
Ask seic jewrÐac pollaplot twn 1

1. Sto R jewroÔme thn diaforÐsimh dom  B pou orÐzetai apì ton �tlanta {(R, ψ)}, ìpou
ψ : R → R eÐnai h sun�rthsh me tÔpo ψ(t) = t3. Estw A h sunhjismènh diaforÐsimh
dom  tou R.

(a) DeÐxte oti A 6= B.
(b) DeÐxte oti h id : (R,A)→ (R,B) den eÐnai amfidiafìrish.
(g) EÐnai oi leÐec pollaplìthtec (R,A), (R,B) amfidiaforÐsimec?

2. Estw U+
i = {(x1, ..., xn+1) ∈ Sn : xi > 0} kai U−i = {(x1, ..., xn+1) ∈ Sn : xi < 0},

en¸ h±i : U±i → Rn eÐnai h apeikìnish me tÔpo

h±i (x1, ..., xn+1) = (x1, ..., xi−1, xi+1, ..., xn+1), 1 ≤ i ≤ n+ 1.

(a) DeÐxte oti o B = {(U±i , h
±
i ) : 1 ≤ i ≤ n+ 1} eÐnai C∞ �tlac sthn Sn.

(b) DeÐxte oti o B orÐzei thn Ðdia diaforÐsimh dom  me ton C∞ �tlanta
A = {(Sn \ {en+1}, π+), (Sn \ {−en+1}, π−)}, ìpou π± : Sn \ {±en+1} → Rn eÐ-
nai h stereografik  probol .

3. Estw {(U1, φ1), (U2, φ2)} o kanonikìc �tlac tou migadikoÔ probolikoÔ q¸rou CP 1.
ParathreÐste oti CP 1 \ U1 = {[0, 1]} kai CP 1 \ U2 = {[1, 0]}. DeÐxte oti h apeikìnish
g : CP 1 → S2 me tÔpo

g[z1, z2] =

{
(π−1

+ ◦ φ1)[z1, z2], ìtan z1 6= 0
(0, 0, 1), ìtan z1 = 0.

eÐnai amfidiafìrish, ìpou π+ : S2 \ {(0, 0, 1)} → C eÐnai h stereografik  probol  wc
proc ton bìreio pìlo.

4. Estw X ènac q¸roc Hausdorff kai H(X) h om�da twn omoiomorfism¸n tou X epÐ
tou eautoÔ tou. MÐa upoom�da G thc H(X) orÐzei ston X thn sqèsh isodunamÐac x ∼ y
ìtan up�rqei g ∈ G ¸ste y = g(x). Oi kl�seic isodunamÐac lègontai troqièc thc G.

(a) DeÐxte oti h apeikìnish phlÐko p : X → X/G eÐnai anoikt  (kai suneq c, epÐ, ex
orismoÔ).

H G lème oti dr� gn sia asuneq¸c epÐ tou X ìtan k�je x ∈ X èqei mÐa anoiqt 
perioq  U tètoia ¸ste U ∩ g(U) = ∅, gia k�je g ∈ G, g 6= id.

(b) An h G dr� gn sia asuneq¸c, deÐxte oti k�je [x] ∈ X/G èqei mÐa anoikt  perioq 
V ∗ ¸ste

p−1(V ∗) =
⋃
g∈G

g(V ),

ìpou V eÐnai mÐa kat�llhlh anoikt  perioq  tou x ∈ X, ¸ste g1(V ) ∩ g2(V ) = ∅, gia
g1 6= g2 kai h p|V : V → V ∗ eÐnai omoiomorfismìc.

(g) EstwM mÐa leÐa n-pollaplìthta kai G mÐa om�da amfidiaforÐsewn pou dr� gn sia
asuneq¸c epÐ thc M . An o M/G eÐnai Hausdorff, deÐxte oti eÐnai leÐa n-pollaplìthta.

(d) Estw M mÐa leÐa n-pollaplìthta kai G mÐa peperasmènh om�da amfidiaforÐsewn
thcM . An g(x) 6= x gia k�je x ∈M , g ∈ G, g 6= id, deÐxte oti h G dr� gn sia asuneq¸c
epÐ thc M , o M/G eÐnai Hausdorff kai sunep¸c leÐa n-pollaplìthta.
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(e) Sthn n-sfaÐra Sn h antipodik  apeikìnish a : Sn → Sn me a(x) = −x eÐnai
amfidiafìrish. An G = {id, a}, poi� eÐnai h leÐa pollaplìthta Sn/G?

(st) Ston T 2 = S1 × S1 orÐzetai h apeikìnish f : T 2 → T 2 me f(e2πix, e2πiy) =
(e−2πix,−e2πiy). An G = {id, f}, deÐxte oti o K2 = T 2/G eÐnai leÐa 2-pollaplìthta. H
K2 lègetai fi�lh tou Klein.

(z) Sto Rn dr� h om�da twn metafor¸n kat� akèraio di�nusma Zn. DeÐxte oti o
Rn/Zn eÐnai leÐa pollaplìthta amfidiaforÐsimh me ton Tn.
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Ask seic jewrÐac pollaplot twn 2

1. Estw f : M → N mÐa 1-1, epÐ kai leÐa apeikìnish. An h f∗p : TpM → Tf(p)N eÐnai
grammikìc isomorfismìc gia k�je p ∈M , deÐxte oti h f eÐnai amfidiafìrish.

2. Estw f : M → Q mÐa leÐa apeikìnish kai q ∈ Q mÐa kanonik  tim  thc, ¸ste
N = f−1(q) 6= ∅. An iN : N ↪→M eÐnai h ènjesh, deÐxte oti (iN )∗p(TpN) = Kerf∗p gia
k�je p ∈ N .

3. Na apodeiqjeÐ oti TpSn = {[γ]p ∈ TpRn+1 : 〈γ′(0), p〉 = 0} gia k�je p ∈ Sn, ìpou 〈, 〉
eÐnai to eukleÐdeio eswterikì ginìmeno.

4. Estw f : Sn → R mÐa leÐa sun�rthsh.
(a) An f̃ : A→ R eÐnai mÐa leÐa epèktash thc f se k�poio anoiktì sÔnolo Sn ⊂ A ⊂

Rn+1, deÐxte oti h f̃∗p|TpSn exart�tai mìnon apì thn f , ìtan p ∈ Sn.
(b) DeÐxte m' èna par�deigma oti h f̃∗p : TpRn+1 → R, p ∈ Sn, exart�tai apì thn f̃ .

(Upìdeixh gia to (b) : JewreÐste thn f = x1|Sn kai tic epekt�seic thc f̃1(x) = x1( x
‖x‖2

)

kai f̃2(x) = x1(x · ‖x‖2) sto A = Rn+1 \ {0}.)

5. Na apodeiqjeÐ oti den up�rqei 1-1, leÐa sun�rthsh f : R2 → R.

6. To sÔnolo S twn pragmatik¸n n× n summetrik¸n pin�kwn eÐnai grammikìc upìqwroc
tou Rn×n diast�sewc n(n + 1)/2. Estw f : GL(n,R) → S h apeikìnish me tÔpo
f(A) = A ·At.

