Shmeiÿseic

Pragmatikăc AnĹlushc

Panepisthmio Krhthc Tmhma Majhmatikwn Anoixh 2002

.

Perieqìmena

1 Oloklărwma Riemann-Stieltjes 5 1.1 Oloklărwma Riemann . . . . . . . . . . . . . . . . . . . . . . . . . . 5 1.1.1 Orismìc . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5 1.1.2 To kritărio oloklhrwsimìthtac tou Riemann . . . . . . . . . 8 1.1.3 DÔo klĹseic Riemann oloklhrÿsimwn sunartăsewn . . . . . 11 1.1.4 Askăseic . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13 1.2 Oloklărwma Riemann-Stieltjes wc proc aÔxousa sunĹrthsh . . . . . 15 1.2.1 Eisagwgă . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15 1.2.2 Orismìc tou oloklhrÿmatoc . . . . . . . . . . . . . . . . . . 17 1.2.3 Ta basikĹ jewrămata gia thn Ôparxh tou oloklhrÿmatoc . . 20 1.2.4 Idiìthtec tou oloklhrÿmatoc . . . . . . . . . . . . . . . . . . 25 1.2.5 Oloklărwsh wc proc aÔxousec sunartăseic eidikăc morfăc . 27 1.2.6 Askăseic . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30 1.3 Sunartăseic fragmènhc kÔmanshc . . . . . . . . . . . . . . . . . . . . 33 1.3.1 Orismìc kai paradeÐgmata . . . . . . . . . . . . . . . . . . . . 33 1.3.2 O qÿroc twn sunartăsewn fragmènhc kÔmanshc . . . . . . . 37 1.3.3 Qarakthrismìc twn sunartăsewn fragmènhc kÔmanshc . . . . 39 1.3.4 Jetikă kai arnhtikă kÔmansh - AnĹlush Jordan . . . . . . . . 41 1.3.5 Askăseic . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45 1.4 Oloklărwma Riemann-Stieltjes wc proc sunĹrthsh me fragmènh kÔmansh . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47 1.4.1 Orismìc tou oloklhrÿmatoc . . . . . . . . . . . . . . . . . . 47 1.4.2 Idiìthtec tou oloklhrÿmatoc . . . . . . . . . . . . . . . . . . 50 1.4.3 Upologismìc tou oloklhrÿmatoc se eidikèc periptÿseic . . . 54 1.4.4 Oloklărwsh katĹ mèrh . . . . . . . . . . . . . . . . . . . . . 59 1.4.5 Askăseic . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60

2 Mètro kai oloklărwma Lebesgue 63 2.1 Eisagwgă . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63 2.2 Mètro Lebesgue . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65 2.2.1 Exwterikì mètro Lebesgue . . . . . . . . . . . . . . . . . . . . 65 2.2.2 Metrăsima sÔnola . . . . . . . . . . . . . . . . . . . . . . . . 69 2.2.3 To sÔnolo tou Cantor . . . . . . . . . . . . . . . . . . . . . . 76

2.2.4 ParĹdeigma mh metrăsimou sunìlou . . . . . . . . . . . . . . 80 2.2.5 Askăseic . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81 2.3 Metrăsimec sunartăseic . . . . . . . . . . . . . . . . . . . . . . . . . 84 2.3.1 Orismìc kai basikèc idiìthtec . . . . . . . . . . . . . . . . . . 84 2.3.2 Askăseic . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89 2.4 Oloklărwma Lebesgue . . . . . . . . . . . . . . . . . . . . . . . . . . 90 2.4.1 Aplèc sunartăseic . . . . . . . . . . . . . . . . . . . . . . . . 91 2.4.2 Prosèggish metrăsimwn sunartăsewn apì aplèc sunartăseic 95 2.4.3 Oloklărwma Lebesgue gia mh arnhtikèc sunartăseic . . . . . 96 2.4.4 H genikă perÐptwsh . . . . . . . . . . . . . . . . . . . . . . . . 103 2.4.5 SÔgkrish me to oloklărwma Riemann . . . . . . . . . . . . . 108 2.4.6 Askăseic . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113

KefĹlaio 1

Oloklărwma Riemann-Stieltjes

1.1 Oloklărwma Riemann

Se autăn thn parĹgrafo upenjumÐzoume ton orismì tou Darboux gia to oloklărwma Riemann, apodeiknÔoume to kritărio tou Riemann kai dÐnoume paradeÐgmata efarmogăc tou. Tèloc, apodeiknÔoume ìti oi monìtonec kai oi suneqeÐc sunartăseic f : [a, b] → R eÐnai Riemann oloklhrÿsimec.

1.1.1 Orismìc

’Estw [a, b] èna kleistì diĹsthma. Diamèrish tou [a, b] ja lème kĹje peperasmèno uposÔnolo P = {x_0, x_1, . . . , x_n} tou [a, b] me

x_0 = a < x_1 < . . . < x_n = b.

Ja grĹfoume P = {a = x_0 < x_1 < . . . < x_n = b} gia na tonÐsoume autăn akribÿc th diĹtaxh. Ex orismoÔ, kĹje diamèrish P tou [a, b] perièqei toulĹqiston dÔo shmeÐa: to a kai to b (ta Ĺkra tou [a, b]).

KĹje diamèrish P = {a = x_0 < x_1 < . . . < x_n = b} qwrÐzei to [a, b] se n upodiastămata [x_k , x_{k+1}], k = 0, 1, . . . , n − 1. OnomĹzoume plĹtoc thc diamèrishc P ton arijmì ‖P ‖ = max{x_1 − x_0, x_2 − x_1, . . . , x_n − x_{n−1}}. Parathrăste ìti den apaitoÔme apì ta [x_k, x_{k+1}] na èqoun to Ðdio măkoc.

H diamèrish P_1 lègetai eklèptunsh thc P an P ⊆ P_1, dhladă an h P_1 prokÔptei apì thn P me thn prosjăkh peperasmènwn to plăjoc shmeÐwn. An P_1, P_2 eÐnai dÔo diamerÐseic tou [a, b], h koină eklèptunsh twn P_1, P_2 eÐnai h diamèrish P = P_1 ∪P_2.

JewroÔme tÿra mia fragmènh sunĹrthsh f : [a, b] → R kai mia diamèrish P = {a = x_0 < x_1 < . . . < x_n = b} tou [a, b]. H P diamerÐzei to [a, b] sta upodiastămata [x_0, x_1], [x_1, x_2], . . . , [x_k, x_{k+1}], . . . , [x_{n−1}, x_n]. Gia kĹje k = 0, 1, . . . , n − 1 orÐzoume touc pragmatikoÔc arijmoÔc m_k(f, P ) = m_k = inf{f(x) : x_k ≤ x ≤ x_{k+1}} kai M_k(f, P ) = M_k = sup{f(x) : x_k ≤ x ≤ x_{k+1}}.

’Oloi autoÐ oi arijmoÐ orÐzontai kalĹ: h f eÐnai fragmènh sto [a, b], epomènwc kai se kĹje upodiĹsthma [x_k, x_{k+1}]. Gia kĹje k, to sÔnolo {f(x) : x_k ≤ x ≤ x_{k+1}} eÐnai mh kenì kai fragmèno uposÔnolo tou R, Ĺra èqei supremum kai infimum.

To Ĺnw kai to kĹtw Ĺjroisma thc f wc proc thn P eÐnai oi arijmoÐ U(f, P ) = n−1∑ k=0 M_k(x_{k+1} − x_k) kai L(f, P ) = n−1∑ k=0 m_k(x_{k+1} − x_k )

antÐstoiqa.

Paratărhsh: EÐnai fanerì ìti gia kĹje diamèrish P isqÔei (1.1) L(f, P ) ≤ U(f, P ) afoÔ m_k ≤ M_k kai x_{k+1} − x_k > 0, k = 0, 1, . . . , n − 1. IsqÔei ìmwc mia polÔ pio isqură anisìthta apì thn (1.1):

Lămma 1.1.1 ’Estw f : [a, b] → R fragmènh sunĹrthsh kai P_1, P_2 dÔo diamerÐseic tou [a, b]. Tìte, (1.2) L(f, P_1) ≤ U(f, P_2).

Apìdeixh: H apìdeixh thc (1.2) ja basisteÐ ston akìloujo isqurismì:

’Estw P = {a = x_0 < x_1 < . . . < x_k < x_{k+1} < . . . < x_n = b} kai x_k < y < x_{k+1} gia kĹpoio k = 0, 1, . . . , n − 1. An P_1 = P ∪ {y}, tìte L(f, P ) ≤ L(f, P_1) ≤ U(f, P_1) ≤ U(f, P ). Apìdeixh tou isqurismoÔ: Jètoume m^{(1)}_k = inf{f(x) : x_k ≤ x ≤ y} kai m^{(2)}_k = inf{f(x) : y ≤ x ≤ x_{k+1}}. Tìte, m_k ≤ m^{(1)}_k kai m_k ≤ m^{(2)}_k (diìti A ⊆ B =⇒ inf B ≤ inf A). Epomènwc,

L(f, P_1) − L(f, P ) = m^{(1)}_k (y − x_k ) + m^{(2)}_k (x_{k+1} − y) − m_k(x_{k+1} − x_k) ≥ 0.

Entelÿc anĹloga deÐqnoume ìti U(f, P_1) ≤ U(f, P ). □ Gia thn apìdeixh tou Lămmatoc jewroÔme thn koină eklèptunsh P = P_1 ∪ P_2 twn P_1 kai P_2. H P prokÔptei apì thn P_1 me prosjăkh peperasmènwn to plăjoc shmeÐwn. An efarmìsoume ton isqurismì peperasmènec to plăjoc forèc, paÐrnoume L(f, P_1) ≤ L(f, P ). AfoÔ h P prokÔptei apì thn P_2 me thn prosjăkh peperasmènwn to plăjoc shmeÐwn, ìmoia blèpoume ìti U(f, P ) ≤ U(f, P_2). Apì thn Ĺllh pleurĹ, L(f, P ) ≤ U(f, P ). SunduĹzontac ta parapĹnw, èqoume L(f, P_1) ≤ L(f, P ) ≤ U(f, P ) ≤ U(f, P_2). □ JewroÔme tÿra ta uposÔnola tou R A = { L(f, P ) : P diamèrish tou [a, b] }

kai B = { U(f, P ) : P diamèrish tou [a, b] } . Apì to Lămma 1.1.1 èqoume: gia kĹje a ∈ A kai kĹje b ∈ B isqÔei a ≤ b. ’Ara, sup A ≤ inf B (Ĺskhsh). An loipìn orÐsoume san kĹtw oloklărwma thc f sto [a, b] to ∫_b a f(x)dx = sup { L(f, P ) : P diamèrish tou [a, b] }

kai san Ĺnw oloklărwma thc f sto [a, b] to ∫_b a f(x)dx = inf { U(f, P ) : P diamèrish tou [a, b] }

èqoume ∫_b a f(x)dx ≤ ∫_b a f(x)dx. Orismìc. Mia fragmènh sunĹrthsh f : [a, b] → R lègetai Riemann oloklhrÿsimh an ∫_b a f(x)dx = ∫_b a f(x)dx. H koină aută timă lègetai oloklărwma Riemann thc f sto [a, b] kai sumbolÐzetai me ∫_b a f(x)dx ă ∫_b a f.

1.1.2 To kritărio oloklhrwsimìthtac tou Riemann

O orismìc tou oloklhrÿmatoc pou dÿsame sthn prohgoÔmenh parĹgrafo eÐnai polÔplokoc: den eÐnai eÔkolo na ton qrhsimopoiăsei kaneÐc gia na apofasÐsei an mia fragmènh sunĹrthsh eÐnai oloklhrÿsimh ă ìqi. To kritărio oloklhrwsimìthtac pou akoloujeÐ eÐnai polÔ piì eÔqrhsto:

Jeÿrhma 1.1.1 ’Estw f : [a, b] → R fragmènh sunĹrthsh. H f eÐnai Riemann oloklhrÿsimh an kai mìno an gia kĹje ε > 0 mporoÔme na broÔme diamèrish P tou [a, b] tètoia ÿste U(f, P ) − L(f, P ) < ε. Apìdeixh: Upojètoume prÿta ìti h f eÐnai Riemann oloklhrÿsimh. Dhladă, ∫_b a f(x)dx = ∫_b a f(x)dx = ∫_b a f(x)dx. ’Estw ε > 0. Apì ton orismì tou kĹtw oloklhrÿmatoc, upĹrqei diamèrish P_1 tou [a, b] tètoia ÿste ∫_b a f(x)dx < L(f, P_1) + ε 2 . Apì ton orismì tou Ĺnw oloklhrÿmatoc, upĹrqei diamèrish P_2 tou [a, b] tètoia ÿste ∫_b a f(x)dx > U(f, P_2) − ε 2 . JewroÔme thn koină eklèptunsh P = P_1 ∪ P_2. Tìte, U(f, P ) − ε 2 ≤ U(f, P_2) − ε 2 < ∫_b a f(x)dx = ∫_b a f(x)dx < L(f, P_1) + ε 2 ≤ L(f, P ) + ε 2 , apfl ìpou èpetai ìti 0 ≤ U(f, P ) − L(f, P ) < ε. AntÐstrofa: upojètoume ìti gia kĹje ε > 0 upĹrqei diamèrish P_ε tou [a, b] tètoia ÿste U(f, P_ε) < L(f, P_ε) + ε. Tìte, ∫_b a f(x)dx ≤ U(f, P_ε) < L(f, P_ε) + ε ≤ ∫_b a f(x)dx + ε, dhladă ∫_b a f(x)dx ≤ ∫_b a f(x)dx ≤ ∫_b a f(x)dx + ε gia kĹje ε > 0. ’Epetai ìti ∫_b a f(x)dx = ∫_b a f(x)dx, dhladă h f eÐnai Riemann oloklhrÿsimh. □ ParadeÐgmata: Ja qrhsimopoiăsoume to kritărio tou Riemann gia na exetĹsoume an oi parakĹtw sunartăseic eÐnai Riemann oloklhrÿsimec: (a) H sunĹrthsh f : [0, 1] → R me f(x) = √ x. Gia kĹje n ∈ N jewroÔme th diamèrish P_n = { 0 < 1 n^2 < 2^2 n^2 < . . . < (n − 1)^2 n^2 < n^2 n^2 = 1 } . H f eÐnai aÔxousa sto [0, 1], epomènwc L(f, P_n) = n−1∑ k=0 k n ( (k + 1)^2 n^2 − k^2 n^2 )

kai U(f, P_n) = n−1∑ k=0 k + 1 n ( (k + 1)^2 n^2 − k^2 n^2 ) . ’Epetai ìti U(f, P_n) − L(f, P_n) = n−1∑ k=0 ( k + 1 n − k n ) ( (k + 1)^2 n^2 − k^2 n^2 )

= 1 n n−1∑ k=0 ( (k + 1)^2 n^2 − k^2 n^2 )

= 1 n . ’Ara, gia kĹje ε > 0 mporoÔme na broÔme diamèrish P tou [a, b] tètoia ÿste U(f, P ) − L(f, P ) < ε. ArkeÐ na pĹroume n ∈ N me 1/n < ε kai P = P_n.

Apì to Jeÿrhma 1.1.1 sumperaÐnoume ìti h f eÐnai Riemann oloklhrÿsimh. Afănoume san Ĺskhsh na deÐxete ìti

lim_{n→∞} L(f, P_n) = lim_{n→∞} U(f, P_n) = 2 3 kai na sumperĹnete ìti ∫_1 0 √ x dx = 2 3 . (b) H sunĹrthsh tou Dirichlet g : [0, 1] → R me g(x) = { 1 , x ∈ Q 0 , x /∈ Q den eÐnai Riemann oloklhrÿsimh. ’Estw P = {0 = x_0 < x_1 < . . . < x_k < x_{k+1} < . . . < x_n = 1} tuqoÔsa diamèrish tou [0, 1]. UpologÐzoume to kĹtw kai to Ĺnw Ĺjroisma thc g wc proc thn P . Gia kĹje k = 0, 1, . . . , n − 1 upĹrqoun rhtìc q_k kai Ĺrrhtoc α_k sto (x_k , x_{k+1}). AfoÔ g(q_k) = 1, g(α_k) = 0 kai 0 ≤ g(x) ≤ 1 sto [x_k , x_{k+1}], sumperaÐnoume ìti m_k = 0 kai M_k = 1. Sunepÿc, L(g, P ) = n−1∑ k=0 m_k(x_{k+1} − x_k) = n−1∑ k=0 0 · (x_{k+1} − x_k ) = 0 kai U(g, P ) = n−1∑ k=0 M_k(x_{k+1} − x_k) = n−1∑ k=0 1 · (x_{k+1} − x_k ) = 1.

AfoÔ h P ătan tuqoÔsa diamèrish tou [0, 1], paÐrnoume ∫_1 0 g(x)dx = 0 kai

∫_1 0 g(x)dx = 1. ’Ara, h g den eÐnai Riemann oloklhrÿsimh. (g) H sunĹrthsh h : [0, 1] → R me h(x) = { x , x ∈ Q 0 , x /∈ Q. den eÐnai Riemann oloklhrÿsimh. ’Estw P = {0 = x_0 < x_1 < . . . < x_k < x_{k+1} < . . . < x_n = 1} tuqoÔsa diamèrish tou [0, 1]. Gia kĹje k = 0, 1, . . . , n − 1 upĹrqei Ĺrrhtoc α_k sto (x_k, x_{k+1}). AfoÔ h(α_k) = 0 kai 0 ≤ h(x) ≤ 1 sto [x_k , x_{k+1}], sumperaÐnoume ìti m_k = 0. Sunepÿc, L(h, P ) = 0. EpÐshc, upĹrqei rhtìc q_k > (x_k + x_{k+1})/2 sto (x_k, x_{k+1}), Ĺra M_k ≥ h(q_k) > (x_k + x_{k+1})/2. ’Epetai ìti U(h, P ) > n−1∑ k=0 x_k + x_{k+1} 2 (x_{k+1} − x_k) = 1 2 n−1∑ k=0 (x^2_{k+1} − x^2_k) = x^2_n − x^2_0 2 = 1 2 .

AfoÔ U(h, P )−L(h, P ) >^1_2 gia kĹje diamèrish P tou [0, 1], to kritărio tou Riemann den ikanopoieÐtai (pĹrte ε = 1/3). ’Ara, h h den eÐnai Riemann oloklhrÿsimh. (d) H sunĹrthsh w : [0, 1] → R me

w(x) = 0 , x /∈ Q ă x = 0 1 q , x =^p_q , p, q ∈ N, MKD(p, q) = 1

eÐnai Riemann oloklhrÿsimh. EÔkola elègqoume ìti L(w, P ) = 0 gia kĹje diamèrish P tou [0, 1].

’Estw ε > 0. ParathroÔme ìti to sÔnolo A = {x ∈ [0, 1] : w(x) ≥ ε} eÐnai peperasmèno. [PrĹgmati, an w(x) ≥ ε tìte x = p/q kai w(x) = 1/q ≥ ε dhladă q ≤ 1/ε. Oi rhtoÐ tou [0, 1] pou grĹfontai san anĹgwga klĹsmata me paronomastă to polÔ Ðso me [1/ε] eÐnai peperasmènoi to plăjoc (èna Ĺnw frĹgma gia to plăjoc touc eÐnai o arijmìc 1 + 2 + · · · + [1/ε] - giatÐ?)].

’Estw z_1 < z_2 · · · < z_N mÐa arÐjmhsh twn stoiqeÐwn tou A. MporoÔme na broÔme xèna diastămata [a_i, b_i] me măkoc b_i − a_i < ε/N kai a_i ≤ z_i ≤ b_i (parathrăste ìti an ε ≤ 1 tìte z_N = 1 opìte b_N = 1). An jewrăsoume th diamèrish

P_ε = {0 < a_1 < b_1 < a_2 < b_2 < · · · < a_N < b_N ≤ 1},

èqoume

U(w, P_ε) ≤ ε · (a_1 − 0) + 1 · (b_1 − a_1) + ε · (a_2 − b_1) + · · · + 1 · (b_N − a_N ) +ε · (1 − b_N ) ≤ ε · ( a_1 + (a_2 − b_1) + · · · + (a_N − b_{N−1}) + (1 − b_N ) )

+N N∑ i=1 (b_i − a_i) < 2ε. Gia to tuqìn ε > 0 brăkame diamèrish P_ε tou [0, 1] me thn idiìthta U(w, P_ε) − L(w, P_ε) < 2ε. Apì to kritărio tou Riemann h w eÐnai Riemann oloklhrÿsimh.

1.1.3 DÔo klĹseic Riemann oloklhrÿsimwn sunartăsewn

’Estw [a, b] èna kleistì diĹsthma. Ja deÐxoume ìti ìlec oi monìtonec kai ìlec oi suneqeÐc sunartăseic f : [a, b] → R eÐnai Riemann oloklhrÿsimec.

Jeÿrhma 1.1.2 KĹje monìtonh sunĹrthsh f : [a, b] → R eÐnai Riemann oloklhrÿsimh.

Apìdeixh: QwrÐc periorismì thc genikìthtac upojètoume ìti h f eÐnai aÔxousa. H f eÐnai profanÿc fragmènh: gia kĹje x ∈ [a, b] èqoume f(a) ≤ f(x) ≤ f(b). ’Ara, èqei nìhma na exetĹsoume thn Ôparxh oloklhrÿmatoc gia thn f.

’Estw ε > 0. Ja broÔme n ∈ N arketĹ megĹlo ÿste an

P_n = { a, a + b − a n , a + 2(b − a) n , . . . , a + n(b − a) n = b }

eÐnai h diamèrish tou [a, b] se n Ðsa upodiastămata, na isqÔei U(f, P_n) − L(f, P_n) < ε. Jètoume x_k = a + k(b − a) n , k = 0, 1, . . . , n. Tìte, afoÔ h f eÐnai aÔxousa èqoume U(f, P_n) = n−1∑ k=0 M_k(x_{k+1} − x_k) = n−1∑ k=0 f(x_{k+1}) b − a n = b − a n · (f(x_1) + · · · + f(x_n)) , enÿ L(f, P_n) = n−1∑ k=0 m_k(x_{k+1} − x_k ) = n−1∑ k=0 f(x_k ) b − a n = b − a n · (f(x_0) + · · · + f(x_{n−1})) .

’Ara, U(f, P_n) − L(f, P_n) = [f(x_n) − f(x_0)](b − a) n = [f(b) − f(a)](b − a) n , to opoÐo gÐnetai mikrìtero apì to ε > 0 pou mac dìjhke, arkeÐ to n na eÐnai arketĹ megĹlo. Apì to Jeÿrhma 1.1.1, h f eÐnai Riemann oloklhrÿsimh. □ Jeÿrhma 1.1.3 KĹje suneqăc sunĹrthsh f : [a, b] → R eÐnai Riemann oloklhrÿsimh.

Apìdeixh: ’Estw ε > 0. H f eÐnai suneqăc sto kleistì diĹsthma [a, b], Ĺra omoiìmorfa suneqăc. MporoÔme loipìn na broÔme δ > 0 me thn exăc idiìthta: An x, y ∈ [a, b] kai |x − y| < δ, tìte |f(x) − f(y)| <^ε_{b−a} .

MporoÔme epÐshc na broÔme n ∈ N tètoio ÿste b − a n < δ. QwrÐzoume to [a, b] se n upodiastămata tou idÐou măkouc^{b−a}_n . JewroÔme dhladă th diamèrish P_n pou apoteleÐtai apì ta shmeÐa

x_k = a + k(b − a) n , k = 0, 1, . . . , n. ’Estw k = 0, 1, . . . , n − 1. H f eÐnai suneqăc sto kleistì diĹsthma [x_k , x_{k+1}], Ĺra paÐrnei mègisth kai elĹqisth timă se autì. UpĹrqoun dhladă y^′_k, y^{′′}_k ∈ [x_k, x_{k+1}] t.w.

M_k = f(y^′_k) kai m_k = f(y^{′′}_k ).

Epiplèon, to măkoc tou [x_k , x_{k+1}] eÐnai Ðso me^{b−a}_n < δ, Ĺra |y^′_k − y^{′′}_k | < δ. Apì thn epilogă tou δ paÐrnoume M_k − m_k = f(y^′_k) − f(y^{′′}_k ) = |f(y^′_k) − f(y^{′′}_k )| < ε b − a . ’Epetai ìti U(f, P_n) − L(f, P_n) = n−1∑ k=0 (M_k − m_k)(x_{k+1} − x_k)

< n−1∑ k=0 ε b − a (x_{k+1} − x_k) = ε b − a (b − a) = ε. Apì to Jeÿrhma 1.1.1, h f eÐnai Riemann oloklhrÿsimh. □

1.1.4 Askăseic

Stic Askăseic autăc thc paragrĹfou mporeÐte (kai prèpei) na upojèsete gnwstèc ìlec tic idiìthtec tou oloklhrÿmatoc Riemann pou apodeiknÔontai sto mĹjhma {Eisagwgă sthn AnĹlush I}.

1. Dÿste parĹdeigma sunĹrthshc f : [a, b] → R me thn idiìthta h |f| na eÐnai Riemann oloklhrÿsimh allĹ h f ìqi.

2. JewroÔme dÔo sunartăseic f, g : [a, b] → R pou diafèroun mìno se èna shmeÐo γ ∈ [a, b] (dhladă, f(x) = g(x) gia kĹje x ≠ γ kai f(γ) ≠ g(γ)). Upojètoume ìti h f eÐnai Riemann oloklhrÿsimh. DeÐxte ìti h g eÐnai Riemann oloklhrÿsimh kai ∫_b a f(x) dx = ∫_b a g(x) dx.

3. ’Estw f : [0, 1] → R. Upojètoume ìti gia kĹje ε > 0 upĹrqei g_ε : [0, 1] → R oloklhrÿsimh, tètoia ÿste |f(x) − g_ε(x)| < ε gia kĹje x ∈ [0, 1]. DeÐxte ìti h f eÐnai oloklhrÿsimh sto [0, 1].

4. (a) ’Estw f : [0, 1] → R fragmènh sunĹrthsh me thn idiìthta: gia kĹje 0 < b ≤ 1 h f eÐnai oloklhrÿsimh sto diĹsthma [b, 1]. DeÐxte ìti h f eÐnai oloklhrÿsimh sto [0, 1].

(b) ApodeÐxte ìti h sunĹrthsh f : [−1, 1] → R me f(x) = sin^1_x an x ≠ 0 kai f(0) = 2 eÐnai oloklhrÿsimh.

5. ’Estw f : [a, b] → R oloklhrÿsimh sunĹrthsh. Skopìc autăc thc Ĺskhshc eÐnai na deÐxoume ìti h f èqei pollĹ shmeÐa sunèqeiac.

(a) UpĹrqei diamèrish P tou [a, b] tètoia ÿste U(f, P ) − L(f, P ) < b − a (giatÐ?). DeÐxte ìti upĹrqoun a_1 < b_1 sto [a, b] tètoia ÿste b_1 − a_1 < 1 kai

sup{f(x) : a_1 ≤ x ≤ b_1} − inf{f(x) : a_1 ≤ x ≤ b_1} < 1.

(b) H f eÐnai oloklhrÿsimh sto [a_1, b_1]. DeÐxte ìti upĹrqoun a_2 < b_2 sto (a_1, b_1) tètoia ÿste b_2 − a_2 < 1/2 kai

sup{f(x) : a_2 ≤ x ≤ b_2} − inf{f(x) : a_2 ≤ x ≤ b_2} < 1 2 . (g) EpagwgikĹ orÐste kibwtismèna diastămata [a_n, b_n] ⊆ (a_{n−1}, b_{n−1}) me măkoc mikrìtero apì 1/n tètoia ÿste sup{f(x) : a_n ≤ x ≤ b_n} − inf{f(x) : a_n ≤ x ≤ b_n} < 1 n . (d) H tomă autÿn twn kibwtismènwn diasthmĹtwn perièqei akribÿc èna shmeÐo. DeÐxte ìti h f eÐnai suneqăc se autì.

(e) Tÿra deÐxte ìti h f èqei Ĺpeira shmeÐa sunèqeiac sto [a, b] (den qreiĹzetai perissìterh douleiĹ!).

6. ’Estw f : [a, b] → R oloklhrÿsimh (ìqi anagkastikĹ suneqăc) sunĹrthsh me f(x) > 0 gia kĹje x ∈ [a, b]. DeÐxte ìti ∫_b a f(x)dx > 0. [Upìdeixh: Apì thn prohgoÔmenh Ĺskhsh upĹrqoun shmeÐa sta opoÐa h f eÐnai suneqăc.]

7. ’Estw f : [0, 1] → R suneqăc sunĹrthsh. OrÐzoume mia akoloujÐa (a_n) jètontac

a_n =

∫_1 0 f(x^n)dx. DeÐxte ìti a_n → f(0).

8. DeÐxte ìti h sunĹrthsh w : [0, 1] → R me

w(x) = 0 , x /∈ Q ă x = 0 1 q , x =^p_q , p, q ∈ N, MKD(p, q) = 1

eÐnai suneqăc se kĹje Ĺrrhto kai asuneqăc se kĹje rhtì tou (0, 1].

1.2 Oloklărwma Riemann-Stieltjes wc proc aÔxousa sunĹrthsh

1.2.1 Eisagwgă

JewroÔme mia fragmènh sunĹrthsh f : [a, b] → R kai mia sunĹrthsh ϕ : [a, b] → R. Ja orÐsoume mia ènnoia oloklhrÿmatoc thc f wc proc th ϕ pou apoteleÐ genÐkeush tou oloklhrÿmatoc Riemann. To oloklărwma autì ja sumbolÐzetai me ∫_b a f(x)dϕ(x) ă ∫_b a fdϕ kai ja onomĹzetai oloklărwma Riemann-Stieltjes thc f wc proc th ϕ. Sthn perÐptwsh pou ϕ(x) = x, to oloklărwma ∫_b a fdϕ sumpÐptei me to oloklărwma Riemann thc f.

Gia na gÐnei katanohtă h anĹgkh miac tètoiac genÐkeushc, xekinĹme me kĹpoia paradeÐgmata.

(a) To prÿto parĹdeigma proèrqetai apì th Mhqanikă. EÐnai autì pou qrhsimopoÐhse o Ðdioc o Stieltjes gia na exhgăsei th shmasÐa tou oloklhrÿmatoc pou eisăgage. JewroÔme to eujÔgrammo tmăma [0, 1] san mia rĹbdo kai jèloume na upologÐsoume th ropă thc rĹbdou wc proc to shmeÐo 0.

Ac upojèsoume prÿta ìti h mĹza thc Ðdiac thc rĹbdou eÐnai amelhtèa kai ìti sta shmeÐa x_1, x_2, . . . , x_k ∈ (0, 1] eÐnai topojethmènec mĹzec m_1, m_2, . . . , m_k antÐstoiqa. Tìte, h ropă dÐnetai apì ton tÔpo

M = x_1m_1 + x_2m_2 + · · · + x_k m_k.

Sthn perÐptwsh pou h rĹbdoc eÐnai omogenăc me puknìthta ρ skeftìmaste wc exăc: QwrÐzoume to diĹsthma [0, 1] se mikrĹ tmămata qrhsimopoiÿntac mÐa diamèrish P = {0 = x_0 < x_1 < . . . < x_n = 1} tou [0, 1]. H mĹza kĹje tmămatoc (x_k , x_{k+1}] eÐnai Ðsh me ρ(x_{k+1} − x_k). An h diamèrisă mac eÐnai arketĹ leptă, mporoÔme na jewrăsoume to tmăma (x_k , x_{k+1}] san èna ulikì shmeÐo me mĹza ρ(x_{k+1} − x_k) topojethmènh sth jèsh x_k. Autì shmaÐnei ìti h ropă thc rĹbdou proseggÐzetai apì to Ĺjroisma n−1∑ k=0 ρx_k(x_{k+1} − x_k).

To ìrio (me katĹllhlh ènnoia) tètoiwn ajroismĹtwn kajÿc oi diamerÐseic leptaÐnoun kai to plĹtoc touc teÐnei sto 0 prèpei na mac dÐnei th ropă thc rĹbdou. ’Omwc, autì to ìrio eÐnai to

∫_1 0 ρx dx. ’Ara, M = ∫_1 0 ρx dx. Sth genikă perÐptwsh h mĹza thc rĹbdou den eÐnai katanemhmènh oÔte me ton èna oÔte me ton Ĺllo trìpo. An m(x) eÐnai h mĹza tou tmămatoc [0, x] kai an jewrăsoume mÐa diamèrish P = {0 = x_0 < x_1 < . . . < x_n = 1} tou [0, 1], tìte h mĹza kĹje tmămatoc (x_k , x_{k+1}] ja eÐnai Ðsh me m(x_{k+1}) − m(x_k ). Skeptìmenoi ìpwc prin katalăgoume sto sumpèrasma ìti h ropă thc rĹbdou proseggÐzetai apì ajroÐsmata thc morfăc n−1∑ k=0 x_k ( m(x_{k+1}) − m(x_k) ) . Dhladă perimènoume ìti, kajÿc oi diamerÐseic leptaÐnoun, ta ajroÐsmata autĹ plhsiĹzoun kĹpoion arijmì pou eÐnai h ropă thc rĹbdou. SÔmfwna me ton orismì pou ja dÿsoume, autìc o arijmìc ja eÐnai to oloklărwma ∫_1 0 x dm(x). Parathrăste ìti h m eÐnai aÔxousa sunĹrthsh.

(b) To deÔtero parĹdeigma proèrqetai apì th JewrÐa Pijanotătwn. ’Estw X mÐa diakrită tuqaÐa metablhtă me pijanèc timèc tic x_1, x_2, . . . , x_n. Tìte, h mèsh timă thc X dÐnetai apì ton tÔpo EX = n∑ k=1 x_iP (X = x_k). Ac jewrăsoume tÿra mÐa tuqaÐa metablhtă X pou den eÐnai anagkastikĹ diakrită (allĹ oÔte kai suneqăc). To erÿthma eÐnai me poiìn trìpo ja orÐsoume th mèsh timă thc X.

Ac upojèsoume ìti to pedÐo timÿn thc X perièqetai sto diĹsthma (a, b]. JewroÔme mÐa diamèrish Q = {a = x_0 < x_1 < x_2 < . . . < x_n = b} tou [a, b] kai thn diakrită tuqaÐa metablhtă X_Q pou paÐrnei tic timèc x_1, . . . , x_n me pijanìthta

P (X_Q = x_{k+1}) = P (x_k < X ≤ x_{k+1}), k = 0, 1, . . . , n − 1.

EÐnai logikì na poÔme ìti h mèsh timă thc X proseggÐzetai apì th mèsh timă thc X_Q, dhladă apì to Ĺjroisma n−1∑ k=0 x_{k+1}P (x_k < X ≤ x_{k+1}).

An F (x) = P (X ≤ x) eÐnai h sunĹrthsh katanomăc thc X, tìte to prohgoÔmeno Ĺjroisma eÐnai Ðso me_{n−1} ∑ k=0 x_{k+1} ( F (x_{k+1}) − F (x_k) ) . H katĹstash moiĹzei tÿra polÔ me autăn tou prohgoÔmenou paradeÐgmatoc. Perimènoume ìti kajÿc epilègoume ìlo kai pio puknĹ ta shmeÐa x_k mèsa sto [a, b], ta parapĹnw ajroÐsmata sugklÐnoun se kĹpoion arijmì. Autìc o arijmìc eÐnai h mèsh timă thc X kai eÐnai o Ðdioc me autìn pou ja paristĹnei to sÔmbolo ∫_b a x dF (x). Parathrăste ìti h F eÐnai aÔxousa (suneqăc apì dexiĹ) sunĹrthsh. (g) Ston Apeirostikì Logismì qrhsimopoioÔme merikèc forèc to sÔmbolo ∫_b a f(x)dϕ(x) gia na parastăsoume thn posìthta ∫_b a f(x)ϕ^′(x)dx. O orismìc pou ja dÿsoume gia to oloklărwma Riemann-Stieltjes sumfwneÐ me autìn to sumbolismì. Sthn perÐptwsh pou h ϕ eÐnai paragwgÐsimh kai pou ta dÔo oloklhrÿmata èqoun nìhma, to oloklărwma Riemann-Stieltjes ∫_b a f(x)dϕ(x) eÐnai Ðso me to oloklărwma Riemann ∫_b a f(x)ϕ^′(x)dx. 1.2.2 Orismìc tou oloklhrÿmatoc

’Estw ϕ : [a, b] → R aÔxousa sunĹrthsh. GenikeÔontac ton orismì tou oloklhrÿmatoc Riemann ja doÔme pìte mia fragmènh sunĹrthsh f : [a, b] → R lègetai oloklhrÿsimh wc proc thn ϕ.

’Estw P = {a = x_0 < x_1 < . . . < x_n = b} mia diamèrish tou [a, b]. Gia kĹje k = 0, 1, . . . , n − 1 orÐzoume touc pragmatikoÔc arijmoÔc

m_k(f, P ) = m_k = inf{f(x) : x_k ≤ x ≤ x_{k+1}} kai M_k(f, P ) = M_k = sup{f(x) : x_k ≤ x ≤ x_{k+1}}.

To Ĺnw kai to kĹtw Ĺjroisma thc f wc proc thn ϕ gia th diamèrish P eÐnai oi arijmoÐ U(f, ϕ, P ) = n−1∑ k=0 M_k ( ϕ(x_{k+1}) − ϕ(x_k ) ) kai L(f, ϕ, P ) = n−1∑ k=0 m_k ( ϕ(x_{k+1}) − ϕ(x_k ) )

antÐstoiqa. Parathrăste ìti oi diaforèc ϕ(x_{k+1})−ϕ(x_k ) eÐnai mh arnhtikoÐ arijmoÐ (h ϕ èqei upotejeÐ aÔxousa).

Lămma 1.2.1 ’Estw f : [a, b] → R fragmènh sunĹrthsh kai P_1, P_2 dÔo diamerÐseic tou [a, b]. Tìte, (2.1) L(f, ϕ, P_1) ≤ U(f, ϕ, P_2). Apìdeixh: H apìdeixh eÐnai entelÿc anĹlogh me autăn tou Lămmatoc 1.1.1. ArkeÐ na apodeiqjeÐ to exăc:

’Estw P = {a = x_0 < x_1 < . . . < x_k < x_{k+1} < . . . < x_n = b} kai x_k < y < x_{k+1} gia kĹpoio k = 0, 1, . . . , n − 1. An P_1 = P ∪ {y}, tìte L(f, ϕ, P ) ≤ L(f, ϕ, P_1) ≤ U(f, ϕ, P_1) ≤ U(f, ϕ, P ). Gia thn apìdeixh autoÔ tou isqurismoÔ jètoume m^{(1)}_k = inf{f(x) : x_k ≤ x ≤ y} kai m^{(2)}_k = inf{f(x) : y ≤ x ≤ x_{k+1}}. Tìte, m_k ≤ m^{(1)}_k kai m_k ≤ m^{(2)}_k . Epomènwc, L(f, ϕ, P_1) − L(f, ϕ, P ) = m^{(1)}_k ( ϕ(y) − ϕ(x_k ) ) + m^{(2)}_k ( ϕ(x_{k+1} ) − ϕ(y) ) −m_k ( ϕ(x_{k+1}) − ϕ(x_k ) ) ≥ 0. ’Omoia deÐqnoume ìti U(f, ϕ, P_1) ≤ U(f, ϕ, P ). □ OrÐzoume san kĹtw oloklărwma thc f wc proc thn ϕ to ∫_b a f(x)dϕ(x) = sup { L(f, ϕ, P ) : P diamèrish tou [a, b] }

kai san Ĺnw oloklărwma thc f wc proc thn ϕ to ∫_b a f(x)dϕ(x) = inf { U(f, ϕ, P ) : P diamèrish tou [a, b] } . Apì to Lămma 1.2.1 èpetai ìti ∫_b a f(x)dϕ(x) ≤ ∫_b a f(x)dϕ(x). Orismìc. Mia fragmènh sunĹrthsh f : [a, b] → R lègetai Riemann-Stieltjes oloklhrÿsimh wc proc thn ϕ an ∫_b a f(x)dϕ(x) = ∫_b a f(x)dϕ(x).

