1|_W = f. (g) f_1(x) ≤ p(x) gia kĹje x ∈ W_1.

H W eÐnai mh kenă, afoÔ (W, f) ∈ W. OrÐzoume diĹtaxh ≤ sthn W jètontac (W_1, f_1) ≤ (W_2, f_2) an kai mìno an W_1 ⊆ W_2 kai f_2|_{W1} = f_1.

(1) To (W, ≤) eÐnai merikĹ diatetagmèno sÔnolo. Ja deÐxoume ìti ikanopoieÐ thn upìjesh tou Lămmatoc tou Zorn: ’Estw C = {(W_i, f_i) : i ∈ I} miĹ alusÐda sto (W, ≤). OrÐzoume W^′ = ⋃ i∈I W_i kai f^′ : W^′ → R me f^′(x) = f_i(x), x ∈ W_i.

ApodeiknÔoume eÔkola ìti:

(a) O W^′ eÐnai grammikìc upìqwroc tou X, kai W ⊆ W_i ⊆ W^′ gia kĹje i ∈ I (ja qreiasteÐte to gegonìc ìti an i, j ∈ I tìte, eÐte W_i ⊆ W_j eÐte W_j ⊆ W_i, afoÔ h C eÐnai alusÐda.)

(b) H f^′ orÐzetai kalĹ, eÐnai grammikă, kai f^′(x) ≤ p(x) gia kĹje x ∈ W^′ (ki edÿ ja qreiasteÐte to gegonìc ìti an i, j ∈ I tìte, eÐte f_j |_{Wi} = f_i eÐte f_i|_{Wj} = f_j afoÔ h C eÐnai alusÐda.)

(g) Gia kĹje i ∈ I, f^′|_{Wi} = f_i.

’Epetai ìti (W^′, f^′) ∈ W, kai to (W^′, f^′) eÐnai Ĺnw frĹgma thc C. (2) Apì to Lămma tou Zorn, to (W, ≤) èqei megistikì stoiqeÐo (W_0, f_0). Apì to Lămma 3.3.1 blèpoume ìti W_0 = X: An ìqi, ja paÐrname y ∈ X\W_0, kai orÐzontac W^′_0 = span{W_0, y} ja epekteÐname to f_0 se f^′_0 : W^′_0 → R, opìte to (W^′_0, f^′_0) ja ătan gnăsia megalÔtero apì to (W_0, f_0), Ĺtopo.

H f̃ = f_0 : X → R eÐnai h zhtoÔmenh epèktash thc f ston X. □

Orismìc ’Estw X grammikìc qÿroc pĹnw apì to K . H p : X → R lègetai hminìrma an

(a) p(x + y) ≤ p(x) + p(y) gia kĹje x, y ∈ X, (b) p(λx) = |λ|p(x) gia kĹje λ ∈ K kai kĹje x ∈ X.

Parathrăste ìti kĹje hminìrma ikanopoieÐ ta exăc:

(g) p(0) = 0 kai p(−x) = p(x) gia kĹje x ∈ X. ’Epetai ìti p(x) ≥ 0 gia kĹje x ∈ X. (d) |p(x) − p(y)| ≤ p(x − y) gia kĹje x, y ∈ X. (e) To sÔnolo {x ∈ X : p(x) = 0} eÐnai grammikìc upìqwroc tou X.

To Jeÿrhma epèktashc tou Hahn paÐrnei thn exăc morfă an to p eÐnai hminìrma.

Jeÿrhma 3.3.2 ’Estw X grammikìc qÿroc pĹnw apì to K kai p : X → R hminìrma. Upojètoume ìti W eÐnai ènac grammikìc upìqwroc tou X, f : W → K èna grammikì sunarthsoeidèc, kai |f(x)| ≤ p(x) gia kĹje x ∈ W . Tìte, upĹrqei grammikì sunarthsoeidèc f̃ : X → K tètoio ÿste f̃|_W = f kai |f(x)| ≤ p(x) gia kĹje x ∈ X. Apìdeixh: ExetĹzoume prÿta thn perÐptwsh K = R. JewroÔme thn epèktash f̃ pou mĹc exasfalÐzei to Jeÿrhma 3.3.1. Gia kĹje x ∈ X èqoume f̃(x) ≤ p(x), kai apì thn grammikìthta tou f̃ kai thn p(−x) = p(x) blèpoume ìti −f̃(x) = f̃(−x) ≤ p(−x) = p(x). ’Ara, |f̃(x)| ≤ p(x) gia kĹje x ∈ X. □ Gia thn apìdeixh sthn migadikă perÐptwsh, ja qreiastoÔme kĹpoiec aplèc parathrăseic. An X eÐnai ènac grammikìc qÿroc pĹnw apì to C kai f : X → C eÐnai èna grammikì sunarthsoeidèc, tìte mporoÔme na grĹyoume to f sth morfă f = Ref + iImf, ìpou Ref, Imf : X → R eÐnai prosjetikĹ kai R-omogenă sunarthsoeidă (dhladă, an a ∈ R, tìte Ref(ax) = aRef(x)). EpÐshc, to f prosdiorÐzetai plărwc apì to Ref. PrĹgmati, gia kĹje x ∈ X èqoume f(ix) = Ref(ix) + iImf(ix) kai f(ix) = if(x) = −Imf(x) + iRef(x), Ĺra f(x) = Ref(x) + iImf(x) = Ref(x) − iRef(ix). AntÐstrofa, an h : X → R eÐnai èna prosjetikì kai R-omogenèc sunarthsoeidèc, tìte to g : X → C me g(x) = h(x) − ih(ix) eÐnai grammikì sunarthsoeidèc kai Reg = h.

Apìdeixh tou Jewrămatoc 3.3.2 sthn perÐptwsh K = C : Jètoume h = Ref. Tìte, to h : W → R eÐnai grammikì sunarthsoeidèc an doÔme ton X san grammikì qÿro pĹnw apì to R, kai |h(x)| = |Ref(x)| ≤ |f(x)| ≤ p(x) gia kĹje x ∈ W . Apì thn pragmatikă perÐptwsh tou Jewrămatoc, upĹrqei h̃ : X → R prosjetikì kai R-omogenèc, me thn idiìthta h̃|_W = h kai |h̃(x)| ≤ p(x) gia kĹje x ∈ X. OrÐzoume f̃ : X → C me f̃(x) = h̃(x) − ih̃(ix). Tìte, to f̃ eÐnai grammikì sunarthsoeidèc kai eÔkola elègqoume ìti f̃|_W = f (giatÐ Re(f̃) = h̃ kai h̃|_W = h = Ref).

Mènei na deÐxoume ìti |f̃(x)| ≤ p(x) gia kĹje x ∈ X. Ac upojèsoume ìti f̃(x) = Re^{iθ}. Apì thn grammikìthta tou f̃ èqoume f̃(e^{−iθ}x) = R ∈ R, Ĺra h̃(e^{−iθ}x) = f̃(e−iθx). Tìte, |f̃(x)| = R = |h̃(e^{−iθ}x)| ≤ p(e^{−iθ}x) = |e^{−iθ}|p(x) = p(x), kai h apìdeixh eÐnai plărhc. □ Sto plaÐsio twn qÿrwn me nìrma èqoume thn exăc {analutikă morfă} tou Jewrămatoc Hahn-Banach.

Jeÿrhma 3.3.3 (Banach) ’Estw X qÿroc me nìrma, Y upìqwroc tou X, kai f : Y → K fragmèno grammikì sunarthsoeidèc. Tìte, upĹrqei f̃ : X → R fragmèno grammikì sunarthsoeidèc me f̃|_Y = f kai ‖f̃‖_X ∗ = ‖f‖_Y ∗ . Dhladă, upĹrqei suneqăc epèktash tou f ston X, me diatărhsh thc nìrmac.

Apìdeixh: ’Eqoume |f(x)| ≤ ‖f‖_Y ∗ ‖x‖ gia kĹje x ∈ Y . OrÐzoume p : X → R me p(x) = ‖f‖_Y ∗ ‖x‖. To p eÐnai upogrammikì sunarthsoeidèc: (a) Gia thn upogrammikìthta, parathroÔme ìti p(x + y) = ‖f‖_Y ∗ ‖x + y‖ ≤ ‖f‖_Y ∗ (‖x‖ + ‖y‖) = ‖f‖_Y ∗ ‖x‖ + ‖f‖_Y ∗ ‖y‖ = p(x) + p(y). (b) To p eÐnai jetikĹ omogenèc: an λ > 0, tìte p(λx) = ‖f‖_Y ∗ ‖λx‖ = λ‖f‖_Y ∗ ‖x‖ = λp(x). Apì to Jeÿrhma 3.3.2, upĹrqei grammikă epèktash f̃ : X → K thc f, tètoia ÿste |f̃(x)| ≤ p(x) = ‖f‖_Y ∗ ‖x‖ gia kĹje x ∈ X. ’Ara, f̃ ∈ X^∗ kai ‖f̃‖_X ∗ ≤ ‖f‖_Y ∗ . Apì thn Ĺllh pleurĹ, afoÔ f̃|_Y = f, paÐrnoume

‖f̃‖_X ∗ = sup x∈X,‖x‖=1 |f̃(x)| ≥ sup x∈Y,‖x‖=1 |f(x)| = ‖f‖_Y ∗ . Dhladă, ‖f̃‖_X ∗ = ‖f‖_Y ∗ . □ H analutikă morfă tou Jewrămatoc Hahn-Banach mĹc epitrèpei na deÐqnoume thn Ôparxh fragmènwn sunarthsoeidÿn me sugkekrimènec idiìthtec. Eidikìtera, deÐqnei ìti o duðkìc qÿroc enìc mh tetrimmènou qÿrou me nìrma perièqei pollĹ sunarthsoeidă. QarakthristikĹ apotelèsmata autoÔ tou eÐdouc eÐnai ta exăc.

Jeÿrhma 3.3.4 ’Estw X ≠ {0} qÿroc me nìrma, kai x_0 ∈ X, x_0 ≠ 0. UpĹrqei fragmèno grammikì sunarthsoeidèc f̃ : X → R tètoio ÿste ‖f̃‖ = 1 kai f̃(x_0) = ‖x_0‖. Apìdeixh: JewroÔme ton upìqwro W = span{x_0} pou parĹgetai apì to x_0 kai orÐzoume f : W → R me f(λx_0) = λ‖x_0‖. To f eÐnai grammikì, kai

‖f‖_W ∗ = sup_{λ≠0} |f(λx_0)| ‖λx_0‖ = 1.

Apì to Jeÿrhma 3.3.3, upĹrqei f̃ : X → R fragmèno grammikì sunarthsoeidèc, me ‖f̃‖ = ‖f‖_W ∗ = 1 kai f̃(x_0) = f(x_0) = ‖x_0‖. □

Pìrisma 3.3.1 ’Estw X qÿroc me nìrma, kai x ∈ X. Tìte, ‖x‖ = max_{‖f ‖=1} |f(x)|. Apìdeixh: Apì to Jeÿrhma 3.3.4, upĹrqei f̃ ∈ X^∗, ‖f̃‖ = 1 me f̃(x) = ‖x‖. ’Ara, (1) sup_{‖f ‖=1} |f(x)| ≥ |f̃(x)| = ‖x‖. Apì thn Ĺllh pleurĹ, an ‖f‖ = 1 tìte |f(x)| ≤ ‖f‖ ‖x‖ = ‖x‖. ’Ara, (2) sup_{‖f ‖=1} |f(x)| ≤ ‖x‖. Apì tic (1) kai (2), ‖x‖ = sup_{‖f ‖=1} |f(x)|. To sup eÐnai max lìgw tou f̃. □ Paratărhsh GnwrÐzoume ădh ìti ‖f‖ = sup_{‖x‖=1} |f(x)| gia kĹje f ∈ X^∗ (autì ătan sunèpeia tou orismoÔ thc nìrmac telestă.) To Jeÿrhma Hahn-Banach, sth morfă tou PorÐsmatoc 3.3.1, mĹc dÐnei th duðkă sqèsh ‖x‖ = max_{‖f ‖=1} |f(x)|. Dhladă, h nìrma tou x {piĹnetai} san timă kĹpoiou f apì th monadiaÐa sfaÐra tou duðkoÔ qÿrou.

Pìrisma 3.3.2 An f(x) = f(y) gia kĹje f ∈ X^∗, tìte x = y.

Apìdeixh: ‖x − y‖ = sup_{‖f ‖=1} |f(x − y)| = sup_{‖f ‖=1} |f(x) − f(y)| = 0, Ĺra x = y. □ ShmeÐwsh Lème ìti o X^∗ diaqwrÐzei ta shmeÐa tou X: an x ≠ y, tìte upĹrqei f ∈ X^∗ tètoio ÿste f(x) ≠ f(y). To Jeÿrhma pou akoloujeÐ deÐqnei ìti o X^∗ diaqwrÐzei shmeÐa apì kleistoÔc upoqÿrouc:

Jeÿrhma 3.3.5 ’Estw X qÿroc me nìrma, Y gnăsioc kleistìc upìqwroc tou X, kai x_0 ∈ X\Y . An δ = d(x_0, Y ) = inf{‖x_0 − y‖ : y ∈ Y }, tìte upĹrqei f̃ ∈ X^∗ tètoio ÿste ‖f̃‖_X ∗ = 1/δ, f̃(y) = 0 gia kĹje y ∈ Y , kai f̃(x_0) = 1.

Apìdeixh: JewroÔme thn fusiologikă apeikìnish Q : X → X/Y . ParathroÔme ìti ‖[x_0]‖_0 = inf{‖x_0 − y‖ : y ∈ Y } = d(x_0, Y ) = δ.

Apì to Jeÿrhma 3.3.4 upĹrqei g ∈ (X/Y )^∗ me ‖g‖ = 1 kai g([x_0]) = δ. OrÐzoume f : X → K me f(x) = 1 δ (g ∘ Q)(x). To f eÐnai fragmèno grammikì sunarthsoeidèc kai f(y) = g([0])/δ = 0 an y ∈ Y . Apì ton orismì tou g, f(x_0) = g([x_0]) δ = 1.

EpÐshc, |f(x)| = 1 δ |g(Q(x))| ≤ ‖g‖ · ‖Q‖ · ‖x‖ δ ≤ ‖x‖ δ , Ĺra ‖f‖ ≤ 1/δ. Mènei na deÐxoume ìti ‖f‖ ≥ 1/δ. ParathroÔme ìti f(x_0 + y) = f(x_0) = 1 gia kĹje y ∈ Y . ’Ara, ‖f‖ ≥ sup_{y∈Y} |f(x_0 + y)| ‖x_0 + y‖ = 1 inf_{y∈Y} ‖x_0 + y‖ = 1 ‖[x_0]‖_0 = 1 δ . Autì oloklhrÿnei thn apìdeixh. □ KleÐnoume autăn thn parĹgrafo me mÐa efarmogă tou Jewrămatoc 3.3.5.

Jeÿrhma 3.3.6 An o X^∗ eÐnai diaqwrÐsimoc, tìte o X eÐnai diaqwrÐsimoc.

Apìdeixh: Ja mĹc qreiasteÐ èna Lămma:

Lămma 3.3.2 H S_X ∗ = {f ∈ X^∗ : ‖f‖ = 1} eÐnai diaqwrÐsimh wc proc thn epagìmenh metrikă.

Apìdeixh: UpĹrqei M arijmăsimo puknì uposÔnolo tou X^∗. OrÐzoume M_1 = {g = f/‖f‖ : f ∈ M\{0}}. To M_1 eÐnai arijmăsimo uposÔnolo thc S_X ∗ , kai ja deÐxoume ìti eÐnai puknì sthn S_X ∗ .

’Estw f ∈ S_X ∗ . UpĹrqei akoloujÐa {h_k} sto M me h_k → f. ’Ara, ‖h_k‖ → ‖f‖ = 1, dhladă, telikĹ h_k ≠ 0. Oi l_k = h_k/‖h_k‖ anăkoun sto M_1, kai ‖f − l_k‖ = ‖ ‖ ‖ ‖f − h_k ‖h_k‖ ‖ ‖ ‖ ‖ = ‖ ‖ ‖f − h^k + h^k ( 1 − 1 ‖h_k‖ )‖ ‖ ‖ ≤ ‖f − h_k‖ + ‖h_k‖ | | | |1 − 1 ‖h_k‖ | | | | → 0.

’Ara, M_1 = S_X ∗ . □

Apìdeixh tou Jewrămatoc: JewroÔme {g_n : n ∈ N} arijmăsimo puknì uposÔnolo thc S_X ∗ . Gia kĹje n ∈ N èqoume ‖g_n‖ = sup_{‖x‖=1} |g_n(x)| = 1, Ĺra upĹrqei x_n ∈ X, ‖x‖ = 1, tètoio ÿste |g_n(x_n)| > 1 2 . OrÐzoume Y = span{x_n : n ∈ N}. ’Estw ìti Y ≠ X. Tìte, apì to Jeÿrhma 3.3.5, upĹrqei f̃ ∈ X^∗ tètoio ÿste ‖f̃‖ = 1 kai f̃(y) = 0 gia kĹje y ∈ Y . Eidikìtera, f̃(x_n) = 0, n ∈ N.

Tìte, gia kĹje n ∈ N, ‖f̃ − g_n‖ ≥ |(f̃ − g_n)(x_n)| = |f̃(x_n) − g_n(x_n)| = |g_n(x_n)| > 1 2 , Ĺtopo, giatÐ to {g_n : n ∈ N} eÐnai puknì sthn S_X ∗ .

’Ara, Y = X. ’Omwc, o Y eÐnai diaqwrÐsimoc: oi peperasmènoi grammikoÐ sunduasmoÐ twn x_n me rhtoÔc suntelestèc eÐnai puknoÐ ston Y . ’Ara, o X eÐnai diaqwrÐsimoc. □

Askăseic 1. ’Estw X qÿroc me nìrma, x1, . . . , xm grammikĹ anexĹrthta dianÔsmata ston X, kai a1, . . . , am ∈ K. UpĹrqei f ∈ X^∗ tètoio ÿste f(xi) = ai, i = 1, . . . , m. 2. ’Estw X qÿroc me nìrma kai Y grammikìc upìqwroc tou X. DeÐxte ìti Y = ⋂ {Kerf : f ∈ X^∗ , Y ⊆ Kerf}. 3. ’Estw X grammikìc qÿroc pĹnw apì to K kai p1, p2 : X → R hminìrmec. An f : X → K eÐnai èna grammikì sunarthsoeidèc me thn idiìthta |f(x)| ≤ p1(x) + p2(x) gia kĹje x ∈ X, deÐxte ìti upĹrqoun grammikĹ sunarthsoeidă f1, f2 : X → K tètoia ÿste f = f1 + f2 kai |fi(x)| ≤ pi(x), i = 1, 2, x ∈ X. [Upìdeixh: BreÐte grammikì sunarthsoeidèc ψ : X × X → K me |ψ(x1, x2)| ≤ p1(x1) + p2(x2) kai ψ(x, x) = f(x).]

4. ’Estw X kai Y qÿroi me nìrma. An o B(X, Y ) eÐnai plărhc kai X ≠ {0}, deÐxte ìti o Y eÐnai plărhc. [Upìdeixh: PĹrte x0 ∈ SX kai f ∈ SX∗ me |f(x0)| = 1. Tìte, gia kĹje y ∈ Y o telestăc T : X → Y me Ty(x) = f(x)y eÐnai fragmènoc kai ‖Ty ‖ = ‖y‖.] 5. ’Estw (X, ‖ · ‖) qÿroc me nìrma kai W grammikìc upìqwroc tou X. Upojètoume ìti | · | eÐnai mÐa Ĺllh nìrma ston W pou eÐnai isodÔnamh me ton periorismì thc ‖ · ‖ ston W . DeÐxte ìti upĹrqei nìrma | · |^′ ston X pou eÐnai isodÔnamh me thn ‖ · ‖ ston X kai o periorismìc thc ston W eÐnai h | · |.

6. JewroÔme ton qÿro ℓ∞(R) twn fragmènwn pragmatikÿn akoloujiÿn. DeÐxte ìti upĹrqei fragmèno grammikì sunarthsoeidèc f : ℓ∞(R) → R me thn exăc idiìthta: gia kĹje x = (xn) ∈ ℓ∞(R), lim inf_n xn ≤ f(x) ≤ lim sup_n xn.

7. ’Estw X qÿroc me nìrma kai Y kleistìc upìqwroc tou X. O mhdenistăc tou Y eÐnai to N(Y ) = {f ∈ X^∗ : ∀y ∈ Y f(y) = 0}. (a) DeÐxte ìti o N(Y ) eÐnai kleistìc upìqwroc tou X^∗ kai o X^∗/N(Y ) eÐnai isometrikĹ isomorfikìc me ton Y^∗. H isometrÐa eÐnai o T : X^∗/N(Y ) → Y^∗ me T (f + N(Y )) = f|Y . (b) DeÐxte ìti o (X/Y )^∗ eÐnai isometrikĹ isomorfikìc me ton N(Y ). H isometrÐa eÐnai o S : (X/Y )^∗ → N(Y ) me S(g) = g ∘ Q, ìpou Q : X → X/Y h fusiologikă apeikìnish. 8. ’Estw X qÿroc me nìrma kai Y kleistìc upìqwroc tou X peperasmènhc sundiĹstashc. An f : X → K eÐnai èna grammikì sunarthsoeidèc kai f|Y ∈ Y^∗, deÐxte ìti f ∈ X^∗.

3.4 DiaqwristikĹ jewrămata

Orismìc Se autăn thn parĹgrafo upojètoume ìti X eÐnai ènac qÿroc me nìrma pĹnw apì to R kai A, B eÐnai mh kenĹ uposÔnola tou X.

(a) Lème ìti ta A, B diaqwrÐzontai, an upĹrqoun f ∈ X^∗ kai λ ∈ R tètoia ÿste: f(a) ≥ λ gia kĹje a ∈ A, kai, f(b) ≤ λ gia kĹje b ∈ B.

(b) Lème ìti ta A, B diaqwrÐzontai gnăsia, an upĹrqoun f ∈ X^∗ kai λ ∈ R tètoia ÿste: f(a) > λ gia kĹje a ∈ A, kai, f(b) < λ gia kĹje b ∈ B.

(g) Lème ìti ta A, B diaqwrÐzontai austhrĹ, an upĹrqoun f ∈ X^∗ kai λ < μ sto R tètoia ÿste: f(a) ≥ μ gia kĹje a ∈ A, kai, f(b) ≤ λ gia kĹje b ∈ B.

O ìroc {diaqwrÐzontai} sto (a) dikaiologeÐtai apì to gegonìc ìti to {x ∈ X : f(x) = λ} eÐnai èna kleistì uperepÐpedo, to opoÐo qwrÐzei ton X se dÔo {hmiqÿrouc} ek twn opoÐwn o ènac perièqei to A kai o Ĺlloc to B. AnagkaÐa sunjăkh gia ta (b), (g) eÐnai h A ∩ B = ∅.

Ta diaqwristikĹ jewrămata pou ja suzhtăsoume aforoÔn kurtĹ sÔnola, kai h apìdeixă touc basÐzetai polÔ ousiastikĹ sto Jeÿrhma Hahn-Banach. Gifl autì kai anaferìmaste sfl autĹ me ton ìro {gewmetrikă morfă tou Jewrămatoc Hahn- Banach}.

Lămma 3.4.1 ’Estw X qÿroc me nìrma kai A ⊆ X anoiqtì kai kurtì me 0 ∈ A. OrÐzoume q_A(x) = inf{t > 0 : x ∈ tA}. Tìte, to q_A eÐnai èna mh arnhtikì upogrammikì sunarthsoeidèc, upĹrqei M > 0 tètoio ÿste (∗), q_A(x) ≤ M‖x‖, x ∈ X kai (∗∗) A = {x ∈ X : q_A(x) < 1}. Apìdeixh: H q_A orÐzetai kalĹ: to A eÐnai anoiqtì kai perièqei to 0, Ĺra upĹrqei δ > 0 tètoio ÿste D(0, δ) ⊆ A. ’Epetai ìti an 0 ≠ x ∈ X, tìte (δ/2‖x‖)x ∈ A, Ĺra

2 δ ‖x‖ ∈ {t > 0 : x ∈ tA} kai to sÔnolo autì eÐnai kĹtw fragmèno apì to 0, Ĺra èqei mègisto kĹtw frĹgma. EpÐshc, q_A(x) ≤ 2 δ ‖x‖, dhladă h (∗) isqÔei me M = 2/δ (an x = 0, tìte 0 ∈ tA gia kĹje t > 0, Ĺra q_A(0) = 0.)

DeÐqnoume tÿra tic dÔo idiìthtec tou upogrammikoÔ sunarthsoeidoÔc: ’Estw λ > 0. Tìte, q_A(x) = inf{t > 0 : λx ∈ tA} = inf{t > 0 : x ∈ (t/λ)A} = λ inf{(t/λ) : t > 0, x ∈ (t/λ)A} = λ inf{s > 0 : x ∈ sA} = λq_A(x). Gia thn upoprosjetikìthta, èstw x, y ∈ X kai ε > 0. UpĹrqoun t, s > 0 tètoia ÿste t < q_A(x) + ε, s < q_A(y) + ε, kai x ∈ tA, y ∈ sA. Apì thn kurtìthta tou A èqoume tA + sA = (t + s)A, Ĺra x + y ∈ (t + s)A. ’Epetai ìti

q_A(x + y) ≤ t + s < q_A(x) + q_A(y) + 2ε,

kai afoÔ to ε > 0 ătan tuqìn,

q_A(x + y) ≤ q_A(x) + q_A(y).

Tèloc, deÐqnoume ìti A = {x ∈ X : q_A(x) < 1}. An q_A(x) < 1, tìte upĹrqei r tètoio ÿste q_A(x) < r < 1 kai x ∈ rA ⊆ A. AntÐstrofa, an x ∈ A, epeidă to A eÐnai anoiqtì upĹrqei t > 0 t.w x + tx ∈ A, opìte q_A(x) ≤^1_{1+t} < 1. □

Jeÿrhma 3.4.1 ’Estw X qÿroc me nìrma, kai A mh kenì, anoiqtì kurtì uposÔnolo tou X pou den perièqei to 0. Tìte, upĹrqei f̃ ∈ X^∗ me thn idiìthta f̃(x) > 0 gia kĹje x ∈ A. Dhladă, to f̃ diaqwrÐzei to A apì to {0}.

Apìdeixh: ’Estw x_0 ∈ A. To A^′ = x_0 − A eÐnai anoiqtì, kurtì kai perièqei to 0. SÔmfwna me to Lămma upĹrqei jetikì upogrammikì sunarthsoeidèc q : X → R tètoio ÿste q(x) ≤ M‖x‖, x ∈ X, kai q(x) < 1 an kai mìno an x ∈ A^′. Eidikìtera, q(x_0) ≥ 1 giatÐ x_0 /∈ A^′.

JewroÔme ton upìqwro W = ⟨x_0⟩ pou parĹgei to x_0, kai orÐzoume f : W → R me f(λx_0) = λq(x_0). H f frĹssetai apì to q: an λ ≥ 0, tìte f(λx_0) = q(λx_0), enÿ an λ < 0, tìte f(λx_0) < 0 ≤ q(λx_0).

Apì to Jeÿrhma 3.3.1, h f epekteÐnetai se grammikì sunarthsoeidèc f̃ : X → R, to opoÐo ikanopoieÐ thn f̃(x) ≤ q(x) ≤ M‖x‖ gia kĹje x ∈ X. EpÐshc, −f̃(x) = f̃(−x) ≤ q(−x) ≤ M‖ − x‖ = M‖x‖, Ĺra |f̃(x)| ≤ M‖x‖ gia kĹje x ∈ X, to opoÐo apodeiknÔei ìti to f̃ eÐnai fragmèno (f̃ ∈ X^∗).

Tèloc, gia kĹje x ∈ A èqoume x_0 −x ∈ A^′, Ĺra q(x_0 −x) < 1, apfl ìpou blèpoume ìti f̃(x_0) − f̃(x) = f̃(x_0 − x) ≤ q(x_0 − x) < 1.

PaÐrnontac upfl ìyin kai thn q(x_0) ≥ 1, sumperaÐnoume ìti ∀x ∈ A, f̃(x) > f̃(x_0) − 1 = q(x_0) − 1 ≥ 0. □ Jeÿrhma 3.4.2 ’Estw X qÿroc me nìrma, kai A, B xèna kurtĹ sÔnola, me to A anoiqtì. Tìte, upĹrqoun f ∈ X^∗ kai λ ∈ R tètoia ÿste: f(a) < λ an a ∈ A, kai f(b) ≥ λ an b ∈ B. An to B eÐnai ki autì anoiqtì, tìte ta A, B diaqwrÐzontai gnăsia.

Apìdeixh: Jètoume G = A − B := {a − b : a ∈ A, b ∈ B}. EÔkola elègqoume ìti to G eÐnai kurtì, kai afoÔ G = ⋃ b∈B (A − b), to G eÐnai anoiqtì. Apì thn A ∩ B ≠ ∅ èpetai ìti 0 /∈ G. Apì to prohgoÔmeno jeÿrhma, upĹrqei f ∈ X^∗ tètoio ÿste f(x) > 0 gia kĹje x ∈ G.

’Estw a ∈ A, b ∈ B. Tìte, a − b ∈ G Ĺra f(a − b) > 0. Dhladă, f(a) > f(b). UpĹrqei loipìn λ ∈ R me thn idiìthta (∗) sup{f(b) : b ∈ B} ≤ λ ≤ inf{f(a) : a ∈ A}. To A èqei upotejeÐ anoiqtì kai kurtì, Ĺra to f(A) eÐnai èna anoiqtì diĹsthma sto R, Ĺra h (∗) dÐnei ∀a ∈ A, f(a) > λ , ∀b ∈ B, f(b) ≤ λ. An kai to B eÐnai anoiqtì, tìte to f(B) eÐnai epÐshc anoiqtì diĹsthma, Ĺra f(b) < λ gia kĹje b ∈ B, dhladă ta A, B diaqwrÐzontai gnăsia. □

Tèloc, deÐqnoume èna diaqwristikì jeÿrhma gia xèna kleistĹ kai kurtĹ uposÔnola tou X, an èna apì autĹ eÐnai sumpagèc. Ja qrhsimopoiăsoume to exăc lămma:

Lămma 3.4.2 ’Estw X qÿroc me nìrma, K sumpagèc uposÔnolo tou X, kai A anoiqtì uposÔnolo tou X me K ⊆ A. Tìte, upĹrqei r > 0 tètoio ÿste K + D(0, r) ⊆ A, ìpou K + D(0, r) = {x + y : x ∈ K, ‖y‖ < r} = {x ∈ X : d(x, K) < r}.

Apìdeixh: Gia kĹje x ∈ K èqoume x ∈ A kai to A eÐnai anoiqtì, Ĺra upĹrqei r_x > 0 tètoio ÿste D(x, r_x) = x + D(0, r_x) ⊆ A.

