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Abstract

We prove an existence criterion for absolutely continuous conformal measures in the
case of uniquely ergodic minimal homeomorphisms of Cantor sets. It is applied to the
case of a Denjoy C! diffeomorphism T of the circle in order to examine when log 7" is a
continuous coboundary on the unique Cantor minimal set of 7.

1. Introduction

Let X be a compact metric space, T : X — X a continuous transformation and
f + X — R a continuous function. A Borel probability measure v on X is called an

el -conformal measure for T if
/ pdv = / (poT)eldv
X X

for every continuous function ¢ : X — R. The function f is usually called the potential
and e/ is called the weight. This kind of measure has been used without a particular name
in [7] and appears naturally in the general framework of thermodynamic formalism. The
existence of conformal measures has been studied in [2] for finite-to-one transformations,
where they were obtained as weak* accumulation points of a certain parametrized family
of probability measures. One can use alternatively the Schauder-Tychonoff fixed point
theorem and this is our approach. Their existence in general is studied in [11] in the
context of descriptive set theory.

This note is a first attempt to study the problem of the existence of absolutely con-
tinuous conformal measures with respect to a given ergodic T-invariant Borel probability
measure in a particular case. More precisely, we assume that X is a Cantor set and T is
a uniquely ergodic minimal homeomorphism of X with unique invariant Borel probabil-
ity measure pu. Well known examples of uniquely ergodic minimal homeomorphisms on
Cantor sets are adding machines, certain Toeplitz flows and the restrictions of orienta-
tion preserving homeomorphisms of the unit circle with irrational rotation numbers and
without dense orbits to their unique minimal set. The problem is under what conditions
does there exist an ef-conformal measure v which is absolutely continuous with respect
to pu. This problem is closely related to the existence and regularity properties of solu-
tions of the cohomological equation f = u — u o T, since if u is a continuous solution



then
e—u

— du
/ e “du
X

is an ef/-conformal measure for T. Conversely, if v is an e/-conformal measure which is
: : dv. . :
absolutely continuous with respect to u, then — log(d—) is a measurable solution. The

relation is explained with details in section 2.

A continuous function f : X — R is called a continuous coboundary (with respect to
T) if there exists a continuous function v : X — R such that f = v —wuoT. The function
u is usually called the transfer function. A necessary condition for f to be a continuous

coboundary is of course / fdu = 0, but the converse is not true. Since 7T is minimal and

u is ergodic, a continuoué( function f is a continuous coboundary on X if and only if it
is a L>°(u) coboundary, that is there exists v € L () such that f = u—wuoT p-almost
everywhere on X, by Proposition 4.2 on page 46 in [5] (see also [13]). According to the
classical Gottschalk-Hedlund theorem (see page 102 in [6]) f is a continuous coboundary
if and only if there exists xg € X such that

n—1
sup{| > _ f(T*(x0))| : n € N} < +o0.
k=0

It turns out that the condition we give for the existence of an absolutely continuous
ef-conformal measure with continuous Radon-Nikodym derivative is equivalent for f to
be a continuous coboundary, in our case where X is a Cantor set and 7' is a uniquely
ergodic minimal homeomorphism. It is weaker in general.

The main result of this work proved in section 3 can be formulated as follows.

THEOREM 1:1. Let X be a Cantor set and T : X — X a uniquely ergodic minimal
homeomorphism with unique invariant Borel probability measure . Let f: X — R be a

continuous function such that / fdp =0 and let E,(f) =expd p_, foT7%, ifn >0,

b's
Eo(f) =1 and En(f) = exp(— "ot foTF), if n < 0.
(a) If there exists a constant ¢ > 1 such that

En(f)(@) < c /X Eo(f)du

for every x € X and n € Z, then there exists an ef -conformal measure v for T which is
dv
absolutely continuous with respect to p such that o € L>®(p).

