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Ot onuewdoelc aUTES AVTIOTOLYOUV GTO TROTTLY LG pddnua Alpopxn I'ewuetpla,
70 ornolo didaEa entl ToANE €tn oto Turua Modnuotixdy xon Egapuoouévey Madnua-
wxov tou Havemotuiou Kerytne. H OAn tou yadruotoc xaidnter xOplo ototyela tng
Vewplag TV XOUTOAGY X0t TwV ETPAVELOY 670V eEBeLo Yipo R3. Tio tnv xatavén-
o1 Tou TepLeyouévou amontolvTa Boaoixés yvwaelg Ioopuiic AlyeBpoc xon Alopoptxon
Aoyiouol cuvoptioewy plag xou TEpIoCOTERWY PETUBANTOY, Tou cuvAtng BiddoxovToL
oL @oltNTéS Twv Oetdv Emotnuddv xotd tar 600 TpmdTal €11 TV GTOUd®Y TOUS. L€ OAN
TNV €XTACT TOU XEWEVOL Yenotomoleitor ehelepa oporoyio and tnv Kooy Puoixy,
XATL TOU UTOBNAGDVEL TN GTEVH OYEaTN TwV BV0 avTIXEWEVKDY, dnhadh tTng Alagopixic
ewpetpiog xan tne Puoxnc.

[Mot Ty oLy YEAPY AVTOV TOV CNUEWCEWY Yenoluorotinxay ev pépet ta Bi3Aio Tou
rapativevton otn BiBhoyeagpio.

K. Adavacdrovioc
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Kegpdiowo 1

KounOiec

1.1 TIlopapetpiopéves xo  evBuYpaUUlOIUES  Xot-
KTOAEg

Mio ouveyrc anewovion vy : I — R™, émoun > 1 xo 1o I C R elvon éva didotnua, Aéye-
ToL TaPapETPIoEVT) KaUTUAN GTov n-0tdoTtarto euxheidelo yweo R™. Av y = (y1, ..., Yn),
oL oLVEYEIC CUVAPTACE V1, ..., Vn : I — R Aéyovian ovrtetayueres tng v. To cbvoro
Y(I) Myetan ixvos e v. Av to I elvon avouytd Sidotnuo xou 1y ebvou Sropoplotun oo
xpovo t € I, to didvuoua

n(t)

y(t) = )
T (t)

dnhadh 1 mapdywyoc e ¥ oto t, héyetn (otjuaia) taxvtnta e Y TN YEOVXT
oTyun t.

IMopadeiypate 1.1.1. (o) Heudeio otov R™ tou diépyeton and to onueio € R™ xou
elvon TapdAANAT 070 Un-undevixd ddvucua v € R™ eivan o fyvog tne mopopueTplopévng
xoumOANG 7y : R — R™ e

v(t) = x + to.

H ~ etvar C° napopetpiopévn xoumiAn pe otadepr) otiywoda taydmta ¥(t) = v v
ndde t € 1.

(B) Av a = (a1,a2) € R xau R > 0, 0 xkxhoc 670 euxheidelo eninedo R? pe xévtpo o
onueto a xou oxtivar R efvor to fyvoc T O mopapetplopévng xoumohng v : [0, 27 — R?
e

~v(t) = (a1 + Rcost,as + Rsint).
(v) Av I C R eiva éva ddotnuo xou f = I — R eivan pio ouveyrhc ouvdptnon,
0 ypdonua tne f ebvor to fyvoc tne mopouetpiopévne xoumoine v ¢ I — R? pe

V(1) = (&, f(1)).

(8) To tyvoc tnc O mupapetplopévre xounidng v : R — R? pe y(t) = (£3,1?)
Towtileton pe o Ypdpnua e ouveyolc ouvdptnone f : R — R ue f(t) = t¥/3, n onola

1



2 KEPAANAIO 1. KAMIITAEXY

dev etvan drapoplown oo 0. X autéd to onueio N tayvTnTe e ¥ etvar 4(0) = 0.

(e) AV R > 0, b > 0, n C*® mopapetpiopévn xoumoln v : R — R3 otov 3-didotato
euxheldeto yodpo R3 pe
~v(t) = (Rcost, Rsint, bt)

ANeyetan (6e&idotpogn kukhikn) élika pe axtivae R xou dhpor 27bh.

Eow a, b € Rye a < b xaw vy : [a,b] = R™ yio nopopetpiopévn xounidn. o
xde Swopépon P = {a =1ty <t; < --- <t = b} tou Swothuatog [a,b] To wixog g
tedhoopévne yoouphc pe dwdoywés xopupéc (to), Y(t1),..., Y(tk) elvan (oo pe

k
L(Py) = |lyt:) = v(tic)ll.
i=1

Av @ elvou pio Sropépion tou [a, b] Aentétepn e P, téte L(P,y) < L(Q, ), anbd tnv
TELY WVIXT] avioOTNTOL.
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Opwopoég 1.1.2. Eow ot a, b € R 6mou a < b. Mio nopopuetotogévn xoumiin
vt [a,b] = R™ Méyetou evivypaupionun av vrdpyet S > 0 tétowo wote L(P,y) < S
yioo x&e déplon P tou dothpatog [a,b]. X auth v tepintwon, o unrapvnuxdc
TRy HaTIXOG opLduog

L(vy) =sup{L(P,v) : P dwpéplon tou [a,b]}
AMéyeton (eukAeidero) prikos e 7. Hpogavae [|y(a) —~(b)|| < L(v).
Mio nopaeTotogévn xoumOAn eVOEyeTan vor Unv etvan euduypauuiown.
IMopadeiypata 1.1.3. (o) Eow f: R — R n ouvdptnon pe

1
2 sin n otav t # 0,
0, otav t = 0.

0010 |

-0l

H f elvou mpogavidg cuveyhc xou mavtol dagopiown. Mdiota,

f(0) = limw = limtsin1 =0,

t—0 t—0 t—0

eved Yot # 0 €youpe
1 1
f'(t) = 2tsin = — cos ~.
t t
Yuvende, 1 f Bev elven ouveyfic oto 0, dnhadh 1 f dev ebvon C, ool o %in& f'(t) dev
—>

umdpyet. AT TNy dAAN pEpLd OUWC,
[F(®)] <20t +1
v xdde t € R xon ouvende |f/(1)] <3y 0 <t < 1.
Eotw v : [0,1] = R? n nopopetpiopévn xaumiin pe v(t) = (t, f(t)) mou éxe fyvoc
10 Ypdpnua Tou Teptopopol e f oto didotnua [0, 1]. T xdde Sropépion
P={0=ti<t;1 <--- <t =1}
Tou dtaothuarog [0, 1] éyouye

k
L(P) = Y [(£(t) = F(tim1))? + (8 — tio)?]

i=1
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k
< 300t — tima)? + (8 — ti-1)?]Y? = VIO,

i=1

amd 10 Oedpnua tne Méonc Tyrhc. Suvendde, 0 eivor euduypoppiown xow L(y) < +/10.

(B) Eoto f:]0,1] = R n ouvdptnon e

™
tcos—, oOtav0<t<1,
f(t)Z{ 2t

0, otav t = 0.

H f eivan mpogavg cuveyric. o xdde n € N dewpolue T dauépton

1 1 1 1 1 11
P, = — << - <1}
" {O<4n<4n—1<4n—2<4n—3<4(n—1)< <3<2<}

Do xdrde axéparo 1 < k < n éyouye

1 1 1 1 1 1
“w 7= g5 G5

=0.

Av 7 :[0,1] — R? eivon n nopouetpiopévn xaunihn y(t) = (¢, f(t)), wote

1 1 1 1
L(Py,~) > |— — S I _ o
( 7) ‘471 0‘—1—‘0 4n‘+‘ T2 0‘—!—‘04—4”_2‘—!— —I—‘O—I—Z‘-l-‘ 5 0‘
3L
k
k=1

Ano autd mpoxintel ot lirf L(P,,~y) = 400 xou cuvene 1 v dev eivan euduypoy-
n—-+oo

ulown.

Ochpnua 1.1.4. Eoww a, b € R pe a < b. Kdbe C! napapetpiopévn kaumian
v i [a,b] = R" eivar evOuypappioqun kar to prjios s eivar

b
- / 14 ().

Mo mopapeTplopév xoumihn o éva xhelot6 didotnua eivar C av éyel plo CL e-
TEXTAOY O X4molo YeYohOTERO avolytd Bldotnue. o tnv amddelln tou mopomdve
Yewpnuatog Yo ypetaoToVUE €va Aups. O YenoWOTOW|COVUE TOV TROCWEVG cuUo-

Aouo
/abcb(t)dt = (/ab qﬁl(t)dt,...,/ab ¢n(t)dt>,

6ty ¢ = (1, -eey On)-
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Afupa 1.1.5. Ava, b e R puea <brar¢: [a,b] = R" elvar uia ovvexnis areikévion,

TdTe
b b
‘ / ¢<t>dtH < [ ooy

Anééaén. Eotww ot ¢ = (¢1, ..., ¢p). Oftoupe z = (x4, ..., Ty ), 6TOUL

b
T; = / qbi(t)dt, 1<1<n.

Av z =0, 1o cuunépaoya eivor tetpiévo. Eotw Aowndy ot & # 0. Ao tnv avicdtnta
Cauchy-Schwarz €youpe

ol = | b (éwmi(t))dt </ "Nl - e e,

o’ 6oL T CLUTEPACUA TEOXVTTEL auéonws. [

Anddetn tov Ocppripatos 1.1.4. Tha xdde Swpépion P = {a =ty < t; < --- <t = b}

Tou Swothuatog [a, b] éyouue
t; t;
[ s < [ 1wl
ti1 ti—1

(k) = At = \

an6 to Afupo 1.1.5. Xuvenag,

k t; b
L(P,y) < Iv@ldt = [ |17 ()]|de.
v ;/M ¥ /a ¥

Avuto Belyver ot 1 v elvon evduypopuiown xon

b
L) < [ Il

[ Ty anddeln e wdttag Yewpolue omowdrnote € > 0. Emedr) 1 v unotideto
Ch, n 4 elvor opotduoppa cuveyhc oTo xAeoté didotrua [a, b] xou undpyet § > 0 o010
oote [|[¥(t) —A(s)|| < €, vy xdde ¢, s € [a,b] ye [t — s| < J. Tndpye plo dwpéplon
P={a=ty<t; <--- <t =>b} tou dwothuatoc [a,b] Tétol Wote t; —ti—1 < 0 YL
oot i = 1,2, .. k. Av topa ti—1 <t <t;, éxyoupe [|[Y ()] < ||7(t:)] + € xou cuvene

[ B0+ 3w — o]+ -t

ti—1

[ ol < Qo+t = \

ti—1

<

/;1 ﬁ(t)dtH + /t 14(t:) —5(t)||dt + e(t; — ti_1)

ti—1

< ly(ti) = v(tim)ll + 2e(ti — tiz1).
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ITpoc¥étovtag, mpoxinTel ot

b
/|wwWﬁ<Luvn+mw—n>ngw+%w—a>

yioe xdde € > 0. Autd Belyvet ot

b
/HWMWSLW)

xa €ToL OAoxAnewveToL 1 anddelrn. O

Iépiope 1.1.6. Eotw a, b € R e a < b. Kdde xard tunuara C1 napauetpiopévn
kaumiAn vy : [a,b] = R™ elvar evvypaupionn kar o prjkog s eivar

b
Mw=/uwwa.m

IMopadeiypato 1.1.7. (o) Eow a, b € Rpye a < b xa f : [a,b] = R pla
C' ouvdptnon. Av v : [a,b] — R? elvor 1 mopopérpon tou ypaphpatoc e f pe
() = (¢, f(t)), t61€ N v elvan evduypouuiown pe pixog

b
uw=/\A+uwww

(B) H éMewhn oto ewdeldeto eninedo R? ue xévtpo 10 (0,0) xou nudovec 0 < b < a
ebvan 70 fyvoc tne C° mopapetplopévre xouroine v : [0, 27] — R? ue

~(t) = (acost,bsint).

(1/2 - b2 4 4 4 /4 7 Z 7
Av e = —— (n moodnTa auth elva YVOOTH we eExxevTpdTNTa Tng EMedng), ToTE

7o uixog TNg 7y dlveton amd Tov TONO

2m
L(v)=a V1 — €2 cos? tdt.

0

Enedn, 0 < € < 1, 0 ohoxhpwuo dev utohoyileton xou AEyeTon EANEITTIXG.

(Y) Eow z, y € R", pye ¢ # y. To eudbypoppo tphua ond 10  o10 y elvan 10
tyvoc e mapoyeTplopévne xaunving o : [0,1] = R™ pe o(t) = (1 — t)z + ty mou éyel
uixoc L(o) = ||z — y|| xau eivon 1 evduypappiown napopetptouévn xaundin and to
070 Y UE TO eNdytoTo prxoc. Oo dellouye pe éva BelTeEPO TEOTO OTL elvol XoUTUAN e
0 eENdyloTo ufxoc avdpeca oe dhec Tic O TapapeTplopévec xouTUAEC TOU GUVBEOUY
70 onueio x pe To onuelo Y yenooponowviog to Oewpnua 1.1.4. Eotw a, b € R pe
a < bxuy:a,b] — R pio mowdhrote C! nopopetpiopévn xopuniin pe v(a) = o xou
v(b) = y. Enedf o # y, vndpyet a < T < b térow0 dote (1) = x xou y(t) # x yw
xde T <t < b, Moyw e ouvéyetoc. Aol L(7y) > L(v|irp)), propolue yopelc BAILN
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e yevdTnoag vo unodéooupe and v opyh ot Y(t) # x vy xde a < t < b. T
a <t <b¥wouue f(t)=|y(t) — z| xou

1

= @ = 00~

u(t)

ondte |[u(t)]|? =1 xou y(t) =z + f(t)u(t). Mopaywyilovrag éyoupe

Y(E) = f(t)ul(t) + f(£)ilt)

xou ot u(t), w(t) etvon xddetor yia xdde a < t < b. Anéd to ITudaydpelo Oedpnua,

YOI = (f () + (F@)lla@)* = (f (t))?

vy xdde a < t < b. Xuvendg,

b b
L(y) = / |f'(®)ldt = / f/(t)dt‘ =[f(b) = fla)] = lly — =|.

1.2 Kavovixeg xaunOAeg

Y ouvéyela Ya Vewpolue TopoUETPIOPEVES XaUTORES TTOL eivon TOUAYLoTOV (XorTd
Tphpera) CL.

Eotw I, J C R 800 dwotfpota ot v : I — R™ xau § 1 J — R™ 800 Ct mopope-
Tplopévee xoumihec. Av undpyer wlo povétovr Ct ouvdptnon bt J — I ue h(J) =1
0oTE § = yoh, T6TE 1 0 AEYETOL avanapapéTpion TN Y xou £YEL TROPAVMS To (Lo yvog.

Av ta I, J elvon xhetotd SloaotAuata, toTE and to Ocwpnua 1.1.4 xou tny ahhaym
HETABANTAC Xatd TNV ohoxhipwon tpoxintel auéowe ot L(d) = L(7).

Efvor gavepd ot 1 xohkOtepn avamopapétolon plac C1 nopopetpiopévne xopmiine
elvon exetvn pe otadepd pnxog toydtntoag, m.y. (0o pe 1. Auth oumg evdéyetan vo uny
undpyeL, 6w ouufaivel pe Ty xopmOAn tou Hopadeiypatog 1.1.1(5).

Opwopde 1.2.1. Eotw I C R évo avoyyté ddotpa xot v : I — R ylo C1
TopaeTROUEVN xomOAn. H v Aéyetan kavovikn av 4(t) # 0 vy xdde t € I.

Av 1 C! nopopetpiopévn xoumohn v © I — R™ ebvon xavovind, emhéyovtag éva
onoodhmote tg € I opiletor ) C ouvdptnon h: I — R pe

h(t) = | 1I3(r)lldr,

to
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mou éyet B (t) = ||(t)]| > 0 yw xdde t € I. Tuvende, n h eivar yvhoio adEouoa, 10
h(I) etvor ovorytd didotnua xou LTdpyet 1 avtiotpoen cuvdptnon h~t : h(I) — I, 7
omola elvon eniong Cl ue

—1y/ 1 1
0O = = e

H h Aéyetaw ovvdptnon pnrovs tne . Eivar gavepd ott 800 cuvapthoelg urixoug tou
TEOXUTTOUY amtd BU0 SLopopeTixéc eMAOYES TO YEoVixoL onuelou ty Slapépouy ueTtady
TOUC WOVO xatd plo otodepd. MTn cuvéyela Yo YenoWoToloUUE ToV OpO 1) GUVERTNOM
unxoug TNe 7.

H C! nopapetpiopévn xoumodn & =y o h=t : h(I) — R™ eivon avomopopétolon tne
v Ue TorydTnTOL

5(s) = (WY (s) - 4(h~1(s)) .

REIGO)]
Suvende, [|0(s)]| = 1 yio xdde s € h(I).

A(h7H(s)), s € h(D).

Opwopde 1.2.2. Mia C! mopopetplopévn xoumohn v @ I — R™ Mpe 6 ebva
TapapeTpiojiern pe to urkos s av ||y(s)|| =1 yw xdde s € I.

Mopdderypa 1.2.3. H éhxa v : R — R3 pe octiva B > 0 xon o 27b > 0 diveon
am6 Tov TUTO
~v(t) = (Rcost, Rsint, bt)

xou €yt ouvdptnom wixoug Ty h: R — R ye h(t) = VR? + b2 - t. H avanopapétplon
ue to whxoc e ebvor 1 6 : R — R? mou diveton amd 1o THT0

, Rsin i , bs
R+ b2 VR + 02 VR?+ 12

‘Eva 6 evoapépov mapdderypo efval 10 ENOUEVO.

d(s) = (Rcos ).

IMopdderypo 1.2.4. Oo Bpolue TNV TopoUETEION YE TO UAXOS TNG XOUTUANG GTO
euxheldeto entnedo R2, 1 onolo xoavel amé o onpeilo (1,0), oto onolo epdrteton TOU
oplovTiou dEova, Beloxetal 6TO TEMTO TETAPTNUOELO, TEIVEL ACUUTTWTIXG TEOG TOV Xdrie-
T0 d€ova xan yopoxtneiletan amd TNV WLOTNT 0TL 6 %dde oNueio TN 1) EQATTOUEVT TNG
amoxémTETOL 0o Tov xddeTo dEova oe Eva eutiypoppo Tuiua otadepol wixoug (6o e
1. Avy: I — R? eivor y Ct nopopérpion pe to whxoc xon y(s) = (z(s), y(s)), 6mou 10
I elvon xotdhhnho didctnua meog xadoplold, TOTE Ol CUVTETAYUEVES CUVIRTAHCELS T, Y
XVovoTolo0Y TO (UNFYPUMInd) GUG TN SLaPOEIXMY EELGOOEWY

y(s) _ V1= (x(s))?

2'(s) x(s) ’
(@'(5))* + (y/(5))* = 1.

Avtxahotodvtag 1o y/(s) and v tpwn otn dedtepn odionwor, xatahfyouue oty

(28) -+
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Enedi n ouvdptnon x elvon Yetinr) xou @divel, éyovpe 2'(s) = —xz(s), eved z(0) = 1.
Yuvende, z(s) = €% xou 1 y divetow omd Tov TUTO

~v(s) = (e77, /OS V1—e2tdt), s>0.

Avuth n O nopayeTpiogévn xoumOAn elvol YVWoTH Ue TN Aatvixy| ovouacio tractrix.
A&iel va onuewwdel ot av xar To ohoxhipwua vtoloyileton, efvat To yprowog o TOnog
NS Y OTNY TOROTEV Yop®T, ool TapaywYiloviag To ohoxAfpwua Yo e€apavioTel.

1.3 Ou euxAeideleg LoopeTplieg

Y0ugwva ye Tov oploud Tou Euxheldn 60o oyfuata, T.y. Telywva, oto eninedo Aéyovio
1oodlvopa, dnhadn «loay, av elvar Suvatdv va yetagepVel To éva 6To dAAo pe pia xivnon
mou Satneet To wixn. H xivnon autr elvon plo amewdvion tou emmédou el Tou EauTOU
TOU TOU SLOTNEEL TIC EUXAEIDBEIEC OMOCTACELS TWV OTUELWY.

Kde éva-npoc-éva xou eni anewodvion F': R™ — R™ mou Swatneel Ti¢ euxheldeleg
ATOCTYCELS, ONAABY EYEL TNV 1BLOTNTA

1F(z) = F(y)ll = llz -yl

v xdle z, y € R™ Myetaw (evkAeidewa) wopetpia tou n-Sldotatou eUXAEBEIOL YDOEOU
R™. Etvor tpogoavéc ott 1o alvoro I(R™) dhwv twv toopetpidv tou R™ yiveton oudda,
av e@odlacTel e TNV TEdEn g oOvIEoNE AmEXOVIGEWY.

Mo xéde a € R™, 7 yetapopd xotd 1o Sidvuoua a eivon 0 Un-YeoUUXOg UETACY Y-
wotopos T @ R™ — R™ pe Tp(x) = = + a, mou eivar mpogovas wopetpia. To obvolo
OV TV YETapop®Y eivon utooouddo e I(R™), udhiota wwdyopen ye v (R™, +).

Mio dhAn xatnyoplo toueteidv eivar ol opdoyviol petacynuotiopol. Mio ypeopu-
ey amexovion f @ R® — R™ Aéyetan opfoycivios petaoynuatiojds ov SLatneel to
euXAe(BeEL ECWTERIXG YIvOPEVQ, dNAXDT

(f(x), f(y)) = (z,y)

v xdde z, y € R™. Tote ||f(z)|| = ||z|| v xdde x € R™ xou 1 f elvon ypoppixoc
wwopopyiopdc. To alvoro O(n,R) 6hwv twv opdoymdviny petacynuatiouoy tou R”
elvon uooudda tne I(R™) xou Ayetan opdoydvia oudda.

IMeétaon 1.3.1. Ia pia ypappuxn arewcovion f @ R® — R" ta napakdtw efvar
10odUvaua.

(a) H f eivar oploydivios petaoynuatiopds.

(B) H f anewxovila kdnowa opGoxavovikr Bion tov R™ ge opfoxavovikij Bion tou R™.

(y) Av A € R™™ efvar o nivaxas s | (ws npos tny kavovikn Pdon), tére ALA = I,
dnAadrj o A efvar avniotpédpiog kar A~ = Al

Anédaén. Eivoaw mpogavéc ot o woyvpopds (a) ouvendyeton tov (). O deifouye
ott o (B) ouvendyeton tov (o). Eotw howmdv ot undpyet xdnoto opoxavovixr Bdon
{v1, ..., vp} ToU R™ tét01a ddote 10 {f(v1), ..., f(vn)} va glvon entione opoxavovixd, Béon
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n n

Tou R™. Kdle x € R™ ypdgetun = = Z (x,vE)vg, ondte f(x) = Z (x,vg) f(vg), ener-

k=1 k=1
n

0% 1 f unotiVeton ypouux. And v dhkn yeptd dpwe, f(x) = Z (f(x)x, f(vg)) f(vg)-
k=1
Yovenoe, (x,vg) = (f(z), f(vg)) v x&de k = 1,2,...,n. Av wpa y € R" 1ot

Y= (U, vk)vp xew
k=1

n n

(f(2), f(y)) = (f(@), ) wson) fuw)) = Y (yon) - (f (@), fvr))

k=1 k=1

= <yyvk>'<$vvk>::<x7yy
=1

ol

Avuto Belyver ot 1 f elvar opBoydviog YETATYNUATIOUOC.
Téhog, av A € R™*™ eivon o mivaxag tne f wg mpog v xavovixd Béon {e1, ..., en },
01

AlA = (<f(ei)7 f(ej)>)1§i,jgn'

Yuvenoe, A'A = I, t61e xou pévov t6te btav 10 {f(e1), ..., fen)} etvor opoxavovut
Bdon tou R™. Auté delyver Ty tooduvapio tou woyvptopol () pe tov (o) xou tov (B). O

And v mponyoluevn Ipdtaon 1.3.1, npoxdntel ot xdde opdoyndviog yetaoyn-
wotiouog €yel opllovoa £1. T xdde n € N n ypouuwr| ancixévion a : R™ — R"
e

a(@1, 555, Tn-1,2n) = (L1555, Tn—1, —Tn)

elvon 1 avéhoon ©¢ mpoc to 0ptlovTio (n — 1)-8idotato unepeTinEdO X ExeL Blary VIO
oo

10 --- 0
01 --- 0
00 - -1
Yuvenne, deta = —1. H anemdvion opillovoa det : O(n, R) — {1, —1} elvon howndv e-

TOPPLOPOS ouddwy, dtav oto {1, —1} Yewpriooupe tov cuvnhopévo ToAaTAdclIopd,
omoTe Yivetan 1) xuxhixr) oudda ye 800 ototyeio. O muprvag lvon 1 xavovixr| UTOoUdd

SO(n,R) = {Ac R : A'A=1, xu detA=1}

mov Aéyetow adikn oploydrvia oudda. H SO(n,R) éyer detxtn 2 otnv O(n,R) xou
O(n,R) = SO(n,R) UaSO(n,R).

Mopadeiypata 1.3.2. (o) H otp00h oto R? xatd yovie 0 < 6 < 27 éyet nivoxo

Ry — (cos 6 —sin 9>

sinf cosf
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xa €lvon 0pUoYMVIOE UETAOY NUATIONOS. ATodeixvieTal eUxoha OTL
SO(2,R) ={Ryp:0<6 < 2rm}

XoL XoTd CUVETEW Efval LloOUoP@N HE TNV TOAAATANCLICTIXH OHAON TOU UOVAOLLOU
xoxhov St ={z€C:|z| =1}

(B) H neprotpogt tou R? xatd yovie 0 < 0 < 27 pe d€ova nepiotpoghc Ty eudela mou
nopdryet o Sidvuopa ep = (1,0,0) éyel mivoxa

1 0 0
Py=10 cosf —sinf
0 sinf cosf

xau etvor opoydviog petaoynuatiogds.  Aev elvar S0oxoho v amodetydel otl xdie
otoiyelo g SO(3,R) elvan ouluyéc oty O(3,R) ye xdmowa tepiotpopn Py. Me dhha
Aoy xde otoyeio tng SO(3,R) eivon nepiotpogt| tepl xdmolov dZova TEPLOTROYPHS
X0l WS TEOS XETOLYL YwVidL.

‘Evoc yprowoc Yapaxtnelodds twv opdoyOvnY PETOUCYNUATIOUOY UECH OTNV
opdda twv wopetpdy I(R™) eivor o axdroudoc.

AAppa 1.3.3. Av n f € I(R™) ka1 f(0) =0, tére f € O(n,R).

Anédein. And tic unodéoeic yioo Ty f mpoxinTel auéonwe ot

If @) = 1If (@) = Ol = [[f (=) = fO) = llz = Of| = [|]

yioo xde x € R™. And tny dAAn pepd, yio xdde x, y € R™ éyouue
1F @7 =2(f (@), FD +IF I = 1f(2) = FOI* = Nz =yl = ll=]* = 2(z, y) + Iyl

xou ouvenoe (f(z), f(y)) = (z,y). Anouéver howndv va deiloupe ott 1 f elvon ypop-
. Aol n f diatnpel o eowtepixd yvoueva, to oOvoro {f(e1),..., f(en)} eivan
optoxavovixt| Bdon tou R™. Tuvenag, yio xde x € R™ éyouue

n n

fl@) = (f(@), fler)) flen) =D (wex) flen).

k=1 k=1

Amd autéd mpoxinTel auéong 1 Yeauuuwotnta e f. O

Ot yeTaopéc xou oL 0pUoYMVIOL UETATY NUATIOUOL TUEdYOLY OAES TIC LOOUETEIEC TOU
R™ e tov napaxdtew anid tpoTo.

Ocedpnua 1.3.4. Ia ki F € I(R™) vrndpyovr povadicd a € R"™ ka1 f € O(n,R)
wote F =T,0 f.

Arédaén. Av a = F(0), tote yio Ty wopetplo f = T, 1 o F woyler f(0) = 0. Ané
o Afupa 1.3.3, n f elvon opBoyodviog petaoynuatiopos. Ta v yovodixdtnto, ov
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undpyouvv b € R™ xaw g € O(n,R) dote F =T,0 f =Tyog, 16t f=Tp_q04g xu
cOd
0= f(0) = Ty—a(g(0)) = Tp—q(0).

Autod buwe onualvel ot b — a = 0 xou xotd cuvéneta enlong f = g. O

Me &\ha Moy yioe xdde F € I(R™) undpyouv povadixd A € O(n,R) xou a € R
owote N F va divetaw and tov tno F(z) = Az + a vy xdde z € R*. Edwd, n F
etvon C° oupidagdpeion tou R™ ue napdywyo DF(z) = A oe xdde onuelo x € R™.
‘Otav det A = 1, e ot 1 woopetpia F datnpel Tov tpocavatohops tou R3, evéy dtov
det A = —1 Aéue 0Tl TOV AVTIOTREPEL.

1.4 To eEwtepnd YwopeEVO GTOV Yheo R

Avo duatetoyuéveg Pdoec tou R™ Aue o1l opilouv Ttov (Blo mpocavatollond ov o
mivoxag addayric Bdong amd tny ula oty SN €xel Yetinn opiCouca. Auty elvon pio
oyéon woduvoploc oto cUvorho GV TwVv dlatetaypévey Bdoewy tou R™ ue oaxpBoc
0o xhdoeic woduvapiog. Kdéde pla and autéc tic 800 xAdoelg ooduvauiac Aéyeton
évag mpooavatodiouds tou R™. Yuyfoatixd, 0 TpOCAVATOMOUOS UE AVTITEOTMOTO TNV
Srotetarypévn xavovixn Bdon [e1, ez, ..., en] Aéyetar o Jetikds mpooavatodiouds touv R™.

A< AZ

Ao Dy

Eotw u, v € R3. T %89 z € R? ouyPorilovye pe (u,v, ) Tov nivoxa pe oThlec
o BlavioaTO U, v Xou T, Pe auTh T ddten. H ameévion ¢ : R? — R pe

o(x) = det(u, v, x)

elvon ypauuxr. XUVETWS, UTEEYEL Eva LoVadixd SLdvuoua, Tou cUUBOACOVUE UE U X v,
TETOLO OOTE
det(u,v,z) = (u X v, z)

yio x&9e z € R3. To didvuoua u X v Myeton e£wTepikd YvOLEVo TOU U UE TO V.
Av u = uje; + ugses + ugeg xow v = vieq + vaey + vzes, TOTE

(ux v, e1) = det(u,v,e1) = ugvz — ugva,

(u X v, e9) = det(u,v,es) = ugvy — uvs,
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(u X v,e3) = det(u, v, e3) = ugve — ugvy,

onhad
U2V3 — U3VQ
UXV=|UuUzvy —uUv3
U1V — UV1

And g WoTNTEC TV 0pWloucHY X TNV TEAEUTHO ToPEdoTACT Tou eEmTERPOD
YVOUEVOU UE GUVTETAYHEVES, TEOXVUTTOLY OECWE Ol TOPOXATL WLOTNTES:
(o) To e€wtepind YVOUEVO Elvon AVTIOUMHETEIXO, ONAOdH U X ¥ = —¥ X u.
(B) To e&ntepind yvouevo eivor Stypouuixd, dNAadY 0 u X v e€upTdTon Ypouuxd ond
TO U oL OO TO ¥ EEYWELOTE.
(Y) u x v =0 t61€ *01 PbVOV THTE HTOY T U, U ElVOL YpoUXd EEUPTNUEVAL.
(8) To u x v eivon x&deto otat u xaL v.
(e) Av o u xou v ebvon ypoupixd aveZdpTtnra, TOTE

det(u,v,u x v) = [Ju x v||*> >0

xou GUVETEC 1 dlateTorypévn Bdon [u, v, u x v] Tou R3 eivon Yetind mpocavatolouévn.
(07) (u x v) x w = {(u, w)yv — (v, w)u vy x&e u, v, w € R3.

(©)

(v z) = |

yio xéde u, v, w, z € R3. Edwd,
lu ol =l - [Jol? = (u,0)?.

Me Ao Aoyt to uhRxoc |lu X vl eivar (oo ye to eufaddv ToL TUPCAANAOYPAUUOU UE
TAEUPES Ta BlavdopaTo U, v.

(n) A6 v 86T (OT) %ot TN CUPPETELXOTNTA TOU ECOTERIXOU YIVOUEVOU TROXUTTEL
APECKS OTL TO EEMTEPIXO YWVOUEVO IXAVOTIOLEL T1) TowTOTNTA Tou Jacobi, dnAadn

(uxv)Xw+ (vxw)xu+ (wxu)xv=0

Yo %x&de u, v, w € R3. Etot 10 eZwtepnd YoUEVo 6Tov dlavuouatind yoheo R3 eiva
ol OVTIOUPUETEWXT OLYQOUUIXT| ATEIXOVIOT), TOU IXAVOTIOLEL TN TautdTnTar Tou Jacobi.
To Lebyoc (R3, x) ebvon éva and o onpavindtepa mopodelyuota dhyeBpac Lie, yiotl
elvan 1o6uopyn pe v dhyeBpa Lie e opddac Lie SO(3,R).