Tìte, K ⊆ ⋃ x∈K D(x, r_x/2), kai afoÔ to K eÐnai sumpagèc, upĹrqoun x_1, . . . , x_m ∈ K tètoia ÿste K ⊆ D(x_1, r_{x1} /2) ∪ . . . ∪ D(x_m, r_{xm} /2). Jètoume r = min{r_{x1} /2, . . . , r_{xm} /2}. Tìte, K + D(0, r) ⊆ m⋃ i=1 (x_i + D(0, r_{xi} )) ⊆ A. □ Jeÿrhma 3.4.3 ’Estw X qÿroc me nìrma, kai A, B dÔo xèna kleistĹ kurtĹ uposÔnola tou X. An to B eÐnai sumpagèc, tìte ta A, B diaqwrÐzontai austhrĹ. Apìdeixh: AfoÔ ta A, B eÐnai xèna, to sumpagèc B perièqetai sto anoiqtì X\A, kai apì to Lămma upĹrqei r > 0 tètoio ÿste B+D(0, r) ⊆ X\A, apfl ìpou paÐrnoume (B + D(0, r/2)) ∩ (A + D(0, r/2)) = ∅. Ta A + D(0, r/2), B + D(0, r/2) eÐnai anoiqtĹ kai kurtĹ: kurtĹ giatÐ ta A, B kai D(0, r/2) eÐnai kurtĹ, kai anoiqtĹ giatÐ h D(0, r/2) eÐnai anoiqtì sÔnolo. Apì to Jeÿrhma 3.4.2 diaqwrÐzontai gnăsia, Ĺra to Ðdio isqÔei kai gia ta uposÔnolĹ touc A, B. UpĹrqoun loipìn f ∈ X^∗ kai λ ∈ R tètoia ÿste f(b) < λ < f(a) gia kĹje a ∈ A kai b ∈ B. To B eÐnai sumpagèc, Ĺra upĹrqei b_0 ∈ B tètoio ÿste f(b) ≤ f(b_0) gia kĹje b ∈ B. An μ = f(b_0) < λ, tìte B ⊆ {x : f(x) ≤ μ} , A ⊆ {x : f(x) ≥ λ}, Ĺra ta A kai B diaqwrÐzontai austhrĹ. □ Paratărhsh: An ta A, B upotejoÔn aplÿc kleistĹ, tìte to Jeÿrhma 3.4.3 paÔei na isqÔei. Gia parĹdeigma, sto R^2 jewroÔme ta A = {(x, y) : y ≤ 0} kai B = {(x, y) : x > 0, xy ≥ 1}. Ta A, B eÐnai kleistĹ, kurtĹ kai xèna, allĹ den diaqwrÐzontai gnăsia. Askăseic 1. JewroÔme ton L^2[−1, 1] (to mètro eÐnai to Lebesgue). Gia kĹje a ∈ R orÐzoume Ea = {f ∈ C[−1, 1] : f(0) = a}. DeÐxte ìti kĹje Ea eÐnai kurtì kai puknì ston L^2[−1, 1]. An a ≠ b, deÐxte ìti ta Ea kai E_b den diaqwrÐzontai apì kanèna suneqèc grammikì sunarthsoeidèc F : L^2[−1, 1] → R.

2. ’Estw X qÿroc me nìrma pĹnw apì to R kai A, B mh kenĹ, xèna, kurtĹ uposÔnola tou X me thn idìthta 0 /∈ A − B. DeÐxte ìti upĹrqei suneqèc grammikì sunarthsoeidèc f : X → R tètoio ÿste sup{f(x) : x ∈ B} < inf{f(x) : x ∈ A}.

KefĹlaio 4

Telestèc se qÿrouc Banach

4.1 H arqă tou omoiìmorfou frĹgmatoc

Sthn ’Askhsh §1.2.4 eÐdame to jeÿrhma tou Osgood: an {f_n} eÐnai mÐa akoloujÐa suneqÿn sunartăsewn sto [0, 1] me thn idiìthta h {f_n(t)} na eÐnai fragmènh gia kĹje t ∈ [0, 1], tìte upĹrqei upodiĹsthma [a, b] tou [0, 1] sto opoÐo h {f_n} eÐnai omoiìmorfa fragmènh. H apìdeixh basÐsthke sto jeÿrhma tou Baire.

To Ðdio akribÿc epiqeÐrhma apodeiknÔei to exăc.

Prìtash 4.1.1 ’Estw X plărhc metrikìc qÿroc kai F oikogèneia suneqÿn sunartăsewn f : X → R me thn exăc idiìthta: gia kĹje x ∈ X to sÔnolo {f(x) : f ∈ F} eÐnai fragmèno. Tìte, upĹrqoun x_0 ∈ X kai r, M > 0 tètoia ÿste |f(x)| ≤ M gia kĹje x ∈ D(x_0, r) kai gia kĹje f ∈ F.

Apìdeixh: Gia kĹje m ∈ N orÐzoume A_m = {x ∈ X : ∀f ∈ F, |f(x)| ≤ m}. (i) KĹje A_m eÐnai kleistì: an x_k ∈ A_m kai x_k → x, tìte ∀f ∈ F, |f(x_k)| ≤ m kai, apì thn sunèqeia twn f ∈ F paÐrnoume f(x_k) → f(x) kajÿc k → ∞, Ĺra ∀f ∈ F, |f(x)| ≤ m, dhladă x ∈ A_m. (ii) X = ⋃_∞ m=1 A_m: ’Estw x ∈ X. Apì thn upìjesh, to {f(x) : f ∈ F} eÐnai fragmèno, dhladă upĹrqei M_x > 0 tètoioc ÿste, gia kĹje f ∈ F, |f(x)| ≤ M_x. UpĹrqei m = m(x) ∈ N me m ≥ M_x. Tìte, x ∈ A_m.

(iii) O X eÐnai plărhc metrikìc qÿroc, opìte to Jeÿrhma tou Baire mĹc exasfalÐzei ìti kĹpoio A_{m0} èqei mh kenì eswterikì, dhladă upĹrqoun x_0 ∈ X kai r > 0 tètoia ÿste D(x_0, r) ⊆ A_{m0} . ’Omwc tìte, h F eÐnai omoiìmorfa fragmènh sthn D(x_0, r): ∀x ∈ D(x_0, r) ∀f ∈ F, |f(x)| ≤ m_0. □ H arqă tou omoiìmorfou frĹgmatoc diatupÿnetai gia miĹ oikogèneia telestÿn F ston B(X, Y ) pou èqoun thn idiìthta to {T (x) : T ∈ F} na eÐnai fragmèno ston Y gia kĹje x ∈ X. An o X eÐnai plărhc, h grammikìthta twn T ∈ F kai h aplă idèa thc apìdeixhc thc Prìtashc 4.1.1 mĹc dÐnoun ìti oi nìrmec ‖T ‖, T ∈ F eÐnai omoiìmorfa fragmènec:

Jeÿrhma 4.1.1 ’Estw X qÿroc Banach, Y qÿroc me nìrma, kai F mÐa oikogèneia apì fragmènouc grammikoÔc telestèc T : X → Y me thn idiìthta: gia kĹje x ∈ X, sup{‖T x‖ : T ∈ F} < +∞. Tìte, upĹrqei M > 0 tètoioc ÿste ∀ T ∈ F, ‖T ‖ ≤ M. Apìdeixh: Gia kĹje T ∈ F orÐzoume f_T : X → R me f_T (x) = ‖T (x)‖. KĹje f_T eÐnai Lipschitz suneqăc sunĹrthsh. An x, y ∈ X, tìte |f_T (x) − f_T (y)| = | ‖T (x)‖ − ‖T (y)‖ | ≤ ‖T (x) − T (y)‖ ≤ ‖T ‖ · ‖x − y‖. Apì thn upìjesă mac gia thn F blèpoume ìti gia kĹje x ∈ X sup{|f_T (x)| : T ∈ F} = sup{‖T (x)‖ : T ∈ F} < +∞ dhladă to sÔnolo {f_T (x) : T ∈ F} eÐnai fragmèno.

Apì thn Prìtash 4.1.1 upĹrqoun x_0 ∈ X kai r, M_1 > 0 tètoia ÿste gia kĹje x ∈ B(x_0, r) kai gia kĹje T ∈ F, |f_T (x)| = ‖T (x)‖ ≤ M_1. ’Estw x ∈ B_X . Tìte, gia kĹje T ∈ F èqoume ‖T (x_0 +rx)‖ ≤ M_1 kai ‖T (x_0)‖ ≤ M_1 (giatÐ x_0, x_0 + rx ∈ B(x_0, r)). ’Ara, gia kĹje T ∈ F ‖T (x)‖ = 1 r ‖T (rx)‖ = 1 r ‖T (x_0 + rx) − T (x_0)‖ ≤ 1 r (‖T (x_0 + rx)‖ + ‖T (x_0)‖) ≤

2M_1 r . AfoÔ to x ∈ B_X ătan tuqìn, èpetai ìti ‖T ‖ ≤ M := 2M_1/r gia kĹje T ∈ F. □ H upìjesh ìti o X eÐnai qÿroc Banach eÐnai aparaÐthth ìpwc deÐqnei to exăc parĹdeigma: JewroÔme ton grammikì qÿro P [0, 1] twn poluwnÔmwn p : [0, 1] →

R. An p(t) = ∑_∞ k=0 a_kt^k (ìpou peperasmènoi to plăjoc suntelestèc a_k eÐnai mh mhdenikoÐ), jètoume ‖p‖ = sup_k |a_k|. H ‖ · ‖ eÐnai nìrma ston P [0, 1]. OrÐzoume mÐa akoloujÐa sunarthsoeidÿn f_n : P [0, 1] → R me

f_n(p) = f_n (_∞ ∑ k=0 a_kt^k ) = n∑ k=0 a_k. KĹje f_n eÐnai grammikì sunarthsoeidèc kai |f_n(p)| = | |^n ∑ k=0 a_k | | ≤^n ∑ k=0 |a_k| ≤ (n + 1) sup_k |a_k| = (n + 1)‖p‖,

dhladă ‖f_n‖ ≤ n + 1. IsqÔei mĹlista isìthta: pĹrte to p_n(t) = 1 + t + · · · + t^n (tìte, ‖p_n‖ = 1 kai f_n(p_n) = n + 1).

’Estw p(t) = a_0 + a_1t + · · · + a_mt^m. Tìte f_n(p) = ∑_n k=0 a_k an n ≤ m kai f_n(p) = ∑_m k=0 a_k an n > m. Dhladă, h akoloujÐa (f_n(p)) eÐnai telikĹ stajeră.

Epomènwc, to {f_n(p) : n ∈ N} eÐnai fragmèno.

’Omwc oi nìrmec twn f_n den eÐnai omoiìmorfa fragmènec: ‖f_n‖ = n + 1 → ∞. To prìblhma eÐnai bèbaia ìti o X den eÐnai plărhc. □ H arqă tou omoiìmorfou frĹgmatoc efarmìzetai suqnĹ sthn exăc morfă (jeÿrhma Banach-Steinhaus):

Jeÿrhma 4.1.2 ’Estw X qÿroc Banach, Y qÿroc me nìrma kai (T_n) akoloujÐa fragmènwn telestÿn T_n : X → Y me thn idiìthta: gia kĹje x ∈ X upĹrqei to y_x = lim_{n→∞} T_n(x) ∈ Y . Tìte, an orÐsoume T : X → Y me T (x) = y_x, o T eÐnai fragmènoc telestăc kai ‖T ‖ ≤ lim inf_n ‖T_n‖. Apìdeixh: EÔkola elègqoume ìti o T eÐnai grammikìc telestăc. Apì thn upìjesh, gia kĹje x ∈ X to sÔnolo {T_n(x) : n ∈ N} eÐnai fragmèno. ’Ara, apì thn arqă tou omoiìmorfou frĹgmatoc upĹrqei M > 0 tètoioc ÿste ‖T_n‖ ≤ M gia kĹje n ∈ N. Tìte, gia kĹje x ∈ X èqoume ‖T (x)‖ = ‖ lim_n T_n(x)‖ = lim_n ‖T_n(x)‖ ≤ lim inf_n ‖T_n‖ · ‖x‖ ≤ M‖x‖. Dhladă, o T eÐnai fragmènoc kai ‖T ‖ ≤ M. Gia thn akrÐbeia, h apìdeixh deÐqnei ìti ‖T ‖ ≤ lim inf_n ‖T_n‖. □ UpĹrqoun diĹforec parallagèc thc {arqăc omoiìmorfou frĹgmatoc} gia oikogèneiec fragmènwn telestÿn. Sthn Prìtash pou akoloujeÐ, den upojètoume thn plhrìthta tou pedÐou orismoÔ allĹ periorÐzoume touc telestèc se èna {mikrì} sÔnolo.

Prìtash 4.1.2 ’Estw X, Y qÿroi me nìrma, K sumpagèc kai kurtì uposÔnolo tou X, kai F oikogèneia fragmènwn telestÿn T : X → Y me thn idiìthta: gia kĹje x ∈ K to sÔnolo {‖T (x)‖ : T ∈ F} eÐnai fragmèno. Tìte, upĹrqei a > 0 tètoioc ÿste T (K) ⊆ aB_Y gia kĹje T ∈ F. Dhladă, oi eikìnec T (K), T ∈ F eÐnai omoiìmorfa fragmènec.

Apìdeixh: OrÐzoume A_n = {x ∈ X : ∀T ∈ F ‖T (x)‖ ≤ n}, n ∈ N. KĹje A_n eÐnai kleistì sÔnolo kai apì thn upìjesă mac, K = ∞⋃ n=1 (K ∩ A_n). AfoÔ to K eÐnai sumpagèc, upĹrqei m tètoioc ÿste to K ∩ A_m na èqei mh kenì eswterikì sto K. MporoÔme loipìn na broÔme x_0 ∈ K kai r > 0 ètsi ÿste (∗) K ⋂ (x_0 + rB_X ) ⊆ A_m.

EpÐshc, lìgw thc sumpĹgeiac tou K mporoÔme na broÔme M > 1 arketĹ megĹlo ÿste K ⊆ x_0 + MrB_X . ’Estw T ∈ F kai x ∈ K. JewroÔme to z = ( 1 − 1 M ) x_0 + 1 M x. To K eÐnai kurtì, Ĺra z ∈ K. EpÐshc, z − x_0 = (x − x_0)/M ∈ rB_X , dhladă z ∈ x_0 + rB_X . Apì thn (∗) èqoume ‖T (z)‖ ≤ m kai ‖T (x_0)‖ ≤ m. Ara, grĹfontac to x san x = Mz − (M − 1)x_0 paÐrnoume ‖T (x)‖ ≤ M‖T (z)‖ + (M − 1)‖T (x_0)‖ ≤ (2M − 1)m. Autì apodeiknÔei ìti T (K) ⊆ aB_Y gia kĹje T ∈ F, me a = (2M − 1)m. □

Askăseic 1. Qrhsimopoiÿntac thn arqă tou omoiìmorfou frĹgmatoc deÐxte ìti an (a_k) eÐnai mÐa akoloujÐa pragmatikÿn arijmÿn me thn idiìthta gia kĹje b = (b_k) ∈ c0 h seirĹ ∑_∞ k=1 a_kb_k na sugklÐnei, tìte ∑_∞ k=1 |a_k| < +∞. 2. An x = (xi) kai y = (yi) eÐnai dÔo akoloujÐec pragmatikÿn arijmÿn, orÐzoume ⟨x, y⟩ := ∞∑ i=1 xiyi, an bèbaia h seirĹ sugklÐnei. ’Estw 1 < p < +∞, q o suzugăc ekjèthc tou p kai x^{(n)} = (x^{(n)}_i ) mÐa akoloujÐa ston ℓp. DeÐxte ìti ta akìlouja eÐnai isodÔnama:

(a) Gia kĹje y ∈ ℓq , ⟨x^{(n)}, y⟩ → 0.

(b) UpĹrqei K > 0 tètoioc ÿste ‖x^{(n)}‖p ≤ K gia kĹje n ∈ N, kai x^{(n)}_i → 0 gia kĹje i ∈ N. 3. ’Estw (Ω, A, μ) qÿroc mètrou me μ(Ω) < +∞. ’Estw (fn) akoloujÐa ston L^p(μ), 1 < p < +∞. An q eÐnai o suzugăc ekjèthc tou p, deÐxte ìti ta exăc eÐnai isodÔnama:

(a) Gia kĹje g ∈ L^q (μ), ∫ Ω fngdμ → 0. (b) IsqÔei sup_n ‖fn ‖p < +∞ kai gia kĹje E ∈ A, ∫ E fndμ → 0. 4. ’Estw X qÿroc Banach, (fn) akoloujÐa ston X^∗ kai (ϵn) akoloujÐa jetikÿn pragmatikÿn arijmÿn me ϵn → 0. Upojètoume ìti gia kĹje x ∈ X upĹrqei Kx > 0 me thn idiìthta |fn (x)| ≤ Kxϵn gia kĹje n ∈ N. DeÐxte ìti ‖fn‖ → 0.

5. ’Estw X, Y, Z qÿroi Banach kai T : X × Y → Z apeikìnish me thn idiìthta: gia kĹje x ∈ X o Tx : Y → Z me Tx(y) = T (x, y) eÐnai fragmènoc grammikìc telestăc, kai gia kĹje y ∈ Y o Ty : X → Z me Ty(x) = T (x, y) eÐnai fragmènoc grammikìc telestăc. DeÐxte ìti upĹrqei M > 0 tètoioc ÿste ‖T (x, y)‖ ≤ M‖x‖ · ‖y‖, x ∈ X, y ∈ Y.

4.2 To jeÿrhma anoiqtăc apeikìnishc kai to jeÿrhma kleistoÔ grafămatoc

Orismìc ’Estw X kai Y metrikoÐ qÿroi, kai T : X → Y sunĹrthsh. H T lègetai anoiqtă apeikìnish an gia kĹje A ⊆ X anoiqtì, to T (A) eÐnai anoiqtì uposÔnolo tou Y .

An T : X → Y suneqăc, h T den eÐnai aparaÐthta anoiqtă: gia parĹdeigma, h T : (0, 2π) → R me T (x) = sin x eÐnai suneqăc, allĹ T ((0, 2π)) = [−1, 1].

Jeÿrhma anoiqtăc apeikìnishc (Schauder) ’Estw X kai Y qÿroi Banach, kai T : X → Y fragmènoc kai epÐ grammikìc telestăc. Tìte, o T eÐnai anoiqtă apeikìnish.

Basikì rìlo sthn apìdeixh ja paÐxei to exăc:

Prìtash 4.2.1 An X, Y qÿroi Banach, T : X → Y fragmènoc kai epÐ grammikìc telestăc, tìte to T (D_X (0, 1)) perièqei anoiqtă mpĹla me kèntro to 0 ston Y .

Apìdeixh: Băma 1 JewroÔme thn anoiqtă mpĹla D_X (0, 1/2) tou X. AfoÔ kD_X (0, 1/2) = D_X (0, k/2) , k = 1, 2, . . . , isqÔei X = ∞⋃ k=1 kD_X (0, 1/2).

AfoÔ o T eÐnai grammikìc kai epÐ, paÐrnoume

Y = T (X) = ∞⋃ k=1 kT (D_X (0, 1/2)). ’Ara, Y = ∞⋃ k=1 kT (D_X (0, 1/2)) = ∞⋃ k=1 kT (D_X (0, 1/2)). O Y eÐnai plărhc, kai kĹje kT (D_X (0, 1/2)) kleistì. Apì to jeÿrhma tou Baire, upĹrqei k_0 tètoio ÿste to k_0T (D_X (0, 1/2)) na perièqei miĹ mpĹla D_Y (y_0, δ) ston Y . Dhladă, (1) y_0 + D_Y (0, δ) ⊆ k_0T (D_X (0, 1/2)).

Băma 2 ’Estw y ∈ D_Y (0, δ). Tìte, y_0 + y ∈ k_0T (D_X (0, 1/2)), Ĺra upĹrqei akoloujÐa x_n ∈ D_X (0, 1/2) tètoia ÿste k_0T (x_n) → y_0 + y.

EpÐshc, y_0 ∈ k_0T (D_X (0, 1/2)), Ĺra upĹrqei akoloujÐa x^′_n ∈ D_X (0, 1/2) tètoia ÿste k_0T (x^′_n) → y_0.

Tìte, x_n − x^′_n ∈ D_X (0, 1), kai k_0T (x_n − x^′_n) = k_0T (x_n) − k_0T (x^′_n) → y.

Dhladă, y ∈ k_0T (D_X (0, 1)).

’Ara, (2) T (D_X (0, 1)) ⊇ D_Y (0, δ/k_0) = D_Y (0, δ^′) ston Y , ìpou δ^′ = δ/k_0.

Băma 3 EÐdame ìti h kleistă jăkh thc T (D_X (0, 1)) perièqei miĹ anoiqtă mpĹla D_Y (0, δ^′) ston Y . Mènei na doÔme ìti to Ðdio to T (D_X (0, 1)) èqei thn Ðdia idiìthta.

JewroÔme thn D_Y (0, δ^′/2). ’Estw y ∈ Y me ‖y‖ < δ^′/2. Tìte, y ∈ 1 2 T (D_X (0, δ^′/2)) = T (D_X (0, 1/2)), Ĺra upĹrqei x_1 ∈ D_X (0, 1/2) tètoio ÿste ‖y − T x_1‖ < δ^′ 2^2 .

Tìte, y − T x_1 ∈^1_{22} T (D_X (0, 1)) = T (D_X (0, 1/2^2)), Ĺra upĹrqei x_2 ∈ D_X (0, 1/2^2) tètoio ÿste ‖y − T x_1 − T x_2‖ < δ^′ 2^3 . EpagwgikĹ, brÐskoume x_n ∈ D_X (0, 1/2^n) me thn idiìthta (∗) ‖y − T x_1 − . . . − T x_n‖ < δ^′ 2^{n+1} . H akoloujÐa z_n = x_1 + . . . + x_n eÐnai Cauchy ston X: an m > n, tìte ‖z_m − z_n‖ = ‖x_m + . . . + x_{n+1}‖ ≤ ‖x_m‖ + . . . + ‖x_{n+1}‖ < 1 2^m + . . . + 1 2^{n+1} < 1 2^n . O X eÐnai plărhc, Ĺra upĹrqei x ∈ X tètoio ÿste z_n → x. ParathroÔme ìti ‖z_n‖ = ‖x_1 + . . . + x_n‖ ≤ ‖x_1‖ + . . . + ‖x_n‖ < ‖x_1‖ + 1 2^2 + . . . + 1 2^n < ‖x_1‖ + 1 2 . ’Ara, ‖x‖ = lim_n ‖z_n‖ ≤ ‖x_1‖ + 1 2 < 1. Dhladă, x ∈ D_X (0, 1). Apì thn (∗), T (z_n) = T (x_1) + . . . + T (x_n) → y. ’Omwc z_n → x kai o T eÐnai suneqăc, Ĺra T (z_n) → T (x). Dhladă, T (x) = y, ki autì shmaÐnei ìti y ∈ T (D_X (0, 1)).

To y ∈ D_Y (0, δ^′/2) ătan tuqìn, Ĺra T (D_X (0, 1)) ⊇ D_Y (0, δ^′/2). □

Paratărhsh MÐa polÔ qrăsimh sunèpeia thc apìdeixhc tou Lămmatoc eÐnai h exăc.

Prìtash 4.2.2 ’Estw X, Y qÿroi Banach, T : X → Y fragmènoc kai epÐ grammikìc telestăc. UpĹrqei stajerĹ M > 0 me thn exăc idiìthta: gia kĹje y ∈ Y upĹrqei x ∈ X tètoio ÿste T (x) = y kai ‖x‖ ≤ M‖y‖. □

Apìdeixh tou jewrămatoc anoiqtăc apeikìnishc: ’Estw A ⊆ X anoiqtì. Ja deÐxoume ìti to T (A) eÐnai anoiqtì: èstw y ∈ T (A). UpĹrqei x ∈ A tètoio ÿste T x = y. To A eÐnai anoiqtì, Ĺra upĹrqei r > 0 tètoio ÿste D_X (x, r) ⊆ A.

Apì thn Prìtash 4.2.1, upĹrqei δ > 0 tètoio ÿste T (D_X (0, 1)) ⊇ D_Y (0, δ). Tìte,

T (D_X (0, r)) = T (rD_X (0, 1)) = rT (D_X (0, 1)) ⊇ rD_Y (0, δ) = D_Y (0, δr). An y^′ ∈ D_Y (y, δr), tìte y^′ − y ∈ D_Y (0, δr), Ĺra upĹrqei z ∈ D_X (0, r) tètoio ÿste T (z) = y^′ − y. ’Epetai ìti x + z ∈ D_X (x, r), kai T (x + z) = y^′. Dhladă, T (A) ⊇ T (D_X (x, r)) ⊇ D_Y (y, δr). To y ∈ T (A) ătan tuqìn, Ĺra to T (A) eÐnai anoiqtì. □ MÐa eidikă perÐptwsh tou jewrămatoc anoiqtăc apeikìnishc eÐnai to jeÿrhma antÐstrofhc apeikìnishc.

Jeÿrhma 4.2.1 ’Estw X, Y qÿroi Banach, kai T : X → Y fragmènoc, èna proc èna kai epÐ, grammikìc telestăc. Tìte, o T^{−1} : Y → X eÐnai fragmènoc grammikìc telestăc.

Apìdeixh: O T^{−1} orÐzetai kalĹ kai eÐnai grammikìc telestăc. AfoÔ o T eÐnai anoiqtă apeikìnish, gia kĹje A ⊆ X anoiqtì èqoume ìti to (T^{−1})^{−1}(A) = T (A) eÐnai anoiqtì uposÔnolo tou Y . ’Ara, o T^{−1} eÐnai suneqăc. □

To epìmeno apotèlesma autăc thc paragrĹfou eÐnai to jeÿrhma kleistoÔ grafămatoc, to opoÐo mĹc dÐnei èna polÔ qrăsimo kritărio gia na elègqoume an ènac grammikìc telestăc eÐnai fragmènoc.

Orismìc ’Estw X, Y qÿroi me nìrma, kai T : X → Y grammikìc telestăc. To grĹfhma tou T eÐnai to sÔnolo Γ(T ) = {(x, y) : y = T x} ⊆ X × Y. O T èqei kleistì grĹfhma an isqÔei to exăc:

An x_n → x ston X, y_n → y ston Y , kai y_n = T (x_n), n ∈ N, tìte y = T (x). IsodÔnama, an to Γ(T ) eÐnai kleistì uposÔnolo tou X × Y , me nìrma p.q. thn ‖(x, y)‖ = ‖x‖_X + ‖y‖_Y (Ĺskhsh).

Jeÿrhma kleistoÔ grafămatoc ’Estw X, Y qÿroi Banach, kai T : X → Y grammikìc telestăc. An to grĹfhma Γ(T ) tou T eÐnai kleistì uposÔnolo tou X ×Y , tìte o T eÐnai fragmènoc.

Apìdeixh: JewroÔme ton X × Y me nìrma thn ‖(x, y)‖ = ‖x‖_X + ‖y‖_Y . O X × Y eÐnai plărhc: an z_n = (x_n, y_n) eÐnai akoloujÐa Cauchy ston X × Y kai ε > 0, upĹrqei n_0 ∈ N tètoio ÿste, gia kĹje n > m ≥ n_0, ε > ‖z_n − z_m‖ = ‖(x_n − x_m, y_n − y_m)‖ = ‖x_n − x_m‖_X + ‖y_n − y_m‖_Y . Tìte ìmwc, ‖x_n − x_m‖ < ε kai ‖y_n − y_m‖ < ε, dhladă oi (x_n), (y_n) eÐnai akoloujÐec Cauchy stouc X, Y antÐstoiqa. Oi X, Y eÐnai plăreic, Ĺra upĹrqoun x ∈ X kai y ∈ Y tètoia ÿste x_n → x kai y_n → y.

’Omwc tìte, an z = (x, y), èqoume ‖z − z_n‖ = ‖x − x_n‖ + ‖y − y_n‖ → 0. ’Ara, z_n → z.

Apì thn upìjesă mac, to Γ(T ) eÐnai kleistì uposÔnolo tou X × Y , kai eÔkola elègqoume ìti eÐnai grammikìc upìqwroc tou X × Y . AfoÔ o X × Y eÐnai qÿroc Banach, to Γ(T ) eÐnai qÿroc Banach.

OrÐzoume P : Γ(T ) → X me P (x, T x) = x. O P eÐnai grammikìc telestăc, kai

P (x, T x) = 0 =⇒ x = 0 =⇒ T x = 0 =⇒ (x, T x) = (0, 0),

Ĺra o P eÐnai èna proc èna. Profanÿc, o P eÐnai epÐ. Tèloc, o P eÐnai fragmènoc: ‖P (x, T x)‖ = ‖x‖_X ≤ ‖x‖_X + ‖T x‖_Y = ‖(x, T x)‖_{X×Y} .

Dhladă, ‖P ‖ ≤ 1.

Apì to jeÿrhma antÐstrofhc apeikìnishc, o P^{−1} : X → Γ(T ) me P^{−1}(x) = (x, T x) eÐnai fragmènoc. Dhladă, upĹrqei M > 0 tètoio ÿste, gia kĹje x ∈ X ‖T x‖_Y ≤ ‖x‖_X + ‖T x‖_Y = ‖(x, T x)‖_{X×Y} = ‖P^{−1}(x)‖_{X×Y} ≤ M‖x‖_X . Epomènwc, o T eÐnai fragmènoc. □

KleÐnoume autăn thn parĹgrafo me dÔo paradeÐgmata pou deÐqnoun ìti h upìjesh thc plhrìthtac twn X kai Y sta jewrămata antÐstrofhc apeikìnishc kai kleistoÔ grafămatoc eÐnai aparaÐthth.

(a) JewroÔme touc qÿrouc X = C^1[0, 1] kai Y = C[0, 1] twn suneqÿc paragwgÐsimwn kai suneqÿn f : [0, 1] → R antÐstoiqa, me nìrma thn ‖ · ‖_∞. OrÐzoume T : X → Y me T (f) = f^′.

O T eÐnai grammikìc telestăc kai èqei kleistì grĹfhma: an ‖f_n − f‖_∞ → 0 kai ‖f^′_n − g‖_∞ → 0, tìte apì thn omoiìmorfh sÔgklish thc (f^′_n) sthn g èqoume: gia kĹje t ∈ [0, 1], ∫_t 0 f^′_n(s)ds → ∫_t 0 g(s)ds, dhladă f_n(t) − f(0) → ∫_t 0 g(s)ds. ’Omwc f_n(t) − f_n(0) → f(t) − f(0), Ĺra

f(t) = f(0) + ∫_t 0 g(s)ds, t ∈ [0, 1]. ’Epetai ìti f^′ = g, dhladă g = T (f).

’Omwc o T den eÐnai fragmènoc telestăc. An f_n(t) = t^n, tìte ‖f_n‖_∞ = 1 enÿ ‖T (f_n)‖_∞ = ‖nt^{n−1}‖_∞ = n. To jeÿrhma kleistoÔ grafămatoc den efarmìzetai kai o lìgoc eÐnai (anagkastikĹ) ìti o X den eÐnai plărhc (sto parĹdeigma autì, o Y eÐnai plărhc).

(b) ’Estw X apeirodiĹstatoc diaqwrÐsimoc qÿroc Banach. JewroÔme mÐa bĹsh Hamel {e_i : i ∈ I} tou X. To I eÐnai uperarijmăsimo sÔnolo. MporoÔme epÐshc na upojèsoume ìti ‖e_i‖ = 1 gia kĹje i ∈ I.

OrÐzoume mÐa deÔterh nìrma ‖ · ‖^′ ston X wc exăc: kĹje x ∈ X grĹfetai me monadikì trìpo sth morfă x = ∑ i∈I a_ie_i me peperasmènouc to plăjoc mh mhdenikoÔc suntelestèc a_i. Jètoume ‖x‖^′ = ∑ i∈I |a_i| kai jewroÔme ton qÿro Y = (X, ‖ · ‖^′). JewroÔme tÿra thn tautotikă apeikìnish I : (X, ‖ · ‖) → (X, ‖ · ‖^′). To grĹfhma Γ(I) = {(x, x) : x ∈ X} thc I eÐnai kleistì: èstw ìti ‖x_n − x‖ → 0 kai ‖x_n − y‖^′ → 0. GenikĹ, (∗) ‖x‖ = ‖ ∑ i∈I a_ie_i‖ ≤ ∑ i∈I |a_i| · ‖e_i‖ = ∑ i∈I |a_i| = ‖x‖^′,

Ĺra ‖x_n − y‖^′ → 0 ⇒ ‖x_n − y‖ → 0, dhladă y = I(x) = x.