(b) The following assertions are equivalent:
(i) There exists a constant ¢ > 1 such that

1
C/X Eo(f)dp < Eo(f)(z) < c/X E,(f)du

for every x € X and n € Z.
(ii) There ezists a continuous function v : X — R such that f =u—wuoT.



(iii) There exists a unique ef -conformal measure v for T such that v is absolutely con-
v

tinuous with respect to p and au 18 continuous.
i

Actually the ef-conformal measure v for T in Theorem 1.1, which is absolutely con-
tinuous with respect to pu, is equivalent to p. This is a consequence of our assumption
that p is the unique T-invariant Borel probability measure (see Remark 3.3).

Note that by Jensen’s inequality we have / E,(f)du > 1 for every n € Z.
X

The motivating example for this note was the case of Denjoy C' diffeomorphisms
of the circle. Let T : S' — S' be an orientation preserving C' diffeomorphism with
irrational rotation number which is not topologically conjugate to a rotation. It is
well known that T has a unique Cantor minimal set K and a unique invariant Borel
probability measure p whose support is precisely K. These maps are usually called
Denjoy C! diffeomorphisms. It was proved by A. Denjoy that / (log T")dp = 0 (see

K
Proposition 1.1 on page 71 in [5]). However, using an argument due to M. Herman [5]

and the main result of [9] one can show that log7” is never a continuous coboundary
on S'. A T’-conformal measure is called in [3] automorphic measure for 7' of expo-
nent 1. From Theorem 1.1, the chain rule and the unique ergodicity we get the following.

COROLLARY 1-2. Let T : S' — S! be a Denjoy C' diffeomorphism with unique
minimal set K and unique T-invariant Borel probability measure u. The following are
equivalent:

(i) There exists a constant ¢ > 1 such that

or equivalently

for every z € K andn € Z.
(i1) There exists a continuous function u: K — R such that logT' =u—uoT on K.
(iii) There exists a unique T'-conformal measure v for T on K such that v is absolutely

dv
contiuous with respect (and actually equivalent) to p and au 15 conlinuous.
1

A. Portela essentialy gives in [12] a sufficient condition under which log7” is not a
continuous coboundary on K. The question whether logT” is a continuous coboundary
on K is closely related to a problem stated in [1].

2. Conformal measures for uniquely ergodic minimal homeomorphisms

Let X be a compact metric space and 7" : X — X a uniquely ergodic minimal
homeomorphism with unique invariant Borel probability measure p. Let f: X — R be

a continuous function such that fdpu=0. An ef-conformal measure for T is a Borel
X



probability measure v on X such that

/qudl/:/X(gboT)ede

for every continuous function ¢ : X — R (see also p. 188 in [7]). Note that if A C X is
a measurable set, we have by regularity

V(A) = / xady = / (xa0T)eldv = / o .
X X T-1(A)

Thus, an ef-conformal measure v for T is quasi-invariant with respect to 7 and the
minimality of T" implies that v is positive on non-empty open sets.

It is easy to see that if h : X — X is a homeomorphism and S = hoT o h™!, then
h.v is an ef°"-conformal measure for S for every ef-conformal measure v for T.

Let M (X)) denote the set of Borel probability measures on X equiped with the weak*
topology. Let W : M(X) — M(X) be the continuous map defined by

b [ o)l
/Xefdy /X

for every continuous function ¢ : X — R (see p. 185 in [7]). Actually W is a homeo-
morphism and its inverse is given by the formula

W) () = / (60T H)e T du.
X

/ e~ Ty
X

Since M(X) is compact and convex, it follows from the Schauder-Tychonoff theorem
that W has a fixed point in M (X).

LEMMA 2:-1. If v € M(X) is a fized point of W, then / efdv =1.
X

Proof. Since v is a fixed point of W, for every n € N we have

(/Xefdu>n:/xexp(;§foTk)du

as one easily verifies by induction. It follows that

n—1 n—1
n‘log(/ efdu)| = }log(/ eXp(ZfoTk)dl/>| <l ZfoTkH,
X X k=0 k=0
and therefore

log efdu <H hm foTk\—O
log

since / fdu =0 and p is the unique invariant Borel probability measure of T'.
X



From the above follows immediately the existence of e/-conformal measures for
uniquely ergodic minimal homeomorphisms (see also Theorem 3.7 in [7]).

