Jerinì SqoleÐo Majhmatikÿn 2002 HrĹkleio, 15-27 IoulÐou

EISAGWGH STA DUNAMIKA SUSTHMATA H jewrÐa Poincaré-Bendixson KwnstantÐnoc Ajanasìpouloc

Panepistămio Krăthc, Tmăma Majhmatikÿn

1. Diaforikèc Exisÿseic kai roèc

H jewrÐa twn diaforikÿn exisÿsewn eÐnai mÐa apì tic shmantikìterec perioqèc twn Majhmatikÿn, ìpou h jewrÐa brÐsketai se suneqă allhlepÐdrash me tic efarmogèc. Oi diaforikèc exisÿseic eÐnai ta katallhlìtera antikeÐmena gia thn majhmatikopoÐhsh problhmĹtwn apì Ĺllec epistămec, ìpwc h Fusikă, h BiologÐa, h OikonomÐa k.lp. Oson aforĹ thn shmasÐa touc sta MajhmatikĹ, istorikĹ èpaixan shmantikì rìlo sthn exèlixh thc AnĹlushc kai thc GewmetrÐac, enÿ apoteloÔn ton klĹdo, pou perissìtero apì kĹje Ĺllon eÐnai emfanăc h Ĺpoyh thc dunamikăc, pou teÐnei na kuriarqăsei sta sÔgqrona MajhmatikĹ.

Sthn jewrÐa twn sunhjismènwn diaforikÿn exisÿsewn mac endiafèrei h perigrafă twn lÔsewn mÐac autìnomhc diaforikăc exÐswshc prÿthc tĹxhc

x^′ = f(x)

ìpou h f : X → R^n eÐnai mÐa sunĹrthsh orismènh s’ èna anoiqtì sÔnolo X ⊂ R^n , n ≥ 1, me idiìthtec pou exasfalÐzoun thn Ôparxh kai thn monosămanth exĹrthsh twn lÔsewn apì tic arqikèc sunjăkec. Sthn sunèqeia ja upojètoume oti h f eÐnai C^k, 1 ≤ k ≤ ∞, opìte apì to jeÿrhma tou Cauchy gia kĹje x ∈ X upĹrqei mÐa monadikă mègisth lÔsh ϕ_x : I_x → X, pou ikanopoieÐ thn arqikă sunjăkh ϕ_x(0) = x, orismènh s’ èna anoiqtì diĹsthma I_x = (a_x, b_x), pou perièqei to 0. O ìroc {mègisth} shmaÐnei oti h ϕ_x den mporeÐ na epektajeÐ s’ èna anoiqtì diĹsthma megalÔtero apì to I_x. An jèsoume D = {(t, x) ∈ R × X : a_x < t < b_x} kai jewrăsoume thn sunĹrthsh ϕ : D → X, me ϕ(t, x) = ϕ_x(t), tìte

(a) to D eÐnai anoiqtì uposÔnolo tou R × X kai h ϕ eÐnai C^k, (b) I_{ϕ(t,x)} = I_x − t gia kĹje t ∈ I_x, x ∈ X kai (g) ϕ(t + s, x) = ϕ(t, ϕ(s, x)) gia kĹje t, s ∈ R me t + s ∈ I_x kai x ∈ X. Gia thn apìdeixh twn idiotătwn autÿn parapèmpoume sto [2, Chapter 3]. AplĹ paradeÐgmata deÐqnoun oti to D den eÐnai pĹnta Ðso me R × X, dhladă oi lÔseic den orÐzontai pĹnta s’ ìlo to R.

1.1. Prìtash. An x ∈ X kai to ϕ_x([0, b_x)) eÐnai sumpagèc uposÔnolo tou X, tìte b_x = +∞.

Apìdeixh. Estw oti b_x < +∞. Gia kĹje y ∈ ϕ_x([0, b_x)) upĹrqoun δ_y > 0 kai mÐa anoiqtă perioqă V_y tou y ÿste (−δ_y, δ_y) × V_y ⊂ D. Apì thn sumpĹgeia, upĹrqoun y_1, ..., y_m ∈ ϕ_x([0, b_x)) ÿste ϕ_x([0, b_x)) ⊂ V_{y1} ∪ ... ∪ V_{ym} . An δ = min{δ_{y1} , ..., δ_{y1} }, tìte (−δ, δ) × ϕ_x([0, b_x)) ⊂ D. JewroÔme mÐa aÔxousa akoloujÐa (t_n)_{n∈N} sto [0, b_x), pou sugklÐnei sto b_x. Tìte (−δ, δ) ⊂ I_{ϕ(tn ,x)} = (a_x − t_n, b_x − t_n) gia kĹje n ∈ N, pou eÐnai antÐfash. □

To sÔnolo ϕ_x(I_x) lègetai troqiĹ tou shmeÐou x ∈ X. Apì thn monosămanth exĹrthsh twn lÔsewn apì tic arqikèc sunjăkec, oi troqièc sunistoÔn diamèrish tou X. H grafikă parĹstash pou prokÔptei apì ton trìpo pou katanèmontai oi troqièc sto X lègetai diĹgramma fĹsewn. To prìblhma thc gewmetrikăc jewrÐac twn sunhjismènwn diaforikÿn exisÿsewn eÐnai h katanìhsh tou diagrĹmmatoc fĹsewn, qwrÐc na qreiasteÐ na lÔsoume thn diaforikă exÐswsh. Autì eÐnai idiaÐtera qrăsimo, afoÔ spĹnia mÐa diaforikă exÐswsh mporeÐ na epilujeÐ. Apì thn Ĺllh meriĹ, plhroforÐec pou prokÔptoun apì thn èstw kai merikă katanìhsh tou diagrĹmmatoc fĹsewn eÐnai krÐsimec stic efarmogèc. Oi plhroforÐec autèc èqoun gewmetrikì qaraktăra kai ìqi posotikì, dhladă den anafèrontai sthn qronikă paramètrish twn troqiÿn.

