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Eisagwg 

Autèc oi shmei¸seic kalÔptoun thn Ôlh tou maj matoc EY119 Grammik  'Algebra, tou
Progr�mmatoc Spoud¸n tou Tm matoc Epist mhc Upologist¸n tou PanepisthmÐou Kr -
thc, sto opoÐo melet¸ntai dianusmatikoÐ q¸roi peperasmènhc di�stashc, me èmfash sth
melèth twn q¸rwn Rn kai Cn. To pr¸to mèroc tou maj matoc afier¸netai sth susthmati-
k  melèth thc apaloif c Gauss, me stìqo na anadeiqjeÐ h qrhsimìtht� thc se upologistik�
probl mata kai par�llhla na axiopoihjeÐ gia th bajÔterh jewrhtik  melèth twn q¸rwn
Rn kai Cn kai twn upoq¸rwn touc. Sth sunèqeia eis�getai h ènnoia thc grammik c apeikì-
nishc, h orjogwniìthta kai gÐnetai melèth twn orjog¸niwn probol¸n. Sta teleutaÐa dÔo
kef�laia eis�getai h orÐzousa kai idiotimèc kai idiodianÔsmata.

Oi shmei¸seic eÐnai basismènec sto biblÐo �Grammik  'Algebra kai Efarmogèc� tou G.Strang,
èkdosh Panepisthmiak¸n Ekdìsewn Kr thc, en¸ pollèc apì tic ask seic proèrqontai apì
th neìterh agglik  èkdosh tou 2006 (Linear Algebra and its Applications, Fourth Edition,
Thomson, 2006).
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Kef�laio 1

PÐnakec kai Apaloif  Gauss

H Grammik  Algebra xekin�ei me th melèth susthm�twn grammik¸n exis¸sewn, dhlad 
exis¸sewn pr¸tou bajmoÔ me polloÔc agn¸stouc.

DÔo gewmetrikèc ermhneÐec
Ja exet�soume to sÔsthma dÔo exis¸sewn me dÔo agn¸stouc

2x − y = 1
x + y = 5

apì dÔo diaforetikèc apìyeic.
Pr¸ta jewroÔme k�je gramm  (exÐswsh) qwrist�. H pr¸th gramm 

2x − y = 1

parist�nei mia eujeÐa sto epÐpedo: thn eujeÐa pou tèmnei ton x-�xona sto 1/2 kai ton
y-�xona sto −1. H deÔterh gramm 

x + y = 5

parist�nei thn eujeÐa pou tèmnei ton x-�xona sto 5 kai ton y-�xona sto 5. E�n oi dÔo
eujeÐec tèmnontai, ìpwc sto par�deigma, to sÔsthma exis¸sewn èqei monadik  lÔsh, tic
suntetagmènec (x, y) tou shmeÐou sto opoÐo tèmnontai oi dÔo eujeÐec. Se autì to par�-
deigma, to shmeÐo (2, 3).

Ti �llo mporeÐ na sumbeÐ? DÔo diaforetikèc eujeÐec se èna epÐpedo, eÐte tèmnontai eÐte
eÐnai par�llhlec. E�n oi eujeÐec eÐnai par�llhlec, ìpwc sto par�deigma

2x − y = 1
−4x + 2y = 0

to sÔsthma den èqei kamÐa lÔsh. E�n oi eujeÐec sumpÐptoun, ìpwc sto par�deigma

2x − y = 1
−4x + 2y = −2

to sÔsthma èqei pollèc lÔseic: oi suntetagmènec (x, y) ìlwn twn shmeÐwn thc eujeÐac
apoteloÔn lÔseic tou sust matoc.
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2 Eisagwg  sth Grammik  'Algebra

MÐa diaforetik  prosèggish eÐnai na epikentr¸soume thn prosoq  mac stic katakìrufec
st lec kai na jewr soume to sÔsthma exis¸sewn wc mÐa dianusmatik  exÐswsh:

x

[
2
1

]
+ y

[ −1
1

]
=

[
1
5

]
.

Se aut  thn prosèggish anazhtoÔme èna sunduasmì twn dianusm�twn sthl¸n sthn ari-
ster  pleur� thc exÐswshc, me kat�llhlouc suntelestèc x kai y, pou na dÐnei th dexi�
pleur�. Gewmetrik� autì dÐdetai apì ton kanìna tou parallhlogr�mmou, kai h lÔsh eÐnai
monadik  e�n ta dianÔsmata st lec apoteloÔn pleurèc parallhlogr�mmou, dhlad  e�n den
eÐnai suggrammik�.