THEOREM 2-2. Let X be a compact metric space and T : X — X a uniquely ergodic
minimal homeomorphism with unique invariant Borel probability measure . Then for

every continuous function f: X — R such that / fdu =0 there exists an el -conformal
X

measure for T.

In the rest of this section we shall describe the connection between ef-conformal
measures for T and the cohomological equation f =u —wuoT (compare with [14]).

If there exists measurable solution w defined p-almost everywhere on X such that
e™™ € L'(u), then there exists an ef-conformal measure v for T which is absolutely
continuous with respect to u defined by

v(A) = - / e “du
/ e Udp A
X

for all Borel measurable sets A C X. If there exists a continuous function v : X — R
such that f = u—wuoT on X, then v is the unique ef-conformal measure for 7. Indeed,
if v/ is any ef-conformal measure for T', then

/X petdy = /X (¢oT)e"d

for every continuous function ¢ : X — R. The unique ergodicity implies now that
1
/ pdpy = ——— / petdy = </ e_“d,u> / petdy.
X / eldy IX X X
X

—Uu

Therefore,
e

/ e “du
X

PRrROPOSITION 2-3. Let X be a compact metric space and T : X — X be a uniquely
ergodic minimal homeomorphism with unique invariant Borel probability measure L.

Let f : X — R be a continuous function such that / fdp=0 and v € M(X) be
X

dv' = ~dp = dv.

an ef -conformal measure for T. If v is absolutely continuuous with respect to p and
dv
=—, th
g a en
(a) goT = gef and g > 0 p-almost everywhere on X.
(b) Iflog g € L*°(u), there exists a continuous function u : X — R such that f = u—uoT
everywhere on X.

Proof. By regularity, for every measurable set A C X we have

v(A) = /X(XAOT)ede:/X(XAoT)efgdu:/A(gef)oT_ld,u.

5



It follows from the uniqueness of the Radon-Nikodym derivative that g = (gef) o T7! -
almost everywhere and therefore goT = ge/ p-almost everywhere, since p is T-invariant.
To prove g > 0, let B = g~1(0). Then B is measurable and T'(B) = B, because for every
z € B we have g(T(z)) = g(z)ef@ = 0 and g(T~(x))e/T @) = g(z) = 0. The
ergodicity of u implies now that p(B) = 0, since v is a probability measure. This means
that ¢ > 0 p-almost everywhere. Now u = —logg is a measurable solution of the
cohomological equation f = u —u o T and (b) follows from Proposition 4.2 on page 46
in [5].

3. Absolutely continuous conformal measures
Let X be a compact metric space and p € M(X). The set
E,={reMX):v<u}

is not empty, since it contains p, and is convex. In general, £, is not a closed subset of
M(X) with respect to the weak* topology.

In the rest of this section T : X — X will always be a uniquely ergodic minimal
homeomorphism with unique invariant Borel probability measure p and f : X — R

a continuous function such that / fdu=0. Also, W : M(X) — M(X) will be the

X
homeomorphism defined in section 2. One can prove easily by induction that

n—1
W (1)(6) = L - /X (0T (exp Y f o TH)dv
/ (epof o TF)dv h=0
X k=0
and
1 n
W) (6) = | GoT M (exp(= ] foT )

/. )

/ (exp(— Zf o T7%))dv
X k=1

for every n € N.