H koină aută timă lègetai oloklărwma Riemann-Stieltjes thc f wc proc thn ϕ kai sumbolÐzetai me ∫_b a f(x)dϕ(x) ă ∫_b a f dϕ. GrĹfontac f ∈ R(ϕ) ennooÔme ìti h f eÐnai RS-oloklhrÿsimh wc proc thn ϕ. To kritărio oloklhrwsimìthtac tou Riemann exakoloujeÐ na isqÔei.

Jeÿrhma 1.2.1 ’Estw f : [a, b] → R fragmènh sunĹrthsh. H f eÐnai Riemann- Stieltjes oloklhrÿsimh wc proc thn ϕ an kai mìno an gia kĹje ε > 0 mporoÔme na broÔme diamèrish P tou [a, b] tètoia ÿste U(f, ϕ, P ) − L(f, ϕ, P ) < ε. Apìdeixh: ’Estw ìti h f eÐnai Riemann-Stieltjes oloklhrÿsimh wc proc thn ϕ. Dhladă, ∫_b a f(x)dϕ(x) = ∫_b a f(x)dϕ(x) = ∫_b a f(x)dϕ(x). ’Estw ε > 0. Apì ton orismì tou kĹtw oloklhrÿmatoc, upĹrqei diamèrish P_1 tou [a, b] tètoia ÿste ∫_b a f(x)dϕ(x) < L(f, ϕ, P_1) + ε 2 . Apì ton orismì tou Ĺnw oloklhrÿmatoc, upĹrqei diamèrish P_2 tou [a, b] tètoia ÿste ∫_b a f(x)dϕ(x) > U(f, ϕ, P_2) − ε 2 . JewroÔme thn koină eklèptunsh P = P_1 ∪ P_2. Tìte, U(f, ϕ, P ) − ε 2 ≤ U(f, ϕ, P_2) − ε 2 < ∫_b a f(x)dϕ(x) = ∫_b a f(x)dϕ(x) < L(f, ϕ, P_1) + ε 2 ≤ L(f, ϕ, P ) + ε 2 , apfl ìpou èpetai ìti 0 ≤ U(f, ϕ, P ) − L(f, ϕ, P ) < ε. AntÐstrofa: upojètoume ìti gia kĹje ε > 0 upĹrqei diamèrish P_ε tou [a, b] tètoia ÿste U(f, ϕ, P_ε) < L(f, ϕ, P_ε) + ε. Tìte, ∫_b a f(x)dϕ(x) ≤ U(f, ϕ, P_ε) < L(f, ϕ, P_ε) + ε ≤ ∫_b a f(x)dϕ(x) + ε, dhladă ∫_b a f(x)dϕ(x) ≤ ∫_b a f(x)dϕ(x) ≤ ∫_b a f(x)dϕ(x) + ε gia kĹje ε > 0. ’Epetai ìti ∫_b a f(x)dϕ(x) = ∫_b a f(x)dϕ(x), dhladă h f eÐnai Riemann-Stieltjes oloklhrÿsimh wc proc thn ϕ. □

1.2.3 Ta basikĹ jewrămata gia thn Ôparxh tou oloklhrÿmatoc

’Opwc eÐdame sthn ParĹgrafo 1.1.3, oi suneqeÐc kai oi monìtonec sunartăseic f : [a, b] → R eÐnai Riemann oloklhrÿsimec. Sthn perÐptwsh twn suneqÿn sunartăsewn h genÐkeush autoÔ tou apotelèsmatoc den parousiĹzei kammÐa duskolÐa.

Jeÿrhma 1.2.2 ’Estw ϕ : [a, b] → R aÔxousa sunĹrthsh. KĹje suneqăc sunĹrthsh f : [a, b] → R eÐnai Riemann-Stieltjes oloklhrÿsimh wc proc thn ϕ.

Apìdeixh: ’Estw ε > 0. H f eÐnai omoiìmorfa suneqăc sto [a, b], epomènwc mporoÔme na broÔme δ > 0 me thn exăc idiìthta: An x, y ∈ [a, b] kai |x − y| < δ, tìte |f(x) − f(y)| < ε. JewroÔme diamèrish P_n tou [a, b] se n upodiastămata tou idÐou măkouc^{b−a}_n < δ. Tìte, gia kĹje k = 0, 1, . . . , n − 1 èqoume M_k − m_k < ε (blèpe thn apìdeixh tou Jewrămatoc 1.1.2). ’Epetai ìti U(f, ϕ, P_n) − L(f, ϕ, P_n) = n−1∑ k=0 (M_k − m_k) ( ϕ(x_{k+1}) − ϕ(x_k ) )

≤ n−1∑ k=0 ε ( ϕ(x_{k+1}) − ϕ(x_k ) )

= ε ( ϕ(b) − ϕ(a) ) . Apì to Jeÿrhma 1.2.1 sumperaÐnoume ìti f ∈ R(ϕ). □ H katĹstash eÐnai diaforetikă ìtan meletĹme thn oloklhrwsimìthta twn monìtonwn sunartăsewn:

ParĹdeigma: JewroÔme th sunĹrthsh ϕ : [−1, 1] → R me ϕ(x) = { 0 , −1 ≤ x ≤ 0

1 , 0 < x ≤ 1.

H ϕ eÐnai aÔxousa. PaÐrnoume san f thn Ðdia thn ϕ. Ja deÐxoume ìti h f den eÐnai Riemann-Stieltjes oloklhrÿsimh wc proc thn ϕ. Gia to skopì autì jewroÔme tuqoÔsa diamèrish

P = {−1 = x_0 < x_1 < . . . < x_s = 0 < x_{s+1} < . . . < x_n = 1}

pou perièqei to 0. ParathroÔme ìti ϕ(x_{s+1}) − ϕ(x_s) = 1 kai ϕ(x_{k+1}) − ϕ(x_k ) = 0 an k ≠ s. ’Ara,

(2.2) U(f, ϕ, P ) = M_s = 1 kai L(f, ϕ, P ) = m_s = 0.

Autì apodeiknÔei ìti

(2.3)

∫_1 −1 f dϕ = 1 kai

∫_1 −1 f dϕ = 0, sÔmfwna me thn paratărhsh pou akoloujeÐ. ’Ara, f /∈ R(ϕ). ’Opwc ja doÔme sth sunèqeia, to prìblhma eÐnai ìti oi f kai ϕ èqoun koinì shmeÐo asunèqeiac to 0. Paratărhsh: ’Estw ϕ : [a, b] → R aÔxousa sunĹrthsh kai f : [a, b] → R fragmènh sunĹrthsh. JewroÔme mia diamèrish Q tou [a, b]. Tìte, ∫_b a f(x)dϕ(x) = sup { L(f, ϕ, P ) : P diamèrish tou [a, b], Q ⊆ P }

kai ∫_b a f(x)dϕ(x) = inf { U(f, ϕ, P ) : P diamèrish tou [a, b], Q ⊆ P } . H apìdeixh afănetai san Ĺskhsh. H (2.3) prokÔptei apì thn (2.2) an pĹroume san Q th diamèrish {−1, 0, 1}.

Sthn perÐptwsh pou h ϕ eÐnai suneqăc, to Jeÿrhma 1.1.2 genikeÔetai qwrÐc kanèna prìblhma.

Jeÿrhma 1.2.3 ’Estw ϕ : [a, b] → R aÔxousa kai suneqăc sunĹrthsh. KĹje monìtonh sunĹrthsh f : [a, b] → R eÐnai Riemann-Stieltjes oloklhrÿsimh wc proc thn ϕ.

Apìdeixh: QwrÐc periorismì thc genikìthtac upojètoume ìti h f eÐnai aÔxousa. MporoÔme epÐshc na upojèsoume ìti ϕ(a) < ϕ(b) (alliÿc h ϕ eÐnai stajeră kai den èqoume tÐpota na deÐxoume).

’Estw ε > 0. Gia kĹje n ≥ 2 qwrÐzoume to diĹsthma [ϕ(a), ϕ(b)] se n Ðsa upodiastămata. Dhladă, jewroÔme th diamèrish {ϕ(a) = y_0 < y_1 < . . . < y_{n−1} < y_n = ϕ(b)} me

y_{k+1} − y_k = ϕ(b) − ϕ(a) n , k = 0, 1, . . . , n − 1.

H ϕ eÐnai suneqăc sto [a, b], opìte to jeÿrhma endiĹmeshc timăc mac dÐnei x_k ∈ (a, b) me ϕ(x_k ) = y_k, k = 1, . . . , n − 1. AfoÔ h ϕ eÐnai aÔxousa kai y_k < y_{k+1}, èpetai ìti

a = x_0 < x_1 < . . . < x_{n−1} < x_n = b.

JewroÔme th diamèrish P_n tou [a, b] pou apoteleÐtai apì autĹ ta shmeÐa. Tìte, afoÔ h f eÐnai aÔxousa èqoume U(f, ϕ, P_n) − L(f, ϕ, P_n) = n−1∑ k=0 (M_k − m_k) ( ϕ(x_{k+1}) − ϕ(x_k ) )

= n−1∑ k=0 ( f(x_{k+1}) − f(x_k) ) (y_{k+1} − y_k)

= ϕ(b) − ϕ(a) n n−1∑ k=0 ( f(x_{k+1}) − f(x_k) )

= ϕ(b) − ϕ(a) n · (f(b) − f(a)). H posìthta aută gÐnetai mikrìterh apì to ε > 0 pou mac dìjhke, arkeÐ to n na eÐnai arketĹ megĹlo. Apì to Jeÿrhma 1.2.1, h f eÐnai Riemann-Stieltjes oloklhrÿsimh wc proc thn ϕ. □ KĹje fragmènh sunĹrthsh f : [a, b] → R pou èqei peperasmèna to plăjoc shmeÐa asunèqeiac eÐnai Riemann oloklhrÿsimh. To apotèlesma autì genikeÔetai wc exăc.

Jeÿrhma 1.2.4 ’Estw ϕ : [a, b] → R aÔxousa sunĹrthsh kai f : [a, b] → R fragmènh sunĹrthsh. Upojètoume ìti h f èqei peperasmèna to plăjoc shmeÐa asunèqeiac kai ìti h ϕ eÐnai suneqăc se kĹje shmeÐo sto opoÐo h f eÐnai asuneqăc. Tìte, h f eÐnai Riemann-Stieltjes oloklhrÿsimh wc proc thn ϕ.

Apìdeixh: UpĹrqei M > 0 tètoioc ÿste |f(x)| ≤ M gia kĹje x ∈ [a, b]. ’Estw A = {y_1 < . . . < y_m} to sÔnolo twn shmeÐwn asunèqeiac thc f.

’Estw ε > 0. OrÐzoume diamèrish P tou [a, b] wc exăc: afoÔ h ϕ eÐnai suneqăc se kĹje y_s, mporoÔme na broÔme xèna diastămata [u_s, v_s] ⊆ [a, b] me y_s ∈ [u_s, v_s] kai ϕ(v_s) − ϕ(u_s) < ε m . [An y_s ∈ (a, b) mporoÔme epiplèon na upojèsoume ìti u_s < y_s < v_s. An y_1 = a ă y_m = b, tìte u_1 = y_1 = a ă v_m = y_m = b antÐstoiqa.]

Se kajèna apì ta upodiastămata [v_s, u_{s+1}] kai [a, u_1], [v_m, b] an autĹ den ekfulÐzontai, h f eÐnai suneqăc Ĺra omoiìmorfa suneqăc. Epeidă to plăjoc autÿn twn upodiasthmĹtwn eÐnai peperasmèno, mporoÔme na broÔme δ > 0 ÿste: an ta t, s anăkoun se kĹpoio apì autĹ ta upodiastămata kai |t−s| < δ, tìte |f(t)−f(s)| < ε.

OrÐzoume diamèrish P = {a = x_0 < x_1 < . . . < x_n = b} tou [a, b] qwrÐzontac kajèna apì ta [v_s, u_{s+1}] se upodiastămata me măkoc mikrìtero apì δ. Dhladă, ta

[u_s, v_s] eÐnai upodiastămata thc P kai kĹje Ĺllo upodiĹsthma thc P èqei măkoc mikrìtero apì δ. ’Estw I to sÔnolo twn k ∈ {0, 1, . . . , n−1} gia ta opoÐa to [x_k, x_{k+1}] eÐnai upodiĹsthma tou prÿtou eÐdouc kai J to sÔnolo twn k ∈ {0, 1, . . . , n − 1} gia ta opoÐa to [x_k, x_{k+1}] eÐnai upodiĹsthma tou deÔterou eÐdouc. Tìte, U(f, ϕ, P ) − L(f, ϕ, P ) = ∑ k∈I (M_k − m_k) ( ϕ(x_{k+1}) − ϕ(x_k ) )

+ ∑ k∈J (M_k − m_k) ( ϕ(x_{k+1}) − ϕ(x_k ) ) . Apì thn kataskeuă thc P , an k ∈ I tìte ϕ(x_{k+1} ) − ϕ(x_k ) < ε/m enÿ an k ∈ J tìte M_k − m_k < ε. AfoÔ to plăjoc twn stoiqeÐwn tou I eÐnai m (ìsa kai ta shmeÐa asunèqeiac thc f), paÐrnoume U(f, ϕ, P ) − L(f, ϕ, P ) ≤ ε m ∑ k∈I (M_k − m_k) + ε ∑ k∈J ( ϕ(x_{k+1} ) − ϕ(x_k ) )

≤ 2Mε + ε(ϕ(b) − ϕ(a)) = ε(2M + ϕ(b) − ϕ(a)). To ε > 0 ătan tuqìn, opìte sumperaÐnoume ìti f ∈ R(ϕ). □

To epìmeno jeÿrhma deÐqnei ìti sunjètontac oloklhrÿsimh me suneqă sunĹrthsh paÐrnoume oloklhrÿsimh sunĹrthsh.

Jeÿrhma 1.2.5 ’Estw ϕ : [a, b] → R aÔxousa sunĹrthsh kai f : [a, b] → R sunĹrthsh oloklhrÿsimh wc proc thn ϕ, me m ≤ f(x) ≤ M gia kĹje x ∈ [a, b]. ’Estw g : [m, M] → R suneqăc sunĹrthsh. Tìte, h g ∘ f eÐnai Riemann-Stieltjes oloklhrÿsimh wc proc thn ϕ.

Apìdeixh: ’Estw ε > 0. H g eÐnai omoiìmorfa suneqăc sto [m, M], Ĺra upĹrqei δ > 0 ÿste: an t, s ∈ [m, M] kai |t − s| < δ, tìte |g(t) − g(s)| < ε. MporoÔme na pĹroume to δ < ε (giatÐ?). EpÐshc, upĹrqei A > 0 tètoioc ÿste |g(t)| ≤ A gia kĹje t ∈ [m, M]. ’Eqoume upojèsei ìti f ∈ R(ϕ). Epomènwc, upĹrqei diamèrish P = {a = x_0 < x_1 < . . . < x_n = b} tou [a, b] gia thn opoÐa U(f, ϕ, P ) − L(f, ϕ, P ) < δ^2. GrĹfoume M_k kai m_k gia to supremum kai to infimum twn timÿn thc f sto [x_k, x_{k+1}] antÐstoiqa. EpÐshc, M^∗_k kai m^∗_k gia to supremum kai to infimum twn timÿn thc g ∘ f sto [x_k, x_{k+1}] antÐstoiqa. OrÐzoume A = {k : M_k − m_k < δ} kai B = {k : M_k − m_k ≥ δ}. ParathroÔme ìti δ ∑ k∈B ( ϕ(x_{k+1}) − ϕ(x_k ) ) ≤ ∑ k∈B (M_k − m_k) ( ϕ(x_{k+1} ) − ϕ(x_k ) )

≤ U(f, ϕ, P ) − L(f, ϕ, P ) < δ^2.

Dhladă, (2.4) ∑ k∈B ( ϕ(x_{k+1}) − ϕ(x_k ) ) < δ. ParathroÔme epÐshc ìti, an k ∈ A tìte |f(t) − f(s)| ≤ M_k − m_k < δ gia kĹje t, s ∈ [x_k , x_{k+1}], opìte (2.5) M^∗_k − m^∗_k = sup{g(f(t)) : t ∈ [x_k, x_{k+1}]} − inf{g(f(s)) : s ∈ [x_k, x_{k+1}]} ≤ ε, enÿ an k ∈ B èqoume thn tetrimmènh ektÐmhsh (2.6) M^∗_k − m^∗_k ≤ 2 sup{g(f(t)) : t ∈ [x_k, x_{k+1}]} ≤ 2A. Apì tic (2.4), (2.5) kai (2.6) sumperaÐnoume ìti U(g ∘ f, ϕ, P ) − L(g ∘ f, ϕ, P ) = ∑ k∈A (M^∗_k − m^∗_k) ( ϕ(x_{k+1}) − ϕ(x_k ) )

+ ∑ k∈B (M^∗_k − m^∗_k) ( ϕ(x_{k+1}) − ϕ(x_k ) )

≤ ε(ϕ(b) − ϕ(a)) + 2A ∑ k∈B ( ϕ(x_{k+1}) − ϕ(x_k ) )

< ε(ϕ(b) − ϕ(a)) + 2Aδ < ε(ϕ(b) − ϕ(a) + 2A). To ε > 0 ătan tuqìn, Ĺra g ∘ f ∈ R(ϕ). □ To teleutaÐo jeÿrhma autăc thc paragrĹfou deÐqnei ìti omoiìmorfo ìrio oloklhrÿsimwn sunartăsewn eÐnai oloklhrÿsimh sunĹrthsh.

Jeÿrhma 1.2.6 ’Estw ϕ : [a, b] → R kai f, f_n : [a, b] → R sunartăseic. Upojètoume ìti f_n ∈ R(ϕ) gia kĹje n ∈ N kai f_n → f omoiìmorfa sto [a, b]. Tìte, f ∈ R(ϕ) kai ∫_b a f_ndϕ → ∫_b a f dϕ. Apìdeixh: ’Estw ε > 0. AfoÔ f_n → f omoiìmorfa, upĹrqei n_0(ε) ∈ N tètoioc ÿste: gia kĹje n ≥ n_0(ε) kai kĹje x ∈ [a, b], (2.7) |f(x) − f_n(x)| < ε. Qrhsimopoiÿntac thn (2.7) me ε = 1 blèpoume eÔkola ìti h f eÐnai fragmènh: gia opoiodăpote n ≥ n_0(1) isqÔei |f(x)| ≤ |f_n(x)| + 1 gia kĹje x ∈ [a, b] kai to sumpèrasma prokÔptei apì to gegonìc ìti h f_n eÐnai fragmènh (ex orismoÔ, afoÔ eÐnai oloklhrÿsimh).

’Estw n ≥ n_0(ε). AfoÔ f_n ∈ R(ϕ), upĹrqei diamèrish P = P (n, ε) = {a = x_0 < x_1 < . . . < x_n = b} tou [a, b] gia thn opoÐa (2.8) U(f_n, ϕ, P ) − L(f_n, ϕ, P ) < ε. An M^n_k kai m^n_k , M_k kai m_k eÐnai ta supremum kai infimum twn f_n kai f antÐstoiqa sto [x_k , x_{k+1}], apì thn (2.7) sumperaÐnoume ìti M^n_k − ε ≤ M_k ≤ M^n_k + ε kai m^n_k − ε ≤ m_k ≤ m^n_k + ε gia kĹje k = 0, 1, . . . , n − 1. ’Epetai ìti (2.9) U(f_n, ϕ, P ) − ε(ϕ(b) − ϕ(a)) ≤ U(f, ϕ, P ) ≤ U(f_n, ϕ, P ) + ε(ϕ(b) − ϕ(a)) kai (2.10) L(f_n, ϕ, P ) − ε(ϕ(b) − ϕ(a)) ≤ L(f, ϕ, P ) ≤ L(f_n, ϕ, P ) + ε(ϕ(b) − ϕ(a)). To prÿto mac sumpèrasma eÐnai ìti U(f, ϕ, P ) − L(f, ϕ, P ) ≤ U(f_n, ϕ, P ) − L(f_n, ϕ, P ) + 2ε(ϕ(b) − ϕ(a)). AfoÔ to ε > 0 ătan tuqìn, blèpoume ìti f ∈ R(ϕ).

H (2.9) isqÔei gia kĹje diamèrish Q tou [a, b] (giatÐ?). PaÐrnontac infimum wc proc Q, èqoume | | | ∫_b a f_ndϕ − ∫_b a f dϕ | | | ≤ ε(ϕ(b) − ϕ(a)) gia kĹje n ≥ n_0(ε). Apì ton orismì tou orÐou akoloujÐac, ∫_b a f_ndϕ → ∫_b a f dϕ. □

1.2.4 Idiìthtec tou oloklhrÿmatoc

To oloklărwma Riemann-Stieltjes wc proc aÔxousa sunĹrthsh èqei tic Ðdiec basikèc idiìthtec me to oloklărwma Riemann.

Jeÿrhma 1.2.7 (a) An f_1 ∈ R(ϕ) kai f_2 ∈ R(ϕ), tìte f_1 + f_2 ∈ R(ϕ) kai ∫_b a (f_1 + f_2)dϕ = ∫_b a f_1dϕ + ∫_b a f_2dϕ. (b) An f ∈ R(ϕ) kai t ∈ R, tìte tf ∈ R(ϕ) kai ∫_b a (tf)dϕ = t ∫_b a fdϕ.

(g) An f_1, f_2 ∈ R(ϕ) kai f_1(x) ≤ f_2(x) gia kĹje x ∈ [a, b], tìte ∫_b a f_1 dϕ ≤ ∫_b a f_2 dϕ. (d) An f ∈ R(ϕ) sto [a, b] kai an a < c < b, tìte f ∈ R(ϕ) sto [a, c] kai sto [c, b], kai ∫_b a f dϕ = ∫_c a f dϕ + ∫_b c f dϕ. (e) An f ∈ R(ϕ) sto [a, b] kai an |f(x)| ≤ M gia kĹje x ∈ [a, b], tìte | | | ∫_b a f dϕ | | | ≤ M ( ϕ(b) − ϕ(a) ) . (z) An f ∈ R(ϕ_1) kai f ∈ R(ϕ_2), tìte f ∈ R(ϕ_1 + ϕ_2) kai ∫_b a f d(ϕ_1 + ϕ_2) = ∫_b a f dϕ_1 + ∫_b a f dϕ_2. (h) An f ∈ R(ϕ) kai t > 0, tìte f ∈ R(tϕ) kai ∫_b a f d(tϕ) = t ∫_b a f dϕ.

Apìdeixh: ’Askhsh.

Qrhsimopoiÿntac to Jeÿrhma 1.2.5 apodeiknÔoume eÔkola to exăc.

Jeÿrhma 1.2.8 An f ∈ R(ϕ) kai g ∈ R(ϕ), tìte

1. f^2 ∈ R(ϕ). 2. f · g ∈ R(ϕ). 3. |f| ∈ R(ϕ) kai | | ∫^b_a f dϕ | | ≤ ∫^b_a |f| dϕ. Apìdeixh: Gia ton prÿto isqurismì parathroÔme ìti f^2 = g ∘ f, ìpou g(t) = t^2. AfoÔ h g eÐnai suneqăc, mporoÔme na efarmìsoume to Jeÿrhma 1.2.5.

Gia ton deÔtero isqurismì, parathroÔme ìti 4f · g = (f + g)^2 − (f − g)^2. To sumpèrasma èpetai apì ton prohgoÔmeno isqurismì kai apì to Jeÿrhma 1.2.7 (a)- (b).

Tèloc, |f| = h ∘ f, ìpou h(t) = |t|. ’Ara, |f| ∈ R(ϕ). H anisìthta prokÔptei apì thn −|f| ≤ f ≤ |f| kai apì to Jeÿrhma 1.2.7 (g). □

1.2.5 Oloklărwsh wc proc aÔxousec sunartăseic eidikăc morfăc

Se autăn thn teleutaÐa parĹgrafo ja doÔme poiĹ morfă paÐrnei (upì proôpojèseic) to oloklărwma Riemann-Stieltjes wc proc thn ϕ sthn perÐptwsh pou h ϕ eÐnai {klimakwtă} ă paragwgÐsimh sunĹrthsh. Orismìc. H sunĹrthsh I : R → R dÐnetai apì thn

I(x) = { 0 , x ≤ 0

1 , x > 0.

H I eÐnai aÔxousa.

Prìtash 1.2.1 ’Estw f : [a, b] → R fragmènh sunĹrthsh, suneqăc sto s ∈ (a, b). An ϕ(x) = I(x − s), tìte f ∈ R(ϕ) kai ∫_b a f(x) dϕ(x) = f(s). Apìdeixh: ’Estw ε > 0. H f eÐnai suneqăc sto s, Ĺra upĹrqei δ > 0 tètoio ÿste: an x ∈ [a, b] kai |x − s| < δ, tìte |f(x) − f(s)| < ε. JewroÔme x_1 < s < x_2 sto [a, b] me |x_i − s| < δ (i = 1, 2) kai orÐzoume th diamèrish Q = {x_0 = a < x_1 < x_2 < x_3 = b}. EÔkola elègqoume ìti U(f, ϕ, Q) = M_1 kai L(f, ϕ, Q) = m_1. ParathroÔme ìti M_1 = f(s) + sup{f(x) − f(s) : x_1 ≤ x ≤ x_2} ≤ f(s) + ε kai m_1 = f(s) + inf{f(x) − f(s) : x_1 ≤ x ≤ x_2} ≥ f(s) − ε.

’Ara, U(f, ϕ, Q) − L(f, ϕ, Q) = M_1 − m_1 ≤ 2ε, to opoÐo apodeiknÔei ìti f ∈ R(ϕ). Epiplèon, f(s) − ε ≤ L(f, ϕ, Q) ≤ ∫_b a f dϕ ≤ U(f, ϕ, Q) ≤ f(s) + ε. AfoÔ to ε > 0 ătan tuqìn, èpetai ìti ∫_b a f(x) dϕ(x) = f(s). □

Jeÿrhma 1.2.9 ’Estw {c_n} akoloujÐa jetikÿn pragmatikÿn arijmÿn me ∞∑ n=1 c_n < +∞. JewroÔme akoloujÐa diaforetikÿn anĹ dÔo shmeÐwn s_n ∈ (a, b) kai orÐzoume thn aÔxousa sunĹrthsh ϕ(x) = ∞∑ n=1 c_nI(x − s_n). An f : [a, b] → R suneqăc sunĹrthsh, tìte ∫_b a f dϕ = ∞∑ n=1 c_nf(s_n). Apìdeixh: H f eÐnai suneqăc, Ĺra f ∈ R(ϕ). ’Estw ε > 0. Epilègoume N ∈ N gia to opoÐo_∞ ∑ n=N+1 c_n < ε kai jewroÔme tic aÔxousec sunartăseic

ϕ_1(x) = N∑ n=1 c_nI(x − s_n) kai ϕ_2(x) = ∞∑ n=N+1 c_nI(x − s_n). Apì th grammikìthta tou oloklhrÿmatoc Riemann-Stieltjes (wc proc ϕ) kai thn Prìtash 1.2.1 èqoume ∫_b a f dϕ_1 = N∑ n=1 c_nf(s_n). Epomènwc, | | | ∫_b a f dϕ − ∞∑ n=1 c_nf(s_n) | | | = | | | ∫_b a f dϕ_1 + ∫_b a f dϕ_2 − ∞∑ n=1 c_nf(s_n) | | | = | | | | ∫_b a f dϕ_2 − ∞∑ n=N+1 c_nf(s_n) | | | | ≤ | | | ∫_b a f dϕ_2 | | | +^∞ ∑ n=N+1 c_n|f(s_n)|. ParathroÔme ta exăc: h f eÐnai suneqăc sto [a, b] Ĺra upĹrqei A > 0 tètoioc ÿste |f(x)| ≤ A gia kĹje x ∈ [a, b]. Epomènwc, | | | | ∫_b a f dϕ_2 | | | | ≤ ∫_b a |f| dϕ_2 ≤ A(ϕ_2(b) − ϕ(a)) ≤ A ∞∑ n=N+1 c_n < Aε.

OmoÐwc,_∞ ∑ n+N+1 c_n|f(s_n)| ≤ A ∞∑ n=N+1 c_n < Aε. ’Ara, | | | ∫_b a f dϕ − ∞∑ n=1 c_nf(s_n) | | | ≤ 2Aε, kai, afoÔ to ε > 0 ătan tuqìn, èqoume to zhtoÔmeno. □

Jeÿrhma 1.2.10 ’Estw ϕ : [a, b] → R aÔxousa kai paragwgÐsimh sunĹrthsh. Upojètoume ìti h ϕ^′ eÐnai Riemann oloklhrÿsimh sto [a, b]. ’Estw f : [a, b] → R fragmènh sunĹrthsh. Tìte, h f eÐnai Riemann-Stieltjes oloklhrÿsimh wc proc thn ϕ an kai mìno an h f · ϕ^′ eÐnai Riemann oloklhrÿsimh. Se autăn thn perÐptwsh, ∫_b a f(x) dϕ(x) = ∫_b a f(x)ϕ^′(x)dx. Apìdeixh: UpĹrqei M > 0 tètoioc ÿste |f(x)| ≤ M gia kĹje x ∈ [a, b]. ’Estw ε > 0. AfoÔ h ϕ^′ eÐnai Riemann oloklhrÿsimh, upĹrqei diamèrish P = {a = x_0 < x_1 < . . . < x_n = b} me thn idiìthta (2.11) U(ϕ^′, P ) − L(ϕ^′, P ) < ε. Efarmìzontac to jeÿrhma mèshc timăc gia thn ϕ se kĹje [x_k , x_{k+1}] brÐskoume t_k ∈ (x_k , x_{k+1}) me

(2.12) ϕ(x_{k+1}) − ϕ(x_k ) = ϕ^′(t_k )(x_{k+1} − x_k).

JewroÔme tuqìnta shmeÐa s_k ∈ [x_k, x_{k+1}]. Tìte,

I := n−1∑ k=0 f(s_k) ( ϕ(x_{k+1}) − ϕ(x_k ) ) = n−1∑ k=0 f(s_k)ϕ^′(t_k)(x_{k+1} − x_k).

JewroÔme to Ĺjroisma II := n−1∑ k=0 f(s_k)ϕ^′(s_k)(x_{k+1} − x_k).

Tìte, | I − II | = | | | n−1∑ k=0 f(s_k) ( ϕ^′(t_k) − ϕ^′(s_k) ) (x_{k+1} − x_k) | | | ≤ M n−1∑ k=0 |ϕ^′(t_k) − ϕ^′(s_k)|(x_{k+1} − x_k)

≤ M n−1∑ k=0 ( M_k(ϕ^′) − m_k(ϕ^′) ) (x_{k+1} − x_k ) = M ( U(ϕ^′, P ) − L(ϕ^′, P ) ) < Mε.

Apì thn I ≤ II + Mε, paÐrnontac supremum wc proc ìlec tic epilogèc shmeÐwn s_k ∈ [x_k , x_{k+1}] èqoume (2.13) U(f, ϕ, P ) ≤ U(f · ϕ^′, P ) + Mε. Entelÿc anĹloga, (2.14) U(f · ϕ^′, P ) ≤ U(f, ϕ, P ) + Mε. H (2.11) isqÔei gia kĹje diamèrish Q ⊇ P , Ĺra to Ðdio isqÔei kai gia tic (2.13), (2.14). PaÐrnontac infimum wc proc Q ⊇ P èqoume | | | ∫_b a f dϕ − ∫_b a f · ϕ^′ | | | ≤ Mε kai afoÔ to ε > 0 ătan tuqìn,

(2.15) ∫_b a f(x)dϕ(x) = ∫_b a f(x)ϕ^′(x)dx. Me ton Ðdio akribÿc trìpo deÐqnoume ìti

(2.16) ∫_b a f(x)dϕ(x) = ∫_b a f(x)ϕ^′(x)dx. Oi dÔo isqurismoÐ tou jewrămatoc prokÔptoun eÔkola apì tic (2.15) kai (2.16). □

1.2.6 Askăseic

ShmeÐwsh: ’Estw A mh kenì uposÔnolo tou R. H qarakthristikă sunĹrthsh χ_A tou A eÐnai h sunĹrthsh χ_A : R → R me χ_A(x) = 1 an x ∈ A kai χ_A(x) = 0 an x /∈ A. 1. ’Estw ϕ : [a, b] → R aÔxousa sunĹrthsh.

(a) DeÐxte ìti gia kĹje x ∈ (a, b) upĹrqoun ta pleurikĹ ìria

ϕ(x−) = lim_{y→x−} ϕ(y) kai ϕ(x+) = lim_{y→x+} ϕ(y)

kai ϕ(x−) ≤ ϕ(x+) me gnăsia anisìthta an kai mìno an h ϕ eÐnai asuneqăc sto x. (b) An h ϕ eÐnai asuneqăc sto x ∈ (a, b), jètoume I(x) = (ϕ(x−), ϕ(x+)). DeÐxte ìti an x_1 ≠ x_2 eÐnai dÔo shmeÐa asunèqeiac thc ϕ sto (a, b), tìte I(x_1) ∩ I(x_2) = ∅. (g) DeÐxte ìti h ϕ èqei to polÔ arijmăsimo plăjoc shmeÐwn asunèqeiac. 2. ’Estw ϕ : [a, b] → R aÔxousa sunĹrthsh kai f : [a, b] → R fragmènh sunĹrthsh. JewroÔme mia diamèrish Q tou [a, b]. Tìte, ∫_b a f(x)dϕ(x) = sup { L(f, ϕ, P ) : P diamèrish tou [a, b], Q ⊆ P } kai ∫_b a f(x)dϕ(x) = inf { U(f, ϕ, P ) : P diamèrish tou [a, b], Q ⊆ P } . 3. ’Estw f : [a, b] → R fragmènh kai ϕ : [a, b] → R aÔxousa. An gia kĹpoio ε > 0 kai kĹpoia diamèrish P = {a = x_0 < x_1 < . . . < x_n = b} tou [a, b] isqÔei U(f, ϕ, P ) − L(f, ϕ, P ) < ε, deÐxte ìti gia kĹje epilogă shmeÐwn t_k, s_k ∈ [x_k , x_{k+1}] èqoume n−1∑ k=0 |f(s_k) − f(t_k)| ( ϕ(x_{k+1}) − ϕ(x_k ) ) < ε. An epiplèon f ∈ R(ϕ), deÐxte ìti | | | | n−1∑ k=0 f(t_k) ( ϕ(x_{k+1}) − ϕ(x_k ) ) − ∫_b a f dϕ | | | | ≤ ε.

4. ApodeÐxte to Jeÿrhma 1.2.7.

5. An ∫_b a f dϕ = 0 gia kĹje suneqă f : [a, b] → R, deÐxte ìti h ϕ eÐnai stajeră.

6. KataskeuĹste mh stajeră aÔxousa sunĹrthsh ϕ : [a, b] → R kai suneqă sunĹrthsh f : [a, b] → R ìqi tautotikĹ mhdenikă, ètsi ÿste ∫_b a |f| dϕ = 0.

7. ’Estw ϕ : [a, b] → R aÔxousa sunĹrthsh. Upojètoume ìti h fragmènh sunĹrthsh f eÐnai asuneqăc mìno sto shmeÐo s ∈ (a, b). An h f eÐnai suneqăc apì dexiĹ sto s kai h ϕ eÐnai suneqăc apì aristerĹ sto s, tìte f ∈ R(ϕ).

8. ’Estw ϕ : [a, b] → R aÔxousa sunĹrthsh. Upojètoume ìti h fragmènh sunĹrthsh f eÐnai asuneqăc apì dexiĹ sto shmeÐo s ∈ (a, b). An kai h ϕ eÐnai asuneqăc apì dexiĹ sto s, tìte f /∈ R(ϕ).

9. JewroÔme treic aÔxousec sunartăseic ϕ_1, ϕ_2, ϕ_3 : [−1, 1] → R:

ϕ_1 = χ_{(0,1]} , ϕ_2 = χ_{[0,1]} , ϕ_3 = ϕ_1 + ϕ_2 2 . ’Estw f : [−1, 1] → R fragmènh sunĹrthsh. DeÐxte ìti:

1. f ∈ R(ϕ_1) an kai mìno an f(0+) = f(0). 2. f ∈ R(ϕ_2) an kai mìno an f(0−) = f(0). 3. f ∈ R(ϕ_3) an kai mìno an h f eÐnai suneqăc sto 0.

4. An f ∈ R(ϕ_3) tìte ∫_1 −1 f dϕ_1 =

∫_1 −1 f dϕ_2 =

∫_1 −1 f dϕ_3 = f(0).

10. ’Estw f : [1, +∞) → R suneqăc sunĹrthsh. JewroÔme th sunĹrthsh tou {akeraÐou mèrouc} ϕ(x) = [x]. UpologÐste to ∫_n 1 f(x)dϕ(x) gia kĹje n ≥ 2. Genikìtera, gia kĹje t > 1 upologÐste thn timă tou ∫_t 1 f(x)dϕ(x).

11. ’Estw f : [a, b] → R fragmènh sunĹrthsh. DeÐxte ìti: an f ∈ R(ϕ) gia kĹje aÔxousa sunĹrthsh ϕ : [a, b] → R, tìte h f eÐnai suneqăc sto [a, b].

12. DeÐxte to akìloujo {jeÿrhma mèshc timăc}: an h f : [a, b] → R eÐnai suneqăc kai h ϕ : [a, b] → R eÐnai aÔxousa, tìte upĹrqei ξ ∈ [a, b] ÿste ∫_b a f(x)dϕ(x) = f(ξ) ( ϕ(b) − ϕ(a) ) .

13. ’Estw f ∈ R(ϕ) kai èstw ε > 0. DeÐxte ìti upĹrqei suneqăc sunĹrthsh g : [a, b] → R me ∫_b a ( f(x) − g(x) )_2 dϕ(x) < ε^2. [Upìdeixh: Jewrăste katĹllhlh diamèrish P tou [a, b] kai orÐste g(x) = x_{k+1} − x x_{k+1} − x_k f(x_k) + x − x_k x_{k+1} − x_k f(x_{k+1})

sto [x_k, x_{k+1}].]

14. ’Estw ϕ : [a, b] → R aÔxousa kai g : [a, b] → R suneqăc. Upojètoume ìti g(x) = G^′(x) sto [a, b]. DeÐxte ìti ∫_b a ϕ(x)g(x)dx = G(b)ϕ(b) − G(a)ϕ(a) − ∫_b a G(x)dϕ(x). [Upìdeixh: An P diamèrish tou [a, b], efarmìzontac to jeÿrhma mèshc timăc sto [x_k , x_{k+1}] breÐte t_k ∈ (x_k , x_{k+1}) tètoio ÿste G(x_{k+1}) − G(x_k ) = g(t_k)(x_{k+1} − x_k ). DeÐxte ìti n−1∑ k=0 ϕ(x_{k+1})g(t_k)(x_{k+1} −x_k ) = G(b)ϕ(b)−G(a)ϕ(a)− n−1∑ k=0 G(x_k ) ( ϕ(x_{k+1})−ϕ(x_k ) ) .]

1.3 Sunartăseic fragmènhc kÔmanshc

1.3.1 Orismìc kai paradeÐgmata

’Estw ϕ : [a, b] → R mia sunĹrthsh. An P = {a = x_0 < x_1 < . . . < x_n = b} eÐnai mia diamèrish tou [a, b], onomĹzoume kÔmansh thc ϕ wc proc thn P ton arijmì

(3.1) V (ϕ, P ) = n−1∑ k=0 |ϕ(x_{k+1}) − ϕ(x_k )|. Mia prÿth basikă paratărhsh eÐnai ìti {h kÔmansh thc ϕ megalÿnei an ekleptÔnoume th diamèrish}.