Sta plaÐsia autĹ mporoÔme na periorÐsoume thn anĹptuxh thc jewrÐac kĹnontac thn epiplèon upìjesh oti D = R × X, ìpwc deÐqnei to epìmeno jeÿrhma, gia thn apìdeixh tou opoÐou parapèmpoume sto [4].

1.2. Jeÿrhma. Estw X ⊂ R^n èna anoiqtì sÔnolo kai f : X → R^n mÐa C^k sunĹrthsh, 1 ≤ k ≤ ∞. Tìte upĹrqei mÐa C^∞ sunĹrthsh λ : X → (0, 1] ÿste ìlec oi lÔseic thc diaforikăc exÐswshc x^′ = λ(x)f(x) na orÐzontai s’ olìklhro to R. □

Oi diaforikèc exisÿseic x^′ = f(x) kai x^′ = λ(x)f(x) èqoun tic Ðdiec troqièc, allĹ diaforetikĹ parametrismènec. An ϕ_x : I_x → X eÐnai h mègisth lÔsh thc prÿthc me ϕ_x(0) = x, tìte h ψ_x = ϕ_x ∘ h^{−1}, ìpou h h : I_x → R èqei tÔpo h(t) = ∫_t 0 1 λ(ϕ_x(s)) ds, eÐnai h mègisth lÔsh thc deÔterhc me ψ_x(0) = x. PrĹgmati, apì ton kanìna thc alusÐdac èqoume

ψ^′_x(t) = (h^{−1})^′(t)ϕ^′_x(h^{−1}(t)) = 1 h^′(h^{−1}(t)) f(ψ_x(t)) = λ(ψ_x(t))f(ψ_x(t)).

1.3. Orismìc. Estw X ènac metrikìc qÿroc. MÐa roă ston X eÐnai mÐa suneqăc sunĹrthsh ϕ : R × X → X ÿste

(a) ϕ(0, x) = x gia kĹje x ∈ X kai (b) ϕ(t + s, x) = ϕ(t, ϕ(s, x)) gia kĹje t, s ∈ R kai x ∈ X.

Sunăjwc grĹfoume gia aplìthta ϕ(t, x) = tx kai ϕ(I × A) = IA gia I ⊂ R kai A ⊂ X. AxÐzei na shmeiwjeÐ oti kĹje roă orÐzei thn monoparametrikă omĹda omoiomorfismÿn ϕ_t : X → X, ìpou ϕ_t(x) = tx.

To sÔnolo C(x) = {tx : t ∈ R} lègetai troqiĹ tou x kai to C^+(x) = {tx : t ≥ 0} lègetai jetikă hmitroqiĹ tou x. Oi troqièc sunistoÔn diamèrish tou X. To x ∈ X lègetai stajerì shmeÐo thc roăc, an C(x) = {x}. H troqiĹ C(x) lègetai periodikă kai to x periodikì shmeÐo, an upĹrqei T > 0 ÿste T x = x kai tx ≠ x gia kĹje 0 < t < T . S’ autăn thn perÐptwsh h g : S^1 → C(x) me g(e^{2πit}) = ϕ(tT, x), 0 ≤ t < 1 eÐnai kalĹ orismènh, epÐ, èna proc èna kai suneqăc. Epeidă o monadiaÐoc kÔkloc S^1 eÐnai sumpagăc, h g eÐnai omoiomorfismìc. Sunepÿc, an h troqiĹ eÐnai periodikă, eÐnai mÐa aplă kleistă kampÔlh. To T lègetai perÐodoc tou x.

Sthn perÐptwsh thc roăc mÐac autìnomhc diaforikăc exÐswshc x^′ = f(x), to x eÐnai stajerì shmeÐo akribÿc tìte ìtan f(x) = 0.

2. OriakĹ sÔnola

Estw ϕ : R × X → X mÐa roă ston metrikì qÿro X. To sÔnolo A ⊂ X lègetai ametĹblhto an C(x) ⊂ A gia kĹje x ∈ A kai jetikĹ ametĹblhto an C^+(x) ⊂ A gia kĹje x ∈ A. EÔkola blèpoume oti an to A eÐnai ametĹblhto, tìte ta X \ A, A, intA kai ∂A eÐnai epÐshc ametĹblhta. An to A eÐnai jetikĹ ametĹblhto, tìte ta A kai intA eÐnai jetikĹ ametĹblhta. To A lègetai arnhtikĹ ametĹblhto, an to X \ A eÐnai jetikĹ ametĹblhto. To sÔnolo

L^+(x) = {y ∈ X : t_nx → y gia kĹpoia t_n → +∞}

lègetai jetikì oriakì sÔnolo tou x. AnĹloga orÐzetai to arnhtikì oriakì sÔnolo L^−(x). EÐnai profanèc oti an to x eÐnai stajerì ă periodikì, tìte C(x) = L^+(x) = L^−(x).