If we put
n
exp) foT ¥, if n >0,
k=1
E.(f) =<1, if n =0,
In|—1
exp(— Y foT¥), ifn<0,
k=0

then from the invariance of u we get

1
W (1) (6) = | GE(f)dn
/X Eo(f)du /X



for every n € Z. Note also that

/ (60 T)e! Eu(f)du = / OEnir (f)dn
X X

for every continuous ¢ : X — R.
If now A C X is a measurable set, it follows from regularity that

U e B

which implies that W"(u) € E, and

AW™(p) _  En(f)

y =
r [ B
X
for every n € Z.

Let C' denote the convex hull of the orbit {W"(u) : n € Z} of p under W. Then
W(C) = C. Indeed, let
/ En+1

/E

for all n € Z. If aq,...,a, > 0 are such that a1 + --- 4+ a, = 1 and ji,...,jn € Z, then

n

s ' Akl jy jle+1
W ax W = . Wk )
<; * (M)> Z aitj, +---ant;j (M)

a
k=1 i

This shows that W (C) C C and similarly W~1(C) c C. Since C is a compact convex
subset of M(X), it follows from the Schauder-Tychonoff theorem that W has a fixed

point in C or in other words there is an ef-conformal measure for 7' in C, by Lemma
2.1.

THEOREM 3-1. Let X be a Cantor set and T : X — X a uniquely ergodic minimal
homeomorphism with unique invariant Borel probability measure . Let f : X — R be a

continuous function such that / fdu=0.
b's
(a) If there exists a constant ¢ > 1 such that E,(f)(z) < c/ E,(f)du for every x € X
X

_ d _
and n € Z, then C C E,, and i € L*>(u) for every v € C.

(b) If moreover there exists a constant ¢ > 1 such that
1
[ Eathidn < BuD@ < ¢ [ Ealpn
CJx X

dv _
for every x € X and n € Z, then log(d ) € L>®(u) for every v € C.
w



Proof. Let v € C. There exists a sequence (vp,)nen in C such that v = lirf Up
n—- oo

v
in the weak™ topology. Let f, = d—n, n € N. Note that f,, is continuous and f, < ¢
m

for every n € N, by our assumption. Since X is assumed to be a Cantor set, for each
k € N there exists a finite cover Py of X consisting of disjoint, open-closed sets in X of

o
diameter less than 1/k. Then, U Pr. is a basis for the topology of X and generates its

Borel o-algebra. In particular, kthia Borel g-algebra of X is generated by the algebra of
open-closed sets. In order to prove that v € E,,, let A C X be a Borel set with p(A) = 0.
There exists an open-closed set Ag C X such that u(AAAy) < e and v(AAA)) < e.
Thus 0 < pu(Ap) < € and |v(A) — v(Ap)| < e. Since Ay is open and closed in X, we have
v(Ap) = nETm vn(Ap), by weak® convergence. There exists now some ng € N such that

|V (Ao) — v(Ap)| < € for m > ng, and so
0 <v(Ag) <vp(dg) +e= frdu+e <c-pu(Ap) +e<(c+1e.
Ao

Therefore 0 < v(A) < (c + 2)e for every € > 0, which means that v(A) = 0. This shows
that v € F,,.

d
In order to prove that d—y € L*°(u), let Pr(z) denote the element of the partition Py
which contains the point z € X. If g : X — R is the function defined by

)
ETCE))

d
then klim gr(z) = d—y(ac) p-almost everywhere on X and in L'(p) (see page 8 in [10]).
— 400 IU,

On the other hand, by the weak™® convergence, for every k € N and z € X there exists
some ng € N such that

[v(Pe(2)) = vy, (Pr(2))] < %M(Pk(l’))-

It follows that

D oo(Pe@) 1,1 1
0 a@) <o+ mr@) kT P /%) Ilie < 3o+

d
for every x € X and k£ € N. Therefore, 0 < d—y(x) < ¢ p-almost everywhere on X, and
1

d 1
SO d—y € L°(u). This proves (a). If the assumption of (b) holds, then — < f,, < ¢ for
i c

every n € N and in addition to the above we have

1 v, (Pe(z)) 1 1 / 11
ge(r) > =7+ o = - Jnpdp > —— + =
D> kT P R aP@) S TR
1 d
for every x € X and k € N. Therefore, 0 < — < d—y(x) < ¢ p-almost everywhere on X,
¢~ du

d
which means that log(ﬁ) € L>®(p).