Lămma 1.3.1 ’Estw ϕ : [a, b] → R kai P, Q dÔo diamerÐseic tou [a, b]. An P ⊆ Q, tìte (3.2) V (ϕ, P ) ≤ V (ϕ, Q). Apìdeixh: ’Estw P = {a = x_0 < x_1 < . . . < x_n = b} kai èstw x_k < y < x_{k+1} gia kĹpoio k = 0, 1, . . . , n − 1. An jewrăsoume th diamèrish P_1 = P ∪ {y}, tìte aplă efarmogă thc trigwnikăc anisìthtac dÐnei

V (ϕ, P ) = n−1∑ j=0 |ϕ(x_{j+1} ) − ϕ(x_j )|

= k−1∑ j=0 |ϕ(x_{j+1}) − ϕ(x_j )| + |ϕ(x_{k+1}) − ϕ(x_k )| + n−1∑ j=k+1 |ϕ(x_{j+1} ) − ϕ(x_j )|

≤ k−1∑ j=0 |ϕ(x_{j+1}) − ϕ(x_j )| + |ϕ(y) − ϕ(x_k )| + |ϕ(x_{k+1}) − ϕ(y)|

+ n−1∑ j=k+1 |ϕ(x_{j+1} ) − ϕ(x_j )| = V (ϕ, P_1).

Sth genikă perÐptwsh h Q prokÔptei apì thn P me thn prosjăkh peperasmènwn to plăjoc shmeÐwn y_1, . . . , y_m, opìte V (ϕ, P ) ≤ V (ϕ, P ∪ {y_1}) ≤ · · · ≤ V (ϕ, P ∪ {y_1, . . . , y_m}) = V (ϕ, Q). □ Orismìc. ’Estw ϕ : [a, b] → R. H kÔmansh thc ϕ sto [a, b] eÐnai h posìthta (3.3) V (ϕ) = sup{V (ϕ, P ) | P diamèrish tou [a, b]}.

An V (ϕ) < +∞ tìte lème ìti h ϕ èqei fragmènh kÔmansh (an V (ϕ) = +∞, lème ìti h ϕ èqei Ĺpeirh kÔmansh). ’Otan jèloume na tonÐsoume to diĹsthma sto opoÐo upologÐzetai h kÔmansh thc ϕ ja grĹfoume V (ϕ | a, b).

Mia teqnikă paratărhsh h opoÐa suqnĹ aplousteÔei ton upologismì thc kÔmanshc eÐnai h exăc.

Lămma 1.3.2 ’Estw ϕ : [a, b] → R kai èstw Q diamèrish tou [a, b]. Tìte, (3.4) V (ϕ) = sup{V (ϕ, P ) | P diamèrish tou [a, b] , P ⊇ Q}. Apìdeixh: ’Askhsh.

MÐa apì tic sunèpeiec tou Lămmatoc 1.3.2 eÐnai h {prosjetikìthta thc kÔmanshc wc proc diadoqikĹ upodiastămata}:

Prìtash 1.3.1 ’Estw ϕ : [a, b] → R kai èstw γ ∈ (a, b). Tìte, (3.5) V (ϕ | a, b) = V (ϕ | a, γ) + V (ϕ | γ, b). Eidikìtera, (3.6) V (ϕ | γ, δ) ≤ V (ϕ | a, b) gia kĹje [γ, δ] ⊂ [a, b].

Apìdeixh: JewroÔme th diamèrish Q = {a < γ < b} tou [a, b]. Apì to Lămma 1.3.2 èqoume V (ϕ | a, b) = sup{V (ϕ, P ) | P diamèrish tou [a, b] , P ⊇ Q} = sup{V (ϕ, P ) | P diamèrish tou [a, b] , γ ∈ P }.

ParathroÔme ìti kĹje diamèrish P tou [a, b] pou perièqei to γ eÐnai thc morfăc P = P_1 ∪ P_2 ìpou P_1 diamèrish tou [a, γ] kai P_2 diamèrish tou [γ, b]. Epiplèon, apì ton orismì thc kÔmanshc wc proc diamèrish, isqÔei (3.7) V (ϕ, P | a, b) = V (ϕ, P_1 | a, γ) + V (ϕ, P_2 | γ, b). AntÐstrofa, kĹje zeugĹri diamerÐsewn P_1, P_2 twn [a, γ] kai [γ, b] antÐstoiqa, dÐnei mia diamèrish P = P_1 ∪ P_2 tou [a, b] h opoÐa perièqei to γ. Qrhsimopoiÿntac kai thn (3.7) blèpoume ìti (3.8) { V (ϕ, P | a, b) | γ ∈ P } = { V (ϕ, P_1 | a, γ) + V (ϕ, P_2 | γ, b) } (to prÿto sÔnolo eÐnai pĹnw apì ìlec tic diamerÐseic P tou [a, b] pou perièqoun to γ enÿ to deÔtero pĹnw apì ìla ta zeugĹria diamerÐsewn twn [a, γ] kai [γ, b]). PaÐrnontac supremum kai sta dÔo mèlh èqoume

V (ϕ | a, b) = sup_{γ∈P} V (ϕ, P | a, b) = sup_{P1} V (ϕ, P_1 | a, γ) + sup_{P2} V (ϕ, P_2 | γ, b) = V (ϕ | a, γ) + V (ϕ | γ, b).

Me epagwgă mporoÔme na deÐxoume ìti an grĹyoume to [a, b] san ènwsh [a, a_1] ∪ [a_1, a_2] ∪ . . . ∪ [a_{s−1}, a_s] oswndăpote diadoqikÿn diasthmĹtwn, tìte (3.9) V (ϕ | a, b) = s−1∑ i=0 V (ϕ | a_i, a_{i+1}) ìpou a_0 = a kai a_s = b. Apì thn (3.9) èpetai amèswc h (3.6) (giatÐ?). □

Ta paradeÐgmata pou akoloujoÔn exhgoÔn ton orismì thc kÔmanshc: eÐnai èna mètro thc olikăc metabolăc twn timÿn thc ϕ sto [a, b]. LÐgh skèyh deÐqnei ìti oi sunartăseic pou èqoun fragmènh kÔmansh eÐnai upoqrewtikĹ fragmènec:

Lămma 1.3.3 ’Estw ϕ : [a, b] → R. An V (ϕ) < +∞ tìte h ϕ eÐnai fragmènh.

Apìdeixh: ’Estw x ∈ (a, b). JewroÔme th diamèrish P_x = {a < x < b} tou [a, b]. Tìte, |ϕ(x) − ϕ(a)| ≤ |ϕ(x) − ϕ(a)| + |ϕ(b) − ϕ(x)| = V (ϕ, P_x) ≤ V (ϕ), Ĺra |ϕ(x)| ≤ V (ϕ) + |ϕ(a)|. ’Epetai ìti |ϕ(x)| ≤ M gia kĹje x ∈ [a, b], ìpou M = max{V (ϕ) + |ϕ(a)|, |ϕ(b)|}. □

ParadeÐgmata: (a) An h ϕ : [a, b] → R eÐnai monìtonh, tìte V (ϕ) = |ϕ(b) − ϕ(a)|. Gia parĹdeigma, an h ϕ eÐnai aÔxousa tìte gia kĹje diamèrish P = {a = x_0 < x_1 < . . . < x_n = b} tou [a, b] èqoume V (ϕ, P ) = n−1∑ k=0 |ϕ(x_{k+1}) − ϕ(x_k )| = n−1∑ k=0 ( ϕ(x_{k+1}) − ϕ(x_k ) ) = ϕ(b) − ϕ(a). ’Ara, V (ϕ) = sup_P V (ϕ, P ) = ϕ(b) − ϕ(a).

(b) Lème ìti h ϕ : [a, b] → R eÐnai katĹ tmămata monìtonh an upĹrqoun peperasmèna to plăjoc shmeÐa a = a_0 < a_1 < . . . < a_s = b sto [a, b] ÿste h ϕ na eÐnai monìtonh se kajèna apì ta diastămata [a_i, a_{i+1}], i = 0, 1, . . . , s − 1. Apì thn Prìtash 1.3.1 kai to ParĹdeigma (a), V (ϕ | a, b) = s−1∑ i=0 V (ϕ | a_i, a_{i+1}) = s−1∑ i=0 |ϕ(a_{i+1}) − ϕ(a_i)|. Eidikìtera, h ϕ èqei fragmènh kÔmansh.

(g) ’Estw γ ∈ (a, b) kai èstw ϕ : [a, b] → R h sunĹrthsh me ϕ(γ) = 1 kai ϕ(x) = 0 alliÿc. H ϕ eÐnai aÔxousa sto [a, γ] kai fjÐnousa sto [γ, b]. ’Ara, V (ϕ) = |ϕ(γ) − ϕ(a)| + |ϕ(b) − ϕ(γ)| = 2 apì to ParĹdeigma (b).

(d) UpĹrqoun fragmènec sunartăseic pou den èqoun fragmènh kÔmansh. ’Ena parĹdeigma mac dÐnei h sunĹrthsh g tou Dirichlet pou sunantăsame sthn §1.1.2. Gia kĹje n ∈ N mporoÔme na broÔme rhtoÔc q_k kai Ĺrrhtouc α_k me 0 < q_1 < α_1 < . . . < q_n < α_n < 1. An P eÐnai h diamèrish tou [0, 1] pou sqhmatÐzoun ìla autĹ ta shmeÐa, V (g) ≥ V (g, P ) ≥ n∑ k=1 |g(α_k) − g(q_k)| = n. AfoÔ V (g) ≥ n gia kĹje n, h g èqei Ĺpeirh kÔmansh.

(e) UpĹrqoun suneqeÐc ϕ : [a, b] → R pou den èqoun fragmènh kÔmansh. ’Ena parĹdeigma eÐnai to exăc: GrĹfoume to [0, 1] sth morfă

[0, 1] = {0} ∪ ∞⋃ n=1 [ 1 2^n , 1 2^{n−1} ] . Se kĹje diĹsthma [1/2^n, 1/2^{n−1}] orÐzoume mia {trigwnikă sunĹrthsh} wc exăc: jètoume ϕ(1/2^n) = 0 = ϕ(1/2^{n−1}), ϕ(3/2^{n+1}) = 1/n (o 3/2^{n+1} eÐnai to mèso tou diastămatoc) kai epekteÐnoume grammikĹ sta [1/2^n, 3/2^{n+1}] kai [3/2^{n+1}, 1/2^{n−1}]. Me autìn ton trìpo h ϕ èqei oristeÐ kai eÐnai suneqăc sto (0, 1].

Jètoume ϕ(0) = 0. Tìte, h ϕ eÐnai suneqăc kai sto 0: parathrăste ìti 0 ≤ x < 1 2^{n−1} =⇒ 0 ≤ ϕ(x) ≤ 1 n . JewroÔme th diamèrish

P_n = { 0 < 1 2^n < 3 2^{n+1} < 1 2^{n−1} < 3 2^n < . . . < 1 2 < 3 4 < 1 } . Tìte, V (ϕ, P_n) = n∑ k=1 2 k . AfoÔ h seirĹ ∑_∞ k=1 1 k apoklÐnei, sumperaÐnoume ìti h ϕ èqei Ĺpeirh kÔmansh.

(z) ’Estw ϕ : [a, b] → R Lipschitz suneqăc sunĹrthsh me stajerĹ M. Dhladă, |ϕ(x) − ϕ(y)| ≤ M · |x − y| gia kĹje x, y ∈ [a, b]. Tìte, h ϕ èqei fragmènh kÔmansh: An P = {a = x_0 < x_1 < . . . < x_n = b}, tìte V (ϕ, P ) = n−1∑ k=0 |ϕ(x_{k+1}) − ϕ(x_k )| ≤ M n−1∑ k=0 (x_{k+1} − x_k) = M · (b − a).

’Epetai ìti V (ϕ) ≤ M · (b − a) < +∞. Eidikìtera, an h ϕ eÐnai paragwgÐsimh kai h ϕ^′ eÐnai fragmènh sto [a, b] tìte h ϕ èqei fragmènh kÔmansh. PrĹgmati, qrhsimopoiÿntac to Jeÿrhma Mèshc Timăc blèpoume ìti h ϕ eÐnai Lipschitz suneqăc me stajerĹ M = sup{|ϕ^′(x)| | a ≤ x ≤ b}.

1.3.2 O qÿroc twn sunartăsewn fragmènhc kÔmanshc

’Estw [a, b] èna kleistì diĹsthma. GrĹfoume BV [a, b] gia to sÔnolo ìlwn twn sunartăsewn ϕ : [a, b] → R pou èqoun fragmènh kÔmansh. H epìmenh Prìtash deÐqnei ìti to sÔnolo BV [a, b] eÐnai Ĺlgebra sunartăsewn: eÐnai grammikìc qÿroc kai an ϕ, ψ ∈ BV [a, b] tìte to ginìmeno ϕ · ψ ∈ BV [a, b]. Prìtash 1.3.2 ’Estw ϕ, ψ ∈ BV [a, b] kai èstw t ∈ R. Tìte,

1. ϕ + ψ ∈ BV [a, b] kai V (ϕ + ψ) ≤ V (ϕ) + V (ψ). 2. t · ϕ ∈ BV [a, b] kai V (t · ϕ) = |t| · V (ϕ). 3. ϕ · ψ ∈ BV [a, b] kai V (ϕ · ψ) ≤ ‖ϕ‖_∞V (ψ) + ‖ψ‖_∞V (ϕ), ìpou ‖ϕ‖_∞ = sup{|ϕ(x)| : a ≤ x ≤ b} kai ‖ψ‖_∞ = sup{|ψ(x)| : a ≤ x ≤ b}. To Lămma 1.3.3 deÐqnei ìti oi ‖ϕ‖_∞, ‖ψ‖_∞ orÐzontai kalĹ.

Apìdeixh: ’Estw P = {a = x_0 < x_1 < . . . < x_n = b} diamèrish tou [a, b]. Apì thn V (ϕ + ψ, P ) = n−1∑ k=0 |ϕ(x_{k+1} ) + ψ(x_{k+1}) − ϕ(x_k ) − ψ(x_k)|

≤ n−1∑ k=0 |ϕ(x_{k+1} ) − ϕ(x_k )| + n−1∑ k=0 |ψ(x_{k+1}) − ψ(x_k)| = V (ϕ, P ) + V (ψ, P ) èpetai ìti V (ϕ + ψ) ≤ V (ϕ) + V (ψ) < +∞. Gia ton deÔtero isqurismì arkeÐ na parathrăsete ìti V (t · ϕ, P ) = n−1∑ k=0 |t · ϕ(x_{k+1}) − t · ϕ(x_k )|

= |t| · n−1∑ k=0 |ϕ(x_{k+1}) − ϕ(x_k )| = |t| · V (ϕ, P ).

Tèloc, me katĹllhlec prosjafairèseic kai efarmogă thc trigwnikăc anisìthtac blèpoume ìti

V (ϕ · ψ, P ) = n−1∑ k=0 |ϕ(x_{k+1})ψ(x_{k+1}) − ϕ(x_k )ψ(x_k )|

≤ n−1∑ k=0 |ϕ(x_{k+1})| · |ψ(x_{k+1}) − ψ(x_k )| + n−1∑ k=0 |ψ(x_k)| · |ϕ(x_{k+1}) − ϕ(x_k )| ≤ ‖ϕ‖_∞V (ψ, P ) + ‖ψ‖_∞V (ϕ, P ), apfl ìpou prokÔptei h V (ϕ · ψ) ≤ ‖ϕ‖_∞V (ψ) + ‖ψ‖_∞V (ϕ). □ Sthn perÐptwsh pou h ϕ : [a, b] → R eÐnai paragwgÐsimh kai h ϕ^′ eÐnai Riemann oloklhrÿsimh, h kÔmansh thc ϕ dÐnetai apì to oloklărwma Riemann thc |ϕ^′|: Jeÿrhma 1.3.1 ’Estw ϕ : [a, b] → R paragwgÐsimh sunĹrthsh. An h ϕ^′ eÐnai Riemann oloklhrÿsimh, tìte ϕ ∈ BV [a, b] kai (3.10) V (ϕ) = ∫_b a |ϕ^′(t)| dt. Apìdeixh: H ϕ^′ èqei upotejeÐ Riemann oloklhrÿsimh, Ĺra eÐnai fragmènh sunĹrthsh. Autì apodeiknÔei ìti ϕ ∈ BV [a, b] (h ϕ eÐnai Lipschitz suneqăc). Epiplèon h |ϕ^′| eÐnai Riemann oloklhrÿsimh, Ĺra to dexiì mèloc thc (3.10) orÐzetai kalĹ.

’Estw ε > 0. MporoÔme na broÔme diamerÐseic P_1 kai P_2 tou [a, b] tètoiec ÿste (3.11) V (ϕ) − ε < V (ϕ, P_1) ≤ V (ϕ) kai (3.12) U(|ϕ^′|, P_2) − L(|ϕ^′|, P_2) < ε. An P = P_1 ∪ P_2 = {a = x_0 < x_1 < . . . < x_n = b}, tìte oi (3.11) kai (3.12) isqÔoun me thn P sth jèsh twn P_1 kai P_2 antÐstoiqa. Efarmìzontac to Jeÿrhma Mèshc Timăc se kĹje [x_k, x_{k+1}] brÐskoume t_k ∈ (x_k, x_{k+1}) me |ϕ(x_{k+1}) − ϕ(x_k )| = |ϕ^′(t_k)| · (x_{k+1} − x_k ).

’Ara,

(3.13) V (ϕ, P ) = n−1∑ k=0 |ϕ^′(t_k)| · (x_{k+1} − x_k).

Apì thn (3.12) - blèpe ’Askhsh 3 thc §1.2.4 - èqoume

(3.14) | | | | ∫_b a |ϕ^′(t)|dt − n−1∑ k=0 |ϕ^′(t_k)|(x_{k+1} − x_k) | | | | < ε. SunduĹzontac tic (3.13) kai (3.14) paÐrnoume | | | ∫_b a |ϕ^′(t)|dt − V (ϕ, P ) | | | < ε, kai apì thn (3.11) èpetai ìti | | | ∫_b a |ϕ^′(t)|dt − V (ϕ) | | | < 2ε. AfoÔ to ε > 0 ătan tuqìn, èqoume apodeÐxei to zhtoÔmeno. □

1.3.3 Qarakthrismìc twn sunartăsewn fragmènhc kÔman- shc ’Estw ϕ : [a, b] → R sunĹrthsh me fragmènh kÔmansh. Apì thn Prìtash 1.3.1 h ϕ èqei fragmènh kÔmansh se kĹje diĹsthma [a, x] ìpou x ∈ [a, b] (sthn perÐptwsh pou x = a, h kÔmansh thc ϕ sto [a, x] orÐzetai na eÐnai Ðsh me mhdèn). MporoÔme epomènwc na orÐsoume mia sunĹrthsh v_ϕ : [a, b] → R me (3.15) v_ϕ(x) = V (ϕ | a, x). H v_ϕ lègetai sunĹrthsh olikăc kÔmanshc thc ϕ. Apì thn Prìtash 1.3.1, èqoume v_ϕ(y) − v_ϕ(x) = V (ϕ | a, y) − V (ϕ | a, x) = V (ϕ | x, y) ≥ 0 an x < y sto [a, b]. ’Ara, h v_ϕ eÐnai aÔxousa sunĹrthsh.

EpÐshc, jewrÿntac th diamèrish P_{xy} = {x < y} tou [x, y] èqoume ϕ(y) − ϕ(x) ≤ |ϕ(y) − ϕ(x)| ≤ V (ϕ | x, y) = v_ϕ(y) − v_ϕ(x), dhladă (3.16) v_ϕ(x) − ϕ(x) ≤ v_ϕ(y) − ϕ(y) an x < y sto [a, b]. ’Ara, h v_ϕ − ϕ eÐnai aÔxousa sunĹrthsh.

Apì tic (3.15) kai (3.16) prokÔptei eÔkola o exăc qarakthrismìc twn sunartăsewn me fragmènh kÔmansh.

Jeÿrhma 1.3.2 ’Estw ϕ : [a, b] → R. H ϕ èqei fragmènh kÔmansh an kai mìno an grĹfetai san diaforĹ ϕ = ϕ_1 − ϕ_2 dÔo auxousÿn sunartăsewn.

Apìdeixh: ’Estw ϕ ∈ BV [a, b]. EÐdame ìti oi sunartăseic v_ϕ kai v_ϕ − ϕ eÐnai aÔxousec. GrĹfontac ϕ = v_ϕ − ( v_ϕ − ϕ ) èqoume perigrĹyei thn ϕ san diaforĹ dÔo auxousÿn sunartăsewn.

AntÐstrofa, an ϕ_1, ϕ_2 : [a, b] → R eÐnai duo aÔxousec sunartăseic, tìte ϕ_1, ϕ_2 ∈ BV [a, b] kai, afoÔ o BV [a, b] eÐnai grammikìc qwroc, èqoume ϕ_1 − ϕ_2 ∈ BV [a, b]. □

Paratărhsh. H anĹlush ϕ = ϕ_1 − ϕ_2 den eÐnai monadikă. An f : [a, b] → R eÐnai opoiadăpote aÔxousa sunĹrthsh, tìte ϕ = (ϕ_1 + f) − (ϕ_2 + f) kai oi ϕ_1 + f, ϕ_2 + f eÐnai profanÿc aÔxousec.

An h ϕ eÐnai suneqăc sunĹrthsh me fragmènh kÔmansh, tìte oi ϕ_1, ϕ_2 tou Jewrămatoc 1.3.2 mporoÔn na upotejoÔn suneqeÐc. H apìdeixh ja basisteÐ sto exăc Lămma.

Lămma 1.3.4 ’Estw ϕ ∈ BV [a, b] kai èstw γ ∈ [a, b]. H ϕ eÐnai suneqăc sto γ an kai mìno an h v_ϕ eÐnai suneqăc sto γ.

Apìdeixh: ParathroÔme prÿta ìti ta pleurikĹ ìria twn ϕ kai v_ϕ kajÿc y → x^+ ă y → x^− upĹrqoun: oi monìtonec sunartăseic èqoun autăn thn idiìthta, Ĺra kai oi diaforèc monìtonwn sunartăsewn. Ja deÐxoume ìti h ϕ eÐnai suneqăc apì dexiĹ sto γ ∈ [a, b) an kai mìno an h v_ϕ eÐnai suneqăc apì dexiĹ sto γ (douleÔontac ìmoia me ta ìria apì aristerĹ, paÐrnoume to sumpèrasma).

H mÐa kateÔjunsh eÐnai aplă: eÐdame ìti an x < y sto [a, b] tìte |ϕ(y) − ϕ(x)| ≤ v_ϕ(y) − v_ϕ(x). PaÐrnontac ìria kajÿc y → x^+ èqoume (3.17) v_ϕ(x+) − v_ϕ(x) ≥ |ϕ(x+) − ϕ(x)|. An h v_ϕ eÐnai suneqăc apì dexiĹ, h (3.17) deÐqnei ìti ϕ(x+) = ϕ(x). Dhladă, h ϕ eÐnai suneqăc apì dexiĹ.

AntÐstrofa, ac upojèsoume ìti h ϕ eÐnai suneqăc apì dexiĹ sto γ ∈ [a, b). ’Estw ε > 0. UpĹrqei δ > 0 tètoio ÿste |ϕ(γ) − ϕ(x)| < ε/2 an γ ≤ x < γ + δ. JewroÔme diamèrish P = {γ = x_0 < x_1 < . . . < x_n = b} tou [γ, b] me thn idiìthta (3.18) V (ϕ | γ, b) < V (ϕ, P | γ, b) + ε 2 . H (3.18) exakoloujeÐ na isqÔei an sth jèsh thc P pĹroume opoiadăpote eklèptunsă thc. An loipìn γ < t < min{γ + δ, x_1} kai P_t = {t < x_1 < x_2 < . . . < x_n = b} èqoume V (ϕ | γ, b) − ε 2 < V (ϕ, P ∪ {t} | γ, b) = |ϕ(t) − ϕ(γ)| + V (ϕ, P_t | t, b) < ε 2 + V (ϕ | t, b).

Dhladă,

v_ϕ(t) − v_ϕ(γ) = ( V (ϕ | a, b) − V (ϕ | t, b) ) − ( V (ϕ | a, b) − V (ϕ | γ, b) ) = V (ϕ | γ, b) − V (ϕ | t, b) < ε. DeÐxame ìti 0 ≤ v_ϕ(t) − v_ϕ(γ) < ε an γ < t < min{γ + δ, x_1}. AfoÔ to ε > 0 ătan tuqìn, h v_ϕ eÐnai suneqăc apì dexiĹ sto γ. □ ’Amesh sunèpeia tou Lămmatoc 1.3.4 eÐnai to exăc.

Jeÿrhma 1.3.3 ’Estw ϕ : [a, b] → R suneqăc. H ϕ èqei fragmènh kÔmansh an kai mìno an grĹfetai san diaforĹ dÔo suneqÿn kai auxousÿn sunartăsewn. □

1.3.4 Jetikă kai arnhtikă kÔmansh - AnĹlush Jordan

Gia kĹje pragmatikì arijmì a orÐzoume to jetikì kai to arnhtikì mèroc tou a, a^+ kai a^− antÐstoiqa, wc exăc:

(3.19) a^+ = max{a, 0} kai a^− = − min{a, 0}.

EÐnai fanerì ìti

(3.20) a^+, a^− ≥ 0 , |a| = a^+ + a^− , a = a^+ − a^−.

’Estw tÿra ϕ : [a, b] → R sunĹrthsh me fragmènh kÔmansh. An P = {a = x_0 < x_1 < . . . < x_n = b} eÐnai mia diamèrish tou [a, b], orÐzoume

(3.21) V^+(ϕ, P ) = n−1∑ k=0 ( ϕ(x_{k+1}) − ϕ(x_k )

)_+

kai (3.22) V^−(ϕ, P ) = n−1∑ k=0 ( ϕ(x_{k+1}) − ϕ(x_k ) )_− . O V^+(ϕ, P ) onomĹzetai jetikă kÔmansh thc ϕ wc proc thn P kai o V^−(ϕ, P ) onomĹzetai arnhtikă kÔmansh thc ϕ wc proc thn P .

O V^+(ϕ, P ) eÐnai to Ĺjroisma twn jetikÿn diaforÿn ϕ(x_{k+1}) − ϕ(x_k ), enÿ o −V^−(ϕ, P ) eÐnai to Ĺjroisma twn arnhtikÿn diaforÿn ϕ(x_{k+1} ) − ϕ(x_k ). EÔkola elègqoume ìti isqÔoun ta exăc:

1. V^+(ϕ, P ) ≥ 0, V^−(ϕ, P ) ≥ 0. 2. V^+(ϕ, P ) + V^−(ϕ, P ) = V (ϕ, P ). 3. V^+(ϕ, P ) − V^−(ϕ, P ) = ϕ(b) − ϕ(a).

OrÐzoume tÿra th jetikă kai thn arnhtikă kÔmansh thc ϕ sto [a, b] jètontac (3.23) V^+(ϕ | a, b) = sup{V^+(ϕ, P ) | P diamèrish tou [a, b]} kai (3.24) V^−(ϕ | a, b) = sup{V^−(ϕ, P ) | P diamèrish tou [a, b]} antÐstoiqa.

Prìtash 1.3.3 ’Estw ϕ : [a, b] → R sunĹrthsh me fragmènh kÔmansh. Tìte, V^+(ϕ | a, b) < +∞, V^−(ϕ | a, b) < +∞ kai isqÔoun oi sqèseic

1. V^+(ϕ | a, b) + V^+(ϕ | a, b) = V (ϕ | a, b), 2. V^+(ϕ | a, b) − V^−(ϕ | a, b) = ϕ(b) − ϕ(a). Apìdeixh: Apì tic V^+(ϕ, P ) ≤ V (ϕ, P ) kai V^−(ϕ, P ) ≤ V (ϕ, P ) blèpoume amèswc ìti an V (ϕ) < +∞ tìte kai V^+(ϕ | a, b) ≤ V (ϕ) < +∞ , V^−(ϕ | a, b) ≤ V (ϕ) < +∞. Ja deÐxoume prÿta ton deÔtero isqurismì thc Prìtashc: AfoÔ V^+(ϕ, P ) = V^−(ϕ, P ) + ϕ(b) − ϕ(a) gia kĹje diamèrish P , paÐrnoume V^+(ϕ | a, b) = sup_P V^+(ϕ, P ) = sup_P ( V^−(ϕ, P ) + ϕ(b) − ϕ(a) ) = V^−(ϕ | a, b) + ϕ(b) − ϕ(a). Gia ton prÿto isqurismì, parathroÔme prÿta ìti gia kĹje diamèrish P isqÔei V (ϕ, P ) = V^+(ϕ, P ) + V^−(ϕ, P ) ≤ V^+(ϕ | a, b) + V^−(ϕ | a, b), opìte, paÐrnontac supremum wc proc P blèpoume ìti (3.25) V (ϕ | a, b) ≤ V^+(ϕ | a, b) + V^−(ϕ | a, b). ’Estw tÿra ε > 0. JewroÔme diamèrish P tou [a, b] tètoia ÿste (3.26) V^+(ϕ | a, b) − ε 2 < V^+(ϕ, P ). Tìte, V^+(ϕ | a, b) − V^−(ϕ | a, b) − ε 2 < V^+(ϕ, P ) − V^−(ϕ, P ) = ϕ(b) − ϕ(a) = V^+(ϕ | a, b) − V^−(ϕ | a, b), dhladă, (3.27) V^−(ϕ | a, b) − ε 2 < V^−(ϕ, P ). ’Epetai ìti V^+(ϕ | a, b) + V^−(ϕ | a, b) − ε < V^+(ϕ, P ) + V^−(ϕ, P ) = V (ϕ, P ) ≤ V (ϕ | a, b), kai afoÔ to ε > 0 ătan tuqìn, (3.28) V^+(ϕ | a, b) + V^−(ϕ | a, b) ≤ V (ϕ | a, b). Apì tic (3.25) kai (3.28) èqoume to zhtoÔmeno. □ ’Estw ϕ : [a, b] → R sunĹrthsh me fragmènh kÔmansh. Katfl analogÐa proc ton orismì thc sunĹrthshc olikăc kÔmanshc v_ϕ thc ϕ, orÐzoume tic sunartăseic jetikăc kai arnhtikăc kÔmanshc thc ϕ, (3.29) v^+_ϕ (x) = V^+(ϕ | a, x) kai v^−_ϕ (x) = V^−(ϕ | a, x) sto [a, b]. Oi basikèc idiìthtec twn v^+_ϕ kai v^−_ϕ perigrĹfontai sthn epìmenh Prìtash. Prìtash 1.3.4 ’Estw ϕ ∈ BV [a, b]. Oi sunartăseic jetikăc kai arnhtikăc kÔmanshc thc ϕ èqoun tic exăc idiìthtec:

1. Oi v^+_ϕ kai v^−_ϕ eÐnai aÔxousec.

2. v^+_ϕ (x) + v^−_ϕ (x) = v_ϕ(x) gia kĹje x ∈ [a, b]. 3. v^+_ϕ (x) − v^−_ϕ (x) = ϕ(x) − ϕ(a) gia kĹje x ∈ [a, b].

Apìdeixh: O deÔteroc kai o trÐtoc isqurismìc prokÔptoun Ĺmesa apì thn Prìtash 1.3.3 (me antikatĹstash tou [a, b] apì to [a, x]). Ja deÐxoume ìti h v^+_ϕ eÐnai aÔxousa: èstw x < y sto [a, b]. Gia kĹje diamèrish P_x tou [a, x] èqoume V^+(ϕ, P_x) ≤ V^+(ϕ, P_x) + ( ϕ(y) − ϕ(x) )_+ ≤ V^+(ϕ | a, y). ’Ara,

v^+_ϕ (x) = V^+(ϕ | a, x) = sup_{Px} V^+(ϕ, P_x) ≤ V^+(ϕ | a, y) = v^+_ϕ (y). Entelÿc anĹloga deÐqnoume ìti h v^−_ϕ eÐnai aÔxousa. □ Parathrăseic: (a) Apì tic sqèseic v^+_ϕ (x) + v^−_ϕ (x) = v_ϕ(x) kai v^+_ϕ (x) − v^−_ϕ (x) = ϕ(x) − ϕ(a) blèpoume ìti (3.30) v^+_ϕ (x) = 1 2 ( v_ϕ(x) + ϕ(x) − ϕ(a) ) kai (3.31) v^−_ϕ (x) = 1 2 ( v_ϕ(x) − ϕ(x) + ϕ(a) ) gia kĹje x ∈ [a, b]. Oi (3.30) kai (3.31) qrhsimopoioÔntai merikèc forèc san orismìc twn v^+_ϕ kai v^−_ϕ .

(b) An jewrăsoume tic sunartăseic ϕ_1(x) = v^+_ϕ (x) + ϕ(a) kai ϕ_2(x) = v^−_ϕ (x), tìte oi ϕ_1, ϕ_2 eÐnai aÔxousec (Prìtash 1.3.4) kai

(3.32) ϕ_1(x) − ϕ_2(x) = ϕ(a) + v^+_ϕ (x) − v^−_ϕ (x) = ϕ(x)

gia kĹje x ∈ [a, b] (pĹli apì thn Prìtash 1.3.4). ’Eqoume ètsi Ĺllh mÐa apìdeixh tou qarakthrismoÔ twn sunartăsewn fragmènhc kÔmanshc wc diaforÿn auxousÿn sunartăsewn (Jeÿrhma 1.3.2). H sugkekrimènh perigrafă thc ϕ mèsw thc (3.32) lègetai anĹlush Jordan thc ϕ. Apì to Lămma 1.3.4 kai tic (3.30), (3.31) blèpoume ìti oi ϕ_1, ϕ_2 sthn (3.32) eÐnai suneqeÐc an kai mìno an h ϕ eÐnai suneqăc.

H anĹlush Jordan miac ϕ ∈ BV [a, b] eÐnai h pio {oikonomikă} anĹlush thc ϕ se diaforĹ auxousÿn sunartăsewn, me thn exăc ènnoia.

Prìtash 1.3.5 ’Estw ϕ ∈ BV [a, b] kai ϕ_1(x) = v^+_ϕ (x) + ϕ(a), ϕ_2(x) = v^−_ϕ (x). An ψ_1, ψ_2 : [a, b] → R eÐnai aÔxousec sunartăseic tètoiec ÿste ϕ = ψ_1 − ψ_2, tìte gia kĹje x < y sto [a, b] isqÔoun oi

ψ_1(y) − ψ_1(x) ≥ ϕ_1(y) − ϕ_1(x) kai ψ_2(y) − ψ_2(x) ≥ ϕ_2(y) − ϕ_2(x).

Dhladă, oi ϕ_1, ϕ_2 auxĹnoun {ligìtero} apì tic ψ_1, ψ_2. □

Apìdeixh: ’Estw P_{xy} = {x = z_0 < z_1 < . . . < z_n = y} diamèrish tou [x, y]. GrĹfoume

V^+(ϕ, P_{xy}) = n−1∑ k=0 ( ϕ(z_{k+1}) − ϕ(z_k)

)_+

= n−1∑ k=0 ( ψ_1(z_{k+1}) − ψ_1(z_k) − (ψ_2(z_{k+1}) − ψ_2(z_k))

)_+

≤ n−1∑ k=0 ( ψ_1(z_{k+1}) − ψ_1(z_k) )

= ψ_1(y) − ψ_1(x)

(qrhsimopoiăsame thn a, b ≥ 0 ⇒ (a − b)^+ ≤ a). ’Ara,

V^+(ϕ | x, y) ≤ ψ_1(y) − ψ_1(x).

’Omwc, apì thn Prìtash 1.3.3

V^+(ϕ | x, y) = 1 2 ( V (ϕ | x, y) + ϕ(y) − ϕ(x) )

= 1 2 ( V (ϕ | a, y) + ϕ(y) − ϕ(a) ) + 1 2 ( V (ϕ | a, x) + ϕ(x) − ϕ(a) ) = v^+_ϕ (y) − v^+_ϕ (x) = ϕ_1(y) − ϕ_1(x), epomènwc èqoume ton prÿto isqurismì. H apìdeixh tou deÔterou afănetai san Ĺskhsh. □ KleÐnoume autăn thn parĹgrafo me mia pio leptomeră diatÔpwsh tou Jewrămatoc 1.3.1.

Prìtash 1.3.6 ’Estw ϕ : [a, b] → R paragwgÐsimh sunĹrthsh. An h ϕ^′ eÐnai Riemann oloklhrÿsimh, tìte

(3.33) V^+(ϕ | a, b) = ∫_b a (ϕ^′(t))^+dt kai V^−(ϕ | a, b) = ∫_b a (ϕ^′(t))^−dt. Apìdeixh: Me dedomèno to Jeÿrhma 1.3.1 h apìdeixh eÐnai polÔ aplă. ParathroÔme ìti

2(ϕ^′(t))^+ = |ϕ^′(t)| + ϕ^′(t) kai 2(ϕ^′(t))^− = |ϕ^′(t)| − ϕ^′(t).

Tìte, qrhsimopoiÿntac kai tic (3.30), (3.31) èqoume ∫_b a (ϕ^′(t))^+dt = 1 2 ∫_b a |ϕ^′(t)|dt + 1 2 ∫_b a ϕ^′(t)dt = 1 2 ( V (ϕ | a, b) + ϕ(b) − ϕ(a) ) = V^+(ϕ | a, b) kai ∫_b a (ϕ^′(t))^−dt = 1 2 ∫_b a |ϕ^′(t)|dt − 1 2 ∫_b a ϕ^′(t)dt = 1 2 ( V (ϕ | a, b) − ϕ(b) + ϕ(a) ) = V^−(ϕ | a, b). □

1.3.5 Askăseic

1. ApodeÐxte to Lămma 1.3.2.

2. (a) DeÐxte ìti h sunĹrthsh ϕ : [0, 1] → R me ϕ(x) = x sin^1_x an x ≠ 0 kai ϕ(0) = 0 eÐnai suneqăc allĹ èqei Ĺpeirh kÔmansh.

(b) DeÐxte ìti h sunĹrthsh ψ : [0, 1] → R me ψ(x) = x^2 sin^1_x an x ≠ 0 kai ψ(0) = 0 èqei fragmènh kÔmansh.

3. (a) ’Estw (ϕ_n) akoloujÐa sunartăsewn pou orÐzontai sto [a, b]. Upojètoume ìti kĹje ϕ_n èqei fragmènh kÔmansh kai ìti upĹrqei M > 0 tètoioc ÿste V (ϕ_n | a, b) ≤ M gia kĹje n ∈ N. An ϕ_n → ϕ katĹ shmeÐo, deÐxte ìti h ϕ èqei fragmènh kÔmansh kai V (ϕ | a, b) ≤ M.

(b) H upìjesh V (ϕ_n | a, b) ≤ M gia kĹje n ∈ N sto (a) eÐnai ousiastikă. DeÐxte ìti h akoloujÐa sunartăsewn

ϕ_n(x) = x sin^1_x , x ≥^1_{2nπ}

0 , 0 ≤ x <^1_{2nπ}

sugklÐnei omoiìmorfa sth sunĹrthsh ϕ thc ’Askhshc 2(a) kai ìti kĹje ϕ_n èqei fragmènh kÔmansh (enÿ h ϕ ìqi).

4. ’Estw (ϕ_n) akoloujÐa sunartăsewn pou orÐzontai sto [a, b] kai èqoun fragmènh kÔmansh. An ϕ_n → ϕ katĹ shmeÐo, deÐxte ìti V (ϕ | a, b) ≤ lim inf_{n→∞} V (ϕ_n | a, b). [Upìdeixh gia tic Askăseic 3 kai 4: DeÐxte ìti V (ϕ_n, P ) → V (ϕ, P ) gia kĹje diamèrish P tou [a, b].]

5. ’Estw ϕ : [a, b] → R. Upojètoume ìti upĹrqei M > 0 tètoioc ÿste: gia kĹje ε > 0, V (ϕ | a + ε, b) ≤ M. (a) DeÐxte ìti V (ϕ | a, b) < +∞.

(b) PoiĹ epiplèon upìjesh gia thn ϕ mac exasfalÐzei ìti V (ϕ | a, b) ≤ M?

6. JewroÔme th sunĹrthsh I(x) = 0 an x < 0 kai I(x) = 1 an x ≥ 0. ’Estw (c_n) mia akoloujÐa pragmatikÿn arijmÿn me ∑_∞ n=1 |c_n| < +∞ kai èstw (x_n) akoloujÐa diaforetikÿn anĹ dÔo shmeÐwn tou (a, b]. An ϕ(x) = ∞∑ n=1 c_nI(x − x_n), x ∈ [a, b] deÐxte ìti ϕ ∈ BV [a, b] kai V (ϕ | a, b) = ∞∑ n=1 |c_n|.