(a) Na apodeiqjeÐ oti f∗A(H) = AHt + HAt gia k�je H ∈ TAGL(n,R) ∼= Rn×n,
A ∈ GL(n,R).

(b) Na apodeiqjeÐ oti o tautotikìc pÐnakac In ∈ S eÐnai kanonik  tim  thc f .
(g) Na apodeiqjeÐ oti h orjog¸nia om�da O(n,R) eÐnai kanonik  n(n − 1)/2-

upopollaplìthta thc GL(n,R).
(d) Na apodeiqjeÐ oti TInO(n,R) = {H ∈ Rn×n : H +Ht = 0}.

7. Estw M mÐa leÐa n-pollaplìthta, A = {(Ui, φi) : i ∈ I} ènac �tlac thc kai Ā =
{(π−1(Ui), φ̄i) : i ∈ I} o antÐstoiqoc �tlac thc TM , ìpou π : TM → M eÐnai h
efaptìmenh dèsmh thc M . Na apodeiqjeÐ oti

detD(φ̄i ◦ φ̄−1
j )(x, v) > 0

gia k�je i, j ∈ I me Ui ∩ Uj 6= ∅ kai (x, v) ∈ φj(Ui ∩ Uj)× Rn.

8. Estw 0 ≤ k < n. Na apodeiqjeÐ oti to sÔnolo

Nk = {[z1, ..., zk+1, 0, ..., 0] ∈ CPn : (z1, ..., zk+1) ∈ Ck+1 \ {0}}

eÐnai kanonik  upopollaplìthta thc CPn kai h apeikìnish j : CP k → Nk me
j[z1, ..., zk+1] = [z1, ..., zk+1, 0, ..., 0] eÐnai amfidiafìrish.

3



9. Estw d ∈ N, n ≥ 2 kai V 2n
d to sÔnolo twn shmeÐwn (z0, z1, ..., zn) ∈ Cn+1 \ {0} pou

ikanopoioÔn thn exÐswsh
zd0 + z2

1 + ...+ z2
n = 0.

(a) Na apodeiqjeÐ oti to V 2n
d eÐnai leÐa 2n-pollaplìthta.

(b) Na apodeiqjeÐ oti to sÔnolo W 2n−1
d = V 2n

d ∩ S2n+1 eÐnai leÐa (2n − 1)-
pollaplìthta. H W 2n−1

d lègetai pollaplìthta tou Brieskorn.
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Ask seic jewrÐac pollaplot twn 3

1. Estw N ⊂ M mÐa kanonik  upollaplìthta thc pollaplìthtac M kai ξ ∈ X (M),
¸ste ξ(p) ∈ TpN gia k�je p ∈ N . DeÐxte oti ξ|N ∈ X (N).

2. Sto R2n jewroÔme to leÐo dianusmatikì pedÐo

ξ = x2 ∂

∂x1
− x1 ∂

∂x2
+ ...+ x2n ∂

∂x2n−1
− x2n−1 ∂

∂x2n
.

DeÐxte oti to ξ|S2n−1 eÐnai èna leÐo dianusmatikì pedÐo thc S2n−1, pou den mhdenÐzetai
poujen�.

3. (a) Estw M mÐa leÐa pollaplìthta kai G mÐa om�da amfidiaforÐsewn thc M pou dr�
gn sia asuneq¸c epÐ thc M . An ξ ∈ X (M), ¸ste g∗ξ = ξ gia k�je g ∈ G, na apodeiqjeÐ
oti up�rqei èna monadikì ζ ∈ X (M/G) ¸ste p∗x(ξ(x)) = ζ(p(x)) gia k�je x ∈M , ìpou
p : M →M/G eÐnai h apeikìnish pil ko.

(b) Kataskeu�ste èna leÐo dianusmatikì pedÐo sto pragmatikì probolikì epÐpedo
RP 2, pou èqei akrib¸c èna shmeÐo mhdenismoÔ, en¸ k�je �llh oloklhrwtik  kampÔlh
eÐnai m -stajer  periodik .

4. MÐa n-pollaplìthta M lègetai parallhl simh an up�rqoun ξ1, ξ2, ..., ξn ∈ X (M),
¸ste to {ξ1(p), ξ2(p), ..., ξn(p)} na apoteleÐ b�sh tou TpM gia k�je p ∈ M . Na apo-
deiqjeÐ oti h M eÐnai parallhl simh tìte kai mìnon tìte otan h efaptomènh dèsmh thc
eÐnai tetrimènh, dhlad  up�rqei mÐa amfidiafìrish f : TM →M ×Rn ¸ste to parak�tw
di�gramma na eÐnai metajetikì

TM
f−→ M × Rnyπ y probol 

M
id−→ M

kai h f apeikonÐzei grammik� ton TpM sto {p} × Rn gia k�je p ∈M .

5. Na apodeiqjeÐ oti oi pollaplìthtec S1, T 2 = S1 × S1, S3 eÐnai parallhl simec.

6. Na eurejeÐ h ro  tou dianusmatikoÔ pedÐou x ∂
∂x

+ y ∂
∂y

tou R2.

7. Estw M mÐa pollaplìthta, p ∈M kai ξ ∈ X (M).
(a) An ξ(p) = 0, deÐxte oti h stajer  kampÔlh γ : R→M me γ(t) = p eÐnai h monadik 

oloklhrwtik  kampÔlh pou dièrqetai apì to p. Sunep¸c, an φ : D →M eÐnai h ro  tou
ξ, tìte φt(p) = p gia k�je t ∈ R.

(b) Estw γ : Ip → M h oloklhrwtik  kampÔlh me γ(0) = p. An up�rqei T ∈ Ip,
T > 0, ¸ste γ(0) = γ(T ) kai o T eÐnai o el�qistoc jetikìc pragmatikìc arijmìc me
aut n thn idiìthta, na apodeiqjeÐ oti Ip = R kai up�rqei mÐa immersion γ̄ : S1 → M
¸ste γ(t) = γ̄(e2πit/T ) gia k�je t ∈ R.
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8. Estw M mÐa pollaplìthta kai f : M → M mÐa amfidiafìrish. An to ξ ∈ X (M) è-
qei ro  φ : D →M , deÐxte oti to f∗ξ èqei ro  ψ : D →M me tÔpo ψ(t, f(p)) = f(φ(t, p)).

9. Estw h : [0, 1] → [0, π] mÐa leÐa sun�rthsh me h−1(0) = [0, 1/5] ∪ [4/5, 1] kai
h−1(π/2) = [2/5, 3/5]. EpekteÐnoume thn h sto R periodik� jètontac h(x + 1) = h(x).
DeÐxte oti ta dianusmatik� pedÐa

ξ(x) = x2 cos2 h(x)
d

dx
kai ζ(x) = x2 sin2 h(x)

d

dx

eÐnai pl rh sto R, all� to ξ + ζ den eÐnai pl rec.