TÐ �llo mporeÐ na sumbeÐ? E�n ta dianÔsmata st lec eÐnai suggrammik�, tìte den sqh-
matÐzoun parallhlìgrammo. E�n to di�nusma sth dexi� pleur� eÐnai epÐshc suggrammikì,
tìte up�rqoun �peirec lÔseic. E�n to di�nusma sta dexi� den eÐnai suggrammikì me ta �lla
dÔo, tìte den up�rqei kamÐa lÔsh.

Ac doÔme ti sumbaÐnei stic 3 diast�seic. JewroÔme to sÔsthma exis¸sewn

2u + v + w = 5
4u − 6v = −2

−2u + 7v + 2w = 9
(1.1)

Exet�zoume pr¸ta k�je gramm  (exÐswsh). H pr¸th gramm  parist�nei to epÐpedo pou
tèmnei touc �xonec sta shmeÐa (5

2
, 0, 0), (0, 5, 0), (0, 0, 5). H deÔterh gramm  parist�nei to

epÐpedo pou tèmnei touc u- kai v-�xonec sta shmeÐa (−1
2
, 0, 0) kai (0, 1

3
, 0). Otan b�loume

u = 0 kai v = 0 tìte paÐrnoume 0w = −2, pou den èqei lÔsh. Sunep¸c to epÐpedo pou
antistoiqeÐ sth deÔterh gramm  eÐnai par�llhlo proc ton w-�xona. P�ntwc ta dÔo epÐpeda
tèmnontai se mia eujeÐa. H trÐth gramm  parist�nei p�li èna epÐpedo, pou tèmnei aut n thn
eujeÐa se èna shmeÐo. Oi suntetagmènec autoÔ tou shmeÐou dÐdoun th lÔsh tou sust matoc.
Sto par�deigma, eÐnai to shmeÐo (1, 1, 2).

Ti �llo mporeÐ na sumbeÐ? Na mhn tèmnontai ta trÐa epÐpeda se èna monadikì shmeÐo.
Stic treic diast�seic autì mporeÐ na sumbeÐ me perissìterouc trìpouc:

• ta trÐa epipeda na eÐnai par�llhla,

• dÔo epÐpeda na eÐnai par�llhla kai na ta tèmnei to trÐto, se dÔo par�llhlec eujeÐec,

• ta trÐa epÐpeda na tèmnontai ana dÔo, se treic par�llhlec eujeÐec.

• ta trÐa epÐpeda na tèmnontai se mia koin  eujeÐa,

• dÔo apì ta epÐpeda na sumpÐptoun, kai to trÐto na ta tèmnei se mia eujeÐa,

• kai ta trÐa epÐpeda na sumpÐptoun.

Stic treic pr¸tec peript¸seic to sÔsthma den èqei lÔsh, stic �llec treic èqei �peirec
lÔseic.

MporoÔme na koit�xoume kai p�li to sÔsthma (1.1) wc mia dianusmatik  exÐswsh,

u




2
4

−2


 + v




1
−6

7


 + w




1
0
2


 =




5
−2

9


 . (1.2)
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Jèloume na broÔme touc suntelestèc u, v kai w ¸ste o sunduasmìc sta arister� na
eÐnai Ðsoc me to di�nusma sta dexi�. Gewmetrik�, to �jroisma tri¸n dianusm�twn sto R3

eÐnai h diag¸nioc tou parallhlepipèdou me akmèc ta trÐa dianÔsmata. Etsi, e�n ta trÐa
dianÔsmata apoteloÔn akmèc enìc parallhlepipèdou, tìte up�rqei monadik  lÔsh, se aut n
thn perÐptwsh (u, v, w) = (1, 1, 2).

TÐ �llo mporeÐ na sumbeÐ? E�n ta trÐa dianÔsmata den apoteloÔn akmèc enìc parallh-
lepipèdou, all� brÐskontai kai ta trÐa se èna epÐpedo, tìte to sÔsthma èqei lÔsh mìnon
e�n kai to di�nusma sta dexi� brÐsketai sto Ðdio epÐpedo. Diaforetik� den èqei lÔsh.
Exet�zoume to par�deigma

u




1
2
3


 + v




1
0
1


 + w




1
3
4


 = b .