7. ’Estw ϕ : [a, b] → R suneqăc kai katĹ tmămata monìtonh sunĹrthsh. Gia kĹje y ∈ R orÐzoume N(y) to plăjoc twn rizÿn thc exÐswshc ϕ(x) = y sto [a, b]. An m = min{ϕ(x) : a ≤ x ≤ b} kai M = max{ϕ(x) : a ≤ x ≤ b}, deÐxte ìti V (ϕ | a, b) = ∫_M m N(y)dy.

8. BreÐte, an upĹrqei, suneqă sunĹrthsh ϕ ∈ BV [a, b] h opoÐa den eÐnai Lipschitz suneqăc.

1.4 Oloklărwma Riemann-Stieltjes wc proc sunĹrthsh me fragmènh kÔmansh

1.4.1 Orismìc tou oloklhrÿmatoc

’Estw ϕ : [a, b] → R sunĹrthsh me fragmènh kÔmansh. H ϕ grĹfetai me diĹforouc trìpouc sth morfă ϕ = ψ_1 − ψ_2, ìpou ψ_1, ψ_2 : [a, b] → R aÔxousec sunartăseic.

’Estw f : [a, b] → R fragmènh sunĹrthsh. An gia kĹpoia anĹlush ϕ = ψ_1 − ψ_2 thc ϕ se diaforĹ auxousÿn sunartăsewn isqÔei f ∈ R(ψ_1) kai f ∈ R(ψ_2), tìte lème ìti h f eÐnai Riemann-Stieltjes oloklhrÿsimh wc proc thn ϕ kai orÐzoume

(4.1) ∫_b a f(x)dϕ(x) = ∫_b a f(x)dψ_1(x) − ∫_b a f(x)dψ_2(x). Ja grĹfoume f ∈ R(ϕ), ìpwc kai sthn perÐptwsh pou h ϕ eÐnai aÔxousa. Paratărhsh. To oloklărwma thc f wc proc thn ϕ ∈ BV [a, b] eÐnai kalĹ orismèno me thn exăc ènnoia: an ϕ = ψ_1 − ψ_2 = w_1 − w_2 ìpou ψ_1, ψ_2, w_1, w_2 aÔxousec, kai an h f eÐnai Riemann-Stieltjes oloklhrÿsimh wc proc tic ψ_1, ψ_2, w_1, w_2, tìte

(4.2) ∫_b a f(x)dψ_1(x) − ∫_b a f(x)dψ_2(x) = ∫_b a f(x)dw_1(x) − ∫_b a f(x)dw_2(x). Gia thn apìdeixh thc (4.2) qrhsimopoioÔme to Jeÿrhma 1.2.7(z). AfoÔ f ∈ R(ψ_1)∩ R(w_2) èqoume f ∈ R(ψ_1 + w_2) kai

(4.3) I := ∫_b a fd(ψ_1 + w_2) = ∫_b a fdψ_1 + ∫_b a fdw_2. AfoÔ ψ_1 + w_2 = w_1 + ψ_2, prèpei na isqÔei kai h

(4.4) I = ∫_b a fd(w_1 + ψ_2) = ∫_b a fdw_1 + ∫_b a fdψ_2. Apì tic (4.3) kai (4.4) prokÔptei h (4.2).

Gia na elègxoume an h f eÐnai Riemann-Stieltjes oloklhrÿsimh wc proc thn ϕ den qreiĹzetai na exetĹsoume ìlec tic dunatèc analÔseic thc ϕ se diaforĹ dÔo auxousÿn sunartăsewn. ArkeÐ na elègxoume an f ∈ R(v_ϕ). Autì mac to exasfalÐzei h epìmenh Prìtash:

Prìtash 1.4.1 ’Estw f : [a, b] → R fragmènh sunĹrthsh, ϕ : [a, b] → R sunĹrthsh me fragmènh kÔmansh. Ta exăc eÐnai isodÔnama:

1. f ∈ R(v_ϕ).

2. f ∈ R(v^+_ϕ ) kai f ∈ R(v^−_ϕ ). 3. f ∈ R(ϕ).

Apìdeixh: JumhjeÐte ìti oi sunartăseic jetikăc kai arnhtikăc kÔmanshc v^+_ϕ kai v^−_ϕ pou emfanÐzontai sthn anĹlush Jordan thc ϕ ikanopoioÔn tic v^+_ϕ (x) − v^−_ϕ (x) = ϕ(x) − ϕ(a) v^+_ϕ (x) + v^−_ϕ (x) = v_ϕ(x), Ĺra v^+_ϕ (x) = 1 2 ( v_ϕ(x) + (ϕ(x) − ϕ(a)) )

v^−_ϕ (x) = 1 2 ( v_ϕ(x) − (ϕ(x) − ϕ(a)) ) . Epiplèon, oi v^+_ϕ kai v^−_ϕ èqoun thn exăc idiìthta (blèpe Prìtash 1.3.5): An ψ_1, ψ_2 : [a, b] → R eÐnai aÔxousec sunartăseic tètoiec ÿste ϕ = ψ_1 − ψ_2, tìte gia kĹje x < y sto [a, b] isqÔoun oi (4.5) ψ_1(y) − ψ_1(x) ≥ v^+_ϕ (y) − v^+_ϕ (x) kai (4.6) ψ_2(y) − ψ_2(x) ≥ v^−_ϕ (y) − v^−_ϕ (x). Gia thn apìdeixh thc Prìtashc ja basistoÔme ston akìloujo isqurismì: Isqurismìc: An ϕ_1, ϕ_2 : [a, b] → R kai gia kĹje x < y sto [a, b] isqÔei ϕ_1(y) − ϕ_1(x) ≤ ϕ_2(y) − ϕ_2(x), tìte f ∈ R(ϕ_2) =⇒ f ∈ R(ϕ_1).

Apìdeixh: Apì thn upìjesh, gia kĹje diamèrish P tou [a, b] èqoume U(f, ϕ_1, P ) − L(f, ϕ_1, P ) = n−1∑ k=0 (M_k − m_k)(ϕ_1(x_k) − ϕ_1(x_{k+1}))

≤ n−1∑ k=0 (M_k − m_k)(ϕ_2(x_{k+1}) − ϕ_2(x_k)) = U(f, ϕ_2, P ) − L(f, ϕ_2, P ). An f ∈ R(ϕ_2), apì to kritărio tou Riemann, gia kĹje ε > 0 upĹrqei diamèrish P_ε tètoia ÿste U(f, ϕ_2, P_ε) − L(f, ϕ_2, P_ε) < ε. Tìte, U(f, ϕ_1, P_ε) − L(f, ϕ_1, P_ε) < ε kai (pĹli) to kritărio tou Riemann mac exasfalÐzei ìti f ∈ R(ϕ_1). □ ApodeiknÔoume prÿta ìti (1) ⇒ (2). ’Estw ìti f ∈ R(v_ϕ). AfoÔ oi v^+_ϕ , v^−_ϕ eÐnai aÔxousec kai v_ϕ(y) − v_ϕ(x) = ( v^+_ϕ (y) − v^+_ϕ (x) ) + ( v^−_ϕ (y) − v^−_ϕ (x) ) gia kĹje x < y sto [a, b], èqoume v^+_ϕ (y) − v^+_ϕ (x) ≤ v_ϕ(y) − v_ϕ(x) kai v^−_ϕ (y) − v^−_ϕ (x) ≤ v_ϕ(y) − v_ϕ(x). Apì ton isqurismì, f ∈ R(v^+_ϕ ) kai f ∈ R(v^−_ϕ ).

AntÐstrofa, (2) ⇒ (1): An f ∈ R(v^+_ϕ ) kai f ∈ R(v^−_ϕ ), tìte f ∈ R(v^+_ϕ +v^−_ϕ ), dhladă f ∈ R(v_ϕ). (2) ⇒ (3): ’Eqoume f ∈ R(v^+_ϕ ), Ĺra f ∈ R(v^+_ϕ + ϕ(a)). EpÐshc, f ∈ R(v^−_ϕ ) kai ϕ(x) = ( v^+_ϕ (x) + ϕ(a) ) − v^−_ϕ (x). Apì ton orismì tou oloklhrÿmatoc Riemann-Stieltjes wc proc ϕ, f ∈ R(ϕ). (3) ⇒ (2): ’Estw ìti f ∈ R(ϕ). Tìte, upĹrqoun aÔxousec ψ_1, ψ_2 : [a, b] → R tètoiec ÿste ϕ = ψ_1 − ψ_2 kai f ∈ R(ψ_1), f ∈ R(ψ_2).

Apì tic (4.5), (4.6) kai ton isqurismì sumperaÐnoume ìti f ∈ R(v^+_ϕ ) kai f ∈ R(v^−_ϕ ) antÐstoiqa. □ ParĹdeigma. JewroÔme thn ϕ : [−1, 1] → R me ϕ(x) = { 0 , x = 0

1 , x ≠ 0 kai tic f, g : [−1, 1] → R me f(x) = x kai g(x) = { 0 , −1 ≤ x ≤ 0

1 , 0 < x ≤ 1.

EÔkola elègqoume ìti

v_ϕ(x) =

0 , −1 ≤ x < 0

1 , x = 0

2 , 0 < x ≤ 1.

AnexĹrthta apì to poiĹ eÐnai h v_ϕ, èqoume f ∈ R(v_ϕ) afoÔ h f eÐnai suneqăc. ’Ara, f ∈ R(ϕ). ExetĹzoume tÿra an g ∈ R(v_ϕ). Gia kĹje diamèrish P tou [−1, 1] pou perièqei to 0, èqoume L(f, v_ϕ, P ) = 0 kai U(f, v_ϕ, P ) = 1.

’Ara h g den eÐnai Riemann-Stieltjes oloklhrÿsimh wc proc thn v_ϕ, opìte g /∈ R(ϕ). □

1.4.2 Idiìthtec tou oloklhrÿmatoc

’Olec sqedìn oi idiìthtec pou apodeÐxame gia to oloklărwma Riemann-Stieltjes wc proc aÔxousa sunĹrthsh, isqÔoun kai gia to oloklărwma Riemann-Stieltjes wc proc sunĹrthsh fragmènhc kÔmanshc:

Jeÿrhma 1.4.1 An h f : [a, b] → R eÐnai suneqăc kai h ϕ : [a, b] → R èqei fragmènh kÔmansh, tìte f ∈ R(ϕ).

Apìdeixh: ArkeÐ na elègxoume ìti f ∈ R(v_ϕ), to opoÐo isqÔei afoÔ h f eÐnai suneqăc (Jeÿrhma 1.2.2). □

Jeÿrhma 1.4.2 An h f : [a, b] → R eÐnai monìtonh kai h ϕ : [a, b] → R eÐnai suneqăc kai èqei fragmènh kÔmansh, tìte f ∈ R(ϕ).

Apìdeixh: Apì to Lămma 1.3.4 h v_ϕ eÐnai suneqăc. ArkeÐ na elègxoume ìti f ∈ R(v_ϕ), to opoÐo isqÔei afoÔ h f eÐnai monìtonh (Jeÿrhma 1.2.3). □

Pìrisma 1.4.1 An h f : [a, b] → R èqei fragmènh kÔmansh kai h ϕ : [a, b] → R eÐnai suneqăc kai èqei fragmènh kÔmansh, tìte f ∈ R(ϕ).

Apìdeixh: ’Amesh sunèpeia tou Jewrămatoc 1.4.2 kai tou qarakthrismoÔ twn sunartăsewn me fragmènh kÔmansh wc diaforÿn auxousÿn sunartăsewn. □

Jeÿrhma 1.4.3 An h f : [a, b] → R èqei peperasmèna to plăjoc shmeÐa asunèqeiac kai h ϕ : [a, b] → R èqei fragmènh kÔmansh kai eÐnai suneqăc sta shmeÐa asunèqeiac thc f, tìte f ∈ R(ϕ).

Apìdeixh: PĹli apì to Lămma 1.3.4 h v_ϕ eÐnai suneqăc sta shmeÐa asunèqeiac thc f. Apì to Jeÿrhma 1.2.4 èqoume f ∈ R(v_ϕ), Ĺra f ∈ R(ϕ). □

Oi epìmenec dÔo ProtĹseic, pou aforoÔn th grammikìthta kai thn prosjetikìthta wc proc upodiastămata, prokÔptoun Ĺmesa apì ton orismì tou oloklhrÿmatoc Riemann-Stieltjes wc proc sunĹrthsh fragmènhc kÔmanshc, kai apì tic antÐstoiqec idiìthtec tou oloklhrÿmatoc wc proc aÔxousa sunĹrthsh.

Prìtash 1.4.2 ’Estw f : [a, b] → R fragmènh, ϕ : [a, b] → R sunĹrthsh me fragmènh kÔmansh, kai èstw γ ∈ (a, b). Tìte, h f eÐnai oloklhrÿsimh wc proc ϕ sto [a, b] an kai mìno an eÐnai oloklhrÿsimh wc proc ϕ sta [a, γ] kai [γ, b]. Sthn perÐptwsh aută, isqÔei ∫_b a f(x) dϕ(x) = ∫_γ a f(x) dϕ(x) + ∫_b γ f(x) dϕ(x). □

Prìtash 1.4.3 ’Estw f, g : [a, b] → R fragmènec, ϕ : [a, b] → R sunĹrthsh me fragmènh kÔmansh, kai èstw λ ∈ R.

(i) An f ∈ R(ϕ) kai g ∈ R(ϕ), tìte f + g ∈ R(ϕ) kai ∫_b a (f + g)(x) dϕ(x) = ∫_b a f(x) dϕ(x) + ∫_b a g(x) dϕ(x). (ii) An f ∈ R(ϕ), tìte λf ∈ R(ϕ) kai ∫_b a (λf)(x) dϕ(x) = λ ∫_b a f(x) dϕ(x). □ Prìtash 1.4.4 ’Estw f : [a, b] → R fragmènh sunĹrthsh, ϕ, ψ : [a, b] → R sunartăseic me fragmènh kÔmansh, kai λ ∈ R. (i) An f ∈ R(ϕ) kai f ∈ R(ψ), tìte f ∈ R(ϕ + ψ) kai ∫_b a f(x) d(ϕ + ψ)(x) = ∫_b a f(x) dϕ(x) + ∫_b a f(x) dψ(x). (ii) An f ∈ R(ϕ), tìte f ∈ R(λϕ) kai ∫_b a f(x) d(λf)(x) = λ ∫_b a f(x) dϕ(x). Apìdeixh: (i) AfoÔ f ∈ R(ϕ) kai f ∈ R(ψ), upĹrqoun ϕ_1, ϕ_2 kai ψ_1, ψ_2 aÔxousec sunartăseic me ϕ = ϕ_1 − ϕ_2, ψ = ψ_1 − ψ_2 kai

f ∈ R(ϕ_1) ∩ R(ϕ_2) ∩ R(ψ_1) ∩ R(ψ_2),

opìte apì ton orismì isqÔoun oi ∫_b a f(x) dϕ(x) = ∫_b a f(x) dϕ_1(x) − ∫_b a f(x) dϕ_2(x) kai ∫_b a f(x) dψ(x) = ∫_b a f(x) dψ_1(x) − ∫_b a f(x) dψ_2(x). Apì th grammikìthta tou oloklhrÿmatoc wc proc aÔxousa sunĹrthsh, èqoume f ∈ R(ϕ_1 + ψ_1), f ∈ R(ϕ_2 + ψ_2), kai isqÔoun oi ∫_b a f(x) d(ϕ_1 + ψ_1)(x) = ∫_b a f(x) dϕ_1(x) + ∫_b a f(x) dψ_1(x) kai ∫_b a f(x) d(ϕ_2 + ψ_2)(x) = ∫_b a f(x) dϕ_2(x) + ∫_b a f(x) dψ_2(x).

AfoÔ ϕ + ψ = (ϕ_1 + ψ_1) − (ϕ_2 + ψ_2) kai oi ϕ_1 + ψ_1, ϕ_2 + ψ_2 eÐnai aÔxousec, pĹli apì ton orismì paÐrnoume ìti f ∈ R(ϕ + ψ) kai ∫_b a f(x) d(ϕ + ψ)(x) = ∫_b a f(x) d(ϕ_1 + ψ_1)(x) − ∫_b a f(x) d(ϕ_2 + ψ_2)(x) = ∫_b a f(x) dϕ_1(x) − ∫_b a f(x) dϕ_2(x) + ∫_b a f(x) dψ_1(x) − ∫_b a f(x) dψ_2(x) = ∫_b a f(x) dϕ(x) + ∫_b a f(x) dψ(x). (ii) ’Estw ϕ_1, ϕ_2 aÔxousec me ϕ = ϕ_1 − ϕ_2 kai tètoiec ÿste f ∈ R(ϕ_1), f ∈ R(ϕ_2). An λ ≥ 0, tìte oi λϕ_1, λϕ_2 eÐnai aÔxousec, λϕ = λϕ_1 −λϕ_2, kai apì th grammikìthta tou oloklhrÿmatoc wc proc aÔxousa sunĹrthsh èqoume f ∈ R(λϕ_1), f ∈ R(λϕ_2), kai ∫_b a f d(λϕ_1) = λ ∫_b a f dϕ_1 , ∫_b a f d(λϕ_2) = λ ∫_b a f dϕ_2. ’Ara, f ∈ R(λϕ) kai ∫_b a f(x) d(λϕ)(x) = ∫_b a f(x) d(λϕ_1)(x) − ∫_b a f(x) d(λϕ_2)(x) = λ ∫_b a f(x) dϕ_1(x) − λ ∫_b a f(x) dϕ_2(x) = λ ∫_b a f(x) dϕ(x). An λ < 0, tìte λϕ = ((−λ)ϕ_2) − ((−λ)ϕ_1) kai oi sunartăseic (−λ)ϕ_2, (−λ)ϕ_1 eÐnai aÔxousec. EpÐshc, f ∈ R((−λ)ϕ_1), f ∈ R((−λ)ϕ_2), kai ∫_b a f d((−λ)ϕ_1) = (−λ) ∫_b a f dϕ_1 , ∫_b a f d((−λ)ϕ_2) = (−λ) ∫_b a f dϕ_2. ’Ara, f ∈ R(λϕ) kai ∫_b a f(x) d(λϕ)(x) = ∫_b a f(x) d((−λ)ϕ_2)(x) − ∫_b a f(x) d((−λ)ϕ_1)(x) = (−λ) ∫_b a f(x) dϕ_2(x) − (−λ) ∫_b a f(x) dϕ_1(x) = λ ∫_b a f(x) dϕ(x). □

Jeÿrhma 1.4.4 ’Estw ϕ : [a, b] → R sunĹrthsh me fragmènh kÔmansh kai f, f_n :

[a, b] → R sunartăseic. Upojètoume ìti f_n ∈ R(ϕ) gia kĹje n ∈ N kai f_n → f

omoiìmorfa sto [a, b]. Tìte, f ∈ R(ϕ) kai ∫_b a f_ndϕ → ∫_b a f dϕ. Apìdeixh: ’Amesh sunèpeia tou orismoÔ kai tou Jewrămatoc 1.2.6. □.

MÐa idiìthta tou oloklhrÿmatoc Riemann-Stieltjes wc proc aÔxousa sunĹrthsh

pou den isqÔei ìtan oloklhrÿnoume wc proc sunĹrthsh fragmènhc kÔmanshc eÐnai

h jetikìthta:

f ∈ R(ϕ) kai 0 ≤ f =⇒ 0 ≤ ∫_b a f dϕ. KatĹ sunèpeia, an |f| ≤ M sto [a, b] kai f ∈ R(ϕ), den isqÔei (en gènei) ìti | | | ∫_b a f dϕ | | | ≤ ∫_b a M dϕ = M(ϕ(b) − ϕ(a)). (den eÐnai dÔskolo na dÿsete paradeÐgmata: to dexiì mèloc mporeÐ na gÐnei arnhtikì

afoÔ h ϕ den eÐnai plèon aÔxousa). IsqÔei ìmwc h exăc basikă anisìthta:

Jeÿrhma 1.4.5 ’Estw f : [a, b] → R fragmènh, me |f(x)| ≤ M gia kĹje x ∈ [a, b],

kai ϕ : [a, b] → R sunĹrthsh me fragmènh kÔmansh. An f ∈ R(ϕ), tìte | | | ∫_b a f(x) dϕ(x) | | | ≤ M · V (ϕ | a, b). Apìdeixh: ParathroÔme ìti | | | | ∫_b a f(x) dϕ(x) | | | | = | | | | ∫_b a f(x) dv^+_ϕ (x) − ∫_b a f(x) dv^−_ϕ (x) | | | | ≤ | | | | ∫_b a f(x) dv^+_ϕ (x) | | | | + | | | | ∫_b a f(x) dv^−_ϕ (x) | | | | ≤ M · ( V^+(ϕ | a, b) + V^−(ϕ | a, b) ) = M · V (ϕ | a, b). Qrhsimopoiăsame to gegonìc ìti an f ∈ R(ψ) kai h ψ eÐnai aÔxousa, tìte | | | ∫_b a f(x) dψ(x) | | | ≤ M · (ψ(b) − ψ(a)), kai to ìti f ∈ R(v^+_ϕ ) ∩ R(v^−_ϕ ) apì thn Prìtash 1.4.1. □

1.4.3 Upologismìc tou oloklhrÿmatoc se eidikèc periptÿseic

O orismìc tou oloklhrÿmatoc Riemann-Stieltjes wc proc sunĹrthsh fragmènhc kÔmanshc den mac dÐnei ènan qeiropiastì trìpo gia na upologÐzoume tètoia oloklhrÿmata. To Lămma pou akoloujeÐ deÐqnei ìti mporoÔme na proseggÐzoume to ∫_b a fdϕ apì ajroÐsmata, ìpwc sthn perÐptwsh pou h ϕ eÐnai aÔxousa.

Lămma 1.4.1 ’Estw f : [a, b] → R fragmènh kai ϕ : [a, b] → R fragmènhc kÔmanshc. An f ∈ R(ϕ), gia kĹje ε > 0 upĹrqei diamèrish P tou [a, b] tètoia ÿste gia kĹje eklèptunsh P_1 = {a = x_0 < x_1 < . . . < x_n = b} thc P kai gia kĹje epilogă shmeÐwn s_k ∈ [x_k, x_{k+1}] na isqÔei | | | n−1∑ k=0 f(s_k)(ϕ(x_{k+1} ) − ϕ(x_k )) − ∫_b a f(x) dϕ(x) | | | < ε.

Apìdeixh: Upojètoume prÿta ìti h ϕ eÐnai aÔxousa. Apì to kritărio tou Riemann, upĹrqei diamèrish P tou [a, b] tètoia ÿste ∫_b a fdϕ − ε 2 < L(f, ϕ, P_1) ≤ U(f, ϕ, P_1) < ∫_b a fdϕ + ε 2 gia kĹje eklèptunsh P_1 = {a = x_0 < x_1 < . . . < x_n = b} thc P . An s_k ∈ [x_k , x_{k+1}], tìte L(f, ϕ, P_1) ≤ n−1∑ k=0 f(s_k)(ϕ(x_{k+1}) − ϕ(x_k )) ≤ U(f, ϕ, P_1), Ĺra | | | n−1∑ k=0 f(s_k)(ϕ(x_{k+1} ) − ϕ(x_k )) − ∫_b a f(x) dϕ(x) | | | < ε. Upojètoume tÿra ìti h ϕ èqei fragmènh kÔmansh. Gia kĹje diamèrish P = {a = x_0 < x_1 < . . . < x_n = b} tou [a, b] kai kĹje epilogă shmeÐwn s_k ∈ [x_k , x_{k+1}], sumbolÐzoume

S(f, ϕ, P, (s_k )) := n−1∑ k=0 f(s_k)(ϕ(x_{k+1}) − ϕ(x_k )).

AfoÔ f ∈ R(ϕ), upĹrqoun ψ_1, ψ_2 aÔxousec tètoiec ÿste ϕ = ψ_1 − ψ_2, f ∈ R(ψ_1) ∩ R(ψ_2) kai

(4.7) ∫_b a fdϕ = ∫_b a fdψ_1 − ∫_b a fdψ_2.

Apì to prÿto mèroc thc apìdeixhc, upĹrqoun diamerÐseic P^′, P^{′′} tou [a, b] tètoiec ÿste

(4.8) | | |S(f, ψ^1, P^1, (s^k)) − ∫_b a f(x) dψ_1(x) | | | < ε 2 gia kĹje diamèrish P_1 = {a = x_0 < x_1 < . . . < x_n = b} ⊇ P^′ kai gia kĹje epilogă shmeÐwn s_k ∈ [x_k, x_{k+1}], kai

(4.9) | | |S(f, ψ^2, P^1, (s^k)) − ∫_b a f(x) dψ_2(x) | | | < ε 2 gia kĹje diamèrish P_1 = {a = x_0 < x_1 < . . . < x_n = b} ⊇ P^{′′} kai gia kĹje epilogă shmeÐwn s_k ∈ [x_k, x_{k+1}]. Jètoume P = P^′ ∪ P^{′′}. Tìte, gia kĹje diamèrish P_1 ⊇ P kai gia kĹje epilogă shmeÐwn (s_k) gia thn P_1 isqÔoun oi (4.8), (4.9). Parathrÿntac ìti S(f, ϕ, P_1, (s_k)) = S(f, ψ_1, P_1, (s_k)) − S(f, ψ_2, P_1, (s_k)),

kai qrhsimopoiÿntac tic (4.7), (4.8) kai (4.9) paÐrnoume to zhtoÔmeno. □

To prÿto mac apotèlesma dÐnei ton trìpo upologismoÔ tou oloklhrÿmatoc Riemann-Stieltjes wc proc suneqÿc paragwgÐsimh sunĹrthsh. H akribăc diatÔpwsh eÐnai h exăc:

Jeÿrhma 1.4.6 ’Estw f : [a, b] → R suneqăc kai ϕ : [a, b] → R paragwgÐsimh kai tètoia ÿste h ϕ^′ na eÐnai Riemann oloklhrÿsimh. Tìte, f ∈ R(ϕ) kai ∫_b a f(x) dϕ(x) = ∫_b a f(x)ϕ^′(x)dx. ShmeÐwsh: ’Opwc ja faneÐ kai apì thn apìdeixh, h upìjesh ìti h f eÐnai suneqăc den eÐnai aparaÐthth. MporoÔme na thn antikatastăsoume me opoiadăpote sunjăkh pou ja exasfalÐzei ìti ta dÔo oloklhrÿmata upĹrqoun.

Apìdeixh: Apì thn upìjesh eÐnai fanerì ìti ta dÔo oloklhrÿmata upĹrqoun (jumhjeÐte ìti an oi g, h eÐnai Riemann oloklhrÿsimec tìte kai h g·h eÐnai Riemann oloklhrÿsimh). Mènei na deÐxoume ìti eÐnai Ðsa.

’Estw ε > 0. Apì to Lămma 1.4.1 mporoÔme na broÔme diamèrish P = {a = x_0 < x_1 < . . . < x_n = b} tou [a, b] tètoia ÿste gia kĹje epilogă shmeÐwn s_k ∈ [x_k, x_{k+1}] na isqÔoun oi sqèseic

(4.10) | | | n−1∑ k=0 f(s_k)(ϕ(x_{k+1} ) − ϕ(x_k )) − ∫_b a f(x)dϕ(x) | | | < ε 2 kai (4.11) | | | n−1∑ k=0 f(s_k)ϕ^′(s_k)(x_{k+1} − x_k ) − ∫_b a f(x)ϕ^′(x)dx | | | < ε 2 .

(ArkeÐ na epilèxoume diamèrish P_1 tou [a, b] pou na ikanopoieÐ to Lămma 1.4.1 gia to ∫_b a f(x)dϕ(x), diamèrish P_2 pou na ikanopoieÐ to Lămma 1.4.1 gia to ∫_b a f(x)ϕ^′(x)dx kai na perĹsoume se koină touc eklèptunsh).

Apì to Jeÿrhma Mèshc Timăc brÐskoume t_k ∈ (x_k, x_{k+1}) tètoio ÿste

ϕ(x_{k+1}) − ϕ(x_k ) = ϕ^′(t_k)(x_{k+1} − x_k ).

Qrhsimopoiÿntac tic (4.10) kai (4.11) gia thn epilogă shmeÐwn s_k ≡ t_k paÐrnoume | | | | ∫_b a f(x)dϕ(x) − ∫_b a f(x)ϕ^′(x)dx | | | | < ε. AfoÔ to ε > 0 ătan tuqìn, èqoume to zhtoÔmeno. □

To epìmeno apotèlesma perigrĹfei ton trìpo upologismoÔ oloklhrÿmatoc wc proc {klimakwtă sunĹrthsh}:

Jeÿrhma 1.4.7 ’Estw ìti h sunĹrthsh ϕ : [a, b] → R eÐnai klimakwtă. Dhladă, upĹrqoun c_1 < c_2 < . . . < c_m sto (a, b) ÿste h ϕ na eÐnai stajeră se kajèna apì ta diastămata (a, c_1), (c_m, b) kai (c_i, c_{i+1}), i = 1, . . . , m − 1. An h f : [a, b] → R eÐnai suneqăc sta shmeÐa a, c_1, . . . , c_m, b, tìte f ∈ R(ϕ) kai ∫_b a f(x)dϕ(x) = f(a) ( ϕ(a^+)−ϕ(a) ) + m∑ i=1 f(c_i) ( ϕ(c^+_i )−ϕ(c_i) ) +f(b) ( ϕ(b)−ϕ(b^−) ) .

Apìdeixh: ParathroÔme prÿta ìti an d_0, d_1, . . . , d_m eÐnai eswterikĹ shmeÐa twn diasthmĹtwn (a, c_1), (c_1, c_2), . . . , (c_m, b) antÐstoiqa, kai an xèroume ìti h f eÐnai Riemann-Stieltjes oloklhrÿsimh wc proc thn ϕ se kajèna apì ta upodiastămata [a, d_0], [d_0, d_1], . . . , [d_m, b], tìte f ∈ R(ϕ) sto [a, b] kai isqÔei ∫_b a fdϕ = ∫_{d0} a fdϕ + m∑ i=1 ∫_{di} d_{i−1} fdϕ + ∫_b d_m fdϕ. ArkeÐ loipìn na exetĹsoume thn perÐptwsh pou h ϕ èqei èna pădhma sto [a, b], kai ja upojèsoume ìti autì sumbaÐnei se kĹpoio shmeÐo c ∈ (a, b) (h apìdeixh gia thn perÐptwsh pou to pădhma eÐnai se kĹpoio apì ta dÔo Ĺkra eÐnai parìmoia).

Epiplèon eÐnai fanerì ìti mÐa tètoia sunĹrthsh ϕ (klimakwtă me pădhma mìno sto c) grĹfetai san diaforĹ dÔo auxousÿn sunartăsewn ϕ_1, ϕ_2, kajemÐa apì tic opoÐec ă eÐnai h mhdenikă sunĹrthsh ă eÐnai klimakwtă me pădhma mìno sto c (’Askhsh). Tìte, apì ton orismì isqÔei ∫_b a f(x)dϕ(x) = ∫_b a f(x)dϕ_1(x) − ∫_b a f(x)dϕ_2(x). EpÐshc, ϕ(c^+) − ϕ(c^−) = ( ϕ_1(c^+) − ϕ_1(c^−) ) + ( ϕ_2(c^+) − ϕ_2(c^−) ) .

Autì deÐqnei ìti arkeÐ na kĹnoume thn apìdeixh gia ϕ aÔxousa.

Upojètoume loipìn ìti h ϕ eÐnai klimakwtă, aÔxousa, me èna mìno pădhma sto shmeÐo c ∈ (a, b) kai ìti h f eÐnai suneqăc sto c. Jètoume A := ϕ(c^+) − ϕ(c^−) > 0.

’Estw ε > 0. AfoÔ h f eÐnai suneqăc sto c, upĹrqei δ, me 0 < δ < min{c − a, b − c}, tètoio ÿste |x − c| < δ =⇒ |f(x) − f(c)| < ε 2A . Jètoume d_1 = c − δ, d_2 = c + δ kai jewroÔme th diamèrish P = {a, d_1, d_2, b}. Tìte,

U(f, ϕ, P ) = M(ϕ(d_2) − ϕ(d_1)) = M(ϕ(c^+) − ϕ(c^−)) = M · A kai L(f, ϕ, P ) = m(ϕ(d_2) − ϕ(d_1)) = m(ϕ(c^+) − ϕ(c^−)) = m · A, ìpou M = sup{f(x) : d_1 ≤ x ≤ d_2} kai m = inf{f(x) : d_1 ≤ x ≤ d_2}. Apì thn epilogă twn d_1, d_2 èpetai ìti f(c) − ε 2A ≤ m ≤ f(c) ≤ M ≤ f(c) + ε 2A , Ĺra f(c) · A − ε 2 ≤ L(f, ϕ, P ) ≤ U(f, ϕ, P ) ≤ f(c) · A + ε 2 . AfoÔ to ε > 0 ătan tuqìn, èpetai ìti h f eÐnai oloklhrÿsimh wc proc thn ϕ kai ∫_b a f(x)dϕ(x) = f(c) · A = f(c) ( ϕ(c^+) − ϕ(c^−) ) . □

ParĹdeigma: OrÐzoume f, ϕ, ψ : [−π/2, π/2] → R me

f(x) = { cos x , x ≠ 0

α , x = 0,

ϕ(x) = x^2 , −π/2 ≤ x ≤ 0 2 , 0 < x ≤ π/2, kai

ψ(x) = x^2 , −π/2 ≤ x < 0 1 , x = 0

2 , 0 < x ≤ π/2.

(a) Gia poièc timèc tou α eÐnai h f Riemann-Stieltjes oloklhrÿsimh wc proc ϕ sto [−π/2, π/2]? Gifl autĹ ta α na upologisteÐ to ∫_b a fdϕ.

(b) ’Idio erÿthma gia to ∫_b a fdψ. ApĹnthsh: ParathroÔme katfl arqĹc ìti an α ≠ 1, tìte h f kai h ϕ èqoun koină dexiĹ asunèqeia sto 0, opìte, sÔmfwna me thn ’Askhsh §1.2 (8), f /∈ R(ϕ). Gia ton Ðdio lìgo, an α ≠ 1 tìte f /∈ R(ψ).

ExetĹzoume tÿra thn perÐptwsh α = 1. Tìte, h f eÐnai suneqăc kai apì to Jeÿrhma 1.4.1 xèroume ìti f ∈ R(ϕ) kai f ∈ R(ψ).

(i) ParathroÔme ìti h ϕ eÐnai paragwgÐsimh sto diĹsthma [−π/2, 0] (sto shmeÐo 0 mac endiafèrei mìno h aristeră pleurikă parĹgwgoc) kai h ϕ^′(x) = 2x eÐnai suneqăc se autì to diĹsthma. EpÐshc h f eÐnai suneqăc. Apì to Jeÿrhma 1.4.6 paÐrnoume ìti h f eÐnai Riemann-Stieltjes oloklhrÿsimh wc proc thn ϕ sto [−π/2, 0] kai isqÔei ∫_0 −π/2 f(x)dϕ(x) = ∫_0 −π/2 f(x)ϕ^′(x)dx = ∫_0 −π/2 2x cos xdx. Me oloklărwsh katĹ mèrh brÐskoume

(4.12)

∫_0 −π/2 f(x)dϕ(x) = 2 − π. Sto diĹsthma [0, π/2] h ϕ eÐnai klimakwtă me pădhma sto 0. AfoÔ h f eÐnai suneqăc sto 0, apì to Jeÿrhma 1.4.7 paÐrnoume ìti h f eÐnai oloklhrÿsimh wc proc thn ϕ sto [0, π/2], kai

(4.13) ∫_{π/2} 0 f(x)dϕ(x) = f(0) ( ϕ(0^+) − ϕ(0) ) = 2.

Apì tic (4.12) kai (4.13) sumperaÐnoume ìti f ∈ R(ϕ) sto [−π/2, π/2] kai ∫_{π/2} −π/2 f(x)dϕ(x) = 4 − π. (ii) ParathroÔme ìti gia thn ψ sto [−π/2, 0] den mporoÔme na efarmìsoume to Jeÿrhma 1.4.6, afoÔ h ψ den eÐnai paragwgÐsimh (oÔte kan suneqăc) apì aristerĹ sto 0. Apì thn Ĺllh pleurĹ, ψ = ϕ + ϕ_1, ìpou ϕ eÐnai h sunĹrthsh tou (i) kai

ϕ_1(x) =

{ 0 , x ≠ 0

1 , x = 0,

’Eqoume f ∈ R(ϕ) kai f ∈ R(ϕ_1) (afoÔ h f eÐnai suneqăc). Epomènwc, f ∈ R(ϕ + ϕ_1) = R(ψ), kai isqÔei ∫_{π/2} −π/2 f(x)dψ(x) = ∫_{π/2} −π/2 f(x)dϕ(x) + ∫_{π/2} −π/2 f(x)dϕ_1(x). Mènei loipìn na upologÐsoume to ∫_{π/2} −π/2 f(x)dϕ1(x): Autì mac to dÐnei to Jeÿrhma

1.4.7: ∫_{π/2} −π/2 f(x)dϕ_1(x) = f(0) ( ϕ_1(0^+) − ϕ_1(0^−) ) = 0.

’Ara, ∫_{π/2} −π/2 f(x)dψ(x) = 4 − π.

1.4.4 Oloklărwsh katĹ mèrh

An oi sunartăseic f, ϕ : [a, b] → R eÐnai suneqÿc paragwgÐsimec, tìte ∫_b a f(x)ϕ^′(x)dx + ∫_b a ϕ(x)f^′(x)dx = f(b)ϕ(b) − f(a)ϕ(a). SÔmfwna me to Jeÿrhma 1.4.6, autì metafrĹzetai wc exăc: An oi f^′, ϕ^′ eÐnai suneqeÐc, tìte ∫_b a f(x)dϕ(x) + ∫_b a ϕ(x)df(x) = f(b)ϕ(b) − f(a)ϕ(a). Ja deÐxoume ìti h teleutaÐa sqèsh isqÔei kĹtw apì polÔ genikìterec upojèseic gia tic f kai ϕ.

Jeÿrhma 1.4.8 Upojètoume ìti oi sunartăseic f, ϕ : [a, b] → R èqoun fragmènh kÔmansh, kai ìti toulĹqiston mÐa apì tic dÔo eÐnai suneqăc. Tìte, (4.14) ∫_b a f(x)dϕ(x) + ∫_b a ϕ(x)df(x) = f(b)ϕ(b) − f(a)ϕ(a). Apìdeixh: Oi upojèseic tou Jewrămatoc exasfalÐzoun ìti ta dÔo oloklhrÿmata upĹrqoun. Gia na deÐxoume thn (4.14) ja qrhsimopoiăsoume to Lămma 1.4.1.

Gia kĹje diamèrish P = {a = x_0 < x_1 < . . . < x_n = b} tou [a, b] jètoume S(f, ϕ, P ) = n−1∑ k=0 f(x_{k+1})(ϕ(x_{k+1}) − ϕ(x_k ))

S(ϕ, f, P ) = n−1∑ k=0 ϕ(x_k )(f(x_{k+1}) − f(x_k)).

Tìte, S(f, ϕ, P ) + S(ϕ, f, P ) = n−1∑ k=0 f(x_{k+1})ϕ(x_{k+1} ) − n−1∑ k=0 f(x_{k+1})ϕ(x_k )

+ n−1∑ k=0 f(x_{k+1})ϕ(x_k ) − n−1∑ k=0 f(x_k)ϕ(x_k )

= n∑ k=1 f(x_k)ϕ(x_k ) − n−1∑ k=0 f(x_k)ϕ(x_k ) = f(x_n)ϕ(x_n) − f(x_0)ϕ(x_0) = f(b)ϕ(b) − f(a)ϕ(a).