Hpbtoon 1.4.1. Av f € O(3,R), téte
fu) x f(v) = (det f) - f(u x v)
yia kdle u, v € R3.
Anédeatn. Tw xéde = € R3 éyoupe
(f(u) x f(v), f(z)) = det(f(u), f(v), f(x)) = (det f) - det(u, v, z)
= (det f) - (u x v,2) = (det f) - (f(u x v), f(2)),
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agol 1 f elvon opBoydviog uetaoynuatiopos. Enedn n f elvon ypauuxodg loopopploudc,
E0XA NOLTOV ETUHOPPLOUOC, TEOXUTITEL OO oUTO OTL TO BLEVUGUL

fu) x f(v) = (det f) - f(uxv)

ebvan x&deT0 o€ Gha o Baviopata Tou R3 amd dmou to cuurépaoua. O

1.5 To nAatocwo Frenét

Eotw I C R éva avoryté didotrua xou v : I — R ploa C3 nopouetolopévn xoaumin e
0 pfixog . Téte oe x&de ypovixd otypr s € I 1o Sidvuoua g TayvTnTag J(s)
efvon x&deto 670 didvuoyua e emmdyurons 4(s). H C1 ouvdptnon s : I — [0, +00) ue

K(s) = [5(s)l

AEyeTow KaumuAdTnTa Tng .
Y ouvéyeta Yo umtodétoupe ot K(s) > 0 yia xdde s € 1. Oétoupe

T(s) = 4(s), N(s)zﬁ-ws), B(s) = T(s) x N(s).

H Sotetorypévn Baon [T(s), N(s), B(s)] tou R3 eiven opdoxavovixs| xow Yetind mpoco-
vatohopévn yio xde s € I. H xwvoluevn dwotetarypévn Bdon [T, N, B] xotd pixog g
v héyetan mAaioo Frenét tng 1.

Enedd) n v unotideton C3, n T : I — R ebvon C? xow ov N, B : I — R3 elvor CL.
Méota, yio xdde s € I 1o didvuopo B'(s) etvon ouyypouuxd tou N(s). Hpdyuortt,
€Y OUUE

B'(s) =T'(s) x N(s) + T(s) x N'(s) = T(s) x N'(s)

xou oLVeTAS o B'(s) eivan xddeto 610 T'(s). And tnv dhhn pepwd, agov | Bl =1, to
B'(s) etvou xddeto oto B(s). Autd ornuaiver ot to B'(s) eivan ouyypopuxéd tou N(s).
Trdpyel howmdy ula cuveyhc ouvdptnon 7 : I — R dote

B'(s) = —7(s)N(s)

v xde s € I. H ouvdptnon 7 Ayetan otpéyn tne 7.
Yuvohxd, 1 ueTaBoAr) Tou Thauctou Frenét meprypdpeton amd toug mapaxdte TOTOUC.

Oenpnua 1.5.1. (Torol tou Frenét, 1847) INa kdde C3 mapapetpronévn kaumin
pe to unkos s 7y : I — R e kauruvAdtnta k > 0 ka1 otpéyn T 1w0xVovy o1 napardtw
tomno:

T = kN
N' = —kT +7B
B = —TN

Arodegn. Moévo n deltepn wodtnta yeewdleton va amodetydel. Eyouue

N' = (T,N"\T + (N,N')N + (B, N")B
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xou yperdleton vo utohoyicouye Touc ouvieheotée. Enewdt| || N||? = 1, nopaywyilovtag
éxoupe (N, N') = 0. Avéddoya, enedh (T, N) = 0, nopoywyilovtog Peloxouue
<T7N/> = _<’Y=N> = _<"€N7N> = —k.
Téhoc, napaywyilovtac v (B, N) = 0 mpoxintetl ot
(B,N'Y = —(B’,N) = —(—7N,N) =7. O
IMopdderypa 1.5.2. Ou unohoylcouye 1o Thaioo Frenét, tnyv xoumuidtnto xou
oteédn tne éhxag pe topauétpouc R > 0, b > 0. H napopéteion pe to uixog tng elvou
ny:R—R3 e
v(s) = (Rcosws, Rsinws, bws),

1
6mov w = ——————. [Mapavwyilovtac dVo wopéc Beoloxouue
T2 ey popéc Pe W
—Rwsinws —Ruw? cosws
T(s) =*(s) = | Rwcosws xon §(s) = | —Rw?sinws
bw 0

LUVETOS, 1) XOUTUAOTNTO Elvol

. R
K(s) = [|5(s)ll = s 0.

Me évav anhd umohoyioud Beloxoupe eniong

— Ccosws bw sin ws
N(s) = | —sinws xaw B(s) =T(s) x N(s) = | —bw cosws
0 Rw
[Mopaywyilovtag to TeAeutaio €youye,
bw? cos ws
B'(s) = | bw?sinws | = —bw?N(s).
0

Yuvenng, 1 oteédn e Ao elvon
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AZ{Ter va onuerdooupe ot €8¢ to Sidvuoua N (s) etvar mdvto optlbvTio xon Sebyvel
npoc¢ Tov xdieto dZova. To yeyovog otl 1 xaumuioTTa xon 1 oTeédn Tng EAxoc elvon
otoepEg GUVOPTATELS, T1) Yoo TNEIlEL, OTKS Yo BOVUE dpYOTERN GTO TOPOV XEPAANLO.

IMpértaoy 1.5.3. To tyvog piag C3 mapapetpiopéyns kaumiAng pe to unKos g
v : I = R pe kaunuAdtnta K > 0 ka1 otpéyn T mepiéyetal o€ eninedo TOTE KA1 UOVO
wote otav T = 0.

Anédein. To tyvog tng v mepléyetan o€ eninedo, yio cuvtoyia 1 v elvan eninedn, tote
xou P6vo T6TE 6Tay umdpyouv T, ¥ € R3, ue ||yl = 1 dote (v(s) — x,9) = 0 yia x&de
s € 1. Av oupPaivel auté xou [T, N, B] eivon 1o mhaioto Frenét e v, napaywyiloviag
000 @opéc, to Y eivan xdleto ota T'(s) xaw N(S) xou cLUVETOS ouYYEoUUXS Tou B(s)
v xdde s € I. Adyw tne ouvéyetog, B(s) =y y xdde s € I 1 B(s) = —y ywo xdde
s € l. Yuvenoe, T =0.

Avtiotpoga, av 7 = 0, t6te 1 B elvor otadepr. Emiéyouue éva omoodrmote
s0 € I xou Yewpolpe ) C? ouvdptnon ¥ : I — R pe (s) = (y(s) — v(s0), B). Agol
¥(sp) = 0 xou ¢/ (s) = (T'(s), B) = 0 vy x&e s € I, oupnepaivouye ott 1 = 0. Autd
delyver oL 1 v elvon eninedn. O

Mépwope 1.5.4. To tyvos piag C3 rapauetpiopévng kaumiAng je to unKos g
v : I = R pe xaurvAétnta k > 0 ka1 otpéyn T elvar w6€o kUKAov téTe ka1 uévo ToTe
otav T = 0 ka1 n Kk etvar otaepn.

Arédaén. Av to yvoc tnc v v 1620 xhxhou ue xévipo a € R3 xou activa R > 0,
twte T = 0, and v Hpdtoon 1.5.3. Av [T, N, B] elvou 1o mhadoto Frenét tne v, téte
n B eivon otadepn xan (B,(s) — a) = 0 yio xdde s € I, dnwg delyvel n oamddeiln tng
Ipbtaone 1.5.3. Xuvende,

V(s) —a = (T(s),7(s) —a)T(s) + (N(s),7(s) — a)N(s).

Aot ||y(s) — al|? = R? yia x&e s € I, napaywyilovrac, (T(s),v(s) —a) = 0 xou
Toporywyilovtag oxoua pla gopd

(r(s)N(s),7(s) = a) = =(T(s),T(s)) = —1
v xde s € 1. Hoapoywyilovtag tpltn @opd TpoxUTTEL OTL
(' ()N (s) + K(s)N'(5),7(s) — @) + (k(s)N(s),T(s)) =0,
ondte K (s)(N(s),v(s) —a) = 0, dnhadh n k eivar otadepr. Buunepoopotind,

’y(s)—a:—%N(s) nol H,:%.

1
Avtiotpoga, éotw ott 7 = 0 xou 1 k > 0 elvon otadepr. Av B =y + EN’ TOTE

. 1 1
=4+ —-N =T+ —(—xT) = 0.
K K
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Yuvenae, undpyet a € R? 1é1010 dote

yioo xde s € 1. Autod Selyver ot to fyvog tne v elvon 160 *xOxAou PE XEVTPO TO @ Xo

L1
oxtivo —. O
K

1.6 H esuxAiedeia xatdtaln Twv *xounOA®Y O©TOV
yopo R?

Eotw I C R éva avoyté didotnue. Avo O mopapetplopévec xoumilec pe to pixog
Touc 1, Y2 : I — R3 Myovion 10080vajieg, av utdpyet pio woopetpla F € I(R3) dote
Y2 = F o1 Ewwd, av n F' elvon yetapopd, t6Te oL xounUAeg Aéyovton mapdAAnAes.

Eotw ot ot 71, Y2 eivor C? TopapeTplopévec XoumOAEC PE TO UAXOC TOUC, UE XO-
umuiotnteg k1 > 0, kK > 0 xou otpédelc 71, T2, avtioTorya, TOL eivon LGOBUVOHES ol
F € I(R3) dote v9 = F oy, Sopgwve pe 10 Oedpnua 1.3.4, undpyouv povedixd
A€ OB,R) xu a € R? dote F(z) = Az + a vy xéde z € R3. Eotw [T}, N;, Bj]
to mhaioto Frenét tne 4, @ = 1,2. Hoapaywyilovtag, and tov xavéva tne aluvcidog
Beloxouue

Ta(s) = Ja(s) = DF(71(s)) - 71(s) = A-91(s) = A - Ti(s)

v xdde s € I. Tlapaywyilovtac deltepn gopd, J2(s) = A - Ha(s) v xdde s € I,
enedn o A elvan otadepdg mivoxag. Ilpoxdntel howmdy ot k1 = Ko, agod o A elvo
opYoydviog xau xatd ouvémewr No(s) = A - Ni(s) vy xdde s € 1. Xpnowonowhvrog
v Hpdétaon 1.4.1 unohoyilouye ott

BQ(S) = TQ(S) X NQ(S) = (A . Tl(S)) x A - Nl(s))
= (det A)- A- (T1(s) x Ni(s)) = (det A) - A- By(s)
vy x&de s € 1. Yuvenog,
To(s) = —(Ba(s), Na(s)) = —((det A) - A - Bi(s), A - Ni(s))

= —(det A) - (B1(s), N1(s)) = (det A) - 71(s)

vy xdde s € 1.
To mponyolueva delyvouy ot 1 xopumuldTnTa xou 1 oteédn (uéyelc mpooruov) eivo
avaholwteg omb euxheldeteg oopetplec Tou R3. Mdhota efvon mAhen avokholwmTo.

Oewpnpe 1.6.1. Eotw I C R éva avorytd Gidotnua kat v1, v2 : I — R? 6o C3
TAPAUETPIOUEVES KAUTUAES UE TO UNKOS TOUS M€ kaumuAotntes k1 > 0, kg > 0 kai
otpéeis 1, To, avtiotorya. O1yy, Yo €lval 10060vaueS TOTE kKal UOVO TOTE OTay K1 = Ko
KAl Ty =Ty 1) K1 = K2 KA1 Tp = —To.

Anédeaén. O umohoyioyol mou nponyrinxay anodexviouy to evdi. o to avtictpogpo,
UTOVETOUPE TPMTAL OTL K1 = Ko xou 7] = To. Eotww ou [T}, Nj, B;] eivar to mhaioto
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Frenét tnc i, @ = 1,2. Emiéyoupe éva sg € I. Trdpyel €vag povadnosg Yeouixog
wwopoppiopée A tou R? (mivaac adhoyhe Bdone) dote

A- Tl(SO) = TQ(S()), A Nl(SO) = NQ(S(]), A Bl(SO) = BQ(SO).

Eneid1] o mhaioto Frenét etvon 9etixd mpocavatoMopuéves Slatetoryuéves opdoxavovinég
Bdoec tou R3, xat” avdyxn A € SO(3,R), and v Ilpétaon 1.3.1. H anexdvion
F:R3— R e

Fa) = A-z+ (72(s0) = A-m(s0))

elvar howtdy euxdeldetor toopetpla pe F'(y1(s0)) = Y2(s0). Oa deiloupe ot F oy = 7o.

[t aut6d apxel vor amodelEouUe 0Tl AUTES OL U0 TUPAUUETPLOUEVES XOUTONES €YOUV TNV

Bl Tyt e Aot 6t0 cuyfolioud Vétouvue F oy = 0. Lougova ue éoa

mponyRonxayv, av [T, N, B] eivar to mhaioto Frenét tng 6, té6te T'=A-T1, N =A- N

xaw B = A - By, eve) 1 6 €yel xoumuhOTNTaL K1 = Ko xou oTeédn T = To. Edwd,

T'(so0) = T2(s0), N(so) = Na(so), B(so) = Ba(so) xou apxel va dei€ouvye ot T' = Th.
Ocwpotpe ™ C ouvdptnon g: I — R pe

g(s) = [T(s) = Ta(s)|* + [IN(s) = Na(s)||* + [ B(s) — Ba(s)|*.
Ané 1o Oewpnua 1.5.1 €youye

1
50 =T T2, T ~T3) + (N = No,N' = N3) + (B~ By, B' ~ By)

= I{2<T—T2,N—N2>—|—<N—N2, —I{2T+TQB+I{2T2—TQBQ>—T2<B—BQ,N—N2> = 0.

Enred) g(so) = 0, ouvunepaivoupe ot g = 0. Katd ouvéneia, T' = T.
H anddeln oty neplntwon nov k1 = kg xot Tp = —To ebvan (Bla, emAéyovTog Tov
Tivaor ahharyrig Bdong A tétolo wote

A-Ti(sg) = Ta(s0), A-Ni(so) = Na(so), A-Bi(so) = —DBa(so)

onéte A € O(3,R) ye det A = —1. Etol, ndh 1 d éyer xoapumuddtnta ke xou oTpédn
—T1 = T9. O

Mopdderypa 1.6.2. Eotw v: R — R3 pla C? nopauetpiopévn xoumihn pe 1o pixog
TNg Tou €yel oTodepEg xaUTUAOTNTY K > 0 %o oTEéYN T. LOupova Ue To TEONYOVUUEVO
Ocwpenua 1.6.1, n 7y elvon 10000voun pe EAxa.  LOUQVIL UE TOUG UTOAOYIOUOUS TOU
7]

xou AU 2T ———.
TR INVIT 7TI{2+7_2

Hopadetypatog 1.5.2, 1 éhxa €xet oxtiva R = #

Io voo ohoxdnewdel 1 xatdtoln Twv xouniAny yeeldletal Vo €YOUNE xou Eval
amotéheopa vhonoinong.  Anhad vor amavTHOOUUE GTo gpd TN Told Lebyn cuvap-
THCEWY UAOTIOLOUVTOL OC XUUTUAOTNTES Xt oTeédel xauniiwy. H andvinon ¢ autod
TO EPWTNUA OIVETAL AT TO TOPOXATE,

Oewpnpe 1.6.3. Eoww I C R éva avorytd dudotnua. Ta xdde C1 ouvdptnon
kI — (0,+00) kar kde ouveyri cwvdptnon T : I — R vrdpyer pia C? rapapetpr-
ouévn kaumiAn pe to pnikos sy 1 I — R3 mou éya kaumuAdtnta K ka1 oTpépn 7.
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Anédeiln. T xdie s € I Yewpolue TOV AVTIOLUPETEIXO THVOXQL

0 K(s) 0
H(s)=| —k(s) 0 7(s)
0 —7(s) 0

Emhéyouue éva sop € I. And v Omapdn xan T LovadxdtnTo AOGEWY VLol TO YROUUULXO
cVOTNUO BLUPOPIXWY EELGHOEWY

X'(s) = H(s) - X(s)

oto yoHpo R¥*3 undpyer povadd C hoom tou X 1 T — R3*3 ue apywed ouvdinn
X(s0) = I3. Enedr o H eivar avTIoUUPETEXOC, EYOUUE

(X'X) =(XYWX4+X'X = X)X+ X'X' =(HX)'X + X'HX
= X'HX + X'HX = X' (-H)X + X'HX =0.
Yuvenoe, X(s) € SO(3,R) v xdde s € I, Moyw tng ouvéyeloc. OEtouue TthHpa
vi(s) = (X(s))7te; v xdde s € I, 4 = 1,2,3 xou Yewpolpe tnv C? nopopetpiopévn
wopmOAn v 1 I — R3 pe
~v(s) = / v1(t)dt.
50

H Bratetorypévn Béon [v1(s), va(s), vs(s)] tou R? eivor opdoxavovied| xou Yetind mpoco-
vatohopévn. Erniong, §(s) = v1(s) v xdde s € I xou 1 7y elvon TopaueTplodévn Ye to
Ufxog TNg, VD

v = KU2
vh = —Ku +Tv3.
vh = —TUy

Av [T, N, B] etvou to mhaioto Frenét tne «, 161e T = v1. Agol ¥(s) = v (s) = k(s)ve,
Ny éxel xopmuhotnta [|5(s)|| = K(s) xou N = vg. Téhog, v3 =v; X vy =T x N = B
XL GUVETC 1M Y €yl otpédn 7. O

1.7 Mia epoproyr TNV NAEXTEOOLVOULXT

H xivnon evéc niextpiopévou omudtiou pdloc m xow nhextexol @optiou ¢ und TNy
enidpoom nhextpopayvnTixol nedlou diéteton amd Ty e€lowor tou Lorenz

dv
m— =q(E+vx H),

omou v etvon 1) ToyUTNTa, F ebvan 1) évtaot Tou nhexteixol medlov xan H 1) évtact tou
Hory vnuixol mediov, mou Yewpolvton C°. Trovétouue 0Tl dev UTdPYEL NAEXTEXO TES(O,
onAady) E = 0. Anodewvieton ott 1 xvntixr evépyeta napauével otadepn ot Sudpxela
e xbvnone. Av howmdv v 1 I — R? elvon 1 C°° mapopetpiopévn xoumdin 1o {yvog e
omolag etvol 1) TROYIA TOL BLYPAPEL TO CWUATIO, TOTE ¥ = vV X0 UTOpOLUE Ywpelc BASSN
NG YEVIXOTNTAS VO UTOUEGOUUE OTL 1) 7Y EIVaL TIOIRUUETRIOUEVY) UE TO UAXOS TNG.
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Trodétouue tHPA OTL TO YoryvnTxd Tedio elvan oTaTd xaL OUoYEVES, dnhadh To
ddvuopa H efvar otodepd e mpoc tov ypdvo xat tov yoheo. Av [T, N, B] eivor o
mhadoto Frenét tng v, n egiowon xivnone tou Lorenz ypdgpeton

msN =qT' x H
omou k eivon 1 xaunuAdTTa e . THopoywyilovtac we mpog tov ypdvo
m[k'N + k(—kT + 7B)] = ¢k N x H
omou T elvon 1 oteédn e . Katd cuvénela,

0= (qgsN x H,N) = m«’ + k(—kT + 7B, N) = mx’

xa 1 7y €YEL OTERT) XOUTUAOTNTA K.
INa vo unohoyiooupe ) otEédn e v Topaywyilovue TV

1
B=TxN=—%x%
K

xan Bploxouye

B = %7 XY = %T X [%(T/ x H)]
= %T x (N x H)] = -1 x (N x H) = ——[(N,T)H — (H.T)N] = q<7;LH>N.

Kotd ouvéneia,

Enewor) n v ebvar C°°, 710 (610 elvon 10 mhaioo Frenét tng xou n 7. ToapaywyiCovtag,

T’:—%(T’,H> =L xH),H) =0

4
m

3 =

am6 Ny e&lowon xivnong tou Lorenz. Yuvenng, 1 otpédn 7 elvon otordepn.

Av n apyw) tayvtnta T'(0) = 4(0) pe v omola t0 cwudtio elcépyetal 0TO Loy VIF
6 medlo ebvan xddetn oto medio H, tote 7 = 0. X" auth) Ty mepinTtwon, To cwudtio
Brarypdiper xuxhxr Teoytd ot eminedo xddeto oto H, and 1o [ldpopa 1.5.4. AXhunde, 7
TEOYLA TOU CWHATIOV Elval To (yvog plag EAxag e oTeéEdN

AN
m
X0l XOUTUAOTN T
. q
k= [7(0)l = —~IIT(0) x H]

oUupwva pe to Topdderypa 1.6.2.
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1.8 Aoxnoeig

1. Eot v : I — R™ plo xavovixh C nopopetpiopévn xoumihn dote v(t) # 0 yio xdide
tel. Av urndpyel tg € I, ecwtepind onueiov Tou dothuatog I, T€Tol KoTe

V()| = nf{lly@)] - ¢ € I},

vor amodetydel ot to Staviopara y(to) xou §(to) elvon xddeto

2. Eotw v : I — R™ pla xavovie) O napapetpiopévy xourohn wote ||[v(s)|| = 1 yiot
xdde s € I. No anoderydel ott ta Savioparta y(s) xou 4(s) ebvon xddeta yio xdde s € 1.

3. Eow v: I — R" pia O nopopetpiopévn xoumihn xon v € R™ un-undevixé. Av to
SravOoyparta () xou v ebvar xddeta yio xde ¢ oto Sdotnuo I xou vndpyet to € I dote
o y(tg) xou v vo givon xddeta, vo amoderyVel ot ta y(t) xou v glvon xddetar Yo xdde
tel.

4. Na anodetydet ot 10 ufxoc tne mopaPBoric 22 = 2py, 6mou p > 0, and to onuelo
2

(0,0) péypt to onueio (a, ;—), 6mou a > 0, elvon (oo e
P
1 2 1 2
2—(& /a2 + p2 +p2logw>‘
P p

5. Eotw v : I — R? plo C! nopopetpiopévn xopumidn xou (r(t), ¢(t)), t € I, n wopph
¢ o€ moAwég ouvteTaypéves. Av a, b € I, a < b, vo anodeyel ot

b
L) = / VIO T ()2 (@ )2t

6. No omodetydel o1t o ufxoc tou Ayvioxou tou Bernoulli, dnhedf e C! mopope-
TEWOPEVNG XOUTOANG, NG OoTolog Ol TOMXEC GUVTETAYHEVES IxavoTooly TNy e&icwon

4 7T 7. e
r? = 2a? cos 2¢, 6moL lp| < VR xat 0 a > 0 elvar otodepd, woolTton Ye

T
2aV/2 /0 mm.

7. Eotw b< 0 < axoy: I — R?n C! nopopetpopévn xopmiin ue
v(t) = (ae” cost,ae’ sint),

mou Aéyeton hoyopriuxy onelpa.
(o) No amodetydel ot t_l}gloo’y(t) = (0,0) %o tl}lﬁloofy(t) = (0,0).

(B) Av T € R, vo amodetydet ot 10 . 1121 L(7lir,) undpyer. Towd eivon 1 Ty Tou;
— 100

8. Eotw v : I — R? pia xavovixh C? mapapetpiogévn xoumihn Ue cuUVEpTNOT WAXOUC
s: I - R Eow B =~v0s!:s() — R?n avanapapétolon tne v Pe 10 UAXOC
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me. Opiloupe we xapﬂu)\.gﬁmw k(t) tnc v oto onueio
B(s(t)), onpadh k(t) = [|B(s())[l. Av y(t) = (=(t), y(?)

(

) —
O = o r e |

t) Ty xaunuhéTnTa TG B oTo
, t € 1, vo anodelydel ot

(
)

9. Na unoloyiotel To mhaiolo Frenét, n xoumuiotnto xan 1 oteédn tng C°° napoustet-
opévng xoumodng v : (—1,1) — R3 pe
+(s) = (1—i—s)3/2 (1—3)3/2 i)
3 ’ 3 V2

10. Eotw v : I — R? pio C3 nopopetplopévn xoumdhn UE To PAX0C TS UE XOUTUAGTNTY
k> 0 xou otpédn 7. Av A = 7T + kB, 6nov [T, N, B] eivor 10 mhaiowo Frenét e v,
vo amodely el ott ol Tonol Tou Frenét etvon 1oodUvopol pe toug

=AxT, N =AxN, B =AxB.

11. No amodetydel o1t T0 fyvoc Tne Tapapetpopévng xoumoine v : R — R3 ue
~v(s) = (3 cos s, 1 —sins, — o8 s)
elvon évag xOxhog xou vo evpedel 1 e&lowon tou emnédou Tdvew oo onolo BeploxeTal.

12. Eotw v : I — R? plo O3 mopapetplopévn xoumdhn pe o phAxoc tne pe mhoioto
Frenét [T, N, B], xaumulétnto k > 0 o otpédn 7 # 0.
() Av 7o {yvoc e v Peloxeton endve oe plo opalpa xévtpou a € R3, vo amodetydel
oTL
1 K'(s)
V(s) —a === N(s) + s = B(s).
k(s) (k(s))?7(s)

(B) 'Eotw ot n v elvor C*. Av k' # 0 xou 1 cuvdptnon
1 N 1% 2
k2 k2T
elvon otardepn, var anodeyvel ot To (yvog TNne 7y Peloxeton endve oe ula ogalpa.

13. Na anodeydel ot 1 nopauetpiopévn xoumodn v : R — R3 pe

s V3s . s
~v(s) = (2\/_+\/_sm\/_ 02\/_ WG smﬁ)

elvon €hixa. Na evpedolv eniong ula tumxy) éhxa Ygp ue mapauétpoug R > 0, b > 0
xou plo euxdeldeto woopetpla f: R? — R3 étol dote v = f o ygy,.

14. Eotw I C R éva avouyté ddotnua xon v : I — R3 plo xavovied C2 napapetpiopévn
xoumOrn. Eotw h i T — R n ouvdptnon pixouc tne v xou B = vyo h™t : h(I) — R3
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1) AVATOEOPETELON TNG Y UE To phxog tng. Yrodétouue ott 1 xoumuhdTnTa TNg 3 €lvon
novtol Yetn|. Opiloupe we xaumuldtnra £(t) xou oteédn 7(t) e v oto t € I v
XOUTUAGOTNTA Xou TN oTEédT, avtioToya, e B oto h(t). No arnodeydel ot

3 x50
A oI
ICIOREION(0)

19(8) < ()|
vy x&de t € 1.
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Kegdharo 2

Aclec emipdveiec otov Ydheo R’

2.1 Boaowéc €vvolec

Eva ovoho M C R3 Méyetou Aefa emgpdvea av xdde p € M éyel ulo avory T nepioyh V
otov ko R3 yia ty onola undpyouv éva avolyté olvoro U C R? xou pio amewdvion
¢ U — M e tig mopaxdte WoTnTeg:

() H ¢ elvan opolopopgiopde tou U eni tov VN M, Snhadh 1 ¢ elvan ouveyic,
évarmpoc-éva xon p(U) =V N M, evdr 1 ¢~1 : VM — U ebvo enfone ouveytc.

(B) H ¢ etvor C™ xan yia x89e (u,v) € U 1 nopdywyoc Dé(u,v) : R? — R3 ebvou
YEUUUXOC LOVOUOPPLOUOS, ONhadY, av ¢ = (1, P2, P3), Ta dtavhopata

5 8¢1 U, v)
D¢(u,v)(e1) = 8—3(@4,2}) = (Zz‘z’z (u, v)) Xol
%(u,fu)
P 8L'Z}(u,v)
Do (u,v)(ez) = 3 (u,v) = (f(u,fu))

%) B(u.)
u,v) i) =2 (u,v
Do ( (a%( ; %( : ))

el t4En 2 v xdde (u,v) € U.

H amexovion ¢ : U — VN M Aéyeton tomkn mapapérpion tne M xou n avtiotpopn
¢~ VNM — U olotnua tomkdy (ui-ypaupirev) owvtetaypuévor otny Teploy
VN M ~ou onuelou p otnv M.

Mopadetypata 2.1.1. (o) Eotw U C R? éva avowyté ovoro xow g : U — R pla
C* ouvdptnorn. To ypdgnua tne g ctvor To UTOGUVOLO

M = {(u,v,g(u,v)) : (u,v) € U}

25
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tou R®. H amewdvion ¢ : U — M pe

¢(u,v) = (u,v,9(u,v))

elvar opologopoiouéc tou U ent tou M, agol 1 aviictpoen ¢~ : M — U eivon
n meoPolr} oTic BVo TEHTeC cuvieTaypéves. Emmiéov, n ¢ elvon C xou o xdde
(u,v) € U éyer toxoflové mivaxa

1 0
Do(u,v) = 0 1
99 99
ou Ov

ToL €yl T8N 2. LUVETKS, To Yedpnua M ulag C™ cuvdptnong dVo uetofAntdy cival
Aelo empdvela. ES6 1 tomx| napopétplon ¢ xahinter bk tnv M, dnhadh ¢(U) = M.
[ot autd to Aoyo 1 M Aéyetan odikd TapapeTpiopuérn oamd Ty ¢ xan 1 ¢ hEyetow oAikn
rapapétpion tng M.

(B) H ogaipa pe xévtpo 1o onueio (0,0,0) xou oxtiva R > 0 elvon to olvoho
S% = {(z,y,2) € R®: 2% 4% + 22 = R?}.

Av p = (x0,y0, 20) € S?%, TOTE XAMOL0 AT TO T, Yo, 2o OV elvan (oo pe to 0. Ac moldue
otL zg > 0, dnhad1 10 p Beloxetan 6o Bopeto nuiogaipto. To (avorytd, Snhadr ywelc Tov
loNuEEVG) Bopeto nuispaipto etvar To olvoho VNS%, érou V = {(z,y,2) € R3: 2 > 0}.
AvU ={(u,v) € R? : u? + v? < R?} xau ¢ : U — S% elvou ) ometxcdvion pe

¢(U,U> = (U,’U, \% R2 —u? — U2)7

t6te P(20,Y0) = p xou 1 ¢ omeoviler opotouoppxd to U ent tou V N S%, vt n
¢~V NSE = Uebvun ¢ x,y,2) = (2,y), tou ebvor ouveyhic. Emmiéov, 1 ¢ elvon
C> xou e x80e (u,v) € U éxel oxnflavd mivaxa T wopghic

10
Dé(u,v)= (0 1
* %

mou €yel taEn 2. Av 2y < 0, t61€ 10 p Ppeloxeton oTO VOTIO NUoPaipto X Loy bouY Ta
B, ov emhéEoupe V = {(2,y,2) ER3 : 2 < 0} xaw v ¢ : U — S% pe

o(u,v) = (u,v,—V R% — u? — v2?).

"Etol éyouue YUpw omd x&de onuelo p € S% pia tomue| mapopéteon e Sg, extoc
omd ta onuela Tou onuepvol. Av to onuelo p elvon oTov lonuepvd, 10T 29 = 0 xou
éva amd T T, Yo OV elvon too ue o 0. Av m.y. yo > 0, To p BploxeTton 0T0 AVATOALXO
NUOQAELO XAl UTOPOVUE VoL ETOVOAGBOUPE OAAL ToL TROTYOUHEVA YLl T1) BEUTERY) CUVTE-
Taypévn ot Véon e teltng. Ouota 6tay zg # 0. Me autdy Tov TOTO XoAITTETOL
ONOXATIET) 1) OPalpo UE TOTUXES TIUPUUETEYOELS XAl VLol AUTOV TO AOYO elvan Aclol ETLpdvELaL.

To mopdderypo Tne opalpac amoTeAEl XY TepinTwon piog YeEVIXOTEPNG XAAONG
TapABELYUdTwY, Tou Talpvouue amd o Osdpnua Twv Hemheyuévov Yuvaptioewy, xou
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elvon T oOvola Moewv e&iomoeny e wopphc f(z,y, z) = 0, dtou n nparypatx C*°
ouvdptnon f wovonotel xatdhiniec unodéoelc. lotopd, autdg ftay o oploudS TNe
empdvelag mou d00nxe and Tov G. Monge oo TéAn Tou 180u cuwva.

Eotw A C R3 éva avoryté otvoro xor f: A — R pio C* cuvdptnorn. Top € A
Néyetow kpiowpo onueio e f, ov Df(p) = 0. X nepintwon avth 1o f(p) € R
reyetow kpioun nun e f. 'Eva ¢ € R Aéyetou kavovikr) tiun e f, 6oy 10 clvoho
otwdune f1(c) = {(z,y,2) € A: f(z,y,2) = c} dev nepiéyer xavéva xploto onueto
e f.

Oewpnpe 2.1.2. Eow A C R3 éva avorytd otvoro kar f : A — R pfa C™
ouvdptnon. Av o ¢ € R etvar kavoviki Ty g f, wéte o avodo ordduns f1(c)
elvar Aela emgdvea.