10. Estw M mÐa pollaplìthta kai ξ ∈ X (M), me ro  φ : D →M , ìpou

D =
⋃
p∈M

(ap, bp)× {p}.

An f : M → (0, 1] eÐnai mÐa leÐa sun�rthsh me thn idiìthta f(p) < min{−ap, bp} gia
k�je p ∈M , na apodeiqjeÐ oti to dianusmatikì pedÐo f · ξ eÐnai pl rec.

(Upìdeixh : Estw g : D → R h leÐa sun�rthsh me tÔpo

g(t, p) =
∫ t

0

1
f(φ(s, p))

ds.

DeÐxte oti h apeikìnish h : D → R×M me tÔpo h(t, p) = (g(t, p), p) eÐnai amfidiafìrish
kai h ψ = φ ◦ h−1 eÐnai h ro  tou f · ξ. Gia thn Ôparxh miac tètoiac sun�rthshc f
kai perissìtera koit�xte thn ergasÐa R.L. Renz, Equivalent flows on smooth Banach
manifolds, Indiana Math. J. 20 (1971), 695-698.)

11. Estw M mÐa pollaplìthta kai X, Y ∈ X (M), pl rh, me roèc φ kai ψ antÐstoiqa.
An up�rqei mia leÐa sun�rthsh h : M → R ¸ste [X,Y ] = hX, na apodeiqjeÐ oti

(ψt ◦ φs)(p) = (φTp(t,s) ◦ ψt)(p)

gia k�je p ∈M , t, s ∈ R, ìpou Tp : R× R→ R eÐnai h leÐa sun�rthsh

Tp(t, s) =
∫ s

0

(
exp
(∫ t

0
h(ψτ (φσ(p)))dτ

))
dσ.
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Ask seic jewrÐac pollaplot twn 4

1. Na upologisteÐ to dω ìtan
(a) ω = x2ydy−xydx, (b) ω = f(x, y)dx, ìpou f : R2 → R eÐnai mÐa leÐa sun�rthsh,
(g) ω = Pdx+Qdy +Rdz, ìpou oi P , Q, R : R3 → R eÐnai leÐec sunart seic.

2. An α =
∑n

i=1 αidx
i kai β =

∑n
i=1 βidx

i ston Rn, deÐxte oti

α ∧ β =
∑
i<j

(αiβj − αjβi)dxi ∧ dxj .

3. Na upologisteÐ to dω, ìtan ω = Pdy ∧ dz +Qdz ∧ dx+Rdx ∧ dy.

4. An ρ = 1
n
∑n

j=1 (−1)j−1xjdx1 ∧ ... ∧ dxj−1 ∧ dxj+1 ∧ ... ∧ dxn ston Rn, na apodei-

qjeÐ oti dρ = dx1 ∧ ... ∧ dxn.

5. Estw M mÐa leÐa pollaplìthta kai ω ∈ A1(M). An up�rqei f ∈ C∞(M), ¸ste
f(p) 6= 0 gia k�je p ∈M kai h fω na eÐnai kleist , deÐxte oti ω ∧ dω = 0.

6. Estwsan M , N dÔo leÐec pollaplìthtec kai f : M → N mÐa submersion epÐ thc N .
Na apodeiqjeÐ oti h f∗ : A(N)→ A(M) eÐnai 1-1.

7. Na apodeiqjeÐ oti H1(R) = 0.

8. Estw f : R→ R mia leÐa, periodik  sun�rthsh me perÐodo 1, dhlad  f(x+ 1) = f(x)
gia k�je x ∈ R. Na apodeiqjeÐ oti up�rqei λ ∈ R kai mia leÐa, periodik  sun�rthsh
g : R→ R me perÐodo 1, ¸ste fdx = λdx+ dg sto R. Kat� sunèpeia H1(S1) ∼= R.

9. Sto R2 \ {(0, 0)} jewroÔme thn diaforik  1-morf 

ω =
−y

x2 + y2
dx+

x

x2 + y2
dy.

(a) Na apodeiqjeÐ oti h ω eÐnai kleist , all� den eÐnai akrib c.
(b) Estw F : (0,+∞) × R → R2 \ {(0, 0)} h leÐa topik  amfidiafìrish (ekjetik 

apeikìnish) me tÔpo
F (ρ, θ) = (ρ cos θ, ρ sin θ).

Na apodeiqjeÐ oti F ∗ω = dθ.
(g) Estw η mia kleist , diaforik  1-morf  sto R2 \ {(0, 0)}. Na apodeiqjeÐ oti

up�rqoun λ ∈ R, mia leÐa, periodik  sun�rthsh g : R → R me perÐodo 2π kai mia leÐa
sun�rthsh h : (0,+∞) × R → R me thn idiìthta h(ρ, θ + 2π) = h(ρ, θ) gia k�je ρ > 0,
θ ∈ R, ¸ste

F ∗η = dh+ λdθ + g′(θ)dθ

sto (0,+∞)× R.
(d) Na apodeiqjeÐ oti H1(R2 \ {(0, 0)}) ∼= R.

(Upìdeixh : Gia to (g) qrhsimopoieÐste thn �skhsh 8 kai gia to (d) thn �skhsh 6.)
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10. Estw M ⊂ R3 èna anoiktì sÔnolo. Gia k�je α ∈ A1(M) up�rqoun monadikèc
α1, α2, α3 ∈ C∞(M), ¸ste α = α1dx

1 + α2dx
2 + α3dx

3. H φ : X (M)→ A1(M) me

φ(α1
∂

∂x1
+ α2

∂

∂x2
+ α3

∂

∂x3
) = α1dx

1 + α2dx
2 + α3dx

3

eÐnai isomorfismìc. Gia k�je θ ∈ A2(M) up�rqoun monadikèc β1, β2, β3 ∈ C∞(M) ¸ste
θ = β1dx

2 ∧ dx3 + β2dx
3 ∧ dx1 + β3dx

1 ∧ dx2 kai h ψ : X (M)→ A2(M) me

ψ(β1
∂

∂x1
+ β2

∂

∂x2
+ β3

∂

∂x3
) = θ

eÐnai isomorfismìc. Tèloc, h µ : C∞(M) → A3(M) me µ(f) = fdx1 ∧ dx2 ∧ dx3 eÐnai
isomorfismìc. Na apodeiqjeÐ oti φ(ξ) ∧ φ(ζ) = ψ(ξ × ζ) kai φ(ξ) ∧ ψ(ζ) = µ(〈ξ, ζ〉) gia
k�je ξ, ζ ∈ X (M), ìpou × eÐnai to exwterikì ginìmeno ston R3 kai 〈, 〉 eÐnai to eukleÐdeio
eswterikì ginìmeno kai oti to parak�tw di�gramma eÐnai metajetikì.