Proof of Theorem 1-1. (a) This is the combination of Proposition 2.3, Theorem 3.1(a)
and the Schauder-Tychonoff theorem.

(b) If (i) holds, then (ii) holds, by Theorem 3.1(b), Proposition 2.4(b) and Propo-
sition 4.2 on page 46 in [5]. Moreover, (iii) is true from the discussion preceding
Proposition 2.3. It is trivial to verify that (ii) implies (i). Finally, if (iii) holds, then
form Proposition 2.3(b) we get (ii).

Remark 3-2. The reader may have noticed some similarity of the condition imposed
in (a) of Theorem 3.1 with the condition appearing in Theorem 1 of [8].

Remark 3-3. Let (X, B,v) be a probability space and T : X — X be a bimeasurable
bijection such that if B € B then v(B) = 0 if and only if v(T~Y(B)) = 0. If u is a
T-invariant probability measure on B such that v is absolutely continuous with respect
to u, then there exists a T-invariant probability measure i/ on B which is equivalent to

d
v. Such a measure can be constructed as follows. Let g = d—y and A = g=1(0). Then,
L

AeBand v(A)=0. If S = U T"(A), then S € B is T-invariant and v(S) = 0. If we
nez
put ¢/ (B) = (B \ S) for every B € B, then ' is a T-invariant probability measure on
B which is equivalent to v.
It follows from this observation that the absolutely continuous e/-conformal measure
v in Theorem 1.1 is actually equivalent to p, since p is assumed to be the unique T-
invariant Borel probability measure and v is quasi-invariant with respect to T

4. Automorphic measures for Denjoy C* diffeomorphisms

Let T : S* — S! be an orientation preserving C' diffeomorphism with irrational
rotation number p(7"). It is well known [5] that 7" is uniquely ergodic and there exists
a unique minimal set K C S!' which is the support of the unique T-invariant Borel
probability measure y, and either K = S, in which case T is topologically conjugate
to the rotation by the angle 2mp(T") or K is a Cantor set and T is only topologically
semi-conjugate to the rotation by the angle 27p(T"). In the latter case T is a Denjoy
C'! diffeomorphism and the semi-conjugation is never C'. In both cases, K is the non-
wandering set of 1" and

/ log(T™)'dpu =0
Sl

for every n € Z.
A T’-conformal measure v for T' on K will be called automorphic for T' and is a Borel
probability measure on K such that

/KquV:/K(qﬁoT)T/dV

for every continuous function ¢ : K — R. If logT” is a continuous coboundary on K,
then there exists a unique automorphic measure for 7" absolutely continuous with respect
to u.

Let now h : S' — S be an orientation preserving C' diffeomorphism and S =
hoT oh™l. Then S is a Denjoy C! diffeomorphism with unique minimal set h(K) and



unique S-invariant Borel probability measure h.u. If v is an automorphic measure for
T, then
/ b

V = ———— - hyv

/ KW dv
K

is automorphic for S. It follows that if v < pu, then v/ < hyp.

In the known examples of Denjoy C'! diffeomorphisms T' constructed by Denjoy and
Herman we have T'(z) = 1 for every z in the unique minimal set K of 7. In this case the
unique T-invariant Borel probability measure p is trivially the unique automorphic mea-
sure for T. So, all the C'! conjugates of the examples of Denjoy-Herman have absolutely
continuous unique automorphic measures on their unique minimal sets.

From Theorem 1.1(a), Remark 3.3 and the chain rule we obtain a sufficient condition
for a Denjoy C' diffeomorphism to have an automorphic measure which is absolutely
continuous with respect to its invariant Borel probability measure.