Anédaén. Eotw p = (20,%0,20) € f~1(c). Agol 10 ¢ eivor xavovrd T tne f,
éyovue Df(p) # 0 xou unopolue, yweic BAIBYN tne yevixdnrog, va unodécouvue ot

&(p) # 0. Oewpolpe Ty anewdévion F 1 A — R3 pe

Fl,y,2) = (z,y, [(2,9,2)).
H F eivon C° xou oe xdde onueio (z,y,2) € A éxel oxnPlavd mivaxa

1 0 0

DF(a,y,2)= [ 0 1 0

0 2] 0
L@y.2) Sry.2) G2

0

Yuvende, det DF(p) = 8—f(p) # 0 xou and 1o Oedpnua e Avtiotpopne Anedviong

z
untdpyet wio avouyth mepoy) V- C A tou p tétowr wote 1o W = F(V) elvon avoryto
uToctvoro Tou R3 xau o meplopiopde Fly : V — W e F oto V eivar C™ opugidio-
pépon. H avtiotpoon (Fly) ™! divetar amd évav thmo avéhoyo pe autdv tre F, yio
av F(z,y,2) = (u,v,t) 6te u =z, v =y xu t = f(z,y,2). Me dhha AoyLa, undpyet
ula C° ouvdptnon g : W — R dote

(F‘V)_l(u7 v,t) = (u,v, g(u, v,t))
v xde (u,v,t) € W. Ilpogavie, z = g(u,v,t) xo

(f 0 (F|V)_1))(U,U,t) = f(u,v,g(u,v,t)) =t

v xdde (u,v,t) € W.
v—L R

F —1
(Flv) [ Fo(F|y)~ ' =rpofor

w
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To cOvoho U = {(u,v) € R%: (u,v,c) € W} ebvor avoryté oto R?, enedh 1o W eivon
avolyté otov R3 xou

F(fYe)nV) = {(u,v,¢) : (u,v) € U}.
H arewévion ¢ : U — f1(c) pe
¢(u,v) = (u,v,9(u,v,c))
ebvan TOpa Tomxh mopoételon tou f1(c) pe ¢(U) = f1(c) N V. Auté Selyvel ot o

oivoro otédunc f1(c) etvan hetor empdveta. O

IMopadeiypata 2.1.3. (o) O (opddc xuxhindc) xOAvdpog e axtiva Bdone R > 0
ebvor T0 olvoro otddune Cr = {(z,9,2) € R® : 22 + 42 = R?} = f~Y(R?),
omou f @ RP — R ebva n O ouwdptnon pe f(r,y,2) = 22 + y2.  Agol
Df(z,y,2) = (2,2y,0), 10 R? elvor xoavovixd T e f. Tuvende, o xOvdpoc etva
helo emupdvela.

(B) To povéywvo urepBohoetdés elvar T0 GUvoro oTddung

M ={(z,y,2) eER®: 2?4942 — 22 =1} = f71(1)

2

e C ouvdptnong ve f(x,y,2) = 22 4+ y? — 22 elvou Aela ETLPAVELY, YIOTL TO LOVAOLXO

xplowo onueio e f etvan to (0,0,0).

(v) Eotw a > R > 0. To clvoho

M = {(z,y,2) €R®: (Va? +¢*> —a)’ + 2° = R*}

Myeton tépoc xou ebvon Aefe emipdveto otov R3. B3O éyouue M = f~1(R?), 6mou
f:R3\ {(0,0,0)} — R eivor n C°° cuvdptnon pe

f(xvyvz):(vx2+y2_a)2+22

TOU €YEL LXWPBLVO Tvoal

/TR ) VTR 0 )

ot x&de orpcio (z,y,2) € R3\ {(0,0,0)}.

i =
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Yuvende, o R? etvon xavovied T e f %o o tépoc ebvon Aeta emipdveto.

‘Onwe eldope oty anddeiln tou Ocwpruatog 2.1.2, 1 emupdveio 6 TIUNG HAVOVIXAC
e plag C°° ouvdptnong elvar Tomxd to ypdgnuo piog C°° cuvdptnong. Xtny
TEOYUATIXOTNTO. OTOWBHTOTE Aclar emipdvela unopel vor xahugiel and tétolou eldoug
TOTUXES TUPAUUETEHOELS.

Oewpnpe 2.1.4. Av M eivar pia Aefa empdvea otov ydpo R, wére yia kdbe p € M
urdpyer pia avorery mepoyri V. tou p otov R dote to VN M va efvar to ypdenua
kdrowrg C* owvdpTnong.

Anéoaén. Eotww ¢ : U — M pla tomxy mopopéteion e M yipw and 1o ornuelo
p = ¢(uo,v0). Av ¢ = (1, ¢2, P3), 0 lxwPlavoe Tivaxag

D(ug,vo) = 66—u(uo,vo) 6@T(uo,vo)

_j(UO)UO) a—:(uO,’Uo)

€yer T6&n 2. XYuvenwe, xdmow (amd ta teior) 2 X 2 UTOUTAGX TOU €yEL Un-UNndeviX
optlovoa. Trodétoupe, ywelc PAIBN e yevixdtntag Aotndy, 6Tt

%(uo,vo) %(uo,vo) 0.
a—j(uo,vo) a—f(uo,vo)

Ané 10 Oedpnua tne Avtiotpoone Aredvione vy v G = (¢1,¢2) : U — R2,
untdpyet plo avoryt] epoy) Uy € U tou (ug,vg) wote 10 G(Up) va eivar avoryto
uroctvoro tou R? xau 1 Gy, : Uy — G(Up) C° opppidiapdpion.

Uy —2>—— M

-1
(G'UO) )IA ¢'O(G‘U0)71

G(Uo)
Av topa (s,t) = G(u,v), 6mou (u,v) € Uy, 161 5 = ¢1(u,v), t = Pa(u,v) xou

(¢O(G|Uo)_1)(8a t) = ¢(u’ U) = (@1 (ua U)a ¢2 (u’ U)’ ¢3(u’ U)) = (3’ ta (¢3O(G|Uo)_1)(8a t))
Anhodr, 1o ¢(Up) elvon to ypdpnuo tne cuvdptnong ¢s o (Gly,)~ L. O
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IMopdderypa 2.1.5. O (dvw) xdvog givon 10 UTOGUVORO

K ={(z,y,2) eR’: 2= Va? +y?}

tou R3 xou dev etvan helo emupdvera, yiotl oe pio 0c0dhmoTe pixer| teployr 1o onueiou
(0,0,0), mou etvan 1 XOELYPT TOL XOVOL, 1) LOVABXTH CLVEETNOT WS TEOC (T, Y) TS ontolag
Yedonua evar o K eivon 1 g(z,y) = /22 + y2, mou dev ebvar dapopiown oto (0,0),
eve 0 K xovtd 7o (0,0, 0) npogovde dev elvar Ypdpnua xauiog HovoTUNS cuvdptnong
wc mpog (z, z) H e wpoc (y, 2).

2.2  Amnewovioelg enipavelny

Ex0ombdC TNG MapAYedPou aUTAS lval 1) ELoaYwY Y| EVVOLIC BLopopioHING ATEXOVIONG UETO-
&0 empavewdv. H évvola tng dragoplodtntag anexovicewmy mou opllovto e avolytd
UTOGUVOAYL EUXAEDEWWY YOpwY elvon Totxy|. Enedr xdie empdveior Tomxd neprypdipe-
ot o6 €vor OO TN TOTUXWY CUVTETAYUEVOY, EVOL PUOLXO VAL ATOXAANOVUE Blapopioun
ular amewdvion Ue medlo optopol plo emupdveto oy e€opTdton dlapoployla and T TOTXES
ouvtetaypéves. ‘Ouwe, yior vor 6TéxeL €vag TETolog 0plopog, Yo TEETEL VoL unv e€opTdton
oo TNV EMAOYT) TOU CUCTAUNTOS TOTUXWY CUVTETOYUEVGYV.

Eotw U C R? éva avoryté oOvoho xou ¢ : U — M pia tomxh mopapétplon ne
empdvelag M. ‘Eotw oxdua (ug,vo) € U. Av ¢ = (¢1, d2, ¢3), 0 toxwPravog mivaxag

%(uo,vo) ﬁ( ug, Vo)
D(ug,vo) = g—j(uo,vo) 52 (uo,v0)
6_u3(u07U0) %(UO,’U(])

€yel T6En 2. Aol xdmolo 2 X 2 umounAdx Tou €yel un-undevixt| optllovoa, ywelg BAALT
NG YEVIXOTNTOG,UTOROVUE Vol UTOVEGOUNE OTL

%L (ug, vo) 22 (ug, vo)
éz_(u(bv()) az_(u(]vv(]) #0

H O onewévion @ : U x R — R3 pe
D (u,v,t) = (¢1(u,v), pa(u,v), p3(u,v) +t)
enexTelvel ( «moyalvely) TV TOTXY TOPUUETELON @ PE TNV EVVOoLd OTL
O (u,v,0) = ¢(u,v)

xa €YeL lxBavo Tovoxa
0

Do (u,v,t) = 66_(%”) 66—v(u,v) 0

1

oe x&e (u,v,t) € U x R. Enedn det D®(ug,vp,0) # 0, and 10 Oedpnua tne
Avtiotpogne Amexdviong undpyer uio avowyt meptoyry Uy C U tou (ug,vp) xou
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xdmowo 0 > 0 dote 1o V. = P(Uy x (—6,0)) va elvar avorytd umocivolo Tou
R xu q F = @y x(—ss ebvon C™ augdiagopion. Me o Aoy, 7 C ap-
egépion F~1 1 V. — Uy x (—4,0) enexteiver ( «moyoivel») Tov 0POLOKOP@LOUS
(@lue) ™t d(Up) — Uy, apoty F1(d(u,v)) = (u,v,0) yio xdde (u,v) € Up.

‘Eotw topa v : W — M uia 6ebtepn Tomxny| napauéteion tne empdvetag M, énou
0 W C R? elvor éva avotytd olvoro xou ¢(ug,vo) € ¢(U) N (W), To ohvolo
P Hp(U) Np(W)) ebvor avolyté 070 R? %o 0 (Un-Ypoiindc) PETOTYNUATIONOC oA
YHAC TOTUXWY CUVTETUYUEVGY

¢~ o THB(U) NY(W)) — ¢~ H($(U) N (W)

elvon C°° aupidLapoplon, yioth eivan €vo-tpoc-éva xou entl xan emAéyovtag to Up, omeg
Tponyoupévee Hote emmhéov ¢(Uy) C =1 (p(U) Np(W)), éxouue

(¢! o) (u,0),0) = F~H(1(u, )
Yo %x&de (u,v) € w1 (d(Up)).

Optopoc 2.2.1. Eotw M plo heto empdvelo otov R3. Mia ouvdptnon f: M — R
Myetu CF, 0 < k < oo, av yia x84 onucio p € M urndpyel plo tomxh Tapouétolon
¢:U — M tnc M pe p € ¢(U) dote 1 ouvdptnon fo ¢ : U — R va eivor CF.

O nponyoluevog oploud etvor aveEdpTnTog omd TNV ETAOYT TNG TOTUXNAS TUPUUETEL-
ong, ywtt av ¢ : W — M eivon pior dettepn tomxr nopopétpion pe ¢(U) Nyp(W) # @,
e fo = (fog)o (o7l o) xw ¢ o9 ebvon C° oupidlagdpon oto
YU A(U) Np(W)). Suvende, 1 f o) eivan CF oto =1 (U) Np(W)) 16te xou uévo
t6t€ btV 1 f o ¢ eivan CF 670 ¢ H(P(U) N (W), Edixd, étav 1 f ebvor C da
AéyeTton Aeta.

Optopoée 2.2.2. 'Eotww M; xou My 300 helec empdveiec otov R3. Miu aneévion
f My — My Myeton CF, 0 < k < 00, av yio xdie onuelo p € M urdpyouv uia
Tomuny| mopapéteon ¢ 1 Uy — My e My pe p € ¢(Ur) xou plo Tomx mopopételon
¢2 1 Uy — My e My pe f(¢1(Ur)) C ¢2(Usz) dote 1 anexdvion

qﬁ;lofqul:Ul—)Ug

va ebvor CF.

‘Onwe TponyouUEvVeS, 0 0plonog dev e€apTdTal At TNV ETAOYT| TWV TOTUXMY ToRo-
ueteriocwy, yiatt av iy : Wi — My xou g : Wo — My elvon plor dhkn tétolar emhoy,
01

Pylofour =y ogg)o(dy o fopr)o(dr! o)

%ol ot 1/)1_1 o ¢1, ¢2_1 o ¢ eltvar C° aupidlapoploeic.

H omewdvion <;52_1 o fopy: Uy — Uz héyetu tomkn napdotaon tne f ¢ Tpog Ty
EMAOYT| TWV TOTXOV TopopeTeoewy ¢1 @ Uy — My tng My xou ¢ : Uy — Mo tng
M. Eivaw tpogavéc amd tov oploud ot xde CF ameicdvion empavetdhv eivan cuveyrc.
‘Orav 1 f elvan C°, Yo anoxahelton Aela areikdévion empaveidy.
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Optopdg 2.2.3. Eotw My o My 3o Aelec empdveiec otov R3. Mia aneixdvion
f o My — My Méyeton (Aefa) apgidapdpion empaveidy av eivon Eva-tpoc-éva, enl, Ae-
fo amencdvion empaverody xon n f L1 My — My ebvou emiong Aslo aneixévion empovetdv.

Ewdwd, xdie oupdlapdpion empavelndv eivon opologoppionds. Ao heleg emupdveleg
My xon Mo Aéyovton apgioiagopionues ov UTdpyeL xdmota aupdlapoeior f: My — M.
Téte ou My xou My elvon «wodpopgecy ota mhadoto e (Atagopixfic) Tomoloyioc.

IMapdderypa 2.2.4. 'Eotww a > b > ¢ > 0. To elewpoetdéc ye nudoves a, b xou ¢
elvon 1) emupdvela oTddung

22 2 22
M:{(x,y,z)ER?’:g—i-b—z—i-?:l}.

Eotw R >0 xou f: R? — R3 0 ypouuixdc 10ouop@lopée e

a b ¢
f(:Evyvz) - <E$7 Eyv E'z>

Téte, f(S%) = M xou flsz, : 5% — M elvon apgidlogpdpton. Suveraoe, 1 opalpa (ue
omowdhnote axtiva) etvon oppdlagopiown ye to eherfoetdéc.

2.3 Egantépevo eninedo xou nopdywyog

Eotw M plo helo empdver otov R3 xow p € M. ‘Evo Sidvuopo X € R? Méue ot
elvan epantopevo tng M oto onueio p, av undeyet wla C°° TopoueTEIONEVT XAUTOAN
v i (=€ €) = R3 v xdmowo € > 0, pe v((—€,€)) € M, 4(0) = p xu %(0) = X. To
GUVOAO OAOY TWV EQATTOUEVLY SLovuoUdTwy TNg M oto ornuelo p Aéyeton eparntouero
eninedo g M o7o p, mou cuPoriletan pe T, M xon yiveTon BLAVUCUATIXOS YWEOS UE
OLdo oot 2, OTwe Oely Vel 1) TaHEAUX T TEOTACT).

IMpétaomn 2.3.1. Av U C R? efvar éva avoyté odvodo ka1 ¢ : U — M elvar uia
tomk1) napapérpion tng M, pe p = ¢(u,v), ya kdnow (u,v) € U, tdte

T,M = D¢(u,v)(R?).

Arédaén. AvY € R? xou 0 : (—e,€) — U, yw xdmowo € > 0, evor onoladhnote
C> mnopayetpiopévn xaunOin we o(0) = (u,v) xau 6(0) =Y, téte v = ¢ o0 éxel
7(0) = p xou ¥(0) = Dp(u,v)(Y), and tov xavéve tng odvoidac. Autd Belyver ot
D¢ (u,v)(R?) C T,M.

Avtiotpoga, éotw v : (—€,€) — R3, yia xdmowo € > 0, pio C° mapapetpiopévn
xounOAn e Y((—e,€)) C ¢(U), v(0) = p. Enedr n ¢ tomxd enextelveton oe pla C
APBLPSELoT avoLy THY LTOoLYORWY Tou R3 | brwe eldape oty TpoNYOLUEVN TaRdy Po-
9022, 10 =¢ toy:(—¢€) = U eivoan O nopopetpiopévn xouroin e o(0) = (u,v)
xow D (u,v)(6(0)) = 4(0). Auté detyver ot T,M C D(u,v)(R?). O
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Ané v Ipbdtoon 2.3.1 xau v unddeon ot n Do (u,v) eivon ypouuxds Lovouope-
PIOPOS TEOXVTTEL OTL TO
{ ot S}

amotedel Béomn tou Ty () M. Xpnowomowdviog Tou ouufoliopole Tne anédeline g
Hpbtaong 2.3.1, av X € T, M éyoupe

08 o6
X = Xla_u(u7v) +X28_’U(U7U)

T6TE XU WOVO ToTE Oty 6(0) = <X1>.
X

IMopdderypa 2.3.2. Eotw A C R? éva avoryté olvoho xou f: A — R pio C
ouvdptnon. Eotw ¢ € R plo xavovixdh tph tne f xow M = f~(c). Avp € M xo
X € T,M, vrdpyer plo C™° mopauetelopévn xounohn v : (—e,€) — M, yio xdmoto
€ >0, pe v(0) = p xau 7(0) = X. Agol f(y(t)) = ¢ vy xdde [t]| < €, napaywyilovrac
éyovue Df(p)(X) = 0. Auté detyvet ot T,M C KerD f(p). Eneidn 1o ¢ eivan xavovixt
Ty, To onueio p Bev elvan xplowo onueio TN f %o CUVETMS O BLVUCUATIXOG YWEOS
KerDf(p) éye. Sidotaon 2. Kotd ocuvénew, T, M = KerD f(p).

lNo xéde p € A undpyer éva povadind didvuopo Vf(p) € R této10 dote
Df(p(Y)=(Vf(p),Y) yaxdde Y € R. Ipogavae,

(p)
()
(p)

xaw v p € M, To egantouevo eminedo T, M civar 10 oploymvio cuuTAfpwuc Tou
1-81dotaton utoydpou Tou R? mou mupdyel To pn-pndevind didvuoyua V £ (p).

Vfp) =

Q| Q| V|
l\z|*ﬁ© |“hi~% |*H

‘Eotw My xou My 800 Aeleg empdveleg otov R3 xou f: My — Ms plo Aetar amet-
x6vion emgoverdy. Eotw p € My xaw X € T,Mi. Av vy : (—e,€) — M, yio xdmowo
€ > 0, eivon onotadrinote C™ noapopetpopévn xouniAn pe v(0) = p xau 7(0) = X, t6te
nfoy:(—e€e€) = My eivar C mopayetpiopévn xaunOhn oty My, Ocwpolye plo
Tomuxt) mopauétpion ¢1 : Uy — My tne My pe p € ¢(Up) xon pior Tomxy| nopopételon
¢2 : Uy — My wnc My pe f(p1(Ur)) C ¢2(Us). Trdpyer 0 < 6 < € tét010 OOTE
Y((—=0,6)) C ¢1(Ur), hoyw tne ouvéyetag.

Avo=¢ oy (=6,8) = Up xau 6(0) = <§1>, T0T€
2

_ v O O
X - Xlw +X2W

Agol gb;l o(fory)= (qﬁ;l o f o) oo, mopaywyiloviog, TEoXITTEL A6 TOV XAVOVOL
e shuotBoc ot 1 Tay TN TS ¢y Lo (f oY) oto ¢y H(f(p)) eivau

D(¢3" o fod1)(d7 " (9)(6(0)).
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Av howmdv ¢2_1 o fo¢r = (f1,f2), 161 N Tory 0T TN f 0y 070 f(p) Elvan

(Lo mnx+ 2o one) 52+ (o onxs Z2 o mix ) 52

oL €€APTATAUL HOVO ATO TO EQUTTOUEVO Bidvuoua X € T, My xon peMGToL YRUUUXS, EVE
elvon ave&dpntn amd v C™° napaueTplopévn xoauniAn v otnv Mi, o¢ taybtnta tng
omolag vAonoteltal aTo anuelo p.

Auté delyver ot opileton xohd n amewxovon fip @ TpyMy — Ty Ma mou oty
oot X = 4(0) e v oo p avtiototyel Ty to e tne foy oto f(p). Emmiéoy,
1 OmEXOVIOT) AUTH efvan YR Xot O TVOXAC TNS WS TTREOS TIC OLTETAYUEVES BAoElC

dp1 Oy Op2 02
[%, W] TOL Tle pideis [%, W

} Tou T, Ma elvon o toxwfBiovog mivaxog

D(¢5" o fo¢1) (67 (p))

e avtioTolyNe TomXC ToEdoTAOTG %—1 ofopr e f we mpog Tic emAeYPEVES TOTUXES
napapeterioeic. H ypauund anewmodvion fip AyeTton 1 mapdywyos tne Aelag aneoviong
ETUPAVELDY f GTO omuelo .

Me avdroyo tpomo opiletan 1 mopdywyYog fip @ Ty M — R plac Aetag cuvdptnorng
f M — R ypiag Aelog empdveiog M.

2.4 Ilpoocavatoliowpeg enipdveleg

Eotw M pio heto empdveto otov R3. Av ¢ : U — M ebvon plor Tomied opopéteton tne
9¢ 9¢

"o
pllet évav TpocavVaTOAGUS TOU EQUNTOPEVOL ETUEBOU Ty ») M o€ %&e onueio d(u,v).
Eotw ¢ : W — M pla dedtepn tomund nopopétoion tne M, émou to W C R? eivan éva
avolyth obvoro, wote ¢(U) Np(W) # . Hupaywyiloviac v ¢ = ¢po (¢~ o)) oto
P HA(U) N (W), olugpwve e Tov xavbve. Tne ohuctdoc oupe

Dw(u7v) = D¢((¢_1 © ¢)(U7U)) © D(¢_1 o 1/1)(%”)

M, émov to U C R? ebvor éva avoryté ohvolo, téte 1) dlartetorypévn Béon 0

Av hourdv
D(¢™" 0 )(u,0) = <Z; Z;) 7
o 6_1/)(% v) =an 8¢((¢_1 o) (u,v)) + a21%((¢_1 ° ) (u,v))
ou ou ov
N

00 () = any g (67" o), 0) + g (67" o) (w0)
yioe %x&de (u,v) € Y L(d(U) Np(W)). Luvendy,

2 ) x 2 a1, 0) = (@ — anans) - 92 (67 o) (,)) x S2((67" 0 )1, 0)

<25 99

= det D(¢™" 0 ) (u,v) - ((¢_ ° 1) (u,v)) X %((Wl ° 9)(u,v)).
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Auto onpalver otL ol SateTaypéveg Bdoeig
9¢ 99| 19y 9
ou’dv|’ [Ou’ v
opiCouv ToV (810 TpacavVUTOMOUS GTo EanToueva enineda tng M ota onueia Tou cu-
vorou p(U)Np (W), dnhadh det D(d~torh) (u,v) > 0 dtav (u,v) € w1 (d(U)NY(W)),
TOTE XU UOVO TOTE 6TV
1 oy 8_1/) 1 09 09
Hau X BUH au Ov Hau X 8UH 811, a?}

Opwopog 2.4.1. Mia Aela empdvela M Aéyeton mpooavatodionun, av umdpyet uio
OWOYEVELL TOTUXOY TORUUETENOEWY @5 : Uy — M, i € I, yio xdmoto ahvolo deixtov 1,
énou 0 U; C R? €ivoa €va VoL TO GUVOAO, (OTE

) M = U i (U;) o

iel
B) detD(eqﬁ o ¢;)(u,v) > 0 yioo xdde i, j € I pe ¢;(U;) N ¢;(Uj) # & xou xdde

(U’U)GQSJ'_ (@2( )m¢J( ))

Oehpnua 2.4.2. Mia Aeia empdveaa M otov R? efvar npocavatodioiun téte kar pévo
TOTE Otav undpyel pia A€la aneikovion emeaveidy

N:M— S?

émov S? = {(z,y, 2) € R: 22 +y?+22 = 1} eivar n povadaia ogaipa, éove o Sdvvoyua
N(p) va etvar kdOeto oo epantduevo eninedo TyM ya kdle p € M.

Z

X

Arnédein. Eotw ot M elvon TpocovaTOAGLUN X0l CUVETOS UTHEYEL Uiot OtXOoYEVeELa

TOTWXOY TopopeTeoewy ¢; 1 U — M, i € I, 6mou ta U; C R2 i € I, eivon avouytd

obvoha, kote M = U(bi(Ui) or det D(¢; ! o ¢i)(u,v) > 0 vy x&de i, j € I ye
iel

Gi(U3) N 65(U) # & wen xdde (uv) € 671 (6u(U3) N d5(Uy). Stgevet pe dou

mponyHunxay, ToTE oplleTon Xahd 1 omeméwan N:N — S? ue

1 00
12261 () x Zi(6; (p))|| O

(67 @) % 2567 v)),

N(p) =
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otav p € ¢i(U;), mou eivon heior xou 1o N (p) va eivon xddeto oto T M yio xdde p € M.

Avtiotpoga, é0tw ot utdpyet plo Aeta amewévion N @ M — 52 dote 10 N(p) va
elvon xddeto ot0 eantéuevo eninedo T, M yio xdde p € M. YTrdpyet pio (aprdurown)
OWOYEVELL TOTUXWY ncxpcxpsrpﬁoewv Y U= M, i€l é6mov U; = (—1,1) x (—1,1),
wote M = U ¥i(U;). Enedn 1o U; eivon xotd t6E0 oUVEXTiNG GUVORO, €YOUUE

el
1 57/% 0Y;
N(i(u,v)) = Haipl X 20 u * o
v %&de (u,v) € U; A
1 aﬂli 0Y;
N(¢i(u,v)) = Hé)wl % 6% ou % ov

yio xdde (u,v) € U;.

Yy meodTn mepintwon VETovue ¢; = 1P;. 3TN OelTERT TERITTWoT), VewEolUE TNV
avéhaon g : R? — R? ue g(u,v) = (u, —v), onéte g(U;) = U; xon Yétouue ¢; = ;o0g.
Aol det g = —1, and Tov xavova NG ahucidoag TEOXUTTEL AUECWS OTL

1 O 0
(@Z(’LL U)) Haqﬁl < 8(;51 ou x %

yio xde (u,v) € U; xaw xdde @ € I. And autd xou tov Pooixd UTohoYLoud Tou xavoue
oY oEY1| TNG TOPOVCAS TOEAYEAPOU CUUTEROLVOUUE OTL

det D(¢;* 0 ¢;)(u,v)
|det D(¢; ! 0 ¢;)(u,v)|

Yioile 4, j € T e 6u(U5) 1 65(Uy) # & xan xéde (u,0) € 67 (64(U) 1 65(U)).
Suvende, det D(é; ! o ¢;)(u,v) > 0 xon n M eivor tpocavatoliown. O

=1

Av n M ebvar plo mpooavatohlown Aelo empdveto otov ywpo R3, téte plo Aelo
amecdvion empaveyy N @ M — % dote 70 didvuopa N(p) va ebvon xddeto oto
epantéyevo eminedo T, M g M vy xdde p € M Aéyeton mpooavatoAiouds 1 amer-
kérion Gauss e M. Av n M ebvon (xartd t6Ea) cuvextind urmoohvoro tou R3, téte
uTdpyouv axpeBne 800 Tpocavatoliouol g M, and to Ocdpenua tne Evoidueone Twhc.

IMopdderypa 2.4.3. Eotw A C R? éva avoryté olvoho xou f: A — R pio C
ouvéptnon. Eotw ¢ € R plo xavovied T tne f xow M = f~1(e). Souowva pe o
Hopdderypa 2.3.2, 1o eqantépevo eninedo T, M clvor 10 oploy®dvio cuUTAfipUN TOU
1-81dotatou unoytpou tou R? tou Tapdyel To un-undevind diévuoua V f(p). Suverde,
n heto amewévion N @ M — S? mou Sivetan ané tov tOn0

_ L
VAl

elvan mpocavatohopos tne M. ‘Etol xdde emgpdvela otdiung xovovixnc Tung plag
C*° cuvdptnorng eivar Tpocavatohloyn.

Vf
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[Tpémel va onueiwlel 0Tt 1 €vvola TNE TEOCUVATOACHIOTNTAC EIVAL TOTOAOYIXT Xou O
yveouetexr. Eniong, xdde Aela empdvela eivon tomxd npocavatihioyr), agol opiletan
mdvtor évag mpooavatolouds oto G(U) and pla tomxd napopétpion ¢ 1 U — M, ye
Tomo

1 0¢ 0¢

N(¢p(u,v)) = H H "B X D0

2.5 H mpwtn Yepehindng popon

Eotw M plo Aelo emgdvere otov R3. T xdde onuelo p € M, o neploplopdc tou
ouvihopévou euxheldelon eowtepinol Yvouévou tou R? oo epantéuevo eninedo T, M
Ho Blvel Eva ECWTEPIXO YIVOUEVO

() :T,M x T,M — R

70 onolo €yet Aela e€dptnon and 1o onueio p, dnwe Vo e&nyndel napoxdtw. H avtiotoym
tetpaywvix popg I : T,M — R, mou diveton and tov timo I,(X) = (X, X), Myetu
mpaTn Uepedicrdons popen tne M oto ornueio p.

Eotw ¢ : U — M plo tomxd nopepétoion tne M, émou 1o U C R? ebvon éva avoly té
obvoro. Eotw (u,v) € U. T xdde X € Ty, )M vndpyouv povodixd Xi, Xo € R
OOTE

_ . 99 99
X = Xla—u(u,v) + XQ%(U,'U).
H npdtn epehiddne popen tne M oto onueio ¢(u,v) diveton Aotndv and tov t0mo
99 9¢ 99 9¢
I¢(u,v)(X):<X7X>:<X18 (u v)+X2a ( 7?})7Xla ( )+X2a (u U)>

= B(u,v)X? 4+ 2F (u,v) X1 X2 + G(u,v) X3,

6mou €youue YEoeL

E(uﬂ}) = <%(uvv)v %(uﬂ)»’
F(u,v) = (%(u,v), %(u,v)) xolL
Gl) = (5 0,0, S )

Ot ouvoptioe E, F, G : U — R Ayoviar ouvrtedeotés g mpadtng JepeAicnrdovs
HOPPIS WS TEOC TNV TOTXN TopaéTELon ¢ xou elvon C°°. Autd onuolvel OTL To ECHTEPXO
YWOUEVO Tou €Y0UUE 0T0 egantouevo eninedo T, M €yel Aelo e€dptnon amd to oruelo
.

Eotw a, b€ Rye a < bxu v : [a,b] - M pio C™° mopoeTplopévn XoUmiAn Ue
v([a,b]) C @(U). Av o =¢ Loy = (01,02). T0 ufxoc Tnc v diveton amd Tov T0TO

/ VE@®)(04(1)? + F(o()at (1)o5(t) + Glo(t)(05(0)2dt.
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Mopadeiypata 2.5.1. (o) To (opldvtio) eninedo M = R2? {0} elvor olxd
TOPUUETELOUEVY ETLpAVELD amd TNV Topopéteion ¢ : R? — M ue ¢(u,v,0). Edo éyoupe

L A
u 0’821_0

on6te E(u,v) =1, F(u,v) = 0 xou G(u,v) = 1 yio %8¢ (u,v) € R2.

o

(B) O x0wvdpoc Cr = {(z,y,2) € R3: 2% + y? = R?} pe axtiva Bdonc R > 0 déyeton
v touxy| topapéteion ¢ : (0,27) x R — Cg ue

¢(u,v) = (Rcosu, Rsinu,v)

oote ¢((0,27) x R) = Cr \ {(R,0,2) : z € R}. "Eyouye

06 —Rsinu 8(;5 0
0 Rcosu |, 90
Y 0 v 1

onéte E(u,v) = R?, F(u,v) =0 xou G(u,v) = 1 yio x&de (u,v) € (0,27) x R.

@)

(v) H ogaipa S% = {(z,y,2) € R3 : 2% + y* + 22 = R%} axtivac R > 0 unopel va
TUPUUETEIOTEL MO TIC CPUUPIXES CUVTETAYHEVES, ONANDT| EYEL TNV TOTUXT| TUPAUUETELON
¢:(0,m) x (0,2m) — S% e
¢(u,v) = (Rsinwucosv, Rsinusinv, R cosu).

To ¢((0,m) x (0,2)) etvan n 5% ywplc Tov TpdT0 PeonUBevé. ‘Exouue

06 RcosucQSv 96 —Rlsmusmv

— = | Rcosusinv |, —=— = | Rsinucoswv

ou . ov

—Rsinu 0

onéte E(u,v) = R?, F(u,v) =0 xou G(u,v) = R?sin®u vy (u,v) € (0,7) x (0,27).

2.6 Aoxnoeig

1. No amodetydet ot 0 x0Mvdpoc C' = {(z,y,2) € R? : 22 +y? = 1} eivan helo empdvera
ohixd mopapeTplopévn and Ty ¢ : R?\ {0} — C nou divetan amé tov THTo (o€ TohxéC
CLUVTETAYHEVEC)

&(r,0) = (cosf,sin b, logr).