’Omwc o I den eÐnai fragmènoc. Apì thn (∗) o I^{−1} eÐnai fragmènoc, an loipìn o I ătan fragmènoc, tìte ja ătan isomorfismìc. Autì den mporeÐ na sumbaÐnei, giatÐ o (X, ‖ · ‖) èqei upotejeÐ diaqwrÐsimoc enÿ o (X, ‖ · ‖^′) den eÐnai diaqwrÐsimoc: parathrăste ìti an i ≠ j ∈ I tìte ‖e_i − e_j ‖^′ = 2 kai to I eÐnai uperarijmăsimo.

To jeÿrhma kleistoÔ grafămatoc den efarmìzetai kai o lìgoc eÐnai anagkastikĹ ìti o Y den eÐnai plărhc (sto parĹdeigma autì, o X eÐnai plărhc). To Ðdio parĹdeigma deÐqnei ìti h upìjesh thc plhrìthtac den mporeÐ na afairejeÐ apì to jeÿrhma antÐstrofhc apeikìnishc: o I^{−1} : Y → X eÐnai fragmènoc, 1-1 kai epÐ grammikìc telestăc allĹ den eÐnai isomorfismìc.

Askăseic

1. ’Estw X kleistìc upìqwroc tou L^1[0, 2]. Upojètoume ìti gia kĹje f ∈ L^1[0, 1] upĹrqei f̃ ∈ X tètoia ÿste f̃|_{[0,1]} = f. DeÐxte ìti upĹrqei stajerĹ M > 0 me thn exăc idiìthta: an f ∈ L^1[0, 1], upĹrqei f̃ ∈ X me f̃ |_{[0,1]} = f kai ‖f̃ ‖1 ≤ M‖f‖1 . 2. ’Estw (xn) akoloujÐa se ènan qÿro me nìrma X, me thn idiìthta ∑_∞ n=1 |f(xn)| < +∞ gia kĹje f ∈ X^∗. DeÐxte ìti upĹrqei stajerĹ M > 0 tètoia ÿste ∞∑ n=1 |f(xn)| ≤ M‖f‖ gia kĹje f ∈ X^∗.

3. ’Estw X, Y qÿroi Banach kai T : X → Y grammikìc telestăc. DeÐxte ìti o T eÐnai fragmènoc an kai mìno an gia kĹje g ∈ Y^∗ isqÔei g ∘ T ∈ X^∗.

4. ’Estw X, Y qÿroi Banach kai T : X → Y fragmènoc kai epÐ grammikìc telestăc.

(a) DeÐxte ìti upĹrqei K > 0 tètoioc ÿste gia kĹje y ∈ Y upĹrqei x ∈ X me T (x) = y kai ‖x‖ ≤ K‖y‖. (b) An H : ℓ1 → Y eÐnai ènac fragmènoc grammikìc telestăc, deÐxte ìti upĹrqei fragmènoc grammikìc telestăc G : ℓ1 → X tètoioc ÿste T ∘ G = H. 5. ’Estw X qÿroc Banach, (xn) akoloujÐa ston X kai x0 ∈ X me xn → x0. JewroÔme mÐa akoloujÐa (fn) ston X^∗ kai f ∈ X^∗ pou ikanopoioÔn to exăc: gia kĹje x ∈ X, fn(x) → f(x). DeÐxte ìti fn(xn) → f(x). 6. ’Estw X, Y qÿroi Banach kai T : X → Y fragmènoc kai epÐ telestăc. An x0 ∈ X, y0 = T (x0) kai yn → y0 ston Y , deÐxte ìti upĹrqoun xn ∈ X me T (xn) = yn kai xn → x0.

4.3 BĹseic Schauder

Orismìc ’Estw X qÿroc Banach kai (x_n) akoloujÐa ston X. H (x_n) lègetai bĹsh Schauder tou X an gia kĹje x ∈ X upĹrqoun monadikoÐ a_n = a_n(x) ∈ K tètoioi ÿste x = ∞∑ n=1 a_nx_n.

An (x_n) eÐnai mÐa bĹsh Schauder tou X, tìte mporoÔme na blèpoume ton X san {qÿro akoloujiÿn} mèsw thc taÔtishc x ←→ (a_1(x), a_2(x), . . .). H bĹsh mĹc parèqei èna {sÔsthma suntetagmènwn} gia ton X.

’Estw ìti h (x_n) eÐnai bĹsh Schauder tou X. Den eÐnai dÔskolo na elègxete ìti x_n ≠ 0 gia kĹje n ∈ N kai ìti o X eÐnai diaqwrÐsimoc (Ĺskhsh).

Skopìc mac se autăn thn parĹgrafo eÐnai na deÐxoume èna basikì apotèlesma gia qÿrouc me bĹsh Schauder san efarmogă tou jewrămatoc antÐstrofhc apeikìnishc.

Jeÿrhma 4.3.1 ’Estw X qÿroc Banach me bĹsh Schauder thn (x_n). Gia kĹje n ∈ N jewroÔme thn fusiologikă {probolă} P_n : X → X pou orÐzetai mèsw thc

P_n(x) = P_n (_∞ ∑ i=1 a_ix_i ) = n∑ i=1 a_ix_i. Tìte, kĹje P_n eÐnai fragmènoc telestăc kai sup_n ‖P_n‖ < +∞.

Apìdeixh: KĹje P_n eÐnai grammikìc telestăc kai P_n ∘ P_n = P_n, kĹti pou dikaiologeÐ ton ìro {probolă}. Piì genikĹ, an n < m tìte P_n ∘ P_m = P_m ∘ P_n = P_n. Autì pou den eÐnai profanèc eÐnai ìti oi telestèc P_n eÐnai fragmènoi.

Gia kĹje x ∈ X èqoume P_n(x) → x, Ĺra to {‖P_n(x)‖ : n ∈ N} eÐnai fragmèno sto R. OrÐzoume mÐa nèa nìrma ||| · ||| ston X mèsw thc |||x||| = sup_n ‖P_n(x)‖. EÔkola elègqoume ìti h ||| · ||| eÐnai nìrma pou ikanopoieÐ thn ‖x‖ = lim_{n→∞} ‖P_n(x)‖ ≤ sup_n ‖P_n(x)‖ = |||x|||, x ∈ X. Isqurismìc: O (X, ||| · |||) eÐnai plărhc. Apìdeixh: ’Estw y^k = ∑_∞ i=1 a^k_i x_i mÐa ||| · |||-Cauchy akoloujÐa ston X. Tìte, oi akoloujÐec (P_n(y^k))_k eÐnai ‖ · ‖-Cauchy ston X omoiìmorfa wc proc n: Gia kĹje ε > 0 upĹrqei k_0(ε) ∈ N tètoioc ÿste

(1) ∀k_1, k_2 ≥ k_0(ε) ∀n ∈ N, ‖P_n(y^{k1} ) − P_n(y^{k2} )‖ < ε.

’Omwc gia kĹje n ∈ N h akoloujÐa (P_n(y^k))_k brÐsketai se ènan qÿro peperasmènhc diĹstashc (ton X_n = ⟨x_1, . . . , x_n⟩), epomènwc sugklÐnei se kĹpoio z_n ∈ X_n. EpÐshc, lìgw thc (1), h sÔgklish eÐnai omoiìmorfh wc proc n. Dhladă, gia kĹje ε > 0 upĹrqei k_0(ε) ∈ N tètoioc ÿste (2) ∀k ≥ k_0(ε) ∀n ∈ N, ‖P_n(y^{k1} ) − z_n‖ ≤ ε. H akoloujÐa (z_n)_n eÐnai ‖ · ‖-Cauchy: èstw ε > 0. Epilègoume k_0 ∈ N tètoion ÿste gia kĹje k ≥ k_0 kai kĹje n ∈ N na èqoume ‖P_n(y^k) − z_n‖ < ε/3. Tìte, gia kĹje n, m ∈ N paÐrnoume ‖z_n − z_m‖ < 2ε 3 + ‖P_n(y^k) − P_m(y^k)‖ an k ≥ k_0. AfoÔ P_n(y^k) → y^k, an stajeropoiăsoume kĹpoio k ≥ k_0 kai pĹroume ta n, m arketĹ megĹla, blèpoume ìti ‖P_n(y^k) − P_m(y^k)‖ < ε 3 , dhladă ‖z_n − z_m‖ < ε. O (X, ‖·‖) eÐnai plărhc, Ĺra upĹrqei z ∈ X tètoio ÿste ‖z_n −z‖ → 0. ParathroÔme ìti an m > n, tìte

(3) P_n(z_m) = P_n(lim_k P_m(y^k)) = lim_k P_n(P_m(y^k)) = lim_k P_n(y^k) = z_n.

(h deÔterh isìthta isqÔei giatÐ ìla ta P_m(y^k) anăkoun ston peperasmènhc diĹstashc qÿro (X_m, ‖ · ‖) ston opoÐo h P_n eÐnai suneqăc).

Apì thn (3), upĹrqei akoloujÐa (a_i)_{i∈N} sto K tètoia ÿste

z_n = n∑ i=1 a_ix_i.

(Ĺskhsh). ’Epetai ìti z = ∞∑ i=1 a_ix_i. Tèloc, apì thn (3) kai thn (2) paÐrnoume |||z − y^k||| = sup_n ‖z_n − P_n(y^k)‖ → 0 ìtan k → ∞, to opoÐo apodeiknÔei ton isqurismì. □ JewroÔme tÿra thn tautotikă apeikìnish I : (X, ||| · |||) → (X, ‖ · ‖). H I eÐnai grammikìc, 1-1 kai epÐ telestăc. AfoÔ ‖x‖ ≤ |||x||| gia kĹje x ∈ X, o I eÐnai fragmènoc telestăc. Oi dÔo qÿroi eÐnai plăreic, Ĺra efarmìzetai to jeÿrhma antÐstrofhc apeikìnishc: o I^{−1} eÐnai fragmènoc, dhladă upĹrqei K > 0 tètoioc ÿste sup_n ‖P_n(x)‖ = |||x||| ≤ K‖x‖ gia kĹje x ∈ X. ’Ara, kĹje P_n eÐnai fragmènoc telestăc kai sup_n ‖P_n‖ ≤ K < +∞. □

O arijmìc M = sup_n ‖P_n‖ lègetai stajerĹ thc bĹshc (x_i). Apì thn P_n ∘ P_m = P_n, n < m paÐrnoume to exăc.

Pìrisma 4.3.1 ’Estw X qÿroc Banach me bĹsh Schauder thn (x_i). Gia kĹje n < m kai kĹje a_1, . . . , a_m ∈ K isqÔei ‖ ‖^n ∑ i=1 a_ix_i ‖ ‖ ≤ M ‖ ‖^m ∑ i=1 a_ix_i ‖ ‖

ìpou M h stajerĹ thc bĹshc (x_i). □

Askăseic

1. ’Estw X qÿroc Banach kai (xn) bĹsh Schauder tou X. DeÐxte ìti to sÔnolo {xn : n ∈ N} apoteleÐtai apì memonwmèna shmeÐa. Akìma isqurìtera, deÐxte ìti gia kĹje n ∈ N, xn /∈ span{xm : m ≠ n}. 2. ’Estw X qÿroc Banach kai (xn) akoloujÐa mh mhdenikÿn dianusmĹtwn ston X. H (xn) lègetai basikă akoloujÐa an eÐnai bĹsh Schauder gia ton upìqwro span{xn : n ∈ N} pou parĹgei. DeÐxte ìti ta exăc eÐnai isodÔnama:

(a) h (xn) eÐnai basikă akoloujÐa.

(b) upĹrqei M > 0 tètoioc ÿste an 1 ≤ m < n kai a1, . . . , an ∈ K, tìte ‖ ‖ ‖ m∑ i=1 aixi ‖ ‖ ‖ ≤ M ‖ ‖ ‖ n∑ i=1 aixi ‖ ‖ ‖.

3. ’Estw X apeirodiĹstatoc qÿroc Banach kai Y upìqwroc tou X peperasmènhc diĹstashc. DeÐxte ìti gia kĹje ε > 0 upĹrqei x ∈ X me ‖x‖ = 1 tètoio ÿste gia kĹje y ∈ Y kai kĹje λ ∈ K, ‖y‖ ≤ (1 + ε)‖λx + y‖. [Upìdeixh: Jewrăste peperasmèno ε/2-dÐktuo {yi} sthn SY kai sunarthsoeidă fj ∈ SY ∗ me fj (xi) = δij . Dialèxte x ∈ ⋂ Ker(fj ).]

4. Qrhsimopoiÿntac tic dÔo prohgoÔmenec askăseic deÐxte ìti se kĹje apeirodiĹstato qÿro Banach upĹrqei basikă akoloujÐa.

4.4 DeÔteroc duðkìc kai autopĹjeia

’Estw X qÿroc me nìrma. ’Eqoume deÐ ìti o X^∗ eÐnai qÿroc Banach me nìrma thn ‖f‖ = sup{|f(x)| : ‖x‖ = 1}. MporoÔme loipìn na milăsoume gia ton (X^∗)^∗, ton qÿro ìlwn twn fragmènwn grammikÿn sunarthsoeidÿn F : X^∗ → R, me nìrma thn

‖F ‖ = sup ‖f ‖_X∗ =1 |F (f)|. Gia eukolÐa grĹfoume X^{∗∗} := (X^∗)^∗. O X^{∗∗} lègetai deÔteroc duðkìc tou X.

’Omoia mporoÔme na orÐsoume ton trÐto duðkì X^{∗∗∗} tou X kai oÔtw kajexăc. Sth sunèqeia, an X eÐnai ènac qÿroc me nìrma ja grĹfoume x_1, x_2, . . . gia ta stoiqeÐa tou X, x^∗_1, x^∗_2, . . . gia ta stoiqeÐa tou X^∗, x^{∗∗}_1 , x^{∗∗}_2 , . . . gia ta stoiqeÐa tou X^{∗∗} klp.

KĹje x ∈ X orÐzei me fusiologikì trìpo èna stoiqeÐo τ(x) tou X^{∗∗} wc exăc: orÐzoume τ(x) : X^∗ → R, me [τ(x)](x^∗ ) = x^∗(x), x^∗ ∈ X^∗.

Lămma 4.4.1 To τ(x) eÐnai fragmèno grammikì sunarthsoeidèc ston X^{∗∗}.

Apìdeixh: Elègqoume prÿta thn grammikìthta tou τ(x): An x^∗_1, x^∗_2 ∈ X^∗ kai λ, μ ∈ R, tìte [τ(x)](λx^∗_1 + μx^∗_2) = (λx^∗_1 + μx^∗_2)(x) = λx^∗_1(x) + μx^∗_2(x) = λ[τ(x)](x^∗_1 ) + μ[τ(x)](x^∗_2 ).

EpÐshc, |[τ(x)](x^∗)| = |x^∗(x)| ≤ ‖x^∗‖ ‖x‖ = ‖x‖ ‖x^∗‖, x^∗ ∈ X^∗. ’Ara, τ(x) ∈ X^{∗∗} kai ‖τ(x)‖_X ∗∗ ≤ ‖x‖_X . □ Lămma 4.4.2 H apeikìnish τ : X → X^{∗∗} me x → τ(x) eÐnai grammikă isometrÐa. Eidikìtera, h τ eÐnai èna proc èna.

Apìdeixh: (a) ’Estw x_1, x_2 ∈ X kai λ_1, λ_2 ∈ R. Gia kĹje x^∗ ∈ X^∗ èqoume [τ(λ_1x_1 + λ_2x_2)](x^∗) = x^∗(λ_1x_1 + λ_2x_2) = λ_1x^∗(x_1) + λ_2x^∗(x_2) = λ_1[τ(x_1)](x^∗) + λ_2[τ(x_2)](x^∗) = [λ_1τ(x_1) + λ_2τ(x_2)](x^∗).

’Ara, τ(λ_1x_1 + λ_2x_2) = λ_1τ(x_1) + λ_2τ(x_2), dhladă h τ eÐnai grammikă.

(b) ’Estw x ∈ X. Apì efarmogă tou Jewrămatoc Hahn-Banach, upĹrqei x^∗_0 ∈ X^∗ tètoio ÿste ‖x^∗_0‖ = 1 kai x^∗_0(x) = ‖x‖. ’Ara, ‖τ(x)‖_X ∗∗ = sup_{‖x∗‖=1} |[τ(x)](x^∗ )| ≥ |[τ(x)](x^∗_0 )| = |x^∗_0(x)| = ‖x‖. Dhladă, ‖τ(x)‖_X ∗∗ ≥ ‖x‖. Sto prohgoÔmeno Lămma eÐdame ìti isqÔei kai h antÐstrofh anisìthta. Epomènwc, ‖τ(x)‖_X ∗∗ = ‖x‖, kai h τ eÐnai isometrÐa.

(g) Profanÿc, τ(x) = 0 =⇒ ‖τ(x)‖_X ∗∗ = 0 =⇒ ‖x‖ = 0 =⇒ x = 0. Epeidă h τ eÐnai grammikă, autì deÐqnei ìti h τ eÐnai èna proc èna. □ ’Amesh sunèpeia twn dÔo lhmmĹtwn eÐnai to exăc:

Jeÿrhma 4.4.1 KĹje qÿroc X me nìrma emfuteÔetai me fusiologikì trìpo isometrikĹ ston X^{∗∗} mèsw thc τ : X → X^{∗∗} pou orÐzetai apì thn

[τ(x)](x^∗ ) = x^∗(x). □

Parathrăseic (a) O X eÐnai qÿroc Banach an kai mìno an o τ(x) eÐnai kleistìc upìqwroc tou X^{∗∗}. PrĹgmati, o X^{∗∗} eÐnai plărhc kai o τ(X) grammikìc upìqwroc tou X^{∗∗}. O τ(X) eÐnai kleistìc an kai mìno an eÐnai plărhc, ìmwc o τ(X) eÐnai isometrikĹ isomorfikìc me ton X. ’Ara, o τ(X) eÐnai plărhc an kai mìno an o X eÐnai plărhc.

(b) Orismìc H apeikìnish τ lègetai kanonikă emfÔteush tou X ston X^{∗∗}. O X lègetai autopajăc an τ(X) = X^{∗∗}, dhladă an h τ eÐnai epÐ. Tìte, o X eÐnai isometrikĹ isomorfikìc me ton X^{∗∗}.

(g) H idiìthta thc autopĹjeiac den eÐnai isodÔnamh me thn Ôparxh isometrikoÔ isomorfismoÔ anĹmesa stouc X kai X^{∗∗}. An o X eÐnai autopajăc, tìte eÐnai isometrikĹ isomorfikìc me ton X^{∗∗}, allĹ me polÔ isqurì trìpo: h kanonikă emfÔteush τ eÐnai isometrÐa epÐ apì ton X ston X^{∗∗}. O James (1951) èqei dÿsei parĹdeigma qÿrou pou eÐnai isometrikĹ isomorfikìc me ton deÔtero duðkì tou, qwrÐc na eÐnai autopajăc.

(d) UpĹrqoun polloÐ mh autopajeÐc qÿroi. Prÿta-prÿta, ènac qÿroc me nìrma pou den eÐnai plărhc den mporeÐ na eÐnai autopajăc.

O c_0 den eÐnai autopajăc, giatÐ c^∗_0 ≃ ℓ_1 kai ℓ^∗_1 ≃ ℓ_∞. An o c_0 ătan autopajăc, tìte oi c_0 kai ℓ_∞ ja ătan isometrikĹ isomorfikoÐ. Autì den mporeÐ na isqÔei, afoÔ o c_0 eÐnai diaqwrÐsimoc enÿ o ℓ_∞ ìqi.

O ℓ_1 den eÐnai autopajăc. An ătan, ja ătan isometrikĹ isomorfikìc me ton ℓ^∗_∞, dhladă o ℓ^∗_∞ ja ătan diaqwrÐsimoc. ’Omwc autì ja sămaine ìti kai o ℓ_∞ eÐnai diaqwrÐsimoc, Ĺtopo.

Prìtash 4.4.1 O L^p(μ), 1 < p < ∞, eÐnai autopajăc.

Apìdeixh: ’Estw q o suzugăc ekjèthc tou p. ’Eqoume deÐ ìti h apeikìnish T : L^q(μ) → (L^p(μ))^∗ pou orÐzetai apì thn

[T g](f) = ∫ Ω fg dμ, f ∈ L^p(μ) eÐnai isometrikìc isomorfismìc. ’Omoia, h apeikìnish S : L^p(μ) → (L^q(μ))^∗ pou orÐzetai apì thn [Sf](g) = ∫ Ω fg dμ, g ∈ L^q(μ) eÐnai isometrikìc isomorfismìc. Jèloume na deÐxoume ìti h τ : L^p(μ) → (L^p(μ))^{∗∗} eÐnai epÐ. ’Estw loipìn x^{∗∗} ∈ (L^p(μ))^{∗∗}. Dhladă, h x^{∗∗} : (L^p(μ))^∗ → K eÐnai fragmèno grammikì sunarthsoeidèc.

Tìte, h x^{∗∗} ∘ T : L^q(μ) → K eÐnai fragmèno grammikì sunarthsoeidèc ston L^q(μ), Ĺra upĹrqei f ∈ L^p(μ) tètoia ÿste x^{∗∗} ∘ T = Sf. Ja deÐxoume ìti τ(f) = x^{∗∗} elègqontac ìti sumfwnoÔn se kĹje x^∗ ∈ (L^p(μ))^∗. ’Estw x^∗ ∈ (L^p(μ))^∗. UpĹrqei g ∈ L^q(μ) tètoia ÿste x^∗ = T g. Tìte,

x^{∗∗}(x^∗) = x^{∗∗}(T g) = (x^{∗∗} ∘ T )(g) = [Sf](g) = ∫ Ω fg dμ kai [τ(f)](x^∗) = x^∗(f) = [T g](f) = ∫ Ω fg dμ. ’Ara x^{∗∗}(x^∗) = [τ(f)](x^∗).

Autì apodeiknÔei ìti h τ eÐnai epÐ, Ĺra o L^p(μ) eÐnai autopajăc. □ Me teleÐwc anĹlogo trìpo apodeiknÔetai to exăc.

Prìtash 4.4.2 O ℓ_p, 1 < p < ∞, eÐnai autopajăc. □

DeÐqnoume tÿra kĹpoia endeiktikĹ apotelèsmata gia touc autopajeÐc qÿrouc kai gia ton trìpo me ton opoÐo h kanonikă emfÔteush τ : X → X^{∗∗} mporeÐ na mĹc dÿsei plhroforÐec gia ton X.

Prìtash 4.4.3 ’Estw X qÿroc Banach. O X eÐnai autopajăc an kai mìno an o X^∗ eÐnai autopajăc.

Apìdeixh: ’Estw τ : X → X^{∗∗} kai τ_1 : X^∗ → X^{∗∗∗} oi kanonikèc emfuteÔseic.

Upojètoume prÿta ìti τ(X) = X^{∗∗}. ’Estw x^{∗∗∗}_0 ∈ X^{∗∗∗}. ZhtĹme x^∗_0 ∈ X^∗ tètoio ÿste τ_1(x^∗_0) = x^{∗∗∗}_0 . OrÐzoume to x^∗_0 wc exăc: an x ∈ X tìte τ(x) ∈ X^{∗∗}, opìte jètoume x^∗_0(x) := (x^{∗∗∗}_0 )(τ(x)).

EÔkola elègqoume ìti to x^∗_0 eÐnai grammikì sunarthsoeidèc, kai afoÔ |x^∗_0(x)| = |(x^{∗∗∗}_0 )(τ(x))| ≤ ‖x^{∗∗∗}_0 ‖ · ‖τ(x)‖ = ‖x^{∗∗∗}_0 ‖ · ‖x‖, blèpoume ìti x^∗_0 ∈ X^∗ kai ‖x^∗_0‖ ≤ ‖x^{∗∗∗}_0 ‖.

Ja deÐxoume ìti τ_1(x^∗_0) = x^{∗∗∗}_0 . ’Estw x^{∗∗} ∈ X^{∗∗}. Tìte, upĹrqei x ∈ X tètoio ÿste τ(x) = x^{∗∗}. ’Ara,

[τ_1(x^∗_0)](x^{∗∗}) = x^{∗∗}(x^∗_0) = [τ(x)](x^∗_0 ) = x^∗_0(x) = x^{∗∗∗}_0 (τ(x)) = x^{∗∗∗}_0 (x^{∗∗}). AntÐstrofa, èstw ìti τ_1(X^∗) = X^{∗∗∗} kai ac upojèsoume ìti τ(X) ≠ X^{∗∗}. Tìte, o τ(X) eÐnai gnăsioc kleistìc upìqwroc tou X^{∗∗} Ĺra upĹrqei mh mhdenikì fragmèno grammikì sunarthsoeidèc x^{∗∗∗}_0 ∈ X^{∗∗∗} tètoio ÿste x^{∗∗∗}_0 (τ(x)) = 0 gia kĹje x ∈ X. Apì thn upìjesă mac, upĹrqei x^∗_0 ∈ X^∗ me τ_1(x^∗_0) = x^{∗∗∗}_0 . Tìte, gia kĹje x ∈ X èqoume x^∗_0(x) = [τ(x)](x^∗_0 ) = [τ_1(x^∗_0)](τ(x)) = x^{∗∗∗}_0 (τ(x)) = 0, dhladă x^∗_0 = 0. ’Omwc tìte, x^{∗∗∗}_0 = τ_1(x^∗_0) = 0, to opoÐo eÐnai Ĺtopo. □ H Prìtash pou akoloujeÐ eÐnai eidikă perÐptwsh thc arqăc tou omoiìmorfou frĹgmatoc kai dÐnei kritărio gia to pìte èna sÔnolo fragmènwn grammikÿn sunarthsoeidÿn eÐnai fragmèno.

Prìtash 4.4.4 ’Estw X qÿroc Banach kai A ⊆ X^∗. To A eÐnai fragmèno an kai mìno an gia kĹje x ∈ X isqÔei sup{|x^∗(x)| : x^∗ ∈ A} < +∞.

Apìdeixh: An to A eÐnai fragmèno, upĹrqei M > 0 tètoioc ÿste ‖x^∗‖ ≤ M gia kĹje x^∗ ∈ A. Tìte, gia kĹje x ∈ X èqoume sup{|x^∗(x)| : x^∗ ∈ A} ≤ M‖x‖ < +∞. To antÐstrofo eÐnai eidikă perÐptwsh thc arqăc tou omoiìmorfou frĹgmatoc (Jeÿrhma 4.1.1). □ H duðkă prìtash qrhsimopoieÐ thn kanonikă emfÔteush tou X ston X^{∗∗}. Prìtash 4.4.5 ’Estw X qÿroc me nìrma, kai A ⊆ X. To A eÐnai fragmèno sÔnolo an kai mìno an gia kĹje x^∗ ∈ X^∗ isqÔei sup{|x^∗(x)| : x ∈ A} < +∞. Apìdeixh: (⇒) Upojètoume ìti upĹrqei M > 0 tètoio ÿste ‖x‖ ≤ M gia kĹje x ∈ A. Tìte, gia kĹje x^∗ ∈ X^∗ èqoume |x^∗(x)| ≤ ‖x^∗‖ ‖x‖ ≤ M‖x^∗‖, x ∈ A. Dhladă, to {x^∗(x) : x ∈ A} eÐnai fragmèno.

(⇐) JewroÔme to sÔnolo τ(A) = {τ(x) : x ∈ A} ⊆ X^{∗∗}. To τ(A) eÐnai uposÔnolo tou duðkoÔ tou X^∗ kai apì thn upìjesă mac, sup{|(τ(x))(x^∗ )| : τ(x) ∈ τ(A)} = sup{|x^∗(x)| : x ∈ A} < +∞. AfoÔ o X^∗ eÐnai qÿroc Banach, efarmìzetai h prohgoÔmenh Prìtash (me touc X^∗, X^{∗∗}, τ(A) sthn jèsh twn X, X^∗, A antÐstoiqa) kai èqoume ìti to τ(A) eÐnai fragmèno ston X^{∗∗}. AfoÔ h τ eÐnai isometrÐa, to A eÐnai fragmèno ston X. □ Askăseic 1. ’Estw X autopajăc qÿroc Banach. DeÐxte ìti gia kĹje x^∗ ∈ X^∗ upĹrqei x ∈ X me ‖x‖ = 1 tètoio ÿste |x^∗(x)| = ‖x‖.

78

KefĹlaio 5

Stoiqeiÿdhc jewrÐa qÿrwn Hilbert

5.1 Qÿroi Hilbert

Orismìc ’Estw X grammikìc qÿroc pĹnw apì to K . MiĹ sunĹrthsh ⟨·, ·⟩ : X × X → K lègetai eswterikì ginìmeno an ikanopoieÐ ta exăc:

(a) ⟨x, x⟩ ≥ 0 gia kĹje x ∈ X, me isìthta an kai mìno an x = 0. (b) ⟨x, y⟩ = ⟨y, x⟩, gia kĹje x, y ∈ X. (g) gia kĹje y ∈ X h sunĹrthsh x → ⟨x, y⟩ eÐnai grammikă.

Prìtash 5.1.1 (anisìthta Cauchy-Schwarz) ’Estw X qÿroc me eswterikì ginìmeno. An x, y ∈ X, tìte |⟨x, y⟩| ≤ √ ⟨x, x⟩ √ ⟨y, y⟩. Apìdeixh: ExetĹzoume prÿta thn perÐptwsh K = C . ’Estw x, y ∈ X kai M = |⟨x, y⟩|. UpĹrqei θ ∈ R tètoioc ÿste ⟨x, y⟩ = Me^{iθ}. Gia kĹje migadikì arijmì λ = re^{it} èqoume 0 ≤ ⟨λx + y, λx + y⟩ = |λ|^2⟨x, x⟩ + λ⟨x, y⟩ + λ⟨x, y⟩ + ⟨y, y⟩ = |λ|^2⟨x, x⟩ + 2Re(λ⟨x, y⟩) + ⟨y, y⟩ = r^2⟨x, x⟩ + 2Re(rMe^{i(θ−t)}) + ⟨y, y⟩. Epilègoume to t ètsi ÿste e^{i(θ−t)} = −1. Tìte, paÐrnoume r^2⟨x, x⟩ − 2rM + ⟨y, y⟩ ≥ 0 gia kĹje r > 0. PaÐrnontac r = √ ⟨y, y⟩/ √ ⟨x, x⟩ èqoume to zhtoÔmeno (h perÐptwsh x = 0 ă y = 0 eÐnai profanăc).

Sthn perÐptwsh pou K = C , parathroÔme ìti gia kĹje x, y ∈ X kai kĹje t ∈ R isqÔei 0 ≤ ⟨tx + y, tx + y⟩ = t^2⟨x, x⟩ + 2t⟨x, y⟩ + ⟨y, y⟩. H diakrÐnousa tou triwnÔmou wc proc t prèpei na eÐnai mikrìterh ă Ðsh apì mhdèn. ’Ara, 4⟨x, y⟩^2 − 4⟨x, x⟩⟨y, y⟩ ≤ 0. Autì dÐnei to zhtoÔmeno. □ OrÐzoume ‖ · ‖ : X → R me ‖x‖ = √ ⟨x, x⟩. H anisìthta Cauchy-Schwarz mĹc epitrèpei na deÐxoume ìti h ‖ · ‖ eÐnai nìrma:

Prìtash 5.1.2 ’Estw X qÿroc me eswterikì ginìmeno. H ‖ · ‖ : X → R, me ‖x‖ = √ ⟨x, x⟩ eÐnai nìrma.