E�n

b =




2
5
7




tìte h exÐswsh èqei lÔsh. E�n

b =




2
5
6




tìte h exÐswsh den èqei lÔsh.
Blèpoume oti up�rqoun dÔo diaforetikèc gewmetrikèc ermhneÐec twn susthm�twn gram-

mik¸n exis¸sewn me dÔo kai treic agn¸stouc. H prosektik  an�lush ja apokalÔyei th
sqèsh an�mesa stic dÔo proseggÐseic, pou en¸ th diaisjanìmaste den eÐnai eÔkolo na thn
prosdiorÐsoume akrib¸c. To pio shmantikì eÐnai oti ja mac eleujer¸sei apì touc periori-
smoÔc thc gewmetrik c diaÐsjhshc, kai ja mac epitrèyei na melet soume sust mata poll¸n
exis¸sewn me polloÔc agn¸stouc.

'Askhsh 1.1 Sqedi�ste sto kartesianì epÐpedo tic eujeÐec

x + 2y = 2
x − y = 1

aþ. BreÐte apì to sq ma tic suntetagmènec tou shmeÐou tom c twn dÔo eujei¸n.

bþ. UpologÐste algebrik� th lÔsh tou sust matoc.

gþ. All�xte touc suntelestèc tou x kai tou y sth deÔterh exÐswsh, ètsi ¸ste oi dÔo
eujeÐec na eÐnai par�llhlec.

dþ. All�xte to stajerì ìro (sta dexi�) thc nèac exÐswshc, ètsi ¸ste oi dÔo eujeÐec na
sumpÐptoun.

'Askhsh 1.2 Jewr ste to parap�nw sÔsthma wc dianusmatik  exÐswsh:
[

1
1

]
x +

[
2

−1

]
y =

[
2
1

]

Sqedi�ste ta trÐa dianÔsmata, kai epalhjeÔsate oti oi timèc tou x kai y pou upologÐsate
sthn 1.1, ikanopoioÔn ton kanìna tou parallhlogr�mmou gia to �jroisma dianusm�twn.
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'Askhsh 1.3 BreÐte poièc eÐnai oi sqetikèc jèseic twn tri¸n epipèdwn se k�je èna apì
ta akìlouja sust mata.

aþ.
2u + v + w = 5
4u + 2v + 2w = 6

−2u + 7v + 2w = 9

bþ.
u + v + w = 2

2u + + 3w = 5
3u + v + 4w = 6

gþ.
u + v + w = 2

2u + + 3w = 5
3u + v + 4w = 7

DianÔsmata

Orismìc. Ja ergastoÔme apokleistik� se sÔnola Rn, gia n ≥ 0,

Rn = {(x1, x2, . . . , xn) |xi ∈ R, i = 1, 2, . . . , n} .

Ta stoiqeÐa tou Rn ja ta onom�zoume dianÔsmata, kai to sÔnolo Rn ja to apoka-
loÔme q¸ro (grammikì q¸ro   dianusmatikì q¸ro). Oi pragmatikoÐ arijmoÐ x1, . . . , xn

onom�zontai sunist¸sec tou dianÔsmatoc x = (x1, x2, . . . , xn) ∈ Rn.

Ta dianÔsmata mporoÔme na ta fantazìmaste wc shmeÐa enìc q¸rou, ìpwc o kartesianìc
tridi�statoc q¸roc, tautÐzontac to di�nusma (x1, x2, x3) me to shmeÐo me tic Ðdiec karte-
sianèc suntetagmènec. MporoÔme epÐshc na ta fantazìmaste wc bèlh, me arq  sthn arq 
twn axìnwn (0, 0, 0) kai tèloc sto shmeÐo (x1, x2, x3). An�loga me thn perÐstash, mporeÐ
h mÐa   h �llh ermhneÐa na eÐnai pio qr simh. Se k�je perÐptwsh, èna di�nusma sto Rn eÐnai
mÐa diatetagmènh n-�da pragmatik¸n arijm¸n, x = (x1, x2, . . . , xn).

Se autì to m�jhma, sun jwc, ja parist�noume ta dianÔsmata wc st lec,

x =




x1

x2
...

xn


 ,

an kai gia lìgouc tupografik c oikonomÐac, kami� for� ja gr�foume tic sunist¸sec tou
dianÔsmatoc qwrismènec me kìma, orizìntia, se parenjèseic, (x1, x2, . . . , xn).