2.1. ParadeÐgmata. (a) To diĹgramma fĹsewn thc didiĹstathc grammikăc diaforikăc exÐswshc me stajeroÔc suntelestèc ( x^′ y^′ ) = ( −1 0 0 1 ) ( x y )

èqei monadikì stajerì shmeÐo to (0, 0) kai L^+(1, 0) = {(0, 0)}, enÿ L^+(1, 1) = ∅.

(b) H didiĹstath diaforikă exÐswsh se polikèc suntetagmènec

r^′ = r(1 − r) kai θ^′ = 1

èqei to (0, 0) stajerì shmeÐo kai ton monadiaÐo kÔklo S^1 periodikă troqiĹ. Gia kĹje r > 0 èqoume L^+(r, θ) = S^1.

2.2. Prìtash. Ta oriakĹ sÔnola èqoun tic akìloujec idiìthtec.

(a) C^+(x) = C^+(x) ∪ L^+(x). (b) To L^+(x) eÐnai ametĹblhto. (g) L^+(tx) = L^+(x) gia kĹje t ∈ R. (d) L^+(x) = ⋂ t≥0 C^+(tx) kai sunepÿc to L^+(x) eÐnai kleistì sÔnolo.

Apìdeixh. (a) Apì ton orismì eÐnai profanèc oti L^+(x) ⊂ C^+(x). Estw oti y ∈ C^+(x), dhladă upĹrqoun t_n ≥ 0, n ∈ N, ÿste t_nx → y. An t_n → +∞, tìte y ∈ L^+(x). An ìqi, tìte upĹrqei mÐa upakoloujÐa (t_{nk} )_{k∈N} , pou sugklÐnei se kĹpoio t ≥ 0. Apì thn sunèqeia thc roăc èqoume tìte oti y = tx, dhladă y ∈ C^+(x).

(b) An t_n → +∞ kai t_nx → y, tìte gia kĹje t ∈ R èqoume t + t_n → +∞ kai (t + t_n)x → ty, apì thn sunèqeia thc roăc. Ara ty ∈ L^+(x).

(g) An y ∈ L^+(tx), tìte (t + t_n)x = t_n(tx) → y gia kĹpoia t_n → +∞. AfoÔ t + t_n → +∞, èqoume y ∈ L^+(x).

(d) Apì ta (a) kai (b) èqoume L^+(x) ⊂ ⋂ t≥0 C^+(tx). An y ∈ ⋂ t≥0 C^+(tx), tìte gia kĹje n ∈ N upĹrqei t_n ≥ n, ÿste d(y, t_nx) < 1/n, ìpou d eÐnai h apìstash. Sunepÿc t_n → +∞ kai t_nx → y, dhladă y ∈ L^+(x). □

2.3. Jeÿrhma. An to C^+(x) eÐnai sumpagèc, tìte to L^+(x) eÐnai mh-kenì, sumpagèc kai sunektikì.

Apìdeixh. H mh-kenìthta kai h sumpĹgeia tou L^+(x) eÐnai s’ autăn thn perÐptwsh profaneÐc. Ja apodeÐxoume thn sunektikìthta me apagwgă sto Ĺtopo. Estw oti upĹrqoun dÔo mh-kenĹ, xèna metaxÔ touc, kleistĹ sÔnola A, B ⊂ L^+(x), ÿste L^+(x) = A ∪ B. Ta A, B eÐnai sumpagă, afoÔ to C^+(x) eÐnai, opìte δ = inf{d(a, b) : a ∈ A kai b ∈ B} > 0 ìpou d eÐnai h apìstash. Tìte S(A, δ/3) ∩ S(B, δ/3) = ∅. Estw y ∈ A kai z ∈ B. UpĹrqoun t_n, s_n → +∞ me t_nx → y kai s_nx → z. Etsi upĹrqei n_0 ∈ N ÿste t_nx ∈ S(A, δ/3) kai s_nx ∈ S(B, δ/3) gia kĹje n ≥ n_0. Sunepÿc d(A, t_nx) < δ 3 < d(A, s_nx) kai apì to jeÿrhma thc endiĹmeshc timăc upĹrqei r_n ∈ R metaxÔ twn t_n kai s_n ÿste d(A, r_nx) = δ/3, n ≥ n_0. EÐnai fanerì oti r_n → +∞. Epeidă to C^+(x) eÐnai sumpagèc, h akoloujÐa (r_nx)_{n≥n0} èqei toulĹqiston èna oriakì shmeÐo w ∈ C^+(x). Profanÿc w ∈ L^+(x), enÿ d(A, w) = δ 3 > 0 kai d(B, w) ≥ δ 3 > 0. Autì shmaÐnei oti w /∈ A ∪ B, pou eÐnai antÐfash. □

Otan to C^+(x) den eÐnai sumpagèc, to L^+(x) mporeÐ na eÐnai mh-kenì, mh-sumpagèc kai mh-sunektikì.