Apìdeixh: ArkeÐ na elègxoume thn trigwnikă anisìthta (oi Ĺllec idiìthtec eÐnai aplèc). ’Omwc, ‖x + y‖^2 = ⟨x + y, x + y⟩ = ‖x‖^2 + ⟨x, y⟩ + ⟨y, x⟩ + ‖y‖^2 = ‖x‖^2 + ‖y‖^2 + 2Re(⟨x, y⟩) ≤ ‖x‖^2 + ‖y‖^2 + 2|⟨x, y⟩| ≤ ‖x‖^2 + ‖y‖^2 + 2‖x‖ · ‖y‖ = (‖x‖ + ‖y‖)^2, apì tic idiìthtec tou eswterikoÔ ginomènou kai thn anisìthta Cauchy-Schwarz. □ O (X, ‖·‖) eÐnai qÿroc me nìrma, kai èqoume deÐ ìti oi (x, y) → x+y, (λ, x) → λx eÐnai suneqeÐc wc proc thn ‖ · ‖. Apì thn anisìthta Cauchy-Schwarz èpetai eÔkola ìti to eswterikì ginìmeno eÐnai ki autì suneqèc wc proc thn ‖ · ‖:

Prìtash 5.1.3 ’Estw X qÿroc me eswterikì ginìmeno, kai ‖ · ‖ h epagìmenh nìrma. An x_n → x kai y_n → y wc proc thn ‖ · ‖, tìte ⟨x_n, y_n⟩ → ⟨x, y⟩. Apìdeixh: GrĹfoume |⟨x_n, y_n⟩ − ⟨x, y⟩| = |⟨x_n, y_n − y⟩ + ⟨x_n − x, y⟩| ≤ |⟨x_n, y_n − y⟩| + |⟨x_n − x, y⟩| ≤ ‖x_n‖ ‖y_n − y‖ + ‖x_n − x‖ ‖y‖. H (x_n) sugklÐnei Ĺra eÐnai fragmènh, kai ‖y_n − y‖ → 0, ‖x_n − x‖ → 0. ’Ara, ⟨x_n, y_n⟩ → ⟨x, y⟩. □ Eidikìtera, gia kĹje y ∈ X h apeikìnish x → ⟨x, y⟩ eÐnai fragmèno grammikì sunarthsoeidèc ston X.

Orismìc ’Enac qÿroc Banach lègetai qÿroc Hilbert an upĹrqei eswterikì ginìmeno ⟨·, ·⟩ ston X tètoio ÿste ‖x‖ = √ ⟨x, x⟩ gia kĹje x ∈ X.

Sth sunèqeia sumbolÐzoume touc qÿrouc Hilbert me H. KĹje qÿroc Hilbert ikanopoieÐ ton kanìna tou parallhlogrĹmmou: gia kĹje x, y ∈ H,

‖x + y‖^2 + ‖x − y‖^2 = 2‖x‖^2 + 2‖y‖^2.

AntÐstrofa, an h nìrma ‖ · ‖ enìc qÿrou Banach X ikanopoieÐ ton kanìna tou parallhlogrĹmmou, tìte proèrqetai apì eswterikì ginìmeno to opoÐo orÐzetai apì thn ⟨x, y⟩ = 1 4 {‖x + y‖^2 − ‖x − y‖^2} sthn perÐptwsh K = R, kai apì thn ⟨x, y⟩ = 1 4 (‖x + y‖^2 + ‖x − y‖^2 + i‖x + iy‖^2 − i‖x − iy‖^2) sthn perÐptwsh K = C .

Askăseic

1. ’Estw X qÿroc me eswterikì ginìmeno, kai x, y ∈ X. DeÐxte ìti

(a) x ⊥ y an kai mìno an ‖x + ay‖ = ‖x − ay‖ gia kĹje a ∈ R. (b) x ⊥ y an kai mìno an ‖x + ay‖ ≥ ‖x‖ gia kĹje a ∈ R.

2. ’Estw H qÿroc Hilbert, xn, yn sth monadiaÐa mpĹla tou H, kai ⟨xn, yn⟩ → 1. DeÐxte ìti ‖xn − yn‖ → 0. 3. ’Estw H qÿroc Hilbert, kai xn, x ∈ H me tic idiìthtec: ‖xn‖ → ‖x‖, kai, gia kĹje y ∈ H, ⟨xn, y⟩ → ⟨x, y⟩. DeÐxte ìti ‖xn − x‖ → 0. 4. ’Estw X qÿroc me eswterikì ginìmeno, kai x1, . . . , xn ∈ X. DeÐxte ìti ∑ i≠j ‖xi − xj ‖^2 = n n∑ i=1 ‖xi‖^2 − ‖ n∑ i=1 xi‖^2.

An ‖xi − xj ‖ ≥ 2 gia i ≠ j, deÐxte ìti an miĹ mpĹla perièqei ìla ta xi, prèpei na èqei aktÐna toulĹqiston √ 2(n − 1)/n. 5. ’Estw X qÿroc me eswterikì ginìmeno, kai x1, . . . , xn ∈ X. DeÐxte ìti ∑ εi=±1 ‖ ‖ ‖ n∑ i=1 εixi ‖ ‖ ‖^2 = 2^n n∑ i=1 ‖xi‖^2,

ìpou to exwterikì Ĺjroisma eÐnai pĹnw apì ìlec tic akoloujÐec (ε1, . . . , εn) ∈ {−1, 1}^n.

5.2 Kajetìthta

Orismìc ’Estw H qÿroc Hilbert. Lème ìti ta x, y ∈ H eÐnai orjogÿnia (ă kĹjeta), kai grĹfoume x ⊥ y, an ⟨x, y⟩ = 0. An x ∈ H kai M eÐnai èna mh kenì uposÔnolo tou H, lème ìti to x eÐnai kĹjeto sto M kai grĹfoume x ⊥ M an x ⊥ y gia kĹje y ∈ M. Parathrăseic: (a) To 0 eÐnai kĹjeto se kĹje x ∈ X, kai eÐnai to monadikì stoiqeÐo tou X pou èqei autăn thn idiìthta.

(b) An x ⊥ y, isqÔei to Pujagìreio jeÿrhma: ‖x + y‖^2 = ‖x‖^2 + ‖y‖^2. Orismìc ’Estw H qÿroc Hilbert, kai M grammikìc upìqwroc tou H. OrÐzoume M^⊥ = {x ∈ H : ∀y ∈ M, ⟨x, y⟩ = 0}. O M^⊥ eÐnai kleistìc grammikìc upìqwroc tou H (Ĺskhsh).

Prìtash 5.2.1 ’Estw H qÿroc Hilbert, M kleistìc grammikìc upìqwroc tou H, kai x ∈ H. UpĹrqei monadikì y_0 ∈ M tètoio ÿste ‖x − y_0‖ = d(x, M) = inf{‖x − y‖ : y ∈ M}. To monadikì autì y_0 ∈ M sumbolÐzetai me P_M (x), kai onomĹzetai probolă tou x ston M.

Apìdeixh: Jètoume δ = d(x, M). UpĹrqei akoloujÐa (y_n) ston M tètoia ÿste ‖x − y_n‖ → δ. Apì ton kanìna tou parallhlogrĹmmou,

‖y_n − y_m‖^2 = ‖(y_n − x) + (x − y_m)‖^2 = 2‖y_n − x‖^2 + 2‖y_m − x‖^2 − ‖(y_n + y_m) − 2x‖^2 = 2‖y_n − x‖^2 + 2‖y_m − x‖^2 − 4‖ y_n + y_m 2 − x‖^2. ’Omwc,^{yn+ym}_2 ∈ M, Ĺra ‖^{yn+ym}_2 − x‖ ≥ δ. Epomènwc,

‖y_n − y_m‖^2 ≤ 2‖y_n − x‖^2 + 2‖y_m − x‖^2 − 4δ^2 → 2δ^2 + 2δ^2 − 4δ^2 = 0. ’Ara, h (y_n) eÐnai akoloujÐa Cauchy ston H. O H eÐnai plărhc, Ĺra upĹrqei y_0 ∈ H tètoio ÿste y_n → y_0. ’Epetai ìti y_0 ∈ M (o M eÐnai kleistìc), kai ‖x − y_0‖ = lim_n ‖x − y_n‖ = δ.

Gia th monadikìthta, qrhsimopoioÔme kai pĹli ton kanìna tou parallhlogrĹmmou. An ‖x − y‖ = δ = ‖x − y^′‖, tìte

0 ≤ ‖y − y^′‖^2 = 2‖x − y^′‖^2 + 2‖x − y‖^2 − 4‖ y + y^′ 2 − x‖^2 ≤ 2δ^2 + 2δ^2 − 4δ^2 = 0.

’Ara, y = y^′. □

Prìtash 5.2.2 Me tic upojèseic thc Prìtashc 5.2.1, x − P_M (x) ⊥ M.

Apìdeixh: Jètoume w = x − P_M (x). ’Estw ìti to w den eÐnai kĹjeto ston M. Tìte, upĹrqei z ∈ M tètoio ÿste ⟨w, z⟩ > 0. Gia ε > 0 arketĹ mikrì, èqoume 2⟨w, z⟩ − ε‖z‖^2 > 0. ’Ara, ‖x − (P_M (x) + εz)‖^2 = ‖w − εz‖^2 = ⟨w − εz, w − εz⟩ = ‖w‖^2 − 2ε⟨w, z⟩ + ε‖z‖^2 = δ^2 − ε(2⟨w, z⟩ − ε‖z‖^2) < δ^2, to opoÐo eÐnai Ĺtopo giatÐ P_M (x) + εz ∈ M. □

Pìrisma 5.2.1 An H qÿroc Hilbert kai M kleistìc gnăsioc upìqwroc tou H, tìte upĹrqei z ∈ H, z ≠ 0, tètoio ÿste z ⊥ M.

Apìdeixh: ’Estw x ∈ H\M. PaÐrnoume z = x − P_M (x) ≠ 0. □

Pìrisma 5.2.2 ’Enac grammikìc upìqwroc F tou H eÐnai puknìc an kai mìno an to monadikì diĹnusma tou H pou eÐnai kĹjeto ston F eÐnai to 0.

Apìdeixh: (⇒) Upojètoume ìti o F eÐnai puknìc ston H, kai ìti ⟨z, x⟩ = 0 gia kĹje x ∈ F .

’Estw y ∈ H. AfoÔ o F eÐnai puknìc, upĹrqei akoloujÐa (y_n) ∈ F me y_n → y. Tìte, 0 = ⟨z, y_n⟩ → ⟨z, y⟩. ’Ara, ⟨z, y⟩ = 0. AfoÔ ⟨z, y⟩ = 0 gia kĹje y ∈ H, èqoume z = 0.

(⇐) Ac upojèsoume ìti o F den eÐnai puknìc ston H. Tìte, o F eÐnai gnăsioc kleistìc upìqwroc tou H. ’Ara, upĹrqei z ≠ 0, z ⊥ F .

Eidikìtera, z ⊥ F , Ĺtopo. □

Jeÿrhma 5.2.1 ’Estw H qÿroc Hilbert, kai M kleistìc grammikìc upìqwroc tou H. Tìte, H = M ⊕ M^⊥. Dhladă, kĹje x ∈ H grĹfetai monosămanta sth morfă

x = x_1 + x_2, x_1 ∈ M, x_2 ∈ M^⊥.

Apìdeixh: ’Estw x ∈ H. GrĹfoume x = P_M (x) + (x − P_M (x)). Tìte, P_M (x) ∈ M kai x − P_M (x) ∈ M^⊥.

An x_1 + x_2 = x^′_1 + x^′_2 kai x_1, x^′_1 ∈ M, x_2, x^′_2 ∈ M^⊥, tìte to

y = x_1 − x^′_1 = x_2 − x^′_2 ∈ M ∩ M^⊥

giatÐ oi M, M^⊥ eÐnai upìqwroi, Ĺra y ⊥ y, to opoÐo shmaÐnei ìti y = 0. ’Ara, x_1 = x^′_1 kai x_2 = x^′_2, apfl ìpou èpetai h monadikìthta tou trìpou grafăc. □

Pìrisma 5.2.3 ’Estw M ≠ {0} kleistìc grammikìc upìqwroc tou qÿrou Hilbert H. OrÐzoume P_M : H → H me P_M (x) = P_M (x_1 + x_2) = x_1, ìpou x = x_1 + x_2 ìpwc sto Jeÿrhma. O P_M eÐnai fragmènoc grammikìc telestăc, kai ‖P_M ‖ = 1.

Apìdeixh: An x = x_1 + x_2, x^′ = x^′_1 + x^′_2 kai λ, μ ∈ R, tìte λx + μx^′ = (λx_1 + μx^′_1) + (λx_2 + μx^′_2) ∈ M + M^⊥, opìte P_M (λx + μx^′) = λx_1 + μx^′_1 = λP_M (x) + μP_M (x^′), Ĺra o P_M eÐnai grammikìc telestăc. EpÐshc, ‖P_M (x)‖^2 = ‖x_1‖^2 ≤ ‖x_1‖^2 + ‖x_2‖^2 = ‖x_1 + x_2‖^2 = ‖x‖^2, dhladă o P_M eÐnai fragmènoc, kai ‖P_M ‖ ≤ 1. An x_0 ∈ M, x_0 ≠ 0, tìte P_M (x_0) = x_0. ’Ara, ‖P_M ‖ ≥ ‖P_M (x_0)‖ ‖x_0‖ = 1. □ ’Estw H ≠ {0} qÿroc Hilbert. Ja doÔme ìti o H^∗ perièqei {pollĹ} sunarthsoeidă, ta opoÐa anaparÐstantai me polÔ sugkekrimèno trìpo apì ta stoiqeÐa tou H. Lămma 5.2.1 Gia kĹje a ∈ H, h f_a : H → R me f_a(x) = ⟨x, a⟩ anăkei ston H^∗, kai ‖f_a‖_H∗ = ‖a‖_H . Apìdeixh: ’Eqoume f_a(λx + μy) = ⟨λx + μy, a⟩ = λ⟨x, a⟩ + μ⟨y, a⟩ = λf_a(x) + μf_a(y), kai |f_a(x)| = |⟨x, a⟩| ≤ ‖a‖ ‖x‖. ’Ara, f_a ∈ H^∗ kai ‖f_a‖ ≤ ‖a‖. Tèloc, an a ≠ 0, ‖f_a‖ ≥ |f_a(a)| ‖a‖ = |⟨a, a⟩| ‖a‖ = ‖a‖. An a = 0, profanÿc ‖f_a‖ = 0 (f_a ≡ 0). □ To Jeÿrhma tou Riesz mĹc lèei ìti kĹje f ∈ H^∗ anaparÐstatai san f = f_a gia kĹpoio a ∈ H:

Jeÿrhma 5.2.2 (Jeÿrhma anaparĹstashc tou Riesz) ’Estw H qÿroc Hilbert, kai f ∈ H^∗. UpĹrqei monadikì a ∈ H tètoio ÿste f = f_a.

Apìdeixh: OrÐzoume M = Kerf = {x ∈ H : f(x) = 0}. O M eÐnai kleistìc grammikìc upìqwroc tou H.

An M = H, tìte f ≡ 0 kai f = f_0.

An M ≠ H, tìte upĹrqei z ≠ 0, z ∈ H pou eÐnai kĹjeto ston M. Tìte, gia kĹje y ∈ H èqoume f(f(z)y − f(y)z) = f(z)f(y) − f(y)f(z) = 0.

’Ara f(z)y − f(y)z ∈ M, kai afoÔ z ⊥ M paÐrnoume ⟨f(z)y − f(y)z, z⟩ = 0 =⇒ f(z)⟨y, z⟩ = f(y)⟨z, z⟩ =⇒ f(y) = ⟨y, f(z)z ‖z‖^2 ⟩ = f_a(y), ìpou a = f(z)z/‖z‖^2. H monadikìthta tou a eÐnai aplă. An f(y) = ⟨y, a⟩ = ⟨y, a^′⟩ gia kĹje y ∈ H, tìte a − a^′ ⊥ y gia kĹje y ∈ H. ’Ara, a = a^′. □ Pìrisma 5.2.4 ’Estw H qÿroc Hilbert pĹnw apì to R. H apeikìnish T : H → H^∗ me T (a) = f_a eÐnai grammikă isometrÐa epÐ (isometrikìc isomorfismìc). Apìdeixh: (a) Gia thn grammikìthta thc T , parathroÔme ìti f_{λa+μa}′ (x) = ⟨x, λa + μa^′⟩ = λ⟨x, a⟩ + μ⟨x, a^′⟩ = λf_a(x) + μf_a′ (x), Ĺra T (λa + μa^′) = f_{λa+μa}′ = λf_a + μf_a′ = λT (a) + μT (a^′). (b) Apì to Lămma, ‖T (a)‖ = ‖f_a‖ = ‖a‖. Dhladă, h T eÐnai isometrÐa. (g) An f ∈ H^∗, upĹrqei a ∈ H tètoio ÿste T (a) = f_a = f, apì to Jeÿrhma anaparĹstashc tou Riesz. Dhladă, h T eÐnai epÐ. □ Jeÿrhma 5.2.3 ’Estw M kleistìc upìqwroc tou qÿrou Hilbert H, kai f ∈ M^∗. UpĹrqei monadikì f̃ ∈ H^∗ tètoio ÿste f̃|_M = f kai ‖f̃‖_H∗ = ‖f‖_M ∗ . Apìdeixh: O M eÐnai qÿroc Hilbert, Ĺra to jeÿrhma anaparĹstashc tou Riesz mĹc dÐnei monadikì w ∈ M tètoio ÿste f(x) = ⟨x, w⟩, x ∈ M. AfoÔ (profanÿc) w ∈ H, mporoÔme na orÐsoume f̃ : H → R me f̃(x) = ⟨x, w⟩, x ∈ H. Tìte, to f̃ eÐnai fragmèno grammikì sunarthsoeidèc ston H, epekteÐnei to f, kai ‖f‖_M ∗ = ‖w‖ = ‖f̃‖_H∗ . Mènei na deÐxoume th monadikìthta: èstw ìti kĹpoio g ∈ H^∗ ikanopoieÐ ta parapĹnw. Tìte, apì to jeÿrhma anaparĹstashc tou Riesz ston H, upĹrqei u ∈ H tètoio ÿste g(x) = ⟨x, u⟩, x ∈ H. ’Omwc tìte, ⟨x, w − u⟩ = 0 gia kĹje x ∈ M, opìte w − u = z ∈ M^⊥. Tìte, ‖u‖^2 = ‖w‖^2 + ‖z‖^2 apì to Pujagìreio jeÿrhma, kai afoÔ ‖u‖ = ‖g‖ = ‖f‖ = ‖f̃‖ = ‖w‖, prèpei na èqoume ‖z‖ = 0, to opoÐo dÐnei z = 0 =⇒ w = u. ’Epetai ìti g = f̃. □

Askăseic

1. ’Estw X qÿroc me eswterikì ginìmeno, kai A, B mh kenĹ uposÔnola tou X, me A ⊆ B. DeÐxte ìti

(a) A ⊆ A^{⊥⊥}, (b) B^⊥ ⊆ A^⊥, (g) A^{⊥⊥⊥} = A.

2. ’Estw H qÿroc Hilbert, kai Y upìqwroc tou H. DeÐxte ìti o Y eÐnai kleistìc an kai mìno an Y = Y^{⊥⊥}.

3. ’Estw M, N kleistoÐ upìqwroi enìc qÿrou Hilbert. DeÐxte ìti

(M + N)^⊥ = M^⊥ ∩ N^⊥ , (M ∩ N)^⊥ = M^⊥ + N^⊥.

4. Dÿste parĹdeigma qÿrou Hilbert H kai grammikoÔ upìqwrou F tou H me thn idiìthta H ≠ F + F^⊥.

5. ’Estw H qÿroc Hilbert, kai W, Z kleistoÐ upìqwroi tou H me thn idiìthta: an w ∈ W kai z ∈ Z, tìte w ⊥ z (oi W kai Z eÐnai kĹjetoi). DeÐxte ìti o W + Z eÐnai kleistìc upìqwroc tou H.

6. Sto qÿro C[−1, 1] jewroÔme to eswterikì ginìmeno ⟨f, g⟩ =

∫_1 −1 f(t)g(t)dt. (a) An F = {f ∈ C[−1, 1] :

∫_1 −1 f(t)dt = 0}, breÐte ton F^⊥.

(b) An G = {f ∈ C[−1, 1] :

∫_1 0 f(t)dt = 0}, breÐte ton G^⊥ kai apodeÐxte ìti G^{⊥⊥} ≠ G.

7. Se ènan qÿro Hilbert H dÐnetai ènac grammikìc telestăc T : H → H me tic idiìthtec: T^2 = T , ‖T ‖ ≤ 1. An F = KerT , deÐxte ìti:

(a) T (H) ⊆ F^⊥.

(b) O T eÐnai h orjogÿnia probolă ston F^⊥.

8. ’Estw T : H → H fragmènoc grammikìc telestăc, tou opoÐou h eikìna eÐnai monodiĹstath. DeÐxte ìti upĹrqoun u, v ∈ H tètoia ÿste T (x) = ⟨x, u⟩v, x ∈ H. Upìdeixh: UpĹrqei v ∈ H tètoio ÿste T (x) = λxv, x ∈ H. DeÐxte ìti h x → λx eÐnai fragmèno grammikì sunarthsoeidèc, kai qrhsimopoiăste to jeÿrhma anaparĹstashc tou Riesz.

5.3 Orjokanonikèc bĹseic

MiĹ oikogèneia {e_i : i ∈ I} ⊆ X lègetai orjokanonikă, an

⟨e_i, e_j ⟩ = { 1 , i = j,

0 , i ≠ j.

An {e_i : i ∈ I} eÐnai miĹ orjokanonikă oikogèneia ston X, tìte to {e_i : i ∈ I} eÐnai grammikĹ anexĹrthto sÔnolo. PrĹgmati, an ∑_n k=1 λ_ke_{ik} = 0, tìte gia kĹje j = 1, . . . , n èqoume

0 = ⟨ n∑ k=1 λ_ke_{ik} , e_{ij} ⟩ = n∑ k=1 λ_k⟨e_{ik} , e_{ij} ⟩ = λ_j .

Orismìc ’Estw H qÿroc Hilbert. MiĹ megistikă (me thn ènnoia tou egkleismoÔ) orjokanonikă oikogèneia lègetai orjokanonikă bĹsh tou H. Parathrăste ìti an miĹ orjokanonikă oikogèneia {e_i : i ∈ I} eÐnai orjokanonikă bĹsh tou H tìte H = span{e_i : i ∈ I}. Autì eÐnai sunèpeia tou PorÐsmatoc 5.2.1. EpÐshc, qrhsimopoiÿntac to Lămma tou Zorn mporeÐte eÔkola na elègxete ìti kĹje qÿroc Hilbert èqei orjokanonikă bĹsh.

Prìtash 5.3.1 ’Estw H apeirodiĹstatoc qÿroc Hilbert. UpĹrqei orjokanonikă bĹsh {e_n : n ∈ N} tou H kai gia kĹje x ∈ H èqoume x = ∞∑ n=1 ⟨x, e_n⟩e_n.

Apìdeixh: ParathroÔme prÿta ìti kĹje orjokanonikă bĹsh {e_i : i ∈ I} tou H eÐnai arijmăsimo sÔnolo: prĹgmati, an e_i ≠ e_j eÐnai stoiqeÐa thc bĹshc, tìte ‖e_i − e_j ‖ = √ 2. Thn Ðdia stigmă, afoÔ o qÿroc eÐnai diaqwrÐsimoc den gÐnetai na upĹrqoun uperarijmăsima to plăjoc shmeÐa tou pou na apèqoun anĹ dÔo apìstash Ðsh me √ 2. JewroÔme loipìn mÐa orjokanonikă bĹsh {e_n : n ∈ N} tou H (h diĹtaxh twn stoiqeÐwn thc bĹshc eÐnai tuqoÔsa). O isqurismìc eÐnai ìti gia kĹje x ∈ H kai kĹje n ∈ N, d(x, span{e_1, . . . , e_n}) = ‖x − n∑ i=1 ⟨x, e_i⟩e_i‖. ’Estw λ_1, . . . , λ_n ∈ K kai y = ∑_n i=1 λ_ie_i. Tìte, ‖x − n∑ i=1 λ_ie_i‖^2 = ‖x‖^2 + n∑ i=1 |λ_i − ⟨x, e_i⟩|^2 − n∑ i=1 |⟨x, e_i⟩|^2. ’Ara, ‖x − n∑ i=1 λ_ie_i‖^2 ≥ ‖x‖^2 − n∑ i=1 |⟨x, e_i⟩|^2 kai isìthta mporeÐ na isqÔei mìno an λ_i = ⟨x, e_i⟩, i = 1, . . . , n, dhladă an y = ∑_n i=1⟨x, e_i⟩e_i.

’Estw x ∈ X, kai ε > 0. AfoÔ H = span{e_n : n ∈ N}, upĹrqoun N ∈ N kai λ_1, . . . , λ_N ∈ R tètoia ÿste

‖x − N∑ n=1 λ_ne_n‖ < ε. ’Omwc tìte, gia kĹje M > N èqoume

‖x − M∑ i=1 ⟨x, e_i⟩e_i‖ = d(x, span{e_1, . . . , e_M }) ≤ d(x, span{e_1, . . . , e_N }) ≤ ‖x − N∑ n=1 λ_ne_n‖ < ε.

AfoÔ to ε > 0 ătan tuqìn, autì shmaÐnei ìti ∑_M n=1⟨x, e_n⟩e_n → x kajÿc M → ∞, dhladă x = ∞∑ n=1 ⟨x, e_n⟩e_n. □

Prìtash 5.3.2 ’Estw {e_i : i ∈ N} orjokanonikă akoloujÐa se ènan qÿro Hilbert H. Tìte, (a) IsqÔei h anisìthta tou Bessel ∞∑ i=1 |⟨x, e_i⟩)^2 ≤ ‖x‖^2, x ∈ H.

(b) An h {e_i : i ∈ N} eÐnai orjokanonikă bĹsh, tìte isqÔei h isìthta tou Parseval ∞∑ i=1 |⟨x, e_i⟩)^2 = ‖x‖^2, x ∈ H.

(g) An h isìthta tou Parseval isqÔei gia kĹje x ∈ H, tìte h {e_i : i ∈ N} eÐnai orjokanonikă bĹsh tou H.

(d) An span{e_i : i ∈ N}, tìte h {e_i : i ∈ N} eÐnai orjokanonikă bĹsh tou H.

Apìdeixh: (a) Sthn apìdeixh thc Prìtashc 5.3.1 eÐdame ìti gia kĹje n ∈ N 0 ≤ d^2(x, span{e_1, . . . , e_n}) = ‖x − n∑ i=1 ⟨x, e_i⟩e_i‖^2 = ‖x‖^2 − n∑ i=1 |⟨x, e_i⟩|^2. Afănontac to n → ∞ paÐrnoume thn anisìthta tou Bessel.

(b) An h {e_i : i ∈ N} eÐnai orjokanonikă bĹsh, tìte ‖x‖^2 − n∑ i=1 |⟨x, e_i⟩|^2 = d^2(x, span{e_1, . . . , e_n}) → 0, apfl ìpou paÐrnoume thn isìthta tou Parseval.

(g) An h {e_i : i ∈ N} den eÐnai orjokanonikă bĹsh tou H, tìte span{e_i : i ∈ N} ≠ H. Tìte, upĹrqei y ≠ 0 ston H me thn idiìthta y ⊥ e_i gia kĹje i ∈ N. ’Omwc tìte, apì thn Parseval paÐrnoume

‖y‖^2 = ∞∑ i=1 |⟨y, e_i⟩|^2 = 0, to opoÐo eÐnai Ĺtopo.

(d) ’Estw ìti span{e_i : i ∈ N} = H kai ìti h {e_i : i ∈ N} den eÐnai orjokanonikă bĹsh tou H. Epilègoume mh mhdenikì y me thn idiìthta y ⊥ e_i, i ∈ N. UpĹrqoun z_m ∈ span{e_i : i ∈ N} tètoia ÿste z_m → y. Tìte, èqoume ⟨y, z_m⟩ = 0 gia kĹje m, Ĺra ⟨y, y⟩ = lim_{m→∞}⟨z_m, y⟩ = 0, dhladă y = 0, to opoÐo eÐnai Ĺtopo. □

Jeÿrhma 5.3.1 (Riesz-Fisher) KĹje diaqwrÐsimoc qÿroc Hilbert H eÐnai isometrikĹ isomorfikìc me ton ℓ_2.

Apìdeixh: O H èqei orjokanonikă bĹsh {e_n : n ∈ N}. OrÐzoume T : H → ℓ_2 me T (x) = (⟨x, e_1⟩, . . . , ⟨x, e_n⟩, . . .). (a) O T eÐnai kalĹ orismènoc, giatÐ ∑ n⟨x, e_n⟩^2 = ‖x‖^2 < +∞, Ĺra T (x) ∈ ℓ_2.

(b) H grammikìthta tou T elègqetai eÔkola. (g) ‖T (x)‖^2_{ℓ2} = ∑ n⟨x, e_n⟩^2 = ‖x‖^2, Ĺra o T eÐnai isometrÐa (Ĺra kai èna proc èna).

(d) ’Estw (a_1, . . . , a_n, . . .) ∈ ℓ_2. OrÐzoume x_N = ∑_N n=1 a_ne_n. Tìte, an N > M èqoume

‖x_N − x_M ‖^2 = N∑ n=M+1 a^2_n → 0

kajÿc N, M → ∞, kai autì deÐqnei ìti h (x_N ) eÐnai akoloujÐa Cauchy ston H. O H eÐnai plărhc, Ĺra upĹrqei x ∈ H tètoio ÿste x_N → x.

’Eqoume ⟨x_N , e_m⟩ → ⟨x, e_m⟩ kajÿc N → ∞, kai an N > m, ⟨x_N , e_m⟩ = ⟨ N∑ n=1 a_ne_n, e_m⟩ = a_m. ’Ara, ⟨x, e_m⟩ = a_m, m ∈ N. Tèloc, T (x) = (⟨x, e_m⟩)_{m∈N} = (a_m)_{m∈N},

Ĺra o T eÐnai epÐ. □

Askăseic

1. ’Estw X qÿroc me eswterikì ginìmeno, kai {e_k} orjokanonikă akìloujÐa ston X. An x, y ∈ X, deÐxte ìti_∞ ∑ k=1 |⟨x, e_k⟩⟨y, e_k⟩| ≤ ‖x‖ ‖y‖. 2. ’Estw Y kleistìc upìqwroc tou qÿrou Hilbert H, kai {en : n ∈ N} orjokanonikă bĹsh tou Y . DeÐxte ìti an x ∈ H, tìte to plhsièstero shmeÐo tou Y proc to x eÐnai to ∑_∞ n=1⟨x, en⟩en. 3. ’Estw H diaqwrÐsimoc qÿroc Hilbert, (em) orjokanonikă bĹsh tou H, kai (xn) akoloujÐa stoiqeÐwn tou H. DeÐxte ìti ta exăc eÐnai isodÔnama:

(a) Gia kĹje x ∈ H, ⟨x, xn⟩ → 0 kajÿc n → ∞.

(b) H (xn) eÐnai fragmènh kai, gia kĹje m ∈ N, ⟨em, xn⟩ → 0 kajÿc n → ∞. 4. ’Estw H qÿroc Hilbert, kai (xn) orjogÿnia akoloujÐa ston H (dhladă, an n ≠ m, tìte xn ⊥ xm.) Tìte, h ∑ n xn sugklÐnei an kai mìno an h ∑ n ‖xn‖^2 sugklÐnei.