C∞(M)
grad−→ X (M) curl−→ X (M) div−→ C∞(M)yid yφ yψ yµ

C∞(M) d−→ A1(M) d−→ A2(M) d−→ A3(M)

11. EstwM ⊂ Rn èna anoiqtì sÔnolo kai ω ∈ A1(M), ¸ste ω∧dx1∧...∧dxk = 0, ìpou
k < n. Na apodeiqjeÐ oti up�rqoun f1, ..., fk ∈ C∞(M) ¸ste ω = f1dx

1 + ...+ fkdx
k.
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Ask seic jewrÐac pollaplot twn 5

1. Na apodeiqjeÐ oti h efaptomènh dèsmh k�je leÐac pollaplìthtac eÐnai prosanatolÐ-
simh.

2. Estw X ⊂ Rn èna anoiqtì sÔnolo kai f : X → R mÐa leÐa sun�rthsh . An to a ∈ R
eÐnai kanonik  tim  thc f kai M = f−1(a) 6= ∅, deÐxte oti h M eÐnai prosanatolÐsimh
upopollaplìthta tou Rn.

(Upìdeixh : O periorismìc thc
n∑
j=1

(−1)j−1 ∂f

∂xj
· dx1 ∧ ... ∧ dxj−1 ∧ dxj+1 ∧ ... ∧ dxn

eÐnai èna stoiqeÐo ìgkou. H apìdeixh eÐnai ìmoia me thn perÐptwsh thc sfaÐrac.)

3. Na apodeiqjeÐ oti h ènnoia thc prosanatolisimìthtac eÐnai analloÐwth apì amfidia-
forÐseic.

4. Estw M mÐa leÐa n-pollaplìthta kai ω ∈ Ak(M), 0 ≤ k ≤ n. Estw G mÐa
om�da amfidiaforÐsewn thc M pou dr� gn sia asuneq¸c epÐ thc M , ¸ste o q¸roc
M/G na eÐnai Hausdorff. An g∗ω = ω gia k�je g ∈ G, na apodeiqjeÐ oti up�rqei
mÐa monadik  ω̃ ∈ Ak(M/G) ¸ste p∗ω̃ = ω, ìpou p : M → M/G eÐnai h apeikìnish
pil ko. Na apodeiqjeÐ met� apì autì oti an h M eÐnai prosanatolÐsimh kai h ω eÐ-
nai èna stoiqeÐo ìgkou ¸ste g∗ω = ω gia k�je g ∈ G, tìte hM/G eÐnai prosanatolÐsimh.

5. Estw M mÐa leÐa n-pollaplìthta kai ω ∈ Ak(M), 0 ≤ k ≤ n. Estw G mÐa om�da
amfidiaforÐsewn thc M pou dr� gn sia asuneq¸c epÐ thc M , ¸ste o q¸roc M/G na
eÐnai Hausdorff. An ω̃ ∈ Ak(M/G), 0 ≤ k ≤ n kai ω = p∗ω̃, ìpou p : M →M/G eÐnai h
apeikìnish pil ko, deÐxte oti g∗ω = ω gia k�je g ∈ G. Na apodeiqjeÐ met� apì autì oti
an h M/G eÐnai prosanatolÐsimh, tìte kai h M eÐnai prosanatolÐsimh.

6. Na apodeiqjeÐ oti o pragmatikìc probolikìc q¸roc RPn, n > 1, eÐnai prosanatolÐ-
simh pollaplìthta tìte kai mìnon tìte ìtan o n eÐnai perittìc. Sunep¸c, to pragmatikì
probolikì epÐpedo eÐnai mh-prosanatolÐsimh, sunektik , sumpag c 2-pollaplìthta.

7. Estw oti G =< g, h >, ìpou g, h : R2 → R2 eÐnai oi g(x, y) = (x + 1, y) kai
h(x, y) = (1 − x, y + 1). Dhlad , G =< g, h|h−1gh = g−1 >. Na apodeiqjeÐ oti h
K2 = R2/G, pou eÐnai h fi�lh tou Klein, eÐnai mh-prosanatolÐsimh, sunektik , sumpag c
2-pollaplìthta.

8. Estw M mÐa prosanatolismènh n-pollaplìthta me stoiqeÐo ìgkou ω ∈ An(M). Na
apodeiqjeÐ oti h apeikìnish i.ω : X (M)→ An−1(M) me

(iξω)p(v1, ..., vn−1) = ωp(ξ(p), v1, ..., vn−1), v1, ..., vn−1 ∈ TpM,p ∈M

eÐnai grammikìc isomorfismìc. H iξω lègetai flux form tou ξ.

(Upìdeixh : Estw (U, φ) ènac q�rthc me antÐstoiqa basik� dianusmatik� pedÐa
∂/∂x1, ..., ∂/∂xn sto U . Up�rqei monadik  f 6= 0 ¸ste ω|U = fdx1 ∧ ... ∧ dxn. An
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ξ|U =
∑n

k=1 ξk(∂/∂x
k), deÐxte pr¸ta oti

iξω|U =
n∑
j=1

(−1)j−1fξj · dx1 ∧ ... ∧ dxj−1 ∧ dxj+1 ∧ ... ∧ dxn.)

9. Estw M mÐa prosanatolismènh n-pollaplìthta me stoiqeÐo ìgkou ω ∈ An(M).
Gia k�je ξ ∈ X (M) up�rqei mÐa monadik  sun�rthsh divωξ ∈ C∞(M), pou lègetai ω-
apìklish tou ξ, ¸ste d(iξω) = (divωξ)ω. An M = Rn kai ω = fdx1 ∧ ... ∧ dxn, ìpou
f ∈ C∞(Rn) me f 6= 0, na apodeiqjeÐ oti gia

ξ =
n∑
k=1

ξk
∂

∂xk

èqoume

divωξ =
1
f

n∑
k=1

∂(fξk)
∂xk

.

10. Estw M ⊂ R3 mÐa prosanatolismènh 2-upopollaplìthta, gia thn opoÐa up�rqei mÐa
amfidiafìrish f = (f1, f2, f3) : U →M , pou diathreÐ ton prosanatolismì, ìpou U ⊂ R2

eÐnai èna anoiqtì sÔnolo. An

ξ = ξ1
∂

∂x1
+ ξ2

∂

∂x2
+ ξ3

∂

∂x3
∈ X (R3)

kai ω = dx1 ∧ dx2 ∧ dx3, tìte

iξω = ξ1dx
2 ∧ dx3 + ξ2dx

3 ∧ dx1 + ξ3dx
1 ∧ dx2.

Na apodeiqjeÐ oti

f∗(iξω) =

∣∣∣∣∣∣
ξ1 ◦ f1 ξ2 ◦ f2 ξ3 ◦ f3

∂uf1 ∂uf2 ∂uf3

∂vf1 ∂vf2 ∂vf3

∣∣∣∣∣∣ du ∧ dv = 〈ξ ◦ f, ∂uf × ∂vf〉du ∧ dv,

ìpou ∂/∂u, ∂/∂v eÐnai ta basik� dianusmatik� pedÐa sto R2.