Sto sÔnolo Rn twn dianusm�twn me n sunist¸sec, orÐzoume dÔo pr�xeic, thn prìsjesh
dianusm�twn kai ton pollaplasiasmì dianÔsmatoc me pragmatikì arijmì.

H prìsjesh gÐnetai sunist¸sa proc sunist¸sa, ìpwc sto par�deigma:



1
2
3
4


 +




2
0
1

−5


 =




3
2
4

−1


 .
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Genik�, 


x1

x2
...

xn


 +




y1

y2
...

yn


 =




x1 + y1

x2 + y2
...

xn + yn


 .

O pollaplasiasmìc dianÔsmatoc me pragmatikì arijmì, gÐnetai epÐshc kat� sunist¸sa,
ìpwc sto par�deigma:

√
2




2
0
1
−5


 =




2
√

2
0√
2

−5
√

2


 .

Genik�,

α




x1

x2
...

xn


 =




αx1

αx2
...

αxn


 .

Enac grammikìc sunduasmìc dianusm�twn eÐnai èna �jroisma twn dianusm�twn,
pollaplasiasmènwn me pragmatikoÔc arijmoÔc (suntelestèc), gia par�deigma

α




x1

x2
...

xn


 + β




y1

y2
...

yn


 + γ




z1

z2
...
zn


 =




αx1 + βy1 + γz1

αx2 + βy2 + γz2
...

αxn + βyn + γzn


 .

Apì thn Analutik  GewmetrÐa gnwrÐzoume �llh mia pr�xh, thn opoÐa mporoÔme na orÐsou-
me metaxÔ dianusm�twn me opoiod pote arijmì sunistws¸n, to eswterikì ginìmeno.
(Prosèxte oti to exwterikì ginìmeno orÐzetai mìnon sto R3.) E�n x = (x1, x2, . . . , xn)
kai y = (y1, y2, . . . , yn) tìte

x · y = x1y1 + x2y2 + · · ·+ xnyn .

Ena sÔsthma n exis¸sewn me n agn¸stouc, mporoÔme epÐshc na to jewr soume me dÔo
trìpouc:

• H k�je gramm -exÐswsh, parist�nei èna �epÐpedo�1 mèsa sto Rn, kai to sÔsthma èqei
monadik  lÔsh e�n ta n �epÐpeda� tèmnontai se èna mìnon shmeÐo.

• H k�je st lh parist�nei èna di�nusma, kai anazhtoÔme touc suntelestèc enìc gram-
mikoÔ sunduasmoÔ twn dianusm�twn sthn arister  pleur� ¸ste na eÐnai Ðsoc me to
di�nusma sth dexi� pleur�.

'Askhsh 1.4 Poi� sunj kh prèpei na ikanopoioÔn ta y1, y2, y3 ¸ste na brÐskontai ta
shmeÐa (0, y1), (1, y2) kai (2, y3) sthn Ðdia eujeÐa?

'Askhsh 1.5 BreÐte grammikoÔc sunduasmoÔc twn dianusm�twn



3
−1

2


 ,




1
−1

4


 ,




2
0

−1




1Di�stashc n− 1!
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tètoiouc ¸ste

aþ. H pr¸th sunist¸sa na eÐnai 2.

bþ. H pr¸th sunist¸sa na eÐnai 2 kai h deÔterh sunist¸sa na eÐnai −2.

gþ. H pr¸th sunist¸sa na eÐnai 2 kai h deÔterh sunist¸sa na eÐnai 2.

dþ. H trÐth sunist¸sa na eÐnai 1.

EÐnai aut� ta apotelèsmata monadik�?

'Askhsh 1.6 Perigr�yte thn tom  twn tri¸n �epipèdwn� ston tetradi�stato q¸ro:

u + v + w + z = 6
u + w + z = 4
u + w = 2 .

ApoteleÐtai apì mÐa eujeÐa, èna shmeÐo   to kenì sÔnolo? Poi� eÐnai h tom  e�n sumperil�-
boume kai to tètarto �epÐpedo� u = −1? BreÐte mÐa tètarth exÐswsh ¸ste na mhn up�rqei
lÔsh.

'Askhsh 1.7 Kanonik�, 4 �epÐpeda� ston tetradi�stato q¸ro tèmnontai se . . . . . . . . . . . . . . ..
Kanonik�, 4 dianÔsmata ston tetadi�stato q¸ro mporoÔn na sunduastoÔn gia na parag�-
goun opoiod pote b. Poiìc grammikìc sunduasmìc twn (1, 0, 0, 0), (1, 1, 0, 0), (1, 1, 1, 0)
kai (1, 1, 1, 1) par�gei to b = (3, 3, 3, 2)? Poièc eÐnai oi tèssereic exis¸seic, me agn¸stouc
x, y, z, t pou prèpei na lujoÔn?