Apì thn Ĺllh pleurĹ, sÔmfwna me to Lămma 1.4.1, gia kĹje ε > 0 upĹrqei diamèrish

P = P (ε) gia thn opoÐa isqÔoun sugqrìnwc oi

(4.15) | | | |S(f, ϕ, P ) − ∫_b a f(x)dϕ(x) | | | | < ε 2 kai (4.16) | | |S(ϕ, f, P ) − ∫_b a ϕ(x)df(x) | | | < ε 2 . ’Ara, | | | | (∫_b a fdϕ + ∫_b a ϕdf ) − ( S(f, ϕ, P ) + S(ϕ, f, P ) ) | | | | < ε, dhladă | | | | ∫_b a fdϕ + ∫_b a ϕdf − ( f(b)ϕ(b) − f(a)ϕ(a) ) | | | | < ε. H teleutaÐa sqèsh isqÔei gia kĹje ε > 0, Ĺra h apìdeixh eÐnai plărhc. □

1.4.5 Askăseic

1. ’Estw ϕ : [a, b] → R klimakwtă sunĹrthsh pou èqei mìno èna pădhma sto

c ∈ [a, b]. DeÐxte ìti h ϕ grĹfetai san diaforĹ dÔo auxousÿn sunartăsewn ϕ_1, ϕ_2,

kajemÐa apì tic opoÐec ă eÐnai h mhdenikă sunĹrthsh ă eÐnai klimakwtă me pădhma

mìno sto c.

2. UpologÐste ta oloklhrÿmata Riemann-Stieltjes: (a) ∫_π 0 x dϕ(x) ìpou ϕ(x) = sin x, (b) ∫_3 0 x^2 dψ(x) ìpou ψ(x) = x^2 sto [0, 2) kai ψ(x) = x^2 + 2 sto [2, 3].

3. ’Estw f : [1, +∞) → R suneqÿc paragwgÐsimh sunĹrthsh. Qrhsimopoiÿntac

oloklărwsh katĹ mèrh deÐxte ìti n∑ k=1 f(k) = [n]f(n) − ∫_n 1 f^′(x)[x] dx gia kĹje n ∈ N.

4. ’Estw f : [1, 2n] → R suneqÿc paragwgÐsimh sunĹrthsh. Qrhsimopoiÿntac

oloklărwsh katĹ mèrh, deÐxte ìti 2n∑ k=1 (−1)^kf(k) = ∫_{2n} 1 f^′(x) ( [x] − 2[x/2] ) dx.

5. ’Estw ϕ_n ∈ BV [a, b] kai ϕ : [a, b] → R tètoia ÿste V (ϕ_n − ϕ | a, b) → 0. DeÐxte ìti ϕ ∈ BV [a, b] kai ∫_b a f dϕ_n → ∫_b a f dϕ gia kĹje suneqă sunĹrthsh f : [a, b] → R.

6. ’Estw f : [a, b] → R fragmènh sunĹrthsh kai ϕ : [a, b] → R sunĹrthsh me fragmènh kÔmansh. Upojètoume ìti f ∈ R(ϕ). OrÐzoume F : [a, b] → R me

F (x) = ∫_x a f(t) dϕ(t). (a) DeÐxte ìti h F èqei fragmènh kÔmansh sto [a, b]. (b) DeÐxte ìti ∫_b a g(x)f(x) dϕ(x) = ∫_b a g(x) dF (x) gia kĹje suneqă sunĹrthsh g : [a, b] → R.

7. ’Estw f ∈ BV [0, 2π] me f(0) = f(2π). DeÐxte ìti ta oloklhrÿmata ∫_{2π} 0 f(x) sin(nx)dx kai ∫_{2π} 0 f(x) cos(nx)dx upĹrqoun gia kĹje n ∈ N, kai kajèna apì autĹ frĹssetai apolÔtwc apì 1 n V (f | 0, 2π). 8. ’Estw g mÐa gnhsÐwc aÔxousa suneqăc sunĹrthsh apì to [c, d] epÐ tou [a, b]. An ϕ ∈ BV [a, b] kai f ∈ R(ϕ), deÐxte ìti h sunĹrthsh ψ = ϕ ∘ g ∈ BV [c, d] kai ìti h sunĹrthsh f ∘ g ∈ R(ψ). Epiplèon, ∫_d c (f ∘ g)dψ = ∫_b a fdϕ.

62

KefĹlaio 2

Mètro kai oloklărwma Lebesgue

2.1 Eisagwgă

(a) To basikì meionèkthma tou oloklhrÿmatoc Riemann eÐnai ìti den sumperifèretai arketĹ kalĹ se sqèsh me tic sugklÐnousec akoloujÐec sunartăsewn: ’Estw f_n, f : [a, b] → R. An upojèsoume ìti oi f_n eÐnai Riemann oloklhrÿsimec kai ìti f_n → f katĹ shmeÐo, den mporoÔme pĹnta na sumperĹnoume ìti ∫_b a f_n(x)dx → ∫_b a f(x)dx (kĹti pou isqÔei an upojèsoume ìti h (f_n) sugklÐnei sthn f omoiìmorfa).

Gia thn akrÐbeia, me thn upìjesh thc katĹ shmeÐo sÔgklishc den mporoÔme kĹn na sumperĹnoume ìti h f eÐnai Riemann oloklhrÿsimh: autì den isqÔei genikĹ, akìma ki an upojèsoume ìti f_n ↗ f.

ParĹdeigma. JewroÔme th sunĹrthsh tou Dirichlet f = χ_Q : [0, 1] → R. Dhladă,

f(x) = 1 , x ∈ Q ∩ [0, 1] 0 , x /∈ Q ∩ [0, 1]. ’Eqoume dei ìti h f den eÐnai Riemann oloklhrÿsimh. An ìmwc jewrăsoume mia arÐjmhsh {q_1, q_2, . . . , q_n, . . .} tou Q ∩ [0, 1], kai an orÐsoume f_n : [0, 1] → R me

f_n(x) = 1 , x ∈ {q_1, . . . , q_n} 0 , x /∈ {q_1, . . . , q_n}, tìte f_n ↗ f sto [0, 1] kai kĹje f_n eÐnai Riemann oloklhrÿsimh, afoÔ eÐnai fragmènh kai èqei peperasmèna to plăjoc shmeÐa asunèqeiac.

(b) H klĹsh twn sunartăsewn pou eÐnai Riemann oloklhrÿsimec eÐnai sqetikĹ periorismènh: MporoÔme na oloklhrÿnoume mìno fragmènec sunartăseic pou orÐzontai se kleistĹ kai fragmèna diastămata. Epiplèon, sunartăseic pou diafèroun apì stajeră sunĹrthsh se èna mikrì (arijmăsimo) sÔnolo mporeÐ na mhn eÐnai Riemann oloklhrÿsimec (parĹdeigma, h sunĹrthsh tou Dirichlet χ_Q).

’Opwc ja doÔme sto tèloc autoÔ tou KefalaÐou, mia fragmènh sunĹrthsh f : [a, b] → R eÐnai Riemann oloklhrÿsimh an kai mìno an eÐnai suneqăc {sqedìn pantoÔ}. H ènnoia aută ja oristeÐ austhrĹ argìtera, mporoÔme ìmwc na dÿsoume kĹpoia diaisjhtikă ermhneÐa qrhsimopoiÿntac to kritărio tou Riemann: An h f eÐnai oloklhrÿsimh, gia leptèc diamerÐseic P = {a = x_0 < x_1 < · · · < x_n = b} tou [a, b] h posìthta U(f, P ) − L(f, P ) = n−1∑ k=0 (M_k − m_k)(x_{k+1} − x_k )

prèpei na eÐnai mikră. Autì shmaÐnei ìti h f den mporeÐ na èqei megĹlh {talĹntwsh} se {pollĹ shmeÐa}.

(g) H idèa tou Lebesgue ătan na proseggÐsei to embadìn kĹtw apì to grĹfhma miac jetikăc sunĹrthshc xekinÿntac me diamerÐseic tou pedÐou timÿn kai ìqi tou pedÐou orismoÔ thc: ’Estw A ⊆ R kai f : A → R. Upojètoume, gia aplìthta, ìti h f eÐnai fragmènh kai ìti f(x) ≥ 0 gia kĹje x ∈ A, kai jètoume m = inf f, M = sup f. An {m = y_0 < y_1 < · · · < y_n = M} eÐnai mia diamèrish tou pedÐou timÿn [m, M], to oloklărwma thc f proseggÐzetai apì ajroÐsmata thc morfăc_{n−1} ∑ k=0 y_k · ℓ(B_k) ìpou ℓ(B_k) to {măkoc} tou sunìlou B_k = {x ∈ A | y_k ≤ f(x) < y_{k+1}}. Gia na proqwrăsoume me autìn ton trìpo, prèpei bèbaia na orÐsoume austhrĹ me poiìn trìpo {metrĹme} to {măkoc} enìc sunìlou pou den eÐnai diĹsthma (ta sÔnola B_k mporeÐ na eÐnai arketĹ polÔploka uposÔnola thc pragmatikăc eujeÐac).

O Lebesgue anèptuxe mia jewrÐa {mètrou} kai oloklărwshc sth didaktorikă tou diatribă, h opoÐa dhmosieÔthke to 1902. To oloklărwma Lebesgue epitugqĹnei ta exăc:

1. EpekteÐnei to oloklărwma Riemann se mia eurÔterh klĹsh sunartăsewn. 2. Sumperifèretai kalÔtera se sqèsh me ta ìria akoloujiÿn sunartăsewn. 3. Epitrèpei na oloklhrÿnoume pĹnw apì {perissìtera} sÔnola, ìqi mìno pĹnw apì diastămata.

2.2 Mètro Lebesgue

Ja jèlame na orÐsoume to {măkoc} kĹje uposunìlou A tou R, dhladă na antistoiqÐsoume se kĹje A ⊆ R ènan mh arnhtikì arijmì μ(A) (ă to +∞). EÐnai logikì na zhtăsoume na isqÔoun ta akìlouja: 1. μ([a, b]) = b − a. 2. μ(A + x) = μ(A) gia kĹje x ∈ R.

3. An (A_n) eÐnai mia akoloujÐa xènwn anĹ dÔo uposunìlwn tou R, tìte μ (_∞ ⋃ n=1 A_n ) = ∞∑ n=1 μ(A_n) (arijmăsimh prosjetikìthta).

’Opwc ja doÔme, h teleutaÐa idiìthta dhmiourgeÐ problămata. Akìma ki an zhtăsoume thn prosjetikìthta mìno gia enÿseic peperasmènwn to plăjoc xènwn anĹ dÔo sunìlwn, apodeiknÔetai (an deqtoÔme to AxÐwma thc Epilogăc) ìti den upĹrqei trìpoc na orÐsoume to {măkoc} ètsi ÿste na isqÔoun oi dÔo prÿtec idiìthtec kai h μ(A ∪ B) = μ(A) + μ(B) gia ìla ta A, B ⊂ R me A∩B = ∅. H strathgikă pou ja akoloujăsoume eÐnai h exăc: antÐ na periorÐsoume tic apaităseic mac, ja perioristoÔme se mÐa klĹsh uposunìlwn tou R sthn opoÐa mporeÐ na oristeÐ to măkoc μ ètsi ÿste na ikanopoioÔntai oi (1), (2) kai (3). AutĹ ja eÐnai ta {metrăsima} sÔnola. To eutÔqhma eÐnai ìti h klĹsh aută eÐnai arketĹ megĹlh.

2.2.1 Exwterikì mètro Lebesgue

Se kĹje A ⊆ R ja antistoiqÐsoume ènan arijmì μ^∗(A) ≥ 0 ă +∞, to exwterikì mètro tou A.

’Estw I = (a, b) èna fragmèno anoiktì diĹsthma. To măkoc tou I sumbolÐzetai me ℓ(I) := b − a. An A ⊆ R kai (I_n) mia peperasmènh ă Ĺpeirh akoloujÐa fragmènwn anoiktÿn diasthmĹtwn me thn idiìthta A ⊆ ⋃ n I_n, lème ìti h (I_n) eÐnai mia kĹluyh tou A. An h (I_n) eÐnai kĹluyh tou A, to Ĺjroisma ∑ n ℓ(I_n) dÐnei mia {apì pĹnw} ektÐmhsh gia to {mètro} tou A. EÐnai dhladă logikì na zhtăsoume μ^∗(A) ≤ ∑ n ℓ(I_n) gia ìlec tic kalÔyeic tou A. ’Etsi, odhgoÔmaste ston exăc orismì.

Orismìc. ’Estw A ⊆ R. To exwterikì mètro tou A eÐnai to

μ^∗(A) = inf { ∑ n ℓ(I_n) : (I_n) kĹluyh tou A } . Parathrăseic: (a) MporoÔme, an orÐsoume ℓ(∅) = 0 kai an jewrăsoume to kenì sÔnolo wc {diĹsthma}, na jewroÔme ìti oi kalÔyeic ston orismì eÐnai pĹnta Ĺpeirec arijmăsimec. An (I_n) eÐnai mia kĹluyh tou A apì peperasmèna to plăjoc (gnăsia) fragmèna anoiktĹ diastămata, thn epekteÐnoume se {Ĺpeirh} kĹluyh paÐrnontac epiplèon to kenì sÔnolo Ĺpeirec forèc. Gia to lìgo autì ja grĹfoume sunăjwc (I_n)^∞_{n=1} gia tic kalÔyeic sunìlwn, ∑_∞ n=1 ℓ(I_n) gia tic ektimăseic twn exwterikÿn mètrwn, kai o orismìc mac gÐnetai

μ^∗(A) = inf {_∞∑ n=1 ℓ(I_n) | A ⊆ ∞⋃ n=1 I_n, I_n anoiktì diĹsthma ă ∅ } . (b) SumfwnoÔme ìti inf{+∞} = +∞. ’Ara, an sumbeÐ na èqoume A ⊆ ∞⋃ n=1 I_n =⇒ ∞∑ n=1 ℓ(I_n) = +∞, tìte μ^∗(A) = +∞.

(g) Me thn parapĹnw sÔmbash, to exwterikì mètro orÐzetai kalĹ gia kĹje A ⊆ R kai eÐnai mh arnhtikìc arijmìc ă +∞. PrĹgmati, kĹje uposÔnolo tou R dèqetai toulĹqiston mÐa kĹluyh, thn I_n = (−n, n), n = 1, 2, . . ..

Idiìthtec tou exwterikoÔ mètrou Prìtash 2.2.1 An A ⊆ B, tìte μ^∗(A) ≤ μ^∗(B).

Apìdeixh: An B ⊆ ⋃_∞ n=1 I_n, tìte A ⊆ ⋃_∞ n=1 I_n. ’Ara, { ∑ n ℓ(I_n) : (I_n) kĹluyh tou A } ⊇ { ∑ n ℓ(I_n) : (I_n) kĹluyh tou B } , apfl ìpou èpetai ìti μ^∗(A) ≤ μ^∗(B). □

Prìtash 2.2.2 An to A eÐnai peperasmèno ă Ĺpeiro arijmăsimo sÔnolo, tìte μ^∗(A) = 0.

Apìdeixh: ’Estw A = {x_1, x_2, . . .}. Gia kĹje ε > 0 jewroÔme thn akoloujÐa anoiktÿn diasthmĹtwn

I_n = ( x_n − ε 2^{n+1}

, x_n + ε 2^{n+1} ) . Tìte, A ⊆ ⋃ n I_n kai ∑ n ℓ(I_n) = ∑ n ε 2^n ≤ ε. AfoÔ to ε > 0 ătan tuqìn, sumperaÐnoume ìti μ^∗(A) = 0. □

Prìtash 2.2.3 μ^∗(A + x) = μ^∗(A) gia kĹje x ∈ R.

Apìdeixh: ’Askhsh. □ Prìtash 2.2.4 μ^∗([a, b]) = b − a.

Apìdeixh: Gia kĹje ε > 0 èqoume [a, b] ⊂ I_ε := (a − ε, b + ε). ’Ara, μ^∗([a, b]) ≤ ℓ(I_ε) = (b − a) + 2ε. Epomènwc, μ^∗([a, b]) ≤ b − a.

Gia thn antÐstrofh anisìthta prèpei na deÐxoume ìti an (I_n) eÐnai mÐa kaluyh tou [a, b] apì anoiktĹ diastămata, tìte b − a ≤ ∞∑ n=1 ℓ(I_n). Băma 1: ’Estw ìti [a, b] ⊂ ⋃_∞ n=1 I_n. AfoÔ to [a, b] eÐnai sumpagèc, apì to Jeÿrhma Heine-Borel upĹrqei peperasmènh upokĹluyh thc (I_n): mporoÔme dhladă na broÔme k ∈ N tètoio ÿste [a, b] ⊂ I_1 ∪ I_2 ∪ · · · ∪ I_k. Băma 2: ’Estw ìti [a, b] ⊂ (c_1, d_1) ∪ · · · ∪ (c_k, d_k). Ja deÐxoume ìti b − a < k∑ n=1 (d_n − c_n). UpĹrqei n_1 tètoioc ÿste a ∈ (c_{n1} , d_{n1} ). An d_{n1} > b, tìte b − a < d_{n1} − c_{n1} ≤ k∑ n=1 (d_n − c_n). An d_{n1} ≤ b, tìte d_{n1} ∈ (a, b], Ĺra upĹrqei n_2 tètoioc ÿste d_{n1} ∈ (c_{n2} , d_{n2} ). An d_{n2} ≤ b, tìte d_{n2} ∈ (a, b], Ĺra upĹrqei n_3 tètoioc ÿste d_{n2} ∈ (c_{n3} , d_{n3} ). SuneqÐzontac ètsi, ftĹnoume se kĹpoion deÐkth n_s tètoion ÿste b < d_{ns} (sth qeirìterh perÐptwsh exantlÿntac ìla ta (c_n, d_n): upĹrqei n tètoioc ÿste c_n < b < d_n).

’Eqoume loipìn breÐ n_1, . . . , n_s tètoiouc ÿste c_{n1} < a, b < d_{ns} kai c_{n2} < d_{n1} < d_{n2} , c_{n3} < d_{n2} < d_{n3} , . . . , c_{ns} < d_{ns−1} < d_{ns} . ’Ara, k∑ n=1 (d_n − c_n) ≥ (d_{ns} − c_{ns} ) + (d_{ns−1} − c_{ns−1} ) + · · · + (d_{n2} − c_{n2} ) + (d_{n1} − c_{n1} ) ≥ (d_{ns} − c_{ns} ) + (c_{ns} − c_{ns−1} ) + · · · + (c_{n3} − c_{n2} ) + (c_{n2} − c_{n1} ) = d_{ns} − c_{n1} > b − a.

Apì ta Bămata 1 kai 2 prokÔptei ìti b − a < ∞∑ n=1 ℓ(I_n) gia kĹje kĹluyh (I_n) tou [a, b]. ’Ara, μ^∗([a, b]) ≥ b − a. □

Paratărhsh: Apì tic ProtĹseic 2.2.2 kai 2.2.4 faÐnetai ìti to [0, 1] (kai kĹje kleistì diĹsthma) eÐnai uperarijmăsimo sÔnolo.

Prìtash 2.2.5 μ^∗ ( (a, b) ) = b − a. Apìdeixh: Gia kĹje 0 < ε < (b − a)/2 èqoume [a + ε, b − ε] ⊂ (a, b) ⊂ [a, b]. Apì thn Prìtash 2.2.1, (b − a) − 2ε = μ^∗([a + ε, b − ε]) ≤ μ^∗ ( (a, b) ) ≤ μ^∗([a, b]) = b − a. AfoÔ h anisìthta isqÔei gia ìla ta {mikrĹ} ε > 0, blèpoume ìti μ^∗ ( (a, b) ) = b − a. □ Prìtash 2.2.6 μ^∗ ( (a, +∞) ) = +∞.

Apìdeixh: Gia kĹje N ∈ N èqoume (a, +∞) ⊃ (a, a + N), Ĺra μ^∗ ( (a, +∞) ) ≥ a + N − a = N. ’Ara, μ^∗ ( (a + ∞) ) = +∞. □

Prìtash 2.2.7 (Arijmăsimh upoprosjetikìthta tou exwterikoÔ mètrou) Gia kĹje (peperasmènh ă Ĺpeirh) akoloujÐa (A_n) uposunìlwn tou R isqÔei μ^∗ ( ⋃ n A_n ) ≤ ∑ n μ^∗(A_n). Apìdeixh: An to dexiì mèloc thc anisìthtac eÐnai +∞ den èqoume tÐpota na deÐxoume. Upojètoume loipìn ìti ∑ n μ^∗(A_n) < +∞. Ja deÐxoume ìti gia kĹje ε > 0 upĹrqei kĹluyh (J_s) tou ⋃ n A_n apì anoiktĹ diastămata, tètoia ÿste ∑ s ℓ(J_s) < ∑ n μ^∗(A_n) + ε.

Gia kĹje n jewroÔme kĹluyh (I^k_n )_k tou A_n me thn idiìthta ∑ k ℓ(I^k_n ) < μ^∗(A_n) + ε 2^n . An pĹroume san (J_s) thn oikogèneia (I^k_n )_{n,k} ìlwn autÿn twn anoiktÿn diasthmĹtwn, tìte ⋃ n A_n ⊂ ⋃ n,k I^k_n kai ∑ n,k ℓ(I^k_n ) = ∑ n ∑ k ℓ(I^k_n ) < ∑ n ( μ^∗(A_n) + ε 2^n ) = ∑ n μ^∗(A_n) + ε. □

2.2.2 Metrăsima sÔnola

O arqikìc mac stìqoc ătan na petÔqoume thn arijmăsimh prosjetikìthta tou {mètrou}: ja jèlame loipìn na isqÔei h μ^∗ (_∞ ⋃ n=1 A_n ) = ∞∑ n=1 μ^∗(A_n)

an ta A_n eÐnai xèna anĹ dÔo uposÔnola tou R. To exwterikì mètro pou orÐsame den èqei thn idiìthta thc prosjetikìthtac: akìma ki an perioristoÔme sthn perÐptwsh dÔo xènwn uposunìlwn A kai B tou [0, 1], mporoÔme na dÿsoume parĹdeigma ìpou μ^∗(A ∪ B) < μ^∗(A) + μ^∗(B). H kataskeuă enìc tètoiou paradeÐgmatoc den eÐnai aplă: qrhsimopoieÐ to AxÐwma thc Epilogăc (blèpe §2.2.4).

Autì pou ja kĹnoume eÐnai na perioristoÔme se mÐa klĹsh M uposunìlwn tou R ètsi ÿste o periorismìc thc {sunĹrthshc exwterikoÔ mètrou} μ^∗ sthn M na ikanopoieÐ thn idiìthta thc arijmăsimhc prosjetikìthtac. H M eÐnai h klĹsh twn Lebesgue metrăsimwn sunìlwn.

Orismìc. ’Ena sÔnolo A ⊆ R lègetai Lebesgue metrăsimo an gia kĹje X ⊆ R isqÔei μ^∗(X) = μ^∗(X ∩ A) + μ^∗(X\A). (Dhladă, èna sÔnolo eÐnai metrăsimo an {qwrÐzei swstĹ} - wc proc to exwterikì mètro - opoiodăpote Ĺllo sÔnolo). H klĹsh twn Lebesgue metrăsimwn sunìlwn sumbolÐzetai me M. O periorismìc tou μ^∗ sthn M lègetai mètro Lebesgue.

Paratărhsh. Apì thn X = (X ∩ A) ∪ (X\A) kai apì thn upoprosjetikìthta tou μ^∗, èqoume pĹnta thn anisìthta μ^∗(X) ≤ μ^∗(X ∩ A) + μ^∗(X\A). Autì loipìn pou qreiazìmaste gia na deÐxoume th metrhsimìthta tou A eÐnai h antÐstrofh anisìthta μ^∗(X) ≥ μ^∗(X ∩ A) + μ^∗(X\A) gia kĹje X ⊆ R.

Basikèc idiìthtec thc klĹshc twn metrăsimwn sunìlwn

Prìtash 2.2.8 An μ^∗(A) = 0, tìte A ∈ M.

Apìdeixh: ’Estw X ⊆ R. Tìte, X ∩A ⊆ A Ĺra μ^∗(X ∩A) = 0. EpÐshc, X ⊇ X\A Ĺra μ^∗(X) ≥ μ^∗(X\A) = μ^∗(X ∩ A) + μ^∗(X\A). □

Prìtash 2.2.9 An A ∈ M tìte A^c = R\A ∈ M (to sumplărwma metrăsimou sunìlou eÐnai metrăsimo).

Apìdeixh: A ∩ X = X\A^c kai X\A = X ∩ A^c. □. Prìtash 2.2.10 An A, B ∈ M, tìte A ∪ B ∈ M (h ènwsh dÔo metrăsimwn sunìlwn eÐnai metrăsimo sÔnolo). Apìdeixh: ’Estw X ⊆ R. ParathroÔme ìti X ∩ (A ∪ B) = (X ∩ A) ∪ (X ∩ A^c ∩ B) kai, qrhsimopoiÿntac th metrhsimìthta twn A kai B, èqoume

μ^∗(X ∩ (A ∪ B)) + μ^∗(X ∩ (A ∪ B)^c) = μ^∗((X ∩ A) ∪ (X ∩ A^c ∩ B)) +μ^∗(X ∩ (A ∪ B)^c) ≤ μ^∗(X ∩ A) + μ^∗(X ∩ A^c ∩ B) +μ^∗((X ∩ A^c) ∩ B^c) ≤ μ^∗(X ∩ A) + μ^∗((X ∩ A^c) ∩ B^c) = μ^∗(X). ’Ara, to A ∪ B eÐnai metrăsimo. □ Prìtash 2.2.11 An A, B ∈ M kai A ∩ B = ∅, tìte μ^∗(A ∪ B) = μ^∗(A) + μ^∗(B).

Apìdeixh: ArkeÐ na upojèsoume ìti to èna apì ta dÔo sÔnola, ac poÔme to A, eÐnai metrăsimo. PaÐrnontac X = A ∪ B ston orismì, èqoume

μ^∗(A ∪ B) = μ^∗((A ∪ B) ∩ A) + μ^∗((A ∪ B) ∩ A^c) = μ^∗(A) + μ^∗(B), afoÔ (A ∪ B) ∩ A^c = A kai (A ∪ B)\A = B, lìgw thc A ∩ B = ∅. □ Prìtash 2.2.12 An A, B ∈ M, tìte A∩B ∈ M (h tomă dÔo metrăsimwn sunìlwn eÐnai metrăsimo sÔnolo).

Apìdeixh: ParathroÔme ìti A∩B = (A^c ∪B^c)^c kai qrhsimopoioÔme tic ProtĹseic 2.2.9 kai 2.2.10. □ Prìtash 2.2.13 An (A_n)^∞_{n=1} eÐnai mia akoloujÐa metrăsimwn sunìlwn, tìte h ènwsă touc ⋃_∞ n=1 A_n eÐnai metrăsimo sÔnolo.

Apìdeixh: JewroÔme thn akoloujÐa sunìlwn

B_1 = A_1 , B_2 = A_2\A_1 = A_2 ∩ A^c_1, . . . , B_n = A_n\(A_1 ∪ . . . ∪ A_{n−1}), . . . .

Apì tic idiìthtec pou èqoume apodeÐxei, kĹje B_n eÐnai metrăsimo sÔnolo. Apì ton trìpo orismoÔ touc, ta B_n eÐnai xèna anĹ dÔo kai ∞⋃ n=1 B_n = ∞⋃ n=1 A_n =: A. ’Estw X ⊆ R. Gia kĹje n, to B_1 ∪ . . . ∪ B_n eÐnai metrăsimo, Ĺra

μ^∗(X) = μ^∗(X ∩ (B_1 ∪ . . . ∪ B_n)) + μ^∗(X\(B_1 ∪ . . . ∪ B_n)) = n∑ i=1 μ^∗(X ∩ B_i) + μ^∗(X\(B_1 ∪ . . . ∪ B_n))

≥ n∑ i=1 μ^∗(X ∩ B_i) + μ^∗(X\A) apì thn Prìtash 2.2.12 kai ton egkleismì X\A ⊆ X\(B_1 ∪ . . . ∪ B_n). Afănontac to n → ∞, paÐrnoume μ^∗(X) ≥ ∞∑ i=1 μ^∗(X ∩ B_i) + μ^∗(X\A) ≥ μ^∗(X ∩ A) + μ^∗(X\A) lìgw thc arijmăsimhc upoprosjetikìthtac tou exwterikoÔ mètrou. ’Ara, to A eÐnai metrăsimo. □

Mètro Lebesgue Ac sunoyÐsoume th douleiĹ pou èqoume kĹnei wc tÿra. OrÐsame to exwterikì mètro μ^∗(A) gia kĹje uposÔnolo A tou R. Jewrăsame mia klĹsh M uposunìlwn tou R, ta opoÐa onomĹsame metrăsima sÔnola. EÐdame ìti aută h klĹsh èqei tic exăc idiìthtec: 1. R ∈ M. 2. A ∈ M =⇒ R\A ∈ M. 3. A_n ∈ M, n ∈ N =⇒ ⋃_∞ n=1 A_n ∈ M. Oi idiìthtec autèc qarakthrÐzoun tic σ-Ĺlgebrec:

Orismìc: ’Estw Ω èna mh kenì sÔnolo. MÐa klĹsh A uposunìlwn tou Ω lègetai σ-Ĺlgebra an

(a) Ω ∈ A.

(b) An A ∈ A, tìte Ω\A ∈ A. (g) An A_n ∈ A gia kĹje n ∈ N, tìte ⋃_∞ n=1 A_n ∈ A.

Lème ìti mia tètoia klĹsh uposunìlwn tou Ω eÐnai {kleistă wc proc sumplhrÿmata kai arijmăsimec enÿseic}. ’Epetai ìti eÐnai kleistă kai wc proc arijmăsimec tomèc kai diaforèc:

(d) An A_n ∈ A gia kĹje n ∈ N, tìte ∞⋂ n=1 A_n = (_∞ ⋃ n=1 A^c_n )_c ∈ A.

(e) An A, B ∈ A, tìte A\B = A ∩ B^c ∈ A.

Paratărhsh: Eidikìtera, an A_n ∈ M gia kĹje n ∈ N, tìte ⋂_∞ n=1 A_n ∈ M, kai an A, B ∈ M, tìte A\B ∈ M. Me bĹsh ton orismì, h klĹsh M twn metrăsimwn sunìlwn eÐnai σ-Ĺlgebra.

OrÐzoume mÐa sunolosunĹrthsh μ : M → [0, +∞) me A → μ(A) := μ^∗(A). Dhladă, h μ eÐnai o periorismìc thc sunolosunĹrthshc μ^∗ (tou exwterikoÔ mètrou) sthn klĹsh M. H sunĹrthsh μ onomĹzetai mètro Lebesgue ă aplĹ mètro.

Me thn parapĹnw orologÐa, èqoume deÐxei to exăc:

Jeÿrhma 2.2.1 ’Estw M = {A ⊆ R | A Lebesgue metrăsimo }. H M eÐnai σ- Ĺlgebra kai h sunolosunĹrthsh μ : M → [0, +∞) pou orÐzetai mèsw thc A → μ(A) := μ^∗(A) eÐnai arijmăsima prosjetikă (ă, σ-prosjetikă). Dhladă, an (A_n)^∞_{n=1} eÐnai mia akoloujÐa xènwn anĹ dÔo Lebesgue metrăsimwn sunìlwn (A_n ∈ M gia kĹje n kai A_n ∩ A_m = ∅ an n ≠ m), tìte μ (_∞ ⋃ n=1 A_n ) = ∞∑ n=1 μ(A_n).

Apìdeixh: Mènei na deÐxoume ìti to mètro μ eÐnai arijmăsima prosjetkă sunolosunĹrthsh. ’Estw A_n, n ∈ N, xèna anĹ dÔo metrăsima sÔnola. Apì thn Prìtash 2.2.13 to ⋃_∞ n=1 A_n eÐnai metrăsimo.

Qrhsimopoiÿntac th monotonÐa tou mètrou kai thn Prìtash 2.2.11, blèpoume ìti_N ∑ n=1 μ(A_n) = μ (_N ⋃ n=1 A_n ) ≤ μ (_∞ ⋃ n=1 A_n )

gia kĹje N ∈ N, Ĺra_∞ ∑ n=1 μ(A_n) ≤ μ (_∞ ⋃ n=1 A_n ) .

H antÐstrofh anisìthta_∞ ∑ n=1 μ(A_n) ≥ μ (_∞ ⋃ n=1 A_n )

prokÔptei Ĺmesa apì thn arijmăsimh upoprosjetikìthta tou (exwterikoÔ) mètrou (Prìtash 2.2.7). □ PoiĹ sÔnola eÐnai metrăsima? ’Hdh gnwrÐzoume ìti ta sÔnola pou èqoun exwterikì mètro 0 (kai ta sumplhrÿmatĹ touc) anăkoun sthn M. ’Opwc ja doÔme, h M eÐnai arketĹ ploÔsia: ìla ta {kalĹ} - apì topologikă Ĺpoyh - uposÔnola tou R eÐnai Lebesgue metrăsima.

Prìtash 2.2.14 ’Ola ta diastămata eÐnai Lebesgue metrăsima.

Apìdeixh: (a) JewroÔme prÿta diĹsthma thc morfăc J = [a, +∞). ’Estw X ⊆ R. Jèloume na deÐxoume ìti μ^∗(X) ≥ μ^∗(X ∩ [a, +∞)) + μ^∗(X ∩ (−∞, a)). SÔmfwna me ton orismì tou exwterikoÔ mètrou, arkeÐ na deÐxoume ìti an (I_n)^∞_{n=1} eÐnai mÐa kĹluyh tou X apì anoiqtĹ diastămata, tìte ∞∑ n=1 ℓ(I_n) ≥ μ^∗(X ∩ [a, +∞)) + μ^∗(X ∩ (−∞, a)). ’Estw ìti X ⊆ ⋃_∞ n=1 I_n, kai ac upojèsoume ìti ∑_∞ n=1 ℓ(I_n) < +∞ (alliÿc, den èqoume tÐpota na deÐxoume). Ja deÐxoume ìti gia kĹje ε > 0, ∞∑ n=1 ℓ(I_n) + ε ≥ μ^∗(X ∩ [a, +∞)) + μ^∗(X ∩ (−∞, a)). ’Estw ε > 0. Gia kĹje n ∈ N orÐzoume I^′_n = I_n ∩ (a, +∞) , I^{′′}_n = I_n ∩ (−∞, a), kai I_0 = ( a − ε 2 , a + ε 2 ) . Kajèna apì ta I^′_n, I^{′′}_n eÐnai anoiqtì diĹsthma ă to kenì sÔnolo, kai

ℓ(I_n) = ℓ(I^′_n) + ℓ(I^{′′}_n ).

EpÐshc, X ∩ [a, +∞) ⊆ I_0 ∪ ∞⋃ n=1 I^′_n

X ∩ (−∞, a) ⊆ ∞⋃ n=1 I^{′′}_n .

’Ara,

μ^∗(X ∩ [a, +∞)) + μ^∗(X ∩ (−∞, a)) ≤ ℓ(I_0) + ∞∑ n=1 ℓ(I^′_n) + ∞∑ n=1 ℓ(I^{′′}_n )

= ε + ∞∑ n=1 ( ℓ(I^′_n) + ℓ(I^{′′}_n ) )

= ε + ∞∑ n=1 ℓ(I_n). (b) An J = (a, +∞), tìte grĹfontac (a, +∞) = ∞⋃ n=1 [a + 1/n, +∞) kai qrhsimopoiÿntac thn Prìtash 2.2.13 kai to (a), blèpoume ìti J ∈ M. (g) Ta (−∞, a) kai (−∞, a] eÐnai metrăsima wc sumplhrÿmata metrăsimwn sunìlwn. (d) EÔkola blèpoume ìti diastămata thc morfăc [a, b], [a, b), (a, b] kai (a, b) eÐnai metrăsima. Gia parĹdeigma, [a, b] = R\ ( (−∞, a) ∪ (b, +∞) ) dhladă to [a, b] eÐnai metrăsimo wc sumplărwma tou metrăsimou sunìlou (−∞, a) ∪ (b, +∞). □ Orismìc: H mikrìterh σ-Ĺlgebra uposunìlwn tou R pou perièqei ìla ta diastămata lègetai σ-Ĺlgebra twn Borel uposunìlwn tou R (ă Borel σ-Ĺlgebra) kai sumbolÐzetai me B. Dhladă, B = ⋂ { A ⊆ P (R) | A σ − Ĺlgebra kai h A perièqei ìla ta diastămata } . Apì ton orismì thc Borel σ-Ĺlgebrac kai apì thn Prìtash 2.2.14 sumperaÐnoume ìti kĹje Borel uposÔnolo tou R eÐnai metrăsimo:

Prìtash 2.2.15 B ⊆ M. □

Prìtash 2.2.16 KĹje anoiqtì kai kĹje kleistì uposÔnolo tou R eÐnai sÔnolo Borel, Ĺra eÐnai metrăsimo sÔnolo.

Apìdeixh: KĹje anoiqtì uposÔnolo tou R eÐnai arijmăsimh ènwsh anoiqtÿn diasthmĹtwn - kai mĹlista xènwn anĹ dÔo: blèpe {Eisagwgă sthn AnĹlush II}. AfoÔ h B eÐnai σ-Ĺlgebra kai perièqei ta anoiqtĹ diastămata, h B perièqei ìla ta anoiqtĹ, Ĺra kai ìla ta kleistĹ, sÔnola. □

Parathrăseic: (a) H Borel σ-Ĺlgebra perièqei polÔ perissìtera sÔnola apì ta anoiktĹ kai ta kleistĹ uposÔnola tou R. ’Olec oi arijmăsimec tomèc anoiktÿn sunìlwn (ta legìmena G_δ -sÔnola) eÐnai Borel sÔnola, ìlec oi arijmăsimec enÿseic kleistÿn sunìlwn (ta legìmena F_σ -sÔnola) eÐnai Borel sÔnola, kai oÔtw kajexăc. (b) H klĹsh M twn metrăsimwn sunìlwn eÐnai gnăsia megalÔterh apì thn klĹsh B twn Borel sunìlwn: upĹrqoun metrăsima sÔnola pou den eÐnai Borel. MporeÐ kaneÐc na dÿsei parĹdeigma sunìlou pou den eÐnai Borel kai èqei exwterikì mètro 0 (Ĺra, eÐnai metrăsimo). Gia na perigrĹyoume ìmwc tètoia paradeÐgmata, prèpei prÿta na milăsoume gia mh metrăsima sÔnola.

(g) Apì thn Ĺllh pleurĹ, ta metrăsima sÔnola proseggÐzontai apì Borel sÔnola, me thn exăc ènnoia:

Prìtash 2.2.17 ’Estw A ⊆ R. Ta exăc eÐnai isodÔnama:

1. To A eÐnai metrăsimo.

2. Gia kĹje ε > 0 upĹrqei anoiktì G ⊆ R me A ⊆ G kai μ^∗(G\A) < ε. 3. UpĹrqei akoloujÐa (G_n) anoiktÿn sunìlwn me A ⊆ G_n gia kĹje n ∈ N kai μ^∗ ( ⋂_∞ n=1 G_n\A ) = 0.

Apìdeixh: ’Askhsh. □ Oloklhrÿnoume autăn thn parĹgrafo me dÔo akìma idiìthtec tou mètrou Lebesgue, oi opoÐec eÐnai sunèpeiec thc arijmăsimhc prosjetikìthtac:

Prìtash 2.2.18 (i) An (A_n) eÐnai aÔxousa akoloujÐa metrăsimwn sunìlwn kai A := ⋃_∞ n=1 A_n, tìte μ(A_n) → μ(A). (ii) An (B_n) eÐnai fjÐnousa akoloujÐa metrăsimwn sunìlwn me μ(B_1) < +∞ kai B := ⋂_∞ n=1 B_n, tìte μ(B_n) → μ(B). Apìdeixh: (i) GrĹfoume to A san xènh ènwsh:

A = A_1 ∪ (A_2\A_1) ∪ (A_3\A_2) ∪ · · · ,

kai qrhsimopoiÿntac thn arijmăsimh prosjetikìthta tou mètrou paÐrnoume

μ(A) = μ(A_1) + μ(A_2\A_1) + · · · + μ(A_n\A_{n−1}) + · · · = lim_{n→∞} ( μ(A_1) + μ(A_2\A_1) + · · · + μ(A_n\A_{n−1}) ) = lim_{n→∞} μ(A_n).

(ii) ParathroÔme prÿta ìti an C, D ∈ M me D ⊂ C kai μ(D) < +∞, tìte μ(C\D) = μ(C) − μ(D).