H melèth thc asumptwtikăc sumperiforĹc twn lÔsewn mÐac diaforikăc exÐswshc èqei megĹlh shmasÐa stic efarmogèc, allĹ kai wc mèroc thc diadikasÐac katanìhshc tou diagrĹmmatoc fĹsewn. Gia na gÐnei autì, prèpei na melethjoÔn ta oriakĹ sÔnola, dhladă na kajoristeÐ h topologikă touc domă kai h sumperiforĹ twn troqiÿn mèsa kai gÔrw apì autĹ. H jewrÐa twn Poincaré-Bendixson dÐnei apantăseic sta erwtămata autĹ sthn diĹstash 2. Se diastĹseic megalÔterec apì 2 den upĹrqei antÐstoiqh jewrÐa.

3. Topikèc tomèc

Sthn parĹgrafo autăn ja perigrĹyoume thn sumperiforĹ twn troqiÿn mÐac autìnomhc diaforikăc exÐswshc topikĹ sthn perioqă enìc mh-stajeroÔ shmeÐou. To antÐstoiqo prìblhma gia stajerĹ shmeÐa eÐnai Ĺluto. JewroÔme thn diaforikă exÐswsh

x^′ = f(x)

ìpou h f : X → R^n eÐnai C^k, 1 ≤ k ≤ ∞, sto anoiqtì sÔnolo X ⊂ R^n . MÐa topikă tomă sto shmeÐo x ∈ X eÐnai èna sÔnolo S ⊂ X me x ∈ S gia to opoÐo upĹrqei ϵ > 0 ÿste h roă ϕ thc diaforikăc exÐswshc na apeikonÐzei omoiomorfikĹ to (−ϵ, ϵ) × S epÐ tou (−ϵ, ϵ)S kai to teleutaÐo na eÐnai anoiqtì uposÔnolo tou X. To (−ϵ, ϵ)S lègetai flow box.

3.1. Jeÿrhma. Estw x_0 ∈ X me f(x_0) ≠ 0. Tìte upĹrqei mÐa topikă tomă S sto x_0, pou eÐnai mÐa (n − 1)-diĹstath anoiqtă mpĹlla me kèntro x_0 pĹnw sto uperepÐpedo H pou dièrqetai apì to x_0 kai eÐnai kĹjeto sto f(x_0).

Apìdeixh. H ϕ|R × (H ∩ X) eÐnai C^k kai to R × (H ∩ X) eÐnai anoiqtì uposÔnolo tou R^n . Jewrÿntac grammikèc suntetagmènec ston grammikì qÿro R^n wc proc thn orjogÿnia diĹspash R^n = R ⊕ (H − x_0), brÐskoume

Dϕ(0, x_0)e_1 = ∂ϕ ∂t (0, x_0) = ϕ^′_{x0} (0) = f(x_0)

kai Dϕ(0, x_0)e_i = e_i, gia 2 ≥ i ≤ n, afoÔ ϕ(0, x) = x gia kĹje x ∈ H ∩ X. Me Ĺlla lìgia h Dϕ(0, x_0) apeikonÐzei thn bĹsh {e_1, ..., e_n}, wc proc thn parapĹnw diĹspash tou R^n , sto {f(x_0), e_2, ..., e_n} pou eÐnai bĹsh tou R^n , giatÐ to f(x_0) eÐnai kĹjeto sto H − x_0. Sunepÿc, h Dϕ(0, x_0) : R^n → R^n eÐnai grammikìc isomorfismìc kai apì to jeÿrhma thc antÐstrofhc sunĹrthshc upĹrqoun ϵ > 0 kai mÐa (n − 1)-diĹstath anoiqtă mpĹlla S ⊂ H ∩ X me kèntro x_0, ÿste to ϕ((−ϵ, ϵ) × S) = (−ϵ, ϵ)S na eÐnai anoiqtì sÔnolo kai h ϕ|(−ϵ, ϵ)×S na eÐnai C^k amfidiafìrish, eidikĹ omoiomorfismìc. □

Opwc faÐnetai apì thn apìdeixh tou 3.1, to uperepÐpedo H den eÐnai anĹgkh na eÐnai kĹjeto sto f(x_0). ArkeÐ na eÐnai egkĹrsio sto f(x_0), dhladă R^n = ⟨f(x_0)⟩⊕(H −x_0).

4. OriakĹ sÔnola sto R^2

Sthn parĹgrafo autăn ja apodeÐxoume to jeÿrhma Poincaré-Bendixson, pou anafèretai sthn domă twn oriakÿn sunìlwn thc roăc mÐac autìnomhc diaforikăc exÐswshc

x^′ = f(x) ìpou h f : R^2 → R^2 eÐnai C^1. Opwc eÐdame sthn parĹgrafo 1, mporoÔme na upojètoume oti h diaforikă exÐswsh èqei roă ϕ : R × R^2 → R^2 . An to y ∈ R^2 eÐnai èna mh-stajerì shmeÐo, dhladă f(y) ≠ 0, sÔmfwna me to jeÿrhma 3.1 upĹrqei èna anoiqtì eujÔgrammo tmăma S ⊂ R^2 , pou perièqei to y kai eÐnai topikă tomă thc roăc. Dhladă, upĹrqei ϵ > 0 ÿste h ϕ na apeikonÐzei omoiomorfikĹ to (−ϵ, ϵ) × S epÐ tou (−ϵ, ϵ)S kai to teleutaÐo na eÐnai anoiqtă perioqă tou y. To S ja apokaleÐtai sthn sunèqeia egkĹrsia tomă thc roăc sto y.