10



Ask seic jewrÐac pollaplot twn 6

1. Estw U ⊂ Rn èna anoiqtì sÔnolo me 0 ∈ U kai f : U → R mia C∞ sun�rthsh, ¸ste
f(0) = 1 kai f∗0 = 0. Estw M ⊂ Rn+1 to gr�fhma thc f kai g : M → Sn h apeikìnish
Gauss

g(p, f(p)) =
1√

(
∂f

∂x1
(p))2 + ...+ (

∂f

∂xn
(p))2 + 1

· ( ∂f
∂x1

(p), ...,
∂f

∂xn
(p), 1).

(a) An ω eÐnai to sunhjismèno stoiqeÐo ìgkou thc Sn, na apodeiqjeÐ oti

(g∗ω)en+1 = (−1)n det
(

∂2f

∂xi∂xj
(0)
)
· (dx1 ∧ ... ∧ dxn)en+1 .

(b) EstwM ⊂ R3 mia sunektik , sumpag c, prosanatolÐsimh epif�neia, dhlad  kano-
nik  2-upopollaplìthta tou R3. An K eÐnai h kampulìthta Gauss thc M , na apodeiqjeÐ
oti ∫

M
Kdσ = 4π deg g,

ìpou g eÐnai h apeikìnish Gauss kai dσ eÐnai to stoiqeÐo ìgkou sthn M , pou ep�getai
apì to eukleÐdeio stoiqeÐo ìgkou dx1 ∧ dx2 ∧ dx3 tou R3.
(Upìdeixh : Gia to (b), an ω eÐnai to sunhjismèno stoiqeÐo ìgkou thc S2, deÐxte oti
g∗ω = Kdσ. QrhsimopoieÐste to (a) kai to gegonìc oti topik� h M eÐnai to gr�fhma
k�poiac C∞ sun�rthshc.)

2. An k ∈ Z+ na apodeiqjeÐ oti h

ωk =
n+1∑
j=1

(−1)j−1 xj

‖x‖k
· dx1 ∧ ... ∧ dxj−1 ∧ dxj+1 ∧ ... ∧ dxn+1

den eÐnai akrib c sto Rn+1 \ {0}.
(Upìdeixh : Upojèste oti h ωk eÐnai akrib c sto Rn+1 \ {0} kai qrhsimopoieÐste to
je¸rhma tou Stokes gia na ft�sete se antÐfash.)

3. Estw p : R → S1 h p(t) = e2πit kai ω ∈ A1(S1). Up�rqei f ∈ C∞(R) ¸ste
p∗ω = fdt.

(a) Na apodeiqjeÐ oti h f eÐnai periodik  me perÐodo 1 kai∫
S1

ω =
∫ 1

0
f(t)dt.

(b) DeÐxte qrhsimopoi¸ntac to (a) oti o
∫
S1 : H1(S1)→ R eÐnai isomorfismìc.

(Upìdeixh : Gia to (a) jewreÐste gia k�je ε > 0 ton �tlanta A = {(U1, φ1), (U2, φ2)},
ìpou U1 = p((0, 1)), φ1 = (p|(0, 1))−1, U2 = p((−ε, ε)), φ2 = (p|(−ε, ε))−1 kai mÐa
diamèrish thc mon�dac {f1, f2} upokeÐmenh sto anoiqtì k�luma {U1, U2}. ParathreÐste

11



oti (φ−1
j )∗(fjω) = (fj ◦ p)p∗ω, j = 1, 2, en¸ supp(f2 ◦ p) ⊂ (−ε, ε).)

4. Estw E = CPn \ {[0, ..., 0, 1]}. An π : E → CPn−1 kai i : CPn−1 → E eÐnai oi
apeikonÐseic me tÔpouc π[z1, ..., zn, zn+1] = [z1, ..., zn] kai i[z1, ..., zn] = [z1, ..., zn, 0], na
apodeiqjeÐ oti i ◦ π ' id. Sunep¸c H(E) ∼= H(CPn−1). QrhsimopoieÐste to gegonìc
autì, to gegonìc oti o CP 1 eÐnai amfidiaforÐsimoc me thn S2 kai thn akoloujÐa Mayer-
Vietoris gia to anoiqtì k�luma CPn = E ∪ Un+1 gia na apodeÐxete epagwgik� oti

Hk(CPn) =

{
R, gia k = 0, 2, 4, ..., 2n
0, gia k alli¸c.

5. An π : S2n+1 → CPn, n ≥ 1, eÐnai h genikeumènh apeikìnish Hopf, na apodeiqjeÐ oti
den up�rqei leÐa s : CPn → S2n+1 ¸ste π ◦ s = id.

6. Na apodeiqjeÐ oti h diabajmismènh �lgebra H(CPn), n ≥ 1, eÐnai isìmorfh me thn
kìlourh poluwnumik  �lgebra R[X]/ < Xn+1 >, ìpou X eÐnai mÐa mh-mhdenik  kl�sh
sunomologÐac ston bajmì 2 kai < Xn+1 >, eÐnai to ide¸dec (wc proc to cup product)
pou par�getai apì to stoiqeÐo Xn+1.
(Upìdeixh : QrhsimopoieÐste epagwg  kai ton duðsmì Poincaré.)

7. Na apodeiqjeÐ oti Hk(S2 × S4) ∼= Hk(CP 3), gia k�je k, all� oi diabajmismènec
�lgebrec H(S2 × S4) kai H(CP 3) den eÐnai isìmorfec.

12



Ask seic jewrÐac pollaplot twn 7

1. Estw M mÐa n-pollaplìthta kai D ⊂ M ènac tìpoc me leÐo sÔnoro. Ena di�nusma
v ∈ TpM , ìpou p ∈ ∂D, lème oti èqei kateÔjunsh proc ta èxw tou D, an up�rqei k�poioc
q�rthc tÔpou (b) (U, φ) me p ∈ U ¸ste dxn(φ∗p(v)) < 0. Na apodeiqjeÐ oti up�rqei èna
leÐo dianusmatikì pedÐo ν : ∂D → TM kat� m koc tou ∂D, dhlad  ν(p) ∈ TpM gia k�je
p ∈ ∂D, me kateÔjunsh proc ta èxw tou D.
(Upìdeixh : OrÐste to ν pr¸ta topik� kai sugkoleÐste touc topikoÔc orismoÔc qrhsimo-
poi¸ntac mÐa diamèrish thc mon�dac.)

2. Estw M mÐa prosanatolismènh n-pollaplìthta kai ω ∈ An(M), pou dÐnei ton prosa-
natolismì. An D ⊂ M eÐnai ènac tìpoc me leÐo sÔnoro, na apodeiqjeÐ oti o epagìmenoc
prosanatolismìc tou ∂D dÐnetai apì thn ω̃ ∈ An−1(∂D) me tÔpo

ω̃p(v1, ..., vn−1) = (−1)nω(ν(p), v1, ..., vn−1),

gia v1, ..., vn−1 ∈ Tp∂D, p ∈ ∂D, ìpou ν : ∂D → TM eÐnai èna leÐo dianusmatikì pedÐo
kat� m koc tou ∂D me kateÔjunsh proc ta èxw tou D.