KefĹlaio 6

Fasmatikă jewrÐa

6.1 To fĹsma enìc telestă

’Estw X ènac qÿroc Banach pĹnw apì to C . GrĹfoume B(X) gia ton qÿro ìlwn twn fragmènwn telestÿn T : X → X. O B(X) eÐnai qÿroc Banach. Epiplèon eÐnai Ĺlgebra me pollaplasiasmì thn sÔnjesh telestÿn. OrÐzoume T^0 = I kai T^n = T ∘ · · · ∘ T (n ìroi) gia kĹje n ∈ N. MporoÔme ètsi na milĹme gia dunĹmeic telestÿn, poluÿnuma telestÿn klp.

OrismoÐ (a) ’Enac telestăc T ∈ B(X) lègetai antistrèyimoc an upĹrqei S ∈ B(X) me thn idiìthta S ∘ T = I = T ∘ S. O S sumbolÐzetai me T^{−1}. Apì to jeÿrhma antÐstrofhc apeikìnishc, o T eÐnai antistrèyimoc an kai mìno an Ker(T ) = {0} kai Im(T ) = X.

(b) To fĹsma σ(T ) enìc telestă T ∈ B(X) eÐnai to sÔnolo ìlwn twn λ ∈ C gia touc opoÐouc o λI − T den eÐnai antistrèyimoc. ’Ara, λ ∈ σ(T ) an kai mìno an eÐte Ker(λI − T ) ≠ {0} ă Im(λI − T ) ≠ X.

An Ker(λI − T ) ≠ {0}, tìte o λ eÐnai idiotimă tou T kai kĹje mh mhdenikì x ∈ Ker(λI − T ) eÐnai èna idiodiĹnusma tou T gia thn idiotimă λ (to x ikanopoieÐ thn T x = λx).

Ja deÐxoume ìti gia kĹje T ∈ B(X) to fĹsma σ(T ) eÐnai èna mh kenì sumpagèc uposÔnolo tou dÐskou B(0, ‖T ‖) = {λ ∈ C : |λ| ≤ ‖T ‖}. Gia thn apìdeixh ja qreiastoÔme arketĹ endiĹmesa apotelèsmata.

Prìtash 6.1.1 ’Estw T ∈ B(X) kai ‖T ‖ < 1. Tìte, o I − T eÐnai antistrèyimoc kai (I − T )^{−1} = ∞∑ k=0 T^k. H seirĹ sto dexiì mèloc sugklÐnei apolÔtwc ston B(X).

Apìdeixh: H sÔgklish thc seirĹc èpetai apì thn ‖T ‖ < 1: AfoÔ ‖T^k‖ ≤ ‖T ‖^k gia kĹje k, paÐrnoume ∞∑ k=0 ‖T^k‖ ≤ ∞∑ k=0 ‖T ‖^k = 1 1 − ‖T ‖ .

Qrhsimopoiÿntac thn lim_n T^n = 0, blèpoume ìti

(I − T ) (_∞ ∑ k=0 T^k ) = lim_{n→∞}(I − T ) (_n ∑ k=0 T^k ) = lim_{n→∞}(I − T^{n+1}) = I.

Me ton Ðdio trìpo elègqoume ìti (_∞ ∑ k=0 T^k ) (I − T ) = I. □

Pìrisma 6.1.1 ’Estw T ∈ B(X). To σ(T ) perièqetai ston B(0, ‖T ‖) kai

(∗) lim_{λ→∞} ‖(λI − T )^{−1}‖ = 0.

Apìdeixh: An |λ| > ‖T ‖, tìte ‖(T/λ)‖ < 1 kai apì thn Prìtash 6.1.1 o telestăc I − (T/λ), Ĺra kai o λI − T , eÐnai antistrèyimoc. ’Epetai ìti λ /∈ σ(T ). EpÐshc,

(λI − T )^{−1} = 1 λ (I − (T/λ))^{−1} = ∞∑ k=0 T^k λ^{k+1} kai ‖(λI − T )^{−1}‖ ≤ 1 |λ| ∞∑ k=0 ( ‖T ‖ |λ| )_k

= 1 |λ| 1 1 − (‖T ‖/|λ|) = 1 |λ| − ‖T ‖ , apfl ìpou paÐrnoume thn (∗). □

Prìtash 6.1.2 ’Estw S, T ∈ B(X). Upojètoume ìti o T eÐnai antistrèyimoc kai ìti ‖S − T ‖ < ‖T^{−1}‖^{−1}. Tìte o S eÐnai antistrèyimoc kai ‖S^{−1} − T^{−1}‖ ≤ ‖T^{−1}‖^2‖S − T ‖ 1 − ‖T^{−1}‖ · ‖S − T ‖ .

Apìdeixh: Apì thn upìjesh thc Prìtashc, ‖T^{−1}(T − S)‖ ≤ ‖T^{−1}‖ · ‖S − T ‖ < 1. Apì thn Prìtash 6.1.1, o I − T^{−1}(T − S) eÐnai antistrèyimoc kai ( I − T^{−1}(T − S) )_{−1} = ∞∑ k=0 ( T^{−1}(T − S) )_k . ’Ara,

S^{−1} = [T − (T − S)]^{−1} = [T (I − T^{−1}(T − S))]^{−1} = ∞∑ k=0 [T^{−1}(T − S)]^kT^{−1}, kai ‖S^{−1} − T^{−1}‖ = ‖ ∞∑ k=0 [T^{−1}(T − S)]^kT^{−1} − T^{−1}‖

= ‖ ∞∑ k=1 [T^{−1}(T − S)]^kT^{−1}‖

≤ ‖T^{−1}‖ ∞∑ k=1 ( ‖T^{−1}‖ · ‖S − T ‖ )_k

= ‖T^{−1}‖^2‖S − T ‖ 1 − ‖T^{−1}‖ · ‖S − T ‖ . □ Pìrisma 6.1.2 ’Estw T ∈ B(X). To fĹsma σ(T ) eÐnai kleistì uposÔnolo tou C .

Apìdeixh: Ja deÐxoume ìti to C \σ(T ) eÐnai anoiqtì. ’Estw λ_0 ∈ C tètoioc ÿste o λ_0I −T na eÐnai antistrèyimoc. Jètoume ε = 1/‖(λ_0I −T )^{−1}‖ > 0. An |λ−λ_0| < ε, tìte ‖(λI − T ) − (λ_0I − T )‖ = |λ − λ_0| < ‖(λ_0I − T )^{−1}‖^{−1}, opìte h Prìtash 6.1.2 mĹc lèei ìti o λI −T eÐnai antistrèyimoc. Dhladă, D(λ_0, ε) ⊆ C \σ(T ). □ Skopìc mac eÐnai tÿra na deÐxoume ìti σ(T ) ≠ ∅. Ja qreiastoÔme to jeÿrhma tou Liouville gia analutikèc sunartăseic migadikăc metablhtăc me timèc se qÿro Banach.

Orismìc ’Estw X qÿroc Banach, A anoiqtì uposÔnolo tou C kai F : A → X. H F lègetai analutikă an gia kĹje z_0 ∈ A upĹrqoun r > 0 me D(z_0, r) ⊆ A kai x_1, x_2, . . . , x_k, . . . ∈ X tètoia ÿste ∞∑ k=0 ‖x_k‖ · |z − z_0|^k < +∞ kai F (z) = ∞∑ k=0 x_k (z − z_0)^k

gia kĹje z ∈ D(z_0, r).

Me autìn ton orismì, mporoÔme na genikeÔsoume to jeÿrhma tou Liouville wc exăc.

Lămma 6.1.1 ’Estw X qÿroc Banach kai F : C → X analutikă sunĹrthsh. Upojètoume ìti upĹrqei M > 0 tètoioc ÿste ‖F (z)‖ ≤ M gia kĹje z ∈ C . Tìte, h F eÐnai stajeră.

Apìdeixh: Gia kĹje x^∗ ∈ X^∗ h sunĹrthsh x^∗ ∘F : C → C eÐnai analutikă (elègxte tic dÔo sunjăkec tou orismoÔ). Epiplèon, ‖(x^∗ ∘ F )(z)‖ ≤ M‖x^∗‖ gia kĹje z ∈ C . ’Ara, h x^∗ ∘ F eÐnai fragmènh akèraia sunĹrthsh. Apì to jeÿrhma tou Liouville, h x^∗ ∘ F eÐnai stajeră. Eidikìtera, x^∗(F (z)) = x^∗(F (0)) gia kĹje z ∈ C . AfoÔ autì isqÔei gia kĹje x^∗ ∈ X^∗, apì to jeÿrhma Hahn-Banach paÐrnoume F (z) = F (0) gia kĹje z ∈ C . Dhladă, h F eÐnai stajeră. □ Prìtash 6.1.3 An T ∈ B(X), tìte σ(T ) ≠ ∅.

Apìdeixh: Upojètoume ìti σ(T ) = ∅. Tìte, gia kĹje λ ∈ C o λI − T eÐnai antistrèyimoc (eidikìtera, o T eÐnai antistrèyimoc). OrÐzoume F : C → B(X) me F (λ) = (λI − T )^{−1}. ParathroÔme ìti an λ_0 ∈ C kai |λ − λ_0| < ‖(λ_0I − T )^{−1}‖^{−1}, tìte apì thn Prìtash 6.1.2 o λI − T eÐnai antistrèyimoc kai

(λI − T )^{−1} = ∞∑ k=0 [(λ_0I − T )^{−1}(λ_0 − λ)]^k(λ_0I − T )^{−1}

= ∞∑ k=0 (λ_0I − T )^{−k−1}(λ_0 − λ)^k .

EpÐshc,_∞ ∑ k=0 ‖(λ_0I − T )^{−k−1}‖ · |λ_0 − λ|^k < +∞.

Autì shmaÐnei ìti h F eÐnai analutikă. Apì to Pìrisma 6.1.1, ‖F (λ)‖ = ‖(λI − T )^{−1}‖ ≤ 1 |λ| − ‖T ‖ → 0 ìtan |λ| → ∞. ’Ara, h F eÐnai ‖ · ‖-fragmènh. Apì to Lămma 6.1.1, h F eÐnai stajeră kai afoÔ lim_{|λ|→∞} ‖F (λ)‖ = 0 paÐrnoume F ≡ 0 sto C . Autì eÐnai Ĺtopo: o mhdenikìc telestăc den eÐnai antistrèyimoc! □ SunoyÐzoume ta parapĹnw sthn akìloujh perigrafă tou fĹsmatoc.

Jeÿrhma 6.1.1 ’Estw X qÿroc Banach kai T ∈ B(X). To fĹsma σ(T ) tou T eÐnai èna mh kenì sumpagèc uposÔnolo tou B(0, ‖T ‖). □ Orismìc ’Estw T ∈ B(X). H fasmatikă aktÐna r(T ) tou T eÐnai o arijmìc r(T ) := max{|λ| : λ ∈ σ(T )}. ’Eqoume ădh deÐ ìti to max orÐzetai kalĹ kai ìti r(T ) ≤ ‖T ‖. Ja deÐxoume ton tÔpo tou Gelfand gia thn fasmatikă aktÐna.

Jeÿrhma 6.1.2 ’Estw X qÿroc Banach. Gia kĹje T ∈ B(X), r(T ) = lim_{k→∞} ‖T^k‖^{1/k}. Gia thn apìdeixh ja qreiastoÔme to exăc Lămma.

Lămma 6.1.2 ’Estw T ∈ B(X) kai p(z) = a_mz^m + · · · + a_1z + a_0 èna poluÿnumo (a_m ≠ 0). JewroÔme ton telestă p(T ) = a_mT^m + · · · + a_1T + a_0I ∈ B(X). Tìte, σ(p(T )) = p(σ(T )) := {p(λ) : λ ∈ σ(T )}. Apìdeixh: Upojètoume prÿta ìti λ_0 ∈ σ(p(T )). JewroÔme to poluÿnumo p(z) − λ_0 = a_m(z − μ_1) . . . (z − μ_m).

O telestăc p(T ) − λ_0I = a_m(T − μ_1I) . . . (T − μ_mI) den eÐnai antistrèyimoc, Ĺra upĹrqei k ≤ m gia ton opoÐo o T − μ_kI den eÐnai antistrèyimoc. Tìte, μ_k ∈ σ(T ) kai p(μ_k) − λ_0 = 0, dhladă λ_0 ∈ p(σ(T )). ’Ara, σ(p(T )) ⊆ p(σ(T )).

AntÐstrofa, an λ_0 = p(λ) gia kĹpoion λ ∈ σ(T ), tìte p(z) − λ_0 = p(z) − p(λ) = (z − λ)q(z), ìpou q poluÿnumo bajmoÔ m − 1. Tìte, (∗) p(T ) − λ_0I = (T − λI)q(T ) = q(T )(T − λI). An eÐqame λ_0 /∈ σ(p(T )), tìte o p(T ) − λ_0I ja ătan antistrèyimoc kai apì thn (∗) o T − λI ja ătan 1-1 kai epÐ, opìte apì to jeÿrhma antÐstrofhc apeikìnishc o T − λI ja ătan antistrèyimoc, Ĺtopo. ’Ara, p(σ(T )) ⊆ σ(p(T )), kai èpetai to Lămma. □

Apìdeixh tou Jewrămatoc 6.1.2: Apì to Lămma, gia kĹje k ∈ N èqoume σ(T^k) = {λ^k : λ ∈ σ(T )}. ’Ara, r(T^k) = [r(T )]^k, k ∈ N. ’Epetai ìti [r(T )]^k = r(T^k) ≤ ‖T^k‖ gia kĹje k, Ĺra r(T ) ≤ lim inf_k ‖T^k‖^{1/k}.

’Estw tÿra x^∗ ∈ X^∗ kai x ∈ X. OrÐzoume F : C \σ(T ) → C me

F (λ) = x^∗((λI − T )^{−1}(x)).

KĹje tètoia F eÐnai analutikă sunĹrthsh kai anaparÐstatai sth morfă

F (λ) = ∞∑ n=0 x^∗(T^n(x)) λ^{n+1} . An R > r(T ) kai C_R eÐnai o kÔkloc me kèntro to 0 kai aktÐna R, èqoume ∫ C_R λ^k F (λ)dλ = ∞∑ n=0 λ^{k−n−1}x^∗(T^n(x))dλ = 2πix^∗(T^k(x)) gia kĹje k = 0, 1, 2, . . .. Dhladă, an ‖x^∗‖ ≤ 1 kai ‖x‖ ≤ 1 tìte

|x^∗(T^k(x))| = | | | 1 2πi ∫ C_R λ^kF (λ)dλ | | | ≤ 1 2π (2πR) max_{λ∈CR} ( |λ|^k |x^∗((λI − T )^1(x))| ) ≤ R^{k+1} max_{λ∈CR} ‖(λI − T )^{−1}‖. PaÐrnontac sup wc proc x^∗, x, blèpoume ìti ‖T^k‖^{1/k} ≤ R ( R max_{λ∈CR} ‖(λI − T )^{−1}‖ )_{1/k} , apfl ìpou èpetai ìti lim sup_k ‖T^k‖^{1/k} ≤ R.

AfoÔ to R > r(T ) ătan tuqìn, èpetai ìti lim sup_k ‖T^k‖^{1/k} ≤ r(T ) kai h apìdeixh eÐnai plărhc. □ Parathrăseic - paradeÐgmata. (a) An o X èqei peperasmènh diĹstash, tìte o T ∈ B(X) eÐnai antistrèyimoc an kai mìno an Ker(T ) = {0}. Epomènwc, λ ∈ σ(T ) an kai mìno an o λ eÐnai idiotimă tou T .

(b) To fĹsma σ(T ) den tautÐzetai anagkastikĹ me to sÔnolo twn idiotimÿn. O T : ℓ_2 → ℓ_2 me T (x_1, x_2, . . .) = (0, x_1, x_2, . . .) (h dexiĹ metatìpish) den eÐnai antistrèyimoc, Ĺra 0 ∈ σ(T ). ’Omwc, ‖T x‖ = ‖x‖ gia kĹje x ∈ ℓ_2, Ĺra o 0 den eÐnai idiotimă tou T .

(g) To fĹsma enìc telestă mporeÐ na eÐnai uperarijmăsimo. An jewrăsoume ton T : ℓ_2 → ℓ_2 me T (x_1, x_2, . . .) = (x_2, x_3, . . .) (thn aristeră metatìpish), tìte kĹje λ ∈ C me |λ| < 1 eÐnai idiotimă tou T : to x_λ = (1, λ, λ^2, . . .) anăkei ston ℓ_2 kai T (x_λ) = λx_λ. ’Ara, {λ : |λ| < 1} ⊆ σ(T ). AfoÔ ‖T ‖ = 1 kai to fĹsma eÐnai kleistì uposÔnolo tou B(0, ‖T ‖), sumperaÐnoume ìti σ(T ) = B(0, ‖T ‖).

Askăseic

1. ’Estw T ∈ B(X). DeÐxte ìti o exp(T ) = ∑_∞ n=0 T n n! eÐnai antistrèyimoc telestăc.

2. DeÐxte ìti σ(exp(T )) = exp(σ(T )).

3. ’Estw T : ℓ2 → ℓ2 diagÿnioc telestăc: dhladă, gia kĹpoia fragmènh akoloujÐa (an) sto C , T (x1, x2, . . . , xn, . . .) = (a1x1, a2x2, . . . , anxn, . . .). BreÐte to sÔnolo twn idiotimÿn kai to fĹsma tou T .

4. ’Estw K sumpagèc uposÔnolo tou migadikoÔ epipèdou. DeÐxte ìti upĹrqei telestăc T ∈ B(X) me thn idiìthta σ(T ) = K.

5. Upojètoume ìti oi S, T ∈ B(X) antimetatÐjentai, dhladă S ∘ T = T ∘ S. DeÐxte ìti r(S + T ) ≤ r(S) + r(T ) kai r(S ∘ T ) ≤ r(S)r(T ). 6. Upojètoume ìti r(T ) < 1. DeÐxte ìti h ‖x‖0 = ∞∑ n=0 ‖T^nx‖ eÐnai nìrma ston X isodÔnamh proc thn arqikă nìrma ‖ · ‖. 7. ’Estw (an) akoloujÐa mh arnhtikÿn pragmatikÿn arijmÿn me thn idiìthta a^{m+n}_{m+n} ≤ a^ma^n, m, n ∈ N. DeÐxte ìti an → inf{a_k : k ∈ N}. Qrhsimopoiÿntac to, deÐxte ìti an T ∈ B(X) tìte to lim_k ‖T^k‖^{1/k} upĹrqei.

6.2 O suzugăc telestăc

’Estw X kai Y dÔo qÿroi me nìrma kai T : X → Y fragmènoc grammikìc telestăc. O suzugăc telestăc tou T eÐnai o T^∗ : Y^∗ → X^∗ pou orÐzetai apì thn

T^∗(y^∗) = y^∗ ∘ T.

H Prìtash pou akoloujeÐ deÐqnei ìti o T^∗ eÐnai ìntwc fragmènoc grammikìc telestăc. Parathrăste ìti h plhrìthta twn X kai Y den eÐnai aparaÐthth gia ton orismì tou T^∗. Sto upìloipo ìmwc autăc thc paragrĹfou upojètoume ìti oi X kai Y eÐnai qÿroi Banach.

Prìtash 6.2.1 ’Estw X kai Y qÿroi me nìrma kai T : X → Y fragmènoc grammikìc telestăc. O T^∗ eÐnai fragmènoc grammikìc telestăc kai ‖T^∗‖ = ‖T ‖. Apìdeixh: O T^∗ eÐnai kalĹ orismènoc: an y^∗ : Y → K eÐnai èna suneqèc grammikì sunarthsoeidèc, tìte to T^∗(y^∗) = y^∗∘T : X → K eÐnai epÐshc grammikì kai suneqèc.

O T^∗ eÐnai grammikìc telestăc: an y^∗_1 , y^∗_2 ∈ Y^∗ kai a, b ∈ K , tìte T^∗(ay^∗_1 + by^∗_2 ) = (ay^∗_1 + by^∗_2 ) ∘ T = a(y^∗_1 ∘ T ) + b(y^∗_2 ∘ T ) = aT^∗(y^∗_1 ) + bT^∗(y^∗_2 ).

Tèloc, ‖T ‖ = sup_{‖x‖=1} ‖T x‖ = sup_{‖x‖=1} sup_{‖y∗‖=1} |y^∗(T x)| = sup_{‖y∗‖=1} sup_{‖x‖=1} |y^∗(T x)| = sup_{‖y∗‖=1} ‖T^∗(y^∗)‖ = ‖T^∗‖. □ Orismìc ’Estw X qÿroc me nìrma kai ∅ ≠ A ⊆ X, ∅ ≠ B ⊆ X^∗. OrÐzoume A^⊥ = {x^∗ ∈ X^∗ : ∀a ∈ A x^∗(a) = 0} kai_⊥ B = {x ∈ X : ∀b^∗ ∈ B b^∗(x) = 0}. H epìmenh Prìtash mĹc dÐnei mÐa prÿth sqèsh anĹmesa se ènan telestă kai ton suzugă tou.

Prìtash 6.2.2 ’Estw X kai Y qÿroi Banach. An T : X → Y eÐnai ènac fragmènoc telestăc, tìte Ker(T^∗) = Im(T )^⊥ , Ker(T ) =^⊥ Im(T^∗).

Apìdeixh: Gia thn prÿth isìthta parathroÔme ìti

y^∗ ∈ Ker(T^∗) ⇔ y^∗ ∘ T = 0 ⇔ ∀x ∈ X, y^∗(T x) = 0 ⇔ ∀z ∈ Im(T ), y^∗(z) = 0 ⇔ y^∗ ∈ Im(T )^⊥.

Gia thn deÔterh, grĹfoume x ∈ Ker(T ) ⇔ T x = 0 ⇔ ∀y^∗ ∈ Y^∗, y^∗(T x) = 0 ⇔ ∀y^∗ ∈ Y^∗, (T^∗(y^∗))(x) = 0 ⇔ ∀x^∗ ∈ Im(T^∗), x^∗(x) = 0 ⇔ x ∈^⊥ Im(T^∗). □

Prìtash 6.2.3 ’Estw X kai Y qÿroi Banach kai T : X → Y fragmènoc telestăc. Tìte, h Im(T ) eÐnai puknă ston Y an kai mìno an o T^∗ eÐnai 1-1.

Apìdeixh: Parathrăste prÿta ìti an W eÐnai ènac upìqwroc tou Y , tìte W = Y an kai mìno an W^⊥ = {0} (Ĺskhsh). Apì thn Prìtash 6.2.2,

Im(T ) = Y ⇔ Im(T )^⊥ = {0} ⇔ Ker(T^∗) = {0},

dhladă an kai mìno an o T^∗ eÐnai 1-1. □ Sth sunèqeia dÐnoume qarakthrismì mèsw tou T^∗ gia to pìte o T eÐnai epÐ. Ja qreiastoÔme kĹpoia endiĹmesa apotelèsmata.

Lămma 6.2.1 ’Estw X kai Y qÿroi Banach kai T : X → Y fragmènoc telestăc. An upĹrqei stajerĹ c > 0 tètoia ÿste c‖y^∗‖ ≤ ‖T^∗(y^∗)‖ gia kĹje y^∗ ∈ Y^∗, tìte upĹrqei Ĺllh stajerĹ c_1 > 0 tètoia ÿste T (D_X ) ⊇ c_1D_Y (D_X kai D_Y eÐnai oi anoiqtèc monadiaÐec mpĹlec twn X kai Y antÐstoiqa).

Apìdeixh: DeÐqnoume prÿta ìti T (D_X ) ⊇ cD_Y . ’Estw ìti upĹrqei kĹpoio y_0 ∈ cD_Y \T (D_X ). Tìte, ta y_0 kai T (D_X ) diaqwrÐzontai gnăsia: dhladă, upĹrqei y^∗ ∈ Y^∗ tètoio ÿste y^∗(y_0) > 1 kai y^∗(T x) ≤ 1 gia kĹje x ∈ D_X .

Tìte, lìgw summetrÐac thc D_X , ‖T^∗(y^∗)‖ = sup_{x∈DX} |y^∗(T x)| = sup_{x∈DX} y^∗(T x) ≤ 1. Qrhsimopoiÿntac kai thn upìjesh tou Lămmatoc, paÐrnoume c‖y^∗‖ ≤ ‖T^∗(y^∗)‖ ≤ 1 < y^∗(y_0) ≤ ‖y^∗‖ · ‖y_0‖, dhladă ‖y_0‖ > c =⇒ y_0 /∈ cD_Y to opoÐo eÐnai Ĺtopo. ’Ara, T (D_X ) ⊇ cD_Y . Tÿra, to telikì băma thc apìdeixhc tou jewrămatoc anoiqtăc apeikìnishc dÐnei to zhtoÔmeno me c_1 = c/2. □

Prìtash 6.2.4 ’Estw X kai Y qÿroi Banach kai T : X → Y fragmènoc telestăc. H Im(T ) eÐnai kleistă ston Y an kai mìno an h Im(T^∗) eÐnai kleistă ston X^∗.

Apìdeixh: Upojètoume prÿta ìti h Im(T ) eÐnai kleistă ston Y . Apì thn Prìtash 6.2.2 èqoume^⊥Im(T^∗) = Ker(T ) Ĺra Im(T^∗) ⊆ Ker(T )^⊥ (Ĺskhsh). Ja deÐxoume ìti isqÔei isìthta: Ker(T )^⊥ = Im(T^∗). Autì apodeiknÔei to zhtoÔmeno, afoÔ kĹje A^⊥ eÐnai kleistì sÔnolo.

’Estw x^∗ ∈ Ker(T )^⊥. OrÐzoume F : Im(T ) → K me F (T x) = x^∗(x). To F eÐnai kalĹ orismèno, giatÐ an T x = T x^′ tìte x−x^′ ∈ Ker(T ) opìte x^∗(x−x^′) = 0.

Apì thn upìjesă mac, o Im(T ) eÐnai kleistìc upìqwroc tou Y , Ĺra qÿroc Banach. O T : X → Im(T ) eÐnai fragmènoc kai epÐ telestăc, opìte to prÿto băma thc apìdeixhc tou jewrămatoc anoiqtăc apeikìnishc mĹc exasfalÐzei ìti upĹrqei c > 0 tètoio ÿste gia kĹje y ∈ Im(T ) na upĹrqei x_y ∈ X me T x_y = y kai ‖x_y‖ ≤ c‖y‖. Tìte, gia kĹje y ∈ Im(T ) èqoume |F (y)| = |F (T x_y)| = |x^∗(x_y )| ≤ ‖x^∗‖ · ‖x_y‖ ≤ c‖x^∗‖ · ‖y‖. ’Ara, to F eÐnai fragmèno grammikì sunarthsoeidèc. Apì to jeÿrhma Hahn- Banach, upĹrqei y^∗ ∈ Y^∗ tètoio ÿste y^∗|_{Im(T )} = F . Tìte,

T^∗(y^∗) = y^∗ ∘ T = y^∗|_{Im(T )} ∘ T = F ∘ T = x^∗,

dhladă x^∗ ∈ Im(T^∗). AfoÔ to x^∗ ∈ Ker(T )^⊥ ătan tuqìn, èpetai to zhtoÔmeno.

AntÐstrofa, ac upojèsoume ìti h Im(T^∗) eÐnai kleistă ston X^∗. JewroÔme ton qÿro Banach Z = Im(T ) kai ton telestă S : X → Z me S(x) = T (x). H Im(S) = Im(T ) eÐnai puknă ston Z, Ĺra o S^∗ : Z^∗ → X^∗ eÐnai 1-1.

DeÐqnoume ìti Im(S^∗) = Im(T^∗). An z^∗ ∈ Z^∗, apì to jeÿrhma Hahn-Banach upĹrqei y^∗ ∈ Y^∗ me y^∗|_Z = z^∗. Tìte,

T^∗(y^∗) = y^∗ ∘ T = y^∗|_Z ∘ T = z^∗ ∘ T = z^∗ ∘ S = S^∗(z^∗).

Autì deÐqnei thn Im(S^∗) ⊆ Im(T^∗). AntÐstrofa, an y^∗ ∈ Y^∗ tìte T^∗(y^∗) = S^∗(y^∗|_Z ), Ĺra Im(T^∗) ⊆ Im(S^∗).

Apì thn upìjesă mac, h Im(S^∗) = Im(T^∗) eÐnai kleistă ston X^∗, dhladă qÿroc Banach. O S^∗ : Z^∗ → Im(S^∗) eÐnai fragmènoc, 1-1 kai epÐ, Ĺra efarmìzetai to jeÿrhma antÐstrofhc apeikìnishc: o (S^∗)^{−1} eÐnai fragmènoc, dhladă upĹrqei c > 0 tètoioc ÿste gia kĹje z^∗ ∈ Z^∗

‖z^∗‖ = ‖(S^∗)^{−1}(S^∗z^∗)‖ ≤ 1 c ‖S^∗z^∗‖. Apì to Lămma 6.2.1 upĹrqei c_1 > 0 tètoioc ÿste S(D_X ) ⊇ c_1D_Z . ’Epetai ìti

Im(T ) = Im(S) = Z = Im(T ),

dhladă h Im(T ) eÐnai kleistă ston Y . □

Jeÿrhma 6.2.1 ’Estw X kai Y qÿroi Banach kai T : X → Y fragmènoc telestăc. Tìte, o T eÐnai epÐ an kai mìno an upĹrqei c > 0 tètoioc ÿste c‖y^∗‖ ≤ ‖T^∗y^∗‖ gia kĹje y^∗ ∈ Y^∗.

Apìdeixh: An o T eÐnai epÐ, tìte h Im(T ) eÐnai puknă ston Y , Ĺra o T^∗ eÐnai 1-1. EpÐshc, h Im(T ) eÐnai kleistă, Ĺra h Prìtash 6.2.4 mĹc lèei ìti h Im(T^∗) eÐnai kleistă. MporoÔme loipìn na efarmìsoume to jeÿrhma antÐstrofhc apeikìnishc gia ton T^∗ : Y^∗ → Im(T^∗): o (T^∗)^{−1} eÐnai fragmènoc telestăc, dhladă upĹrqei c > 0 tètoioc ÿste

‖y^∗‖ = ‖(T^∗)^{−1}(T^∗y^∗)‖ ≤ 1 c ‖T^∗y^∗‖ gia kĹje y^∗ ∈ Y^∗ (pĹrte 1/c = ‖(T^∗)^{−1}‖).

AntÐstrofa, ac upojèsoume ìti upĹrqei c > 0 tètoioc ÿste c‖y^∗‖ ≤ ‖T^∗y^∗‖ gia kĹje y^∗ ∈ Y^∗. Tìte o T^∗ eÐnai 1-1 (giatÐ?), opìte h Prìtash 6.2.3 mĹc exasfalÐzei ìti Im(T ) = Y .

Ja deÐxoume ìti h Im(T^∗) eÐnai kleistă: an h (T^∗y^∗_n) eÐnai sugklÐnousa, tìte eÐnai Cauchy. Apì thn c‖y^∗_n − y^∗_m‖ ≤ ‖T^∗y^∗_n − T^∗y^∗_m‖ èpetai ìti h (y^∗_n) eÐnai Cauchy, Ĺra upĹrqei y^∗ ∈ Y^∗ tètoio ÿste y^∗_n → y^∗. Apì th sunèqeia tou T^∗ èpetai ìti T^∗y^∗_n → T^∗y^∗.

Tÿra, h Prìtash 6.2.4 mĹc lèei ìti h Im(T ) eÐnai kleistă, Ĺra

Im(T ) = Im(T ) = Y.

Dhladă, o T eÐnai epÐ. □ KleÐnoume autăn thn parĹgrafo me merikèc stoiqeiÿdeic idiìthtec tou suzugoÔc telestă.