2. Eotw f: R3 — R 1 ouvdptnon pe f(z,y,2) = 2%. Na anoderydel ot 10 0 € R elvon
xplown Twh tne f, edhd 1o £71(0) ebvan helo empdveta.

3. Nu eupedolv bhec oL xploec Tée e ouvdptnone f: R3S — R pe

f(a:,y,z):(a:+y+z—1)2
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xo 6l to ¢ € R yio T omola o f 7L (e) ebvon Aelar emipdvero.

4. Av f 1 R = R3 elvon pla C°° opgdiopdpton, va omoderydel ot yio %8s Aelo
emodvele M C R? 10 olvoho f(M) eivor enlone Aelo emipdvero.

5. No amoderydel oty xdde R > 0 1 O anewédvion ¢ = (0,m) x (0,27) — R3 pe
¢(u,v) = (Rsinucos v, Rsinusinv, R cos u)

ebvon Tomieh Topoétplon tne ogalpac 5% = {(z,y,2) € R? : 22 +y? + 2% = R?}. How
etvon t0 5%\ ¢((0,7) x (0,27));

6. Eotw R >0 xou 7y : S%\ {(0,0, R)} — R? 7 ametxcdvion pe

7T_|_(l‘,y, Z) = (x,y),

R—=z
xou — 2 S\ {(0,0,—R)} — R? n anewdvion pe

R
" R+z

T (2,y,2) (z,y)-

(o) Now amodetydei ot oL amewovioeic mq, m— eivon évo Tpog €va xou €T,

(B) No anoderydel ot or 731, -1 eivan tomxée mapapetprioeic g opaipac S% e

5% = m (R UTZH(R?).

(Y) No unohoylotel 0 petaoynuatiodds ahhory S TOTIXOY CUVTETAYHEVGDY T_ O 774__1.
Ouv ., m_ €lvon ot GTEPEOYPUPIXES TPOPBOAES 1C TPOG TOV BOEEL0 XaL TOV VOTIO TOAO,

avtioTtoya.

7. No eupedel to epantéuevo eninedo tne empdveloc 2 + y? — 22

(1,0,0).

= 1 oto onyelo

8. Noa eupelel to eantéuevo eninedo tng opaipog
S% = {(z,y,2) eR®: 22 + 92 + 22 =1}
oe xde onuelo tng.

9. Eotw f: R — R plo C*° cuvdptnon.
(o) Now amodetydei ot to ohvoro

M:{(:E,y,z) ER?’:z::n-f(%), x#O}

elvon Aelar emupdveLa.
(B) Na amodewydei on to egantdpevo eninedo e M oe omoodrinote onueio g diép-
yetou oo to (0,0, 0).

10. Eotw a > 0 xou ¢ : R?2 — R3 1 O™ anewévion pe

¢(u,v) = (vecosu,vsinu, au).
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No amodetydet ot 1o M = ¢(R?) eivor helor empdvetar xon v eupedel 0 epantouevo
eninedo oe xdie onueio tng. H M Aéyetan ehixoeldnc empdveta.

11. Eotw ¢ : R? — R3 n C™ anewdvion ue
d(u,v) = (u,v®,u — )
xou 7y 1 R — R3 1 O™ nopopetplopévn xopmin e
v(t) = (3,19, 3t — t2).

(o) Na amodewydel ot 10 M = ¢(R?) eivor Aelo empdvera
(B) Na amodewydel ot y(R) € M. Ilowd etvon 1 C™° mopopetpiopévn xauniin ¢t o y;
(v) No exgppaotei n toaydtnra (0) we ypauuix6s cLVBUAOUOS TWV BLVUOUETOY TNG

Bdone {%(0, 0), %(0, 0)} Tou eqantépevou emmédov ToM oo v(0) = (0,0,0).

12. Eotw U = (0,27) x (—1,1) C R? xou ¢, 1 : U — R3 o1 C™ anewovicelc ue
d(u,v) = ((2 — vsin g) sinu, (2 — vsin g) COS U, U COS g),

P(u,v) = ((2 - vsin(g + %)) sinu, (2 — vsin(g + %)) cos u,vcos(g + %))

Wa = {(u,0) € (0,27) x (—=1,1): 0 < u < g}.

(B) Now amodetydet ot

(u— =,v), oty (u,v) € Wi,
(" o ¢)(u,v) = ™
(u+ > —v), o6ty (u,v) € Ws.
Kot ouvénewo 10 obvorho M = ¢(U) U (U) elvon Aeto empdvera. To M héyeton
(avouyth) touvio tou Mébius.
(v) Nat amodewyVei ot n M Sev eivon mpocavatohiown enipavela.

13. Eotw M; xow Ma 800 hetec empdveiec otov R3 yio Tic omotec undpyet plo apugpidio-
popton empovewwy F o My — My, Av n My elvon tpocavatoliowr, va amodetydel ott
xan 1 Mo eivon mpocovatolotun.
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14. No eupetolv e oL O mapapetpiopévec xaumiiec v : I — S%, émou I C R eivon
%ATOL0 VoL TO BIdoTNU, Ye TNV WOTNTa oTL yiot xdde ¢t € I 1 7y xou o peonuPBewog
mou diépyeton amd to Y(t) Téuvovton oynuatilovtog pio otodepr yovia w. Autéc ol
XxUTOAES TIC opaipoac AéyovTtar AoZodpouixéc.

15.  Eotw M n helo emgdver otov R® mou mopopetpileton ohxd ombd tnv
Ly
¢:RX(—§,§)—>M{JE

¢(u,v) = (ucosv,usin v, log(cosv) + u).

Eotw a1, az € R xaw vy, 72: (—z, g) — M ov C° TopaeTEIONEVES XOUUTOAES UE
7i(t) = é(a;,t), i = 1,2. No anoderydel ot ot y1, Y2 anoxoéntouy and xdde mopo-
UETPLOPEVN XoUTOAN 0y @ R — M ue op(t) = ¢(t,b), émou b € (—g, g), €VOL XOUMYTL
otodepol TEVTAL UAXOUC.
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Kepdiowo 3

Kaunuhotnta

3.1 O zeAeoctrc oYNUATOG

Eotww M pio Aelo empdverer otov R? xaw p € M. ‘Onog onueidxdnxe oto téhoc tne
Toporypdpou 2.4, n M eivon Tomixd TpocavatoAiown YOew omd To p. LUYXEXQWEVA, oV
¢ U — M eivou pio tomuxr] napopéteion tne M pe p € ¢(U), 161e opileton 0 t0minde
rpocavatohoués N : ¢p(U) — S? ue

1 a¢ 0o

Hauxa

‘Evoc tétoloc Tomxog npocavatohlowdc Aéyeton tomkr) aneikorvion Gauss yOpw ond To
onueio p. H N elvon Aetar ametxovion emgavelny. Ac onuewwdel ot o avtidetog Tomixog
TpocavaToMouog elvon eniong ameixovion Gauss.

To egantépevo eninedo Ti()S? oto onueio N(p) € S? elvar w0 xddeto o0
dtdvuopa N (p) xow LVETHC TN(p)S2 =T, M, cOugpwva pe to Hapdderyua 2.3.2. H mo-
edywyog g N oto onueto p elvon howmov pio ypouuixn amexovion Ny, : TpM — T, M.

Opwowoe 3.1.1. H ypopunr anewoévion L, = —Ny, : T,M — T,M héyetou
tedeotris oxnuazog (1j aneuévion tov Weingarten) tne M oto onpeio p.

Mopadeiypata 3.1.2. () ‘Eva eninedo otov R? eivor npocavatollown empdveto pe
otadepr) ameovion Gauss. Yuvenwg, o tTeAecTrg oyfuatog ebvar 0 oe xdie onueio tou.

(B) Xtov x0lvdpo Cr = {(z,y,2) € R3 : 22 + y? = R?} pe octiva Pdonc R > 0
Vewpolpe v touxy mapopéteion ¢ : (0,21) x R = Cg pe

¢(u,v) = (Rcosu, Rsinu,v)

oote ¢((0,27) x R) = Cr \ {(R,0,2) : z € R}. "Eyouye

06 —Rsinu 06 0
Fu Rcosu |, 0 = 0
v 0 v 1

43
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OTOTE

o6 96 RCF)S’U,
— X — = | Rsinu
ou Ov 0

Yuvenog, n aneovion Gauss dlveton amd tov TOTO
N(¢p(u,v)) = (cos u,sin u,0)

Autd oupgwvel Ye TO YEYOVOS OTL 0 XUAVOROC EVOL TROCAUVAUTOMGULT| ETUPAVELN, G
helo emupdveror otddung xoavovixic TWAS Aelog cuvdptnomng, xat €xel oMxd OpIOUEVT
ametxévion Gauss N : Cr — S? e

1

N(x,y,z) = —=

(@,9,2) = &

v xde (x,y,2) € Cr, oand 1o Hoapdderypa 2.4.3. Topaywyilovtoe, and tov xavéva
e ahuotdag €youpe

: (x,y,O)

9o\ 0 B —sinwu 1 ¢
Neguv) <%> = %N(gb(u,v)) = Cogu =R 5
0
I\ 9 B

Yuunepodvoule, 0Tl 0 Tvoxog Tou TEAEOTH oyfuatoc oto onueio ¢(u,v) we mpog TN

99

0
otateToryU€vr Bdon [—(ﬁ —] TOU £QANTOUEVOL ETTEDOU Ty ) CR Elvon

ou’ Ov
1 /1 0

(v) H ogalpa S% = {(z,y,2) € R® : 2?2 + y* + 22 = R?} axtivac R > 0 ebvou
TpocavaToN o enLpdvela xou éxel o ohxd oplopévn aredévion Gauss N : S% — S2
Tou Slveton omd Tov TONO

1
N(m,y,z) = 5 '(x,y,z)

R
Katd ouvénela, o teheothc oyfiuatoc ot xdde onueio p € S% elvan o
1
L,=——-id
P R

Evodhoxtind, umopolue Vo YenoYOTOICOUUE TNV TOTUXT] TOQUUETELON TWV COULOL-
xv ouvteteypévoy ¢ 1 (0,m) x (0,27) — S% ue

¢(u,v) = (Rsinwucosv, Rsinusinv, R cosu).

Eyouyue tote
R cosucosv —Rsinusinv

0

—¢: Rcosusinwv |, %: Rsin ucoswv
ou . ov

—Rsinu 0



3.1. O TEAEXTHY ¥>XHMATOX
on6te E(u,v) = R%, F(u,v) =0, G(u,v) = R?sin? u xou

8¢ 8¢H VEG — F2 = R%sinu

RZ2sin? ucosv
= | R%sin? usinw
RZsinucosu

a¢ a¢
8u v

Yuvenog, N aneodvion Gauss etvou
N(¢(u,v)) = (sinucos v, sin usin v, cos u)

xan moporywyilovtag Peloxouue

P P cosucesv

N, (u,v)<8_i> %N(tﬁ(u,v)): cosusinv | = -
—sinu
—sinwusinv

Voot (52) = N (6t = | simucosa | =

v v

0

1 0¢

R ou’

45

O nivaxac tou telecTh) oyfuatoc oto onuelo ¢(u,v) we tpoc T dteTaryuévn Bdon

0¢ 0o
[% PR

] TOU EQUTTOUEVOL ETUTEDOU T(b(u,v)S]Q% glvar Aotmov

1 /10
L(b(u,v) == —E (0 1) .

(6) To unepBolxd mapafoloetdéc i odypo ebvor 1 Aelar emipdvera

M ={(z,y,2) eR®: z =y* —a?}

xan ebvan TpooavatoAown, wg Yedgnua Aslag cuvdETNoNG, VK lvol OMXA TUPAUUETEL-

opévn omb Ty ¢ : R? — M e

b(u,v) = (u,v,v* —u?).

N \ T
g{\.
\\\ {"l{l-{.““““

ol Qﬁ,
\\\\\\\\\“ S
\\‘\\\\v}m““t
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YUVETOC,
1 0
ou o T ov o0
ol
1 00 00 1 Y
N((;S(u,v)) ad) Ealiaaa—— —v .

E ] 0 Jaresd \a
4 2

Hapaywyilovtac oto (0,0) éyouue

¢ i B 99
N*qb(o,o)(a <oo>) g Vi =2 (0] =25 0.0)
oo (P 00)) = 2 Mooy — 2 (1] — 2% 0.0
*@(0,0) v . - v (0)=(0.0) 5 - 0 = v ,U).

Katd ouvénela, o teheothic oyxfuatoc te M oto onueio (0,0,0) éyel mivaxa wg tpog

9¢ 0¢

T SteTorypévn Bdon [8 a—} T0U T (0,0)M Tou etvon

-2 0
Loo.0) = ( 0 2) :
H xvpiotepn B16TNTar Tou TEAEG TH oy fuatog ivar 1) oxdhoud.

IIpétaon 3.1.3. O tedeotris oxnuaztos Ly : T,M — T,M o€ onowdnnote onueio p
piag Aeiag empdveias M eivar avtoouluyns, oniadn

(Lp(X),Y) = (X, L(Y))

yia kdde X, Y € T,M.

Anédéeaén. 'Eotw ¢ : U — M pio toruxy mapopéteion e M. Apxel vo del€oupe ott

09\ 0¢ 0¢ 0¢
(Lotwn (52 ) 50 = G Lotu (52 )

Enedr (N (¢p(u,v)), %> =0 v xde (u,v) € U, nopoywyilloviag wg mpog Tn YeTo-

BAnth v €youpe

0 0 0?
<N* (u,v) <8_f>7a_(z> + (N(qﬁ(u,v)), 8v—5¢u> =

‘Opota, mapoywyilovtag wg mpog u Ty (N (¢p(u,v)), o9 = 0 €youpe

8v>
00\ 9 ¢, _
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Eneor) n ¢ etvon C° duee

¢ 0%
owdu — dudv
olugwva ue To Oedpnua Tou Schwarz. Kotd ouvéneia,

0\ 0o o\ 0o
<N*¢>(u,v) <%>’%> = <N*d>(u,v) <%>7%> 0

3.2 H delrtepn depelddng Lopp”

‘Eotw M pla Aetoempdvela xan p € M. Enedn o teheotic oyfuatog Ly : TpyM — T, M
elvan awtoouluyrg, obugwva pe v Ipdtaon 3.1.3, oplletar oTo epantoyevo eminedo
Tp,M pla cupueTtExy|, Slypouuxy| LOPPT| OTNV OTOlaL AVTICTOLYEL 1) TETEAYWVIXY| LOPPT
IT, : T,M — R mou diveton and tov T0n0

I, (X) = (Lp(X), X)

yioo xdde X € T, M xou Aéyeton devtepn Jepedindons poper) tne M oto onueio p. H

e€dptnon g 11, end to p ebvan Aelo. ‘Onwg o teheotic oyfuartoc, n 11, e€aptdton and

Vv emAoyn anewoviong Gauss N oe plo Teploy ) Tou p UOVO OC TEOC TO TEOCTUO.
‘Evog yprowog tomog yio T 6eUTERT YeUeAmOn Hop®r) SIVETOL antd TO AP ATE.

Afupo 3.2.1. Eotw X € T,M kar vy : (—€,€) — M pia C* napapetpiopérn
kaumoAn, y kdrow € > 0, ue v(0) = p ka1 ¥(0) = X. Tdre

11,(X) = (3(0), N(p))-

Arndoeén. Ened ((t), N(y(t))) = 0 v xdde t € I, nopoaywyiloviag éyouue

0= (3(0), N(%(0))) + {¥(0), Nuy(0) (7(0))) = (5(0), N(p)) — (X, Lp(X)). [

Optopoée 3.2.2. Eotw M pio Aela emadveis otov R3 xou p € M. Emléyoupe pla
anewdvion Gauss oe pio teptoyn tou p oty M. Av X € T,M xou I,(X) = || X| =1,
o mparypatixos opwiuoe 11,(X) = 11,(—X) Myeta kavovikr) kapmuAdtnta tne M oto
onueio p oty xateduvorn tou X.

Ané 1o mponyoluevo Afuua 3.2.1 mpoxinter ont to Sidvuoua I1,(X)N(p) eivan 7
x&detn oty M cuVICTOOoN TNE EMTAYLYONG 0T0 P Wlag onotacdrrote C™° napaueTol-
OUEVNG xaumOANG v mou Spyetar and o p pe taydtnta X. H yewuetpun onuocio
NG XAVOVIXNAG XUUTUAGTNTAC YIVETOL CapETTERT), av Vewp|oOULUE XAVETEC TOUES TN €-
mgdvetog M. Suyxexpéva, to povadtada dtaviopata X € T, M xaw N(p) opilouv tov
2-BL4070t0 UTbYweo Qx = {tX + sN(p) : (t,s) € R%} xou Myeton 1 x&detn Toun tne
M mou opiletoa and o X. To olvoro M N (p+ Qx) mol) xovid oto onueio p eivan
70 {yvog plag C°° TapaETEIOPEVNC XOUUTUANG UE TO UAXOS TNG Y TOL OLEPYETAL Ad TO
p = (0) pe toydmta X. Agol 1o §(0) eivon xddeto oo §(0) = X xou Peloxeton ndve
070 eTinedo Qx, AVAYHUC TIXS

1

0) ~4(0) = £N(p)
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6mou K elvan 1) xomUAOTNTA TG Y. Luvenwg, [11,(X)| = &(0).

Enedy| o teheotric oyfuatog Ly, lvon avtoculuyrg, €xet 800 mpayHatixéc WOIoTWES
k1(p) xa ka(p), twv omoiwv ot avtiotoyol WBdyweot eivar xddete eudeiec oto T, M,
otav ki(p) # ka(p) xou Aéyovton kipies katevdivoe. Ou wotéc ki (p) xou ka(p)
Tou L, Myovtou kUpieg kaumuAdtntes tng M oto onueio p. Xe xdie neplntwon o L,
otaywvoroteiton, cOupova ue To Pacuatind Osvpenua. Emmiéov, n debtepn Yepehidrong
wopyt oto p, wg ouvdptnon I, : T,M — R maipvel oxpdtateg TWEC GTOV povadialo
xoxho {X € TpM : || X|| = 1} wc ki(p) xou ka(p). Me dhho Moy 1 empdveta M
Tapouctdlel 6To oNUEo P TN PEYLOTN XU TNV EASYIO TN XUUTUAWOY OTIC XUTEVIVVOELS
WV 600 xVpIwV dlevdivoewy. Av ol xUpleg XoUTUAGTNTEG GTO p elvon (oeg, dnhady o
TeEAeoTAC oyuatog €yet wla Simhy) Woty, tote n M rmapoucidlel oto onueio p Ty
(BLot xouTOAWOT TEOG OAES TIC XATEVVVUVOELS.

Opwopodg 3.2.3. Eva onuelo p € M Aéyeton oppaAiks av oL xOPLEg XOUTUAGTNTES TNG
M 7o p eivan {oeg 1) 10000voua 0 TEAECTAC OYARATOC OTO P EVOL BLoryWVIOG, ONAady
umdpyet k € R dote L, =k - id.

T mopdderypa, o éva eninedo otov R? xou oe pia ogoipo pe onotodfmote oxtiva
R > 0 6ha to onueio ebvan ougoixd. Onwe eldoue ota Iopadelypata 3.1.2, otny
nepintwon Tou emmédou 0 TEAETTAC Oy NUATOC elvan 0 UNBEVIXGS, EVEK GTNY TERITTWON

e ogaipag elvon BlaydVIOE PE BTAY W0TWH TV ——. AuTéc ol 800 empdveleg etvan

oL yovadxég ot omoleg ouufaivel auTtd TO Qouvouevo, Snhadr Gl Tor onueior elvou
ouQaAxd, OTwe detyvel To axdhouto.

Oewpnue 3.2.4. Eotw M uia (katd tééa) owvextiki Aefa empdvea otov R3. Ay
oAa ta onueia tng M eivar opgalixd, tote n M mepiéyetar o€ eninedo 1 o€ opaipa.

Anédaén. Eotw ¢ : U — M pio tomuxh mopapétplon tne M, 6mou 10 U C R? elvor éva
(xoté t6&a) cuvexTind avotyté oUvolo, Tou opilel TNV avtiotoyn aneixévion Gauss
N : ¢(U) — S?. Ereds unodétouue ot dha ) onuelo tne M ebvon oppalind, utdpyet
wla O ouvdptnon k : U — R @wote Ly, = k(u,v)-id yio x&de (u,v) € U. Anhodi,

0 0 0
—k?(’LL,’U) ’ a_fj = N*(;ﬁ(u,v) <a_fj> = _N(¢(u7v))a

9 ¢ 0
() 52 = N (55 ) = o ¥ (@)
v xée (u,v) € U. H ouvdptnon |k| eivon xahd oplopévn oe ohdxhnen tny empdvela
M o ebvan cuveyne.
[oporywytlovtog TV TEOTN L0OTNTA WS TEOS U Xl T1) OEVTERT WS TPOS U TAlEVOUUE

ok 0¢ 0% B H?
% : % + k‘(u,v) : dvdu - _8U8UN(¢(U7U))7
ok 0¢ 0%¢ B 9?2
ou v +k(u,v) - oudv _auavN(¢(”’U))'
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And 1o Oewpnua Tou Schwarz tpoxinTel ot

Ok 09 Ok 99 _

ov Ou Ou Ov

X0l CUVETG —— = Ok =0 om0 U, agol ta 99 99 elvon ypouuxd aveldptnra. Kotd
dv,  Ou ’ du’ dv '
CLVETELYL, 1) oLvdpTnon k elvou otadepr oto U.

Abyo g ouvéyewg, 1o obvoho C' = {p € M : L, = 0} elvou xhewoté oty M.
‘Otav Ao ta onueio tng M elvon ougaiixd, to mponyolueva detyvouy ot o C' elvon
enlong avouytd otny M. Av dha to onuelor tng M elvon oppodixd, n M etvor cuvexTixy
o C # @, to1e Ly, = 0 vy xdde p € M. YNtnv nepintwon auth, 1 anewovion, Gauss
N : ¢(U) — S? eivor otadep v xdde tomed mopapétoon ¢ : U — M tne M,
ue o U C R? (xod 16Z0) ouvextind avorytd olvoro. Suverac, 1 C°° ouvdptnon
f:U—=Ruye

flu,v) = <¢(u7 v), N)

elvon otardepn, yioti

of 09 B
au_<8u’N>_0’
of 06 .
a0 = (G M =0,

Onhadt, undpyel d € R wote (Pp(u,v), N) = d yo xdde (u,v) € U. Me dhha Aoyia, av

a
N=|[b],
&

t61€ 0 H(U) mepiéyetor oto eninedo tou R3 pe eioworn ax + by + cz = d. Aéyo
NG CUVEXTIXOTNTOC, TO EQANTOUEVO eninedo oe xde onuelo tng M elvar xddeto otov
(Lo 1-didotato undyweo Tou R3,| mou mapdyeton and N. Yuvendoe, n M mepiéyeton 010
eninedo tou R? ue ekiowon ax + by + cz = d.

‘Eotw topa o1t utdpyel p € M &ote L, # 0. Xlugwva ye dco mpornyhunxay,
t0te Ly, # 0 vy xdde p € M, Moyw tne ouvextixotntog e M. T xdde tomny
napapétoion ¢ : U — M, ue 10 U C R? (xatd 16Z0) ouvextixd avorytd clivolo,
Vewpolue tn C anewévion g : U — R3 pe

g,0) = 9(u,0) + L N (9(u,v)).

‘Eyouue
dg 09 1 9o\
ou ou kN*¢(u’v) (E?u) =0

09 _ 09 1 99\ _
oo o kN*¢(u’v) <8U> =0

oto U %ot ouvenae 1 g ebvan otoadepr. Anhadi, urdpyet ¢ € R? dote

H(u,0) — g =~ N(8(u,v)
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v xde (u,v) € U. Autd onuaiver ot 10 ¢(U) nepiéyeton otn ogolpo Ue x€VTpo T0

onueio g xon axtiva H arewévion h: M — R3 pe

m.

1
h(p) = p+ N (p)
elvon xoAd optopévr, agol av emAéEoupe Tomxd we aneixovion Gauss v —N, tHTe
otn ¥éom tou k Va €yovue 10 —k. Enedr) n h elvar tomnd otadepn oty M, 6w
octCaye xou 1 M eivon ocuvextixnd, n h elvon otodepr. Xuvenndg, n M nepiéyetan ot

opalpa XEVTPOU ¢ Xo ax TV 1k g
Y10 ouumépaoua Tou Tponyoluevou Oewpenuatog 3.2.4, 1 empdvelo M mepLéyeton
oe eninedo 1 o oalpa kS avoLyTd UTOGUVOLO Tou, VTG TOLYA.

Iépwope 3.2.5. Eotw M pia (katd wéa) ovvektiki Aefa emgpdvea otov R3. Av n
M etvar ovunayns ka1 6ka ta onueia tng efvar oppalixd, téve n M eivar pia opaipa.

3.3 Kounulotnta Gauss xow UECT] XUUTLAOTNTA

Eotw M plo helo empdveie otov R3 xou p € M. Emdéyouye tomixd o plo meployh
Tou p ula anewxévion Gauss N. Av Ly, : T,M — T,M clvar o tekeotiic oyfuatoc, toTe
0 TEOYUOTIXOS optdudg

K(p) =det L,

etvan avedptnroc amd v emhoyt tne aneévione Gauss, yiotl det L, = det(—Ly),
apot) To epantouevo eninedo T, M éyel didotaon 2. H wuh K (p) Myetu kapuruvAdnta
Gauss tng M oo onuelo p. H K : M — R elvon plor xaAd oplopévn Aetar cuvdptno.
O mparypoatinde apriuog
1
H(p) = 5‘5er
Aéyetan péon kauruAétna tne M oto anueio p xou to Tpdonud Tng eapTtdTal and TNV -
mhoyN Tomxd oe pio meptoy ) Tou p g anexévion Gauss. ‘Ouwe, n |[H| : M — [0, 400)

elvon plor xohd oplopévn, cuveyhic ocuvdptnon. Ag onuewwiel 0Tl To YoEUXTNELOTIXG To-
ALUGVUPO TOU TEAECTH oy fuatog Ly, eivar to

22 — 2H (p)z + K(p)

X0l GUVETIOCS 0L XOPIES xupnukormeg oto p elvon H(p \/( (p))? — K(p). Edwd, o
p elvon opgolxd onueio tote xon uévo TOTE HTaY K( ) = (H(p))?.
To onuelo p € M Aéyetou
e eminedo, otav L, = 0.
o mapafolikd, 6tav Ly # 0, xou K(p) = 0.
o cManuxd, 6tav K (p) > 0.
o unepPoikd, 6tav K (p) < 0.
Ané ta Hoapadelypora 3.1.2, xdde onuelo evog emmédou etvan eninedo xot ou@ahixs e
undevixy| xaunurdTnTa Gauss, xdie onueio evog xuAVBpou eltvar TapaBohixd Ue undeviny
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xaumuroTnTa Gauss, evéy Ol Tar onuelo plag ogalpac axtivag B > 0 elvon eAAelmTind

xal oppohixd ue xoumuAoTnTa Gauss 2k To onpeio (0,0,0) tou cdypotog

M= {(2,y,2) € RS : 2 = y? —2%)

elvon unepBolno, aol 1 xauruiotnta Gauss tng M oe autod elvon —4.

X1 oLVEYEW TNE TAPOVUGIE TaEAYEAPOL Yo UTOAOYICOUUE TNV xouTLAGTNTH Gauss,
N HEOT XOUUTUASGTNTA, AAAG X0l TOV TEAECTY| OYNUOTOC amd Uiot TOTXY) TOPOUETELOT TNG
empdvelac. Eotw ¢ : U — M pio tomed nopapétpion tne M, xoau N : ¢(U) — S? pe

1 8<;5 0o

N(gb(u,v)) ¢H au %

Hauxa

1 avtiotolyn anexdvion Gauss. 'Eotw ot o mivoxac tou teheot oyfuatoc Ly, ) ©¢

Tpo¢ TN Sotetaypévn Bdon [?, %} TOU EQUNTOUEVO ETUTEDOL Ty ) M elvor

u’ Ov
ail a2
Ly = .
sy = (011 2)
0 0
Av X € Td)(u U)M xoaw X = X3 a¢ + X5 8¢, €YOLUE

¢ ¢
qu(u,v) (X) = _XlN*qb(u ) <au> X2N*q§(u ) <8’U>
O CUVETC
Hyu)(X) = e(u,v) X7 + 2f (u, ) X1 Xa + g(u, v) X3,

6Tou )
e(10) = (Voo (50 ) 52) = V(600 5.5).

2
F000) = =W (52 ) 52 = (V0L 0)) )

¢\ 99 9%¢
= —(N. N .
g(u, U) < *p(u,v) ((% (%> < (@(’LL, U))7 2 >
OuC* cuvoptioece, f, g : U — R Aéyovtou oL ouvtedeotés tng deltepns JepeAicrdous

HOPPNS KOS TEOG TNV TOTUXT| TapauéTelon ¢ g M.
Ané v AN pepld,

¢

0 0o 0
e(u7 U) = _<N*¢(u,v) <8’LL> a¢> <(111(’LL, U) 8¢ + ao1 (’LL 'U) ¢ 00

ov 8u>
= a11(u,v)E(u,v) + azi (u,v)F(u,v)

xau ool

fu,v) = ar2(u, v)E(u,v) + aga(u, v)F(u,v) = aj1 F(u,v) + agi (u, v)G(u,v),
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g(u,v) = arz(u, v)F(u,v) + age(u,v)G(u,v).
Anhadt, o€ LopPY| TVAXGY

(3= o) G )
g F G) \aa axn/
Katd ouvéneio ) xopmurotnto Gauss diveton and tov t0n0

e(“? U)g(uv U) B (f(u7 U))2
E(u,v)G(u,v) — (F(u,v))?

K(o(u,v)) =

X 1) HEOT) XAUTUAGTNTAL o6 TOV TUTO

e(u,v)G(u,v) — 2f (u,v)F(u,v) + g(u,v)E(u,v)

H(¢(u,v)) = Q(E(U7U)G(u,v) — (F(Uav))2)

v x&e (u,v) € U.

Mopdderypa 3.3.1. Eow U C R? éva avorytd oOvoho xau f : U — R pia
C> ouvdptnon. To ypdynuo M = {(u,v, f(u,v)) : (u,v) € U} e f elvor ohxd
TOPUUETPIOUEVO amd T ¢ 1 U — M ye ¢(u,v) = (u,v, f(u,v)), yio Tnv onoio éyouye

o0 _ (o) 2}
ou af TOou af '
ou ov
Ou ouvtedeoTée g mEHO TN Vepehlddoug uop@ng lvou
0 of
=|l=—| =1
'a (1)

_ 20 06, _0f of
F(uvv)_<%7%>_au aU’

_ _ of
mmm—H%- 1+<%>,
YUVETOC,
[ FW oy (2
au ov
Emmiéoy,

7o (o) 2o _ (o) #o_[,
our N\ g2y |7 Oudv  \ g2p |7 00\ oy
ou? oudv ov?

X0l Ol CUVTEAECTES TNG OeUTERNS VePEAWBOUS Lop@rg lvan

_ L g 9 %) : ! 8
= Ve Gy o au?) N @02 |or or o)
v du  Ov  Ou?
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1 0 0
fo (22,20 00, ! 0 1 0
\/EG—F2 8’LL’8’U,OU8’U \/1_'_(%)2_'_(%)2 % % aaiafv ’
1 0 0
g (22 00 0y _ ! 0 1 0
VEGE ot i G GO % 5

Luvemae, N xopumuhotnTo Gauss divetar and tov Timo

K(u,v, f(u,v)) =

H xoumurdtnre Gauss mopopéver avohholwtn and oopetplec tou R3, dnee xo n
wéon xoumuhdTnTe xot’ améhutn Th. Hpdrypott, av M ebvou ulo heto emipévere otov R3
xou b R® — R3 elvon plo O opgudiapdpion, t6te 0 h(M) eivor enlone helo empdvela
otov R3. Méhota, av ¢ : U — M ebvon plo Tomuer| mopopétpon tne M, 6mou to
U C R? etvan évat avolyté obvoro, t6te nho ¢ : U — h(M) elvor Tomxs mapapétoion
e h(M). 'Eotw 6t h € I(R3). Sougwva e 10 Oedpnua 1.3.4, undpyouv povadixd
A€ O(3,R) xou a € R? Hote n h va diveton amd Tov t0mo h(z) = Az + a y xdde
r € R3. Agol Dh(x) = A, yiw 6ha 10 x € R3, av E, F, G eivon oL cuvieheotée e
Ted NS Veuehiddoug poppnc tne M we mpog Ty tomxt| napapételon ¢, tote 1 h(M)
€YEL TOUC (Bl0UC CLUVTEAECTEC TNG TEWTNG VEUEALDDOUS HORYNE WS TEOG TNV TOTUXM
TapauéTeon h o ¢, yiotl

) 2 ) 2 o 2
|gnoonun)| = |aG2wm]| = |5 = pewn
amo TOV XAVOVAL TG AAUGLBAC Xa OUOLa
(2o o)), Lo o)) = Flunw), || 2o d)wo)| =)
au b b 8’1} b b b av ) b

yio xde (u,v) € U. Topaywyilovtaug Vo qopéc éyouye

0? 0 ¢
5z o d)u,v) = @(A(%(Ua’”))) = A(w(ua’u)),

ool o mivoxag A elvon otadepdg xon dpota

0? 0%¢ 0? 0%¢
Oudv (h © gb)(u,v) = A(m(u’v))’ W(h © gb)(u,v) = A(W(uvv))

YUvemae, av e, f, g ebvar oL cuvteheoTég g SelTepng Veuehwdoug popgrc e M we
TEOC TNY TOTUXY| TUPUUETELOT @, TOTE OL CUVTEAECTES TG Be0TEPNG VEUEALDBOUS LopPNC
e h(M) wc tpoc Ty Tomuxy| Topauéteton h o ¢ eivor

2
T et (o ). 5L (ko ) (w0). S5 (ko 6)(w0))
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0 0?
= \/ﬁ«d et A) - (ai(u,v) X 8—(u,v)),A(8—uf(u,v))> = (det A) - e(u,v)

an6 v Ipdtaon 1.4.1 xou duola

2

et (h00) (). 3 (1) ), (o)1) ) = (det A)-fa0)

EG — F?

