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Aelaywyn Tov padfuatog

Eopgpova ye o wpohoyto tedyeopua tou TMEM xotd 1o capvd e€4Unvo Tou axadnuaixov
€toug 2022-23, o pdinua Yo Sddoxeton xdde Toltn, dpa 1 w.y. - 3 p.u. xou Héumtn, wea 1
Ul - 3 g, oty atdouvoca B 212.

H tehuen) a€iohdynon xde yetamtuytaxod 1 Teontuytoxold @oltnty) mou Yo eyypapel oTo
udinuor Yo mpoxtiet and
(o) TV avd 14 nuépec TopddooT UTOYPEWTIXDY AOXACENY,

(B) TV napovciaon oe dnudota SLIhedn Sudpxetac ploc Hpac evoc Véuatog Tou Yo Exel avatedel
and Tov OLOdCHOVTA XAl
() pio ypanth eZétaom didpxelac 3 wpmv.

TEQMETPIA RIEMANN
1. Awxgopiowreg TOANATAGTNTES

Ou dwpoploweg morhamidtnTeg eugoavictnxoy ot Madnuatind we xoundAeg xaL emipd-
VELEC OTOV 3-0lA0TAUTO Y0 xaTd Tov 180 cumva, omoTE Yiol TNV UEAETN TOUS Yenouylonolin-
xav ouo TNUATXd 1 Avodutin| 'ewpetplo xou 0 Anelpoctindg Aoyioudc cuvapThHcEwY 500 xou
TELOV PETOPBANTOY. Eva amd to mepiepya Twv mpdtwy oTadiwy fTay 0Tl oL podnpotixol dev
UoVEVOVTOY TNV avayxT| Vo 3WC0UY ToV 0ploldd Tng Evvolag «eEmpdvetay. Ot emipdveleg Yew-
EOUVTAY YEWUETEE OVTIXELUEVA, TOU ATAGS LTHEY ALY %ol ETEETE VoL LEAETNIHOUY atvothUTING o
va teptypapoly. O Euler npoondinoe va e&nyrioet, nwg plo empdveta xodoptlet v e&lowot)
e And ta Ypopouevd Tou aghvel va evvoniel oTt YEAEL oL ETLPAVELES TOTXE Vo efva Ypapr-
HOIToL GUVORTACEWY BVU0 PETOPBANTWY, 0AAd Bev agrivel ehebiepn Tnv duvatodtTnTa 1) e€aETNUéVN
weToBANTH Vo unv xadopileton povoohuavta and Tig aveldotnteg petofintéc. Evog mpwtog
0pLoOC NS €vvolag emipdvela 06UNxe and tov Euler to 1748. To 1771 édwoe évay dedtepo
YENOWOTOUOVTAC TopaueTENoec. Me onuepvolc 6pouc 0 oplogds autdc avtioTolyel oe éva
TPOC €val Aeleg CLUVAPTACELS TOU 2-BLACTATOU GTOV 3-0LdG TUTO Y WEO.

Yo téhn tou 18ou awdivar o G. Monge ypnotponoinoe e€iohoeic tne poppic F(z,y, z) =0
Yoo TV Topdotaon emgavelwy. H pehétn ¥tav mdhl emxevipnuévn oe Tomxég wiotnteg. H
amohm autr dev dhAage Y€yt Tot TEAN Tou 190L cuwva pe Ty eppdvion Tou H. Poincaré. Méypl
T6TE OUWS LTHEEaY BVo peydiol otouol. O mpdhtog ftav 1 epyasia tou C.F. Gauss ylpw ota
1832, mou €deie oTL uTdpYEL Eval UETPO TNG XAUTOAWONG WIAC ETUPAVELNS, TTOU CHUERA AEYETOL
xaumurotnta Gauss, To onolo e€opTdTon LOVOY AN TOV TPOTO UE TOV OTOLO UETEWVTAL ToL X1
TV AelwV XaUTOAWY TEVE OTNY ETLPAVELX XoL OYL amd TOV TEOTO YE TOV OTOlO 1) EMLPAVELD
elvar Tomovetnuévn péoa otov mepBdhhovta yweo. Auth 1 mapatrhenon g Umaedng Tng
EOWTEPWNAC YEWUETPloCY plag empdvetag, mou elvon aveEdetntn and Ty pop®r Tng oTov
TepBdAhovTo 3-B140TATO YOEO 00HYNOE GTNV EVVOLX TNG APNENUEVNS ETLPAVELNS. AUTO €YIVE
o xodopd and Tov B. Riemann to 1854, mou 6pioe Tig apnenUéves n-0ldo TUTeS ETUPAVELES XoL
e€nynoe T onuolvel ufxoc xoundAng oc wa Tétola empdveta. Auto mou eworyaye o Riemann
0EV ATV O YEVIXOG OPLOUOC TNG TOAAATAOTNTOG, AN AUTO TOU CHUEQRD ATOXAUNOVUUE YAETT UE
wa yeter) Riemann. ITdvtog pe tov Riemann €ywve to yeydio Priwa, agpol to aviixeipeva
ToL 6ploE BeV PBploxoviay UECH OE XAVEVAY YKOEO.