Prìtash 6.2.5 ’Estw X, Y, Z qÿroi Banach, T, T_1 : X → Y kai S : Y → Z fragmènoi grammikoÐ telestèc. Tìte,

(i) An a, b ∈ K , (aT + bT_1)^∗ = aT^∗ + b(T_1)^∗. (ii) T^{∗∗}|_X = T .

(iii) An o T eÐnai antistrèyimoc, tìte o T^∗ eÐnai antistrèyimoc kai (T^∗)^{−1} = (T^{−1})^∗.

(iv) (ST )^∗ = T^∗S^∗.

Apìdeixh: (ii) O T^{∗∗} : X^{∗∗} → Y^{∗∗} eÐnai o suzugăc tou T^∗. Dhladă, an x^{∗∗} ∈ X^{∗∗} tìte T^{∗∗}(x^{∗∗}) = x^{∗∗} ∘ T^∗.

’Estw x ∈ X. Tìte, gia kĹje y^∗ ∈ Y^∗ èqoume

[T^{∗∗}(τ(x))](y^∗ ) = [τ(x)](T^∗(y^∗)) = [T^∗(y^∗)](x) = (y^∗ ∘ T )(x) = y^∗(T x) = [τ(T x)](y^∗).

Dhladă, T^{∗∗}(τ(x)) = τ(T x) (en {suntomÐa}, T^{∗∗}(x) = T (x)). (iii) ParathroÔme ìti

Ker(T^∗) = (ImT )^⊥ = Y^⊥ = {0}

kai_⊥ ImT^∗ = KerT = {0} =⇒ ImT^∗ = X^∗.

’Ara, o T^∗ eÐnai antistrèyimoc. JewroÔme ton (T^∗)^{−1} : X^∗ → Y^∗. An x^∗ = T^∗y^∗ ∈ X^∗ kai y = T x ∈ Y , tìte

[(T^∗)^{−1}(x^∗)](y) = y^∗(y) = y^∗(T x) = [T^∗(y^∗)](x) = x^∗(x), enÿ [(T^{−1})^∗(x^∗)](y) = x^∗(T^{−1}y) = x^∗(x), epomènwc (T^∗)^{−1} = (T^{−1})^∗. □

Askăseic

1. ’Estw X qÿroc Banach kai T ∈ B(X). ’Enac upìqwroc W tou X lègetai analloÐwtoc gia ton T an T (W ) ⊆ W . DeÐxte ìti ènac kleistìc upìqwroc W tou X eÐnai analloÐwtoc gia ton T an kai mìno an o W^⊥ eÐnai analloÐwtoc gia ton T^∗.

2. DeÐxte ìti o T ∈ B(X, Y ) eÐnai isometrikìc isomorfismìc an kai mìno an o T^∗ ∈ B(Y^∗, X^∗) eÐnai isometrikìc isomorfismìc.

3. ’Estw X qÿroc Banach kai T ∈ B(X). DeÐxte ìti σ(T^∗) = σ(T ).

6.3 SumpageÐc telestèc

Orismìc ’Estw X kai Y qÿroi Banach. ’Enac fragmènoc telestăc T : X → Y lègetai sumpagăc an to sÔnolo T (B_X ) eÐnai sqetikĹ sumpagèc (dhladă, an to T (B_X ) eÐnai sumpagèc).

EÔkola elègqoume ìti ènac fragmènoc telestăc T : X → Y eÐnai sumpagăc an kai mìno an gia kĹje fragmènh akoloujÐa (x_n) ston X upĹrqei upakoloujÐa (x_{kn} ) tètoia ÿste h (T x_{kn} ) na sugklÐnei.

GrĹfoume K(X, Y ) gia to sÔnolo twn sumpagÿn telestÿn T : X → Y kai K(X) gia to sÔnolo twn sumpagÿn telestÿn T : X → X.

Gia th melèth twn sumpagÿn telestÿn ja qreiastoÔme kĹpoia krităria sumpĹgeiac apì thn genikă topologÐa.

Orismìc ’Estw (X, d) metrikìc qÿroc kai ∅ ≠ A ⊆ X. To A lègetai olikĹ fragmèno an gia kĹje ε > 0 upĹrqei peperasmèno ε-dÐktuo tou A. Dhladă, an upĹrqoun m ∈ N kai x_1, . . . , x_m ∈ A tètoia ÿste A ⊆ ⋃_m j=1 D(x_j , ε). Lămma 6.3.1 ’Estw (X, d) plărhc metrikìc qÿroc kai ∅ ≠ A ⊆ X. An to A eÐnai olikĹ fragmèno, tìte eÐnai sqetikĹ sumpagèc.

Apìdeixh: ParathroÔme prÿta ìti èna uposÔnolo A enìc metrikoÔ qÿrou eÐnai sqetikĹ sumpagèc an kai mìno an kĹje akoloujÐa (x_n) sto A èqei sugklÐnousa upakoloujÐa.

’Estw (x_n) akoloujÐa sto A. ArkeÐ na deÐxoume ìti h (x_n) èqei Cauchy upakoloujÐa (aută ja sugklÐnei giatÐ o X eÐnai plărhc).

Gia ε = 1, upĹrqoun z_1, . . . z_m ∈ A tètoia ÿste A ⊆ ⋃_m j=1 D(z_j , 1). UpĹrqei j_0 ≤ m tètoioc ÿste Ĺpeiroi ìroi thc akoloujÐac (x_n) na anăkoun sthn D(z_{j0} , 1). AutoÐ orÐzoun mÐa upakoloujÐa thc (x_n) touc ìrouc thc opoÐac onomĹzoume x_{11}, x_{12}, . . . , x_{1k}, . . . , me thn idiìthta: gia kĹje k, l

d(x_{1k} , x_{1l}) ≤ d(x_{1k}, z_{j0} ) + d(z_{j0} , x_{1l}) < 2.

PaÐrnontac ε = 1/2 kai douleÔontac ìpwc prÐn, brÐskoume upakoloujÐa x_{21}, x_{22}, . . . thc (x_{1k} ) me thn idiìthta: gia kĹje k, l

d(x_{2k} , x_{2l}) < 1.

SuneqÐzontac me ton Ðdio trìpo, gia kĹje m ∈ N brÐskoume akoloujÐa (x_{mk} ) pou eÐnai upakoloujÐa thc (x_{m−1,k} ) kai èqei thn idiìthta: gia kĹje k, l d(x_{mk} , x_{ml}) < 2 m . H diagÿnia upakoloujÐa (x_{mm}) thc (x_n) eÐnai Cauchy: prĹgmati, an m < s, tìte d(x_{mm}, x_{ss}) < 2/m. □ Orismìc ’Estw (K, ρ) ènac sumpagăc metrikìc qÿroc. ’Ena uposÔnolo S tou C(K) onomĹzetai isosuneqèc an gia kĹje ε > 0 upĹrqei δ > 0 tètoio ÿste an ρ(x, y) < δ tìte |f(x) − f(y)| < ε gia kĹje f ∈ S.

Jeÿrhma 6.3.1 (Ascoli-Arzelá) ’Estw K ènac sumpagăc metrikìc qÿroc. ’Ena S ⊂ C(K) eÐnai sqetikĹ sumpagèc an kai mìno an eÐnai fragmèno kai isosuneqèc.

Apìdeixh: ’Estw ìti to S eÐnai sqetikĹ sumpagèc. Tìte eÐnai kai olikĹ fragmèno uposÔnolo tou C(K). ’Estw ε > 0. To S perièqei èna peperasmèno ε-dÐktuo N = {f_1, . . . , f_n}. Dhladă, gia kĹje f ∈ S upĹrqei i ≤ n tètoio ÿste ‖f − f_i‖ < ε. Tìte, gia kĹje f ∈ S èqoume ‖f‖ < ε + max ‖f_i‖, Ĺra to S eÐnai fragmèno.

Epiplèon, kĹje f_i eÐnai suneqăc, Ĺra omoiìmorfa suneqăc sto K. Dhladă, gia to Ðdio ε > 0, upĹrqei δ_i > 0 ÿste gia kĹje x, y me d(x, y) < δ_i na isqÔei |f_i(x) − f_i(y)| < ε. PaÐrnoume δ = min_i δ_i > 0. An f ∈ S kai i ≤ n tètoio ÿste ‖f − f_i‖ < ε, tìte gia kĹje x, y me ρ(x, y) < δ èqoume |f(x) − f(y)| ≤ |f(x) − f_i(x)| + |f_i(x) − f_i(y)| + |f_i(y) − f(y)| < ε + ε + ε = 3ε, kai apì autì èpetai ìti to S eÐnai isosuneqèc.

AntÐstrofa tÿra, gia na deÐxoume ìti to S eÐnai sqetikĹ sumpagèc prèpei gia tuqìn ε > 0, na kataskeuĹsoume peperasmèno ε-dÐktuo tou S. JewroÔme to sÔnolo B(K, R) ìlwn twn fragmènwn h : K → R me apìstash thn ‖h − g‖ = sup_{x∈K} |h(x) − g(x)|. O B(K, R) eÐnai plărhc metrikìc qÿroc, kai B(K, R) ⊇ C(K) ⊇ S. Ja broÔme h_1, . . . , h_m ∈ B(K, R) tètoiec ÿste S ⊆ ⋃_m i=1 B(h_i, 2ε). To S eÐnai isosuneqèc, Ĺra upĹrqei δ > 0 tètoio ÿste gia kĹje f ∈ S kai gia kĹje x, y ∈ K me ρ(x, y) < δ na èqoume |f(x) − f(y)| < ε. EpÐshc o K eÐnai sumpagăc metrikìc qÿroc, Ĺra olikĹ fragmènoc. Epomènwc, upĹrqoun x_1, . . . , x_s ∈ K tètoia ÿste K = ⋃ D(x_i, δ). OrÐzoume

U_1 = D(x_1, δ) U_2 = D(x_2, δ) \ D(x_1, δ) · · · U_i = D(x_i, δ) \ ⋃ j<i D(x_j , δ) · · · To S eÐnai fragmèno, Ĺra upĹrqei diĹsthma I = [a, b] ⊆ R tètoio ÿste f(x) ∈ I gia kĹje x ∈ K kai kĹje f ∈ S. OrÐzoume diamèrish a = y_1 < y_2 < . . . < y_l = b tou [a, b], me y_i − y_{i−1} < ε, kai jewroÔme ìlec tic h : K → R pou eÐnai stajerèc se kĹje U_i kai paÐrnoun timèc sto {y_1, y_2, . . . , y_l}. Oi h eÐnai peperasmènec to plăjoc.

’Estw f ∈ S. Gia kĹje i ≤ s upĹrqei j(i) ≤ l tètoio ÿste |f(x_i) − y_j | < ε. Tìte, jewroÔme thn h : K → R pou paÐrnei timă y_{j(i)} sto U_i. An x ∈ K, upĹrqei i ≤ s tètoio ÿste x ∈ U_i. Tìte, |f(x) − h(x)| ≤ |f(x) − f(x_i)| + |f(x_i) − y_{j(i)}| < ε + ε = 2ε. ’Ara, S ⊆ N⋃ i=1 D(h_i, 2ε). Tèloc, gia kĹje h paÐrnoume f_h ∈ S me f_h ∈ D(h, 2ε). ’An f ∈ S, upĹrqei h tètoia ÿste ‖f − h‖ < 2ε kai ‖f_h − h‖ < 2ε. Apì thn trigwnikă anisìthta, ‖f − f_h‖ < 4ε, dhladă S ⊆ ⋃ h D(f_h, 4ε). □ ParadeÐgmata (a) ’Estw T : X → Y fragmènoc telestăc me thn idiìthta dim(ImT ) < ∞. ’Enac tètoioc telestăc lègetai peperasmènhc tĹxhc. GrĹfoume F (X, Y ) gia to sÔnolo twn telestÿn T : X → Y peperasmènhc tĹxhc kai F (X) gia to sÔnolo twn telestÿn T : X → X peperasmènhc tĹxhc.

KĹje telestăc peperasmènhc tĹxhc eÐnai sumpagăc: afoÔ o Z = Im(T ) èqei peperasmènh diĹstash kai T (B_X ) ⊆ ‖T ‖B_Z, to T (B_X ) eÐnai kleistì kai fragmèno uposÔnolo tou Z (parathrăste ìti o Z eÐnai kleistìc upìqwroc tou Y ), Ĺra sumpagèc. Eidikìtera, kĹje sunarthsoeidèc x^∗ ∈ X^∗ eÐnai sumpagăc telestăc apì ton X sto K .

’Estw T ∈ F (X, Y ) kai {z_1, . . . , z_m} bĹsh tou Z = Im(T ). UpĹrqoun sunarthsoeidă y^∗_1 , . . . , y^∗_m ∈ Y^∗ tètoia ÿste y^∗_i (y_j ) = δ_{ij} , i, j ≤ m (giatÐ?). Tìte, gia kĹje x ∈ X to T x grĹfetai monosămanta sth morfă T x = ∑_m j=1 a_j z_j kai

y^∗_i (T x) = m∑ j=1 a_j y^∗_i (z_j ) = a_i, dhladă, an orÐsoume x^∗_j = y^∗_j ∘ T èqoume

T (x) = m∑ j=1 x^∗_j (x)z_j , x ∈ X. GrĹfoume x^∗_j ⊗ z_j gia ton telestă apì ton X ston Y pou orÐzetai apì thn x → x^∗_j (x)z_j . Me autìn ton sumbolismì, kĹje telestăc T : X → Y peperasmènhc tĹxhc anaparÐstatai sth morfă T = m∑ j=1 x^∗_j ⊗ z_j gia kĹpoia x^∗_1, . . . , x^∗_m ∈ X^∗ kai z_1, . . . , z_m ∈ Y . Profanÿc isqÔei kai to antÐstrofo: kĹje telestăc autăc thc morfăc eÐnai telestăc peperasmènhc tĹxhc. (b) JewroÔme ton X = (C[0, 1], ‖ · ‖_∞). An K : [0, 1] × [0, 1] → R eÐnai mÐa suneqăc sunĹrthsh, orÐzoume ènan telestă T : X → X me

(T f)(x) =

∫_1 0 K(x, y)f(y)dy. O T eÐnai fragmènoc grammikìc telestăc kai ‖T ‖ ≤ ‖K‖_∞. To sÔnolo T (B_X ) eÐnai loipìn fragmèno, kai epiplèon isosuneqèc uposÔnolo tou C[0, 1]. PrĹgmati, an ε > 0 tìte lìgw thc omoiìmorfhc sunèqeiac thc K upĹrqei δ > 0 tètoio ÿste gia kĹje x_1, x_2 ∈ [0, 1] me |x_1 −x_2| < δ kai kĹje y ∈ [0, 1] na èqoume |K(x_1, y)−K(x_2, y)| < ε, opìte gia kĹje f ∈ B_X kai x_1, x_2 ∈ [0, 1] me |x_1 − x_2| < δ èqoume |(T f)(x_1) − (T f)(x_2)| ≤ ‖f‖_∞ ∫_1 0 |K(x_1, y) − K(x_2, y)|dy < ε. Apì to jeÿrhma Ascoli-Arzelá, to T (B_X ) eÐnai sqetikĹ sumpagèc, Ĺra o T eÐnai sumpagăc telestăc.

(g) JewroÔme ton tautotikì telestă I ∈ B(X). An o X eÐnai apeirodiĹstatoc, tìte o I den eÐnai sumpagăc giatÐ h monadiaÐa mpĹla B_X tou X den eÐnai (sqetikĹ) sumpagèc sÔnolo.

(d) JewroÔme ton T : ℓ_2 → ℓ_2 me T (x) = (x_1, x_2/2, . . . , x_n/2^{n−1}, . . .). ParathroÔme ìti an y ∈ T (B_{ℓ2} ), tìte |y_n| ≤ 1/2^{n−1}, n ∈ N. ’Ara, gia kĹje ε > 0 upĹrqei n_0(ε) tètoioc ÿste gia kĹje y ∈ T (B_{ℓ2} ) na isqÔei ∞∑ n=n_0 |y_n|^2 < ε. ’Eqoume deÐ ìti aută h idiìthta qarakthrÐzei ta sqetikĹ sumpagă uposÔnola tou ℓ_2. Epomènwc, o T eÐnai sumpagăc.

Jeÿrhma 6.3.2 O K(X, Y ) eÐnai kleistìc upìqwroc tou B(X, Y ). Epiplèon, an T ∈ K(X, Y ) kai S ∈ B(Y, Z), R ∈ B(W, X), tìte S ∘ T ∈ K(X, Z) kai T ∘ R ∈ K(W, Y ).

Apìdeixh: (a) O K(X, Y ) eÐnai grammikìc upìqwroc tou B(X, Y ). ’Estw T_1, T_2 ∈ K(X, Y ) kai a, b ∈ K . ’Estw (x_n) fragmènh akoloujÐa ston X. AfoÔ o T_1 eÐnai sumpagăc, upĹrqei (x_{kn} ) tètoia ÿste h T_1x_{kn} na sugklÐnei, kai afoÔ o T_2 eÐnai sumpagăc upĹrqei (x_{kln} ) tètoia ÿste h T_2x_{kln} na sugklÐnei. ’Epetai ìti h (aT_1 + bT_2)(x_{kln} ) sugklÐnei.

(b) O K(X, Y ) eÐnai kleistì uposÔnolo tou B(X, Y ). ’Estw (T_n) akoloujÐa sumpagÿn telestÿn me T_n → T ∈ B(X, Y ). Ja deÐxoume ìti to T (B_X ) eÐnai olikĹ fragmèno, dhladă ìti gia kĹje ε > 0 upĹrqoun x_1, . . . , x_m ∈ B_X tètoia ÿste

(∗) T (B_X ) ⊆ m⋃ j=1 D(T x_j , ε).

PrĹgmati, upĹrqei n ∈ N tètoioc ÿste ‖T −T_n‖ < ε/3 kai afoÔ o T_n eÐnai sumpagăc upĹrqoun x_1, . . . , x_m ∈ B_X tètoia ÿste T_n(B_X ) ⊆ ⋃_m j=1 D(T_nx_j , ε/3). An x ∈ B_X , upĹrqei j ≤ m tètoioc ÿste ‖T_nx_j − T_nx‖ < ε/3. Tìte, ‖T x_j − T x‖ ≤ ‖T − T_n‖ · ‖x_j ‖ + ‖T_nx_j − T_nx‖ + ‖T − T_n‖ · ‖x‖ < ε 3 + ε 3 + ε 3 = ε. Apì ta (a) kai (b) sumperaÐnoume ìti o K(X, Y ) eÐnai kleistìc upìqwroc tou B(X, Y ). (g) ’Estw T ∈ K(X, Y ) kai S ∈ B(Y, Z). An (x_n) eÐnai mÐa fragmènh akoloujÐa ston X, apì thn sumpĹgeia tou T mporoÔme na broÔme upakoloujÐa (x_{kn} ) tètoia ÿste h T x_{kn} na sugklÐnei se kĹpoio y ∈ Y . AfoÔ o S eÐnai suneqăc, (S ∘T )(x_{kn} ) → S(y). ’Ara, o S ∘ T eÐnai sumpagăc.

’Estw T ∈ K(X, Y ) kai R ∈ B(W, X). ’Estw (w_n) fragmènh akoloujÐa ston W . AfoÔ o R eÐnai fragmènoc, h (Rw_n) eÐnai fragmènh. AfoÔ o T eÐnai sumpagăc, upĹrqei upakoloujÐa (Rw_{kn} ) tètoia ÿste h T (Rw_{kn} ) = (T ∘ R)(w_{kn} ) na sugklÐnei. ’Ara, o T ∘ R eÐnai sumpagăc. □

EÐdame ìti F (X, Y ) ⊆ K(X, Y ). AfoÔ o K(X, Y ) eÐnai kleistìc upìqwroc tou B(X, Y ), kĹje telestăc pou {proseggÐzetai} apì telestèc peperasmènhc tĹxhc eÐnai sumpagăc. ’Ena gnwstì prìblhma sth jewrÐa twn qÿrwn Banach ătan to prìblhma thc prosèggishc: ’Estw X, Y qÿroi Banach kai T : X → Y ènac sumpagăc telestăc. EÐnai swstì ìti upĹrqei akoloujÐa (T_n) telestÿn peperasmènhc tĹxhc me thn idiìthta ‖T_n −T ‖ → 0? Me Ĺlla lìgia, eÐnai swstì ìti F (X, Y ) = K(X, Y )?

To prìblhma autì meletăjhke susthmatikĹ apì ton Grothendieck, o opoÐoc to sunèdese me thn legìmenh idiìthta prosèggishc: Lème ìti ènac qÿroc Banach Y èqei thn idiìthta prosèggishc an gia kĹje sumpagèc K ⊆ Y kai kĹje ε > 0 upĹrqei telestăc P : Y → Y peperasmènhc tĹxhc tètoioc ÿste ‖P y − y‖ < ε gia kĹje y ∈ K. ’Opwc ja doÔme parakĹtw, an o Y èqei thn idiìthta prosèggishc, tìte to prìblhma thc prosèggishc èqei katafatikă apĹnthsh: gia kĹje qÿro Banach X isqÔei F (X, Y ) = K(X, Y ). AntÐstrofa, o Grothendieck apèdeixe ìti an gia kĹje qÿro Banach X, gia kĹje sumpagă telestă T : X → Y kai gia kĹje ε > 0 mporoÔme na broÔme telestă peperasmènhc tĹxhc T_ε : X → Y me ‖T − T_ε‖ < ε, tìte o Y èqei thn idiìthta prosèggishc.

H idiìthta prosèggishc me th seirĹ thc sundèetai me thn Ôparxh bĹshc Schauder gia diaqwrÐsimouc qÿrouc Banach. ’Opwc ja doÔme parakĹtw, kĹje qÿroc me bĹsh Schauder èqei thn idiìthta prosèggishc. O Enflo èdwse parĹdeigma diaqwrÐsimou (kai autopajoÔc) qÿrou Banach pou den èqei thn idiìthta prosèggishc. Autì apodeiknÔei tautìqrona ìti upĹrqei diaqwrÐsimoc qÿroc Banach pou den èqei bĹsh Schauder kai ìti to prìblhma thc prosèggishc èqei arnhtikă apĹnthsh.

Lămma 6.3.2 ’Estw T_n, T ∈ B(X, Y ). Upojètoume ìti gia kĹje x ∈ X isqÔei T_nx → T x. An K eÐnai èna sumpagèc uposÔnolo tou X tìte T_n → T omoiìmorfa sto K.

Apìdeixh: Apì thn upìjesh kai to jeÿrhma Banach-Steinhaus, upĹrqei M > 0 tètoioc ÿste ‖T_n‖ ≤ M gia kĹje n ∈ N (opìte kai ‖T ‖ ≤ M).

’Estw ε > 0. To K eÐnai sumpagèc, Ĺra upĹrqoun x_1, . . . , x_m ∈ K tètoia ÿste K ⊆ ⋃_m j=1 D(x_j , ε). AfoÔ T_n → T katĹ shmeÐo, upĹrqei n_0 ∈ N tètoioc ÿste gia kĹje n ≥ n_0 kai kĹje j ≤ m, ‖T_nx_j − T x_j ‖ < ε. ’Estw x ∈ K. UpĹrqei j ≤ m tètoio ÿste ‖x_j − x‖ < ε. Tìte, gia kĹje n ≥ n_0 ‖T_nx − T x‖ ≤ ‖(T_n − T )(x_j )‖ + ‖(T_n − T )(x − x_j )‖ ≤ ε + ‖T_n − T ‖ · ‖x − x_j ‖ ≤ (1 + 2M)ε. ’Ara, sup_{x∈K} ‖T_nx − T x‖ → 0, n → ∞ dhladă T_n → T omoiìmorfa sto K. □

Jeÿrhma 6.3.3 ’Estw Y diaqwrÐsimoc qÿroc me bĹsh Schauder (p.q. o c_0 ă o ℓ_p, 1 ≤ p < ∞) kai X qÿroc Banach. Tìte, F (X, Y ) = K(X, Y ).

Apìdeixh: ’Estw {e_n : n ∈ N} bĹsh Schauder tou Y . Gia kĹje n ∈ N jewroÔme thn {probolă} P_n : Y → Y me P_n (_∞ ∑ k=1 a_ke_k ) = n∑ k=1 a_ke_k. ’Eqoume deÐ ìti oi P_n eÐnai fragmènoi telestèc me sup_n ‖P_n‖ < +∞. EpÐshc, P_ny → y gia kĹje y ∈ Y .

’Estw T ∈ K(X, Y ). To T (B_X ) eÐnai sqetikĹ sumpagèc kai P_n(y) → y gia kĹje y ∈ T (B_X ). Apì to Lămma 6.3.2, ‖P_n ∘ T − T ‖ = sup_{x∈BX} ‖(P_n ∘ T )(x) − T (x)‖ ≤ sup y∈T (B_X ) ‖P_ny − y‖ → 0 kajÿc n → ∞. ’Omwc P_n ∘ T ∈ F (X, Y ), Ĺra T ∈ F (X, Y ). □

To teleutaÐo jeÿrhma autăc thc paragrĹfou aforĹ ton suzugă enìc sumpagoÔc telestă.

Jeÿrhma 6.3.4 O T ∈ B(X, Y ) eÐnai sumpagăc an kai mìno an o T^∗ ∈ B(Y^∗, X^∗) eÐnai sumpagăc.

Apìdeixh: Upojètoume prÿta ìti o T eÐnai sumpagăc. ’Estw y^∗_n ∈ B_Y ∗ . Ja deÐxoume ìti h (T^∗y^∗_n) èqei Cauchy upakoloujÐa (Ĺra èqei sugklÐnousa upakoloujÐa, ki autì deÐqnei ìti o T^∗ eÐnai sumpagăc).

JewroÔme to sÔnolo S = {y^∗_n|_{T (BX )} : n ∈ N} ⊂ C(T (B_X )). To T (B_X ) eÐnai sumpagăc metrikìc qÿroc kai to S fragmèno kai isosuneqèc uposÔnolo tou C(T (B_X )) (Ĺskhsh). Apì to jeÿrhma Ascoli-Arzelá, to S eÐnai sqetikĹ sumpagèc. ’Ara, h y^∗_n|_{T (BX )} èqei sugklÐnousa upakoloujÐa (epomènwc, Cauchy upakoloujÐa). Dhladă, upĹrqoun k_1 < k_2 < . . . tètoioi ÿste sup x∈B_X |y^∗_{kn} (T x) − y^∗_{km} (T x)| → 0 kajÿc n, m → ∞. Apì ton orismì tou suzugoÔc telestă, autì shmaÐnei ìti

‖T^∗(y^∗_{kn} ) − T^∗(y^∗_{km} )‖ = sup_{x∈BX} |[T^∗(y^∗_{kn} )](x) − [T^∗(y^∗_{km} )](x)| → 0

kajÿc n, m → ∞. Dhladă, h (T^∗(y^∗_{kn} )) eÐnai Cauchy.

AntÐstrofa, ac upojèsoume ìti o T^∗ eÐnai sumpagăc. Apì to prÿto mèroc thc apìdeixhc, o T^{∗∗} : X^{∗∗} → Y^{∗∗} eÐnai sumpagăc.

’Estw (x_n) fragmènh akoloujÐa ston X. Tìte, h (τ(x_n)) eÐnai fragmènh, afoÔ h fusiologikă emfÔteush τ : X → X^{∗∗} eÐnai isometrÐa. AfoÔ o T^{∗∗} eÐnai sumpagăc, upĹrqoun k_1 < k_2 < . . . tètoioi ÿste h T^{∗∗}(τ(x_{kn} )) na eÐnai sugklÐnousa.

’Omwc T^{∗∗}(τ(x_{kn} )) = τ(T x_{kn} ). ’Ara, h τ(T x_{kn} ) eÐnai sugklÐnousa, epomènwc Cauchy ston Y^{∗∗}. AfoÔ h τ : Y → Y^{∗∗} eÐnai isometrÐa, h T x_{kn} eÐnai Cauchy, dhladă sugklÐnei. Autì apodeiknÔei ìti o T eÐnai sumpagăc. □

Askăseic

1. ’Estw T ∈ K(X, Y ), ìpou dimX = ∞. DeÐxte ìti h kleistă jăkh tou T (SX ) = {T x : ‖x‖ = 1} ston Y perièqei to 0. Upìdeixh: Qrhsimopoiăste to Lămma tou Riesz. 2. ’Estw (en) orjokanonikă bĹsh enìc diaqwrÐsimou qÿrou Hilbert H kai T ∈ K(H, Y ), ìpou Y qÿroc Banach. DeÐxte ìti T en → 0.

3. ’Estw X qÿroc Banach, Tn ∈ K(X) kai Tn → T ston B(X). DeÐxte ìti to ⋃_∞ n=1 Tn(BX ) eÐnai sqetikĹ sumpagèc. DeÐxte akìma ìti an λn ∈ σ(Tn) kai λn → λ, tìte λ ∈ σ(T ).

4. ’Estw H qÿroc Hilbert kai T ∈ B(H). DeÐxte ìti o T eÐnai sumpagăc an kai mìno an isqÔei h sunepagwgă ∀x ∈ H ⟨xn, x⟩ → 0 =⇒ T xn → 0. 5. ’Estw X qÿroc Banach kai T, S ∈ B(X).

(a) DeÐxte ìti apì thn ST = I den èpetai ìti T S = I. (b) An ìmwc o T eÐnai sumpagăc, deÐxte ìti S(I − T ) = I ⇐⇒ (I − T )S = I, kai ìti tìte o I − (I − T )^{−1} eÐnai sumpagăc. 6 JewroÔme touc telestèc S, M : ℓ2 → ℓ2 me T (x1, x2, . . .) = (0, x1, x2, . . .) , M(x1, x2, . . . , xn, . . .) = (x1, x2/2, . . . , xn/n, . . .). OrÐzoume T = MS. DeÐxte ìti o T eÐnai sumpagăc telestăc, o opoÐoc den èqei idiotimèc kai to fĹsma tou eÐnai monosÔnolo. UpologÐste thn ‖T^k‖ kai thn fasmatikă aktÐna r(T ).

6.4 SumpageÐc telestèc se qÿrouc Hilbert

’Estw H qÿroc Hilbert kai T ∈ B(H). Tìte, orÐzetai monosămanta ènac telestăc S ∈ B(H) me thn idiìthta: gia kĹje x, y ∈ H, (∗) ⟨T x, y⟩ = ⟨x, Sy⟩. Autì eÐnai sunèpeia tou jewrămatoc anaparĹstashc tou Riesz. Gia kĹje y ∈ H, h apeikìnish f_y(x) = ⟨T x, y⟩ eÐnai fragmèno grammikì sunarthsoeidèc. ’Ara, upĹrqei monadikì a_y ∈ H me thn idiìthta ⟨T x, y⟩ = f_y(x) = ⟨x, a_y⟩ gia kĹje x ∈ H. O telestăc S : H → H pou orÐzetai apì thn Sy = a_y eÐnai fragmènoc kai grammikìc. Apì ton orismì tou, ikanopoieÐ thn (∗).

OnomĹzoume ton S suzugă telestă tou T kai ton sumbolÐzoume me T^∗. ’Otan milĹme gia telestèc se qÿrouc Hilbert, h ènnoia tou suzugoÔc telestă eÐnai aută pou mìlic perigrĹyame. H sqèsh tou me ton {suzugă tou T } pou orÐsame sthn ParĹgrafo 6.2 gia telestèc se genikoÔc qÿrouc me nìrma eÐnai h exăc: Ac grĹyoume T^t gia ton suzugă telestă T^t : H^∗ → H^∗. ’Estw f, g ∈ H^∗ me T^tf = g. An ta f, g anaparÐstantai apì ta a_f , a_g ∈ H, dhladă an f(x) = ⟨x, a_f ⟩ , g(x) = ⟨x, a_g ⟩ , x ∈ H, tìte [T^t(f)](x) = g(x) = ⟨x, a_g ⟩ kai [T^t(f)](x) = f(T x) = ⟨T x, a_f ⟩ = ⟨x, T^∗a_f ⟩ gia kĹje x ∈ H, Ĺra T^∗(a_f ) = a_g. Dhladă,

T^t(f) = g =⇒ T^∗(a_f ) = a_g.