2

! det<a%<ho¢><u,v>,a%(izow(u,v), %(hoqs)(u,v)) — (det A)-g(u, ).

VEG — F?
Kotd ouvéneto ) xopnuidtnta Gauss e h(M) oo onueio h(p) eivar ion ye v xaunu-

rotna Gauss tng M oto onueio p v xdie p € M xou to (810 oyl yior TI¢ AmOAUTES
TWES TWV PECWY XOUTUAOTHTOV.

3.4 Tomxn yewuetplo xo xopnuvAotTnta Gauss

To mpdonuo tng xounurdtntog Gauss plag Aclog empdvelng e €va onuelo €yel TNy
oxOAOUUT) TOTUXY YEWUETEIXY| EpUNVELQL.

Tpértaoy 3.4.1. Eotw M pia Aela empdveaa otov R? ka1 p € M.

(a) Av o p elvar eAdeintikd onueio tng M, téte vndpyel uia wepioyrj tov p oty M, n
omofa kefrar oty e pepid wov emmédov p + T, M péoa awov xdpo R3.

(B) Av w0 p elvar vrepPohiké onueio tns M, téte oe kdle mepoyry tov p oty M
vndpyer Levyos onueiwr tng M mov Ppiokovtar g€ 01apopeTiKES UEPIES TOU €MITEOOU
p+T,M otov R3.

Arédaén. Oswpolye pio tomxh mapapétpion ¢ 1 U — M, émov 0 U C R? ebvou
éva xupTH avolyté ohvoho e (0,0) € U, dote p = ¢(0,0). Eotw N : ¢(U) — S?
n avtiotoym anewévion Gauss. H pepid tou emnédov p + T,M otov R3 oy omol
Beloxetan to onueio ¢(u, v) eaptdtar and o TEOONUO TNS THWNS

d(u,v) = {p(u,v) — p, N(p))-

H ouvdptnon d : U — R nou opiletar and tov 1010 awtod ebvon C°. Xougwvo ye to
Oewpenua tou Taylor

o > o 2¢
60,000 = Do(0.0)() 5 G5 0.0 425 00w+ TL 0,002 )Rl )
oTov
lim M =0
(u,v)—(0.0) u=+v
YUVETC,

2 2 2
o) = 5 (G 0.0 NG + 205 0,01 N + (55(0.0), V)

+(R(u,v), N(p))
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- %Up(m)(o, 0) - (:j)) + (R(u,v), N(p))

o (R(w), N))

agol 1 Dg(0,0) : R? — T,M eivor ypouuxdc toopoppiopuéc. Eotw ot ol xpiec
xaumurotnteg tne M oto p eivan ky < ka.

() Av 10 p elvar elewntind onueio, unopolue va vtodéocoupe ot 0 < ki < k.
Eneion

=0,

11,(X)
X112
v xde X € T,M pe X # 0, éyoupe

>k >0

d(u, v)
IDo0.0)- (2) 12

(R(uv), N (p))
|D(0,0) - <";) 2

>k +

xou GLVETKOS LTPyEL 0 > 0 wote d(u,v) > 0 dtav 0 < Vu? +v? < 4.
(B) Av to p eivon unepBolxd, t6tE k1 < 0 < kg xou undpyouv (u1,v1) # (0,0) xou
(ug,v2) # (0,0) wote

tu tu
11,(D¢(0,0) - <w;)) 11,(D¢(0,0) - (t@)
p =k <0< ky= ;
. (1 2 . (0 2
1Do0.0)- (1)1 1D60.0)- (21
yioo xdle t # 0. Xuvenwg, undpyet & > 0 dote d(tug,tvy) < 0 < d(tug,tve) v

0 < [t| < 6, mou ornuaiver ot ta onueior ¢(tug,tvy) xou G(tug,tvy) Beloxovton oe
OlopopeTnég Yeptéc Tou emnédou p + T, M. [

Mio aovurntwtixr katebfuvon tng helag empdvetag M oto onueio p € M etvan pio
xatebduvon 6To egantouevo eninedo T, M xotd TNV Omolo 1 XUVOVIXTH XUUTUAOTNTA
elvon undevinr). Mio aovpntwniky kauriAn oty M ebvan pio xavovixry C napouetet-
ouévn xoumOAn v : I — M, émouv 1o I C R elvon éva avolyto Sldo TN, TETOl OOTE
0 Sidvuopa e ToybTnTaC () mopdyel plo aoupnteTxd xatebduvon oto Ty My
ndde t € 1.

Ipértaor 3.4.2. TNa éva onueio p € M pia Aeiag empdveias M orov R3 woytouvr
Ta axddovda.

(a) Av o p elvar eNantiké onpuelo, tote dev vdpxOVY AOUUTTOTIKES KaTevIUvoes
o0 D.

(B) Av to p elvar urepPolikd, téte vndpyour akpiPuis 6V0 aouuTTmTIKES Kateudivoe.
(v) Av to p elvar mapaBoliké onueio, tote vndpyer akpiPoS pia aTUUTTOTIKY KaTe-
vluvon oo p, n omola udhiota eivar kpia katevBuvor.

(6) Av o p eivai eninedo onpieio, téte kdle katelOuron oto p €ivar aCUUTTWTIKT.
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Arndoeén. (o) 'Eotw {X,Y} yia opBoxavovixr Bdon tov T, M mou amoteleiton ond
Wodlaviouata Tou TeEheoTh) oyuatog Ly, Av to p elvar eAentind, ol avtioTolyeg
n0pLeC XOUTUAOTNTC k1, ko oT0 p elvan un-undevixéc xou oydonues. Ia xdde Z € T, M
ue || Z] = 1 undpyouv povodind a, b € R pe a? + b* = 1 dote Z = aX + bY xou
AAVOVIXY| XOUUTUAOTNTA XoTd TV xatebduvon Tou Z eivan

IT,(Z) = kya® + kob* # 0.
(B) Trdpyet povadixd 0 < 0 < 27 wote a = cosf xau b = sinb, ondte
I1,(Z) = ky cos? 0 + kg sin® 6.

Av howndy 10 p elvon unepBolxd onueio, TOTE oL xVplec xaumuAoTTES k1, ko clvon un-
UNBEVIXEC Xou ETEPOOTUES. LUVETAOC 1) TelYwvoueTeixn elowor

k1 cos? 0 + koysin?6 = 0

€xer axpBide 8Vo hioele oto ddotrua [0, 2m).

(y) Otav 1o onuelo p eivon mopaBohxd, tote ki # 0 xo ky = 0, ondte
I1,(Z) = kicos®0, mou elvon undév axpPBic t6te dtov X = +Y. To (3) ebvon
tetpévo. O

H xovinh topn oto egantdpevo eninedo T,M ye eiowon I1,(Z) = £1 Myetu
deiktpia Dupin oto p. ‘Otav 1o onuelo p elvon eMewttixd, n deixtplar Dupin elvon
ENhewdr, eved otav elvon unepBoAxd, etvon éva Ledyog umepPforddv. ‘Otav o p elvou
napaBoixd, n deixtpla Dupin eivan éva (edyog mapdAAniwv eudeidv. Av 1o p elvon
eninedo onuelo, 1 deixtpa Dupin eivar to xevéd clvolo.

3.5 Xvuvunayeic enipdveleg xo cpalpeg

Yy mapdypapo autr Yo amodeiloupe to Oedpnua twv Hilbert-Liebmann clOugpova
UE TO OTOlO Ol HOVAOXESC GUUTAYEIC %ol CUVEXTIXES AElEC ETUPAVEIEC GTOV YWEO R3
ue otadepn xaumuadtnta Gauss eivar ov ogaipec. Mio Poocur 6T TwV cuuTAYOY
empaveley péoa otov R? ebvon n axcdroudn,

Oewpnpe 3.5.1. Ye kdle ouunayn Aefa empdvaa M péoa orov yopo R? uvndpyer
touddyiotor éva onpueio pg € M oto oroio n kauruAdtnta Gauss eivar K (pg) > 0.

Arédetn. Oewpolue ™ C* cuvdptnon f: R3 — [0, +00) pe f(p) = ||Ipl|?. Enewdh 7
M vrotideton ot ebvan cuumayhc, 1 f malpvel péylotn Twh otny M o€ xdnoto onueio
po € M, dnhady| f(p) < f(po) v xdde p € M. Ou dei€oupe ot K (po) > 0.

Eivor tpogavéc ot f(po) > 0 xow n M mepiéyeton oty xhetoth| undhia tou R3 pe
xévtpo 1o (0,0,0) xau axtiva R = /f(po) > 0. Eow X € T, M pe || X]| =1 xa
v (—€€) = M pia C° nopoyetplopévn xaundhn, yio xdmowo € > 0, ue v(0) = p xou
4(0) = X. Téte (f o) (0) =0 xou (fov)"(0) <0. And tnv mpwTn éxoupe

0= (f07)(0) = 2(¥(0),7(0)) = 2(X, po).
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Auté onpaiver ot to didvuopa Yéone pg otov R3 elvar xddeto oto epantéuevo eninedo
Ty M, S0had# Ty M = T, S%. And 1 dediepn nodpvouye

0> (f29)"(0) = 2(3(0),7(0)) + 2(7(0),5(0)) = 2+ 2(po, §(0))

onéte (po, §(0)) < —1.
Enedy| to didvuoua 9éong po elvon xdeto oto epantéuevo eninedo Tp, M, uno-
polpe va emAéEoupe oe plo mepoy” Tou po oty M tny anewodvion Gauss N oote

N(po) = ool - po. And to Aupa 3.2.1 éyoupe thpa
. . 1
Il (X) = (3(0), N(po)) = (3(0), ool “po) < ol

v xdde X € T, M pe || X|| = 1. Buvenoe, v vy xounuddtnrae Gauss tne M oto

onueto py €youue
1 1 1
K(po) = <——><——> =—>0. O
P2 " ooll) \Tell) 2

Iépiope 3.5.2. Aev undpyour ouurayeis Aeles empdveies péoa awov yopo R3 mou
éyovy mavtov un-Uetikn kauruvAotnta Gauss.

To x0plo TeEXVIXS PEPOC TOL YopaxTNEIOHOU TwV opotpGv otov R? eivar 10 endpevo
Yedpnua tou D. Hilbert. H anédeiln nou mapoucidlouye eivar oyetnd mpdopot).

Oewpnpe 3.5.2. (D. Hilbert, 1902) Eotw M uia Acia empdreaa otov R? kaip € M.
Eoww ¢ : U — M pnia womkrj rapapérpion pe p € ¢(U) ka1 N : ¢(U) — S? n
avtiotoyn anewcovion Gauss. Eotw ki, ko : ¢(U) — R o1 ovvaptrioes wwv kuypiwy
kapumudotitwy, dote ki(p) < ko(p). Trodérouvue ot
(a) o p elvar eAdeimtikd onpeio tns M,
(B) n k1 mapovodler tomikd eAdyioto oto p Kkai
(v) n ka2 mapovaidler tomiké uéyoto oo p.

Téte o p eivar oppalixé onpeio tng M.

Amdoeén. Eneidr| n xoumurotnto Gauss mopopével avohhoiwtn and loouetpleg Tou me-
edMovTa yopou R3, érwc eldape oto téhoc e mapaypdpou 3.3, aneovilovtag pe
uia wopetpla Tou R3, unopotue va utodécouye ot p = (0,0,0) xa N(p) = e3, eV T
e1, ez ebvan 1wodlaviopata Tou TEAea T oY uatog Ly. Av 1 anawtoduevn woouetplo avi-
otpégel Tov TpocavaTohoud tou R, tHTe oL xlplec xopumuldTnTES CAAELOUY TRGONUO.
Y nepintowon auth evahhdoouue touc pdhouc v ki, kg xar o untodéoeic (B) xou ()
eZaxoloudolv va .oy bouy.

Enlong andé 1o Octpnua 2.1.4 unopolue vo unodécouue ott undpyel uio C°
ouvdptnon f : U — R oote n tomx| mopopéteon ¢ vo divetow amo Tov TUTO
d(u,v) = (u,v, f(u,v)), 6mou ¢(0,0) = p = (0,0,0), onéte f(0,0) = 0. Agol o0
T, M etvor to oplldvTio eninedo, €youue

of of

50(0,0) = =7(0,0) =0
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X0l GUVETG %(0,0) =e] X ?(0,0) = eg, onote E(0,0) = G(0,0) = 1 xo
u v

F(0,0) = 0. Onwc unoloyioope oto IHoapdderyua 3.3.1, ot cuvtekeotéc tne delte-

ene Veuehwdoug popprc oto U etvan

92 f

0c poc TN dtateToryuévn Bdon [er, e2], mou amoteleiton and Wiodtaviopata.  Autd
OTUOLVEL OTL

O*f
2

0% f
Judv

0*f
82

k1(p) = €(0,0) = —-5(0,0),  4(0,0) = (0,0) =0, ka(p) = 9(0,0) = 75(0,0).

Eneds) 1o U elvor avoryté utocivoro tou R?, undpyet € > 0 (ote to e@ontdueva
olavioyorta

1
1 99

va opilovtan yio xdde [t < e. ®€wpoups tic C™ ouvoptioec hy, ha : (—€,€) = R nou
opiCovton amd Toug TOToUC

?f
hi(t) = Ily(X1(t)) = OuZ (0,1),
V1 (B0 + (8L
f
ha(t) = Iy 0)(Xa(t)) = Ou2 (t,0).

\/1+ (95)?

Hpogavoe, hi(0) = ki(p) xou hg(O) = kg(p). Eneidn unoﬁeroupe ot 1 ko maipvel
TOTUXE YEYIOTY THY| OTO P, €YOUUE

h2(0) = I1y(e2) = ka(p) = k2(9(0,t)) > Iy0,4)(X2(t)) = ha(t)
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xan opota utodétouue oTL 1) ki Talpvel Tomixd EAGYLOTY TWH OTO P, €YOUUE

h1(0) = Iy(e1) = k1(p) < k1(9(t,0)) < Iyr0)(X1(t)) = ha(t),

uxpatvovtag ev avdyxrn to € > 0. Kotd cuvéneia,
RY(0) = h5(0) =0 %o  h5(0) <0 < hY(0).

HMapaywyilovtag Beloxouye

hy(t) =
’ [1+ (%t,0)%)” \/1+(%(t,0))2+( (t,0))
+ 81?;1{81) t 0)

S0 [B 02 (t,0) + 2Lt 0) 2L (1, 0)]
[1+ (2(t,00)° [1+ (Z,0)* + (2 (t,0)%*
YUVETC,
B
Fuduay 0) = h2(0) =0

Haporywyilovtag GAAN pio popd

o f Pf o2 f 2
h2(0)—0+m(0,0) o (0, 0)(a 5 (0, 0)) :

Me avdhroyo tpéTmo Talpvouue

o o' f o f f 2
hl(O)—O+m(0,0)—a—(O 0)(a > (0, 0)) :

Ané 1o Oewpenuo Tou Schwarz xaL o TEOMNYOUUEVY TEOXUTTEL OTL
Pfoon(PLon) <« 21 'f f f
< —— = —_ L —
ou? 0z 0)<8 z(0 0)> ~ Jvdvdudu (0.0) Aududvdv (0,0) < Ov? (0’0)<8 (©, 0)>

oToTE

0% f
ov?

0% f
82

(0,0) — a2—f(o 0)} 0.

K(p) - [k2(p) — k1(p)] = 5-5(0,0) 5 T2

0% f
8— (07 0)

enewdn) To onueio p unotideton oTL elvan EAAELTTING, CUUTEQUVOUUE OTL
ka(p) < ki(p) < ka(p)

XL CUVETIOS TO P ebvon opgoahixd. [
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T Tov yopoxTneopd v ogupdy otov R3 Ya ypelaotolye Ty mopoxdte
TROTAOY, TOL €yel aveldptnTo evdlapépoy. Ouuilouye oTL 1 amOALTY TWY TN UEOTG
xopmuA6TTo ploc Aelog emgdveinc M otov R? eivon pio %ol oplopévn ouveync
ouwvdptnon |H| : M — R.

Ipéraon 3.5.3. Eoww M uia Aeia empdveaa otov R3. Av n péon kaumuddrnra
s M dev undeviletar o€ kavéva onueio tns M, téte n M eivar npooavatodioun.

Anddetn. Trdpyer plo (cpripfown) oxoyEVeLs TOTXDY Tapaueteoewy ¢; : U — M,

i€l 6mou U = (-1,1) x (—1,1), dote M = | J¢;(U). Eotw N; : ¢;(U) — §? 1
el

avtioToyn amewxévion Gauss, Snhadn

1 Op;  0¢i
Ni(¢i(u,v)) = Had)l N 3452 “ou X En

xw H; : U — R n avtiotoryn C°° ouvdptnon péong xaunuidtnrag.  Emedyr) o
U eivon (xatd t6&a) ouvextixé ovvoro, éyouvpe H; > 0 oto U 4 H; < 0 oto U,
ool unodétouue oTL 1 U€om XoUTMUAGTNTA O6ev undeviletan mouvdevd oty M. Av
$i(U) N g;(U) # @ xuw Hi > 0 oo U evr) Hj < 0 oo U, t61¢ N; = —N;
ot ¢;(U) N ¢;(U). Onwc omy anddeiln tou Oewphipotoc 2.4.2, av H; > 0,
Vétouue ¥; = ¢ xw av H; < 0 Vétouue 9 = ¢;0og, 6mou g : R? — R?
etvor 1 avdohaon pe g(u,v) = (u, —v). Eyouue tdpa det D(¥; ! o ¢;)(u,v) > 0
v xdde (u,v) € T,Z)]-_l(T[)i(U)ﬁ¢j(U)). Auté Seiyver ot M eivan npocavatoriown. O

Ocedpnua 3.5.4. (K.O.H. Liebmann, 1899) Av pic ovurayris xai (katd tééa)
ouvextikn Aela empdvea otov xapo R éyva mavtol otadepr) kaumuddtnta Gauss
TWTE €lvar opaipa.

Anédaén. Av M ebvon plo ouumoryfc xon ouvextixd| Aele emipdvele otov ydpo R? pe
mavtol otoept| xamuiotnTa Gauss ¢, t6te ¢ > 0, and 0 Ocwpnua 3.5.1. 'Etol n uéon
xaumuhotnta tng M dev undeviletan oe xavéva onueto tng xou n M elvon mpocavato-
ANowr, and v Ipdtaon 3.5.3. Trdpyel howndy uioa ohxd oplopévn anexodvion Gauss
N : M — 5% Ané authv nodpvoupe tov teheo T oyfuatoc tne M oe x&de onpelo tne
xa TIC oOAxd oplopéveg heleg amexovicelg tng xoumuhotntog Gauss K @ M — R, mou
nelpvel ™mv otodeph T € xou ™me uéone xopnuadttog H : M — R, énwe eniong xou
TIC CLVEYELS CUVOPTATELS TWVY XUPplwY xoUTUAOTATLY k1, k2 : M — R, mou divovtot amd
TOUC YV®OTO0C TUTOUG

ki=H—-VH2-K, ky=H+VH2 K.

Agol K = kiky = ¢ > 0, ymopolue va urtodécoupe ot k1 > 0 xou ko > 0, ondte
H > 0 xou by < ka. Adyw tng ouvéyelag, 1 ko molpvel yéytotn Ty otnv M oe xdmolo
onueio p € M. ¥1o (6o onuelo p maipvel 1k Ty eAdytotn Twh e oty M. Enedn
70 p elvon eEAAelnTind onueto, elvon ougaiixd, and 1o Oevpnua 3.5.2. Katd cuvénel,

k1(p) < ki1(q) < k2(q) < ka(p) = k1(p),

yioe xdde g € M, dnhadr| 6ha ta onuelor g M elvan ougpaiixd. And to Oewpnua 3.2.4,
n M elvou opotpa. [
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3.6 Emnpdveiec ex TeEpLOTEOPAS

Eotw I C R éva avorytéd didotnua xaw v : I — R3 plo xavovie) C° nopopetplopévn
HAUTOAN TNG LOPPYIC

7(s) = (h(s),0,2(s))
6mov ot h, z: I — R etvar C™° cuvopthoeic e h(s) > 0 yio xdde s € I. Trodétouye
ot elte n 7 ebvon évormpoc-éva xon v~ 1 (1) — T ebvan cuveyhc, dnhad”h 1 v ebvan
Tomohoywt) eupuTeuoT), elte 1 = R xou 1 v elvon meptodixn pe xdmota neptodo T > 0,
®OoTe 1y vo elvan évortpog-éva oto Sidotnuoe [0,7). To unoolvoro

M = {(h(v) cos u, h(v) sinu, z(v)) : (u,v) € [0,27) x I}

Tou R3 Myetu emgdrea ex nepiotpopnis Tept Tov x&deTo dEova pe YeEVETELRD 7.
H C™ amexévion ¢ : R x I — M C R3 ye

d(u,v) = (h(v) cos u, h(v) sin u, z(v))
EyeL LoxwPlovd mivona

—h(v)sinu K (v)cosu
Dé(u,v) = | h(v)cosu h'(v)sinu
0 2 (v)
mou €yel taEn 2 v xdde (u,v) € R x I, ywtl n v elvon xavovixiy xou b > 0. Ltnv
TEPIMTOOTN TOL 1) 7Y EVOL TOTOAOYIXY| EUPUTEUCT), OL TEQLOPLOUOL TNS ¢ GTAL OVOLY Td GUVOAL
(0,27) x I xou (—m,7) x I eivon Tomoloynéc epputedoels xou

M = 6((0,27) x 1)) Ug((~,7) x I)).

Yuvenae, to M etvon Aelo emipdvela. Avdhoyo toybouy otny delTepn TeRINTKOT, ToU
70 {yvog g 7y etvon plar amhy) xhetoty| xaumOAn. Tote

M = ¢((0,27) x (0,T)) U ¢((—m,m) x (0,T))

T T T T
Ug((0,27) x (=5, 5)) U b((=m,m) x (=5, 5))-
Agot
—h(v)sinu B (v) cosu
9 _ h(v)cosu |, 99 _ R (v) sinu
au 0 (9?} Z/('U)

Ol CUVTEAEOTESG TNG TEWTNG VeUEMMOOUS Hopphc Elvor
E(u,v) = (h(v))*,  F(u,v) =0, G(u,v) = (1 (v))* + (<'(v))*.

Y1 ouvéyeta Yoo uto¥éToude OTL 1 Y Elval TOPOUETPIOUEVY UE TO UAXOG TNG, OTOTE
G(u,v) =1.
Ov ouvteleotég g deltepng Yeuehiddoug Lopghc etval

—hh(v) sin u h’,(v) cos u —h(v) cos u /
e(u,v) = ) (v);osu h (g/)(ls)l)nu —h(v()) sinu| = —h(v)z' (v),
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—h(v)sinu h’(v) cos u —l/z’(v) sinu
f(u,v) = o) h(v)ocos u (;)/)(il)nu h (v)ocosu =0,
—h(v)sinu h’(v) cosu h"(v)cosu
g(u,v) = ——| h(v)cosu Rh'(v)sinu A"(v)sinu|=h"(v)2'(v) — h'(v)2" (v).
h(v) 0 2/ (v) 2" (v)

Agob F = 0 xau f = 0, o nlvaxog tou TeAeoTty| oyfUatoq L¢(u7v) W TEOG TN

dtatetaryu€vn Bdon [% %] TOU EQPATTOUEVOL ETUTEDOL Ty o) M elvor

ou’ Ov

_ (e(u,v)/E(u,v) 0 (=2 (v)/h(v) 0
Loun) = < 0 g(u,v)/G(u,v)) - < 0 B (v)2 (v) — h’(v)z”(v))'

H xopnurétnra Gauss etvon hoimov

K(¢(u,v)) = det Ly(y ) = — Z(v) - [h"(v)Z}’l((i;))— W (v)2" (v)]

Enedr; utodétouye ot 1 7y elvol TUPAUETOIOUEVN PE TO PNXOC TNg, mopoywyllovtog
v wétna (B)? + (2)? = 1, éyouvue B (V)R (v) = —2'(v)2" (v). Aviahotdvoc
TEOXUTTEL OTL

Z/U 2//?} /U 2//?} //U
K(¢(u,v)):_( ())h()hzz)(h( ))h():_};((v))'

IMapdderypa 3.6.1. Ava > R > 0, o t6poc¢

M ={(z,y,2) €R®: (Vo +y? —a)’ +2* = R’}

elvon empdvelar ex Teplo Tpoghc Tept Tov xddeto dEova ye yevétepa Ty C° napopeTet-
opévn xapumiA pe To wixoc Tne v : R — R3 e

v(s) = <a+RcosR 0 Rsm%)

¢ onolag To {yvog elvan 0 xUxhog oto eninedo xz pe xévipo to onueio (a,0,0) xau
oaxtiva R, LOugwva Ue Toug TEOTNYOUUEVOUS UTOAOYIOHOUS, 1 xaumuAoTnTa Gauss Tou

t6pou oo onueio ((a + R cos %) cosu, (a + R cos E) sin u, R sin E) elvon

B cos %
" R(a+ Rcos %)

O rnopandve toOmog yioo TNV xoumuAoTnTo Gauss ulag ETPAVELNS € TEQIGTROPHC
UTOBEIXVUEL TOV TEOTO XUTACKEUTG U0 ETLPAVELNS EX TERPLOTEOPNG UE TEOXOIORLOUEVT
xaunurdtnta Gauss. Av I C R éva avoryté ddotnuo xou sg € I xou K : I — R elvan
ula C*° ouvdptnor, mpwta avalntolue plio C° cuvdetnon h : I — R mou avorotel
™ Swpopinh e€iowon B + Kh = 0 xau toug emnhéov meptopopole h(sg) > 0 xou
|W (s0)] < 1. Adyw tne ouvéyelog, undpyel € > 0 wote h(s) > 0 v |s — so| < e. H
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ETULPAVELXL EX TEPLOTPOPNC TERl Tov xdeTo dZova pe yevételpa TNy C™ TopoeTplouévn
xopmOAY e To pixoc TN v : (so — €, 80 + €) — R3 ou divetor amd Tov t0mo

+(s) = (h(s),0, /0 IR Rd)

€yel ouvdpTtnon xoumuhotntag Gauss v K. Edixd, ye autdv tov 1pémo unopolue
VOL XOTUOHEVACOUUE Wlal ETLPAVELD EX TEPLOTROPNS TOU €yel TavToL o Tadept] apvNTIXT
xaumuroTnTa Gauss.

IMapdderypa 3.6.2. Mio mpogavic Aban tne yeouuixig dtapopxrc e&lowang
2 —x=0
ebvaw 1 h(s) = e, s € R. Aol h(s) > 0 xou [P/ (s)] < 1 axpiBéde tote dtav s > 0, 7

ETULPAVELXL EX TEPLOTEOPNC TEpl Tov xdeTo dZova pe yevételpo Ty C™ TopoeTplopévn
xapmOA pe To pixoc e 7 : (0, +00) — R? ntou divetan ané tov tHno

~v(s) = (e7%,0, /Os V1 —e2tdt)

€yel movtol otodepy| xaumuadTnta Gauss —1. H empdvela auty Aéyeton Pevdoopaipa.
H yevéreipa v etvon 1) tractrix tou Iopadelypatog 1.2.4.

3.7 Aoxnosig
1. Eotw M pio Aelo empdveir otov R? xou p € M. Na anodewydel ot
L,(v) x Lp(w) = K(p)(v x w)

Y xdde v, w € T, M, émou Ly, elvon o teheotic oyfuatog xau K (p) etvan n xopmuidtnto
Gauss g M o7o p.

2. Na anodetydei ot éva onuelo plag Aelog empdvelag eivon EANAEITTING TOTE Xl YOVO
TOTE OTAV 0 TEAEOTHC oY uaToc 6To onueio autd elvan Yetind 1 apvnTind oplouévoc.
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3. No umohoylotoly o TehecThg oy AUATOS, 1 XaunuASTNTa Gauss, 1 UECT XUUTUAGTHTA
xo oL XVPLEC XouTUAGTNTEC 0F %&de ompelo Tne ehixoewolc empdvelac M = ¢(R?),
6mou ¢ : RZ — R3 ebvou

d(u,v) = (veosu,vsinu,au), a> 0.

4. Eotw ¢ : R? — R3 n O™ anewévion ue

u’ 2 v’ 2 2 2
o(u,v) = (u—§+uv ,v—g—l—vu S U — v )

(o) Now amodewytet ot 10 ohvoro M = ¢(R?) \ C, énov C = {(z,y,2) € R® : x =
0 B y =0} elvou Aelor emupdivela, OMXE TUPOPETPIOUEVY), UE CUVTENECTES TG TEWTNG
Yehidoug popehc E(u,v) = G(u,v) = (1 + u? +v?)? xa F(u,v) = 0.

(B) Now amodetytel ott o1 ouvteheotéc e devtepne Vepehndoug popyihc elvon e(u, v) =
2, g(u,v) = =2 xou f(u,v) =0.

(v) No amodewytel ot o1 xlplec xounuldtniee oto onueio ¢(u,v) divoviar and Toug

TOTOUC
-2 2

) = gm0 = g
5. Eotw h: (0,7) — R pla O cuvdptnon e b’ > 0 xon ¢ : (0,1) x (0,7) — R3 n
O anewdvion ye

¢(u,v) = (ucosv,usinv, h(v)).

(o) No amodetytel ott 1o M = ¢((0,1) x (0, 7)) elvon Aela emupdveton.
(B) Na vrnohoyiotel n xounurhétnta Gauss oe xdde onueio e M.
(v) Now evpedolv to opgpodixd onueio tne M, av undpyouv.

6. Eotw M C R? pio helo emqdveia, I éva avoryté didotnpa xon v : I — M pia
xavovxh) C™ apoeTelodévn xoumOAn. Av undpyet éva eninedo To onolo epdmTeTan TG
M oe x&de onueio tou y(I), va anodetyel ot xdde onueio Tou (1) elvon TopaBohnd
1 eninedo.

7. Na unohoyiotel n xaunuAotnta Gauss Tng emQAVELNS EX TEQIOTROPHE Tepl Tov xddeTo
dEovar pe yevétepo Ty v 1 R — R3 pe y(t) = (e=*/2,0,¢).

8. Eotw f:(0,400) = R pia C™ cuvdptnon. No anodetydel ott 10 6Ovolro

M= {(z,y,2) €ER?: 2= f(\/a2 +42) xu 22 +y*> >0}

elvo ETUQPAVELN EX TEPLOTEOPAC UE xouTUAOTNTH Gauss

Kon) = LR )
- (Va2 +y?) - [1+ (f'(Va* +y2))?P

v xdde (x,y,2) € M.
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9. Eotw (M, N) pia tpocavatohopévn heta emipdveta otov R3. Mio xavovi) C™
TOEUUETEIOUEVT xouTOAn v : T — M, 6mou 1o I C R elvan éva avorytod ddotnue,
Aéyeton xOpto av o Y(t) opiler xOpto xatebduvon v xdde t € I.

(o) Nat amodewydet ot 1y eivan xOplar TOTE Xt LOVO TOTE GTOV Ta EQATTOUEVAL BLoty OO UOTOL
(N o7)(t) xou 4(t) etvon cuypouuxd yio xdde t € 1.

(B) Na anodetydel ot

50\ G, N®)
Lo(Fen) = For

(v) Av n M eivon empdvela ex meplotpoghc Tepl Tov xddeto dZovo Ye YeEVETEWRN TNV
vl = R3xou ¢ Rx T — M elvor n xavovixh tapapétoon tne M, va amodetydet
ott v xde (u,v) € R x I o nopapetpopévec xaunvres v1(t) = ¢(t,v), t € R xou
Y2(t) = é(u,t), t € I, eivon xOplec.