O obyypovog optopds Tne évvolag «dtaopioun ToAATAGTNTOY BOUNXE OLUCLICTIXG oo
tov H. Poincaré to 1895, ondte yio mpodtn Qopd yivetan Eexddapn 1 oAt vt Tng évvolac.
O optoudg Tou Poincaré, av xou avagpépetar oe untocivoha xdmowou yweou R™, divetoun uéow
YUETOV PE TNV cLVUAXN Yot TNV TEEN Tou toxwPBlovod Tivoxa Tng aAAXyC TOTUXWY CUVTE-
Taypévey va avagépeton pntd. Emlong dewpel aviioTpoge emdveg xavovixmy Toy Aelwv



ouvopthoeny (opiouds Tou Monge) xou delyvel ott dev elvan GReC oL TOMATAOTNTES AUTAHS TNS
nopprc. O Poincaré emmhéov xatooxedace dla@opiotues 3-TOAATAOTNTES WS YWEOUS TNALXa
OTEPEWY TOAUESPWY UE XUTAAANAT ToOTIoN TwV dpwdv Touc. O Poincaré peiétnoe tic Sopo-
plowec mohhamhdtnteg and tny drodn e (ohyeBpixic) Tomtoloylag, we empdveles Riemann,
OAAGL XU WC Y WEOUC PACENDY AUVOULXGY LUC TUATOV.

Yo 30 ypodvia mou axohoVinoav o opioudc tou Poincaré dev diiale enl tne ouotiag.
O mpdtog agnenuévoc oplouds ywelc avapopd oe mepBalhovio yweo 869nxe and toug O.
Veblen xou J.H.C. Whitehead pyéoa ané éva pdhhov dBoro ahvoro a&iwudtwy. XTnV onuepvN
ToU popyY) 0 oplouds ogelleton otoug P. Alexandroff, H. Hopf xou H. Whitney. MdAiota
o Whitney onédeile to 1936 ott 0 apnenuévog oplonog eivon looBUVOUOS UE TOV OpIoUS TOU
Poincaré.

2. IToAhanhotntec Riemann

Mo hefor xoumOAn o wa dwapopiown moAhamhotnta M eivan pia Aclo cuvdpTtnon v :
[0,1] = M. Onwc gaivetar, Sev UTEEYEL TITOTA GTOV 0PLOPG TOL VoL Hog DIVEL TNV duVATOTNTA
VoL UETENOOLUE To Uhxog Trg . Ilpoywedvtac mo népa, av €youue 800 XUUTUAES 71, Y2 OTNV
M, mou téuvovton o éva onueio v1(t) = y2(s), T elvar dUVATOV VoL UETPHOOLUE TNV Ywvio
nou oynuatiCouv cto onuelo autd; Av M = R”, 161e dnwg Zépoupe and tov ATElpooTixd
Aoyioud, to prxog tne y slvou

1
£ = [ il
Enlong n ywvia twv 1, 2 " autiy tny nepintwon Beloxeton and tny wodtnTaL

(F1(t), 32(s))
32O A2 ()1

Hapatneolye ott xat T 800 TEPTOOELS aUTO oL YeetalOUacTE uovov elvar 1 Utodn Tou
€0WTEPIXOV YIVOPEVOU Yla Blaviouato pe To (Blo onueto epopuoyhc. Mia yetpixy) Riemann oe
ot Stapoploun mohhamhotnta M etvan pa owxoyévewr g = {(,), : p € M}, 6mov 1o (, ), ebvon
EVOL ECOTEPIXO YIVOUEVO GTOV EQATTOUEVO Yoo T, M, mou e€optdrar xatd Aelo TpdémO and TO
p. Ipémel va onuewwdel ot wa Srapopiowun ToAamhoTnTo d€yeTon TOAES peTpxéc Riemann.
o mopdderypa, oto R? éyoupe Ty euxdeldeto petpied Riemann (z,y), = z1y1 + 22y xou TV
uetpued Riemann (z,y), = x1y1 + e?Paays, 6m0V & = (21, 22), ¥ = (y1,y2) ot p = (p1,p2),
7oL Blvel Eval HOVTENO Yiot TNV UTEPBOAIXY| YEWUETELA.