3. Estw M mÐa prosanatolismènh n-pollaplìthta kai D ⊂ M ènac tìpoc me leÐo
sÔnoro. Na apodeiqjeÐ oti gia k�je f ∈ C∞(M) kai ω ∈ An−1

c (M) isqÔei o tÔpoc thc
olokl rwshc kat� mèrh ∫

D
fdω = (−1)n

∫
∂D

fω −
∫
D
df ∧ ω.

4. Estw D ⊂ R2 ènac fragmènoc tìpoc me leÐo sÔnoro kai F = (P,Q) èna leÐo
dianusmatikì pedÐo pou orÐzetai se mÐa anoiqt  perioq  tou D. Na apodeiqjeÐ to je¸rhma
tou Green ∫

∂D
F =

∫
D

(
∂Q

∂x
− ∂P

∂y
)dxdy.

5. Estw γ = γ1 + iγ2 : [0, 1] → C mÐa leÐa apl  kleist  kampÔlh pou eÐnai to sÔnoro
enìc dÐskou me leÐo sÔnoro D ⊂ C kai f = u+ iv mÐa olìmorfh sun�rthsh pou orÐzetai
se mÐa anoiqt  perioq  tou D. SÔmfwna me tic exis¸seic Cauchy-Riemann

∂u

∂x
=
∂v

∂y
kai − ∂u

∂y
=
∂v

∂x
.

Na apodeiqjeÐ to je¸rhma tou Cauchy∫
γ
f(z)dz = 0.

(Upìdeixh : ApodeÐxte pr¸ta oti
∫
γ f(z)dz =

∫
γ ω1 + i

∫
γ ω2, ìpou ω1 = udx − vdy,

ω2 = vdx+ udy kai akoloÔjwc oti
∫
γ ω1 =

∫
γ ω2 = 0, qrhsimopoi¸ntac to je¸rhma tou

Stokes.)
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Ask seic jewrÐac pollaplot twn 8

1. EÐnai h par�gwgoc Lie mÐa grammik  sunoq  se mÐa leÐa pollaplìthta?

2. Na apodeiqjeÐ oti h eukleÐdeia sunoq  ston Rn eÐnai h monadik  grammik  sunoq  gia
thn opoÐa isqÔei ∇XY = 0 gia k�je X ∈ X (Rn) kai k�je stajerì Y ∈ X (Rn).

3. Estw ∇ mÐa grammik  sunoq  se mÐa pollaplìthta M . MÐa leÐa amfidiafìrish
f : M → M lègetai susqetismènh (affine), an diathreÐ thn ∇, dhlad  f∗(∇XY ) =
∇f∗Xf∗Y , gia k�je X, Y ∈ X (M). To sÔnolo twn susqetismènwn amfidiaforÐsewn thc
∇ apoteleÐ om�da. Na apodeiqjeÐ oti an M = Rn kai ∇ eÐnai h euleÐdeia sunoq , tìte
k�je susqetismènh amfidiafìrish èqei thn morf 

f(x) = Ax+ b, x ∈ Rn,

ìpou A ∈ GL(n,R) kai b ∈ Rn.

4. MÐa leÐa n-pollaplìthta M lègetai susqetismèna epÐpedh (affinely flat), an èqei
ènan �tlanta {(Ui, φi) : i ∈ I}, ¸ste gia k�je i, j ∈ I me Ui ∩ Uj 6= ∅ up�rqoun
Aij ∈ GL(n,R) kai bij ∈ Rn ¸ste

φi ◦ φ−1
j (x) = Aijx+ bij

gia k�je x ∈ φj(Ui ∩ Uj). Na apodeiqjeÐ oti se mia tètoia pollaplìthta up�rqei mia
fusik  grammik  sunoq  ∇, ¸ste k�je q�rthc φi : Ui → φi(Ui) na metafèrei thn ∇|U
sthn eukleÐdeia sunoq  tou φi(Ui) ⊂ Rn.

5. Estw M ⊂ Rn mÐa kanonik  m-upopollaplìthta. Gia k�je p ∈ M èqoume TpRn =
TpM ⊕ Np(M), ìpou Np(M) = {v ∈ TpRn : v ⊥ TpM}. Estw πp : TpRn → TpM h
probol  wc proc aut n thn di�spash.

(a) Estw X ∈ X (M). Na apodeiqjeÐ oti k�je p ∈ M èqei mia anoiqt  perioq 
U ⊂ Rn sthn opoÐa up�rqei èna X̃ ∈ X (U) ¸ste X̃|U ∩M = X.

(b) An X, Y ∈ X (M) kai p ∈M jètoume (∇XY )(p) = πp((∇X̃ Ỹ )(p)), ìpou ∇ eÐnai

h eukleÐdeia sunoq  kai X̃, Ỹ eÐnai epekt�seic twn X, Y , antÐstoiqa, se mÐa perioq  tou
p sto Rn. Na apodeiqjeÐ oti to (∇XY )(p) den exart�tai apo tic epekt�seic.

(g) Na apodeiqjeÐ oti h ∇ eÐnai mÐa grammik  sunoq  sthn M . H ∇ lègetai h
eukleÐdeia sunoq  thc M .

6. Sto R2 jewroÔme thn grammik  sunoq  gia thn opoÐa ta sÔmbola tou Christoffel
dÐnontai apì touc tÔpouc Γ1

11 = x, Γ1
12 = 1, Γ2

22 = 2y, en¸ ta upìloipa mhdenÐzontai.
(a) Poia eÐnai h diaforik  exÐswsh twn gewdaisiak¸n aut c thc grammik c sunoq c?
(b) Estw γ : [0, 1] → R2 h leÐa kampÔlh γ(t) = (t, 0). Na upologisteÐ h par�llhlh

metafor� tou dianÔsmatoc (
∂

∂y
)(0,0) kat� m koc thc γ sto (1, 0), wc proc aut n thn

grammik  sunoq .
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Ask seic jewrÐac pollaplot twn 9

1. Estw M , N dÔo sunektikèc pollaplìthtec Riemann kai f : M → N mÐa leÐa
amfidiafìrish. Estw oti up�rqei p ∈M ¸ste h f∗p : TpM → Tf(p)N na eÐnai isometrÐa.
Na apodeiqjeÐ oti h f eÐnai isometrÐa tìte kai mìnon tìte ìtan eÐnai susqetismènh wc
proc thn sunoq  Levi-Civita.

2. Na apodeiqjeÐ oti se mÐa n-pollaplìthta Riemann isqÔei se topikèc suntetagmènec
o tÔpoc

∂gjl
∂xi

=
n∑
k=1

Γkijgkl +
n∑
k=1

Γkilgkj .

3. Ston R3 orÐzoume thn ∇ : X (R3)×X (R3)→ X (R3) apì ton tÔpo

∇XY = DXY +
1
2
X × Y,

ìpou DXY eÐnai h kateujunìmenh par�gwgoc tou Y wc proc X kai X×Y eÐnai exwterikì
ginìmeno (wc proc thn eukleÐdeia metrik ).