Ac upojèsoume oti h C^+(y) xanatèmnei to S se kĹpoio jetikì qrìno. Tìte t = inf{s > 0 : sy ∈ S} > ϵ kai ty ∈ S, enÿ (0, t)y ∩ S = ∅. To sÔnolo C = [0, t]y ∪ [y, ty] eÐnai mÐa aplă kleistă kampÔlh, dhladă omoiomorfikì me ton S^1, ìpou me [y, ty] èqoume sumbolÐsei to eujÔgrammo tmăma me Ĺkra y kai ty. SÔmfwna me to jeÿrhma Jordan-Schönflies, gia to opoÐo parapèmpoume sto [3, sel. 115 kai 169], to R^2 \ C èqei akribÿc dÔo sunektikèc sunistÿsec A, B, pou èqoun koinì sÔnoro ∂A = ∂B = C kai to A eÐnai omoiomorfikì me ton kleistì monadiaÐo dÐsko, enÿ to B eÐnai mh-fragmèno. Epiplèon intA = A kai intB = B.

4.1. Lămma. EÐte to A eÐnai jetikĹ ametĹblhto eÐte to B eÐnai jetikĹ ametĹblhto.

Apìdeixh. Epeidă to S eÐnai egkĹrsia tomă, èqoume (0, ϵ](y, ty) ∩ C = ∅, ìpou (y, ty) = [y, ty]\{y, ty} eÐnai to anoiqtì eujÔgrammo tmăma me Ĺkra y kai ty. AfoÔ to (0, ϵ](y, ty) eÐnai sunektikì sÔnolo, prokÔptei oti eÐte (0, ϵ](y, ty) ⊂ A eÐte (0, ϵ](y, ty) ⊂ B. Estw oti sumbaÐnei to prÿto. Tìte [0, ϵ][y, ty] ⊂ A kai sunepÿc [0, ϵ]C = [0, ϵ][y, ty] ∪ [0, t + ϵ]y ⊂ A ∪ [0, t]y ∪ [t, t + ϵ]y ⊂ A ∪ [0, ϵ](ty) ⊂ A. Estw tÿra oti upĹrqei z ∈ A, tou opoÐou h jetikă hmitroqiĹ den perièqetai sto A. Tìte upĹrqei to s = sup{r > 0 : [0, r]z ⊂ A} < +∞ kai [0, s]z ⊂ A kai sz ∈ ∂A. Sunepÿc, [s, s + ϵ]z = [0, ϵ](sz) ⊂ A, pou eÐnai antÐfash. Autì deÐqnei oti to A eÐnai jetikĹ ametĹblhto kai to Ðdio eÐnai kai to intA = A. Omoia, an sumbaÐnei h deÔterh perÐptwsh, tìte to B eÐnai jetikĹ ametĹblhto. □

4.2. Jeÿrhma. Estw x ∈ R^2 kai y ∈ L^+(x). An to y den eÐnai stajerì shmeÐo, tìte h troqiĹ tou y tèmnei kĹje egkĹrsia tomă to polÔ s’ èna shmeÐo.

Apìdeixh. Estw S mÐa egkĹrsia tomă èktashc ϵ > 0. Ac upojèsoume oti h troqiĹ tou y tèmnei to S se toulĹqiston dÔo shmeÐa. Epeidă to sÔnolo T = {t ∈ R : ty ∈ S} eÐnai diakritì, afoÔ |t − s| ≥ 2ϵ gia kĹje t, s ∈ T , me t ≠ s, lìgw thc upìjeshc pou kĹname, upĹrqoun t, s ∈ T me ty ≠ sy, t − s > 2ϵ kai (s, t)y ∩ S = ∅. To sÔnolo C = (s, t)y ∪ [sy, ty] eÐnai mÐa aplă kleistă kampÔlh kai to R^2 \ C èqei akribÿc dÔo sunektikèc sunistÿsec A kai B, sÔmfwna me to jeÿrhma Jordan-Schönflies. Apì to lămma 4.1, mÐa apì tic dÔo eÐnai jetikĹ ametĹblhth. Estw oti eÐnai h A. Autì shmaÐnei oti (t, +∞)y ⊂ A kai (−∞, s)y ⊂ B. Omwc C(y) ⊂ L^+(x) kai sunepÿc upĹrqei r > 0 ÿste rx ∈ A, afoÔ to A eÐnai anoiqtì. ProkÔptei tÿra oti (−∞, s)y ⊂ C(y) ⊂ L^+(x) ⊂ C^+(rx) ⊂ A, pou eÐnai antÐfash, giatÐ A = R^2 \ B. □

4.3. Pìrisma. Estw x ∈ R^2 ÿste to C^+(x) na eÐnai sumpagèc. An y ∈ L^+(x) kai to y den eÐnai periodikì, tìte to L^+(y) apoteleÐtai apì stajerĹ shmeÐa.