Autoc 0 Blaywpelogds TV BoUMY, 0Tl BNAad 0 TEOTOC UETENONC TWV UNXWV Elvor yla
emhéov doun, mépa amd TV dtapoptxr)/ToTohoyxy| doun, €yive yia KT Popd and Tov Rie-
mann cto SeUTEPO PEPOS NG optAlac Tou entl ugnyeotia to 1854, mou dnuocieltnxe o 1868.
O Riemann anédwoe tny clyynon oyetixd pe 1o 5o aitnuo Tou Euxheldon otnv haviaouévn
nenolleoy), mou utreye péypL TOTE, OTL To eninedo BEyEToL Wiar LOVOdIXT| YEWUETELA, TNV €U-
xhetdeo. O Riemann €8eiée ot mTOMES YEWUETPIEC UTHEYOUY X0 OE YOPEOUS UE UEYUADTER
dtdo oo, cuunepaivovtog otl N IM'ewpetplo, oL ExEl WS AVTIXEUEVO PEAETNC TOV Y WO, TTRETEL
va €xel 6Tev oyéon pe T @uowt epretplo. H xatediuvorn autr oxohoudhdnxe otig apyég
Tou 200uL ardva and touc Einstein xow Minkowski.

Emoteégovtag 6Tig xoumdheg, oty euxAeidela yewpetpla tou R™ ol eudeleg elvon oL xoumid-
AEC UE TO EAAYLOTO UHXOC. OEAOVTUC VAL YEVIXELUGOUPE TNV €vvola TG evleiag o€ TOAATAOTY-
te¢ Riemann, Yo ynopoloaye vo Yewpricovye exelveg Tic XoUTOAES TOU TOUAAYLOTOV TOTUXA
ehayloTonooLy To urxoc. Evag tétolog oplopdg eivan dloyenotoc. Etol yenowonoolue
TNV GAAT Yoo TNELO TIXY WBLOTNTa, OTL oL eLdeleg efval oL xouTOAES UE UNBEVIXT] EMLTAYUVOT).

cosf =



BéBowa mpénet mpwta var 500ue Twg oplleton 1 eMTdy LYV avedpTNTo AN TOTUXES GUVTETAY-
uévee. H toydtnto wag Aclog xaumiing v elvon éval EQamTOUEVO BLVUOUTIXG TEBlO XoTd
wixog e . Anhadh §(t) € Ty M yio xdde 0 < ¢ < 1. H emtdyuvon helov xoapmiiov
otov R" elvon 1 mopdrywyog tng toybntog. OUme Tewg UTopolUE VoL 0pICOUUE TNV €T UV-
on 6 TapdYwYo TS ToybTNTaC, 6tav T Y(t) € Ty M xau Y(s) € Ty M Bpioxovion oe
OLopoPETIXONE BIVUOUATIXOUE Y WOEOUS Xou OEV €xel €vvola 1 Slopopd toug; Xeelalduaote
AOLTIOV VO TEOTIO GUVOYNC TWV EQUTTOUEVWV YOPWY COE XOVTIVA ONUElN TNG TOAATAGTNTAS.
Etol epydpacte @uolohoyxd oTtny €vvola Tng cuvoyng, Tou elvol €Vag TPOTOG TURUYWYLONS
BLVLUOHATIXADY TESIWY XoTd TNV Sl HUVOT EPATTOUEVWY BLAVUOUATODY Xl G TNV GUVOXOAOUUT,
EVVOLAL TNG TOEAAANANG UETAPORAS BLUVUOUATOV XATE UAXOS XOUTOAWY.