Oi basikèc idiìthtec tou suzugoÔc telestă perigrĹfontai apì thn epìmenh Prìtash.

Prìtash 6.4.1 ’Estw H qÿroc Hilbert, T, S ∈ B(H) kai a, b ∈ K . Tìte, (a) (aT + bS)^∗ = aT^∗ + bS^∗. (b) (T S)^∗ = S^∗T^∗. (g) T^{∗∗} = T .

(d) ‖T^∗T ‖ = ‖T ‖^2. (e) ‖T^∗‖ = ‖T ‖. Apìdeixh: DeÐqnoume mìno ta (d) kai (e). Parathrăste ìti ‖T ‖^2 = sup_{x∈BH} ⟨T x, T x⟩ = sup_{x∈BH} ⟨x, T^∗T x⟩ ≤ sup_{x∈BH} ‖x‖ · ‖T^∗T x‖ = ‖T^∗T ‖ ≤ ‖T^∗‖ · ‖T ‖. ’Epetai ìti ‖T ‖ ≤ ‖T^∗‖. An bĹloume ton T^∗ sth jèsh tou T kai qrhsimopoiăsoume to (g) blèpoume ìti ‖T^∗‖ ≤ ‖T^{∗∗}‖ = ‖T ‖. ’Ara, ‖T^∗‖ = ‖T ‖. Epistrèfontac stic arqikèc anisìthtec, paÐrnoume kai thn ‖T ‖^2 = ‖T^∗T ‖. □ Orismìc ’Estw H qÿroc Hilbert kai T ∈ B(H). O T lègetai autosuzugăc (ă ermitianìc) an T^∗ = T . Dhladă, an ⟨T x, y⟩ = ⟨x, T y⟩ gia kĹje x, y ∈ H. ParakĹtw perigrĹfoume kĹpoiec basikèc idiìthtec twn autosuzugÿn telestÿn.

Prìtash 6.4.2 ’Estw T ∈ B(H) autosuzugăc. Gia kĹje n ∈ N, ‖T^n‖ = ‖T ‖^n. Apìdeixh: Apì thn Prìtash 6.4.1 èqoume ‖T^2‖ = ‖T^∗T ‖ = ‖T^2‖. (i) EpagwgikĹ apodeiknÔoume ìti ‖T^n‖ = ‖T ‖^n an n = 2^k, k ∈ N. PrĹgmati, kĹje T^m eÐnai autosuzugăc, Ĺra an ‖T^m‖ = ‖T ‖^m tìte ‖T^{2m}‖ = ‖(T^m)^2‖ = (‖T^m‖)^2 = (‖T ‖^m)^2 = ‖T ‖^{2m}.

(ii) H apìdeixh ja oloklhrwjeÐ an deÐxoume to exăc: an ‖T^m‖ = ‖T ‖^m kai n < m, tìte ‖T^n‖ = ‖T ‖^n. ’Omwc, ‖T ‖^m = ‖T^m‖ = ‖T^{m−n}T^n‖ ≤ ‖T^{m−n}‖ · ‖T^n‖ ≤ ‖T ‖^{m−n}‖T^n‖. Autì deÐqnei thn ‖T ‖^n ≤ ‖T^n‖, enÿ h antÐstrofh anisìthta eÐnai profanăc. □ Paratărhsh ’Estw T ∈ B(H) autosuzugăc. Gia kĹje x ∈ H, ⟨T x, x⟩ = ⟨x, T x⟩ = ⟨T x, x⟩, Ĺra ⟨T x, x⟩ ∈ R.

Prìtash 6.4.3 ’Estw T ∈ B(H) autosuzugăc. Tìte, ‖T ‖ = sup_{x∈BH} |⟨T x, x⟩|. Apìdeixh: Jètoume A = sup_{x∈BH} |⟨T x, x⟩|. Gia kĹje x ∈ H èqoume |⟨T x, x⟩| ≤ ‖T x‖ · ‖x‖ ≤ ‖T ‖ · ‖x‖^2, apfl ìpou blèpoume eÔkola ìti A ≤ ‖T ‖.

Gia thn antÐstrofh anisìthta, èstw z ∈ H kai a > 0. Jètoume v = az, u = T z/a kai grĹfoume ‖T z‖^2 = ⟨T z, T z⟩ = ⟨T (az), T z/a⟩ = ⟨T v, u⟩. Qrhsimopoiÿntac to gegonìc ìti o T eÐnai autosuzugăc kai ìti ⟨T v, u⟩ ∈ R, blèpoume ìti 4⟨T v, u⟩ = ⟨T (v + u), v + u⟩ − ⟨T (v − u), v − u⟩, Ĺra 4‖T z‖^2 ≤ |⟨T (v + u), v + u⟩| + |⟨T (v − u), v − u⟩| ≤ A‖v + u‖^2 + A‖v − u‖^2 = 2A‖v‖^2 + 2A‖u‖^2 = 2Aa^2‖z‖^2 + 2Aa^{−2}‖T z‖^2.

H teleutaÐa posìthta elaqistopoieÐtai ìtan a = ‖T z‖/‖z‖. Gifl autăn thn timă tou a paÐrnoume 4‖T z‖^2 ≤ 4A‖z‖ · ‖T z‖, to opoÐo apodeiknÔei thn ‖T ‖ ≤ A. □ Prìtash 6.4.4 ’Estw T ∈ B(H) autosuzugăc. ’Olec oi idiotimèc tou T eÐnai pragmatikèc. An λ ≠ μ eÐnai idiotimèc tou T kai x_λ, x_μ antÐstoiqa idiodianÔsmata, tìte x_λ ⊥ x_μ.

Apìdeixh: ’Estw λ idiotimă tou T kai x ≠ 0 idiodiĹnusma thc λ. Tìte, ⟨T x, x⟩ = ⟨λx, x⟩ = λ‖x‖^2 =⇒ λ = ⟨T x, x⟩ ‖x‖^2 . AfoÔ ⟨T x, x⟩ ∈ R, blèpoume ìti λ ∈ R.

Gia ton deÔtero isqurismì parathroÔme ìti λ⟨x_λ, x_μ⟩ = ⟨T x_λ, x_μ⟩ = ⟨x_λ, T x_μ⟩ = ⟨x_λ, μx_μ⟩ = μ⟨x_λ, x_μ⟩ = μ⟨x_λ, x_μ⟩. ’Epetai ìti (λ − μ)⟨x_λ, x_μ⟩ = 0 kai afoÔ λ ≠ μ paÐrnoume to zhtoÔmeno. □ Prìtash 6.4.5 ’Estw T ∈ B(H) autosuzugăc. Tìte, λ ∈ σ(T ) ⇐⇒ inf_{‖x‖=1} ‖(λI − T )(x)‖ = 0.

Apìdeixh: IsodÔnama, zhtĹme na deÐxoume ìti o λI − T eÐnai antistrèyimoc an kai mìno an upĹrqei a > 0 tètoioc ÿste ‖(λI − T )(x)‖ ≥ a‖x‖ gia kĹje x ∈ H.

H mÐa kateÔjunsh eÐnai aplă: an upojèsoume ìti o λI − T eÐnai antistrèyimoc, tìte ‖x‖ = ‖(λI − T )^{−1}((λI − T )x)‖ ≤ ‖(λI − T )^{−1}‖ · ‖(λI − T )(x)‖ gia kĹje x ∈ H, opìte èqoume to zhtoÔmeno me a = ‖(λI − T )^{−1}‖^{−1}.

AntÐstrofa, ac upojèsoume ìti upĹrqei a > 0 tètoioc ÿste (∗) ‖(λI − T )(x)‖ ≥ a‖x‖ gia kĹje x ∈ H. Apì thn (∗) eÐnai fanerì ìti Ker(λI − T ) = {0}, dhladă o λI − T eÐnai 1-1.

DeÐqnoume prÿta ìti h eikìna (λI − T )(H) eÐnai puknă ston H. An ìqi, tìte upĹrqei y ≠ 0 tètoio ÿste 0 = ⟨(λI − T )(x), y⟩ = ⟨x, (λI − T )(y)⟩ gia kĹje x ∈ H. Tìte T y = λy, dhladă o λ eÐnai idiotimă tou T . AfoÔ o T eÐnai autosuzugăc, λ = λ ∈ R. ’Omwc tìte, o λI − T den mporeÐ na ikanopoieÐ thn (∗) (den eÐnai 1-1).

Tèloc deÐqnoume ìti h eikìna (λI −T )(H) eÐnai kleistă ston H. Ac upojèsoume ìti (λI − T )(x_n) → y ∈ H. Tìte, h (λI − T )(x_n) eÐnai Cauchy ston H. Apì thn (∗) blèpoume eÔkola ìti h (x_n) eÐnai ki aută Cauchy, Ĺra sugklÐnei se kĹpoio x ∈ H. Tìte, y = (λI − T )(x) ∈ (λI − T )(H).

Apì ta parapĹnw, o λI − T eÐnai fragmènoc, 1-1 kai epÐ telestăc. Apì to jeÿrhma antÐstrofhc apeikìnishc, o λI − T eÐnai antistrèyimoc. □

Prìtash 6.4.6 ’Estw T ∈ B(H) autosuzugăc. Tìte, σ(T ) ⊆ R.

Apìdeixh: ’Estw λ = a + ib ∈ C me b ≠ 0. Parathrăste ìti ⟨λx − T x, x⟩ − ⟨x, λx − T x⟩ = (λ − λ)‖x‖^2 = 2ib‖x‖^2. ’Epetai ìti 2|b| · ‖x‖^2 ≤ |⟨λx − T x, x⟩| + |⟨x, λx − T x⟩| ≤ 2‖λI − T ‖ · ‖x‖^2, opìte o λI − T eÐnai antistrèyimoc apì thn Prìtash 6.4.5. Dhladă, b ≠ 0 ⇒ λ /∈ σ(T ). Autì apodeiknÔei thn Prìtash. □

Sumbolismìc ’Estw T ∈ B(H) autosuzugăc. Jètoume m = inf_{‖x‖=1}⟨T x, x⟩ , M = sup_{‖x‖=1}⟨T x, x⟩.

Prìtash 6.4.7 ’Estw T ∈ B(H) autosuzugăc. Tìte, σ(T ) ⊆ [m, M].

Apìdeixh: Apì thn prohgoÔmenh Prìtash, σ(T ) ⊆ R. ’Estw λ > M. Gia kĹje x ∈ H me ‖x‖ = 1, ⟨(λI − T )(x), x⟩ = λ⟨x, x⟩ − ⟨T x, x⟩ ≥ λ − M. AfoÔ inf_{‖x‖=1} ‖(λI − T )(x)‖ ≥ λ − M > 0, o λI − T eÐnai antistrèyimoc apì thn Prìtash 6.4.5.

’Omoia deÐqnoume ìti an λ < m tìte o λI − T eÐnai antistrèyimoc. □

Prìtash 6.4.8 ’Estw T ∈ B(H) autosuzugăc. Tìte, m, M ∈ σ(T ).

Apìdeixh: An ‖x‖ = 1, tìte 0 ≤ ⟨(T − mI)(x), x⟩ ≤ M − m. Apì thn Prìtash 6.4.3 èpetai ìti ‖T − mI‖ = M − m. Epomènwc, upĹrqoun x_n ∈ H me ‖x_n‖ = 1 tètoia ÿste ⟨T x_n − mx_n, x_n⟩ → M − m = ‖T − mI‖. Tìte, ‖T x_n − Mx_n‖^2 = ‖(T − mI)(x_n) − (M − m)x_n‖^2 = ‖(T − mI)(x_n)‖^2 − 2(M − m)⟨(T − mI)(x_n), x_n⟩ + (M − m)^2 ≤ ‖T − mI‖^2 − 2(M − m)⟨(T − mI)(x_n), x_n⟩ + (M − m)^2 = (M − m)^2 − 2(M − m)⟨(T − mI)(x_n), x_n⟩ + (M − m)^2 → (M − m)^2 − 2(M − m)^2 + (M − m)^2 = 0.

’Ara, inf_{‖x‖=1} ‖(T − MI)(x)‖ = 0 kai autì deÐqnei ìti M ∈ σ(T ). ’Omoia deÐqnoume ìti m ∈ σ(T ). □

KĹnoume tÿra thn epiplèon upìjesh ìti o T ∈ B(H) eÐnai sumpagăc.

Prìtash 6.4.9 ’Estw H apeirodiĹstatoc qÿroc Hilbert kai T ∈ K(H). Tìte, (a) 0 ∈ σ(T ).

(b) An o λ ≠ 0 eÐnai idiotimă tou T kai N_λ = Ker(λI − T ), tìte dim(N_λ) < ∞.

Apìdeixh: (a) An 0 /∈ σ(T ), tìte T^{−1} ∈ B(H). AfoÔ T ∈ K(H), blèpoume ìti I = T ∘ T^{−1} ∈ K(H). ’Omwc autì eÐnai Ĺtopo, giatÐ dim(H) = ∞ (deÐte thn ParĹgrafo 6.3).

(b) ’Estw ìti dim(N_λ) = ∞. Tìte, upĹrqei Ĺpeirh orjokanonikă akoloujÐa (e_n) ston N_λ. O T eÐnai sumpagăc, Ĺra upĹrqei upakoloujÐa (e_{kn} ) tètoia ÿste h (T e_{kn} ) na sugklÐnei. Eidikìtera, h (T e_{kn} ) eÐnai akoloujÐa Cauchy. ’Omwc, an n ≠ m tìte ‖T e_n − T e_m‖ = ‖λe_n − λe_m‖ = √ 2|λ|, dhladă h (T e_n) den mporeÐ na èqei upakoloujÐa Cauchy. Katalăxame se Ĺtopo, Ĺra dim(N_λ) < ∞. □

Prìtash 6.4.10 ’Estw T ∈ B(H) sumpagăc kai autosuzugăc. An λ ∈ σ(T ) kai λ ≠ 0, tìte o λ eÐnai idiotimă tou T .

Apìdeixh: Apì thn Prìtash 6.4.5 upĹrqoun x_n ∈ H me ‖x_n‖ = 1, tètoia ÿste T x_n − λx_n → 0. AfoÔ o T eÐnai sumpagăc, mporoÔme na broÔme upakoloujÐa (x_{kn} ) kai y ∈ H tètoia ÿste T x_{kn} → y. Tìte, λx_{kn} → y Ĺra λT x_{kn} → T y. Apì tic dÔo sqèseic èpetai ìti T y = λy. EpÐshc ‖y‖ = |λ| > 0, Ĺra y ≠ 0. Dhladă, o λ eÐnai idiotimă tou T (me idiodiĹnusma to y). □

Pìrisma 6.4.1 ’Estw T ∈ B(H) sumpagăc kai autosuzugăc. O T èqei toulĹqiston mÐa idiotimă.

Apìdeixh: An T ≡ 0, tìte o 0 eÐnai idiotimă tou T .

An ‖T ‖ > 0, tìte apì thn Prìtash 6.4.2 h fasmatikă aktÐna tou T eÐnai Ðsh me r(T ) = lim_{n→∞} ‖T^n‖^{1/n} = ‖T ‖. ’Ara, upĹrqei mh mhdenikì λ ∈ σ(T ) ki autì eÐnai anagkastikĹ idiotimă tou T apì thn Prìtash 6.4.10 (h Ôparxh mh mhdenikoÔ λ ∈ σ(T ) exasfalÐzetai kai apì thn Prìtash 6.4.8, afoÔ max{|m|, |M|} = ‖T ‖ > 0 kai m, M ∈ σ(T )). □

Prìtash 6.4.11 ’Estw T ∈ B(H) sumpagăc kai autosuzugăc. ’Estw M kleistìc upìqwroc tou H analloÐwtoc apì ton T (dhladă, T (M) ⊆ M). Tìte, (a) O M^⊥ eÐnai analloÐwtoc apì ton T .

(b) An T_1 = T |_M : M → M kai T_2 = T |_M ⊥ : M^⊥ → M^⊥, tìte oi T_1, T_2 eÐnai sumpageÐc kai autosuzugeÐc. Epiplèon,

σ(T ) = σ(T_1) ∪ σ(T_2).

Apìdeixh: (a) ’Estw y ∈ M^⊥. Gia kĹje x ∈ M èqoume T x ∈ M, Ĺra ⟨T y, x⟩ = ⟨y, T x⟩ = 0 afoÔ o T eÐnai autosuzugăc. Autì deÐqnei ìti T y ∈ M^⊥, dhladă T (M^⊥) ⊆ M^⊥.

(b) EÔkola elègqoume ìti oi T_1 kai T_2 eÐnai sumpageÐc kai autosuzugeÐc. ’Estw λ ∈ σ(T_1). Tìte, inf{‖λx − T x‖ : x ∈ H, ‖x‖ = 1} ≤ inf{‖λx − T x‖ : x ∈ M, ‖x‖ = 1} = 0 apì thn Prìtash 6.4.5. ’Ara, λ ∈ σ(T ) pĹli apì thn Prìtash 6.4.5. ’Epetai ìti σ(T_1) ⊆ σ(T ). ’Omoia, σ(T_2) ⊆ σ(T ) Ĺra

σ(T ) ⊇ σ(T_1) ∪ σ(T_2).

Gia ton antÐstrofo egkleismì upojètoume ìti λ /∈ σ(T_1) ∪ σ(T_2). Tìte, apì thn Prìtash 6.4.5 upĹrqei a > 0 tètoioc ÿste: gia kĹje y ∈ M kai kĹje z ∈ M^⊥, ‖λy − T y‖ ≥ a‖y‖ , ‖λz − T z‖ ≥ a‖z‖.

’Estw x ∈ H. UpĹrqoun y ∈ M kai z ∈ M^⊥ me x = y + z. Tìte, qrhsimopoiÿntac to (a) blèpoume ìti λy − T y ∈ M kai λz − T z ∈ M^⊥, Ĺra ‖λx − T x‖^2 = ‖(λy − T y) + (λz − T z)‖^2 = ‖λy − T y‖^2 + ‖λz − T z‖^2 ≥ a^2(‖y‖^2 + ‖z‖^2) = a^2‖x‖^2.

’Ara, o λI − T eÐnai antistrèyimoc, ki autì deÐqnei ìti

σ(T ) ⊆ σ(T_1) ∪ σ(T_2). □

Prìtash 6.4.12 ’Estw T ∈ B(H) sumpagăc kai autosuzugăc. To sÔnolo twn idiotimÿn tou T eÐnai arijmăsimo kai den èqei shmeÐa sussÿreushc ektìc Ðswc apì to 0.

Apìdeixh: Gia kĹje ε > 0 orÐzoume Λ_ε = {λ ∈ σ(T ) : |λ| ≥ ε}. Ja deÐxoume ìti to Λ_ε eÐnai peperasmèno sÔnolo. ’Estw ìti gia kĹpoio ε > 0 to Λ_ε perièqei mÐa Ĺpeirh akoloujÐa {λ_n : n ∈ N} diaforetikÿn anĹ dÔo ìrwn. Gia kĹje n jewroÔme idiodiĹnusma e_n thc λ_n me ‖e_n‖ = 1. Tìte, an n ≠ m èqoume e_n ⊥ e_m Ĺra ‖T e_n − T e_m‖^2 = ‖λ_ne_n − λ_me_m‖^2 = |λ_n|^2 + |λ_m|^2 ≥ 2ε^2.

’Omwc tìte, h (T e_n) den mporeÐ na èqei sugklÐnousa upakoloujÐa. Autì eÐnai Ĺtopo giatÐ o T eÐnai sumpagăc.

Parathrăste ìti to sÔnolo Λ twn mh mhdenikÿn idiotimÿn tou T mporeÐ na grafteÐ sth morfă Λ = ∞⋃ m=1 Λ_{1/m}, Ĺra eÐnai arijmăsimo. Autì apodeiknÔei to prÿto mèroc thc Prìtashc.

’Estw t ≠ 0 shmeÐo sussÿreushc tou sunìlou twn idiotimÿn tou T . PaÐrnontac ε = |t|/2 > 0, sumperaÐnoume ìti to Λ_{|t|/2} ⊇ {λ ∈ σ(T ) : |λ − t| < ε} èqei Ĺpeira to plăjoc shmeÐa. Autì eÐnai Ĺtopo, Ĺra to sÔnolo twn idiotimÿn tou T den èqei shmeÐa sussÿreushc ektìc Ðswc apì to 0. □

MporoÔme tÿra na apodeÐxoume to basikì apotèlesma autăc thc paragrĹfou.

Jeÿrhma 6.4.1 ’Estw T ∈ B(H) sumpagăc kai autosuzugăc. UpĹrqei orjokanonikă bĹsh tou H pou apoteleÐtai apì idiodianÔsmata tou T .

Apìdeixh: An λ eÐnai idiotimă tou T , grĹfoume N_λ gia ton idiìqwro Ker(λI − T ) pou antistoiqeÐ sthn λ. KĹje N_λ eÐnai kleistìc upìqwroc tou H (kai an λ ≠ 0 tìte o N_λ èqei peperasmènh diĹstash). JewroÔme mÐa orjokanonikă bĹsh B_λ tou N_λ.

Oi idiìqwroi N_λ eÐnai kĹjetoi anĹ dÔo, Ĺra to B = ⋃ B_λ eÐnai orjokanonikì sÔnolo ston H. JewroÔme ton kleistì upìqwro M = ⟨∪B_λ⟩ = ⟨∪N_λ⟩. tou H. AfoÔ T (N_λ) ⊆ N_λ gia kĹje λ, èqoume T (⟨∪N_λ⟩) ⊆ ⟨∪N_λ⟩, kai lìgw sunèqeiac tou T , T (M) ⊆ M.

’Estw ìti M ≠ H. Tìte, M^⊥ ≠ 0 kai T (M^⊥) ⊆ M^⊥ apì thn Prìtash 6.4.11. O T |_M ⊥ eÐnai sumpagăc kai autosuzugăc, Ĺra èqei kĹpoia idiotimă ρ. ’Estw z ≠ 0 ston M^⊥ me T z = ρz. Apì thn Prìtash 6.4.11, ρ ∈ σ(T ), Ĺra z ∈ N_ρ ⊆ M to opoÐo eÐnai Ĺtopo: ja eÐqame 0 ≠ z ∈ M ∩ M^⊥.

DeÐxame ìti ⟨B⟩ =: M = H. ’Ara, to B eÐnai plărec orjokanonikì sÔnolo ston H, to opoÐo apoteleÐtai apì idiodianÔsmata tou T . □

Fasmatikì jeÿrhma gia sumpageÐc autosuzugeÐc telestèc ’Estw H diaqwrÐsimoc qÿroc Hilbert kai T ∈ B(H) sumpagăc kai autosuzugăc. UpĹrqoun orjokanonikă bĹsh (e_n) tou H kai akoloujÐa (λ_n) sto R tètoia ÿste T e_n = λ_ne_n gia kĹje n ∈ N. Gia kĹje x ∈ H èqoume

T (x) = ∞∑ n=1 λ_n⟨x, e_n⟩e_n.

Apìdeixh: Apì to Jeÿrhma 6.4.1 upĹrqei orjokanonikă bĹsh tou H pou apoteleÐtai apì idiodianÔsmata tou T . O H eÐnai diaqwrÐsimoc, Ĺra mporoÔme na jewrăsoume ìti h bĹsh eÐnai mÐa akoloujÐa (e_n) me T e_n = λ_ne_n, n ∈ N. KĹje x ∈ H grĹfetai sth morfă

x = ∞∑ n=1 ⟨x, e_n⟩e_n = lim_{N→∞} N∑ n=1 ⟨x, e_n⟩e_n. ’Ara, apì thn sunèqeia kai thn grammikìthta tou T ,

T (x) = lim_{N→∞} N∑ n=1 ⟨x, e_n⟩T (e_n) = lim_{N→∞} N∑ n=1 ⟨x, e_n⟩λ_ne_n

= ∞∑ n=1 λ_n⟨x, e_n⟩e_n. □

EÐnai tÿra eÔkolo na upologÐsoume ton (λI − T )^{−1}, λ /∈ σ(T ).

Prìtash 6.4.13 ’Estw H diaqwrÐsimoc qÿroc Hilbert kai T ∈ B(H) sumpagăc kai autosuzugăc. Upojètoume ìti gia kĹje x ∈ H

T (x) = ∞∑ n=1 λ_n⟨x, e_n⟩e_n ìpwc sto fasmatikì jeÿrhma. An λ /∈ σ(T ), tìte

(λI − T )^{−1}(x) = ∞∑ n=1 ⟨x, e_n⟩ λ − λ_n e_n.

Apìdeixh: AfoÔ to σ(T ) eÐnai kleistì kai λ /∈ σ(T ), èqoume d(λ, σ(T )) = δ > 0. ’Ara, |λ − λ_n| ≥ δ gia kĹje n ∈ N.

An k < m, tìte ‖ ‖^m ∑ n=k+1 ⟨x, e_n⟩ λ − λ_n e_n ‖ ‖^2 =^m ∑ n=k+1 ⟨x, e_n⟩^2 |λ − λ_n|^2 ≤ 1 δ^2 m∑ n=k+1 ⟨x, e_n⟩^2 → 0, Ĺra o S : H → H me S(x) = ∞∑ n=1 ⟨x, e_n⟩ λ − λ_n e_n orÐzetai kalĹ kai ‖S(x)‖^2 ≤ 1 δ^2 ∞∑ n=1 ⟨x, e_n⟩^2 = ‖x‖^2 δ^2

dhladă S ∈ B(H). Epiplèon, gia kĹje k ∈ N èqoume S(λe_k − T e_k) = S((λ − λ_k)e_k) = ∞∑ n=1 (λ − λ_k) ⟨e_k, e_n⟩ λ − λ_n e_n = e_k afoÔ ⟨e_k, e_n⟩ = δ_{kn}. Dhladă, [S ∘ (λI − T )](e_k) = e_k gia kĹje k ∈ N. AfoÔ oi S ∘ (λI − T ) kai I sumfwnoÔn se mÐa orjokanonikă bĹsh tou H, paÐrnoume S ∘ (λI − T ) = I. ’Omoia elègqoume thn (λI − T ) ∘ S = I. ’Ara, S = (λI − T )^{−1}. □

Askăseic 1. ’Estw T ∈ B(H) sumpagăc kai autosuzugăc. An T^n ≡ 0 gia kĹpoion n ∈ N, tìte T ≡ 0. 2. ’Estw u, v ∈ H me ‖u‖ = ‖v‖ = 1 kai T = u ⊗ v o telestăc pou orÐzetai apì thn T (x) = ⟨x, u⟩v. BreÐte to σ(T ).

3. ’Estw T ∈ B(H) sumpagăc kai autosuzugăc. Qrhsimopoiÿntac to fasmatikì jeÿrhma, deÐxte ìti ⟨T x, x⟩ ≥ 0 gia kĹje x ∈ H an kai mìno an ìlec oi idiotimèc tou T eÐnai mh arnhtikèc. DeÐxte ìti tìte, upĹrqei autosuzugăc S ∈ B(H) me ⟨Sx, x⟩ ≥ 0 gia kĹje x ∈ H kai S^2 = T .

4. ’Estw T ∈ B(H) sumpagăc kai autosuzugăc. Upojètoume ìti kĹje idiìqwroc tou T eÐnai monodiĹstatoc. An S ∈ B(H) kai ST = T S, deÐxte ìti upĹrqoun orjokanonikă bĹsh {en} kai fragmènh akoloujÐa {μn} sto C ètsi ÿste Sx = ∞∑ n=1 μn⟨x, en⟩en, x ∈ H. DeÐxte ìti an S1 ∈ B(H) kai T S1 = S1T , tìte SS1 = S1S.

6.5 SumpageÐc telestèc se qÿrouc Banach

’Estw X apeirodiĹstatoc qÿroc Banach kai T : X → X sumpagăc telestăc. Ja dÿsoume perigrafă tou fĹsmatoc σ(T ).

Jeÿrhma 6.5.1 ’Estw X apeirodiĹstatoc qÿroc Banach kai T ∈ K(X). Tìte, σ(T ) = {0, λ_1, λ_2, . . .} ìpou h akoloujÐa (λ_k ) eÐnai eÐte peperasmènh ă teÐnei sto 0. KĹje λ_k eÐnai idiotimă tou T kai o antÐstoiqoc idiìqwroc N_k = Ker(λ_k I − T ) èqei peperasmènh diĹstash.

H apìdeixh ja basisteÐ se mÐa seirĹ apì lămmata (se ìla upojètoume ìti T ∈ K(X), ìpou X apeirodiĹstatoc qÿroc Banach).

Lămma 6.5.1 0 ∈ σ(T )

Apìdeixh: Alliÿc, o T eÐnai antistrèyimoc. An ìmwc T^{−1} ∈ B(X), tìte I = T^{−1} ∘ T ∈ K(X) to opoÐo eÐnai Ĺtopo afoÔ dim(X) = ∞. □

Lămma 6.5.2 ’Estw λ_1, . . . , λ_m diaforetikèc anĹ dÔo idiotimèc tou T kai x_1, . . . , x_m antÐstoiqa idiodianÔsmatĹ touc. Tìte, ta x_1, . . . , x_m eÐnai grammikĹ anexĹrthta.

Apìdeixh: Me epagwgă wc proc to m. ’Estw ìti T x_i = λ_ix_i kai ∑_m i=1 t_ix_i = 0.

Tìte, T (_m ∑ i=1 t_ix_i ) = m∑ i=1 λ_it_ix_i = 0,

Ĺra_{m−1} ∑ i=1 (λ_i − λ_m)t_ix_i = m∑ i=1 λ_it_ix_i − λ_m m∑ i=1 t_ix_i = 0.

Apì thn epagwgikă upìjesh, (λ_i − λ_m)t_i = 0, i ≤ m − 1. AfoÔ λ_i − λ_m ≠ 0, paÐrnoume t_1 = . . . = t_{m−1} = 0. ’Epetai ìti t_m = 0. □

Lămma 6.5.3 ’Estw ε > 0. O T èqei peperasmènec to plăjoc idiotimèc λ me |λ| ≥ ε. An λ eÐnai mÐa tètoia idiotimă, tìte dim(Ker(λI − T )) < ∞.

Apìdeixh: ’Estw ìti upĹrqei Ĺpeirh akoloujÐa (x_n) grammikĹ anexĹrthtwn dianusmĹtwn tou X me T (x_n) = λ_nx_n, ìpou |λ_n| ≥ ε (epitrèpontai oi epanalăyeic stic idiotimèc λ_n).

OrÐzoume X_k = ⟨x_1, . . . , x_k⟩, k = 1, 2, . . .. Tìte, h (X_k) eÐnai gnăsia aÔxousa akoloujÐa kleistÿn upoqÿrwn tou X. Apì to Lămma tou Riesz, gia kĹje k mporoÔme na broÔme y_k ∈ X_k tètoio ÿste ‖y_k‖ = 1 kai d(y_k, X_{k−1}) = 1.

OrÐzoume z_k = y_k/λ_k. Tìte ‖z_k‖ = ‖y_k‖/|λ_k| ≤ 1/ε, dhladă h (z_k) eÐnai fragmènh akoloujÐa.

Parathrăste ìti an y_k = c_1x_1 + . . . + c_kx_k, tìte

T (z_k) − y_k = 1 λ_k (c_1λ_1x_1 + . . . + c_kλ_k x_k) − (c_1x_1 + . . . + c_kx_k) = k−1∑ i=1 c_i ( λ_i λ_k − 1 ) x_i ∈ X_{k−1}. ’Estw n > m. AfoÔ T (z_m) ∈ X_m ⊆ X_{n−1} kai T (z_n) − y_n ∈ X_{n−1}, paÐrnoume

‖T (z_n) − T (z_m)‖ = ‖y_n − (y_n − T (z_n) + T (z_m))‖ ≥ d(y_k , X_{n−1}) = 1.