10. No amodetydel ot dev undpyet oupnoyhc Aelo empdveta otov R3 oe xdde onpeio
Ne omolag 1 HEOT XUUTUASGTNTA €lvol UNOEVLXY.

11. No amodewydet o1t x&de Aelo empdveio otov R3 mou éyer Yetind| xapmuidtnto Gauss
oe xde onuelo NS, VoL TEOCUVATOALGU).

12. Eoww M C R? pia ouvextind, ouunayfc, Aelo empdvela mou éyet movtol detixd
xaumurotna Gauss K > 0.

(o) Av 1 péon xoumurdtnoe H tne M eivon xat” andhutny i otodepy|, dnhadh n |H |
elvon otardepn, var anodelydel ot M elvan opalpa.

(B) Av o Moyoc H/K otadepdc oty M, vo anodeydel ot n M elvan ogaipa.

13. Eotwo M C R? plo ouunayfic Aelo emipdvete mou meptéyeton oe pio xAeloth pundiha
ue axtivae B > 0. No amodetydel ot undpyet xdmolo onueio p € M oto omolo 1 péon

xopmuhotnta e M eivon |H(p)| > =
14. Eotww M C R? pia ouvextind, ouunayfc, Aele emodvelr mou éyet movtol detid
xaunurdTnTa Gauss K > 0. Av plo xOpior xopmurotnto g M elvon mavtol otodept),
va anodetydel ott n M ebvon ogaipa.
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Kegpdiaio 4

H socwtepinn yewuetpla Twy
ETUQAVELWV

4.1 Ioopetpleg emipavelwy

Eotw My, My 800 heleg empdvetec otov yopo R3. Mio hefor auoidiopdplon empaveldy
f My — My Méyeton woopetpia empareidv, av

(fep(X), fap(Y)) = (X, Y)

v xdde X, Y € TpMy xon x8de p € My # w6odtvopa Iy (fap(X)) = I,(X) yw
xade X € T,M; xou p € My. Elvou mpogavéc 0Tt 1 ToautoTixr) ameixovion plo Aetog
empdvetag ebvan loouetpla emipavewny. Enlong, n avtiotpogn ulag oouetplog empoveldy
elvon woopetplar emipaveldy xat 1 oOvUeoTt 6U0 LOOUETEUOY ETLPAVELDY Elvon LooUETEla
ETULPOUAVELDV.

Ao helec empdveiec My, Ma otov yopo R3 Méyovion 10opuetpinés av undpyet pio
wopetpla empavewwy f i My — Mo, Eivow govepd oti 1 oyéon auty| ebvan pla oyéon
100dLVaPiaC 670 GUVONO HAWY TV helwv empaveldy otov R3.

Eivor mpogavéc o1t av undpyet wlo wwopetpla F @ R — R3, dote F(Mp) = Mo,
dnhadt| oL empdveiee My xon My eivan 1ood0vaua oyfuate tou R3) téte o My xon Mo
elvon loopetpixég empavetes. ‘Ouwe to avtiotpogo dev oy lel, Onwe o dolue auécn
Topoxdtw. AVO IGOPETEIXES ETLPAVELEC UTOREL VoL ElVOl EVTEADC BLUPORETIXG Oy fUaTaL
otov R3.

Aqupa 4.1.1. Eoww My ka1 My 6o Aeleg empdrees otov R3 ka1 ¢1 : U — M, kai
@2 : U — My 600 avtiotoryes Tomikés napapetpioels tovs, mov opilovtal oto 1610 avoryto
olvolo U C R2. Eotww E;, F;, G; : U — R o1 owtedeotés tns mpadTns deprehicdrdous
Hopens s M; ws mpog tny tomikn napauétpion ¢;, + = 1,2. Av By = Ey, I = I
ka1 G1 = Gy, wte ) ¢a 0 @7 ' 2 p1(U) — ¢o(U) etvar 1wopetpia empaveiddv.

é1(U) $200

dh\ 4
U

67

$2(U)
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Améoaén. Eotww (u,v) € U xa X € Ty, (y0)M1. Trdpyouv povadind Xi, Xo € R,

WOTE 96 961
1
X =X1— u + Xg—— 90
Torte 96 9
2 2
(¢2 © ¢1 )*(bl(uv (X) Xla— + Xo—— o0

Kotd ouvénela,
I¢1(u,v) (X) = El(“?U)X12+2F1(u7U)X1X2+G1(U7U)X22 = [(bl(uv ((¢20¢1 )*(;51 (u,v) (X))
Auté Belyvet ot 1 g 0 p T eivan 1oopetpla empaveidy. O

Mopdderypa 4.1.2. Hemgdveir My = {(z,y,2) € R® 122 +92 =1, x# 1} o
0 xOAvdpog pe axtiva Bdong ton pe 1 ywpic ) yevétepa evdela {(1,0,2) : z € R}. H
¢2:(0,271) x R — M pe

¢2(u,v) = (cosu, sinu,v)

elvon ohixy) mapapéteion e Ma, we Teog TNy onola 0L CUVTEAEGTES TNE TE®TNG Veyue-
Nodoug popeng elvan By = 1, Fp = 0 xau G2 = 1. H eninedn hwplda

M, = (0,27) x R x {0}
elvon hefor emupdveror ohxd mapapetpiopévn and Ty ¢ : (0,21) x R — M ye
¢2(u7 U) = (u7 v, 0)7

(S TEOC TNV OTOLA OL GUVTEAECTES TNG TEWTNG Veuedoug popphc etvon iy = 1, F1 =0
xow Gp = 1. And 1o Afupo 4.1.1 mpoxdntel ot 1 amewxovion f + My — My ye

f(u,v,0) = (cosu,sinu,v)

ebvan woopetplo empaverdyv. H f dev ebvor o meploplopde xapiag wwopetpioc tou R3 otny
M.

My

Mo

(0,27) x R

Ov emgdveieg My xon My elvon hoimdv LOOUETEIXEG, ohAd Oev elvan tood0voua
oy fuote Tou YHeou R3, apol dev undpyel xopla F € 1(R3) tétow dote F(My) = Mo,
vt oL toopetplec Tou R? amewovilouy enineda otov R3 oe enineda, ond w0 Oedpnua
1.3.4.

‘Eotww M pla xatd t6€a cuvextint| helo emipdvela 6Tov R3. T p, ¢ € M Vétouye
dy(p,q) =inf{L(y) : v :[0,1] = M elvou xotd tufjpota C TopoueTploUévn

xoumOAn pe v(0) = p xou (1) = ¢}.



4.1. IYOMETPIEY. EIIIPANEIS2N 69

Ané to Hupdderypa 1.1.7(y) éxouvpe [[p — ql| < dp,q) v x&de p, ¢ € M. Enedy
n M eivar xatd t6&a cuvexTtixy, tolpvouue piot cuvdptnon das : M x M — R pe ¢
TEAX AT TEOPAVE(S LOLOTNTES:

(o) dar(p,q) > 0y xdde p, ¢ € M xon dpr(p, q) = 0 t61€ %o pévo 161€ Gty p = q.
(B) H dps eivan ouppetpwd|, Snhadi das(p, q) = da(g,p) Yo xéde p, g € M.

(v) H dar wovortotel v tprywvixd avicdtnro, dnhadn

dar(p,q) < da(p,7) + dur(r, q)

v xde p, g, r € M. Me dhha Aoya, 1 dar ebvan pio cuvdptnon andotacng otny M
xon o Levyog (M, dpy) eivon évog yetpidc yweoc. H das Myetoun eowtepixny anéotaon
oty M.

Ilpbétaomn 4.1.3. H vonmodoyla mov opiler otnr M n eowtepikn andéotaon dus
tautiletar pe Ty tomoloyia mou éyel n M wg vroatvolo tou ydpou R3.

Aréoaén. Eredn [|[p—ql| < dp, q) ywaxdde p, ¢ € M, n dps-tonoloyla eivon Aemtdtepn
e undpyovoag Tonoloyiog tng M. Oa dellouye 0Tl xou 1 UTdPYOLCA TOTIOAOYIA TNG
M etvon Aemtotepn tng dy-tomohoyloc. Eotww p € M xaw ¢ : U — M plo tomx
rapopétoion e M pe p = ¢(u, vo) yie xdmowo (ug,vp) € U, émov 10 U C R? etvou
évat avolyté olvoho. YTrdpyer Ry > 0 dote (u,v) € U, dtov (u—up)?+(v—1p)? < R3.

Av E, F xou G elvar ol cuvteheatéc tng mpodtne Yepelwdous popphc oto U og
TPOC TNV ToTXA TopaéTelon ¢, Yewpolpe Tn ouvey cuvdptnon f : U xR — (0, +00)
ue

Flu,v, X1, Xa) = ) B(u,0) X7 + 2F (u,0) X1 Xz + Glu, v) X3,

Adbyw g ouvéyelag xon Tng oupmdyelog, Y xdde 0 < R < Ry umdpyet cg > 0 wote
fu,v, X1, Xa) < cg, 6t0v (u —up)? + (v —1v9)? < R? xon X? + X2 = 1. Emnkéov,
cr < CRy. XUVETOC,

X, X
u,v, X1, X9) =/ X2+ X2 (u,v, , >§c A/ X2+ X2
flu v X0, o) = XE X T v = g ) S en VAT

v (u —ug)? + (v —v9)? < R? xou X2 + X2 #0.
Av wpa o : [0,1] — U eivon 1 mopopétpion tou eudlypoppou TUALATOS ond To
(ug,v0) 670 (U,v), 670U (U — up)? + (v — v9)? < R?, dMhadh

o(t) = (1 —t)(up,vo) + t(u,v),

€Y OLUE

1
dpr (p, ¢(u,v)) < L(po o) = /0 F((1 = t)ug + tu, (1 — t)vo + tv, u — ug, v — vo)dt

<cr-V/(u—up)?+ (v—vp)2.

To otvoro D(R) = {(u,v) € R? : (u —ugp)? + (v — v9)? < R?} ebvor 0 avouytéc
dloxoc oto R? ue %évipo 10 onueio (ug,v) xou oaxtive R. Enedd 1 ¢ eivor Tomohoyi-
x1 eppitevon tou U oty M xa 10 ¢(U) elvor avolytd unocivoko otnyv undpyouca
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tonohoyia tng M, 1o ¢(D(R)) elvan avolyth teptoyn Tou p otnv M. T xdde € > 0
umdpyet 0 < R < Ry wote 0 < Reg, < €. O mponyoluevog Utohoyiogdg oruoivel oTL

dy(p,q) <cr-R<cp,-R<e

v xdde ¢ € ¢(D(R)). Avutd Seiyver ot 1 undpyouvoa tomohoyio tne M elvou
hentotepn tne dpys-tomoroylag. [

Ipétaoy 4.1.4. Eotww My ka1t My 600 Aeteg empdvees otov R pe avtiotoryes
€0wTEPIKES anootdoels dyy, kardyg, . Av f: My — My elvar pia wopetpia emgaveidv,
TOTE

dur, (f(p), f(@)) = dar, (p; @)

yia kdOe p, ¢ € My. Ankadn, n f: (My,da) — (Ma,dy,) €lvar wopetpla petpikdy
XOpwy.

Anédeaén. Av « :[0,1] — M eivor plo onotadrimote xatd twiuata C'° TopaueTplouévn
xopumOAn pe ¥(0) = p xou y(1) = ¢q, n foy :[0,1] = My eivan pla xotd tphuata C
TOPAUUETPLOUEVT XoTOAN and o f(p) oto f(q) xou

1

1
du, (f(p), f(q) < L(f o) = /0 Ty ) (Fayy (7 (1))t = / I,(7(t))dt = L(v).

0

Auté Selyver ot dar, (f(p), () < dar (p,q). To B0 emyeipnua egapuoouévo yio
v [ My — My Betyver ot duy, (p,q) < dan (f(p), f(). O

IS16TnTES Xon o TOLYElD TV ALV EMPAVELDY TTOU TUPUUEVOLY OVOANOLWTA OO LoOUE-
Tpleg EMPAVELDY AEYOVTUL ECWTEPIXES WLOTNTES XU GTOLYEI TNE ECHTEPINNAC YEWUETELNG
TV empaveldy. Av pio idtnta ¥ éva atolyelo plag empdvelas eZapTtdtal HovVo omd THY
TEAOTN VEPEADOOTN LOPPY| TNS, TOTE AVAXEL TNV ECHTERIXT YEWUETElO TNG. TNV auéowg
enouevn topdypapo Yo anodel&oupe to teplgnuo Theorema Egregium tou C.F. Gauss
oUUwva Ue To onolo 1 xoumuAGTNTH Gauss TopaUéVel avaALOIWTY amd IOOUETEIES M-
pavely, dnhadn elvar otoyeio g ecwtepxic YewueTplag plag emgpdvetag. Auto Ja
yiver exgpdlovtag TV xoumuhotnTa Gauss plog eTPAvELNS UOVO omd TOUC GUVTEAEG TEQ
e TEWTNS VEUEALDDOUS LORYTC XoU TIC HERPLXES TURAY(YYOUS TOUG TEMTNG Xal 0eUTERPNS
TaEne.

4.2 To Theorema Egregium
Eotw M pio helo empdvere otov R3 xow ¢ : U — M plo tomuxd| nopopétoion e M,

6mou 10 U C R ebvor avoryté 60volo, pe aviiotolyn amexdvion Gauss N : ¢(U) — S2.
Trdpyouv C cuvapthoelc Ffj U =R, 4,5,k =1,2xou Ly, Lo, Ly, Ly : U — R,

WOTE 5
d%¢ ¢ ¢
53 = Ty, T T + LiN(é(u,v),
¢ 4 09 2 09
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Py 106 500

Joou L2, T leg + LyN (¢(u, v)),
Py 0 5 09

902 = Fzz@ + Fzz@ + L3N (¢(u,v)).

And 10 Oedpnua Tou Schwarz, I‘If2 = Fgl, k=1,2xou Ly = L. Enione, ave, f, g
elvon oL ouvteAEoTEC TN BeVTERENC VEUEALDOBOUS HopPY|C, EYOUUE

0%¢

e(u,v) = <W7N(¢(uvv))> = <L1N(¢(U,’U)),N(¢(U,’U))> = Ll(uﬂ})?
Foa20)

f(u,v) = <M7 N(¢(u7v))> = <L2N((J5(U,U>), N(¢(u7v))> = LQ(’LL,’U),

%
g(u7 v) = <W7 N((b(uv v))) = <L3N(¢(u7 v)), N((b(uv v))) = L3(u7 v),
Ov C* ouvaptroeg Ffj U = R, 1,5,k = 1,2 Myovtoaw odupora tov Christoffel
OC TEOS TNV TOTUXT| TOPUUETELOT ¢ XL UTopoLY VoL UTOAOYLOTOUV avd (ebyn we ADoelg
TELOV YROUUXDY CUCTNUATWY. DUYXEXPWEVA, TOlPVOVTOC ECOTERIXA YIVOUEVA €Y OUUE

0%¢ 0. 10E
. 1 . 2 —_ — 0\ =
E-Tyh+F-TY,; <8u2’ 8u> 5 u
0%¢ 0¢ OF 10F
. 1 . 2 _ - 0 =
F-Tn+G T <8u2’ 8v> Oou 2 Ov
yiotl
o8 _ % 00
ou  ‘ou?’ du
%ol
0%¢ 0¢ _OF 04 9%¢ _OF  0¢ 0%¢ _OF 10E

(52 90! = 30 50 ude) ~ 3u  \9u'voa) ~ 9u 200"

‘Opota malpvoupe tor Ypoixd GUGTHUTA

¢ ¢, 10E

BTt Pl = Gor ou) =200

o*¢ 0¢ 190G

Pl + G = (G0 30) ~ 3 0u

xou

1 2 O*¢ 9o OF 10G
ETnt P Te=Ge 5 =3 30u

0%¢ 9o 190G

F'P%2+G’P%2:<8U278U>:§av'

Yuvenwe, to olpfora tou Christoffel eZaptdvton pévo and toug cuvteheoTéc Tng
TEOTNS VEUEALDODOUC HOPPNC XU TV UEPIXMY TURAYDYWY TOUG Tedtne téine. Eivou
ONAadt) oToLyelo TNE ECMHTERIXNG YEWUETEIOG TNG ETLPAVELOS.

IMopodeiypota 4.2.1. (o) Onwe eldope oto Hapdderypa 2.5.1(y), ot cuvteheoTtéc
Tre TpwINe Yeuehddous popehc ot ogalpa S% = {(z,y, 2) € R? : 22 +y? + 22 = R?}
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ue oxtiva R > 0 ¢ mpoc v tomxh mopopétenon ¢ ¢ (0,7) x (0,27) — S% twv
CQAULEIXWY CUVTETHYUEVWY

¢(u,v) = (Rsinucos v, Rsinusinv, R cos u)

ebvor E(u,v) = R?, F(u,v) = 0 xou G(u,v) = R?sin®u vy (u,v) € (0,7) x (0,2m).
YUVETC,

OFE OF OF OF oG oG

— = =0, —=—-=0, — =2R%si — =0.

du v " Ou Qv T Ou SOty
To o0pfBoha tou Christoffel '}, T'%) efvor oL Miogic ToU BLory VIO YPoWUIX0) GUG THUO-
T0C EEI0MOEWY

MR?=0, T'?R*sin?u=0
onéte 'l = T2, = 0. Ta '}y, I'Z, ebvan oL MIoEIC TOU By (VIOU YPOUUIXO) GUGTAATOC
I',R* =0, T%R?sin?u= R*sinucosu

7 1 _ 2 _ z 1 2 7. ’ ’
omote 'y = 0 xou I'{y(u, v) = cot u. Téhog, ta I'gy, I'5y elvan oL Moeic tou Biorydviou
YEUUUXOV GUCTAULATOS

I'LR? = —R?*sinucosu, I['3R*sin?u=0

onéte I3y (u,v) = —sinucosu xu T'3, = 0.

(B) Eotwo I C R éva avoryté didotnue xan v : I — R3 ploa C°° nopopetplopévn xoumdin
ue to pixoc tne tne wopehc y(s) = (h(s),0,z(s)) 6mov ot h, z : I — R elvar C*°
ouvopthoelc pe h(s) > 0 yi xdde s € I. Trnodétoupe ot elte n v elvon €va-tpoc-éva
xon v~ L y(I) — T ebvon ouveyhc, Srhadi 1 v eivor Tonohoyix| epoiteuo, elte I = R
xan 1) 7y ebvon TeELodxy pe xdmota tepiodo T > 0, wote 1 7y va ebvan €va-Tpog-éva oTo
didotnua [0,7). 'Eotw

M = {(h(v) cos u, h(v)sinu, z(v)) : (u,v) € [0,27) x I}

N empdvela ex TeploTEoPNg Tepl Tov xdleTo dEova Ue YEVETELRD Y.
‘Onwe urohoyicaue oty mapdypapo 3.6, oL GUVTEAECTES TNE TEMOTNG VePEAIDDOUS
wopwic tne M wc mpog Ty tomuxh mapouéteion ¢t R x I — M C R3 pe

d(u,v) = (h(v) cosu, h(v) sinu, z(v))
ebvor E(u,v) = (h(v))?, F(u,v) =0, G(u,v) = 1. Suvendc,

OF OFE oF  OF oG 0G
“Z —=0. = =2h(v)K = 0 ==Z==0
ou 7 v W (), ou dv 7 du v
To oOpfBoha tou Christoffel '}, T'%; efvor oL Miogic T0U BLory VIO YPoWUIX0) GUG THUO-
T0¢
ry,h? =0, T3 =—ni'
onéte 'l = 0 xan T3 (u,v) = h(v)R (v). Ta Ty, T3, ebvon oL Mioeic Tou BlaryGviou

YEUUUXOV GUCTAULAUTOS
I{,h? = hh/, T3, =0
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W (v)
h(v)

YEUUUIXOU CUOTAUATOS

ondte Iy (u,v) = xan T2, = 0. Téhog, ta I'ly, T'Z, civon o1 Mioeic Tou diarydviou

h? =0, I3,=0
onéte I3y =13, = 0.
Oedpnua 4.2.2. (C.F. Gauss, 1828) H kaunuAdtnra Gauss pias Acias empdveas
oTOV XWPO R3 egaprdtar 1ovo amd Toug OWTEAEOTES TNS TPDTNS DeUeAIdO0US UoPPnIS

Kal TI§ UEPIKES Tapaywyovs Toug TpwTng kar 0eltepns tdéng kar owvends mapapével
avaAAolwTn ané 100UETPIES €MParveldy.

Anédatn. 'Botww ¢ : U — M pio tomxd nopapétplon tne M, émou o U C R?
ebvar avotyté ohvoro xau N : ¢(U) — S? n avtiotoryn anewdvion Gauss. And 60a
TeONYAUNXOY TNV ToEoLoA TUEAYEUPO, dEXel VoL EXPEACOVUE TNV xouTuloTnTo. Gauss
010 P(U) W 6uvdpTNoT WV GUVTEAESTOY Tne Tewtng Vepehidous popphc B, F, G
xat Twv oupfoiwy tou Chrisroffel xan twv yep®y mapaydywy Toug. ‘Omwe eldaue
TNV ToEdYEapo 3.3, av O TIVUXAS TOU TEAEOTH] OYAUATOS WS TEOS TN OLUTETUYUEVT

do %, % TOU EQAUTTOUEVOU ETUTEDOU Ty, )M elvar o
9w o ¢ M é(u,v)

ailr a2
a1 Q22

xa e, f, g elvon oL cuvteEAeaTEC TNE Beltepng Yeuelwdous Lopprc, TOTe

(0= &) (o)
fg) \F G a1 axp)’

Ané 10 Oewpnuo Tou Schwarz €youpe

o\ 0 [ 9%
8v<8u2> B %(81@2})

WOl OV TIXOIOTOVTOC

%(rl 9 | 1292 | oN(o(a, ))) a (rl 06 | o 09 +fN<¢<u,v>>).

11 8U 1149 8 128 12 av
YUVETC,
0% Foa20) 0 ort, 0¢ 8F 8¢ Oe
1 079 2 070 O 11 99
Mg TTuge Teg, Vo) + 5250+ 5, 5, T g, V0w v)
0% 0%¢ or'L, 0¢ OF 8(;5 8f
_ 1 979 2 12 99
=Togez egg, Yo, N( e T L wal i WA CA G
AvtixodistdvToc
0 0 0 0
Fhr%za—i + Fhrfza—f + T fN(¢(u,v)) + T3, T3, 8¢ +THT3, 8¢ + T gN (¢(u,v))
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Iolo} 0 OI‘ 1 09 OI‘ aqb Oe
—eang —Cng t e T e av ool 2 Y)
0¢ 9 0¢ ¢ 9 0¢
:Fblﬂh% +T] 2F118 +T 2eN(¢(u,v))—|—F%2F%28——|—F 2F128 +T5 N (¢(u,v))

E?(b E?F 8¢+8F 8¢+8f
ou Ou ou dv  Ou

am6 OToL TUPVOUUE TIG TEElC LloOTNTES

N(¢(u,v)),

orj orj
I Ty + THT g, — earn + 8;1 =Tl + Tl — 8;2
1 12 2 12 ory, 1 12 2 12 or,
Dy + T T — v Dl + Tl — o
Oe of
Iy + o BN =Thf + - o Uiy f 4 Tige.
Av o1n 8eltepn IGOTNTO AVTIXATACTACOVUE TIC TWES
fE—eF gE — fF
21 = Sa—75, 022 = o3
AT EG-FY "®T EG-F?
Tou PBploxoupe and Tov Tvaxa ToU TEAEGTH oY AUATOS, TPOXVTTEL OTL
ory or?
Il + I By — Tl — Tl - 811226&22_‘}0&21
gE — fF fE —eF eg — f?
“‘pa-r ro-m - Fpa-—p - R0

Agol E(u,v) # 0 vy x&de (u,v) € U, n xounuidtnro Gauss oto ¢(U) divetan omd
Tov TUTOo

ors, or?
(9 F12P F%2F%2 - (9—;2

1
K(¢(u,v)) = 5 Il + THIS, + — 2
xan e€apTdToL POVO Amd TOUC CLUVTEAECTESC TNG TEMOTNG VEUEAWBOUS HOPPASC XaL TIC
UEPMES TIOROYYOUS TOUG Te®TNG xou dedtepne todng. O

4.3 T'swooclaxéc

Av ¥éoupe va avantiloupe TNV cowtepn)| yewueTpla wlag Aslog emupdveiong M
ue mpotumo TNy eminedn BEuxieidewn 'ewpetpla, epyduacte otnv ooy avTiméTwnol
ue to axdrovdo epdnua.  Iloéc xoumdhec oty M Yo mal&ouv tov avtictolyo
polo twv eudeidy g Euxieldeiag Emnedopctplog; O euldeleg otnv Euxieldewa
Pewpetpla ebvar tor fyv C°° TopopeTEIOUEVODY XAUTUAGY TWV OTOlWY 1N ETLTAYUVOT
ebvar pndevier, Av bpwc n M dev ebvor eninedo otov R3, téte 1 emtdyuvorn ploc
C*° mapopetployévne xoumOAng otnv M umopel vo unv elvan e@amtouevo didvuoua
e M. Emnedh yog evolpépet 1 eowtepint| Yewueteio g M xan €va empaveloxo
OV BAEMEL POVO TNV EQUTTOUEVIXY CUVIOTOON TNG ETTAYUVONG, OBNYOUUACTE Vo
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THPOUUE W UTOXATACTATA TwV EUXAEDEIwY eudeidv Tic C° mopouetplopéves xa-
urdiec otnv M 1wy omolwy 1 emtdyuvon elvar xdetn otnv M oe xdde ypovixh oTiyun.

Opwopde 4.3.1. Eotw M piv Aela emgdveir otov R3 xou I C R éva avoryté
oo tnuo. Mia C° nopapetpiopévn xoauniin v : I — M Aéyetu yewdmoaxn) tng M,
6ty 0 Bidvuopa TNg emitdyuvong Y(s) eivar xdieto 6T0 epantouevo eninedo Ty M
e M vy xdde s € 1.

Kdie yewdaiowomy| €xer otadepd urxog taydtnrag. Hpdypatt, av n C° napayetper-
ouévn xaunvin v : I — M eivar yewdouotoxh) e M, tdte ta Staviopata 5(s) xou 4(s)
elvon xdeta yio xde s € I xou cuveETKE,

d . .
E\an = 2(%,%) = 0.

Mio emmAéov mpo@oavic WOIOTNTA TV YEWOUCLIXDY EVOL 1) OUOYEVELX. LUYXEXQIEVA,
av oy I — M evon yewdouowaxh) g M xouw a € R, ye a # 0, tote xou n C™°
TOPUUETELOUEVT XoUTOAN 3 %I — M pe B(s) = vy(as) elvar enione yewdouotoxh e
M. MnopoUye hotmov yweic BAABN TG YEVIXOTNTOC VoL UTOVETOUUE OTL OL YEWOUGLOXES
elvol TUPUUETEIOUEVES UE TO UAXOS TOUG, OTAY BeV elvon oTodepE.

Oa del€oupe 01N cUVEYEL OTL Ol YEWSUGLXES plog AElag ETPAVELNS OTOV R3 eivou
otolyelo Tne ecwTepnc YEWETRloC TNC.

"Eotw M pio heto empdveio otov yopo R3. Eotw I C R éva avolyté Biédotnuo xo
v il = M yla C*° nopoueTelopévn xaumOAn ue To pnixog te. §2¢ ouvidog, Yétouue
T(s) =4(s), ondte (T'(s),T'(s)) = 0 yio xdde s € I.

‘Eotw sg € 1. Oewpolue plo tomxr) nopauéteion ¢ : U — M tng M, émou 10
U C R? etvou avotyté oOvoho, ue avtiototyn amexdvion Gauss N : ¢(U) — S? dote
v(s0) € ¢(U). Trdpyer § > 0 dote v((so — 0,80 + 9)) C ¢(U). T |s — so| < 0 70
oLdvuoua

Ny (s) = N(y(s)) x T(s)

egpanteton oty M oto onueio y(s) xou 1o {T'(s), Ny(s), N(7(s))} eivar opdoxavovixr
Bdon tou R3. "Eyouue tHpa

T'(s) = (T"(s), Ny(5)) Ny (s) + (T"(s), N ((5))) N ((5))

Yopgove pe to Afpua 3.2.1, o ouvteheotic T1y)(T(s)) = (T'(s), N((s))) ebva n
xovovixy xoumuidtnto tne M oto onueio y(s) xatd tnv xatedduvon touv T'(s). O
CUVTEAEOTAC

kg(s) = (T"(s), Ny (s))

Ayeton yewdaioakr) kaurtAdtnta tng v oto y(s) o e€optdton and Ty emhoyh Tne
Tomixig amexovione Gauss UOvo w¢ Tpog TO TEOCNHUO. MUVETWS, 1) AmONUTY TYH TNG
Yewdaotoxric xoumuhoTnToag elvan piot suvey i ouvdptnon |kgy| : I — R. Etnv nepintwon
mou 11 M elvor mpocavatohlown, emiéyoviag plo amexdvion Gauss N @ M — S?
madpvoue pio C°° cuvdptnon yewdouotoaxhc xoururotntog kg : I — R.

To Sidvuopa (T7(s), Ny (5)) Ny (s) eivon 1 e@amtoueviny cUVG OO TS ETUTAYLVONS
F(s) = T'(s) e v ) ypovixh otiypr) s € 1. Buvende, and 6ou nponyHdnxay, ula C>
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TUPUUETELOUEVT xouTOAN 7y = I — M eivan yewdouotaxt) tng M téTe %o udvo toTE 6TOY
N 7y elvar nopopeTelopévn (avohoyxd) Pe To uhAxoC TS xou ExeL Undevixy| YEwdouotoxt
HOUUTUAOTNTAL.

Oedpnua 4.3.2. (F. Minding, 1830) H yewdamowakn kaunuvAdtnta upiag C™
TapapeTPIoEVNS KauTUANGS e To unKos TS 7y o€ pia Aeia empdveia M eaprdtar kat’
améAvtn Tiun povo andé tny mpwtn OepreAidon popen ths M kar Tt 7.

Anédein. Oo cuveylcOLUE VoL YENOLOTOLOUUE TOUS ToRamdve cuUBoliogols. Av

101E 96 96
T(s) = u/(s)% + v/(s)%

v |s — so| < 9. Hapaywyilovroc,

!/ //% //% ! @ / 82(25 / 82¢ /@
T_u8u+v 8v+u 8u2+vau8v Tt 8v8u+vav2

(o)) 99 20%¢ ¢ 12070

_ . n9® n9o¢ '
=l TV gy T W) g T2 g+ () s
o’ ¢ //8(25 1 % 2 @
au a,U + ( ) I‘ll 8’U, + I‘ll a,U + GN((b(’U,,U))
(o)) ¢ 99 ¢
+2u'v [Flza F%z@ + fN(¢(u, U))} + (v)? [Fé% + F§2% + gN (¢(u, U))}

9¢
ou

9¢
ov

+H[(W)%e + 20" f + (') 9] N (¢(u, v)).

= [U” + (W)°T]; + 20T, + (U/)Qréz]

+ [v” + ()T + 2u'v'TH, + <v’)2F%2}

YUVETOC,
" N2 !/ 1 8¢
kg(s)Ny(s) = |[u" + (') 'l +2uv'Th, + (V)T %
" N27172 /. 172 N212 8(25
+|v" 4+ (W) T + 2u'v'Tiy + (v)T5 7

pdeds

kg(s) = (kg(s) N3 (s), Ny (s)) = (kg(8)Ny(s), N (7(s))xT(s)) = (T(s)x (kg(s)Ny(s)), N (7(s)))

= (22 4 0P s (W + (T + 20T + (0)PTh) 90), N (9(u,0)

(%

02 1 92) s (0 4 (0T + 2T+ ()T 22, N (6(u, )
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= <—v'u” — (u)2'T]; — 2/ (v)?Ti,1 — (v’)3F52> VEG — F?
+ <u/v” + ()3T, 4 2(u/)20'T, + u/(v')2F§2> VEG — F?

=VEG - F?.

moL e€aPTATOL UOVO AMO TN 7y Xl TOUG CUVTEAESTES TNG TEWTNS VeUeMddouc uop@ic
AL TOV PEPLXWY TURAYWYWY TOUS Te®TNg téEng. U

u' w4 (W) + 20/0'T, + (V)2
v W+ (u)?TF) + 2u/0'TE, + (V)13

)

Mépiopa 4.3.3. Eotw My, My 600 Acies empdveies otov R3. Av f : My — Ms etvar
uia wouetpia emparvewdv, tote n f areikoviler yewdaioaxés tng My o€ yewodaioakés
s Mo.

‘Onwe delyver n anddelln tou Oewpruatoc 4.3.2, ol yewdouotaxée ulog helag em-
pavewoe M, tomxd oto ¢(U), 6tav ¢ : U — M eivon pla tomxr napapéteon e M,
elvan o1 ANOoELS Tou (UnFypauuinol) cUCTAUATOS DPopXKY EELGHOEWY

u” + (u/)th + 22/2/1%2 + (v/)2I‘§2 =0
v+ (u')2I‘%1 + 2u’vT%2 + (v')2l“§2 =0.