Gia kĹje n ∈ N jètoume A_n = B_1\B_n. Tìte, h (A_n) eÐnai aÔxousa, opìte

lim_{n→∞} μ(A_n) = μ (_∞ ⋃ n=1 (B_1\B_n) ) = μ ( B_1\ ∞⋂ n=1 B_n )

= μ(B_1) − μ(B). kai lim_{n→∞} μ(A_n) = lim_{n→∞} ( μ(B_1) − μ(B_n) ) = μ(B_1) − lim_{n→∞} μ(B_n).

’Ara, μ(B) = lim_{n→∞} μ(B_n). □ ShmeÐwsh: H upìjesh μ(B_1) < +∞ sto (ii) mporeÐ na antikatastajeÐ apì thn μ(B_k) < +∞ gia kĹpoio k. Den mporoÔme ìmwc na thn afairèsoume teleÐwc: an B_n = [n, +∞), tìte B_n ↘ ∅ allĹ μ(B_n) = +∞ gia kĹje n enÿ μ(∅) = 0.

2.2.3 To sÔnolo tou Cantor

Kataskeuă:

JewroÔme to diĹsthma C_0 = [0, 1] kai to qwrÐzoume se trÐa Ðsa diastămata. AfairoÔme to anoiktì mesaÐo diĹsthma ( 1/3, 2/3 ) . OnomĹzoume C_1 to sÔnolo pou apomènei, dhladă C_1 = [ 0, 1/3 ] ∪ [ 2/3, 1 ] . To C_1 eÐnai profanÿc kleistì sÔnolo. QwrÐzoume kajèna apì ta diastămata [ 0, 1/3 ] kai [ 2/3, 1 ] se trÐa Ðsa diastămata kai afairoÔme to mesaÐo anoiktì diĹsthma. OnomĹzoume C_2 to kleistì sÔnolo pou apomènei, dhladă

C_2 = [ 0, 1/9 ] ∪ [ 2/9, 1/3 ] ∪ [ 2/3, 7/9 ] ∪ [ 8/9, 1 ] . SuneqÐzontac me autìn ton trìpo, kataskeuĹzoume gia kĹje n = 1, 2, . . . èna kleistì sÔnolo C_n ètsi ÿste h akoloujÐa (C_n) na èqei tic exăc idiìthtec:

1. C_1 ⊃ C_2 ⊃ C_3 ⊃ · · ·.

2. To C_n eÐnai h ènwsh 2^n kleistÿn diasthmĹtwn, kajèna apì ta opoÐa èqei măkoc 1/3^n.

To sÔnolo tou Cantor eÐnai to sÔnolo C = ∞⋂ n=1 C_n. ShmeÐwsh: Ta diastămata thc morfăc [ k/3^n, (k+1)/3^n ] , n ∈ N, k = 0, 1, . . . , 3^n − 1, onomĹzontai triadikĹ diastămata.

Idiìthtec:

To C eÐnai sÐgoura mh kenì, afoÔ perièqei ta Ĺkra ìlwn twn triadikÿn diasthmĹtwn pou apartÐzoun kĹje C_n (ìpwc ja doÔme parakĹtw perièqei kai pollĹ Ĺlla shmeÐa). EpÐshc to C eÐnai kleistì, afoÔ h tomă kleistÿn sunìlwn eÐnai kleistì sÔnolo. Epiplèon, to C èqei tic exăc idiìthtec:

(1) To C eÐnai tèleio sÔnolo, dhladă eÐnai kleistì kai kĹje shmeÐo tou C eÐnai shmeÐo sussÿreushc tou C.

EÐdame ìti to C eÐnai kleistì. Gia na deÐxoume ìti kĹje x ∈ C eÐnai shmeÐo sussÿreushc tou C, parathroÔme ìti gia to tuqìn x ∈ C upĹrqei monadikă akoloujÐa kleistÿn triadikÿn diasthmĹtwn I_n(x), n = 1, 2, . . ., me x ∈ I_n(x), I_n(x) ⊂ C_n kai ℓ(I_n(x)) =^1_{3n} . Oi akoloujÐec (α_n(x)) kai (δ_n(x)) twn aristerÿn kai dexiÿn Ĺkrwn twn I_n(x) antÐstoiqa perièqontai sto C, kajemÐa apì autèc sugklÐnei sto x, kai h mÐa toulĹqiston apì tic dÔo den eÐnai telikĹ stajeră. ’Ara, to x eÐnai shmeÐo sussÿreushc tou C. □

(2) To C èqei exwterikì mètro Ðso me 0. Gia kĹje n ∈ N èqoume C ⊂ C_n kai μ^∗(C_n) =^{2n}_{3n} , afoÔ to C_n eÐnai ènwsh 2^n xènwn anĹ dÔo kleistÿn diasthmĹtwn, kajèna apì ta opoÐa èqei măkoc^1_{3n} . ’Ara,

μ^∗(C) ≤ μ^∗(C_n) =

2^n 3^n

gia kĹje n ∈ N, opìte μ^∗(C) = 0. □ Paratărhsh: Eidikìtera, to C den perièqei kanèna diĹsthma.

(3) To C eÐnai uperarijmăsimo. Apì èna genikì jeÿrhma thc TopologÐac, kĹje mh kenì tèleio uposÔnolo tou R eÐnai uperarijmăsimo. AfoÔ deÐxame ìti to C eÐnai tèleio, èpetai o isqurismìc. Ja dÿsoume ìmwc mia deÔterh apìdeixh, h opoÐa mĹc dÐnei thn aformă na doÔme mia diaforetikă perigrafă tou sunìlou C pou parousiĹzei genikìtero endiafèron.

MporoÔme na orÐsoume mÐa èna proc èna kai epÐ apeikìnish Φ tou C sto sÔnolo

{0, 2}^N = { (α_n)^∞_{n=1} | gia kĹje n, α_n = 0 ă α_n = 2 } . To {0, 2}^N eÐnai uperarijmăsimo (jumhjeÐte to diagÿnio epiqeÐrhma tou Cantor). ’Ara, to C eÐnai uperarijmăsimo. H apeikìnish Φ orÐzetai wc exăc:

Gia kĹje x ∈ C upĹrqei monadikă akoloujÐa kleistÿn diasthmĹtwn I_n(x), n = 1, 2, . . ., tètoia ÿste: I_1(x) ⊃ I_2(x) ⊃ · · ·, kai gia kĹje n, x ∈ I_n(x) kai to I_n(x) eÐnai èna apì ta triadikĹ diastămata măkouc^1_{3n} pou apartÐzoun to C_n.

Me bĹsh autăn thn akoloujÐa diasthmĹtwn orÐzoume mia akoloujÐa (α^x_n)^∞_{n=1} ∈ {0, 2}^N wc exăc:

(a) n = 1: Jètoume α^x_1 = 0 an I_1(x) = [ 0, 1/3 ] (dhladă, an x ∈ [ 0, 1/3 ] ) kai α^x_1 = 2 an I_1(x) = [ 2/3, 1 ] (dhladă, an x ∈ [ 2/3, 1 ] ). (b) Epagwgikì băma: Gia kĹje n, an I_n(x) = [ k/3^n, (k+1)/3^n ] tìte to I_{n+1}(x) eÐnai èna apì ta dÔo diastămata [ k/3^n, (k/3^n)+(1/3^{n+1}) ] , [(k/3^n)+(2/3^{n+1}), (k+1)/3^n ] :

ekeÐno pou perièqei to x. Jètoume α^x_{n+1} = 0 an I_{n+1}(x) eÐnai to prÿto diĹsthma, kai α^x_{n+1} = 2 an I_{n+1}(x) eÐnai to deÔtero diĹsthma.

ParathroÔme ìti an x ≠ y, tìte gia kĹpoio n ja isqÔei I_n(x) ≠ I_n(y), alliÿc ja èprepe na èqoume |x − y| ≤^1_{3n} gia kĹje n ∈ N. An n_0 eÐnai o prÿtoc fusikìc gia ton opoÐo I_{n0} (x) ≠ I_{n0} (y), tìte apì ton orismì twn α^x_n blèpoume ìti α^x_{n0} ≠ α^y_{n0} , Ĺra oi dÔo akoloujÐec (α^x_n)^∞_{n=1} kai (α^y_n)^∞_{n=1} eÐnai diaforetikèc. Autì apodeiknÔei ìti h apeikìnish Φ : C → {0, 2}^N me Φ(x) = (α^x_n)^∞_{n=1} eÐnai èna proc èna.

AntÐstrofa, an (α_n)^∞_{n=1} eÐnai mia akoloujÐa apì 0 ă 2, h akoloujÐa aută orÐzei monadikă akoloujÐa triadikÿn diasthmĹtwn (I_n)^∞_{n=1} me I_1 ⊃ I_2 ⊃ · · ·, kai tètoia ÿste gia kĹje n to I_n na eÐnai èna apì ta triadikĹ diastămata măkouc^1_{3n} pou apartÐzoun to C_n:

(a) n = 1: Jètoume I_1 = [ 0, 1/3 ] an α_1 = 0 ă I_1 = [ 2/3, 1 ] an α_1 = 2.

(b) GenikĹ, to I_{n+1} eÐnai èna apì ta dÔo triadikĹ upodiastămata măkouc^1_{3n+1} tou I_n pou perièqontai sto C_{n+1}: to aristerì an α_{n+1} = 0, ă to dexiì an α_{n+1} = 2.

AfoÔ ta măkh twn diasthmĹtwn I_n fjÐnoun sto 0, h tomă touc eÐnai monosÔnolo: èstw {x} = ∞⋂ n=1 I_n. (JumhjeÐte ìti h tomă eÐnai mh kenă lìgw tou jewrămatoc twn kibwtismènwn diasthmĹtwn). AfoÔ I_n ⊂ C_n gia kĹje n, eÐnai fanerì ìti x ∈ C. EpÐshc, I_n(x) = I_n gia kĹje n, kai apì ton trìpo orismoÔ twn I_n èqoume

(α_n)^∞_{n=1} = (α^x_n)^∞_{n=1} = Φ(x).

Autì apodeiknÔei ìti h Φ eÐnai epÐ tou {0, 2}^N, Ĺra to C eÐnai uperarijmăsimo.

O trìpoc orismoÔ thc Φ mĹc odhgeÐ se mia Ĺllh perigrafă tou sunìlou tou Cantor. Triadikă parĹstash arijmoÔ:

An (a_n)^∞_{n=1} eÐnai mÐa akoloujÐa me a_n ∈ {0, 1, 2} gia kĹje n ∈ N, tìte h seirĹ ∑_∞ n=1 a_n 3^n sugklÐnei se ènan arijmì x ∈ [0, 1]. An x = ∑_∞ n=1 a_n 3^n me an ∈ {0, 1, 2} gia

kĹje n, h seirĹ ∑_∞ n=1 a_n 3^n (ă h akoloujÐa (an) ∞ n=1) lègetai triadikă parĹstash tou x. GrĹfoume x = (a_1, a_2, . . .) antÐ thc x = ∑_∞ n=1 a_n 3^n .

KĹje arijmìc x sto diĹsthma [0, 1] èqei mÐa triadikă parĹstash. H akoloujÐa (a_n)^∞_{n=1} mporeÐ na epilegeÐ wc exăc: QwrÐzoume to [0, 1] sta trÐa upodiastămata [0, 1/3], (1/3, 2/3) kai [2/3, 1]. Jètoume

a_1 =

0 , x ∈ [0, 1/3]

1 , x ∈ (1/3, 2/3)

2 , x ∈ [2/3, 1].

Me autìn ton orismì, se kĹje perÐptwsh èqoume

a_1 3 ≤ x ≤ a_1 3 + 1 3 .

Ac upojèsoume ìti x ∈ [0, 1/3]. QwrÐzoume autì to diĹsthma sta trÐa upodiastămata [0, 1/9], (1/9, 2/9), [2/9, 1/3] kai jètoume a_2 = 0, 1 ă 2 antÐstoiqa an to x anăkei sto aristerì, sto mesaÐo ă sto dexiì apì autĹ ta diastămata. AnĹloga orÐzetai to a_2 ìtan x ∈ (1/3, 2/3) ă x ∈ [2/3, 1], ètsi ÿste se kĹje perÐptwsh na èqoume a_1 3 + a_2 3^2 ≤ x ≤ a_1 3 + a_2 3^2 + 1 3^2 . SuneqÐzoume thn epilogă twn a_n me autìn ton trìpo ètsi ÿste gia kĹje n na èqoume n∑ k=1 a_k 3^k ≤ x ≤ n∑ k=1 a_k 3^k + 1 3^n . AfoÔ loipìn 0 ≤ x − n∑ k=1 a_k 3^k ≤ 1 3^n , èpetai ìti h seirĹ ∑_∞ k=1 a_k 3^k sugklÐnei ston x, dhladă x = ∞∑ k=1 a_k 3^k .

ParadeÐgmata: Elègxte ìti

1/8 = (0, 1, 0, 1, 0, 1, . . .) 1/4 = (2, 0, 2, 0, 2, 0, . . .). EÐnai fanerì ìti an x ≠ y tìte h triadikă parĹstash tou x eÐnai diaforetikă apì autăn tou y, afoÔ mÐa seirĹ den mporeÐ na sugklÐnei se dÔo diaforetikĹ ìria.

UpĹrqoun ìmwc arijmoÐ x ∈ [0, 1] pou èqoun dÔo diaforetikèc triadikèc parastĹseic. Gia parĹdeigma, an x = 1/3 tìte 1 3 = 1 3 + ∞∑ k=2 0 3^k kai 1 3 = ∞∑ k=2 2 3^k . (Me ton trìpo epilogăc thc (a_n)^∞_{n=1} pou parousiĹsame parapĹnw, ja brÐskame th deÔterh parĹstash).

Genikìtera, isqÔei to exăc: O x ∈ [0, 1] èqei dÔo diaforetikèc triadikèc parastĹseic an kai mìno an o x eÐnai triadikìc rhtìc: dhladă an x = k/3^n gia kĹpoion n ∈ N kai kĹpoion 1 ≤ k ≤ 3^n (’Askhsh).

To Jeÿrhma pou akoloujeÐ dÐnei ènan Ĺllo trìpo perigrafăc tou sunìlou tou Cantor.

Jeÿrhma 2.2.2 ’Estw x ∈ [0, 1]. Tìte, x ∈ C an kai mìno an o x èqei mÐa triadikă parĹstash h opoÐa perièqei mìno ta yhfÐa 0 kai 2. □

Apìdeixh: ’Estw x ∈ [0, 1]. An h akoloujÐa (a_n) epilegeÐ me ton trìpo pou parousiĹsame parapĹnw, tìte isqÔei to exăc: x ∈ C an kai mìno an a_n ≠ 1 gia kĹje n. Autì apodeiknÔei ìti an x ∈ C tìte o x èqei mÐa triadikă parĹstash pou perièqei mìno ta yhfÐa 0 kai 2. H oloklărwsh thc apìdeixhc afănetai san Ĺskhsh. □ 2.2.4 ParĹdeigma mh metrăsimou sunìlou

Sthn §2.2 orÐsame thn σ-Ĺlgebra B twn Borel uposunìlwn tou R kai th megalÔterh σ-Ĺlgebra M twn metrăsimwn uposunìlwn tou R. Apì touc orismoÔc èpontai Ĺmesa oi egkleismoÐ B ⊆ M ⊆ P(R). To erÿthma ìmwc an autoÐ oi dÔo egkleismoÐ eÐnai gnăsioi (dhladă, an upĹrqoun uposÔnola tou R pou den eÐnai metrăsima kai an upĹrqoun metrăsima sÔnola pou den eÐnai Borel) den eÐnai kajìlou aplì. Se autăn thn parĹgrafo ja kataskeuĹsoume parĹdeigma mh metrăsimou sunìlou. H kataskeuă basÐzetai sto {axÐwma thc epilogăc} apì th JewrÐa Sunìlwn, to opoÐo apodeqìmaste.

AxÐwma thc Epilogăc: ’Estw X = {X_a | a ∈ A} mÐa mh kenă oikogèneia xènwn, mh kenÿn uposunìlwn enìc sunìlou Ω. Tìte, upĹrqei èna sÔnolo E pou perièqei akribÿc èna stoiqeÐo x_a apì kĹje sÔnolo X_a. Dhladă, upĹrqei mÐa sunĹrthsh epilogăc f : A → Ω me f(a) ∈ X_a gia kĹje a ∈ A.

ShmeÐwsh: To AxÐwma thc Epilogăc, an kai faÐnetai {ajÿo}, apodeiknÔetai anexĹrthto apì ta axiÿmata (Zermelo-Fraenkel) thc JewrÐac Sunìlwn.

Jeÿrhma 2.2.3 UpĹrqei mh metrăsimo E ⊆ [0, 1].

Apìdeixh: OrÐzoume sqèsh isodunamÐac ∼ sto [0, 1] wc exăc: x ∼ y ⇐⇒ x − y ∈ Q (parathrăste ìti, anagkastikĹ, x − y ∈ [−1, 1]). H ∼ qwrÐzei to [0, 1] se klĹseic isodunamÐac

E_x = {y ∈ [0, 1] | y = x + q gia kĹpoion q ∈ [−1, 1] ∩ Q}.

An sumbolÐsoume me X = {X_a | a ∈ A} thn oikogèneia twn diaforetikÿn klĹsewn isodunamÐac, to axÐwma thc epilogăc mac lèei ìti upĹrqei èna sÔnolo E = {y_a | a ∈ A} ⊂ [0, 1] to opoÐo perièqei akribÿc èna stoiqeÐo y_a apì kĹje klĹsh X_a. Eidikìtera, an a ≠ b sto A tìte y_a − y_b /∈ Q.

JewroÔme mia arÐjmhsh q_1, q_2, . . . , q_n, . . . tou Q ∩ [−1, 1] kai orÐzoume thn akoloujÐa sunìlwn E_n := E + q_n, n ∈ N. Ta sÔnola E_n ikanopoioÔn ta exăc:

1. E_n ⊆ [−1, 2].

2. An n ≠ m tìte E_n ∩ E_m = ∅. PrĹgmati, an upărqan y_a, y_b ∈ E tètoia ÿste y_a + q_n = y_b + q_m, tìte ja eÐqame 0 ≠ y_a − y_b = q_m − q_n ∈ Q, to opoÐo eÐnai Ĺtopo apì ton trìpo orismoÔ tou E.

3. [0, 1] ⊆ ⋃_∞ n=1 E_n. PrĹgmati, an x ∈ [0, 1] tìte upĹrqei a ∈ A tètoio ÿste x ∈ X_a. Autì shmaÐnei ìti x = y_a + q gia kĹpoion q ∈ Q ∩ [−1, 1]. ’Omwc, tìte upĹrqei n = n(x) ∈ N tètoioc ÿste q = q_n, dhladă, x = y_a + q_n ∈ E_n.

Ac upojèsoume ìti to E eÐnai metrăsimo. Tìte, to E_n = E + q_n eÐnai metrăsimo gia kĹje n ∈ N kai μ(E_n) = μ(E) (’Askhsh 1). Apì tic idiìthtec twn E_n kai apì th monotonÐa kai thn arijmăsimh prosjetikìthta tou mètrou, paÐrnoume

1 = μ([0, 1]) ≤ μ (_∞ ⋃ n=1 E_n )

= ∞∑ n=1 μ(E_n) = ∞∑ n=1 μ(E) ≤ 3, to opoÐo eÐnai Ĺtopo afoÔ to teleutaÐo Ĺjroisma eÐnai Ðso me 0 (an μ(E) = 0) ă me +∞ (an μ(E) > 0). ’Ara, to E den eÐnai metrăsimo sÔnolo. □

2.2.5 Askăseic

1. (a) ’Estw A ⊆ R kai t ∈ R. DeÐxte ìti

μ^∗(A) = μ^∗(A + t)

(to exwterikì mètro eÐnai analloÐwto wc proc metaforèc). (b) An epiplèon to A eÐnai metrăsimo, tìte to A + t eÐnai metrăsimo. 2. (a) ’Estw A fragmèno uposÔnolo tou R. DeÐxte ìti μ^∗(A) < +∞. (b) ’Estw ìti to A ⊆ R èqei toulĹqiston èna eswterikì shmeÐo. DeÐxte ìti μ^∗(A) > 0. 3. (a) An A, B ⊆ R kai μ^∗(B) = 0, deÐxte ìti μ^∗(A ∪ B) = μ^∗(A). (b) An A, B ⊆ R kai μ^∗(A △ B) = 0, deÐxte ìti μ^∗(A) = μ^∗(B) (me A △ B sumbolÐzoume th summetrikă diaforĹ (A\B) ∪ (B\A) twn A kai B). 4. (a) ’Estw A ⊆ R kai t ∈ R. SumbolÐzoume me t·A to sÔnolo t·A = {tx | x ∈ A}. DeÐxte ìti μ^∗(t · A) = |t| · μ^∗(A).

(b) ’Estw f : B ⊆ R → R sunĹrthsh Lipschitz me stajerĹ M, dhladă |f(x)−f(y)| ≤ M|x − y| gia kĹje x, y ∈ B. DeÐxte ìti μ^∗(f(A)) ≤ M · μ^∗(A) gia kĹje A ⊆ B.

(g) ’Estw A ⊆ R me μ(A) = 0. DeÐxte ìti to sÔnolo A^′ = {x^2 | x ∈ A} èqei epÐshc mètro μ(A^′) = 0. [Upìdeixh: ExetĹste prÿta thn perÐptwsh ìpou A ⊆ [−M, M] gia kĹpoio M > 0.]

5. ’Estw E ⊆ R me 0 < μ^∗(E) < +∞ kai èstw 0 < α < 1. DeÐxte ìti upĹrqei anoiqtì diĹsthma I me thn idiìthta μ^∗(E ∩ I) > α · ℓ(I). [Upìdeixh: Upojèste to antÐjeto kai, gia tuqìn ε > 0, jewrăste akoloujÐa diasthmĹtwn I_k me E ⊆ ⋃_∞ k=1 I_k kai ∑_∞ k=1 ℓ(I_k) < μ^∗(E) + ε.]

6. ’Estw A metrăsimo sÔnolo kai δ > 0 ÿste μ(A ∩ I) ≥ δ · ℓ(I) gia kĹje anoiqtì diĹsthma. DeÐxte ìti μ(A^c) = 0.

7. ’Estw A metrăsimo sÔnolo me μ(A) > 0. DeÐxte ìti to {sÔnolo diaforÿn} A − A := {x − y | x ∈ A, y ∈ A} tou A perièqei diĹsthma thc morfăc (−t, t) gia kĹpoio t > 0.

8. (a) An to A eÐnai metrăsimo kai μ(A△B) = 0, tìte to B eÐnai metrăsimo kai μ(B) = μ(A). (b) An ta A, B eÐnai metrăsima, tìte μ(A ∪ B) + μ(A ∩ B) = μ(A) + μ(B). (g) An ta A, B eÐnai metrăsima, A ⊆ B kai μ(A) = μ(B) < +∞, tìte μ(B\A) = 0. (d) Dÿste parĹdeigma metrăsimwn sunìlwn A, B me A ⊆ B kai μ(A) = μ(B), allĹ μ(B\A) > 0. 9. ’Estw A = {x ∈ [0, 2π] | sin x < 1/n}. UpologÐste ta μ ( ⋂_∞ n=1 E_n ) kai lim_{n→∞} μ(E_n).

10. ’Estw A ⊆ R. DeÐxte ìti ta akìlouja eÐnai isodÔnama: (a) To A eÐnai metrăsimo.

(b) Gia kĹje ε > 0 upĹrqei anoiqtì sÔnolo G me A ⊆ G kai μ^∗(G\A) < ε. (g) UpĹrqei akoloujÐa anoiqtÿn sunìlwn (G_n)^∞_{n=1} me A ⊆ H := ⋂_∞ n=1 G_n kai μ(H\A) = 0. [Upìdeixh: Gia to (a)⇒(b) jewrăste prÿta thn perÐptwsh ìpou μ(A) < +∞.] 11. ’Estw A ⊆ R metrăsimo sÔnolo me 0 < μ(A) < +∞.

(a) DeÐxte ìti h sunĹrthsh f : R → R me f(x) = μ(A ∩ (−∞, x]) eÐnai suneqăc. (b) DeÐxte ìti upĹrqei metrăsimo sÔnolo F me F ⊆ A kai μ(F ) = μ(A)/2. 12. ’Estw (A_n) akoloujÐa uposunìlwn tou R. OrÐzoume ta sÔnola

lim sup A_n = {x ∈ R | x ∈ A_n gia Ĺpeira n} kai lim inf A_n = {x ∈ R | upĹrqei n_0(x) ∈ N ÿste x ∈ A_n gia kĹje n ≥ n_0(x)}.

DeÐxte ìti

lim sup A_n = ∞⋂ n=1 ⋃ k≥n A_k kai lim inf A_n = ∞⋃ n=1 ⋂ k≥n A_k.

13. ’Estw (A_n) akoloujÐa metrăsimwn uposunìlwn tou R. DeÐxte ìti: (a) Ta lim sup A_n kai lim inf A_n eÐnai metrăsima sÔnola.

(b) μ(lim inf A_n) ≤ lim inf μ(A_n) kai an μ(∪^∞_{n=1}A_n) < +∞ tìte lim sup μ(A_n) ≤ μ(lim sup A_n). (g) An ∑_∞ n=1 μ(A_n) < +∞, tìte μ(lim sup A_n) = 0.

14. DeÐxte ìti ta akìlouja sÔnola eÐnai sÔnola Borel kai breÐte to mètro touc: Q, R\Q , [0, 1]\Q, C + 1, 2C, ìpou C to sÔnolo tou Cantor.

15. ’Estw A uperarijmăsimo sÔnolo kai X h oikogèneia twn uposunìlwn X tou A pou ikanopoioÔn to exăc: eÐte to X ă to A\X eÐnai arijmăsimo. DeÐxte ìti h X eÐnai σ-Ĺlgebra.

16. ’Estw f : R → R. DeÐxte ìti to sÔnolo

A = {x ∈ R | h f eÐnai suneqăc sto x}

eÐnai sÔnolo Borel. [Upìdeixh: DeÐxte prÿta ìti A = n⋂ k=1 ∞⋃ n=1 { x ∈ R | diam [ f ( x − 1 n , x + 1 n )] < 1 k } .]

17. ’Estw f_n : R → R akoloujÐa suneqÿn sunartăsewn. DeÐxte ìti to sÔnolo B = {x ∈ R | lim_{n→∞} f_n(x) = +∞} eÐnai Borel.

18. ’Estw f : R → R suneqăc sunĹrthsh. DeÐxte ìti gia kĹje Borel B ⊆ R to f^{−1}(B) eÐnai Borel.

[Upìdeixh: Jewrăste thn klĹsh A = {A ⊆ R | to f^{−1}(A) eÐnai Borel}.] 19. DeÐxte ìti o arijmìc 1/4 anăkei sto sÔnolo tou Cantor.

20. Gia kĹje x ∈ [0, 1) sumbolÐzoume me (x_1, x_2, x_3, . . .) th dekadikă parĹstash tou x (an to x èqei dÔo diaforetikèc dekadikèc parastĹseic jewroÔme ekeÐnh pou teleiÿnei se Ĺpeira mhdenikĹ). BreÐte to exwterikì mètro kajenìc apì ta sÔnola:

1. A_1 = {x ∈ [0, 1) | x_1 ≠ 5}.

2. A_2 = {x ∈ [0, 1) | x_1 ≠ 5 kai x_2 ≠ 5}.

3. A_3 = {x ∈ [0, 1) | gia kĹje n = 1, 2, . . . , x_n ≠ 5}.

21. ’Estw θ ∈ (0, 1). EpanalambĹnoume th diadikasÐa kataskeuăc tou sunìlou tou Cantor me th diaforĹ ìti sto n-ostì băma afairoÔme kentrikì anoiqtì diĹsthma măkouc θ/3^n apì kĹje diĹsthma pou èqei apomeÐnei sto (n − 1)-ostì băma. Katalăgoume se èna sÔnolo C_θ {tÔpou Cantor}. DeÐxte ìti: (a) To C_θ eÐnai tèleio kai den perièqei anoiqtĹ diastămata. (b) To C_θ eÐnai uperarijmăsimo.

(g) To C_θ eÐnai metrăsimo kai μ(C_θ) = 1 − θ > 0.

2.3 Metrăsimec sunartăseic

2.3.1 Orismìc kai basikèc idiìthtec

Oi sunartăseic gia tic opoÐec ja epiqeirăsoume na orÐsoume to oloklărwma Lebesgue eÐnai sunartăseic me pedÐo orismoÔ kĹpoio metrăsimo uposÔnolo A tou R kai timèc sthn epektetamènh eujeÐa [−∞, +∞] twn pragmatikÿn arijmÿn. ’Opwc eÐdame sthn §2.1, gia mÐa fragmènh sunĹrthsh f : A → R ja jèlame na proseggÐsoume to ∫ A f apì ajroÐsmata thc morfăc n−1∑ k=0 y_k · μ({x ∈ A | y_k ≤ f(x) < y_{k+1}}), ìpou {y_0 < y_1 < . . . < y_n} diamèrish tou pedÐou timÿn thc f. AparaÐthth proôpìjesh gia na gÐnei kĹti tètoio eÐnai ta sÔnola B_k = {x ∈ A | y_k ≤ f(x) < y_{k+1}} na eÐnai metrăsima. EÐmaste loipìn upoqrewmènoi na perioristoÔme sthn klĹsh ekeÐnwn twn sunartăsewn f : A → [−∞, +∞] gia tic opoÐec ta sÔnola {x ∈ A | a ≤ f(x) < b} eÐnai metrăsima. Oi sunartăseic autèc lègontai metrăsimec.

Orismìc. ’Estw A metrăsimo uposÔnolo tou R kai f : A → [−∞, +∞]. H f lègetai metrăsimh an gia kĹje a ∈ R to sÔnolo {x ∈ A | f(x) > a} = f^{−1}((a, +∞]) eÐnai metrăsimo.

Prìtash 2.3.1 ’Estw A metrăsimo uposÔnolo tou R kai f : A → [−∞, +∞]. Ta exăc eÐnai isodÔnama:

1. H f eÐnai metrăsimh.

2. Gia kĹje a ∈ R to sÔnolo {x ∈ A | f(x) ≥ a} = f^{−1}([a, +∞]) eÐnai metrăsi- mo. 3. Gia kĹje a ∈ R to sÔnolo {x ∈ A | f(x) < a} = f^{−1}([−∞, a)) eÐnai metrăsi- mo. 4. Gia kĹje a ∈ R to sÔnolo {x ∈ A | f(x) ≤ a} = f^{−1}([−∞, a]) eÐnai metrăsi- mo. Apìdeixh: (1 ⇒ 2) Parathrăste ìti {x ∈ A | f(x) ≥ a} = ∞⋂ n=1 { x ∈ A | f(x) > a − 1 n } . (2 ⇒ 3) Parathrăste ìti {x ∈ A | f(x) < a} = A\{x ∈ A | f(x) ≥ a}. (3 ⇒ 4) Parathrăste ìti {x ∈ A | f(x) ≤ a} = ∞⋂ n=1 { x ∈ A | f(x) < a + 1 n } . (4 ⇒ 1) Parathrăste ìti {x ∈ A | f(x) > a} = A\{x ∈ A | f(x) ≤ a}. □ Prìtash 2.3.2 ’Estw A metrăsimo uposÔnolo tou R kai f : A → [−∞, +∞] metrăsimh. Tìte, ìlec oi antÐstrofec eikìnec diasthmĹtwn (mèsw thc f) eÐnai metrăsima sÔnola. To Ðdio isqÔei gia ta sÔnola {x ∈ A | f(x) = a}, a ∈ [−∞, +∞]. Apìdeixh: Aplă sunèpeia thc Prìtashc 2.3.1. Gia parĹdeigma, an J = [a, b] tìte to f^{−1}(J) = {x ∈ A | a ≤ f(x) ≤ b} = {x ∈ A | f(x) ≥ a} ∩ {x ∈ A | f(x) ≤ b} eÐnai metrăsima. TeleÐwc anĹloga, ta {x ∈ A | f(x) = a} = ∞⋂ n=1 { x ∈ A | a − 1 n < f(x) < a + 1 n } , a ∈ R kai {x ∈ A | f(x) = +∞} = ∞⋂ n=1 {x ∈ A | f(x) > n} eÐnai metrăsima. □ ParadeÐgmata. (a) An h f : A → R eÐnai suneqăc, tìte h f eÐnai metrăsimh. PrĹgmati, gia kĹje a ∈ R to sÔnolo {x ∈ A | f(x) > a} eÐnai anoiqtì sto A, dhladă eÐnai thc morfăc A ∩ U gia kĹpoio anoiqtì uposÔnolo U tou R. Epomènwc eÐnai metrăsimo sÔnolo, wc tomă dÔo metrăsimwn sunìlwn.

(b) H qarakthristikă sunĹrthsh χ_A : R → R enìc metrăsimou sunìlou A eÐnai metrăsimh sunĹrthsh. PrĹgmati, èqoume

{x ∈ R | χ_A(x) > a} = R , a < 0 A , 0 ≤ a < 1 ∅ , a ≥ 1, dhladă, metrăsimo sÔnolo se kĹje perÐptwsh. Eidikìtera, h sunĹrthsh tou Dirichlet χ_Q eÐnai metrăsimh.

(g) KĹje monìtonh sunĹrthsh f : A → R eÐnai metrăsimh. Gia kĹje a ∈ R to sÔnolo {x ∈ A | f(x) > a} eÐnai h tomă tou A me mÐa hmieujeÐa (’Askhsh). Prìtash 2.3.3 ’Estw A metrăsimo uposÔnolo tou R kai f, g : A → [−∞, +∞] metrăsimec sunartăseic. Tìte,

1. H f + g eÐnai metrăsimh (upojètoume ìti h f + g orÐzetai kalĹ, dhladă ìti to sÔnolo twn x ∈ A gia ta opoÐa èqoume aprosdiìristh morfă (+∞) + (−∞) eÐnai kenì ă, genikìtera, èqei mètro 0).

2. Gia kĹje λ ∈ R h λf eÐnai metrăsimh. 3. H f · g eÐnai metrăsimh (orÐzoume 0 · ∞ = 0). 4. An f(x) ≠ 0 gia kĹje x ∈ A, h 1/f eÐnai metrăsimh. 5. Oi max{f, g}, min{f, g} kai |f| eÐnai metrăsimec.

Apìdeixh: (1) ’Estw a ∈ R. An f(x) + g(x) < a, tìte f(x) < a − g(x). ’Ara, upĹrqei rhtìc q tètoioc ÿste f(x) < q < a − g(x). ’Epetai ìti {x ∈ A | f(x) + g(x) < a} = ⋃ q∈Q {x ∈ A | f(x) < q kai g(x) < a − q} = ⋃ q∈Q ({x ∈ A | f(x) < q} ∩ {x ∈ A | g(x) < a − q}) ,

dhladă eÐnai metrăsimo sÔnolo. (2) ’Estw a ∈ R. An λ > 0, tìte {x ∈ A | λf(x) > a} = {x ∈ A | f(x) > a/λ}, dhladă metrăsimo sÔnolo. An λ < 0, tìte {x ∈ A | λf(x) > a} = {x ∈ A | f(x) < a/λ}, dhladă metrăsimo sÔnolo. Se kĹje perÐptwsh, h λf eÐnai metrăsimh (an λ = 0, tìte den èqoume na deÐxoume tÐpota).

(3) DeÐqnoume prÿta ìti h f^2 eÐnai metrăsimh. An a < 0, tìte {x ∈ A | f^2(x) > a} = A, enÿ an a ≥ 0, tìte {x ∈ A | f(x) a} = {x ∈ A | f(x) > √ a} ∪ {x ∈ A | f(x) < − √ a}. Se kĹje perÐptwsh, to {x : f^2(x) > a} eÐnai metrăsimo. Tÿra, h f ·g eÐnai metrăsimh afoÔ f · g = 1 4 { (f + g)^2 − (f − g)^2 } . (4) An a = 0, tìte {x : 1/f(x) > 0} = {x : f(x) > 0}. An a > 0, tìte {x ∈ A | 1/f(x) > a} = {x ∈ A | f(x) < 1/a}. Tèloc, an a < 0 tìte {x ∈ A | 1/f(x) > a} = {x ∈ A | f(x) > 0} ∪ {x ∈ A | 1/f(x) < 1/a}. Se kĹje perÐptwsh, to {x : 1/f(x) > a} eÐnai metrăsimo. (5) Gia kĹje a ∈ R èqoume {x ∈ A | max{f, g}(x) > a} = {x ∈ A | f(x) > a} ∪ {x ∈ A | g(x) > a} kai {x ∈ A | min{f, g}(x) < a} = {x ∈ A | f(x) < a} ∪ {x ∈ A | g(x) < a}. ’Ara, oi max{f, g} kai min{f, g} eÐnai metrăsimec. Tèloc, h |f| = max{f, −f} eÐnai metrăsimh. □ Prìtash 2.3.4 ’Estw A metrăsimo uposÔnolo tou R kai f_n : A → [−∞, +∞] metrăsimec sunartăseic. Tìte,

1. Oi sunartăseic sup_n f_n kai inf_n f_n eÐnai metrăsimec.

2. An h (f_n) sugklÐnei katĹ shmeÐo, tìte h sunĹrthsh f : A → [−∞, +∞] me f(x) := lim_n f_n(x) eÐnai metrăsimh.

Apìdeixh: (1) Gia kĹje a ∈ R èqoume ìti to {x ∈ A | sup_n f_n(x) > a} = ∞⋃ n=1 {x ∈ A | f_n(x) > a} eÐnai metrăsimo sÔnolo, kai to {x ∈ A | inf_n f_n(x) < a} = ∞⋃ n=1 {x ∈ A | f_n(x) < a} eÐnai metrăsimo sÔnolo. ’Ara, oi sup_n f_n kai inf_n f_n eÐnai metrăsimec sunartăseic. (2) JumhjeÐte ìti gia kĹje akoloujÐa (a_n) èqoume

lim sup_n a_n = inf_{m∈N} ( sup_{k≥m} a_k ) kai lim inf_n a_n = sup_{m∈N} ( inf_{k≥m} a_k ) . H akoloujÐa b_m = sup_{k≥m} a_k eÐnai fjÐnousa kai sugklÐnei sto lim sup_n a_n, enÿ h γ_m = inf_{k≥m} a_k eÐnai aÔxousa kai sugklÐnei sto lim inf_n a_n.

Sthn perÐptwsă mac, an jèsoume g_m(x) = sup_{k≥m} f_k(x) kai h_m(x) = inf_{k≥m} f_k(x),

tìte apì to (1) kĹje g_m, h_m eÐnai metrăsimh sunĹrthsh, kai f(x) = inf_m g_m(x) = sup_m h_m(x).

’Ara, pĹli apì to (1), h f eÐnai metrăsimh. □ ShmeÐwsh: H apìdeixh tou (2) dÐnei kĹti genikìtero: An (f_n) eÐnai opoiadăpote akoloujÐa metrăsimwn sunartăsewn f_n : A → [−∞, +∞], tìte oi sunartăseic lim sup_n f_n kai lim inf_n f_n pou orÐzontai apì tic

lim sup_n f_n(x) = inf_{m∈N} ( sup_{k≥m} f_k(x) ) kai lim inf_n f_n = sup_{m∈N} ( inf_{k≥m} f_k(x) ) , eÐnai metrăsimec. □ Orismìc. ’Estw A metrăsimo uposÔnolo tou R. Lème ìti mia idiìthta P (x) isqÔei sqedìn pantoÔ sto A (ă sqedìn gia kĹje x ∈ A) an μ({x ∈ A | den isqÔei h P (x)}) = 0.

Sunartăseic pou sumpÐptoun sqedìn pantoÔ sumperifèrontai me ton Ðdio trìpo se sqèsh me th metrhsimìthta:

Prìtash 2.3.5 ’Estw A metrăsimo uposÔnolo tou R kai f, g : A → [−∞, +∞]. An h f eÐnai metrăsimh kai f(x) = g(x) sqedìn pantoÔ sto A (ja grĹfoume f = g σ.π.), tìte h g eÐnai metrăsimh.