(a) Na apodeiqjeÐ oti h ∇ eÐnai sunoq . EÐnai h ∇ summetrik ?
(b) EÐnai h par�llhlh metafor� wc proc thn ∇ kat� m koc miac leÐac kampÔlhc

eukleÐdeia grammik  isometrÐa?

4. Estw M mÐa n-pollaplìthta Riemann kai f : M → R mÐa leÐa sun�rthsh. To
gradient thc f eÐnai to monadikì leÐo dianusmatikì pedÐo gradf gia to opoÐo isqÔei

f∗p(v) = 〈gradf(p), v〉, v ∈ TpM, p ∈M.

(a) Na apodeiqjeÐ oti stic topikèc suntetagmènec enìc q�rth to gradient thc f èqei
tÔpo

gradf = (gij)−1
1≤i,j≤n


∂f
∂x1

.

.

.
∂f
∂xn

 .

(b) An ‖gradf‖ = 1 pantoÔ sthn M , na apodeiqjeÐ oti oi oloklhrwtikèc kampÔlec
tou gradf eÐnai gewdaisiakèc.

5. Ston D2 = {z ∈ C : |z| < 1} jewroÔme thn metrik  Riemann

〈v, w〉 =
4

(1− |z|2)2
· Re(vw̄), v, w ∈ TzD2, z ∈ D2.

(a) Na apodeiqjeÐ oti h apeikìnish C : D2 → H2 me tÔpo

C(z) = −iz + i

z − i
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eÐnai isometrÐa. H C lègetai metasqhmatismìc tou Cayley.
(b) Na apodeiqjeÐ oti an a, b ∈ C kai |a|2 − |b|2 = 1, tìte h

h(z) =
az + b

b̄z + ā

eÐnai isometrÐa tou D2.
(g) Poièc eÐnai oi gewdaisiakèc ston D2?

6. Estw γ : R→ H2 h leÐa kampÔlh γ(t) = (t, 1). Na eurejeÐ to par�llhlo dianusmati-

kì pedÐo X kat� m koc thc γ me X(0) = (
∂

∂y
)γ(0). Sqedi�ste to X sto di�sthma [−π

2
, π].

7. Estw M , N dÔo sunektikèc pollaplìthtec Riemann.
(a) Estw p ∈M , q ∈ N kai T : TpM → TqN mÐa isometrÐa. An up�rqei mÐa isometrÐa

h : M → N ¸ste h(p) = q kai h∗p = T , Na apodeiqjeÐ oti up�rqoun kanonikèc perioqèc
V tou p kai W tou q, ¸ste h(V ) = W kai h|V = expq ◦T ◦ exp−1

p .
(b) Na apodeiqjeÐ oti an g, h : M → N eÐnai dÔo isometrÐec gia tic opoÐec up�rqei

p ∈M ¸ste g(p) = h(p) kai g∗p = h∗p, tìte g = h.

8. Estw n ≥ 1 kai π : S2n+1 → CPn, h genikeumènh apeikìnish Hopf. An gia k�je
λ ∈ S1 jewr soume thn gλ : S2n+1 → S2n+1 me gλ(z) = λz, tìte h gλ eÐnai isometrÐa thc
S2n+1 kai o CPn eÐnai o q¸roc twn troqi¸n thc dr�shc thc om�dac {gλ : λ ∈ S1} ∼= S1

epÐ thc S2n+1. Gia k�je [z] ∈ CPn, to π−1([z]) eÐnai o kÔkloc, pou parametrÐzetai apì
thn leÐa kampÔlh γ(t) = eitz, t ∈ R.

(a) An Vz eÐnai h (pragmatik ) eujeÐa pou par�getai apì thn taqÔthta γ̇(0) kai Hz =
{v ∈ TzS2n+1 : v ⊥ γ̇(0)}, na apodeiqjeÐ oti (geit)∗z(Vz) = Veitz kai (geit)∗z(Hz) = Heitz.

(b) Na apodeiqjeÐ oti h π∗z|Hz : Hz → T[z]CPn eÐnai grammikìc isomorfismìc.
(g) Na apodeiqjeÐ oti to eswterikì ginìmeno ston T[z]CPn, pou orÐzetai apì thn

isìthta
〈v, w〉 = 〈(π∗z|Hz)−1(v), (π∗z|Hz)−1(w)〉, v, w ∈ T[z]CPn

den exart�tai apì ton antiprìswpo z tou shmeÐou [z] ∈ CPn. H metrik  Riemann pou
orÐzetai me autìn ton trìpo ston CPn ìfeÐletai stouc Fubini kai Study.

(d) Na apodeiqjeÐ oti o CPn me thn metrik  Fubini-Study eÐnai omogen c pollaplì-
thta Riemann.

9. EstwM mÐa pollaplìthta Riemann kai G èna mh-kenì sÔnolo isometri¸n thc. Estw
F = {p ∈ M : g(p) = p gia k�je g ∈ G}. Na apodeiqjeÐ oti to F eÐnai kanonik 
upopollaplìthta thc M .
(Upìdeixh: JewreÐste gia k�je p ∈ F ton grammikì upìqwro V = {v ∈ TpM : g∗p(v) =
v gia k�je g ∈ G} tou TpM kai deÐxte oti expp(U∩V ) = F ∩expp(U), gia mia kat�llhlh
anoiqt  perioq  U tou 0 ∈ TpM .)
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Ask seic jewrÐac pollaplot twn 10

1. Estw M mÐa pollaplìthta Riemann me om�da isometri¸n I(M). Gia k�je gn sia
asuneq  upoom�da G thc I(M) na apodeiqjeÐ oti hM/G gÐnetai pollaplìthta Riemann,
an eÐnai Hausdorff, kai h apekìnish phlÐko p : M →M/G topik  isometrÐa. An hM eÐnai
pl rhc, na apodeiqjeÐ oti kai h M/G eÐnai pl rhc. Gia par�deigma, o n-torus Tn dèqetai
me autìn ton trìpo mÐa metrik  Riemann mhdenik c kampulìthtac, en¸ o pragmatikìc
probolikìc q¸roc RPn mÐa metrik  Riemann me stajer  kampulìthta tom c 1. Poièc
eÐnai oi gewdaisiakèc ston T 2 kai poièc sto RP 2?

2. Na apodeiqjeÐ oti k�je omogen c pollaplìthta Riemann eÐnai pl rhc.

3. Na apodeiqjeÐ oti k�je sunektik , isotropik  (se k�je shmeÐo) kai pl rhc polla-
plìthta Riemann eÐnai omogen c.

4. Estw M mÐa sunektik , mh-sumpag c, pl rhc pollaplìthta Riemann me apìstash
Riemann d. Na apodeiqjeÐ oti gia k�je p ∈M up�rqei mia gewdaisiak  γ : [0,+∞)→M
me γ(0) = p kai d(p, γ(t)) = t gia k�je t ≥ 0.