’Ara, h T (z_n) den èqei Cauchy upakoloujÐa. Autì eÐnai Ĺtopo, giatÐ o T eÐnai sumpagăc kai h (z_k) fragmènh.

Epomènwc, to sunolikì plăjoc twn grammikĹ anexĹrthtwn idiodianusmĹtwn tou T pou antistoiqoÔn se idiotimèc λ me |λ| ≥ ε eÐnai peperasmèno. Autì apodeiknÔei kai touc dÔo isqurismoÔc tou Lămmatoc. □

Prìtash 6.5.1 ’Estw X apeirodiĹstatoc qÿroc Banach kai T ∈ K(X). Gia kĹje λ ≠ 0, o (λI − T )(X) eÐnai kleistìc upìqwroc tou X.

Apìdeixh: ’Estw N = Ker(λI −T ). ParathroÔme prÿta ìti o N èqei peperasmènh diĹstash. An o λ den eÐnai idiotimă tou T tìte N = {0}, enÿ an o λ eÐnai idiotimă tou T tìte efarmìzetai to prohgoÔmeno Lămma.

Isqurismìc: MporoÔme na broÔme kleistì upìqwro M tou X me thn idiìthta X = N ⊕ M. Apìdeixh: JewroÔme bĹsh x_1, . . . , x_m tou N kai efarmìzontac to jeÿrhma Hahn- Banach brÐskoume x^∗_1, . . . , x^∗_m ∈ X^∗ tètoia ÿste x^∗_i (x_j ) = δ_{ij} . Jètoume M = ⋂_m j=1 Ker(x^∗_j ).

An x ∈ X, tìte to y = x^∗_1(x)x_1 + · · · + x^∗_m(x)x_m ∈ N kai

x^∗_i (x − y) = x^∗_i (x) − m∑ j=1 x^∗_j (x)x^∗_i (x_j ) = 0

gia kĹje i ≤ m, dhladă x − y ∈ M. ’Ara, X = N + M. Den eÐnai dÔskolo na elègxete ìti N ∩ M = {0}. □

JewroÔme ton S = (λI−T )|_M : M → X. O S eÐnai 1-1 kai S(M) = (λI−T )(X). ArkeÐ loipìn na deÐxoume ìti o S(M) eÐnai kleistìc upìqwroc tou X. Ja deÐxoume prÿta ìti upĹrqei c > 0 me thn idiìthta (∗) ‖λx − T x‖ = ‖Sx‖ ≥ c‖x‖ gia kĹje x ∈ M. An ìqi, upĹrqoun x_n ∈ M me ‖x_n‖ = 1 kai λx_n − T x_n → 0. O T eÐnai sumpagăc, Ĺra upĹrqei upakoloujÐa x_{kn} me T x_{kn} → y ∈ M. Tìte, λx_{kn} → y, Ĺra ‖y‖ = lim_n ‖λx_{kn} ‖ = |λ| ≠ 0. EpÐshc, λx_{kn} → y =⇒ T y = λ lim_n x_{kn} = λy. ’Ara, Sy = λy − T y = 0, to opoÐo eÐnai Ĺtopo giatÐ o S eÐnai 1-1.

Apì thn (∗) blèpoume ìti o S(M) eÐnai kleistìc. An x_n ∈ M kai Sx_n → z, tìte h Sx_n eÐnai akoloujÐa Cauchy kai apì thn (∗) h x_n eÐnai akoloujÐa Cauchy. O M eÐnai plărhc, Ĺra upĹrqei x ∈ M me x_n → x. Tìte, z = Sx ∈ S(M). □

Lămma 6.5.4 ’Estw T ∈ B(X). Jètoume S = I − T kai Y = S(X). Upojètoume ìti o Y eÐnai gnăsioc upìqwroc tou X. Tìte, gia kĹje ε > 0 upĹrqei x_0 ∈ B_X tètoio ÿste d(T x_0, T (Y )) > 1 − ε. Apìdeixh: Apì thn upìjesh kai thn Prìtash 6.5.1 o Y eÐnai gnăsioc kleistìc upìqwroc tou X. Apì to Lămma tou Riesz upĹrqei x_0 ∈ B_X tètoio ÿste d(x_0, Y ) > 1 − ε. ’Estw y ∈ Y . Tìte, ‖T x_0 − T y‖ = ‖x_0 − (Sx_0 + y − Sy)‖ ≥ d(x_0, Y ) > 1 − ε, afoÔ ta Sx_0, y kai Sy anăkoun ston Y . □

Prìtash 6.5.2 ’Estw X apeirodiĹstatoc qÿroc Banach kai T ∈ K(X). KĹje mh mhdenikì λ ∈ σ(T ) eÐnai idiotimă tou T .

Apìdeixh: MporoÔme na upojèsoume ìti λ = 1. Jètoume S = I − T . Gia thn apìdeixh thc Prìtashc arkeÐ na deÐxoume ìti an Ker(S) = {0} tìte o S eÐnai antistrèyimoc. AfoÔ o S eÐnai 1-1, sÔmfwna me to jeÿrhmc antÐstrofhc apeikìnishc arkeÐ na deÐxoume ìti o S eÐnai epÐ.

OrÐzoume Y_0 = X, Y_1 = S(X) kai genikĹ, Y_{k+1} = S(Y_k). Gia kĹje k èqoume

Y_{k+1} = S^{k+1}(X) = S^k(S(X)) ⊆ S^k(X) = Y_k.

Dhladă, h (Y_k ) eÐnai fjÐnousa akoloujÐa upoqÿrwn tou X. EpÐshc, h Prìtash 6.5.1 deÐqnei ìti kĹje Y_k eÐnai kleistìc upìqwroc tou X. Isqurismìc: UpĹrqei n ≥ 0 tètoioc ÿste Y_n = Y_{n+1}.

Apìdeixh: An ìqi, efarmìzontac to Lămma 6.5.4 gia touc Y_n kai Y_{n+1} = S(Y_n), gia kĹje n ≥ 0 brÐskoume y_n ∈ B_{Yn} tètoio ÿste d(T y_n, T (Y_{n+1})) > 1/2.

Tìte, an m > n èqoume T y_m ∈ T (Y_m) ⊆ T (Y_{n+1}), Ĺra ‖T y_n − T y_m‖ ≥ d(T y_n, T (Y_{n+1})) > 1/2. ’Omwc tìte, h (T y_n) den èqei sugklÐnousa upakoloujÐa, Ĺtopo giatÐ o T eÐnai sumpagăc. □ Isqurismìc: Y_0 = Y_1.

Apìdeixh: ’Estw ìti Y_0 ≠ Y_1 kai m o mikrìteroc fusikìc gia ton opoÐo Y_{m−1} ≠ Y_m = Y_{m+1}. Epilègoume tuqìn u ∈ Y_{m−1}\Y_m. Tìte, Su ∈ Y_m = Y_{m+1} Ĺra upĹrqei v ∈ Y_m tètoio ÿste Su = Sv. AfoÔ u /∈ Y_m, èqoume u − v ≠ 0 kai S(u − v) = 0. Autì eÐnai Ĺtopo giatÐ o S eÐnai 1-1. □ ’Ara X = Y_0 = Y_1 = S(X), to opoÐo apodeiknÔei ìti o S = I − T eÐnai epÐ.

’Epetai ìti o I − T eÐnai antistrèyimoc. □ Apì ta Lămmata 6.5.1 kai 6.5.3 kai apì thn Prìtash 6.5.2 èpetai to Jeÿrhma 6.5.1.

6.6 Efarmogèc stic oloklhrwtikèc exisÿseic

H fasmatikă jewrÐa twn sumpagÿn telestÿn èqei Ĺmesh sqèsh me tic oloklhrwtikèc exisÿseic. H sqèsh aută gÐnetai faneră apì to exăc jeÿrhma.

Jeÿrhma 6.6.1 (Fredholm) ’Estw X qÿroc Banach kai T ∈ K(X). Gia kĹje λ ≠ 0 ta exăc eÐnai isodÔnama:

(a) Gia kĹje y ∈ X, h exÐswsh T x − λx = y èqei lÔsh. (b) H exÐswsh T x − λx = 0 èqei monadikă lÔsh thn x = 0.

Apìdeixh: MporoÔme na upojèsoume ìti λ = 1. ParathroÔme ìti to (a) isqÔei an kai mìno an (I − T )(X) = X, enÿ to (b) isqÔei an kai mìno an o 1 den eÐnai idiotimă tou T dhladă an kai mìno an o I − T eÐnai antistrèyimoc (Prìtash 6.5.2).

Autì apodeiknÔei thn sunepagwgă (b)⇒(a): an o I −T eÐnai antistrèyimoc tìte eÐnai epÐ, dhladă (I − T )(X) = X.

Gia thn (a)⇒(b), ja upojèsoume ìti (I − T )(X) = X kai ìti o 1 eÐnai idiotimă tou T kai ja katalăxoume se Ĺtopo. OrÐzoume

N_k = Ker((I − T )^k), k = 1, 2, . . . .

Apì ton orismì eÐnai fanerì ìti N_k ⊆ N_{k+1}. Ja apodeÐxoume ìti kĹje N_k eÐnai gnăsioc (profanÿc kleistìc) upìqwroc tou N_{k+1}.

AfoÔ o 1 eÐnai idiotimă tou T , upĹrqei x_1 ≠ 0 tètoio ÿste (I − T )(x_1) = 0, dhladă x_1 ∈ N_1.

O I − T eÐnai epÐ, Ĺra upĹrqei x_2 tètoio ÿste (I − T )(x_2) = x_1. AfoÔ x_1 ≠ 0, èqoume x_2 /∈ N_1 kai (I − T )^2(x_2) = (I − T )(x_1) = 0, dhladă x_2 ∈ N_2\N_1.

EpagwgikĹ, brÐskoume x_{k+1} tètoio ÿste (I − T )(x_{k+1}) = x_k kai elègqoume ìti (I − T )^k(x_{k+1}) = x_1 ≠ 0 =⇒ x_{k+1} /∈ N_k enÿ (I − T )^{k+1}(x_{k+1}) = (I − T )(x_1) = 0 =⇒ x_{k+1} ∈ N_{k+1}.

Dhladă, x_{k+1} ∈ N_{k+1}\N_k.

Apì to Lămma tou Riesz, mporoÔme na broÔme y_{k+1} ∈ N_{k+1} me ‖y_{k+1}‖ = 1 kai d(y_{k+1}, N_k) > 1/2. An n > m, grĹfoume ‖T y_n − T y_m‖ = ‖y_n − ((I − T )(y_n) + y_m − (I − T )(y_m))‖ kai parathroÔme ìti ta (I − T )(y_n), y_m kai (I − T )(y_m) anăkoun ston N_{n−1}, opìte ‖T y_n − T y_m‖ ≥ d(y_n, N_{n−1}) > 1/2. ’Omwc tìte, h (T y_n) den èqei sugklÐnousa upakoloujÐa, Ĺtopo giatÐ o T eÐnai sumpagăc. □ Efarmogă: h exÐswsh tou Fredholm ston C[0, 1]. JewroÔme thn oloklhrwtikă exÐswsh (∗) f(t) − ∫_1 0 K(t, s)f(s)ds = g(t), t ∈ [0, 1]. Qrhsimopoiÿntac to jeÿrhma tou Fredholm mporoÔme na deÐxoume ìti gia kĹje g ∈ C[0, 1] h (∗) èqei monadikă lÔsh f ∈ C[0, 1], me thn proôpìjesh ìti h K eÐnai suneqăc kai ‖K‖_∞ < 1. H akribăc diatÔpwsh eÐnai h exăc.

Prìtash 6.6.1 ’Estw K : [0, 1] × [0, 1] → R suneqăc sunĹrthsh me ‖K‖_∞ < 1. Tìte, gia kĹje g ∈ C[0, 1] upĹrqei monadikă f ∈ C[0, 1] pou ikanopoieÐ thn (∗) gia kĹje t ∈ [0, 1].

Apìdeixh: Jètoume X = C[0, 1] kai jewroÔme ton telestă T : X → X me

(T f)(t) =

∫_1 0 K(t, s)f(s)ds. ’Opwc eÐdame sthn ParĹgrafo 6.3, o T eÐnai sumpagăc grammikìc telestăc. Ja deÐxoume ìti h exÐswsh f − T f = 0 èqei monadikă lÔsh thn f ≡ 0 ston X: ’Estw ìti upĹrqei f : [0, 1] → R suneqăc tètoia ÿste T f = f. Tìte, gia kĹje t ∈ R èqoume |f(t)| = | | ∫_1 0 K(t, s)f(s)ds | | ≤ ‖K‖_∞‖f‖, Ĺra 0 < ‖f‖ = max_{0≤t≤1} |f(t)| ≤ ‖K‖_∞‖f‖.

Autì shmaÐnei ìti ‖K‖_∞ ≥ 1, to opoÐo antifĹskei proc thn upìjesh.

Apì to Jeÿrhma 6.6.1, h exÐswsh f − T f = g èqei lÔsh gia kĹje g ∈ X. Autì eÐnai akribÿc to zhtoÔmeno (h lÔsh eÐnai monadikă afoÔ o I −T eÐnai antistrèyimoc). □ DÐnoume tÿra mÐa efarmogă tou fasmatikoÔ jewrămatoc gia sumpageÐc autosuzugeÐc telestèc se qÿrouc Hilbert. ’Estw K : [0, 1] × [0, 1] → C suneqăc sunĹrthsh pou ikanopoieÐ thn K(s, t) = K(t, s), t, s ∈ [0, 1]. JewroÔme ton H = L^2[0, 1] kai ton telestă T : H → H pou orÐzetai apì thn

(T f)(s) =

∫_1 0 K(s, t)f(t)dt. Oi basikèc idiìthtec tou T dÐnontai apì thn epìmenh Prìtash.

Prìtash 6.6.2 O T eÐnai sumpagăc kai autosuzugăc. An f ∈ L^2[0, 1], tìte T f ∈ C[0, 1].

Apìdeixh: H sumpĹgeia tou T kai h sunèqeia thc T f apodeiknÔontai ìpwc sto ParĹdeigma 6.3(b). Elègqoume mìno to ìti o T eÐnai autosuzugăc: an f, g ∈ L^2[0, 1], tìte ⟨T f, g⟩ = ∫_1 0 (T f)(s)g(s)ds = ∫_1 0 ∫_1 0 K(s, t)f(t)g(s)dtds = ∫_1 0 f(t) (∫_1 0 K(s, t)g(s)ds ) dt = ∫_1 0 f(t) (∫_1 0 K(t, s)g(s)ds ) dt = ∫_1 0 f(t)(T g)(t)dt = ⟨f, T g⟩. □ Lămma 6.6.1 An λ_n ≠ 0 idiotimă tou T kai ϕ_n idiodiĹnusma tou T wc proc thn λ_n, tìte ϕ_n ∈ C[0, 1].

Apìdeixh: Profanèc apì thn prohgoÔmenh Prìtash, afoÔ ϕ_n = (1/λ_n)T ϕ_n. □

Lămma 6.6.2 ’Estw T f = ∑ n λ_n⟨f, ϕ_n⟩ϕ_n h diagÿnia morfă tou T pou mĹc dÐnei to fasmatikì jeÿrhma. Tìte, gia kĹje s ∈ [0, 1] ∞∑ n=1 |λ_nϕ_n(s)|^2 ≤ ∫_1 0 |K(s, t)|^2dt kai_∞ ∑ n=1 λ^2_n ≤

∫_1 0 ∫_1 0 |K(s, t)|^2dtds.

Apìdeixh: OrÐzoume K_s : [0, 1] → C me K_s(t) = K(s, t). Qrhsimopoiÿntac thn anisìthta tou Bessel, paÐrnoume m∑ n=1 |λ_nϕ_n(s)|^2 = m∑ n=1 |(T ϕ_n)(s)|^2 = m∑ n=1 |∫^1 0 K(s, t)ϕ_n(t)dt |_2

= m∑ n=1 |⟨K_s, ϕ_n⟩|^2 ≤ ‖K_s‖^2

= ∫_1 0 |K(s, t)|^2dt. To m ătan tuqìn, Ĺra ∞∑ n=1 |λ_nϕ_n(s)|^2 ≤ ∫_1 0 |K(s, t)|^2dt. Tÿra, m∑ n=1 λ^2_n = m∑ n=1 ‖λ_nϕ_n‖^2 = m∑ n=1 ∫_1 0 |λ_nϕ_n(s)|^2ds

= ∫_1 0 (_m ∑ n=1 |λ_nϕ_n(s)|^2 ) ds ≤ ∫_1 0 ∫_1 0 |K(s, t)|^2dtds, opìte afănontac to m → ∞ paÐrnoume thn deÔterh anisìthta. □ JewroÔme tic mh mhdenikèc idiotimèc tou T , tic xanaarijmoÔme paÐrnontac upfl ìyin tic pollaplìthtèc touc, kai onomĹzoume ψ_n tic antÐstoiqec idiosunartăseic. Tìte, gia kĹje f ∈ L^2[0, 1] èqoume T f = T h + ∞∑ n=1 ⟨f, ψ_n⟩T ψ_n ìpou T h = 0 (h = ∑ i⟨f, ϕ_i⟩ϕ_i ìpou ϕ_i oi idiosunartăseic pou antistoiqoÔn sthn idiotimă 0 an o 0 eÐnai idiotimă, alliÿc h ≡ 0). Dhladă, T f = ∞∑ n=1 λ_n⟨f, ψ_n⟩ψ_n. Jeÿrhma 6.6.2 An λ /∈ σ(T ), tìte gia kĹje g ∈ C[0, 1] upĹrqei monadikă f ∈ C[0, 1] tètoia ÿste λf(s) − ∫_1 0 K(s, t)f(t)dt = g(s), s ∈ [0, 1]. H f dÐnetai apì thn f(s) = g(s) λ + ∞∑ n=1 λ_n λ(λ − λ_n) ⟨g, ψ_n⟩ψ_n(s).

Apìdeixh: AfoÔ λ /∈ σ(T ), o λI −T eÐnai antistrèyimoc. ’Ara, gia kĹje g ∈ C[0, 1] upĹrqei monadikă f ∈ L^2[0, 1] tètoia ÿste λf − T f = g. Apì thn Prìtash 6.4.13, èqoume f(s) = ∞∑ n=1 ⟨g, ψ_n⟩ λ − λ_n ψ_n(s) + h(s)

ìpou T h ≡ 0. ’Ara,

(T f)(s) = ∞∑ n=1 ⟨g, ψ_n⟩ λ − λ_n (T ψ_n)(s) = ∞∑ n=1 λ_n λ − λ_n ⟨g, ψ_n⟩ψ_n(s). GurÐzontac pÐsw sthn exÐswsh, paÐrnoume

λf(s) = (T f)(s) + g(s) = ∞∑ n=1 λ_n λ − λ_n ⟨g, ψ_n⟩ψ_n(s) + g(s), dhladă, f(s) = g(s) λ + ∞∑ n=1 λ_n λ(λ − λ_n) ⟨g, ψ_n⟩ψ_n(s). Gia na deÐxoume ìti h f eÐnai suneqăc, deÐqnoume ìti h seirĹ sto dexiì mèloc sugklÐnei apolÔtwc omoiìmorfa wc proc s (apì to Lămma 6.6.1 kĹje ψ_n eÐnai suneqăc, opìte h omoiìmorfh sÔgklish mĹc exasfalÐzei thn sunèqeia thc f): AfoÔ λ /∈ σ(T ), upĹrqei d > 0 tètoioc ÿste |λ − λ_n| ≥ d gia kĹje n ∈ N. ’Ara, ∞∑ n=1 |λ_n| |λ| |λ − λ_n| |⟨g, ψ_n⟩| · |ψ_n(s)| ≤ 1 |λ|d (_∞ ∑ n=1 |λ_nψ_n(s)|^2 )_{1/2} (_∞ ∑ n=1 |⟨g, ψ_n⟩|^2 )_{1/2}

≤ 1 |λ|d (∫_1 0 |K(s, t)|^2dt )1/2 (∫_1 0 |g(t)|^2dt )1/2

≤ 1 |λ|d ‖K‖_∞‖g‖_2 < +∞. □

Askăseic 1. Na lujoÔn oi exisÿseic (1) λf(s) − ∫_1 0 (s + t)f(t)dt = g(s)

(2) λf(s) − ∫_1 0 2e^{s+t}f(t)dt = g(s)

(3) λf(s) − ∫_π 0 {sin s cos t + cos s sin t}f(t)dt = g(s)

gia dosmènh g. Na gÐnei diereÔnhsh wc proc λ.

6.7 AnalloÐwtoi upìqwroi - to jeÿrhma tou Lomonosov

Orismìc ’Estw X qÿroc Banach pĹnw apì to C kai T ∈ B(X). ’Enac kleistìc upìqwroc M tou X lègetai analloÐwtoc upìqwroc tou T an T (M) ⊆ M.

Ja apodeÐxoume to jeÿrhma tou Lomonosov to opoÐo dÐnei mÐa megĹlh klĹsh telestÿn pou èqoun gnăsiouc analloÐwtouc upìqwrouc.

Jeÿrhma 6.7.1 (Lomonosov) ’Estw X apeirodiĹstatoc qÿroc Banach pĹnw apì to C kai T ∈ B(X) sumpagăc telestăc pou den eÐnai pollaplĹsio thc tautotikăc apeikìnishc. OrÐzoume A = {S ∈ B(X) : S ∘ T = T ∘ S}. Tìte, upĹrqei gnăsioc kleistìc upìqwroc M tou X pou eÐnai analloÐwtoc gia kĹje S ∈ A. Eidikìtera, T (M) ⊆ M.

Apìdeixh: MporoÔme na upojèsoume ìti ‖T ‖ = 1. PaÐrnoume x ∈ X me ‖T x‖ > 1. AfoÔ ‖T ‖ = 1, èqoume ‖x‖ > 1. Jètoume B = {y ∈ X : ‖y − x‖ ≤ 1}. Parathrăste ìti to A eÐnai upoĹlgebra tou B(X). Epomènwc, gia kĹje z ≠ 0 ston X, to sÔnolo M_z := {Sz : S ∈ A} eÐnai upìqwroc tou X. EpÐshc, an S_0z ∈ M_z blèpoume ìti S(S_0z) = (SS_0)(z) ∈ M_z gia kĹje S ∈ A, dhladă S(M_z) ⊆ M_z gia kĹje S ∈ A. ’Epetai ìti o M_z eÐnai kleistìc analloÐwtoc upìqwroc gia kĹje S ∈ A.

’Estw ìti den upĹrqei gnăsioc kleistìc analloÐwtoc upìqwroc M gia to A. Tìte, gia kĹje z ≠ 0 ston X prèpei na èqoume M_z = X (giatÐ z ∈ M_z afoÔ I ∈ A, Ĺra o M_z den mporeÐ na eÐnai tetrimmènoc). Eidikìtera, gia kĹje z ≠ 0 èqoume M_z ∩ D(x, 1) ≠ ∅, dhladă: gia kĹje z ≠ 0 upĹrqei S ∈ A me thn idiìthta (∗) ‖Sz − x‖ < 1. ParathroÔme ìti 0 /∈ T (B): prĹgmati, an ‖y − x‖ ≤ 1 tìte ‖T y − T x‖ ≤ ‖T ‖ · ‖y − x‖ ≤ 1, Ĺra ‖T x‖ ≤ ‖T x − T y‖ + ‖T y‖ ≤ 1 + ‖T y‖ =⇒ ‖T y‖ ≥ ‖T x‖ − 1. ’Epetai ìti gia kĹje z ∈ T (B) isqÔei ‖z‖ ≥ ‖T x‖ − 1 > 0 (kĹti pou den isqÔei an z = 0).

Apì thn (∗), gia kĹje y ∈ T (B) upĹrqoun S ∈ A kai perioqă V_y tou y tètoia ÿste ‖Sz − x‖ < 1 gia kĹje z ∈ V_y . ’Omwc o T eÐnai sumpagăc, Ĺra to T (B) eÐnai sumpagèc. ’Epetai ìti upĹrqei peperasmèno sÔnolo W ⊆ A tètoio ÿste: gia kĹje y ∈ T (B) upĹrqei S ∈ W me ‖Sy − x‖ < 1. AfoÔ T x ∈ T (B), upĹrqei S_1 ∈ W tètoioc ÿste ‖S_1T x − x‖ < 1. Tìte, T S_1T x ∈ T (B) Ĺra upĹrqei S_2 ∈ W tètoioc ÿste ‖S_2T S_1T x − x‖ < 1. KĹnontac epagwgă kai qrhsimopoiÿntac to gegonìc ìti kĹje S ∈ W antimetatÐjetai me ton T , gia kĹje n ∈ N brÐskoume S_1, . . . , S_n ∈ W me (∗∗) ‖(S_nS_{n−1} · · · S_1)T^nx − x‖ < 1. AfoÔ to W eÐnai peperasmèno sÔnolo, èqoume a := max{‖S‖ : S ∈ W } < +∞. Apì thn (∗∗) paÐrnoume ‖x‖ − 1 ≤ ‖(S_nS_{n−1} · · · S_1)T^nx‖ ≤ a^n‖T^nx‖ ≤ ‖(aT )^n‖ · ‖x‖. Epomènwc,

r(aT ) = lim_{n→∞} ‖(aT )^n‖^{1/n} ≥ lim_{n→∞}(1 − ‖x‖^{−1})^{1/n} = 1.

O aT eÐnai sumpagăc kai r(aT ) > 0, Ĺra o aT èqei mh mhdenikă idiotimă. Thn Ðdia idiìthta èqei loipìn kai o T . ’Estw λ ≠ 0 idiotimă tou T . O M = Ker(λI − T ) èqei peperasmènh diĹstash, Ĺra eÐnai gnăsioc kleistìc upìqwroc tou X. An y ∈ M kai S ∈ A, tìte o S antimetatÐjetai me ton λI − T , Ĺra (λI − T )(Sy) = S(λy − T y) = S(0) = 0, dhladă Sy ∈ M. ’Ara, o M eÐnai analloÐwtoc upìqwroc gia kĹje S ∈ A, to opoÐo eÐnai Ĺtopo (upojèsame ìti den upĹrqei tètoioc M kai apodeÐxame ìti upĹrqei!). □ Sunèpeia tou jewrămatoc tou Lomonosov eÐnai ìti kĹje sumpagăc telestăc èqei gnăsio analloÐwto upìqwro. Gia pollĹ qrìnia ătan anoiqtì to prìblhma tou analloÐwtou upìqwrou: DÐnetai qÿroc Banach X. EÐnai swstì ìti kĹje T ∈ B(X) èqei gnăsio analloÐwto upìqwro?

To prìblhma apantăjhke arnhtikĹ apì ton Enflo (1980). LÐgo argìtera, o Read (1985) èdwse Ĺlla antiparadeÐgmata sthn perÐptwsh X = ℓ_1. O ℓ_1 den eÐnai autopajăc kai eÐnai Ĺgnwsto wc tÿra an h apĹnthsh sto prìblhma tou analloÐwtou upìqwrou eÐnai katafatikă ă arnhtikă gia thn klĹsh twn autopajÿn qÿrwn. Eidikìtera, to prìblhma eÐnai anoiqtì (kai kentrikì) gia thn klĹsh twn qÿrwn Hilbert.

Sunarthsiakă AnĹlush - 25/5/2001

1. (a) DeÐxte ìti o C[0, 1]^∗ den eÐnai diaqwrÐsimoc.

(b) ’Estw X autopajăc qÿroc Banach kai Y upìqwroc tou X^∗ me thn idiìthta: gia kĹje x ≠ 0 ston X upĹrqei f ∈ Y tètoio ÿste f(x) ≠ 0. DeÐxte ìti Y = X^∗.

2. ’Estw X, Y, Z qÿroi Banach kai T : X × Y → Z apeikìnish me tic akìloujec idiìthtec:

(i) Gia kĹje x ∈ X, h apeikìnish T_x : Y → Z me T_x(y) = T (x, y) eÐnai fragmènoc grammikìc telestăc.

(ii) Gia kĹje y ∈ Y , h apeikìnish T_y : X → Z me T_y(x) = T (x, y) eÐnai fragmènoc grammikìc telestăc. DeÐxte ìti upĹrqei M > 0 tètoioc ÿste ‖T (x, y)‖ ≤ M‖x‖ · ‖y‖ gia kĹje (x, y) ∈ X × Y .

3. ’Estw H qÿroc Hilbert kai T : H → H grammikìc telestăc me thn idiìthta: gia kĹje x, y ∈ H, ⟨T x, y⟩ = ⟨x, T y⟩. DeÐxte ìti o T eÐnai fragmènoc.

4. ’Estw X qÿroc Banach kai Y, Z kleistoÐ upìqwroi tou X me Y ∩ Z = {0}. H {gwnÐa} γ(Y, Z) twn Y kai Z orÐzetai apì thn γ(Y, Z) = inf{‖y − z‖ : y ∈ S_Y , z ∈ S_Z }. DeÐxte ìti ta exăc eÐnai isodÔnama:

(a) o Y + Z eÐnai kleistìc upìqwroc tou X.

(b) h P : Y + Z → Y me P (y + z) = y eÐnai fragmènoc grammikìc telestăc. (g) γ(Y, Z) > 0.

5. (a) ’Estw X qÿroc Banach kai (x_i)^∞_{i=1} akoloujÐa ston X. DeÐxte ìti ta akìlouja eÐnai isodÔnama:

(i) Gia kĹje akoloujÐa prosămwn (ε_i)^∞_{i=1}, h seirĹ ∑_∞ i=1 ε_ix_i sugklÐnei.

(ii) Gia kĹje δ > 0 upĹrqei i_0 ∈ N ÿste ‖ ‖∑^∞_{i=i0} ε_ix_i ‖ ‖ < δ gia kĹje epilogă prosămwn (ε_i)^∞_{i=i0} .

(b) ’Estw H qÿroc Hilbert kai (x_i)^∞_{i=1} akoloujÐa ston H. An, gia kĹje epilogă prosămwn (ε_i)^∞_{i=1} h ∑_∞ i=1 ε_ix_i sugklÐnei, deÐxte ìti ∑_∞ i=1 ‖x_i‖^2 < +∞.

(Upìdeixh: Genikeumènoc kanìnac tou parallhlogrĹmmou: Gia kĹje n, 1 2^n ∑ (ε_i)^n_{i=1} ∈{−1,1}^n ‖ ‖^n ∑ i=1 ε_ix_i ‖ ‖^2 =^n ∑ i=1 ‖x_i‖^2.)

6. ’Estw X qÿroc Banach pĹnw apì to C kai T : X → X fragmènoc grammikìc telestăc. An λ ∈ ∂(σ(T )), tìte o λ eÐnai katĹ prosèggish idiotimă tou T : dhladă, upĹrqoun x_n ∈ S_X tètoia ÿste ‖λx_n − T x_n‖ → 0.

[Upìdeixh: Jewrăste λ_n /∈ σ(T ) me λ_n → λ kai deÐxte ìti ‖(λ_nI − T )^{−1}‖ → ∞.]

7. ’Estw X qÿroc Banach kai T ∈ K(X). Jètoume S = I − T kai orÐzoume

N_k = Ker(S^k) , M_k = Im(S^k)

gia kĹje k = 0, 1, 2, . . .. DeÐxte ìti:

(a) N_k ⊆ N_{k+1} kai M_k ⊇ M_{k+1} gia kĹje k ≥ 0.

(b) Oi akoloujÐec upoqÿrwn {N_k} kai {M_k} eÐnai telikĹ stajerèc.