Apìdeixh. Epeidă C(y) ⊂ L^+(x) ⊂ C^+(x), to C(y) eÐnai epÐshc sumpagèc kai sunepÿc L^+(y) ≠ ∅. Estw z ∈ L^+(y). Upojètoume oti to z den eÐnai stajerì shmeÐo, opìte oÔte to y eÐnai kai ja deÐxoume oti tìte to y prèpei na eÐnai periodikì shmeÐo. Kat’ arqăn upĹrqoun t_n → +∞ ÿste t_ny → z. JewroÔme mÐa egkĹrsia tomă S sto z me èktash ϵ > 0. AfoÔ to (−ϵ, ϵ)S eÐnai anoiqtă perioqă tou z, upĹrqei n_0 ∈ N ÿste t_ny ∈ (−ϵ, ϵ)S gia kĹje n ≥ n_0. Sunepÿc, upĹrqoun |s_n| < ϵ ÿste (s_n + t_n)y ∈ S, n ≥ n_0. Apì to jeÿrhma 4.2, h troqiĹ tou y tèmnei to S to polÔ s’ èna shmeÐo. Prèpei loipìn (s_n + t_n)y = (s_{n0} + t_{n0} )y ă isodÔnama (s_n − s_{n0} + t_n − t_{n0} )y = y gia kĹje n ≥ n_0. Epeidă t_n → +∞ upĹrqei kĹpoio n ≥ n_0 ÿste s_n − s_{n0} + t_n − t_{n0} > 0. AfoÔ to y den eÐnai stajerì, autì shmaÐnei oti to y eÐnai periodikì. □

4.4. Lămma. Estw x ∈ R^2 èna mh-periodikì shmeÐo kai S mÐa egkĹrsia tomă me Ĺkra a, b ∈ R^2 , a ≠ b, dhladă S = i((0, 1)), ìpou i : (0, 1) → R^2 eÐnai h topologikă emfÔteush i(s) = (1 − s)a + sb, me arijmhtikoÔc pollaplasiamoÔc sto deÔtero mèloc. Estw t_1 < t_2 < t_3 ÿste t_jx ∈ S, dhladă t_jx = i(s_j) gia kĹpoia 0 < s_j < 1, j = 1, 2, 3, eÐnai treÐc diadoqikèc tomèc thc troqiĹc tou x me to S. An s_1 < s_2, tìte s_1 < s_2 < s_3.

Apìdeixh. To sÔnolo C = [t_1, t_2]x ∪ i([s_1, s_2]) eÐnai mÐa aplă kleistă kampÔlh, pou diaqwrÐzei to R^2 se dÔo akribÿc sunektikèc sunistÿsec A, B, sÔmfwna me to jeÿrhma Jordan-Schönflies. Apì to lămma 4.1, eÐte to A eÐnai jetikĹ ametĹblhto eÐte to B eÐnai. Sunepÿc, (t_2, +∞)x ⊂ A eÐte (t_2, +∞)x ⊂ B. Ara i(s_3) = t_3x ∈ A ∪ B, ap’ ìpou prokÔptei oti eÐte s_1 < s_2 < s_3 eÐte s_3 < s_1 < s_2, afoÔ i([s_1, s_2]) ⊂ ∂A. Gia na apokleÐsoume thn deÔterh perÐptwsh, efarmìzoume autì pou ădh apodeÐxame gia thn diaforikă exÐswsh x^′ = −f(x), thc opoÐac h roă eÐnai h ψ(t, x) = ϕ(−t, x). Epeidă −t_3 < −t_2 < −t_1, an s_3 < s_2, tìte eÐte s_1 < s_3 < s_2 eÐte s_3 < s_2 < s_1, pou eÐnai antÐfash. □

4.5. Jeÿrhma. (Poincaré-Bendixson) Estw x ∈ R^2 ÿste to C^+(x) na eÐnai sumpagèc. An to L^+(x) den perièqei stajerĹ shmeÐa, tìte to L^+(x) eÐnai mÐa periodikă troqiĹ.