Mo ypoupxry cuvoy? oe o dtagopion molamhotntor M elvan puor drypouuixr o-
mewoévion V 1@ X(M) x X(M) — X (M) pe g wodtneg () VixY = fVxY xo ()
V. (fY) = fVxY + X(f)Y, vy xéde Aela ouvdptnon f + M — R. H V Aéyewn
ovppete, 6tav VxY — Vy X = [X|Y], yio xdde X, Y € X(M). Av topa v evou
plat Aglot xomOAT), TOTE 1) EMTAYUVOY TNG €lVol TO XAUAL OPIOUEVO, OTWS ATOBELXVOETAL,
dloavuopatind medlo Vi xoatd prixoc e v. H v Myetou yewdawowndr, av Viy = 0.
Enfong yio xdde Aelor xopumdn v oplleton 1 TORdAANAN UETOUPORE EQATTOUEVKDY BlavUCUE-
TWV XATE PAX0¢ TN, Tou elvon EvVag YRUUUIXOSC LOOUORQPLONOS Tv(t)M — TV(S)M. Ye
wa mohhamhotnTae Riemann umdpyouv morkég yeouuwés ouvoyée.  ZupPBdlovian duwe
ue tnv yeteixr) Riemann yévov exeivec, twv omolwyv ot mapahAnies UeTaQopES elvor looueTples.

Ocuchwdeg Oswpenpa tng N'ewpetplag Riemann. Ye kdle noAanAdTnta Riemann

Undpx€el i HovadlK) CUUMETPIKN, YPaUUIKY) ouvox1), 01 TapdAANAES LETaPopES Tns omolag
etvai 1wouetpies. H auvoxn avtn Aéyetar ovvoxn) Levi- Civita.

3. Kapnuhotnta

Y1oyog tng Yewplog twv toAaniotitwy Riemann eivon n xotdtoady| toug. Avo noAhanid-
ntec Riemann M, N Aéyovton IGOPETEES, av UTdEYEL ot toopeTpio b @ M — N, dnhady| 1
h etvon ap@idlapopion xau n mopdywyog Dh(p) @ TpM — Tpp) N elvon ypopxs ioopetpla yio
xqe p € M, »¢ Tpog To GEDOUEVA ECWOTERIXE YIVOUEV TTOU €YOUUE Amd TIC AVTIOTOLYEC UETEL-
xéc Riemann. IToAd elxola BAénoupe otL ol looyetpleg Blatneoly Tic cuvoyéc Levi-Civita.
Anhad n ouvoyr| Levi-Civita eivon ecwtepind cuotatind tng dourc Riemann.

To mpwto BAue otnv xatebuvon Tng xatdtang efval 1 XUTUCKELT AVAAAOUDTOY, TOU
eCaogarilouv xot” apynv €0tw Tomxn wwopetpla. Eva tétolo tomxd avolhoinwto elvon 1 xo-
urmuhotnto. Ilpénet vo onuewwdel, ot ota mhaioto e Fewpetpiog Riemann to epdtnua tng
OTOEENG Xl XOTAUOXEVTS TOTUXMY AVOANOLOTWY Elval U TETRWEVO, oe avtiieor e dhhou eldoug
BopEc oL PEpOVTAL OO BLUPORICYIES TOAATAOTNTES, OTWE YOl TORABELY AL 1) CUMTAEXTIXT] Bo-
un, Tou BV €xel TOTXE avoANolTAL.

H »oumuiétnta Riemann piog todoamhétntag Riemann M ue cuvoyt Levi-Civita V etvon
n anewovion R : X (M) x X(M) x X(M) — X (M) pe tino

R(X,Y)Z =VxVyZ —VyVxZ —VixyZ.

A" authv optletar 0 Tavuothg xaunuhétnToc Riemann R(X,Y, Z, W) = (R(X,Y)Z,W). H
XOUTUAOTN T Blatnpeeiton and Tic ToTxég tooueTpiec. MdAiota R = 0 tdtE %ou Yovov ToTE
otav n M elvon Tomxd LOOUETEIXT PE TOV EUXAEIDED YWpo. Me dhha Adyla, 1 xaUTUAGTNTA
elvan exetvo mou eumodilel yior toAhamAdtnTa Riemann and 1o va elvar tomixd .oopetpxy pe
TOV EUXAEIDELD Y WOPO.