Apìdeixh: Jètoume B = {x ∈ A | f(x) = g(x)} kai Z = {x ∈ A | f(x) ≠ g(x)}. AfoÔ μ(Z) = 0 to Z eÐnai metrăsimo, Ĺra kai to B = A\Z eÐnai metrăsimo.

’Estw a ∈ R. Tìte, {x ∈ A | g(x) > a} = {x ∈ B | g(x) > a} ∪ {x ∈ Z | g(x) > a} = {x ∈ B | f(x) > a} ∪ {x ∈ Z | g(x) > a} = ( B ∩ {x ∈ A | f(x) > a} ) ∪ {x ∈ Z | g(x) > a}. To B∩{x ∈ A | f(x) > a} eÐnai metrăsimo diìti to B eÐnai metrăsimo kai to {x ∈ A | f(x) > a} eÐnai metrăsimo lìgw thc metrhsimìthtac thc f. To {x ∈ Z | g(x) > a} eÐnai metrăsimo wc uposÔnolo sunìlou me mètro 0. ’Ara, to {x ∈ A | g(x) > a} eÐnai metrăsimo.

AfoÔ to a ∈ R ătan tuqìn, h g eÐnai metrăsimh. □

KleÐnoume me èna akìma tupikì parĹdeigma Prìtashc pou deÐqnei ìti ta sÔnola mètrou 0 eÐnai amelhtèa se sqèsh me th metrhsimìthta:

Prìtash 2.3.6 ’Estw A metrăsimo uposÔnolo tou R kai f : A → [−∞, +∞] mia sunĹrthsh. An f_n : A → [−∞, +∞] metrăsimec sunartăseic kai f_n(x) → f(x) sqedìn pantoÔ sto A, tìte h f eÐnai metrăsimh.

Apìdeixh: ’Estw B = {x ∈ A | f_n(x) → f(x)}. An Z = A\B, tìte μ(Z) = 0 kai to B eÐnai metrăsimo.

’Estw a ∈ R. Tìte, to {x ∈ B | f(x) > a} eÐnai metrăsimo apì thn Prìtash 2.3.4 giatÐ f_n → f sto B, kai to {x ∈ Z | f(x) > a} eÐnai metrăsimo wc uposÔnolo tou Z (to opoÐo èqei mètro 0). ’Ara, to {x ∈ A | f(x) > a} = {x ∈ B | f(x) > a} ∪ {x ∈ Z | f(x) > a} eÐnai metrăsimo. AfoÔ to a ∈ R ătan tuqìn, h g eÐnai metrăsimh. □

2.3.2 Askăseic

1. ’Estw A metrăsimo sÔnolo kai f : E → [−∞, +∞] metrăsimh sunĹrthsh. DeÐxte ìti, gia kĹje a ∈ R, h sunĹrthsh f_a : A → [−∞, +∞] me

f_a(x) = f(x) , an f(x) ≤ a a , an f(x) > a,

eÐnai metrăsimh.

2. DeÐxte ìti:

(a) KĹje monìtonh sunĹrthsh eÐnai metrăsimh.

(b) KĹje sunĹrthsh ϕ : [a, b] → R me fragmènh kÔmansh eÐnai metrăsimh.

3. An h f : (a, b) → R eÐnai paragwgÐsimh, tìte h f^′ eÐnai metrăsimh. [Upìdeixh: GrĹyte thn f^′ san ìrio miĹc akoloujÐac suneqÿn sunartăsewn.]

4. (a) An A ⊆ R me μ(A) = 0, deÐxte ìti kĹje sunĹrthsh f : A → [−∞, +∞] eÐnai metrăsimh.

(b) ’Estw A, B metrăsima sÔnola me μ(B) = 0 kai èstw f : A ∪ B → [−∞, +∞] mia sunĹrthsh thc opoÐac o periorismìc f|_A sto A eÐnai metrăsimh sunĹrthsh. DeÐxte ìti h f eÐnai metrăsimh.

(g) An to A ⊆ R eÐnai metrăsimo sÔnolo kai h f : A → R eÐnai suneqăc sqedìn pantoÔ sto A, deÐxte ìti h f eÐnai metrăsimh.

5. (a) Dÿste parĹdeigma mh metrăsimhc sunĹrthshc f me thn idiìthta h f^2 na eÐnai metrăsimh.

(b) ’Estw A ⊆ R metrăsimo kai èstw f : A → R. An h f^2 eÐnai metrăsimh kai to sÔnolo {x ∈ A | f(x) > 0} eÐnai metrăsimo, deÐxte ìti h f eÐnai metrăsimh.

6. ’Estw A ⊆ R metrăsimo kai f_n : A → [−∞, +∞], n ∈ N, akoloujÐa metrăsimwn sunartăsewn. DeÐxte ìti to sÔnolo

L = {x ∈ A | h akoloujÐa (f_n(x))^∞_{n=1} sugklÐnei }

eÐnai metrăsimo.

7. ’Estw A ⊆ R metrăsimo sÔnolo kai f : A → [−∞, +∞] sunĹrthsh me thn exăc idiìthta: Gia kĹje q ∈ Q, to sÔnolo {x ∈ A | f(x) > q} eÐnai metrăsimo. DeÐxte ìti h f eÐnai metrăsimh.

8. ’Estw f : R → R metrăsimh sunĹrthsh. DeÐxte ìti an to B eÐnai sÔnolo Borel, tìte to f^{−1}(B) = {x ∈ R | f(x) ∈ B} eÐnai metrăsimo. [Upìdeixh: H klĹsh {E ⊆ R | to f^{−1}(E) eÐnai metrăsimo} eÐnai σ-Ĺlgebra kai perièqei ta anoiqtĹ sÔnola.]

9. DeÐxte ìti h f : R → R eÐnai metrăsimh an kai mìno an gia kĹje anoiqtì G ⊆ R to f^{−1}(G) eÐnai metrăsimo sÔnolo.

2.4 Oloklărwma Lebesgue

Se autăn thn parĹgrafo ja orÐsoume to oloklărwma Lebesgue. Oi idiìthtec pou ja jèlame na ikanopoieÐ eÐnai oi exăc:

1. An to E eÐnai metrăsimo, tìte ∫ E χ_E = μ(E), ìpou χ_E eÐnai h qarakthristikă sunĹrthsh tou E.

2. To oloklărwma eÐnai grammikì: an f, g eÐnai oloklhrÿsimec sunartăseic (sto Ðdio sÔnolo) kai t, s ∈ R, tìte ∫ (tf + sg) = t ∫ f + s ∫ g.

3. To oloklărwma eÐnai {jetikì}: an h f eÐnai oloklhrÿsimh kai f ≥ 0, tìte ∫ f ≥ 0. AfoÔ apaitoÔme kai thn grammikìthta, h jetikìthta eÐnai isodÔnamh me th monotonÐa: an oi f, g eÐnai oloklhrÿsimec (sto Ðdio sÔnolo) kai f ≥ g, tìte ∫ f ≥ ∫ g. 4. To oloklărwma orÐzetai gia mÐa eureÐa klĹsh sunartăsewn. Oi fragmènec Riemann oloklhrÿsimec sunartăseic eÐnai Lebesgue oloklhrÿsimec, kai ta dÔo oloklhrÿmata sumpÐptoun.

O orismìc tou oloklhrÿmatoc Lebesgue dÐnetai se trÐa bămata. TeleÐwc sqhmatikĹ, h diadikasÐa pou ja akoloujăsoume eÐnai h exăc:

1. Sthn §2.4.1 orÐzoume to oloklărwma gia kĹpoiec aplèc sunartăseic, touc grammikoÔc sunduasmoÔc qarakthristikÿn sunartăsewn metrăsimwn sunìlwn me peperasmèno mètro. O orismìc eÐnai profanăc apì tic idiìthtec (1) kai (2) pou apaitoÔme gia to oloklărwma.

2. Sthn §2.4.2 deÐqnoume ìti kĹje metrăsimh mh arnhtikă sunĹrthsh eÐnai to ìrio miĹc aÔxousac akoloujÐac aplÿn sunartăsewn.

3. Sthn §2.4.3 dÐnoume ton orismì tou ∫ f gia kĹje metrăsimh f ≥ 0. H apaÐthsh thc monotonÐac kai to apotèlesma thc §2.4.2 upodeiknÔoun ìti to ∫ f ja mporoÔse na oristeÐ wc to supremum twn oloklhrwmĹtwn ∫ ϕ pĹnw apì ìlec tic aplèc, mh arnhtikèc, oloklhrÿsimec ϕ ≤ f.

4. Sthn §2.4.4 dÐnoume ton genikì orismì: ∫ f = ∫ f^+ − ∫ f^−, an to dexiì mèloc èqei nìhma. O orismìc autìc epibĹlletai apì thn apaÐthsh thc grammikìthtac.

Sthn poreÐa, ja apodeÐxoume tic basikèc idiìthtec tou oloklhrÿmatoc Lebesgue. IdiaÐtera mac endiafèroun oi kalèc idiìthtec tou oloklhrÿmatoc se sqèsh me tic sugklÐnousec akoloujÐec oloklhrÿsimwn sunartăsewn (jeÿrhma monìtonhc sÔgklishc kai jeÿrhma kuriarqhmènhc sÔgklishc).

To oloklărwma Lebesgue orÐzetai kalĹ gia kĹje fragmènh metrăsimh sunĹrthsh pou eÐnai orismènh se èna kleistì diĹsthma. Eidikìtera, oi Riemann oloklhrÿsimec sunartăseic f : [a, b] → R eÐnai oloklhrÿsimec katĹ Lebesgue. Sthn §2.4.5 sugkrÐnoume ta dÔo oloklhrÿmata.

2.4.1 Aplèc sunartăseic

Aplă sunĹrthsh eÐnai kĹje peperasmènoc grammikìc sunduasmìc qarakthristikÿn sunartăsewn metrăsimwn sunìlwn (ja mporoÔsame na afairèsoume thn upìjesh ìti ta sÔnola eÐnai metrăsima, kai na milĹme gia aplèc metrăsimec sunartăseic sthn perÐptwsh pou aută h upìjesh ikanopoieÐtai). Dhladă, h ϕ : R → R eÐnai aplă an (3.1) ϕ = n∑ i=1 a_iχ_{Ei} gia kĹpoiouc pragmatikoÔc arijmoÔc a_i kai kĹpoia metrăsima sÔnola E_i.

Parathrăste ìti den apaitoÔme apì ta sÔnola E_i na eÐnai xèna, oÔte apì touc arijmoÔc a_i na eÐnai diakekrimènoi. Den eÐnai ìmwc dÔskolo na diapistÿsete ìti mÐa sunĹrthsh ϕ eÐnai aplă an kai mìno an paÐrnei peperasmènec to plăjoc diakekrimènec pragmatikèc timèc a_1, . . . , a_m (mÐa apì autèc mporeÐ na isoÔtai me 0). An loipìn orÐsoume A_i = {ϕ = a_i} = {x ∈ R | ϕ(x) = a_i}, tìte ta sÔnola A_i eÐnai xèna kai metrăsima, h ènwsă touc mac dÐnei to R, kai

(3.2) ϕ = m∑ i=1 a_iχ_{Ai} . H anaparĹstash (3.2) thc ϕ eÐnai monosămanta orismènh (apì thn ϕ) kai lègetai kanonikă anaparĹstash thc ϕ.

Orismìc. ’Estw ϕ : R → R aplă sunĹrthsh. Lème ìti h ϕ eÐnai Lebesgue oloklhrÿsimh an to sÔnolo {ϕ ≠ 0} = {x ∈ R | ϕ(x) ≠ 0} èqei peperasmèno mètro. Autì shmaÐnei ìti h kanonikă anaparĹstash thc ϕ eÐnai ϕ = n∑ i=0 a_iχ_{Ai} , ìpou a_0 = 0 kai A_0 = {ϕ = 0}, oi a_i eÐnai diakekrimènoi, ta A_i eÐnai xèna kai metrăsima, kai μ(A_i) < +∞ an i ≠ 0 (anagkastikĹ, μ(A_0) = ∞). To oloklărwma thc ϕ orÐzetai apì thn

(3.3) ∫ ϕ = n∑ i=1 a_i · μ(A_i). An uiojetăsoume th sÔmbash 0 · ∞ = 0, mporoÔme na grĹyoume ∫ ϕ = n∑ i=0 a_iμ(A_i) = ∑ a∈R a · μ({ϕ = a}).

Lămma 2.4.1 ’Estw ϕ oloklhrÿsimh aplă sunĹrthsh kai ϕ = ∑_n i=1 b_iχ_{Ei} tuqoÔsa anaparĹstash thc ϕ tètoia ÿste ta E_i na eÐnai xèna kai metrăsima. Tìte, ∫ ϕ = n∑ i=1 b_iμ(E_i).

Apìdeixh: Gia kĹje a ∈ R jètoume J_a = {i ≤ n | b_i = a}. Tìte, {ϕ = a} = ⋃ i∈J_a E_i kai a · μ({ϕ = a}) = ∑ i∈J_a b_i · μ(E_i). ’Ara, ∫ ϕ = ∑ a∈R a · μ({ϕ = a}) = ∑ a∈R ∑ i∈J_a b_iμ(E_i)

= ∑ i∈∪_aJ_a b_iμ(E_i) = n∑ i=1 b_iμ(E_i). □

Qrhsimopoiÿntac to Lămma 2.4.1 mporoÔme na deÐxoume ìti to oloklărwma eÐnai grammikì kai jetikì (sthn klĹsh twn aplÿn oloklhrÿsimwn sunartăsewn).

Prìtash 2.4.1 ’Estw ϕ kai ψ aplèc oloklhrÿsimec sunartăseic.

1. An t, s ∈ R, tìte ∫ (tϕ + sψ) = t ∫ ϕ + s ∫ ψ. 2. An ϕ ≥ ψ, tìte ∫ ϕ ≥ ∫ ψ. Apìdeixh: (1) JewroÔme tic kanonikèc morfèc

ϕ = n∑ i=0 a_iχ_{Ai} kai ψ = k∑ j=0 b_j χ_{Bj} ,

twn ϕ kai ψ (oi a_i eÐnai diakekrimènoi, ta A_i xèna metrăsima me ènwsh to R, a_0 = 0 kai μ(A_i) < ∞ an i ≠ 0 - antÐstoiqec idiìthtec èqoun ta b_j , B_j ).

ParathroÔme ìti, apì thn ⋃_n i=0 A_i = ⋃_k j=0 B_j = R èpetai ìti

R = n⋃ i=0 k⋃ j=0 (A_i ∩ B_j ).

Ta A_i ∩ B_j eÐnai xèna, metrăsima, kai èqoun peperasmèno mètro (me thn exaÐresh tou A_0 ∩ B_0). EpÐshc,

ϕ = n∑ i=0 k∑ j=0 a_iχ_{Ai∩Bj} , ψ = n∑ i=0 k∑ j=0 b_j χ_{Ai ∩Bj} kai tϕ + sψ = n∑ i=0 k∑ j=0 (ta_i + sb_j )χ_{Ai ∩Bj} .

Apì to Lămma 2.4.1 paÐrnoume ∫ (tϕ + sψ) = n∑ i=0 k∑ j=0 (ta_i + sb_j )μ(A_i ∩ B_j )

= t n∑ i=0 k∑ j=0 a_iμ(A_i ∩ B_j ) + s n∑ i=0 k∑ j=0 b_j μ(A_i ∩ B_j ) = t ∫ ϕ + s ∫ ψ. (2) An ϕ ≥ ψ, tìte h ϕ − ψ eÐnai aplă oloklhrÿsimh sunĹrthsh me mh arnhtikèc timèc. Apì to (1), ∫ ϕ − ∫ ψ = ∫ (ϕ − ψ) ≥ 0. H teleutaÐa anisìthta eÐnai profanăc apì ton orismì, afoÔ ϕ − ψ ≥ 0. □

Pìrisma 2.4.1 An a_1, . . . , a_n ∈ R kai ta E_1, . . . , E_n eÐnai metrăsima sÔnola me μ(E_i) < ∞, tìte ∫ (_n∑ i=1 a_iχ_{Ei} ) = n∑ i=1 a_iμ(E_i). Apìdeixh: KĹje χ_{Ei} eÐnai aplă kai oloklhrÿsimh giatÐ μ(E_i) < ∞. To sumpèrasma prokÔptei Ĺmesa apì th grammikìthta tou oloklhrÿmatoc gia aplèc oloklhrÿsimec sunartăseic. □ Orismìc. An ϕ eÐnai mÐa aplă oloklhrÿsimh sunĹrthsh kai E èna metrăsimo sÔnolo, orÐzoume ∫ E ϕ := ∫ ϕ · χ_E . H ϕ · χ_E eÐnai aplă kai oloklhrÿsimh (exhgăste), Ĺra to oloklărwma sto dexiì mèloc orÐzetai kalĹ. An E = [a, b], ja qrhsimopoioÔme kai to sumbolismì ∫_b a ϕ := ∫ [a,b] ϕ. GenikĹ ja apofeÔgoume to sumbolismì ∫_b a ϕ(x)dx gia to oloklărwma Lebesgue (ÿste na mhn upĹrqei kÐndunoc sÔgqushc me to oloklărwma Riemann).

KleÐnoume autăn thn parĹgrafo me mÐa aplă paratărhsh. H sunĹrthsh tou Dirichlet χ_Q : [a, b] → R eÐnai aplă kai oloklhrÿsimh (to Q eÐnai metrăsimo). ’Eqoume ∫_b a χ_Q = 0

gia kĹje kleistì diĹsthma [a, b]. JumhjeÐte ìti h χ_Q den eÐnai Riemann oloklhrÿsimh sto [a, b].

2.4.2 Prosèggish metrăsimwn sunartăsewn apì aplèc sunartăseic

To basikì apotèlesma autăc thc paragrĹfou deÐqnei ìti kĹje mh arnhtikă metrăsimh sunĹrthsh eÐnai katĹ shmeÐo ìrio miĹc aÔxousac akoloujÐac aplÿn metrăsimwn sunartăsewn.

Jeÿrhma 2.4.1 ’Estw f : A → [0, ∞] mÐa mh arnhtikă metrăsimh sunĹrthsh. UpĹrqei aÔxousa akoloujÐa (ϕ_n) mh arnhtikÿn aplÿn metrăsimwn sunartăsewn 0 ≤ ϕ_1 ≤ ϕ_2 ≤ . . . ≤ f tètoia ÿste ϕ_n(x) ↗ f(x) gia kĹje x ∈ A. H sÔgklish eÐnai omoiìmorfh se kĹje uposÔnolo tou A sto opoÐo h f eÐnai fragmènh.

Apìdeixh: Gia kĹje n = 1, 2, . . . orÐzoume C_n = {x ∈ A : f(x) ≥ 2^n} kai B_{n,k} = { x ∈ A | k 2^n ≤ f(x) < k + 1 2^n } , k = 0, 1, . . . , 2^{2n} − 1. QwrÐzoume dhladă to [0, 2^n] se 2^{2n} diastămata măkouc 2^{−n} kai jewroÔme tic antÐstrofec eikìnec touc mèsw thc f. AfoÔ h f eÐnai metrăsimh, ta sÔnola C_n kai B_{n,k} eÐnai metrăsima. Tÿra, orÐzoume mia aplă metrăsimh sunĹrthsh ϕ_n wc exăc:

ϕ_n = 2^nχ_{Cn} +

2^{2n}−1∑

k=0 k 2^n χ_{Bn,k} . EÔkola elègqoume ìti kĹje ϕ_n ikanopoieÐ ta exăc:

1. 0 ≤ ϕ_n ≤ f kai h ϕ mhdenÐzetai èxw apì to A. 2. 0 ≤ f − ϕ_n ≤ 2^{−n} sto sÔnolo A\C_n = {x ∈ A : f(x) < 2^n}. 3. ϕ_n(x) = 2^n an f(x) = ∞.

Apì ta (2) kai (3) sumperaÐnoume ìti ϕ_n(x) → f(x) gia kĹje x ∈ A. PrĹgmati, an f(x) = ∞ tìte ϕ_n(x) = 2^n → ∞ = f(x).

An f(x) < ∞, tìte upĹrqei n_0 ∈ N tètoioc ÿste f(x) < 2^{n0} < 2^n gia kĹje n ≥ n_0. Tìte, 0 ≤ f(x) − ϕ_n(x) < 2^{−n} gia kĹje n ≥ n_0, Ĺra ϕ_n(x) → f(x). Parìmoioc sullogismìc deÐqnei ìti ϕ_n → f omoiìmorfa se kĹje sÔnolo thc morfăc {x ∈ A : f(x) ≤ M}, M > 0. Mènei na deÐxoume ìti h (ϕ_n) eÐnai aÔxousa. H basikă paratărhsh eÐnai ìti B_{n,k} = {x ∈ A | k/2^n ≤ f(x) < (k + 1)/2^n} = { x ∈ A | 2k 2^{n+1} ≤ f(x) < 2k + 1 2^{n+1} } ∪ { x ∈ A | 2k + 1 2^{n+1} ≤ f(x) < 2k + 2 2^{n+1} }

= B_{n+1,2k} ∪ B_{n+1,2k+1}.

An x ∈ B_{n+1,2k}, tìte ϕ_n(x) = k/2^n = (2k)/2^{n+1} = ϕ_{n+1}(x), enÿ an x ∈ B_{n+1,2k+1}, tìte ϕ_n(x) = k/2^n < (2k + 1)/2^{n+1} = ϕ_{n+1}(x). Tèloc, an x ∈ C_n èqoume ϕ_n(x) = 2^n ≤ ϕ_{n+1}(x) (exhgăste thn teleutaÐa anisìthta: ja qreiasteÐ na qwrÐsete to C_n sta B_{n+1,2}2(n+1)_{−2}, B_{n+1,2}(2(n+1)_{−1} kai C_{n+1}).

Se kĹje perÐptwsh ϕ_n(x) ≤ ϕ_{n+1}(x), dhladă ϕ_n ≤ ϕ_{n+1}. □

’Estw f : A → [−∞, +∞] metrăsimh sunĹrthsh. Efarmìzontac to Jeÿrhma 2.4.1 gia tic f^+ kai f^− qwristĹ, paÐrnoume to exăc.

Pìrisma 2.4.2 ’Estw f : A → [−∞, +∞] metrăsimh sunĹrthsh. UpĹrqei akoloujÐa (ϕ_n) aplÿn metrăsimwn sunartăsewn ϕ_n : A → R me 0 ≤ |ϕ_1| ≤ |ϕ_2| ≤ . . . ≤ |f| kai ϕ_n(x) → f(x) gia kĹje x ∈ A. H sÔgklish eÐnai omoiìmorfh se kĹje uposÔnolo tou A sto opoÐo h |f| eÐnai fragmènh.

Apìdeixh: ’Askhsh. □

Parathrăste ìti sthn kataskeuă pou kĹname gia thn apìdeixh tou Jewrămatoc 2.4.1, qrhsimopoioÔme to gegonìc ìti h f eÐnai metrăsimh mìno gia na exasfalÐsoume ìti ta C_n, B_{n,k} eÐnai metrăsima sÔnola, dhladă gia na sumperĹnoume ìti oi aplèc sunartăseic ϕ_n eÐnai metrăsimec. H sÔgklish twn ϕ_n sthn f isqÔei teleÐwc genikĹ.

SunduĹzontac to Jeÿrhma 2.4.1 me thn Prìtash 2.3.4(2) paÐrnoume ton exăc qarakthrismì twn metrăsimwn sunartăsewn.

Jeÿrhma 2.4.2 ’Estw A metrăsimo sÔnolo kai èstw f : A → [−∞, +∞]. H f eÐnai metrăsimh an kai mìno an eÐnai katĹ shmeÐo ìrio miĹc akoloujÐac aplÿn metrăsimwn sunartăsewn. □

2.4.3 Oloklărwma Lebesgue gia mh arnhtikèc sunartăseic

’Estw f : R → [0, ∞] metrăsimh sunĹrthsh. Me bĹsh to Jeÿrhma 2.4.1 kai thn apaÐthsh thc monotonÐac gia to oloklărwma, eÐnai logikì na orÐsoume to oloklărwma Lebesgue thc f wc exăc: ∫ f = sup { ∫ ϕ | 0 ≤ ϕ ≤ f, ϕ aplă oloklhrÿsimh } . H posìthta aută eÐnai kalĹ orismènh (h mhdenikă sunĹrthsh eÐnai aplă oloklhrÿsimh kai 0 ≤ f), mh arnhtikă kai mporeÐ na pĹrei thn timă +∞. Ja lème ìti h f eÐnai Lebesgue oloklhrÿsimh an ∫ f < +∞. Parathrăseic: (a) To prÿto prĹgma pou prèpei na exasfalÐsoume eÐnai ìti o nèoc orismìc tou oloklhrÿmatoc eÐnai sumbatìc me ton orismì tou oloklhrÿmatoc thc §2.4.1 sthn perÐptwsh twn mh arnhtikÿn aplÿn oloklhrÿsimwn sunartăsewn. Dhladă ìti, an h ϕ ≥ 0 eÐnai aplă oloklhrÿsimh tìte ∫ ϕ = sup { ∫ ψ | 0 ≤ ψ ≤ ϕ, ψ aplă oloklhrÿsimh } .

Autì eÐnai Ĺmeso, apì th monotonÐa tou oloklhrÿmatoc aplÿn sunartăsewn - Prìtash 2.4.1(2) - kai thn 0 ≤ ϕ ≤ ϕ.

Parathrăste ìti, me ton nèo orismì, èqoume tÿra orÐsei to ∫ ϕ gia kĹje mh arnhtikă aplă metrăsimh sunĹrthsh (den apaitoÔme thn μ({ϕ ≠ 0}) < ∞). Eidikìtera, an A eÐnai opoiodăpote metrăsimo sÔnolo, tìte ∫ χ_A = μ(A). Autì èpetai apì ton orismì sthn perÐptwsh pou μ(A) < ∞, enÿ an μ(A) = ∞ èqoume χ_A ≥ χ_{A∩[−n,n]} Ĺra ∫

χ_A ≥ sup_n ∫ χ_{A∩[−n,n]} = sup_n μ(A ∩ [−n, n]) = μ(A) = ∞. (b) Apì ton orismì èpontai Ĺmesa oi exăc idiìthtec:

1. An 0 ≤ f ≤ g tìte ∫ f ≤ ∫ g. 2. An t ≥ 0 kai f ≥ 0 tìte ∫ (tf) = t ∫ f. (g) An f : R → [0, ∞] kai E metrăsimo sÔnolo, orÐzoume ∫ E f = ∫ f · χ_E . An f : E → [0, ∞], epekteÐnoume thn f se mÐa sunĹrthsh f̃ : R → [0, ∞] jètontac f̃(x) = 0 an x /∈ E, kai orÐzoume ∫ E f = ∫ f̃. Parathrăste ìti h f̃ eÐnai metrăsimh kai ∫ E f̃ = ∫ f̃ = ∫_E f.

(d) Merikèc akìma qrăsimec idiìthtec prokÔptoun eÔkola apì ton orismì:

3. An μ(E) = 0 kai f ≥ 0, tìte ∫ E f = 0. PrĹgmati, an h ϕ eÐnai aplă oloklhrÿsimh kai 0 ≤ ϕ ≤ f · χ_E , tìte ϕ · χ_E = ∑_n i=1 a_iχ_{Ei} ìpou μ(E_i) = 0, Ĺra ∫ ϕ = ∫ ϕ · χ_E = 0. 4. An E ⊂ F kai f ≥ 0, tìte ∫ E f ≤ ∫ F f. ArkeÐ na parathrăsoume ìti f · χ_E ≤ f · χ_F . 5. An 0 ≤ f ≤ M sto E, tìte ∫ E f ≤ M · μ(E). ArkeÐ na parathrăsoume ìti f · χ_E ≤ M · χ_E . H epìmenh paratărhsh eÐnai aplă allĹ, ìpwc ja doÔme sth sunèqeia, exairetikĹ shmantikă:

Anisìthta tou Chebyshev: ’Estw f : R → [0, ∞] metrăsimh sunĹrthsh. Gia kĹje a > 0, ∫ f ≥ a · μ({x : f(x) ≥ a}). Apìdeixh: ParathroÔme ìti f ≥ a · χ_{{f ≥a}}. ’Ara, ∫ f ≥ ∫ a · χ_{{f ≥a}} = a · μ({f ≥ a}). □

Pìrisma 2.4.3 ’Estw f : R → [0, ∞] oloklhrÿsimh sunĹrthsh. Tìte, h f paÐrnei peperasmènh timă sqedìn pantoÔ: μ({f = ∞}) = 0.

Apìdeixh: GrĹfoume {f = ∞} = ∞⋂ n=1 {f ≥ n}. H akoloujÐa E_n = {f ≥ n} eÐnai fjÐnousa, kai apì thn anisìthta tou Chebyshev èqoume μ(E_n) ≤ 1 n ∫ f → 0 ìtan n → ∞. ’Ara, μ({f = ∞}) = lim_{n→∞} μ(E_n) = 0

apì thn Prìtash 2.2.18. □ To prÿto jemeliÿdec jeÿrhma gia to oloklărwma Lebesgue eÐnai to jeÿrhma monìtonhc sÔgklishc. MetaxÔ Ĺllwn, ja mac exasfalÐsei th grammikìthta tou oloklhrÿmatoc Lebesgue gia mh arnhtikèc sunartăseic. Gia thn apìdeixă tou ja qreiastoÔme èna Lămma.

Lămma 2.4.2 ’Estw ϕ aplă oloklhrÿsimh sunĹrthsh. An (E_n) eÐnai mÐa aÔxousa akoloujÐa metrăsimwn sunìlwn kai E = ⋃_∞ n=1 E_n, tìte ∫ E ϕ = lim_{n→∞} ∫ E_n ϕ_n. Apìdeixh: MporoÔme na grĹyoume ϕ = ∑_m i=1 a_iχ_{Ai} , ìpou a_i > 0 kai ta A_i eÐnai xèna metrăsima sÔnola me peperasmèno mètro. Tìte, ∫ E ϕ = ∫ ϕ · χ_E = m∑ i=1 a_i · μ(A_i ∩ E). AfoÔ E_n ↗ E, èqoume μ(A_i ∩ E_n) ↗ μ(A_i ∩ E) gia kĹje i = 1, . . . , m. ’Ara, ∫ ϕ = m∑ i=1 a_i · μ(A_i ∩ E) = k∑ i=1 a_i · lim_{n→∞} μ(A_i ∩ E_n)

= lim_{n→∞} k∑ i=1 a_i · μ(A_i ∩ E_n) = lim_{n→∞} ∫ E_n ϕ_n. □

Jeÿrhma Monìtonhc SÔgklishc. ’Estw (f_n) mÐa aÔxousa akoloujÐa mh arnhtikÿn metrăsimwn sunartăsewn. Tìte, ∫ ( lim_{n→∞} f_n ) = lim_{n→∞} ∫ f_n.

Apìdeixh: AfoÔ h (f_n) eÐnai aÔxousa, h sunĹrthsh

f(x) = lim_{n→∞} f_n(x) = sup_n f_n(x)

orÐzetai kalĹ, eÐnai mh arnhtikă kai metrăsimh. EpÐshc, ∫ f_n ≤ ∫ f_{n+1} ≤ ∫ f gia kĹje n ∈ N, Ĺra to lim ∫ f_n upĹrqei kai

lim_{n→∞} f_n ≤ ∫ f. Gia na deÐxoume thn antÐstrofh anisìthta, arkeÐ na deÐxoume to exăc: Gia kĹje ε > 0 kai gia kĹje aplă oloklhrÿsimh sunĹrthsh ϕ me 0 ≤ ϕ ≤ f,

lim_{n→∞} f_n ≥ (1 − ε) ∫ ϕ. Autì apodeiknÔei ìti lim_{n→∞} ∫ f_n ≥ (1 − ε) ∫ f gia kĹje ε > 0, apfl ìpou èpetai to zhtoÔmeno.

’Estw ϕ aplă oloklhrÿsimh sunĹrthsh me 0 ≤ ϕ ≤ f. JewroÔme thn akoloujÐa metrăsimwn sunìlwn E_n = {f_n ≥ (1 − ε)ϕ}. AfoÔ h (f_n) eÐnai aÔxousa, èqoume E_n ⊆ E_{n+1} gia kĹje n. Dhladă, h (E_n) eÐnai aÔxousa.

ParathroÔme ìti an f(x) > 0, tìte f_n(x) → f(x) > (1 − ε)ϕ(x), Ĺra x ∈ ⋃_∞ n=1 E_n. An pĹli f(x) = 0, tìte ϕ(x) = 0 Ĺra x ∈ E_n gia kĹje n. Epomènwc, E_n ↗ R. Apì th monotonÐa tou oloklhrÿmatoc, ∫ f_n ≥ ∫ E_n f_n ≥ ∫ E_n (1 − ε)ϕ = (1 − ε) ∫ E_n ϕ gia kĹje n, opìte efarmìzontac to Lămma 2.4.2 paÐrnoume lim_{n→∞} ∫ f_n ≥ (1 − ε) lim_{n→∞} ∫ E_n ϕ = (1 − ε) ∫ ϕ. □

Qrhsimopoiÿntac to jeÿrhma monìtonhc sÔgklishc, mporoÔme na dÿsoume mÐa plhrèsterh diatÔpwsh tou Jewrămatoc 2.4.1 gia thn prosèggish metrăsimhc sunĹrthshc apì aplèc.

Jeÿrhma 2.4.3 ’Estw f mh arnhtikă metrăsimh sunĹrthsh. UpĹrqei aÔxousa akoloujÐa (ψ_n) mh arnhtikÿn aplÿn oloklhrÿsimwn sunartăsewn ψ_n ≤ f me tic exăc idiìthtec: f = lim_{n→∞} ψ_n kai ∫ f = lim_{n→∞} ∫ ψ_n.

Apìdeixh: Apì to Jeÿrhma 2.4.1 upĹrqei aÔxousa akoloujÐa (ϕ_n) mh arnhtikÿn aplÿn metrăsimwn sunartăsewn me ϕ_n ↗ f. OrÐzoume ψ_n = ϕ_n · χ_{[−n,n]}. KĹje ψ_n eÐnai oloklhrÿsimh, giatÐ μ({ψ_n ≠ 0}) ≤ μ([−n, n]) < ∞. AfoÔ χ_{[−n,n]} ↗ 1, eÔkola elègqoume ìti ψ_n ↗ f. Apì to jeÿrhma monìtonhc sÔgklishc, ∫ ψ_n ↗ ∫ f. □ Tÿra, qrhsimopoiÿntac thn prosjetikìthta tou oloklhrÿmatoc gia aplèc sunartăseic, mporoÔme na apodeÐxoume thn prosjetikìthta gia mh arnhtikèc metrăsimec sunartăseic.

Pìrisma 2.4.4 ’Estw f kai g mh arnhtikèc metrăsimec sunartăseic. Tìte, ∫ (f + g) = ∫ f + ∫ g. Eidikìtera, an E kai F eÐnai xèna metrăsima sÔnola, tìte ∫ E∪F f = ∫ E f + ∫ F f.

Apìdeixh: SÔmfwna me to Jeÿrhma 2.4.2, upĹrqoun aÔxousec akoloujÐec (ϕ_n) kai (ψ_n) mh arnhtikÿn, aplÿn oloklhrÿsimwn sunartăsewn me ϕ_n ↗ f kai ψ_n ↗ g. Tìte, ϕ_n + ψ_n ↗ f + g kai, apì to jeÿrhma monìtonhc sÔgklishc, ∫ (f + g) = lim_{n→∞} ∫ (ϕ_n + ψ_n)

= lim_{n→∞} (∫ ϕ_n + ∫ ψ_n )

= lim_{n→∞} ∫ ϕ_n + lim_{n→∞} ∫ ψ_n = ∫ f + ∫ g. Gia th deÔterh isìthta qrhsimopoiăsame thn prosjetikìthta tou oloklhrÿmatoc gia aplèc sunartăseic. To deÔtero sumpèrasma tou PorÐsmatoc prokÔptei apì to prÿto an jewrăsoume tic f · χ_E kai f · χ_F : afoÔ ta E kai F eÐnai xèna, èqoume f · χ_E + f · χ_F = f · χ_{E∪F} . □ H epìmenh Prìtash ousiastikĹ deÐqnei ìti an dÔo oloklhrÿsimec sunartăseic sumpÐptoun sqedìn pantoÔ, tìte ta oloklhrÿmatĹ touc eÐnai Ðsa (to oloklărwma den metabĹlletai an allĹxoume tic timèc miĹc oloklhrÿsimhc sunĹrthshc se èna sÔnolo mètrou 0).

Prìtash 2.4.2 ’Estw f mh arnhtikă metrăsimh sunĹrthsh. Tìte, ∫ f = 0 an kai mìno an f = 0 sqedìn pantoÔ.

Apìdeixh: An f = 0 sqedìn pantoÔ, tìte μ({f > 0}) = 0. ’Ara, ∫ f = ∫ {f =0} f + ∫ {f >0} f = 0 + 0 = 0.

Ac upojèsoume tÿra ìti ∫ f = 0. Gia kĹje n orÐzoume E_n = {f ≥ 1/n}. Apì thn anisìthta tou Chebyshev, μ(E_n) = μ({f ≥ 1/n}) ≤ n ∫ f = 0, dhladă μ(E_n) = 0. AfoÔ E_n ↗ {f > 0}, sumperaÐnoume ìti

μ({f > 0}) = lim_{n→∞} μ(E_n) = 0.

Dhladă, f = 0 sqedìn pantoÔ. □

Parathrăste ìti qreiastăkame (gia Ĺllh mÐa forĹ) thn anisìthta tou Chebyshev gia thn apìdeixh.

To Jeÿrhma Beppo Levi pou akoloujeÐ eÐnai ousiastikĹ anadiatÔpwsh tou Jewrămatoc Monìtonhc SÔgklishc: to oloklărwma Lebesgue gia mh arnhtikèc metrăsimec sunartăseic eÐnai arijmăsima prosjetikì.

Jeÿrhma 2.4.4 (Beppo Levi) ’Estw (f_n) akoloujÐa mh arnhtikÿn metrăsimwn sunartăsewn. Tìte, ∫ (_∞∑ n=1 f_n ) = ∞∑ n=1 ∫ f_n.

Apìdeixh: Oi f_n eÐnai mh arnhtikèc, epomènwc h f := ∑_∞ n=1 f_n orÐzetai kalĹ kai eÐnai to katĹ shmeÐo ìrio thc aÔxousac akoloujÐac s_N = ∑_N n=1 f_n (mporeÐ bèbaia na èqoume f(x) = ∞ gia kĹpoia x).

Apì thn (peperasmènh) prosjetikìthta tou oloklhrÿmatoc gia mh arnhtikèc metrăsimec sunartăseic, èqoume ∫ s_N = ∫ ( N∑ n=1 f_n ) = N∑ n=1 ∫ f_n ↗ ∞∑ n=1 ∫ f_n. Apì thn Ĺllh pleurĹ, to jeÿrhma monìtonhc sÔgklishc mac exasfalÐzei ìti ∫ s_N ↗ ∫ f = ∫ ( ∞∑ n=1 f_n ) , dhladă to zhtoÔmeno. □

Pìrisma 2.4.5 ’Estw f mh arnhtikă metrăsimh sunĹrthsh kai (E_n) akoloujÐa xènwn metrăsimwn sunìlwn. Tìte, ∫ ⋃_∞ n=1 E_n f = ∞∑ n=1 ∫ E_n f. Apìdeixh: JewroÔme tic f_n = f ·χ_{En} , n = 1, 2, . . .. AfoÔ ta E_n eÐnai xèna, èqoume ∑_∞ n=1 f_n = f · χ^⋃∞_{n=1 En} . □

Orismìc. ’Estw A mÐa σ-Ĺlgebra uposunìlwn tou R. MÐa sunolosunĹrthsh Φ : A → [0, +∞] lègetai mètro sthn A an ikanopoieÐ ta exăc:

(a) Φ(∅) = 0.

(b) An E_n xèna sÔnola sthn A, tìte Φ ( ⋃_∞ n=1 E_n) = ∑_∞ n=1 Φ(E_n).