O yewdaotonéc oto ¢(U) eivar p(u(s),v(s)), énou s € I xou 1o I eivar xatdAnio
avolyto SldoTnua, TTou eEopTdTon and TG apyés cuVUTXES, BNAadY| apyixh Véom xou
oy TorytnTar xou 1 (u, v) elvon Abon touv cueThuaToC.

Autd 10 cloTnua Blapopxdy eEloMoEWY elvol 1 TOTXY EXPEACT EVOS VEUTOVIOU
UNYavXo0 CUCTAUNTOS UE Yweo Véoewv TNy emipdvelar M xon undevixy duvoxy
evépyeta. Tétowou eldoug cucTRuaTH EVOEYETAUL Vo EIVOL YAOTIXAL.

IMapdderypa 4.3.4. OLocuvtereoTég TG TEWTNG VEUEALOBOUS LOPPHC TOU XUAVOEOU
C={(z,y,2) eR3: 2%+ 4> =1}

0¢ Teog TV Tomux| topauéteton ¢ 1 (0,27) x R — C e ¢(u,v) = (cosu,sinv, v) eivar
E=1,F=0xuG=1. Yuvendg, ta obuBolra tou Christoffel elvon dhar undevixd xou
oL Yenduolaxés elvon oL AUCELC TOU CUGTAUNTOS SLAPORIXWY EELCHTEWY

=0, v =0.
Ot yewdaotaxée, Aoundy, oTtov xOAVEpOo dlvovton amd Tov YeVixd TOTo
v(s) = (cos(As + p),sin(As + p),bs +¢), s€R,

6mou A, p, b, ¢ € R. ‘Otav 1 7y dev ebvon otadepr, éyoupe A? + b% # 0. Oty A = 0,
70 (yvog Tng 7y elvon pla yevétepa eudeior Tou xLUAivopou. ‘Otav A # 0 xou b = 0, 7o
tyvog tne v ebvan €voc opllovtiog xOxhog. ‘Otay, téhog, A # 0 xaw b # 0, To (yvog tne
v elvon To yvog plac Ehxac.
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IMapdderypa 4.3.5. To nponyoluevo mopddetyya tou xUAVOpou elvon eldixr me-
olntwon em@dvelog ex meploteopnc. T'evixdtepa, éotw I C R éva avorytéd didotn-
wo xon vy 0 I — R pla O%° mopopetpiopévn xoumOAn Ue T0 PAXOC TS TNe Lop®hc
v(s) = (h(s),0,2(s)) 6mov ot h, z : I — R eivon C*° ouvopthoeic pe h(s) > 0 yio xdde
s € I. Trodétoupe ot eite 1 7 ebvon éva-mpoc-éva xou n v~ 1 y(I) — I ebvon cuveyic,
onAadt 1 v elvan Totoroyuxy euputevoy), eite I = R xou 1 v elvon meplodint| ue xdmota
neplodo T > 0, wote 1 7y va ebvan éva-npoc-éva 6o ddotnua [0,T). 'Eotww

M = {(h(v) cos u, h(v) sin u, z(v)) : (u,v) € [0,27) x I}

N empdvela ex TeploTEOPNS TEpl Tov xdleTo d€ova Ue YEVETELR 7.
Yo Hoapdderypa 4.2.1(B) vrnohoyicaue ot to obuBoha tou Christoffel tng M, wc
Tpoc Ty Tomx mopopéteon ¢t R x I — M C R3 pe

d(u,v) = (h(v) cos u, h(v) sin u, z(v))

elvon
W (v)
h(v)’
LUVETOC, oL Yemduolaxég Tomxd otny M elvar ot AOCEC TOU GUGTAUATOS BLUPOPLXEDY
eEloMoEWY

R (v(s))

u”(s) + 2u'(s)v'(s) h(o(s)) =0

v"(s) = (u'(5))*h(v(s))M (v(s)) = 0.
HoMamhacidlovtoc TNy Tedtn e&icworn xatd uéhn ue (h(v(s)))? Beloxouue

Il =0, T(u,v)=h@)h (), Tiluv)= I, =0, T3 =T%=0.

d
(i) o
xou oLVETHOC UTdpyel ¢ € R dote (h(v(s)))?u/(s) = ¢ yio dha To 8 670 BIEoTNUA 0ploPo0
e Mone. Quulouge ot 1 axtivo Tou Tapdhhnhou ou SiEpyeton and to P(u(s), v(s))
etvon h(v(s)). H yovio 8(s) mov oynuatiler n yewdouotoxr oto onueio ¢(u(s), v(s)) e
TOV TOEGAANAO EYEL

1 Lo

cosf(s) = u(s)== + /(s
(6) = e W ), (9

aqb aqb _’LL/ S vis)) =

Yuvenae, n ouvdptnon f(u,v,u’,v") = h(v)cos O(u,v, v, v"), tou opileton ooV YOEO
pdoewy, elvon pia dedtepn otadepd e xivnong, aveZdptnTn and TNy XxwnTixn eVEpYELaL.
To oamotéheopo autd elvor YVooTo ke Oehpnua tou Clairaut, mou to amédeile, xou
AEEL OTL TO VEUTOVIO GUCTNUA TV YEWOUCIAXWOY Ui ETLPAVELNS EX TEQIG TEOPNG OTOV
yopo R3 elvar ohoxdnpdoiyo.

H elpeon tov yewdouotoxmv plag Aclog empdvelag M elvon ev yéver eEoupetind
BUOXOAN, AOYw NS adLVoULaS ETIAUCGTC TOU GUGTAUATOS TWV BLUpOpiX®Y EEIGHOOEWY
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TV Yewduoox®y. Mepixéc popég, autd elvor SUVATOV YENOWOTOWOVTIS TNG CUMUE-
Teleg Tou, Tou elvan axEBKg N oudda TV wopeTewwy g M. Do xdde helo empdvelo
M, to cbvoro

IM) ={f|f: M — M eivon .coyetplo EMLPaVELDV}

elvon opddo e medln ) ouvieon xou Aéyeton oudda TV WGoPeTEIOY TNe M. Xlupwva
ue o Iopopa 4.3.3, ta otowyeia e I (M) anewxovilouy yewdauolaxéc o€ YEmduUotoxée,
Onhadt elvon ouppetples T Slapopxhc e€lowong Twv Yewdauotaxmy. Av 1 ouddo (M)
elvon apxeTd UeYdAn, Snhadn 1 emipdvela elvol dEXETA CUUUETEIXY, XL Opd UE Loy LEd
UETOPaTING TPOTO GTOV YWEO PACEWY, TOTE UTOPOVUE OE XATOLEG TEQLTTOOELS Vol BpoUUE
OAeC TG YEWDOUOIAXES. O EQUPUOCOUUE auTr TN HEY000 GTNY ENOUEVY TORAYEAUPO Yid
VoL BpolPE TIC YEMOAUOLOXES TNS OPaipaC.

O xhelooude TNV TOEOVCA TOEAYEAPO UE TO TOEOXATL VEDENUX TOU OELYVEL TNV
oYEom TwV YESUOLoXWY Uiag Aelag ETUPAVELNS UE TNV ECWTEPIXY TNG ATOCTUO.

Ocwpnua 4.3.6. Eotw M uia Aela empdvaa xary : I — M pia C* napapetpr-
opévn Kaumudn pe to unkos tns, émov to I C R efvar éva avoiyté oudotnua. Eotw
a, b€l pea <bray(a)=p, v0b) =q Avdu(p,q) = L(V|qy), t6te n v evar
yewdaioakn oto didotnua (a,b).

Anédeadn. Apxel va del€oupe ott 1) yewdawoloxr) xadnuAdTNTa TG ¥ ebvan Tovto) undev.
Hpoywpolye e anaywyy oto drono. ‘Eotw ot undpyet a < so < b dote |ky|(sp) > 0.
Ocwpotpe pio Tomxd topapétpion ¢ : U — M tnc M, émou w0 U C R? v avouyté
obvolo, Ue Y(sg) € @(U). And tn ouvéyela, undpyel 6 > 0 bote [so— 0, so+6] C (a,b)
xou Y([so — J,s0 + 0]) C @(U), evé> emmhéov ky(s) > 0 yia xdde |s — so| < 6, 6mou 1
Yewdouotax ) xoumuAOTNTa utohoy{letan ue Bdorn Ty anewodvion Gauss Tou avTicToly el
oty ¢. 'Botw ot (¢~ o) (s) = (u(s),v(s)) yw |s — so| < 6.

Trdpyet pia C ouvdptnon A : R — [0, 1] tétow wote A(s) > 0 yur |s — so| <
xou A(s) = 0y |s — so| > J. Trdpyouv tHpa C cuvopthoe @, ¥ : R — R tétoieg
dote u(s) = v(s) =0y |s — sg| > § %o

d¢

9¢ 9¢
ou

M), (5) = (s) "

+ o(s)
v [s — so| < 6. Adyw tng ouvéyelag xaL TNG CUUTEYELIS TOU XAELOTOU DG TAULATOS
[so — 6, 50+ 9], undpyel € > 0 dote va opileton n C™ petoforf C : (—€,€) x [a,b] = M
™me 7, UE

C(t,s) = ¢(u(s) + tu(s),v(s) + tv(s))
v |s — so| < 9, dnhadr C(t, s) = v(s) o |s — so| > 0. Torte

oC
E(Ov 5) = A(s)N4(s)
v xde |s — so| < . Emmiéov, C(t,a) = p xou C(t,b) = q vy x&e |t| < e.
Yougwva pe ty unddeon pac n C™ ouvdptnon L : (—e€,€) — [0, +00) pe

L(t):/ab

oC

Eds
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Todpvel Tomxd eNgytotn T oto 0. Xuvenae, L'(0) = 0. Opoc,

2
» 9 |loc :/b<%,%—§>dt‘

vo= [ g5 [

Amd o Oewpnua Tou Schwarz xou ohoxhnpwvovitag xatd péen), ewwxd yia t = 0 €youue

b 2
0=L'0) = [ (5509, 500.5))ds
b 2
— (G0, 5200 (0.0 0.0) - [0, 5509

s0+0 5040
=0—-0-— / B (A(s)Ny(s),5(s))ds = —/ B A(s)kg(s)ds < 0.

Avuth n avtigaon ohoxhnedvel Ty anddelln. O

4.4 Yogouewxn 'ewpetpla
‘Eotww R > 0. H ogaipa pe oxtivae R xou xévtpo to onueio (0,0, 0) eivon 1 heto empdvera
S%z = {(x,y,z) S R3 : :E2—|—y2 +Z2 — R2}

xou ebvan toouetey pe xdde dAAN ogalpo we tnv Boe oxtiva. T xdde A € O(3,R),
éyouue A(S%) = S% xou ouvendc o meploplopde tou A oty S% efvon wopetpia Trg
S%. Me énha Moy 1y opdoydvia oudde O(3,R) etvon unooudda tne 1(S%). Mroget va
amodewydel ot oty mporypotxéTnTa I(S%) = O(3,R), adrd dev Yo ypelaotolue Ty
lCOTNTAL

Mo evBlogéper 1 dpdon tne opddoac O(3,R) ot onpela e opaipac S% xou ot
epamtépeve dloviouetd tne. ‘Eotw p € S% xou {X,Y} pla opdoxavovixd Bdon tou

1
epantépevou emmédou 1,5%. To {X,Y, Ep} etvan plo opdoxavovixd Béon tou R3.
Yuvenoe, vndpyet A € O(3,R) dote

Aler1) = X, Ae2) =Y, Ales) = %p.

1
Yuyxexpwéva, o A elvar o ivoxog ye othieg T dlaviopota X, Y xou TP Ue QUTH TN

Sidtoln. Ewid, A(Res) = p xou emewd| 10 e@ontoyevo eninedo Tre, Sk o10v Bdpeto
n6ho Res elvan 0 opilévtio ov éxet Bhon {e1, ez}, éxoupe A(Tres SE) = 1)S%. And
AT TpoxLTTEL OTL Yo ¥$e p € SR, X € T,5%, ue || X|| = 1 xow Z € Tre, S,
ve ||Z]] = 1, vndpyet wopetpio f = A € O(3,R) dote f(Rez) = p o fure,(Z) =
A(Z) = X. Suvenac, yio xdde p1, p2 € Sk xow X1 € Tp, S, Xo € T,,,5% pe || X1]| =1
xou | Xa|| = 1, undpyet woopetpio f € O(3,R) dote f(p1) = pa xou fup, (X1) = f(X1) =
Xo. Anhadh, 1 dpdon tne opddoc twopetpidv O(3,R) ebvor petofotind oty S% xou ot
£QATTOUEVAL SlavOoUATd TNG.

And 1 povadixdtna Tne €€dpTNoNne TwvV AUCEWY TOU GUCTAUITOS TV Olapopl-
%WV EEICOOEMY TWV YEWOUSIAXDY oT6 TG apyixEC oLV XES, dNAadY TNV apyxr Vo
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XoL TNV Ay ToLTNTAL, X TNV PEToPatixdTnTo TNE dpdong e opdoydviag ouddug
O(3,R) oe autéc g apyinéc ouvirxes, opxel va Ppolue wévo uio yewdiootaxy tng
ogatpag. ‘Oheg oL GAReC elvon ExOVES AUTAS PECK 0pVOYOVIOY UETACY NUATIOUMY.

Yto Moapdderypa 4.2.1(a) unohoyioope ot ta oUuBora tou Christoffel we npog Ty
tome| mapapéeon ¢ ¢ (0,m) x (0,27) — S% TV CQUEIKOY CUVTETUYUEVLY

¢(u,v) = (Rsinucosv, Rsinusinv, R cos u)
ebvou
I, =12 =T1,=0, T%(u,v)=cotu, TIiy(u,v)=—sinucosu, I'ky =0.
To clotnuo TV Blapopx®y EEICMOEMY TOV YEWOUGIAXWOY Vol AOLTOV
v — (v)?sinucosu =0

"+ 200 cotu = 0.

Mo mpogavic Ao etvan 1)

u(s) = —s+g, v(s)=—, |s|< >

Tou divel T yewdawotaxh Y(s) = P(u(s),v(s)), |s| < ?, oto ¢((0,7) x (0,27)). To
tyvog tne v ebvan évag yeonuPevog and tov Bopelo otov voTo moro. And Tn yovo-
OOt TS €€8ETNONS TV AIGEWY TOU GUG TAUATOS TWY SLUPOPLXWY EELCOCEMY TWY
yewdouotaxy and Ty apyix) V€omn xar Ty apyxn) T 0Tt Xou TNV UETABATIXO T T
TrC BpdONG TRV IGOUETEWOY TS S% 0F auTéC TPOXUTTEL oTL o (un-otadepée) yewdot-
otxéc e SE efvan o1 O™ TUPUUETELOUEVES XOUTOAES UE TO PAXOC TNS Tou €xouy VN
Toug PEYIOTOUC XUXAOUC, ONAadY TiC TOpES NG S%% HE 2-0LE0TATOUC BLOVUCHUATIXOUC
LTdYWEoLC Tou R3.

Ané xde Lebyoc onuetov p, ¢ € S%, ue p # £q, diépyeton oxplBe pio yewmdouoton,
T0 {yvog tng omolog yweileton ot éva uixpd xou éva peydho t6€o and ta onueio. To
ueydho toZo elvan yewdouotoxd, oAAd dev elvon {yvog xoaunOAng eloyiotou urxoug ot
ogaipo Tou cUVOEEL TaL P, g. Autd Belyvel 0Tl To avTioTpoo Tou Bewpnuatog 4.3.6 dev
Loy VEL.

[Topatnpolue 0Tl 6NV ECWTEPIXT] CQAULEIXT YEWUETEI OUO YEMOUOLOUXES TTOU EX-
xwvoly and To (Blo onuelo EoavacuVAVTIONVTOL GTO AVTLTOdXO TOU PETH amd ypedvo TR,
oynuatilovtag étot éva diywvo. AuTh 1 GUUTERLPOREE TWV YEMDUGLIXWY OYEIleTAL OTNHY
et xoumurotnto Gauss tng ogalpag. Av 0 < e < 27 elvon 1 Yoo TOV apyixdy
TAYUTATWV TOV VO YEMOUOLIXWY, TOTE T0 EYBadOV TOu dLy®Vou elval Lo UE

55

Ewwd, vy € = 27, 1o epfoddv e ogaipac S% ebvor oo pe 4mR?2. Mnopolue topu
VoL UTOAOYIGOUUE TO EUPUBOY TMV TRUEIXDY YEWBUGIIXWY TELYOV®Y, TOL PUGLXE etval
avorholoTto and looueTpieg TNg opalpag.

dudv / / R?sinududv = 2¢R>.
o Jo
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A
Ocwenua 4.4.1. (T. Harriot, 1603) Eotw ABC éva ogaipiké yewdaionaxd tpiywro

A
He avTioTotyes €0wTeptkés ywvies a, 3, v otn ogaipa S% aktivag R > 0. Av E(ABC)
efvar to epfador tov Tprydrovy, Tote

AN
E(ABC)
R2

at+pB+y—m=

Anéddeén. (L. Euler, 1781) Oewpolpe touc Tpelc péytotouc xOxhoug tOZa v omolnv

elvon oL TAeLEES ToU oQaExol Yewdouotoxol Tetywvou. Autol ywetlouv tn ogoalpa oe 6
A
oganpixd diywva. To 3 and autd tepiéyouy o telywvo ABC, twv onolwy elvon 1 touy

xo T Ghhat 3 To avTitodixd tou. Anhadt, autd to 6 dlywva xaAbTouy Ta 800 Telywva
amo 3 POEESC XAl TNV UTOAOLTY CQAULEIXT| ETLPAVELXL OO WUlal (POEdL. €YOUUE AOLTOV,

A A
2[2aR? + 26R? + 2yR? = 47 R? + 2[E(ABC) + E(ABC)]

O CUVETC

A
E(ABC)
R2

‘Etot otn Xgaipu| lewyetplo 10 dpoloua TV ECOTERIXDY YOOV EVOS GYUEXO00D
YEWOUSIAXO) TELYWVOU EVOL TAVTOL HEYAADTERO TOU T X0t 1) dlapopd elvon To euSoddv
ToU TPl OVOU entl TNV xaunuAdTnTa Gauss.

at+B+y=m+ .0

4.5 TYrnepBolwxn I'ewpetpia
Yo IMopdderypa 3.6.2 xataoxcudoaue v Pevdoopalpa S, Tou €lvor 1 ETLPAEVELN €X

neploteoghc mepl Tov xddeto d€ova g C°° TUEOUETEIOUEVNS XUUTUANG UE TO UHAXOS
e v : (0, +00) — R3 mou diveton amd tov THTO

~v(s) = (e7%,0, /Os V1 — e 2tdt)

xou ebvan 7 tractrix tou IMapadeiypatoc 1.2.4. H devdoopaipa €yer movtod otodepy
xaunurdtna Gauss —1. H ouvnthouévn tomxy| napopéteion tne Peudoopalpas ywelg
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™ YEVETELRX, WS EMPAVELNS EX TEPLOTROYNGS, elvan 1 ¢ & (0,2m) X (0,400) — S ye
v
¢(u,v) = (e"Vcosu,e " sin u,/ V1-— e_2tdt>.
0

Av Yécouue w = e”, noalpvouye uio véa Tomixy| Topauételon Tne Peudoopalpag ywelc T
vevétepa, 1 : (0,27) X (1,+00) — S nou divetar and tov TUTO

: log w
cosu smu
Y(u,w) = ( , , VA= e_2tdt>.
w w 0
Agol
sinu —%
L ) oY | _siu

Y i P)
8U w ’ aw 1 - 1
0 w1 w

Ol GUVTEAEOTEG TNE TPAOTNG VEUENOOOUC UopPNC WS TEOG TNV TOTUXT| TUPAUUETELOT 1
elvan

1 1
o2 F(u,w) =0, Gu,w)=—

E(u,w) = 2

v (u,w) € (0,2m) x (1,400). Ou C*> ocuvopthoec E, F, G dev opillovton ybvo ot
Aopida (0,27) % (1, +00), ahhd o€ 6ho T0 dve Meninedo

H? = {(u,w) € R? : w > 0}.

MropoUpe va Yewpricouue to H? ¢ pio apnenuévr ETpavels epodliopév ue Ty Tt
Yepehdon pop@r| Tou €xel CUVTEAECTES TIC Topamdve cuvaptioee F, F, G. 'Etol, av
(u,w) € H? xou X € Ty )H?, nhad) to X elvan ddvuoua pe onueio eqappoyfc To
(u,w), tote

1
T (X) = — | X

To H? epodiaocpévo pe auth TNy Ted T Jepehiddn popeh Myetu utepPolikd emitedo
tou Poincaré xou €yel navtol otadepr xounuidtnta Gauss —1.

To cOuPore tou Christoffel T, T'%; efvor oL Mioeic T0U DLy OGVIOU YEUPIXO0 GU-
O TAUATOG
1 —
w2

1 1

ri 0, I'—=—
11 ) 11w2 w3

7 1 4 7 7 7
onéte T, = 0 xou I'% (u, w) = o Ta T1,, T2, eivor o1 AOoEIC TOU BLayOVIOU YpoUX0)

CUCTAUATOSG

1 1 1

r,—=-—, 1%,—-=0
12 w2 w3’ 12 w2
1 7 7

ométe Ty (u, w) = — M I'2, = 0. Téhoc, T I'dy, '3, ebvor o1 Mioeic Tou diorydoviou
YEUUUXOV GUCTAULATOS

1 , 1 1

rl,— =0, I%—=—-——
22w2 ) 22

w? w3
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7 1 7 7. 7. 7

onéte 'l = 0 %o I3, = 0 LUVETOC, TO GUOTNUN TOV BLPORXKOY EEICMOEWY TWY
yewdatotoxdv oto H? elvou

2

' — =u'w' =0
w
" 1 N2 N2 _ 0
(W) - ()] =

I xdde ug € R, plo mpogavic Aon elvan 1 u(s) = ug, w(s) = e®, s € R. Zuve-
Toe, xde euxheldela nuieudeia oto H? mou ebvan x&detn otov oplbvio dEova ebva
70 {yvog umepBohixic Yewdauoloxng. Ou Bpolue OAeg TI¢ UTERBOMKES YEMOUMOIUXES [UE
dVo TeoToLE. O ME®TOC TEOTOC elval GTOLYEWOONG ot YWdAhov emupaveloxos. Eotw ot
(u(s),w(s)) etvan plo uiepBohnt| Yewdouotax | Tou Sev eivon x&letn otov optldvtio dEova
nuevdeio. Tote u/(s) # 0 yio Gho T s 670 Do TNA OPIOPOY TNG, O TNV LOVADIXOTY-
ot TwY Aoogewy and Tig apyés cuviixes. Aol oL YEOSUGLIXES EIVUL TUPUUETRIOUEVES
(avahoyixd) pe o uhxoc tog éyoupe emmiéov (u')? + (w')? = w?. TloMamhaotdlovroc
™V TemT dlpopixh e&iowon ue w’ xon tn Sevtepn pe u madpvoupe

X0l AUPOURVTOG AT UEAT)
w/u// _ u/w// — _[(w/)2 + (u/)2] = vw.
w
Troloyiloupe tpa 0Tl
e ((uu + ww’ / 17002 " 2 " Mot /
(u') —a =u'[(u")” +uu” + (W) +ww"] — " (v + ww')
= o/ (u” + w? + ww”) — ' (u + ww') = v'w? + vww” — wu' (w4 w") = 0.

Yuvenwe, undpyel a € R oote
uu' + ww'

u/
A 1wodlvapa ((u — a)? + wz)/ = 0. Anhod¥), undpyer R > 0, kote
(u(s) —a)® + (w(s))* = R?

yior Ot oL § GTO DG TNUA 0plool NS Yewdaiotoxhc. Autod onuaivel ott To yvog Tng
uTepPOAXAC YewBoto g lvan UXAEBELD NUXUXAO PE XEVTEO TIEVL GTOV 0pllOVTIO
dEoval o xdmoLa axtivol.

£
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Mio deltepn pédodog yio TNV EVPECT) TWV YEWOUOLIXGY OTO UTERBOAXS ETUTESO
elvon oUTH TOL EPUPUOCAUE GTNY TEONYOVUEYY Topdypopo 4.4 yior TNV nepinTwon Tng
oQalpag, YENOWOTOIWVTAS TN 8pdoT TNG OUAOUS TWY LWOOUETEWWY. AUTY 1 TpocEéyYLon
elvon amoxohumtiny yia T Porditepen ven tne eninedng TrepBolnrc lewpetplag. o var
yivel autd, mpénet mpwTa var Teptypdouue TiC loopeTpleg Tou LTEPBOAXOU ETITESOL.

To urnepBoAiixd eninedo unopel va meprypapel TOAD BoAxd pe TN YENOT UIYoBXEDY
aprdudv, tawtiloviac to (u,w) € R? ye tov u + iw € C. Tére,

H? = {2 € C: Imz > 0}
xa 1) TeWT VeUEAOONS Lop@Y| YedpeTal

LX) = s YT

Yo xdde 2 € H2 xon X € T.H?, 610U %ou Y10 To EQATTOUEVOL DIOVIGUOTOL YPTOHLOTOLOVYE
uyodixd cuuBoMous.

Mo mpogavic utepBolu wouetpia etvar 1) b« H2 — H2 pe h(z) = —Z, mou eivou
1 avéxhoon og Teog Tov gavtaotikd nudlova ¢ = {iy : y > 0}. Ipdyyat, enedn
n h elvor Teplopiopde Yeopuuxhc amewoévionc oto H2, éyoupe i (X) = —X yiu x&de
z € H?, X € T,H? xou cuvende

1

1
)

1
2|h*Z(X)|2 = (Imz)2

Ih(z)(h*z(X)) = m (—7)|2 = |X|2 = [,(X).

Ava, b, c, d € R xa ad — bc = 1, o yetaoynuatiopds Mobius g : C - @, ot
ogoipo Tou Riemann C = CU {oo}, e

az+b

9(z) = cz+d

ametxovilel 1o H? otov eauté tou, yioti

1 <az+b a2+b> Imz

I — - - .
mi:) =\ i =vd) e dp

H pryoduer) nopdywyog tou g evan

1N 1
g(2) = (cz 1+ d)?
padeds
Ty (6:(5)) = Gl (DX = cges g X = 1.(%)

yio %89 2z € H? xu X € T,H?. YSuvende, o g eivan toopetpier Tou UTEpBOAXOD €T~
médou H2. To cOvoho PSL(2,R) dhwv 1V petacynuatioudy Mbius pe tpoyuotinoie
ouvteleatéc anotehel utoouddu e opddac I(H?) twv ouetpidy Tou uTepBohixoy &-
mowédou xou ebvor 1 avtiotoryn e opddac SO(2.R) twv otpopnv e Euxdeldelog
Emnedopetplog.
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H PSL(2,R) 8pd petofotind oto H2, yuotl yia xdde u + iw € H2, av Yewprooupe
Tov petaoynuatiopd Mobius g(z) = wz + u éyoupe g(i) = u + iw. Emmiéov, av
X € TH? xou | X| = L;(X) =1, undpyer 0 < 0 < 27 dote X = e~ 29 3 dewpdvtag
Tov peTocy nuationd Mdobius

cosf -z —sinf
9(2) = =2 ————
sinf - z + cos 6
éyoupe g(i) = i xu ¢'(i) = e 29 3nadh gui(1) = X. Auté o ouvdlaopd pe
uetofotindtnTa Tne dpdomne ota onuela Tou H? defyver ot ) PSL(2,R) 8pd petoforind
X0l OTOL EQPUTTOUEVAL DLV OGHOLTAL.

Enedf topa n v : R — H? pe v(s) = ie® elvor umepPolixt| YeEmduUoLaxH Topole-
TEIOUEVT UE TO UAXOC TNG, OTIWC EWBAUE TNV apyT| TG THEOLCAS TOEXYRAPOU, UTO TNV
vetofatixétnta e Spdong g ouddog unepBolixy wopetptdy PSL(2,R) oto onuela
xou oTa EQonTOUEVY dlaviopata, X80 SANN (un-otodepn) unepBolxy| Yewdouotox | topo-
UETELOMEVY UE TO UHXOC TNE EVOL EXOVOL TNS Y UECK XATOLOU YeTaoy Nuatiopol Mobius
e Tparypotinols ouvteheo Tée, dnhadn elvon Tne Loppnic goy, émou g € PSL(2,R). To
tyvoc tne g o 7y elvou elte pla nuieudeio xdetn otov opldvtio dEova elte Evol NUXOXALO
UE x€vTpo atov oplldvTio dZova. Luyxexpyéva, o xdldetoc dZovag etvor 1 eudeio pe
eglowon z +7Z = 0 xou av o g divetar and Tov OO

(2) = az +b
9E = cz+d
orov a, b, ¢, d € R ye ad — bc = 1, t61¢
dg(z) — b
 —cg(2) +a
onoTE L
dg(z) — b n dgﬁ—b _o
—cg(2) +a  —cg(z) +a

1) Ll0oBUVaUL
cd|g(2)]* — (ad + be)Reg(z) 4 ab = 0.

b
Av c =0, t6te d # 0 xou Reg(z) = 47 Tov onuodver otL To (yvog tne g o 1y ebvar pla

7 Ié 4 Ié 7, 4 a/
nuevdeia xddetn otov opllévtio dZova. ‘Ouota, av d = 0, t6te ¢ # 0 xu Reg(z) = —,
TIOL GNUALVEL OTL TO (Y Vog TS goy elvon T pio nuevdeio xddetn otov optldvTio dZova.
Av cd # 0, tote 1) nopandve e&iowon eivon 1 e&lowaorn Tou xOxAou ue xévTeo To oruElo

(330)

Tve oTov 0pllovTio dEova xou oxTival Ye auth) TNV TepltTwon Aoy 1o {yvog

4c2d?
™e g oy ebvan éva nuixdxAo pe x€vtpo otov opllovTio dZova. Autég elvon dAeg oL
umepBoAxég Yemdatotoxés. Extoc 6wy twv dAAmY, 1 uédodog auth yag E0mat xou TNy
Thnpogoplor 0Tt oL AaEL NG SLapoptxiic e€lowone TwV YEWBMOLOXGY GTO UTERBOAIXO

eninedo €youv didotnua oplopol 6ho 1o R.
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Hopatnpolpe ot and xdie dVo dapopetind onuela Tou H? diépyeton axpBie wia
urmepPolxt| yewdauotox. Emmiéov, o avtiVeon ye tn Lgopwr Fewpetpla 6mou 600
omolecdinote yewdauolaxés Téuvovtan (e 800 avtinodixd onueio) oty TrepBohnt I'e-
wuetpla and éva onueio extoc plog dedopévng uepBohixnc Yewdauotoaxhc BlEpyovTon Eva
urepapriufoo TAog and UTEPBOAIXES YEWOUOLOXES TOU BEV TNV TEUVOLY. LUVETWG,
XL 0TI 0V0 TEPTTOOELC eV oy VEL TO o&lwUd TWV TOPOAAADY, OUNS UE BLUPOREIX
TeoémOo ot *die eplnTWoN.

‘Onwe xdvoue oty Lgopuxn I'ewuetpio, Yo utoroyloouvye to euBaddv Twv TELyOVELY
otnv YTrepBohixh Tewpetplo. To unepfolxd epfBaddv evéc ouvérou A C H? eiva

E(A) = //A VEG = F2dudw = //A #dudw,

oAV TO ONOXANPWUA UTHEYEL XU TUPAUUEVEL AVOANOIWTO amd TIC UTEPBOMXES LIOOUETRLES.
Ouuilouye ot 1 UmapEn Tou VAoxANp®uAToS eapTdtol and To cUvolo A.

Eva unepBolixd yewdouoioxd n-ywvo, n > 3, elvor €vol xAeloté utocUvoro P tou
H2UOH?, mou ppdooeTor amd n UTEPBONXE YEWDMOLE TUALNTY, TOU AEYoVToL TAEUPEC.
To onuela Touhc Twv ThAeLp®Y Aéyovtal xopupés. Emtpénouye xdmoleg and Ti¢ x0pupeg
va Bploxovtar oto OH? = R = RU {oo}. Téroec xopupéc amoxaholvTon WBEDSELC
xopupéc xou BéPota dev avixouy oto PNHZ. Av to P dev éyel xoulo Beddn xopugpt,
elvon xAEL0TO xan Pparypévo, Bnhadr cuurayec.