Apìdeixh. An to L^+(x) den perièqei stajerĹ shmeÐa, tìte apì to pìrisma 4.3 perièqei mìnon periodikèc troqièc. An to Ðdio to x eÐnai periodikì, tìte L^+(x) = C(x). Estw oti to x den eÐnai periodikì kai y ∈ L^+(x). To y eÐnai periodikì. Ja deÐxoume oti L^+(x) = C(y). JewroÔme mÐa egkĹrsia tomă S sto y èktashc ϵ > 0, me Ĺkra a, b ∈ R^2 , a ≠ b. Estw i : (0, 1) → R^2 h topologikă emfÔteush i(s) = (1 − s)a + sb, me arijmhtikoÔc pollaplasiasmoÔc sto deÔtero mèloc. To sÔnolo {t ≥ 0 : tx ∈ S} eÐnai diakritì, sunepÿc arijmăsimo kai apoteleÐtai apì touc ìrouc mÐac mh-fragmènhc, gnăsia aÔxousac akoloujÐac (t_n)_{n∈N} me t_{n+1} − t_n ≥ 2ϵ. To y eÐnai èna oriakì shmeÐo thc akoloujÐac (t_nx)_{n∈N} . Gia kĹje n ∈ N upĹrqei monadikì 0 < s_n < 1 me i(s_n) = t_nx. Apì to lămma 4.4 prokÔptei epagwgikĹ oti h akoloujÐa (s_n)_{n∈N} eÐnai monìtonh kai sunepÿc sugklÐnei, afoÔ eÐnai fragmènh. Ara t_nx → y. Estw tÿra oti to y èqei perÐodo T . Tìte T ≥ 2ϵ kai (T + t_n)x → y. AfoÔ to (−ϵ, ϵ)S eÐnai anoiqtă perioqă tou y, upĹrqei n_0 ∈ N ÿste (T + t_n)x ∈ (−ϵ, ϵ)S gia kĹje n ≥ n_0. Etsi upĹrqoun monadikĹ |r_n| < ϵ ÿste (T + t_n + r_n)x ∈ S, n ≥ n_0. Eqoume tÿra T + t_n + r_n > t_n kai sunepÿc upĹrqei k_n ∈ N ÿste T + t_n + r_n = t_{n+kn} , n ≥ n_0. Ara t_{n+1} − t_n ≤ t_{n+kn} − t_n = T + r_n < T + ϵ, n ≥ n_0. Gia na apodeÐxoume oti L^+(x) = C(y), arkeÐ na deÐxoume oti lim_{t→+∞} d(C(y), tx) = 0. Estw η > 0. Apì thn sunèqeia thc roăc kai thn sumpĹgeia tou kleistoÔ diastămatoc [−T − ϵ, T + ϵ] upĹrqei δ > 0 ÿste d(tz, ty) < η, ìtan d(y, z) < δ kai |t| ≤ T + ϵ. UpĹrqei n_1 ≥ n_0 ÿste d(t_nx, y) < δ, ìtan n ≥ n_1, opìte d((t + t_n)x, ty) < η gia kĹje |t| ≤ T + ϵ, n ≥ n_1. Gia kĹje t ≥ t_{n1} upĹrqei kĹpoio n ≥ n_1 ÿste t_n ≤ t ≤ t_{n+1}. AfoÔ 0 ≤ t − t_n ≤ t_{n+1} − t_n ≤ T + ϵ èqoume d(C(y), tx) ≤ d(tx, (t − t_n)y) = d((t − t_n)(t_nx), (t − t_n)y) < η. □

5. Efarmogèc tou jewrămatoc Poincaré-Bendixson

To jeÿrhma Poincaré-Bendixson eÐnai èna kritărio Ôparxhc periodikăc troqiĹc, upì thn proüpìjesh thc apousÐac stajerÿn shmeÐwn. Ja oloklhrÿsoume thn jewrhtikă melèth thc sqèshc autăc.

5.1. Lămma. Estw X ènac metrikìc qÿroc me mÐa roă kai (x_n)_{n∈N} mÐa akoloujÐa periodikÿn shmeÐwn me antÐstoiqec periìdouc T_n → 0. An x_n → x, tìte to x eÐnai stajerì shmeÐo.

Apìdeixh. Estw oti to x den eÐnai stajerì shmeÐo, dhladă upĹrqei t_0 > 0 me t_0x ≠ x. Jètoume a = d(x, t_0x) > 0. Apì thn sunèqeia thc roăc upĹrqei 0 < T < t_0 ÿste d(x, tx) < a/8 gia kĹje 0 ≤ t ≤ T kai epeidă to kleistì diĹsthma [0, t_0] eÐnai sumpagèc, upĹrqei δ > 0 ÿste d(tx, ty) < a/8, ìtan d(x, y) < δ kai 0 ≤ t ≤ t_0. Etsi gia kĹje 0 ≤ t ≤ T kai d(x, y) < δ èqoume d(x, ty) < a/4. AfoÔ x_n → x kai T_n → 0, upĹrqei n_0 ∈ N ÿste 0 ≤ T_n ≤ T kai d(x, x_n) < δ gia n ≥ n_0. Sunepÿc d(x, tx_n) < a/4 gia kĹje 0 ≤ t ≤ T_n kai n ≥ n_0, pou shmaÐnei oti d(x, tx_n) < a/4 gia kĹje t ∈ R. Ara a 4 > d(x, t_0x_n) ≥ d(x, t_0x) − d(t_0x, t_0x_n) > a − a 8 . □

5.2. Prìtash. Estw X ènac metrikìc qÿroc me mÐa roă ϕ. Estw A èna mh-kenì, sumpagèc kai jetikĹ ametĹblhto sÔnolo. An to A eÐnai omoiomorfikì me thn n-diĹstath kleistă monadiaÐa mpĹlla D^n = {x ∈ R^n : ‖x‖ ≤ 1}, gia kĹpoio n ≥ 1, tìte to A perièqei toulĹqiston èna stajerì shmeÐo.