To mètro Lebesgue μ sthn σ-Ĺlgebra M twn Lebesgue metrăsimwn uposunìlwn tou R eÐnai èna parĹdeigma mètrou. SÔmfwna me autìn ton genikì orismì, ta apotelèsmatĹ mac gia to oloklărwma Lebesgue mh arnhtikÿn metrăsimwn sunartăsewn deÐqnoun to exăc:

Jeÿrhma 2.4.5 ’Estw f mh arnhtikă metrăsimh sunĹrthsh. OrÐzoume sunolosunĹrthsh Φ_f : M → [0, +∞] wc exăc: an E ∈ M, jètoume

Φ_f (E) = ∫ E f. Tìte, h Φ_f eÐnai mètro. □

ShmeÐwsh: Parathrăste ìti to mètro Lebesgue μ antistoiqeÐ sth sunolosunĹrthsh Φ pou orÐzetai apì th stajeră sunĹrthsh f ≡ 1.

To jeÿrhma monìtonhc sÔgklishc mac lèei ìti an mÐa akoloujÐa mh arnhtikÿn metrăsimwn sunartăsewn f_n auxĹnei katĹ shmeÐo sthn f, tìte mporoÔme na {enallĹxoume ta ìria}: to oloklărwma tou orÐou eÐnai to ìrio twn oloklhrwmĹtwn. To Lămma tou Fatou pou akoloujeÐ mac dÐnei antÐstoiqh plhroforÐa sthn perÐptwsh pou èqoume katĹ shmeÐo sÔgklish allĹ den èqoume thn upìjesh thc monotonÐac gia thn akoloujÐa (f_n).

Lămma tou Fatou ’Estw (f_n) akoloujÐa mh arnhtikÿn metrăsimwn sunartăsewn. Tìte, ∫ (

lim inf n→∞ f_n ) ≤ lim inf n→∞ ∫ f_n. Apìdeixh: JewroÔme thn akoloujÐa sunartăsewn (g_n), ìpou g_n = inf{f_k : k ≥ n}. KĹje g_n eÐnai mh arnhtikă kai metrăsimh, h (g_n) eÐnai aÔxousa, kai

g_n ↗ lim inf_{n→∞} f_n.

Apì to jeÿrhma monìtonhc sÔgklishc, ∫ ( lim inf n→∞ f_n ) = lim_{n→∞} ∫ g_n.

ParathroÔme ìti g_n ≤ f_k gia kĹje k ≥ n, opìte h monotonÐa tou oloklhrÿmatoc mac dÐnei ∫

g_n ≤ b_n := inf_{k≥n} ∫ f_k. H akoloujÐa (b_n) eÐnai fjÐnousa kai sugklÐnei sto lim inf_n ∫ f_n. ’Ara, ∫ ( lim inf n→∞ f_n ) = lim_{n→∞} ∫ g_n ≤ lim_{n→∞} b_n = lim inf_{n→∞} ∫ f_n. □

Pìrisma 2.4.6 ’Estw (f_n) akoloujÐa mh arnhtikÿn metrăsimwn sunartăsewn. An f_n → f σ.π. kai to lim_n ∫ f_n upĹrqei, tìte ∫ f ≤ lim_{n→∞} ∫ f_n. □

2.4.4 H genikă perÐptwsh

O orismìc pou ja dÿsoume gia to oloklărwma Lebesgue genikăc metrăsimhc sunĹrthshc eÐnai epibeblhmènoc apì thn apaÐthsh thc grammikìthtac. Orismìc. (a) ’Estw f : R → [−∞, +∞] metrăsimh sunĹrthsh. Tìte, oi sunartăseic f^+ = max{f, 0} kai f^− = − min{f, 0} eÐnai metrăsimec kai mh arnhtikèc. EpÐshc, ikanopoioÔn tic

f = f^+ − f^− kai |f| = f^+ + f^−.

Ta oloklhrÿmata ∫ f^+ kai ∫ f^− orÐzontai kalĹ kai an toulĹqiston mÐa apì tic f^+ kai f^− eÐnai oloklhrÿsimh, tìte to oloklărwma thc f orÐzetai apì thn ∫ f = ∫ f^+ − ∫ f^− (mporeÐ bèbaia na paÐrnei thn timă +∞ ă −∞). An oi f^+, f^− eÐnai kai oi dÔo oloklhrÿsimec, tìte to oloklărwma thc f eÐnai pragmatikìc arijmìc kai lème ìti h f eÐnai oloklhrÿsimh.

(b) An h f : R → [−∞, ∞] eÐnai metrăsimh kai E eÐnai èna metrăsimo uposÔnolo tou R, tìte lème ìti h f eÐnai oloklhrÿsimh sto E an ∫ E f^+ = ∫ f^+ · χ_E < ∞ kai ∫ E f^− = ∫ f^− · χ_E < ∞, kai orÐzoume ∫ E f = ∫ E f^+ − ∫ E f^− = ∫ fχ_E.

(g) An h f : E → [−∞, +∞] eÐnai metrăsimh, tìte epekteÐnoume thn f sto R jètontac f ≡ 0 sto E^c, opìte ∫ E f = ∫ f · χ_E = ∫ f. Parathrăseic. (1) An f ≥ 0 tìte f = f^+ kai f^− ≡ 0, opìte o orismìc pou dÿsame sumfwneÐ me ton prohgoÔmeno.

(2) Apì ton orismì eÐnai fanerì ìti h f eÐnai Lebesgue oloklhrÿsimh an kai mìno an ∫ |f| = ∫ f^+ + ∫ f^− < +∞, dhladă an kai mìno an h |f| eÐnai Lebesgue oloklhrÿsimh (jumhjeÐte ìti autì den isqÔei gia to oloklărwma Riemann). Se autăn thn perÐptwsh, | | | ∫ f | | | ≤ ∫ |f|. (3) An h f eÐnai oloklhrÿsimh, tìte

μ({f^+ = +∞}) = μ({f^− = +∞}) = 0, Ĺra μ({x : f(x) = +∞} ∪ {x : f(x) = −∞}) = 0. Dhladă, h f eÐnai peperasmènh sqedìn pantoÔ. (4) An μ(E) = 0, tìte ∫ E f = 0 (giatÐ ∫ E f^+ = 0 kai ∫ E f^− = 0).

(5) An oi f kai g eÐnai metrăsimec, h g eÐnai oloklhrÿsimh, kai |f| ≤ |g| sqedìn pantoÔ, tìte h f eÐnai oloklhrÿsimh kai ∫ |f| ≤ ∫ |g|. (6) An f = f_1 − f_2, ìpou f_1, f_2 mh arnhtikèc oloklhrÿsimec sunartăseic, tìte ∫ f = ∫ f_1 − ∫ f_2.

PrĹgmati, apì thn f^+ − f^− = f_1 − f_2 paÐrnoume f^+ + f_2 = f^− + f_1, Ĺra ∫ f^+ + ∫ f_2 = ∫ f^− + ∫ f_1,

dhladă ∫ f^+ − ∫ f^− = ∫ f_1 − ∫ f_2,

to opoÐo apodeiknÔei to zhtoÔmeno.

(7) An μ(E) < ∞ kai h f : E → R eÐnai fragmènh kai metrăsimh, tìte h f eÐnai oloklhrÿsimh. (Eidikìtera, kĹje fragmènh Riemann oloklhrÿsimh sunĹrthsh f : [a, b] → R eÐnai Lebesgue oloklhrÿsimh sto [a, b]. Sthn epìmenh parĹgrafo ja doÔme ìti ta dÔo oloklhrÿmata (Riemann kai Lebesgue) sumpÐptoun.)

Idiìthtec tou oloklhrÿmatoc (a) Grammikìthta: ’Estw f, g : E → [−∞, +∞] oloklhrÿsimec sunartăseic. Tìte, h f + g orÐzetai kalĹ sqedìn pantoÔ kai ∫ E (f + g) = ∫ E f + ∫ E g. EpÐshc, an t ∈ R tìte h tf eÐnai oloklhrÿsimh kai ∫ (tf) = t ∫ f. Apìdeixh: AfoÔ oi f, g eÐnai oloklhrÿsimec, paÐrnoun peperasmènh timă sqedìn pantoÔ, Ĺra h f + g orÐzetai sqedìn pantoÔ. EpÐshc,

(f + g)^+ ≤ f^+ + g^+ kai (f + g)^− ≤ f^− + g^−,

Ĺra ∫ (f + g)^+ < +∞ kai ∫ (f + g)^− < +∞, dhladă h f + g eÐnai oloklhrÿsimh.

GrĹfoume f + g = (f^+ + g^+) − (f^− + g^−). Tìte, apì thn Paratărhsh (6) paÐrnoume ∫ (f + g) = ∫ (f^+ + g^+) − ∫ (f^− + g^−) = ∫ f^+ + ∫ g^+ − ∫ f^− − ∫ g^− = ∫ f + ∫ g. Gia ton deÔtero isqurismì parathroÔme ìti: an t > 0, tìte (tf)^+ = tf^+ kai (tf)^− = tf^−, Ĺra h tf eÐnai oloklhrÿsimh kai ∫ (tf) = ∫ (tf)^+ − ∫ (tf)^− = t ∫ f^+ − t ∫ f^− = t ∫ f. An t < 0, tìte (tf)^+ = −tf^− kai (tf)^− = −tf^+, Ĺra h tf eÐnai oloklhrÿsimh kai ∫ (tf) = ∫ (tf)^+ − ∫ (tf)^− = −t ∫ f^− + t ∫ f^+ = t ∫ f. An t = 0, den èqoume tÐpota na deÐxoume. □

Pìrisma 2.4.7 ’Estw E metrăsimo sÔnolo. To sÔnolo twn oloklhrÿsimwn sunartăsewn f : E → [−∞, +∞] eÐnai grammikìc qÿroc. □

(b) MonotonÐa: An oi f, g eÐnai oloklhrÿsimec kai f ≤ g sqedìn pantoÔ, tìte ∫ f ≤ ∫ g. Eidikìtera, an f = g sqedìn pantoÔ, tìte ∫ f = ∫ g. Apìdeixh: Apì thn f ≤ g èpetai ìti f^+ ≤ g^+ kai f^− ≥ g^− sqedìn pantoÔ. ’Ara, ∫ f^+ − ∫ f^− ≤ ∫ g^+ − ∫ g^−. □ (g) Prosjetikìthta: ’Estw f oloklhrÿsimh sunĹrthsh. An ta A, B eÐnai metrăsima kai A ∩ B = ∅, tìte ∫ A∪B f = ∫ A f + ∫ B f. Apìdeixh: GrĹfoume ∫ A∪B f = ∫ f · χ_{A∪B} = ∫ f · (χ_A + χ_B ) = ∫ f · χ_A + ∫ f · χ_B = ∫ A f + ∫ B f. □ To basikì jeÿrhma sÔgklishc gia akoloujÐec genikÿn (ìqi anagkastikĹ mh arnhtikÿn) oloklhrÿsimwn sunartăsewn eÐnai to jeÿrhma kuriarqhmènhc sÔgklishc. Jeÿrhma Kuriarqhmènhc SÔgklishc. ’Estw f_n : E → [−∞, +∞] akoloujÐa metrăsimwn sunartăsewn. Upojètoume ìti f_n → f sqedìn pantoÔ kai ìti upĹrqei g : E → [0, +∞] oloklhrÿsimh, tètoia ÿste: gia kĹje n, |f_n| ≤ g sqedìn pantoÔ. Tìte, oi f_n kai h f eÐnai oloklhrÿsimec, kai lim_{n→∞} ∫ f_n = ∫ f. Apìdeixh: AfoÔ |f_n| ≤ g kai h g eÐnai oloklhrÿsimh, kĹje f_n eÐnai oloklhrÿsimh, apì thn paratărhsh (5). H f eÐnai metrăsimh wc ìrio (sqedìn pantoÔ) metrăsimwn sunartăsewn, kai |f_n| ≤ g =⇒ |f| ≤ g. ’Ara, h f eÐnai oloklhrÿsimh.

Gia na deÐxoume th sÔgklish thc akoloujÐac twn oloklhrwmĹtwn, ja efarmìsoume to Lămma tou Fatou gia tic akoloujÐec mh arnhtikÿn metrăsimwn sunartăsewn (g + f_n) kai (g − f_n) (parathrăste ìti |f_n| ≤ g =⇒ −g ≤ f_n ≤ g).

AfoÔ g + f_n → g + f kai g − f_n → g − f, paÐrnoume ∫ E g + ∫ E f = ∫ E (g + f) ≤ lim inf_n ∫ E (g + f_n) = ∫ E g + lim inf_n ∫ E f_n kai ∫ E g − ∫ E f = ∫ E (g − f) ≤ lim inf_n ∫ E (g − f_n) = ∫ E g − lim sup_n ∫ E f_n. ’Ara, lim sup_n ∫ E f_n ≤ ∫ E f ≤ lim inf_n ∫ E f_n, to opoÐo mac dÐnei to sumpèrasma. □

Pìrisma 2.4.8 (Jeÿrhma fragmènhc sÔgklishc) ’Estw E metrăsimo sÔnolo me μ(E) < +∞ kai (f_n) akoloujÐa metrăsimwn sunartăsewn sto E. Upojètoume ìti f_n → f kai ìti upĹrqei M > 0 tètoioc ÿste |f_n| ≤ M sto E gia kĹje n. Tìte, lim_{n→∞} ∫ f_n = ∫ f. Apìdeixh: AfoÔ μ(E) < +∞, h stajeră sunĹrthsh g ≡ M eÐnai oloklhrÿsimh sto E. Epomènwc, mporoÔme na efarmìsoume to jeÿrhma kuriarqhmènhc sÔgklishc. □

Pìrisma 2.4.9 ’Estw f : R → [−∞, +∞] oloklhrÿsimh sunĹrthsh. Tìte, h sunĹrthsh

F (x) = ∫_x −∞ f := ∫ (−∞,x] f eÐnai suneqăc.

Apìdeixh: GrĹfoume F (x) = ∫ f · χ_{(−∞,x]}. ParathroÔme ìti an x_n → x tìte f(y)χ_{(−∞,xn]}(y) → f(y)χ_{(−∞,x]}(y) gia kĹje y ≠ x (Ĺskhsh). EpÐshc, |f · χ_{(−∞,xn]}| ≤ |f| gia kĹje n. Apì to jeÿrhma kuriarqhmènhc sÔgklishc, F (x_n) → F (x). Autì apodeiknÔei ìti h F eÐnai suneqăc. □

ParadeÐgmata kai efarmogèc: (a) An h f : E → [−∞, +∞] eÐnai oloklhrÿsimh kai (E_n) eÐnai mÐa aÔxousa akoloujÐa metrăsimwn sunìlwn me E_n ↗ E, tìte ∫ E f = lim_{n→∞} ∫ E_n f. ArkeÐ na parathrăsoume ìti f · χ_{En} → f kai |f · χ_{En} | ≤ |f| gia kĹje n. Katìpin, efarmìzoume to jeÿrhma kuriarqhmènhc sÔgklishc.

(b) ’Estw f : [0, 1] → [−∞, +∞] oloklhrÿsimh. Tìte, gia kĹje n h f_n(x) = x^nf(x) eÐnai oloklhrÿsimh kai ∫_1 0 x^nf(x) → 0. ArkeÐ na parathrăsoume ìti |x^nf(x)| ≤ |f(x)| sto [0, 1] kai ìti f_n(x) = x^nf(x) → 0 sqedìn pantoÔ (gia ìla ta x ≠ 1 me f(x) ≠ ±∞), kai metĹ na qrhsimopoiăsoume to jeÿrhma kuriarqhmènhc sÔgklishc.

2.4.5 SÔgkrish me to oloklărwma Riemann

’Estw f : [a, b] → R. Ja grĹfoume (R) ∫_b a f gia to oloklărwma Riemann kai (L) ∫_b a f gia to oloklărwma Lebesgue thc f (an autĹ upĹrqoun). ’Opwc deÐqnei to Jeÿrhma pou akoloujeÐ, to oloklărwma Lebesgue epekteÐnei to oloklărwma Riemann.

Jeÿrhma 2.4.6 ’Estw f : [a, b] → R Riemann oloklhrÿsimh sunĹrthsh. Tìte,

1. H f eÐnai metrăsimh.

2. H f eÐnai Lebesgue oloklhrÿsimh kai (L) ∫_b a f = (R) ∫_b a f. Apìdeixh: Ja qrhsimopoiăsoume ta exăc:

1. To jeÿrhma kuriarqhmènhc sÔgklishc.

2. An h ≥ 0 metrăsimh kai ∫ E h = 0, tìte h = 0 sqedìn pantoÔ sto E. Epomènwc, an f ≤ g kai ∫ E f = ∫ E g, tìte f = g sqedìn pantoÔ sto E.

3. An s = ∑ λ_iχ_{[ai,bi]} eÐnai mÐa klimakwtă sunĹrthsh, tìte (L) ∫_b a f = (R) ∫_b a f. Upojètoume ìti h f eÐnai Riemann oloklhrÿsimh. Tìte, upĹrqei mÐa akoloujÐa P_n diamerÐsewn tou [a, b] me tic exăc idiìthtec: P_n ⊂ P_{n+1} (h P_{n+1} eÐnai eklèptunsh thc P_n), ‖P_n‖ → 0 (ta plĹth twn diamerÐsewn P_n teÐnoun sto 0), kai L(f, P_n) → (R) ∫_b a f , U(f, P_n) → (R) ∫_b a f. ’Estw ℓ_n h klimakwtă sunĹrthsh me ∫_b a ℓ_n = L(f, P_n) (dhladă, an L(f, P_n) = ∑_{k−1} i=0 m_i(x_{i+1} − x_i) tìte ℓ_n = ∑_{k−1} i=0 m_iχ_{[xi,xi+1)}) kai u_n h antÐstoiqh klimakwtă sunĹrthsh me ∫_b a u_n = U(f, P_n). Tìte, ℓ_n ≤ f ≤ u_n. Apì thn P_n ⊂ P_{n+1} èpetai ìti h (ℓ_n) eÐnai aÔxousa kai h (u_n) fjÐnousa, opìte orÐzontai oi sunartăseic ℓ = lim_n ℓ_n kai u = lim_n u_n, kai ℓ ≤ f ≤ u. Apì to jeÿrhma fragmènhc sÔgklishc, (L) ∫_b a u = lim_n ∫_b a u_n = (R) ∫_b a f kai (L) ∫_b a ℓ = lim_n ∫_b a ℓ_n = (R) ∫_b a f. AfoÔ ℓ ≤ u kai ∫_b a ℓ = ∫_b a u, sumperaÐnoume ìti ℓ = u sqedìn pantoÔ. AfoÔ ℓ ≤ f ≤ u, prokÔptei ìti ℓ = f = u σ.π. ’Ara, h f eÐnai metrăsimh sunĹrthsh wc ìrio (sqedìn pantoÔ) akoloujÐac metrăsimwn sunartăsewn. Autì apodeiknÔei to (a).

AfoÔ h f eÐnai metrăsimh kai fragmènh, h f eÐnai Lebesgue oloklhrÿsimh. Tèloc, (L) ∫_b a f = (L) ∫_b a u = (R) ∫_b a f, dhladă èqoume apodeÐxei to (b). □

ShmeÐwsh: ’Opwc èqoume ădh deÐ, h klĹsh twn fragmènwn Lebesgue oloklhrÿsimwn f : [a, b] → R eÐnai gnăsia megalÔterh apì thn klĹsh twn Riemann oloklhrÿsimwn f : [a, b] → R. Ta paradeÐgmata pou akoloujoÔn deÐqnoun ìti h perÐptwsh tou genikeumènou oloklhrÿmatoc Riemann eÐnai diaforetikă:

ParĹdeigma 1: To genikeumèno oloklărwma (IR) ∫_∞ 0 (sin x/x)dx upĹrqei, allĹ to oloklărwma Lebesgue (L) ∫_∞ 0 (sin x/x)dx den upĹrqei.

Apìdeixh: MporoÔme na grĹyoume to genikeumèno oloklărwma Riemann san mÐa enallĹssousa seirĹ: (IR) ∫_∞ 0 sin x x dx = ∞∑ n=1 ∫_{nπ} (n−1)π sin x x dx

= ∞∑ n=1 (−1)^{n−1} ∫_{nπ} (n−1)π | sin x| x dx

= ∞∑ n=1 (−1)^{n−1} ∫_π 0 | sin x| x + (n − 1)π dx. Apì to kritărio tou Dirichlet, gia na deÐxoume ìti aută h seirĹ sugklÐnei arkeÐ na deÐxoume ìti ta oloklhrÿmata fjÐnoun sto 0 ìtan n → ∞. ’Omwc, gia stajerì x, h akoloujÐa | sin x|/(x + (n − 1)π) eÐnai profanÿc fjÐnousa, Ĺra h antÐstoiqh akoloujÐa twn oloklhrwmĹtwn eÐnai fjÐnousa kai ∫_π 0 | sin x| x + (n − 1)π dx ≤ 1 n − 1 → 0. Autì apodeiknÔei ìti to genikeumèno oloklărwma (IR) ∫_∞ 0 (sin x/x)dx upĹrqei.

An to oloklărwma Lebesgue upărqe, ja èprepe na isqÔei ìti (L) ∫_∞ 0 | sin x| x dx < +∞. ’Omwc, qrhsimopoiÿntac to jeÿrhma monìtonhc sÔgklishc blèpoume ìti (L) ∫_∞ 0 | sin x| x dx = ∞∑ n=1 ∫_{nπ} (n−1)π | sin x| x dx

≥ ∞∑ n=1 1 nπ ∫_π 0 | sin x|dx = ∞. ’Ara, h sin x/x den eÐnai Lebesgue oloklhrÿsimh sto [0, +∞). □ ParĹdeigma 2: JewroÔme th sunĹrthsh f : R → R me f(x) = 0 an x < 0, kai f(x) = (−1)^n n + 1 an x ∈ [n, n + 1), n = 0, 1, 2, . . . . To genikeumèno oloklărwma Riemann thc f (IR) ∫_∞ 0 f(x)dx := lim_{b→+∞} ∫_b 0 f(x)dx upĹrqei: eÐnai Ðso me (IR) ∫_∞ 0 f(x)dx = ∞∑ n=0 (−1)^n n + 1 (h teleutaÐa seirĹ sugklÐnei). ’Omwc, (L) ∫_∞ 0 |f| = ∞∑ n=0 1 n + 1 = +∞, Ĺra h f den eÐnai Lebesgue oloklhrÿsimh. □ Tètoia problămata den emfanÐzontai an h sunĹrthsh pou meletĹme eÐnai mh arnhtikă.

Jeÿrhma 2.4.7 An f ≥ 0 kai to genikeumèno oloklărwma (IR) ∫_∞ −∞ f upĹrqei, tìte h f eÐnai Lebesgue oloklhrÿsimh, kai (IR) ∫ f = (L) ∫ f. Apìdeixh: ParathroÔme ìti h akoloujÐa sunartăsewn f_n = f ·χ_{[−n,n]} auxĹnei proc thn f. KĹje f_n eÐnai Riemann oloklhrÿsimh (sto [−n, n]), epomènwc metrăsimh. ’Ara, h f eÐnai metrăsimh.

EpÐshc, (L) ∫ f_n = (R) ∫_n −n f(x)dx gia kĹje n, dhladă kĹje f_n eÐnai Lebesgue oloklhrÿsimh. Apì thn upìjesh, upĹrqei to ìrio

lim_{n→∞}(R) ∫_n −n f(x)dx = (IR) ∫_∞ −∞ f(x)dx. Apì thn Ĺllh pleurĹ, to jeÿrhma monìtonhc sÔgklishc deÐqnei ìti lim_{n→∞} ∫ f_n = (L) ∫ f. ’Ara, h f eÐnai Lebesgue oloklhrÿsimh kai (IR) ∫ f = (L) ∫ f. □ ShmeÐwsh: AnĹloga apotelèsmata isqÔoun gia genikeumèna oloklhrÿmata kĹje eÐdouc (gia parĹdeigma, se anoiqtì fragmèno diĹsthma).

KleÐnoume autăn thn parĹgrafo me ènan qarakthrismì twn Riemann oloklhrÿsimwn f : [a, b] → R: eÐnai ekeÐnec oi fragmènec sunartăseic pou eÐnai suneqeÐc sqedìn pantoÔ. Prin dÿsoume thn akribă diatÔpwsh kai thn apìdeixh, prèpei na tonÐsoume ìti h sunjăkh {suneqăc sqedìn pantoÔ} eÐnai teleÐwc diaforetikă apì thn {sqedìn pantoÔ Ðsh me suneqă sunĹrthsh}. Gia parĹdeigma, h qarakthristikă sunĹrthsh χ_Q : [a, b] → R eÐnai sqedìn pantoÔ Ðsh me th suneqă (stajeră) mhdenikă sunĹrthsh, allĹ den eÐnai suneqăc se kanèna shmeÐo tou [a, b]. Apì thn Ĺllh pleurĹ, h χ_{[0,1/2]} : [0, 1] → R eÐnai suneqăc sqedìn pantoÔ (pantoÔ ektìc apì to shmeÐo 1/2) allĹ den eÐnai sqedìn pantoÔ Ðsh me kammÐa suneqă g : [0, 1] → R (giatÐ?). AutĹ ta paradeÐgmata deÐqnoun ìti oi dÔo sunjăkec den sugkrÐnontai.

Jeÿrhma 2.4.8 ’Estw f : [a, b] → R fragmènh sunĹrthsh. H f eÐnai Riemann oloklhrÿsimh an kai mìno an

μ({x ∈ [a, b] | h f eÐnai suneqăc sto x}) = 0.

Apìdeixh: Upojètoume prÿta ìti h f eÐnai suneqăc sqedìn pantoÔ. Epilègoume akoloujÐa (P_n) diamerÐsewn tou [a, b] me P_n ⊂ P_{n+1}, ‖P_n‖ → 0, kai ja deÐxoume ìti U(f, P_n) − L(f, P_n) → 0. JewroÔme tic sunartăseic ℓ_n, u_n pou antistoiqoÔn sthn P_n, me ℓ_n ≤ f ≤ u_n, ∫_b a ℓ_n = L(f, P_n) kai ∫_b a u_n = U(f, P_n). Dhladă, an P_n = {a = x_0 < . . . < x_k = b} orÐzoume

ℓ_n = k−1∑ i=0 m_iχ_{[xi,xi+1)} kai u_n = k−1∑ i=0 M_iχ_{[xi,xi+1)}. Tìte, ℓ_n ↗ ℓ kai u_n ↘ u, ìpou ℓ ≤ f ≤ u.

Oi ℓ_n, u_n eÐnai metrăsimec kai omoiìmorfa fragmènec (apì to supremum kai to infimum thc f sto [a, b]). Apì to jeÿrhma fragmènhc sÔgklishc blèpoume ìti ∫_b a ℓ_n → ∫_b a ℓ kai ∫_b a u_n → ∫_b a u. Dhladă, L(f, P_n) → ∫_b a ℓ kai U(f, P_n) → ∫_b a u. ArkeÐ na deÐxoume ìti ∫_b a ℓ = ∫_b a u. Autì isqÔei gia ton exăc lìgo: an P = ⋃_∞ n=1 P_n kai an A eÐnai to sÔnolo twn shmeÐwn asunèqeiac thc f sto [a, b], tìte gia kĹje x ∈ [a, b]\(A ∪ P ) èqoume ℓ(x) = u(x). PrĹgmati: èstw x ∈ [a, b]\(A ∪ P ) kai èstw ε > 0. AfoÔ h f eÐnai suneqăc sto x, upĹrqei δ > 0 tètoio ÿste an y, z ∈ (x − δ, x + δ) tìte |f(y) − f(z)| < ε. Epilègoume n_0 gia to opoÐo ‖P_{n0} ‖ < δ. An [x_i, x_{i+1}] eÐnai to upodiĹsthma thc P_{n0} sto opoÐo anăkei to x, tìte [x_i, x_{i+1}] ⊆ (x − δ, x + δ), Ĺra M_i − m_i = sup{f(y) | y ∈ [x_i, x_{i+1}]} − inf{f(z) | z ∈ [x_i, x_{i+1}]} ≤ ε, dhladă 0 ≤ u_{n0} (x) − ℓ_{n0} (x) ≤ ε. Akìma, 0 ≤ u(x) − ℓ(x) ≤ u_{n0} (x) − ℓ_{n0} (x) ≤ ε. AfoÔ to ε > 0 ătan tuqìn, èpetai ìti u(x) = ℓ(x). ’Ara, ℓ = u sqedìn pantoÔ, to opoÐo deÐqnei ìti ∫_b a ℓ = ∫_b a u. AntÐstrofa: Upojètoume ìti h f eÐnai Riemann oloklhrÿsimh sto [a, b]. Epilègoume akoloujÐa diamerÐsewn (P_n)_n me P_n ⊆ P_{n+1} gia kĹje n kai L(f, P_n) → ∫_b a f , U(f, P_n) → ∫_b a f. Gia kĹje n, jewroÔme tic klimakwtèc sunartăseic ℓ_n kai u_n pou antistoiqoÔn sthn P_n, me ℓ_n ≤ f ≤ u_n kai ∫_b a ℓ_n = L(f, P_n) , ∫_b a u_n = U(f, P_n). H akoloujÐa (ℓ_n) eÐnai aÔxousa kai h (u_n) eÐnai fjÐnousa. ’Estw ℓ = lim_n ℓ_n kai u = lim_n u_n. Tìte ℓ ≤ f ≤ u kai apì to jeÿrhma kuriarqhmènhc sÔgklishc ∫_b a ℓ = lim_{n→∞} ∫_b a ℓ_n = lim_{n→∞} L(f, P_n) = ∫_b a f kai ∫_b a u = lim_{n→∞} ∫_b a u_n = lim_{n→∞} U(f, P_n) = ∫_b a f.

’Ara, ∫_b a ℓ = ∫_b a u. AfoÔ ℓ ≤ u, èpetai ìti ℓ = u sqedìn pantoÔ.

’Estw C = {x ∈ [a, b] | ℓ(x) = u(x)} kai èstw P = ⋃_∞ n=1 P_n. Ja deÐxoume ìti gia kĹje x ∈ C\P h f eÐnai suneqăc sto x. PrĹgmati: ’Estw x ∈ C\P kai èstw ε > 0. Tìte ℓ(x) = u(x), Ĺra upĹrqei n_0 me 0 ≤ u_{n0} (x)−ℓ_{n0} (x) < ε. Autì shmaÐnei ìti an (x_i, x_{i+1}) eÐnai to upodiĹsthma thc P_{n0} sto opoÐo anăkei to x, tìte sup{f(y) | y ∈ [x_i, x_{i+1}]} − inf{f(z) | z ∈ [x_i, x_{i+1}]} < ε. ’Epetai ìti h f eÐnai suneqăc sto x (giatÐ?).

SumperaÐnoume ìti an A eÐnai to sÔnolo twn shmeÐwn asunèqeiac thc f, tìte A ⊆ ([a, b]\C) ∪ P , Ĺra μ(A) = 0. □ 2.4.6 Askăseic

1. ’Estw ϕ mh arnhtikă aplă sunĹrthsh. DeÐxte ìti ∫ ϕ = sup { ∫ ψ | 0 ≤ ψ ≤ ϕ, ψ aplă oloklhrÿsimh } .

2. ’Estw f : R → [0, ∞] oloklhrÿsimh sunĹrthsh. OrÐzoume F : [0, ∞) → [0, ∞] me F (t) = μ({f > t}). DeÐxte ìti h F eÐnai fjÐnousa, suneqăc apì dexiĹ, kai lim_{t→+∞} F (t) = 0.

3. DeÐxte ìti ∫ [1,∞) 1 x = ∞. 4. BreÐte mia akoloujÐa (f_n) mh arnhtikÿn metrăsimwn sunartăsewn pou ikanopoieÐ ta exăc: f_n → 0 allĹ lim_n ∫ f_n = 1. MporeÐte na epilèxete thn (f_n) ètsi ÿste na sugklÐnei omoiìmorfa sth mhdenikă sunĹrthsh?

5. Upojètoume ìti f kai f_n, n ∈ N eÐnai mh arnhtikèc metrăsimec sunartăseic, f_n ↘ f, kai upĹrqei k tètoioc ÿste ∫ f_k < ∞. DeÐxte ìti ∫ f = lim_{n→∞} ∫ f_n.

6. ’Estw f metrăsimh sunĹrthsh. Upojètoume ìti f > 0 σ.π. An ∫ E f = 0 gia kĹpoio metrăsimo sÔnolo E, deÐxte ìti μ(E) = 0.

7. ’Estw f mh arnhtikă metrăsimh sunĹrthsh. DeÐxte ìti ∫_∞ −∞ f = lim_{n→∞} ∫_n −n f = lim_{n→∞} ∫ {f ≥1/n} f.

8. ’Estw f mh arnhtikă oloklhrÿsimh sunĹrthsh. DeÐxte ìti ∫_∞ −∞ f = lim_{n→∞} ∫ {f ≤n} f. 9. ’Estw f mh arnhtikă oloklhrÿsimh sunĹrthsh. EÐnai swstì ìti lim_{x→±∞} f(x) = 0? 10. ’Estw f mh arnhtikă metrăsimh sunĹrthsh. DeÐxte ìti h f eÐnai oloklhrÿsimh an kai mìno an_∞ ∑ k=−∞ 2^kμ({f > 2^k}) < ∞. 11. ’Estw f mh arnhtikă oloklhrÿsimh sunĹrthsh. DeÐxte ìti: gia kĹje ε > 0 upĹrqei metrăsimo sÔnolo E me μ(E) < ∞ tètoio ÿste ∫ E f > ∫ f − ε. Epiplèon, deÐxte ìti to E mporeÐ na epilegeÐ ètsi ÿste h f na eÐnai fragmènh sto E. 12. ’Estw f mh arnhtikă oloklhrÿsimh sunĹrthsh. DeÐxte ìti h sunĹrthsh F (x) = ∫_x −∞ f eÐnai suneqăc.

13. ’Estw f mh arnhtikă oloklhrÿsimh sunĹrthsh. DeÐxte ìti gia kĹje ε > 0 upĹrqei δ = δ(ε) > 0 me thn exăc idiìthta: an μ(E) < δ, tìte ∫ E f < ε. 14. Jewrÿntac tic sunartăseic f_n = χ_{[n,n+1)} deÐxte ìti sto Lămma tou Fatou h anisìthta mporeÐ na eÐnai gnăsia.

15. ’Estw (f_n) mia akoloujÐa mh arnhtikÿn metrăsimwn sunartăsewn. EÐnai swstì ìti lim sup n→∞ ∫ f_n ≤ ∫ ( lim sup n→∞ f_n ) ? An prosjèsoume thn upìjesh ìti h (f_n) eÐnai omoiìmorfa fragmènh? 16. ’Estw f kai f_n, n ∈ N mh arnhtikèc metrăsimec sunartăseic me f_n ≤ f gia kĹje n ∈ N kai f_n → f. DeÐxte ìti ∫ f = lim_{n→∞} ∫ f_n. 17. ’Estw f kai f_n, n ∈ N mh arnhtikèc metrăsimec sunartăseic me f_n → f kai lim_{n→∞} ∫ f_n = ∫ f < ∞. DeÐxte ìti lim_{n→∞} ∫ E f_n = ∫ E f gia kĹje metrăsimo sÔnolo E. Dÿste parĹdeigma pou na deÐqnei ìti autì den isqÔei an ∫ f = ∞. [Upìdeixh: Jewrăste ta ∫ E f kai ∫ E^c f.]

18. ’Estw (f_n) akoloujÐa Lebesgue oloklhrÿsimwn sunartăsewn sto [a, b]. An f_n → f omoiìmorfa, deÐxte ìti h f eÐnai oloklhrÿsimh kai ìti ∫_b a |f_n − f| → 0. 19. DeÐxte ìti ∫_∞ 0 e^{−x}dx = lim_{n→∞} ∫_n 0 ( 1 − x n )_n dx = 1. 20. UpologÐste to lim_{n→∞} ∫_n 0 (1 − (x/n))^ne^{x/2}dx (aitiologăste plărwc thn apĹnthsă sac).

21. ’Estw ìti oi f, f_n eÐnai oloklhrÿsimec kai f_n ↗ f. MporoÔme na sumperĹnoume ìti ∫ f_n → ∫ f? 22. ’Estw f, f_n oloklhrÿsimec. An ∫ |f_n − f| → 0, deÐxte ìti ∫ f_n → ∫ f kai ∫ |f_n| → ∫ |f|. 23. ’Estw f, f_n oloklhrÿsimec. An ∫ |f_n − f| → 0, deÐxte ìti ∫ E f_n → ∫ E f gia kĹje metrăsimo sÔnolo E, kai ∫ f^+_n → ∫ f^+.

24. ’Estw f metrăsimh sunĹrthsh. DeÐxte ìti h f eÐnai oloklhrÿsimh an kai mìno an ∑_∞ k=−∞ 2 kμ({|f| > 2^k}) < ∞. 25. UpologÐste (me plărh aitiolìghsh) to ∞∑ n=0 ∫_{π/2} 0 ( 1 − √ sin x )_n cos xdx. 26. ’Estw (f_n), (g_n) kai g oloklhrÿsimec sunartăseic. Upojètoume ìti |f_n| ≤ g_n, f_n → f, g_n → g (ìla autĹ sqedìn pantoÔ) kai ìti ∫ g_n → ∫ g. DeÐxte ìti h f eÐnai oloklhrÿsimh kai ìti ∫ f_n → ∫ f. 27. ’Estw (f_n), f oloklhrÿsimec kai èstw ìti f_n → f sqedìn pantoÔ. DeÐxte ìti ∫ |f_n − f| → 0 an kai mìno an ∫ |f_n| → ∫ |f|. 28. ’Estw (f_n) akoloujÐa oloklhrÿsimwn sunartăsewn. Upojètoume ìti upĹrqei oloklhrÿsimh sunĹrthsh g tètoia ÿste |f_n| ≤ g sqedìn pantoÔ gia kĹje n. DeÐxte ìti ∫ ( lim inf_n f_n ) ≤ lim inf_n ∫ f_n ≤ lim sup_n ∫ f_n ≤ ∫ ( lim sup_n f_n ) . 29. ’Estw f metrăsimh kai sqedìn pantoÔ peperasmènh sto [0, 1]. (a) An ∫ E f = 0 gia kĹje metrăsimo E ⊂ [0, 1] me μ(E) = 1/2, deÐxte ìti f = 0 sqedìn pantoÔ sto [0, 1].

(b) An f > 0 sqedìn pantoÔ, deÐxte ìti inf{ ∫ E f : μ(E) ≥ 1/2} > 0. 30. DeÐxte ìti lim_{n→∞} ∫_1 0 nx 1 + n^2x^2

= 0 kai lim_{n→∞}

∫_1 0 n^{3/2}x 1 + n^2x^2

= 0.

31. ’Estw f_n : E → R akoloujÐa oloklhrÿsimwn sunartăsewn me ∑_∞ n=1 ∫ E |f_n| < +∞. DeÐxte ìti: (a) H seirĹ ∑_∞ n=1 f_n(x) sugklÐnei sqedìn gia kĹje x ∈ E.

(b) H sunĹrthsh ∑_∞ n=1 f_n eÐnai oloklhrÿsimh kai ∫ (_∞∑ n=1 f_n ) = ∞∑ n=1 ∫ f_n.

32. StajeropoioÔme 0 < a < b kai orÐzoume f_n(x) = ae^{−nax} − ne^{−nbx}. DeÐxte ìti ∞∑ n=1 ∫_∞ 0 |f_n| = ∞ kai ∫_∞ 0 (_∞ ∑ n=1 f_n ) ≠ ∞∑ n=1 ∫_∞ 0 f_n. 33. (a) An f ≥ 0 sqedìn pantoÔ sto E kai an f_n = min{f, n}, tìte ∫ E f_n → ∫ E f. (b) An h f eÐnai oloklhrÿsimh sto E kai f_n = max{min{n, f}, −n}, tìte ∫ E f_n → ∫ E f. 34. ’Estw k, n ∈ N me k ≤ n kai E_1, . . . , E_n metrăsima uposÔnola tou [0, 1] me thn exăc idiìthta: kĹje x ∈ [0, 1] anăkei se toulĹqiston k apì ta E_1, E_2, . . . , E_n. DeÐxte ìti upĹrqei i ≤ n tètoioc ÿste μ(E_i) ≥ k/n.