5. Estw M mÐa sunektik , pl rhc pollaplìthta Riemann kai èstw γ : R → M mia
kleist  gewdaisiak , dhlad  h γ eÐnai periodik , pou shmaÐnei oti to K = γ(R) eÐnai mia
apl  kleist  kampÔlh. Estw x ∈M \K kai a = d(x,K), ìpou d eÐnai h apìstash Rie-
mann. Opwc eÐnai gnwstì up�rqei y ∈ K ¸ste d(x,K) = d(x, y). Lìgw thc plhrìthtac,
up�rqei mia el�qisth gewdaisiak  c : [0, a]→ M , parametrismènh me to m koc thc, ¸ste
c(0) = x, c(a) = y, d(x, y) = L(c) = a.

(a) Na apodeiqjeÐ oti d(c(t),K) = d(c(t), y) gia k�je 0 ≤ t ≤ a.
(b) Na apodeiqjeÐ oti an y = γ(s), tìte ta dianÔsmata γ̇(s) kai ċ(a) eÐnai k�jeta.

6. Estw M mÐa pl rhc pollaplìthta Riemann kai X ∈ X (M). An up�rqei c > 0 ¸ste
‖X(p)‖ ≤ c gia k�je p ∈M , na apodeiqjeÐ oti to X eÐnai pl rec.

7. Estw M kai N dÔo pollaplìthtec Riemann kai h : M → N mia amfidiafìrish gia
thn opoÐa up�rqei c > 0 ¸ste c‖h∗p(v)‖ ≤ ‖v‖ gia k�je v ∈ TpM kai p ∈ M . An h N
eÐnai pl rhc, na apodeiqjeÐ oti kai h M eÐnai pl rhc.

8. Estw M mÐa sunektik , pl rhc, n-pollaplìthta Riemann, N mÐa n-pollaplìthta
Riemann kai f : M → N mia leÐa, epÐ, apeikìnish, ¸ste

‖v‖ ≤ ‖f∗p(v)‖

gia k�je v ∈ TpM kai p ∈M . Na apodeiqjeÐ oti h f eÐnai apeikìnish epik�luyhc.
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Ask seic jewrÐac pollaplot twn 11

1. Estw M mÐa pollaplìthta Riemann kai γ : [0, l] → M mia gewdaisiak  parametri-
smènh me to m koc thc. Estw X ∈ X (M) kai φ h ro  tou.

(a) DeÐxte oti up�rqei T > 0 ¸ste h φ na orÐzetai toul�qiston sto [−T, T ]×γ([0, l]).
(b) Estw Γ : [0, T ]× [0, l]→M h leÐa metabol  thc γ me tÔpo Γ(s, t) = φs(γ(t)). An

ΓT = Γ(T, .) kai L(γ), L(ΓT ) eÐnai ta m kh twn γ, ΓT , antÐstoiqa, na apodeiqjeÐ oti

|L(ΓT )− L(γ)| ≤
∫ T

0

∫ l

0
‖∇ ∂Γ

∂t
X‖dsdt.

2. Estw M mÐa 2-pollaplìthta Riemann kai γ : [0, l] → M mia gewdaisiak  parame-
trismènh me to m koc thc. Estw X èna leÐo dianusmatikì pedÐo kat� m koc thc γ me
〈X, γ̇〉 = 0 kai ‖X‖ = 1 sto [0, l].

(a) Na apodeiqjeÐ oti to X eÐnai par�llhlo kat� m koc thc γ.
(b) Estw f : [0, l] → R mia leÐa sun�rthsh. Na apodeiqjeÐ oti to fX eÐnai pedÐo

Jacobi kat� m koc thc γ tìte kai mìnon tìte otan f ′′(t) + K(γ(t))f(t) = 0 gia k�je
0 ≤ t ≤ l, ìpou K eÐnai h kampulìthta tom c thc M .

3. Estw M mÐa pollaplìthta Riemann me tanust  kampulìthtac R. Estw p ∈ M ,
v ∈ TpM me ‖v‖ = 1 kai γ h gewdaisiak  me γ(0) = p, γ̇(0) = v. Estw u, w ∈ TpM kai
Y , Z ta dianusmatik� pedÐa Jacobi kat� m koc thc γ me Y (0) = Z(0) = 0 kai

DY

dt
(0) = u,

DZ

dt
(0) = w.

Na apodeiqjeÐ oti an to t eÐnai arket� kont� sto 0, tìte

〈Y (t), Z(t)〉 = t2〈u,w〉 − 1
3
〈R(u, v)v, w〉t4 + o(t5)

ìpou lim
t→0

o(t5)
t4

= 0.

(Upìdeixh : Efarmìzoume tou je¸rhma tou Taylor gia thn sun�rthsh f(t) = 〈Y (t), Z(t)〉.
Tìte f(0) = f ′(0) = 0, f ′′(0) = 2〈u,w〉, f (3)(0) = 0 kai f (4)(0) = 8〈R(u, v)v, w〉. Gia
to teleutaÐo ja qreiasteÐ na apodeiqjeÐ o tÔpoc

DR(Y, γ̇)γ̇
dt

(0) = R(
DY

dt
(0), γ̇(0))γ̇(0) = R(u, v)v.)

4. Estw M mÐa pollaplìthta Riemann me kampulìthta tom c K. Estw p ∈ M , u,
v ∈ TpM me ‖u‖ = ‖v‖ = 1 kai 〈u, v〉 = 0. An γ eÐnai h gewdaisiak  me γ(0) = p,
γ̇(0) = v, na apodeiqjeÐ oti up�rqei ε > 0 ¸ste gia |t| < ε to dianusmatikì pedÐo Jacobi
kat� m koc thc γ me arqikèc sunj kec

Y (0) = 0,
DY

dt
(0) = u

ikanopoieÐ tic isìthtec

(a) ‖Y (t)‖2 = t2 − 1
3
Kp(σ)t4 + o(t5),
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(b) ‖Y (t)‖ = t− 1
6
Kp(σ)t3 + o(t4),

ìpou σ eÐnai to epÐpedo ston TpM me b�sh {v, u}.

5. EstwM mÐa pl rhc pollaplìthta Riemann me mhdenik  kampulìthta. Na apodeiqjeÐ
oti gia k�je p ∈M up�rqei ε > 0 ¸ste h expp : S(0, ε)→ S(p, ε) na eÐnai isometrÐa.

6. Sto paraboloeidèc M = {(x, y, z) ∈ R3 : z = x2 + y2} jewroÔme thn epagìmenh
metrik  Riemann apì to eukleÐdeio eswterikì ginìmeno tou R3.

(a) DeÐxte oti h kampulìthta tom c tou paraboloeidoÔc dÐnetai apì ton tÔpo

K(x, y, z) =
4

(1 + 4x2 + 4y2)2

kai sunep¸c inf{K(x, y, z) : (x, y, z) ∈M} = 0.
(b) Na apodeiqjeÐ oti h M eÐnai pl rhc.
(g) Na apodeiqjeÐ oti den up�rqoun suzug  proc to (0, 0, 0) shmeÐa, dhlad  to (0, 0, 0)

eÐnai pìloc.
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