7

ITpbétaom 4.5.1. Eotw A éva vnepBolikd yewdaioiaks tplywvo e pia povor 10€mon
kopugn. Av 0 < o, 8 < T €lvar o1 €0wTEPIKES Ywrie§ atis 600 dAAES KOPUPES, ToTE TO
unepfoiko epfador tou elva

EA)=m1m—a-—0.
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Anéoeadn. Xenoyomoidviag €va XATIAANAO GToLYEl0 TS OUddAC WY LTEPBOAMXMY (-
copetpiyv I(H?) uropolue vo peTaoynuaticouye o Tplywvo, MoTE 1 IBEMINC XopuKH
Tou Vo elvon 1) 00, OTOTE oL 600 TAELUEES TTOL TEUvVOVTAL G AUTHY Elval TUAUXTA EUXAEL-
delwv nuieudedy xddetwy oto R. Metaoynuortilovioc oty ouvéyelo To Telywvo ue
wetaoynuatiopols Mébius e popgic f(2) = 2+ b, b € R xa g(2) = Az, A > 0,
T0 pE€pVoulEe o€ VECT OOTE 1) TEITH TASURA VoL TEQLEYETOL OTO EUXAEIDELD NUXUXALO UE
#xévtpo 10 0 € R xou axtiva 1. To unepBohixd eufadov xou ol Ywvieg mapauévouy
avolholwTa amd Toug YeTaoy NuaTiopols autols. Eyouue topa

1 cos 3 +o00 1 cos B 1
E(A) B //A Edudw N /cos(w—a) (/\/I—UQ Edw) = /cos(w—a) V1—u? du-

O¢tovtag u = cosf, 0 < 0 < m, Boloxouye

B ol
E(A):/ Snf o —a—p. O

_o Siné

Oehpnua 4.5.2. Eoto A C H? éva vrepfodind yewdaioiars tpiywro e eawTepiés
yowvies a, B, v. To vrepPoliké epfadov tov A elvar

EA)=7m—(a+B+7).

D

Arédaén. Metaoynuoatilovioc o Tplywmvo pe xatdhna otowyelo tne ouddoc I(H?)
TWV UTERBOAXMY LOOUETEUMY TOPVOUUE €VOL LGOBUVOUO TelYwVOo ToL 0Tolou xoula TAEUES
oev elvon pépog euxheldetag evdelag xdetne oto R. Onwc mévta 1o eufododv xan ot
yowvieg 6ev oddlouv. Eotw ott A, B, C' elvon oL x0pu@pég ToU YEWDIUGLOXO) TELY VO
ue avtiototyec eowtepéc Ywvieg a, B, v. Ipoextelvovtog tnv mieupd AB mpog tnv
xatedduvon tou B, n unepBohxr yewdouotoxy|, uépog tne omnolag eivon 1 AB, €yet éva
onueio D 010 R. To urnepfohixé tpiywvo A e xopupée A, D, C éyel ubvov yia
1BewdN xopupt, TNV D xou to Blo wyler yio 10 utepPolxd yewdouotaxd Telywvo Ag
ue xopupéc B, D, C. Av 0 elvar 1 ecwtepiny| Ywvia Tou terydvou Ag otny xopugh C,
€)OUUE

E(A) = E(A) = E(Ag) = [r—a=(y+0)]=[r—(0+7-pf)]| =7 —(a+L+7). O
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‘Etol 10 dlpooua TV ECWTEROY YWVIOV EVOS UTERBOAXOU YEWBUGLOXOU TEL-
YOVOU Elvor TaVTa XeOTERO amd T xou 1) dlopopd elvar To LTEPBOAIXS EUfadoV TOL
TELYOVOUL.

4.6 Aoxnosig

1. No unoloyiotolv ta oOufora Christoffel tnc ehixoedoic empdvelac M = ¢(R?),
6mou ¢ : R? — R3 elvon 1) ol mopouérpion

d(u,v) = (veosu,vsinu,au), a> 0.

2. Eotw ¢, ¢ : (0,27) x (0, +00) — R? ou C™ amexoviceic pe
o(u,v) = (veosu,vsinu,logv),
Y(u,v) = (vecosu,vsinu,u).

To M; = ¢((0,2m) x (0,400)) eivor 1 empdvea ex neplotpopric (nepl tov xddeto
dZova) pe yevétea tny C mopauetptopévn xoumiin v(t) = (t,0,logt), t > 0, ywpic
™ yevételpa, xat to My = 1((0,27) % (0, 4+00)) elvon pépoc piog eAxoetdois empdvetos.
(o) Now amodetydel ot yio tic xopnuidtntee Gauss woyler K (¢p(u,v)) = K (¢(u,v)) yo
wdde 0 < u < 27, v > 0.

() Now omodetydel ot n pop~t : My — My Bev elvon toopetplo emipovetdv.

3. Eotw M uio hefo emgdveror xou ¢ : U — M pla Tomxr) nopauételon e, TéTol
owote F(u,v) = 0 xou yio xée (u,v) € U. No anodetyVel ot n xounuidtnro Gauss
oto ¢(U) diveton and tov tOno

e e A G |

4. Eotww M plo Aefo emgpdvela xou ¢ = U — M uio tomxy| mopopételon tng, tétola
vote F(u,v) = 0 xu E(u,v) = G(u,v) = Mu,v) vy xdde (u,v) € U, énouv n
AU — (0,400) elvar xdmowor C*° ouvdptnon. Na omodewydel ot 1 xoumuhoéTnTaL
Gauss oto ¢(U) divetar and tov timo

2(lo 2(lo
K(¢(u,v)) = —2)\(?1@) 9 ((;u% A (u,v) + %(u,v)

yio %8¢ (u,v) € U. Ewdwd, dtav U = {(u,v) € R? : v > 0} xou A(u,v) = T61E

K =-1.

v?’

5. Eotww M uio hefo emgdveior xou ¢ : U — M pla Tomxr) nopauételon e, TéTol
oote E(u,v) = G(u,v) = 1 xou F(u,v) = cosf(u,v) yia x&de (u,v) € U, 6mou
6 :U — (0,m) etvon xdmoto C*° ouvdptnon. No anodeydel ot n xounuhétnta Gauss
oto ¢(U) diveton and tov tOno

1 0°0

K(g(u,v)) = sinf(u,v) udv (u,0).
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6. Eotw M pla Aclo emgdveto xou ¢ @ U — M plo Tomxr) nopouételon g, TETol
wote E(u,v) = 1, F(u,v) = 0 xou G(u,v) = (h(u,v))? vy x89¢ (u,v) € U, 6mou
h : U — (0,400) eivar xdmowor C™ ouvdptnon. Na omodetydel ot 1 xoumuhodTnTa
Gauss oto ¢(U) divetar and tov timo

1 9%h

K(6u,v) = ~prs 5o

(u,v).

7. Av M eivon pio hefo empdveio otov R3, vo amodetydet o1t dev undipyet xoplo Tomx
nopapétplon ¢ @ U — M tétow wote E(u,v) = G(u,v) = 1, F(u,v) = 0, evd
e(u,v) =1, g(u,v) = =1 xou f(u,v) =0 v x&Ve (u,v) € U.

8. Eotw M pio ket empdveia otov R? yia tnv omola undpyet plo ioouetpio entoaveldv
T : 8% — M, v xdnowo R > 0. No anodetydet ot ot 1 M elvon ewdeldero opoipo
axtivac R.

9. To eMeimuxd nopoohoeldés etvon 1 Aetar emipdveLa
M = {(z,y,2) € R3: z = 2® + ¢°}.

Na unohoyloTel 1) YedUoLINY| XAUTUAGTNTA EVOC TopolAihou, dnhadn wlag C°° topo-
ueTElopéVNe xopumOANG v : R — M tne poperic

v(s) = (R cos %,Rsin %,R2)

o6rov R > 0.

10. 'Eotw M plo At empdver otov R3. Av plo eudela tou R? nepiéyeton oty M,
va anodety el ot ebvan To fyvog plag yewdauoloxic tng M.

11. "Eotww M pio oupnoyfc xo cuvextied Aelo emgdvelo otov R? pe tic mopondorte
dVo WLoTNTES.

(o) ITp(X) # 0 yio xdde p € M o X € T,M pe || X| = 1.

(B) Kéde yewdawowaxr; tne M eivon eninedn, dnhoady| to iyvoc tne mepiéyeton otny Toun
e M ye xdmoo eninedo cTov R3.

Na amoderydet ott n M elvon ogaipa.

12. Eotw M C R3 plo hefo empdvetor xou dps 1) eowtepind Tne anbéotoon. Av n M eiva
xhelotH uTostvoro tou R3, va anodewydel ot o petpinde yodpoc (M, dy) eivon TARpnC.



Kegdhawo 5

ATAVTNOELS ETUAEYUEVWY
ACHN|CEWYV

5.1 Amnoavifoelg aoxNoEWY and To xepdioio 1

9. H taybtnta e v oo v(s) elvou

Xl GUVETIOC

. 1 1 1
[3(s)2 = 3(1+5)+ 71— 8)+ 5 =1,

OnAadT 1 7y lval TUPAUUETOIOUEVT) UE TO UNXOS TNC.
H emitdyuvon tng 7y ebvon

1
1
F(s) = %(1 —8)”

Av [T, N, B] elvar 10 mhaioto Frenét tne v, téte T'(s) = (s), n xoaunukétnta tne y
etvou

. 1 _1
r(s) = [[5(s)| = (\/5)3(1—32) 2

X -9

N(s)=@’?(s)= S5(1+5)2

0
Téhoc,

—3(1+ s)%

B(s)=T(s) x N(s) = | 1(1—4)2

91
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O CUVETC

B'(s)=| -

(1+s)”
(1—s)"
0

IS

— —5(s) = —R(s)N(s).

==

‘Apa,  oteédm etvar 7(s) = K(s), —1 < s < 1.
11. H oyt tne v oto (s) elvou

—% sin s
A(s) = | —coss

3 .
gSlnS

Yuverae [|[Y(s)||2 = 1 xon 1y efvor Topapetplouévn Pe To WhAXoC TNS.
H emitdyuvon tng 7y ebvon

—2coss
(s) = sin s
3 coss
Av [T, N, B] eivar 0 mhaiocto Frenét tng v, t6te T'(s) = §(s) xou 1 xounuAdTnre ne 7y
elvon k(s) = [|5(s)|| = 1. "Apa N(s) = %&(s) = 4(s). Téhoc,

B(s)=T(s) x N(s)=1 0

3
5
4
5

xou oLverde B'(s) = 0 v xdde s € R. Apa, 1 otpédn elvar 7 = 0. And 1o Hopiopa
1.5.4 xon v andde&r tou, To fyvog tne y elvon o xUxhog pe x€vtpo To ornuelo

xan axtivar 1 mou Beloxeton mévew oto eninedo ye e&lowon

3 4
—gaz+0y—gz:0x+1y+02

onAady) 3z + 5y + 4z = 0.
12. (o) Av [T, N, B] eivou 1o mhadoto Frenét tne v, t61e

V(s) —a=(y(s) —a,T(s))T(s) + (v(s) — a, N(s))N(s) + (v(s) — a, B(s))B(s)

vy xdde s € 1.

Av 70 fyvoc tne v Peloxeton emdve ot opalpa xévipou a € R? xou axtivac R > 0,
w67¢ ||7(s)—al? = R? yioa xdde s € 1. Hopayeyilovtac Beioxoupe 2(y(s)—a, T(s)) = 0
yiae xdde s € 1. Hopaywyilovtag debtepn popd Beloxouue

0= (T(s),T(s)) + (v(s) — @, T'(s)) = 1+ (v(s) — a, K(s)N(s))
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0L GUVETOC
(3(5) = . N(s) = =

k(s

v xde s € 1. Hoapaywyilovtag tpltn popd

= (T(s), N(s)) + (7(s) = a, N'(s)) = 0+ {3(s) — a, —r(s)T(s) + 7(s)B(s))

HOL GUVETC

yio xdde s € 1.

() Av

apxel va del&oupe ot 1 cuVdETNoN
1 K
y+-N-—B:I—>R°
K K2T
etvar otadepn, vl av @ € R? elvan 1 otadepr) T e, T6tE [|(s) — al* = R? v

w&de s € 1.
Ané toug tOnoug tou Frenét, nopoywyilovtoc Beioxouue

1 k/ / ! 1 ! / !
<7+—N——B> :T—%N+—N’—<i>3——3’
K K

K2T K

K 1 K\ K T K\
—T- SNy (wT+B) - (L) B- L )= (I (L) )B
K2 +/€( wT +7B) </€2T> /{27'( ™) </{ </{27>>
‘Opwe, mapaywyilovtag tny

TEOXUTTEL OTL

HOL GUVETC
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Yuvenac [|5(s)]|2 = 1 o n v elvor nopopetpLopévn ue o phixoc e
H emtdyuvon e v eiva

V3 s

S
8 oz
H(s) = | —%cos=2
4 2\/‘

1
in
S 2\/—

Av [T,N,B] eivau 10 mhaioto Frenét tng 7, tote 1 xounuAdtno e v ebvou

(5) = ()| = § on

—@ sin 2\[
N(s)=] —cos 2\/—
1sin 2\[
Té\oc,
1 3
2t 2%
B(s)=T(s) x N(s) = \}—Sm NG
V3
T 2v2 m cos 2\/5
X0l GUVETOC
—? sin 2\3[ )
/
B'(s) = 40082\[ :ZN(S)
5 sin 2\/_

yio xdde s € R. Apa, 1 otpédn etvan 7(s) = —i yioe xdde s € R.

Aol n v éyer otadepr) xoumuroTnTa xou oTardept] oTEéd, elvon pla ENxor. Buyxe-
xpuéva, 1 7y elvon LoodUvaun e Ty 0p0H xuxhxh élxa Y2.2. Av [T 9, Na o, Ba o] eivou
To mhaiolo Frenét tng 2,2, undpyetl évag povadixog opdoynviog Tivaxag A tétolog wote
A- TQ,Q(O) = T(O), A N272(0) = N(O) o A - 3272(0) = —B(O) Av f : Rg — Rg elvou
1 euxAeldela loopeTpla e

f(@)=A 2+ (v(0) = A 12,2(0))
yio xéde ¢ € R3, w618 f oy = 7.

14. Mapaywyiovtac ™y B o h = v Beloxoupe h'(B o h) = ¥, dnhadH

1
1Y@l

yioe xdde ¢ € 1. Hapaywyilovtag deltepT Qopd €youue

(W)*(Boh)+h"(Boh) =

B(h(t) =

y(t)

oToTE

sty - B0

ph®) = EOIE
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Yuvenoe, n xopmudoétnta k e S oto B(h(t)) etvon

(k(h(H))? = 3 (h(ey) 2 = DI G ”f D3y, + SO sy

@1 I @l° @1
_ @I 5O = G@).50)° _ 4@ x 3@
Iv@1° @

Av [T, N, B] eivos to mhaioto Frenét tne 3, n otpédm 7 e B oto B(A(t)) eivou

(H(B) = (B (0) N (e = (BOO), N (1) = s (U)X A N (1)
Hol
WOV o) = (Vor) = (—p(on)) = —pn(Fon - L2 don)
AvtixodistdvToc
) < Be), By 1 PR
m(h(t) = (R (A (D)2 = e HoRE OO EaE T @)
RIS ) x50, ()
=R < AOP Top @070 = T mas s we

5.2 AnoviNoclg AOANCEWY ATO TO XEPAAAUO 2

6. (o) Oa delZouye ot N T4 elvan évar Tpog évar xau entl Bploxovtog Ty avtiotpopn tne.
Av (u,v) € R?, opxet va det€ouue 0Tt 10 oloTNPA €ELGOCEY
Rx Ry

2 2 2 2
= - :R
R_2 v R_2 'ty +z

€yel povadx hoom (z,y, z) ye z # R. And tic 800 mphteg e€lodhoel; €youue

onoTE AVTIXNOTOVTIS GTNY TplTN

u*(R — z)? + V(R —z)’ 42 - 2
R? R?
am6 OTOU TOPVOUUE
R(u? +v? — R?)
u? +v? 4+ R?

YUVETKC,

) 2R?u 2R R(u® +v? - R?)
u,v) = .
* u? + 02+ R2 w2402+ R? w2402 + R?
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1

(B) O wxwplovée mivaxac e 7 oto (u,v) € R? etvor

9 R2 —u? 4+ v? + R? —2uv
D7t (u,v) = SR v —2uw u? —v? + R?
(u? +v% + R2) 2uR 20R

Av o DM u,v) Bev éyel wéEn 2, toTe
RY — (u* —v?)? — 4u?v? = 0,
2Rv(—u® + v* + R?*) + 4Ru*v = 0,
—4Ruv? — 2Ru(u® —v* + R?) =0
1) Llood UV
RP=u?+v?, o +0v*+R*) =0, u(u?+v*+R?*)=0,

onAadh u = v = 0 xau R = 0, avtigaon.
(B) O petaoynuatiopodc ahhoryNc TOTIXDOY CUVTETAYUEVGDY

m_omit :R*\ {(0,0)} — R?\ {(0,0)}

dtvetan ard tov tUTo
R2
u2 + v?

xou efvol 1 avTIoTROYT ¢ TEOS ToV XUA0 e %xévtpo to onueio (0,0) xa oxtiva R.

(77— ° ﬂ-—l_—l)(u7 U) = ’ (u7 U)
10. H ¢ eivou éva mpog éva yiatt av ¢(ur, v1) = ¢(ug,v2), toT€
V1 COS U] = V2 COS U2, V1SINU] = vgSinug, auU| = aus

OTOTE U1 = Uz Xou GLVAXOAoLY V1 = Vg, AQPOL Ta COS U1, Sinug OV elvon TaUTOY POV
xon 10 800 (oo pe 1o undév. H ¢t : M — R? divetor and tov t0mo

, .yz), by £ # km, ke,
a’sin 2

¢ (@, y,2) = (E,x,) by £ =2km, k€,
4
(=, —x), otav = =2kn+m, ke
a

k
xou ebvon ouveyfc yiotl v xde (z,y,2) € M pe — # ;, k € Z, éyouue

z Y

Z T i 2
COSE Slna

O wxwPravée nivaxag e ¢ oto (u,v) € R? eivou

—vsinu  cosu
Dé(u,v) = | vecosu sinu
a 0



5.2. AIIANTHXEIY AYKHYXESIN AIIO TO KEPAAAIO 2 97

Ot opilouoec Twv TEudY 2 X 2 utounAdx elvar

vCosu sinu
a 0

—vsinu cosu

=—v
’ ‘ a 0

—vsinu Ccosu

) = —asinu.
vecosu  sinwu

= —acosu,

Agol a > 0, ol 600 teleutaleg opilouoeg dev umopel va efvar TauTtody POV (OEC e UNdEéV.
Yuvende, o Dé(u, v) éyer tén 2.

To epantéyevo eninedo e M oto onueio ¢(u,v) elvor o 2-8idotatog yeouuxos
uTdYWEoC Tou R3 Tou TopdyeTun and To BlavhouaTa

—vsinu cosu
¢ 0 .
— = | wcosu — = | sinu
ou T Ov 0

11. () H ¢ eivor mpogavie éva pog éva xou enl xau éyet aviiotpopn ¢t : M — R2
Tou diveton ané Tov Um0 ¢ (z,y,2) = (2,7 — 2). O wxwBlavée Tvaxac Te ¢ oTo
(u,v) € R? glvon

1 0
Dé(u,v) = [0 302 |,
1 -1

Tou €yel &N 2. XN mpaypatixdtnTa ) M elvar To ypdgnua cuvdpTnong, ool
M ={(z,y,2) €ER® : y = (x — 2)°}.

(B) Exoupe (¢~ L o)(t) = (3t,t2) yid xdde t € R.
(v) Buvendx
99 99

3(0) = 35-(0.0) 4 05-(0,0).

12. (y) T (u,v) € Wy éyovpe

D e)un = (g 1)

xou v (u,v) € W éyouye
Dt eaun = (5 1.

Av n M ebvor tpocavatohiown, urdpeyet pio anewévion Gauss N : M — S2, dote

1 8(15 09

N(olu0) = T 5T 5y ¥ g

yio xde (u,v) € U, enedh) to U eivon ouvextind. ot tov (8o Adyo Yo €youue dume

1 8¢ oY

Hau X BUH au v

N(¢(u,v)) =
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yio xde (u,v) € U A

1 0 0
N () = L
REEE

yio x&9e (u,v) € U. Ytn mpdn meplntwon tpoxtntet ot det D(1~1 o ¢)(u,v) > 0
v %89 (u,v) € Wi U Wa, evéy otn deltepn det D(1~1 o ¢)(u,v) < 0 yio xdde
(u,v) € W1 UWa, mou eivan avtigaon, agol det D(yp Lo ¢)(u,v) =1 étav (u,v) € Wi
xon det D(1p~1 o ¢)(u,v) = —1 6tav (u,v) € Wh.

5.3 AnoaviNoclg AOKNOCEWY ATO TO XEPAAAUO 3

3. Agov
T G T
ou v ’
a 0

Ol CUVTEAECTEC NS TP TN Vepehwdous popehc eivon E(u,v) = v? +a?, F(u,v) =0
xou G(u,v) = 1, ondte

9 99 |?
2 _ 2 2
EG - F ' E?u 2l =? +a”.
Haporywyilovtag dedtepT popd
9 —VCOS U 9 —sinu 9 0
%: —vsinu |, 865 = | cosu |, %: 0
U 0 udv 0 v 0

X0l Ol CUVTEAECTES TNG OeUTERNS VePEAWOOUS Lopprg lvan

—vsinu cosu —vVCoSUu

1 ) .
e(u,v) = ——| vcosu sinu —wvsinu|=20
(.0) = o . -vs ,
a
1 —vsinu cosu —vsinu a
flu,v) = —=| vcosu sinu cosu |= ——,
1/rU2_|_a2 a O 0 ‘/’L)2+(12

—vsinu cosu O

1
g(u,v) = ———=| vcosu sinu 0] =0.
(.0) =~
a 0 O
Yuvenog, N xaunuiotnta Gauss etvon
eg — f? a?

K(¢(U,U)) = EG — F2 = _(’U2 + (12)2.
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O nivaxac tou teleoth) oyfuatoc oto onuelo ¢(u,v) we tpoc T dteTaryuévn Bdon

i

—} TOU €QPATTOUEVOL ETUTEDOU Tih(y ) M elvor

ou’ Ov
E F\ '/e f\ 1 0 ﬁ
F G f9) Voxa2l\a 0 )°

‘Apa m péon xopmurotnta eivar H = 0. O xOplec xaunuidtnteg ebvan ot pileg tou
YAEAXTNELOTIXOU TOALWVOUOU TOU TEAEGTY| OYHUATOS TOL EVaL

X Twmerr| e @
_W X (2 + a2)2

LUVETOS 0L XVPLEC XOUTUAOTNTES ELVOL j:m.

8. To clvoho M civan emipdvela ex teptoTeo@rc Tepl Tov xdeto dova ot
M = {(vcosu,vsinu, f(v)) : 0 <u < 2w, v > 0}.

H yevétepa e M ebvor n C™° mopapetplopévn xapniin v : (0,+00) — R3 ue timo
v(t) = (¢,0, f(t)). H v Sev elvon mopauetpiopévn e 1o puhxoc e, oAAd elvar xavovixn
e whroc toyotnrac ||¥(t)] = 1+ (f'(1))%. Av h: (0,400) — R elvar 1 cuvdptnon
whxouc tne 7, 1 avomopouételon e v e to pixoc g B h(I) — R3 éyel tomo

B(s) = (h=1(5),0, f(h™'(s))) xen
M = {(h™"(s) cosu, A" (s)sinu, f(h™(s))) : 0 < u < 2m,h~(s) > 0}.

Kotd cuvérneia

—1\7 s "oy —1 s
K (o) oo, h(s)sinu, fA7()) = (}2—1)(.; '~ h—}(s) | <Z<§fll<i>)>§3-

Agol W (t) = /1 + (f'(t))? xu

) ")
1+ (f'(1))?

)

h//(t) —

v TIXa o TOV TS TEOXUTTEL

: f'() ")
K , , = .
(vcosu,vsinu, f(v)) o T ()2
9. (o) Eyouvpe Ly (7(t)) = —(Noy)'(t) xou cuvenade ta daviopata y(t) xou (Novy)'(t)
elvon oLy ypouuxd axpBde tote dtay To (1) elvon WBIOBEVUGHO TOU TENECTH oY\ UATOS

Ly-
(B) Agod (5(t), N(v(1)) = = (¥(t), (N 07)'(£)) = L) (F(2)), €xovue

- ) Al G0, NO(©)
) - <L'Y(t)(\lﬁ(t)ll)’ ||7(7f)||> I RTOTE.
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0 (%]
ou’ O

(Y) O mivaxag tou teheoTh oy fuatoc Ly, ) W Tpog T dlatetaryuévn Bdon [

TOU EQATTOUEVOL ETUTEDOL Ty ) M elvon Sraywviog,

I _ (e(u,v)/E(u,v) 0
plue) = 0 9(u,v)/G(u,v)
/7 a(b a¢ 7 7 Ié
omoTE TU 90’ 3o etvou 1B10BLVOOUATE TOU Lig(y, ) Yiot xéie (u,v) € R x I.

10. Av H)p) = 0 v xéde p € M, t6te K(p) < 0 vy xdde p € M. Otav n M eiva
CUUTY TG, AUTO amoXAElEToL and T0 Ocdpnua 3.5.1.

11. Av K(p) > 0y xéde p € M, t6te |H(p)| # 0 vy xéde p € M xon cOppwva pe
v lpdtaon 3.5.3 n M eivan mpocavatollown.

12. H M eivon mpocovatiAiown xon GUVETKE UTEEYEL oMxd oplouévr aneixovion Gauss
N : M — 52 ue Bdon v omola opiletor X0l 1 cUVEETNON UEOTIC XOUTUAOTNTOC
H : M — R xaddc %ot 0L CUVHPTACELS TV XURY XOUUTUAOTHTLY

ki =H-—VH2 - K, ke=H++VH? K.

(o) Emyeipnuatohoyolye 6mwe otny anddeln tou Oewphpotoc 3.5.4. Mnropolue va
uro¥éooupe ot k1 > 0 xou ko > 0, ondte H > 0 xou k1 < ko, Adyw tng ouvéyelag, 1)
ko matpvel uéyotn T otnv M oe xdmoto onueio p € M. 1o (B0 onuelo p maipver 1
k1 v ehdyiotn T tng oty M, enedr| unovétouue otL To dpowoua ki + ko = 2H
elvan otodepd. Emnedr) to p elvon elheintind onuelo, elvon op@okixo, and 1o Ocwpnua
3.5.2. Kuatd ocuvéneia,

k1(p) < ki1(q) < k2(q) < ka(p) = k1(p),

yioo xdde g € M, dnhadr| oha tar onuelor g M etvan ougaiixd. Atd to Ocwpnua 3.2.4,
n M eivon opalpa.

(B) Aot
20 1 1

K ks
uropolue vo pundolue v anddeln tou Oewphuatog 3.5.4, 6nwe oto (a).

13. 'Onwg delyvel n anddeln tou Oewpehuoatog 3.5.1, undpyel p € M tétolo wote

1
I (X) < ——
o(X) < -

v xde X € T,M pe || X| = 1. Eldwd o1 xUplec xaunuldtnrog oto onuelo p ixavol-

oy k1 < —— xat ko < ——. Omndte
R R
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5.4 ARovifoelg AOHNCEWY ATO TO ®EPAIAono 4

2. O ouvteheotéc NG TEWTNG YeUEAUWOOOUS popcpng e ehxoebolg empdvelag Mo
we mpoc Ty mapapéteon 1 etvar Fa(u,v) = 1+ 0% Fy = 0 xa Go(u,v) = 1. H
xaumurotnta Gauss tng Ma eivon

1

K =

() = e

Ot ouvTtereoTég NG TEOTNG VEUEADOOUS HOPPNS TNG ETLPAVELNS EX TERLOTROPNS M1 ©¢

Tpoc v mopapétoon ¢ evor Ei(u,v) = 02, F} = 0 xa G1(u,v) =1+ ol EVO NS
0e0TEPNC VeueAMWOOUS Loppng lvan

v 1
e1(u,v) = BV filu,v) =0, gi(u,v) = T
Luvernae, N xopmuhotnta Gauss tng My ebvan
1
K(¢(u,v)) = N K (4p(u,v)).
‘Opwg
WNI* _ s 2z = |29

XL GUVETC 1) ¢ 0 1~ Bev elvon 1ooPETElo ETPAVELDY.

3. Enedn F' = 0, 1o oVyPohra tou Christoffel divovton and toug timoug

Pl 9E L, 1 0B 1 9E
D=9F ou’ L= "9q ov’ 2798 v’
I’2—L-% Tl __i.% F2_L.%
279G ou’ BT 2E ou’ T 2G v’

‘Onwg delyver n anddelln tou Theorema Egregium tou Gauss, 1 xounuiétnta Gauss
otvetan and Tov TUTO

or?
—T 2P%1 - F%2F%2 - 12

1
K(¢(u,v)) = 5 [legz + I
OTOTE AVTIXOIOTWVTOC EYOUUE

ov_ Ov
4G2 4G?

B 1[ 2GLE 20B9G  9q0G _ 9(9G)?

youdn _wov  \ow) _ \ou
AEG  AG2 ' 4EG  AG?

oF 0G OE 0G (8E)2 (6G)2:|

1 [g—E a_E< E6G+G—> oS aG<_E8G+G >]

- | o | 9%
VEG |VEG T o 2(EG)3/2 * VEG "B 2(EG)3/2
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L[ ey, oL o]
2VEG [Ou\VEG 9du) Ov\VEG 0v/]|
4. Egapuélouye tov tOTO Tng doxnong 3.

7. Av undpyel tétolo Tomixy) mopauételon, t6te Tor oUBola Tou Christoffel w¢ mpog
auTh elvon Oha {oa pe to 0. Luvenwg, 1 xopnuidtnTta Gauss mpénet va elvon (on pe To
undév, and tov tumo tou anodelydnxe otny anddeln tou Theorema Egregium. ‘Ouwc,
AUTO AVTLPAOKEL YUE TO YEYOVOS OTL am6 TNV GAAN UepLd 1 xoumuAotnta Gauss eivan

2
eg —f~ _

K = =—1

 EG — F?

9. H M elvon mpocavatohiowr), agol elvar ypd@nuo cuvApTNong, UE OAXT| ATELXOVLON
Gauss N : M — S? mou diveton omd tov T0UT0

1 2u

2v
VI+du? +40? | 4

N (u,v,u? + %) =

Ewdwd, éyoupe
1 2Rcos &
2Rsin ¢

V1 -+ 4R?

H royOtnmo xon 1 emtdyuvon tng -y ebvan avtiototya

N((s)) =

i S 1 s
. — Slnsﬁ ) —g CF)S ?
J(s)=| cosg |, H(s)=|—gsing
0 0
xol
S
1 cos 7

Ny(s) = N(v(s)) x 4(s) = sin

V1+4R2 OR

LUVETOS 1) YEOOUOLONY XUUTUAOTTAL TNS Y Elvo

kg(s) = (Ny(s),4(s)) = TRATIE

11. Oewpolye évo omowdhnote onueio p € M. And tnv vnddeon (o), tn cuvéyelo
XL TN CUVEXTIXOTNTA TO Hovadlofou xUxhou 6To egantouevo eninedo T, M mpoximtel
ot ITp(X) > 0 yio xéde X € T,M pe | X|| =1 A IL,(X) < 0y xdde X € T,M
ue || X|| = 1. Eidid, ot x0piec xounuAdTntes oto p eivon un Undevixés xou opdomues.
Yuverag n M éyel tovtold xaunuidtnta Gauss K > 0. Emniéov, 1 yéon xoumuhotna
oev undevileton movdevd oty M xou n M eivon tpocavatoliown. Adyw tng cuvéyetag
XL TNG OLVEXTIXOTNTOG TS M, umdpyet pla olxd xahd oplopévn anewovion, Gauss
N : M — S?, w¢ mpoc TV omolo opileton xohd 1 GUVEETNOT TNG UEOTIC XOUTUAOTNTOC
H:M— RxuH>0.
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Yopgpova o Yedpnua Omapdng xot HOVOGHUAVTOU TV AICGEWY Ylo cUVAVELS Ota-
popwéc ellowoele, yioo xde p € xau X € T,M pe || X|| = 1 undpyer pio povadny
yewdouotoxt] ¥ mou exxwvel and 1o onuelo v(0) = p ye apywxh toayvtto Y(0) = X.
Aol 1 vy elvon yewdaotoxy, €youue

.

N(v(s)) = i%V(S)

xon 1 oTpédm TNC Y, WC TUPAUETELOUEVY oA ooV TeplBdhhovTa yhpo R? elva
7(s) = £N(v(5)), (¥(s) x (N 07))'(5)) = F((N 07)'(5),7(s) x N(v(s)))

= (L (4()), 3(5) x N(3(s)))

v x&de s ot0 avorytéd didotnua optopol g ¥y (mou unopel vo amodetydel ot ebvou
oloxneo 1o R, eneldn n M unotidetar cupmoyhc, odhd owtd dev Yo pog ypelaoTel).
Ané v unddeon (B) mpoximter Aowndy ot T = 0. Me dhha Aoy, yio xde p € M
xde X € TyM pe || X|| = 1 eivar ouyypopuixd tou Ly(X). Autd onuoiver ot xde
onueio tng M elvon oppahind xou xatd cuvéreia 1 M etvon ogaipa, agod €yel Jetinn
xaunuroTnTa Gauss.
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