Apìdeixh. JewroÔme mÐa akoloujÐa jetikÿn pragmatikÿn arijmÿn t_n → 0. Gia kĹje n ∈ N èqoume ϕ_{tn} (A) = t_nA ⊂ A, afoÔ to A eÐnai jetikĹ ametĹblhto. Apì to jeÿrhma stajeroÔ shmeÐou tou Brouwer, gia to opoÐo parapèmpoume sto [1, sel. 341], h ϕ_{tn} èqei toulĹqiston èna stajerì shmeÐo sto A. Dhladă, upĹrqei x_n ∈ A ÿste t_nx_n = x_n. Me Ĺlla lìgia, to x_n eÐnai stajerì shmeÐo thc roăc ă periodikì me perÐodo to polÔ t_n. Epeidă to A eÐnai sumpagèc, h akoloujÐa (x_n)_{n∈N} èqei toulĹqiston èna oriakì shmeÐo sto A, pou apì to lămma 5.1 prèpei na eÐnai stajerì shmeÐo thc roăc. □

5.3. Jeÿrhma. Estw f : R^2 → R^2 mÐa C^1 sunĹrthsh. An f(x) ≠ 0 gia kĹje x ∈ R^2 , tìte h diaforikă exÐswsh x^′ = f(x) sto R^2 den èqei kammÐa periodikă lÔsh.

Apìdeixh. Estw oti upĹrqei mÐa periodikă lÔsh kai C h antÐstoiqh troqiĹ. To C eÐnai aplă kleistă kampÔlh kai to R^2 \ C èqei akribÿc dÔo sunektikèc sunistÿsec A, B, pou èqoun koinì sÔnoro thn C kai apì tic opoÐec h A eÐnai fragmènh kai to A eÐnai omoiomorfikì me ton D^2 = {x ∈ R^2 : ‖x‖ ≤ 1}. AfoÔ ∂A = C, to A kai sunepÿc to A eÐnai jetikĹ ametĹblhto. Apì thn prìtash 5.2, to A perièqei toulĹqiston èna stajerì shmeÐo x_0 thc roăc, dhladă f(x_0) = 0. □

H jewrÐa Poincaré-Bendixson mac dÐnei thn dunatìthta na apofanjoÔme, an mÐa autìnomh diaforikă exÐswsh sto R^2 èqei mh-stajerèc periodikèc lÔseic, den mac lèei ìmwc pìsec.

5.4. ParĹdeigma. JewroÔme thn diaforikă exÐswsh deÔterhc tĹxhc

x^{′′} − x^′(1 − x^2 − 2(x^′)^2) + x = 0

pou anĹgetai sthn prÿthc tĹxhc autìnomh diaforikă exÐswsh sto R^2 ( x^′ y^′ ) = ( y −x + y(1 − x^2 − 2y^2)) ) . Dhladă, edÿ èqoume f(x, y) = (y, −x + y(1 − x^2 − 2y^2)). To (0, 0) eÐnai to monadikì stajerì shmeÐo. Opwc deÐqnei h apìdeixh tou jewrămatoc 5.3, kĹje endeqìmenh periodikă troqiĹ ja prèpei na perikleÐei to monadikì stajerì shmeÐo. Ja prospajăsoume na doÔme, an upĹrqei sÔnolo thc morfăc A(a, b) = {(x, y) ∈ R^2 : a ≤ x^2 + y^2 ≤ b} gia kĹpoia 0 < a < b, pou eÐnai jetikĹ ametĹblhto. An nai, tìte to jetikì oriakì sÔnolo kĹje shmeÐou tou A(a, b) ja eÐnai mÐa periodikă troqiĹ, sÔmfwna me to jeÿrhma Poincaré-Bendixson.

JewroÔme thn sunĹrthsh g : R^2 → R me g(x, y) = x^2 + y^2. Tìte ⟨∇g(x, y), f(x, y)⟩ = 2y^2(1 − x^2 − 2y^2).

ParathroÔme tÿra oti ⟨∇g(x, y), f(x, y)⟩ ≥ 0, gia x^2 + y^2 < 1 2 kai ⟨∇g(x, y), f(x, y)⟩ ≤ 0, gia x^2 + y^2 > 1. Autì shmaÐnei oti h g eÐnai aÔxousa katĹ măkoc twn kommatiÿn twn lÔsewn sto sÔnolo {(x, y) ∈ R^2 : x^2 + y^2 <^1_2 } kai fjÐnousa sto {(x, y) ∈ R^2 : x^2 + y^2 > 1}. KatĹ sunèpeia to A(1/2, 1) eÐnai jetikĹ ametĹblhto kai upĹrqei periodikă troqiĹ mèsa s’ autì.

Anaforèc 1. J. Dugundji, Topology, Allyn-Bacon, 1966.

2. M.C. Irwin, Smooth dynamical systems, Academic Press, 1980. 3. M.H.A. Newman, Elements of the topology of plane sets of points, Dover, 1992. 4. R.L.Renz, Equivalent flows on smooth Banach manifolds, Indiana Math. J. 20 (1971), 695-698.

Endeiktikă bibliografÐa 1. N.P. Bhatia and G.P. Szegö, Stability theory of dynamical systems, Springer- Verlag, 1970.

2. C. Godbillon, Dynamical systems on surfaces, Springer-Verlag, 1983. 3. M.W. Hirsch and S. Smale, Differential equations, dynamical systems and linear algebra, Academic Press, 1974.

4. A. Katok and B. Hasselblatt, Introduction to the modern theory of dynamical systems, Cambridge University Press, 1995.

5. V.V. Nemytskii and V.V. Stepanov, Qualitative theory of differential equations, Dover 1989.