COROLLARY 4:1. Let T : S' — S be a Denjoy C' diffeomorphism with unique
minimal set K and unique T-invariant Borel probability measure . If there exists a
constant ¢ > 1 such that

@) < [ @y
K
or equivalently

-1 I\ (TN
o LS EVTC)

for every z € K and n € Z, then there exists an automorphic measure for T' which is
equivalent to .

Let T : S* — S! be a Denjoy C! diffeomorphism with unique minimal set K and
unique T-invariant Borel probability measure u. The set C of the connected components
of ST\ K is countable and Y., A(/) < 27, where A denotes the Lebesgue measure on
St So, there exists a sequence (A, )nen of real numbers such that

(i) Z)\ < 2m,

(ii ) +1<)\ for every n € N, and

(iii) for every n € N there exists some (possibly not unique) I € C such that
An = A(I).
The sequence (Ap)nen is called the spectrum of K. It has been proved by D
A
—~ )nen is bounded and has 1 as a nontrivial

An+l
limit point (see [4]). We do not know in general whether it actually converges to 1 or not.

McDuff that the sequence of ratios (

PROPOSITION 4-2. Let T : S* — S' be a Denjoy C' diffeomorphism with unique

Cantor minimal set K. Let (Ap)nen be the spectrum ofK and o = lim sup
n—-+oo \n41

(i) There exists a point 29 € K such that (T™)'(z ) for every n € N.
(ii) There exists a point zy € K such that T'(z1) >

10



(iii) There exists a point zo € K such that (T™) (22) > 1 for every n € N.

Proof. (i) There exist positive integers ny — +oo such that 0 = lim ——*—. For
k—+o00 )\nk+1

every k € N there exists some I, € C such that \,, < A1) and A(T"(Ix)) < Apit+1
for every n € N. Since klim AT (Ix)) = 0, there exists an accumulation point y € K
— 400

o o
of U T(I;). So, zo = T~ Y(y) is an accumulation point of U I, and passing to a
k=1 k=1

subsequence, if necessary, we may assume that klim dist(zg, ) = 0. On the other
— 400

hand, from the mean value theorem we have

o AT ()
(T7)(z0) = Jim =S5~

for every n € N, because T is C'. For every € > 0 there exists ky € N such that
)\nk < )‘(Ik)

Anpr1 — AT (Ix))

for every k > ko and every n € N. Therefore, (T") (2) <

n € N, and the conclusion follows.
(ii) Let I € C. For every k € N there exists mj € N such that

MT ™™ (1)) < A1 < Ay < AT"™FH(D)).
By the mean value theorem, there exists z; € T~ "™k (I) such that
T~ HHD)) = T () NT (1)),
For every € > 0 there exists some kg € N such that

o ATTD) A
TE) =@y = A~ €

for every k > kqy. Since i lim A(T7"*(I)) = 0, the sequence (zj)ren has an accumulation
— 400

o —e<

for every ¢ > 0 and
— €

point z € K. It follows that for every e > 0 there exists z € K such that T'(z) > o — e,
because T is C'. For the same reason and the compactness of K we conclude that there
exists a point z; € K such that T7(z1) > o.

(iii) This is Lemma 3.1 in [12].

A
A. Portela proved in [12] that if the sequence of ratios (/\i)neN does not converge
1

to 1, that is o > 1, then inf{(7™)'(z9) : n € N} = 0. Therefo?jeL {log(T™)(z) : n € Z} is
unbounded for every z € K, by minimality of K. It follows from the Gottschalk-Hedlund
theorem that in this case log 7" is not a continuous coboundary on K. From Corollary
1.2 and Proposition 4.2 we get the following nonexistence result.

COROLLARY 4-3. Let T : S' — S be a Denjoy C' diffeomorphism with unique
minimal set K and unique T-invariant Borel probability measure p. If the sequence

{log/K (T™)dp : n € N}

is unbounded, then logT’ is not a continuous coboundary on K.

11
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