H xopnuidtnto unopel va epunvevdel péoa amd tny xaumuiotnta Tourc. Eotw p € M xou
E évog 2-dudotatog ypaupixog undyweos touv T, M. Av {X, Y} elvou pio Bdon tou E, 161 1)
nocoHTNTY

K, (E) = (R(X,Y)Y, X)
X012 - (V]2 = (X, )2

oev e€aptdton amd TNy Bdom, ahhd poévov and tov E xon AEyeTan XoUmMUAGTNTA TOUAC TNG
M o710 p w¢ mpog E. Amodemvieton 0Tl 0 ToVUGTAC XounuAoTnToG xardopiletan TApw
amd TS XOUTUAOTNTES TouNC. Av Vewproouue Oheg Ti¢ Yewdouoloxés, Tou BiépyovTon omd
T0 p TV onolwy N ToyLTNTA Beioxeton oTov E, 16TE qUTEC TOAD XOVTA GTO P OLorypdpouv
o emupdveto. Amo to Theorema Egregium tou Gauss, n xounuidtnta tourc Kp(E) elvou
e3¢ 1 xaumuAoTTa Gauss Tng EMQAVELNS AUTHS GTO OTNUElo p.

4. Tewpetpio xou Tororoyia

H Suvatodtnra vo petpde to uixn Twv AElwy XaumOAwY o€ o ToAlamhoTta Riemann M
HOG ETUTEETEL VOl 0pICOUPE TNV amOcTaoT 8U0 oNUEiwY WS o TNV dedopévn uetewr) Riemann,
otav 1 M elvon cuvexTxr. Luyxexpiéva, av p, ¢ € M, tote

d(p,q) = inf{L(y) : n elvon xatd twAuata Aelo xoumOAN ond 10 p 670 G}.

H d oplet v (Bl Totohoyla mou undpyel oM oty M. Eva npwtapyixd spdtnua etvar tote
n d elvar mAAeNC.

Ocedpnuo. (Hopf-Rinow) H andotaon Riemann eivar mArjpns tdte ka1 udvov téte dtav
kdOe péyrotn yewdaioaxn opiletar o’ oAdkAnpo to R.

Ewou govepr| 1 Stoamhoxn} YewueTplog xot Totohoylag, apol n xodopd ToTohoyxr WoLoTnTa
NG TANEOTNTAC Elvor L16OBUVOUN UE TNV Xadopd YEWUETEIXY WOLOTNTA TNG EMEXTACTS TWV YEW-
douctaxdv 6" ohoxhneo 1o R. Mo idlaktepo onuovTixn TeoTaoy Tou anodetxvOETUL G TNV TOpEla
npo¢ 1o Oewpnua Hopf-Rinow eivar 1o yeyovog ot i Astar xopumdAn pe eAdyioto uixog mpé-
TEL VALY XAUO TIXG VoL Efvol YEWBOLGLaXT) ot avTIG TEOPA OL YEWOUGIAXES TOTUXE EAAYLO TOTIOLOVY
70 urxoq.

To mpwto lowe omoudolo amotélecua €0PEONC OMXWOV TOTOAOYIXOV LOOTHTOY ULOG
nolamAotnTag Riemann and tomxég yewuetpixég 1o10tnteg elvon to axdiouto.

Ocedpnua. (Cartan-Hadamard) Eotw M pua mAjpns, ovvektiki toAamAdtnta Riemann
pe odotaon n. Av dles o1 kaumuddTnteS touns oe kdle onuelo elvar un Oetikésg, tote
o kaloAikds xpos emkdlvhng tns M elvar augidiapopionios pe tov R™.  Xwvendg, o
avdtepes ouddes opotonias m (M), k > 2, elvar tetpipéres.

To anotéheoua autd pnopel v dlaBacTtel xan Teog TV avtiietn xatebduvorn, 6mou ol
TOTONOYIXES WOLOTNTES WG TOANATAOTN TS VETOUV TERLOpoPOUS 0TI YewUeTpiec Riemann
mou 8éyetan. Etol av xdmowr omd tic avdtepeg opddec opotoniac mi (M), k > 2, elvon un
TETEWEVT, TOTE 1) Sopoplown modhamhotrta M Sev déyetan dour; Riemann ye noavtod yrn de-
T xoumUAGTNT Topng. Mia oaxdua tpdtac tng ueng Tou Oewpruatog Cartan-Hadamard
elvon 1 axdhovdn.

Oedpnua. (Bonnet-Myers) Eotw M pua tAfjpns, ovvektiki n-toAarAdtnta Riemann, tng
orofag n kauruAdTnTa Ricci efvar peyaltepn 1 fon and (n—1)/r2, ya kdrow r > 0. Tére n
M elvar ovunayns, n mpdtn oudda opotorias w1 (M) elvar merepacuévn kar diam(M) < 7r.