Apaloif  Gauss

Up�rqoun pollèc mèjodoi gia thn epÐlush susthm�twn grammik¸n exis¸sewn. Ja mele-
t soume th mèjodo thc apaloif c Gauss (Gauss elimination), h opoÐa eÐnai kat�llhlh
gia thn epÐlush meg�lwn susthm�twn, me pollèc exis¸seic kai polloÔc agn¸stouc. An
kai ja exet�soume thn apaloif  Gauss sto aplì par�deigma tri¸n exis¸sewn me treÐc a-
gn¸stouc tou sust matoc (1.1), jèloume na doÔme susthmatik� ta b mata thc mejìdou,
¸ste na mporoÔme na ta efarmìsoume kai se polÔ megalÔtera sust mata, me th bo jeia
hlektronikoÔ upologist .

2u + v + w = 5
4u − 6v = −2

−2u + 7v + 2w = 9

ParathroÔme oti o suntelest c tou u sthn pr¸th exÐswsh den eÐnai 0. Ara, e�n a-
fairèsoume kat�llhla pollapl�sia thc pr¸thc exÐswshc apì ìlec tic �llec, mporoÔme na
k�noume touc suntelestèc tou u se ìlec tic exis¸seic, ektìc apì thn pr¸th, Ðsouc me 0,
dhlad  na apaleÐyoume to u apì autèc tic exis¸seic. Sugkekrimèna

• AfairoÔme 2 forèc thn pr¸th exÐswsh apì th deÔterh.

• AfairoÔme −1 for� thn pr¸th exÐswsh apì thn trÐth (dhlad  prosjètoume thn pr¸th
exÐswsh sthn trÐth).
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O mh mhdenikìc suntelest c tou u sthn pr¸th exÐswsh onom�zetai pr¸toc odhgìc.
Br kame touc pollaplasiastèc 2 kai −1 diair¸ntac touc suntelestèc tou u sth deÔ-
terh kai thn trÐth exÐswsh me ton pr¸to odhgì. ProkÔptei to nèo sÔsthma

2u + v + w = 5
−8v − 2w = −12

8v + 3w = 14

sto opoÐo o u èqei mhdenikì suntelest  se ìlec tic exis¸seic ektìc apì thn pr¸th. Para-
throÔme oti o suntelest c tou v sth deÔterh exÐswsh den eÐnai 0. Autìc eÐnai o deÔteroc
odhgìc, ton opoÐo ja qrhsimopoi soume gia na apaleÐyoume to v apì thn trÐth exÐswsh.

• AfairoÔme −1 for� th deÔterh exÐswsh apì thn trÐth.

Autì to b ma oloklhr¸nei thn apaloif  Gauss. ProkÔptei to nèo sÔsthma

2u + v + w = 5
−8v − 2w = −12

w = 2

sto opoÐo o v èqei mhdenikì suntelest  �se ìlec tic exis¸seic ektìc apì thn pr¸th kai th
deÔterh�. O suntelest c tou w sthn trÐth exÐswsh den eÐnai 0 kai eÐnai o trÐtoc odhgìc.

EÐnai eÔkolo na lÔsoume autì to sÔsthma. Apì thn trÐth exÐswsh èqoume

w = 2 .

AntikajistoÔme to w sth deÔterh exÐswsh, −8v − 4 = −12, �ra

v = 1 .

AntikajistoÔme ta v kai w sthn pr¸th exÐswsh, 2u + 1 + 2 = 5, �ra

u = 1 .

Aut  h diadikasÐa onom�zetai an�dromh antikat�stash (back substitution).
H apaloif  Gauss basÐzetai sthn parat rhsh oti e�n k�poiec timèc twn u, v kai w ika-

nopoioÔn èna sÔsthma exis¸sewn, tìte akrib¸c oi Ðdiec timèc ikanopoioÔn kai k�je sÔsthma
pou prokÔptei apì to arqikì me ènan apì touc akìloujouc dÔo trìpouc:

• E�n all�xoume th seir� me thn opoÐa gr�foume tic exis¸seic

• E�n pollaplasi�soume mÐa exÐswsh me ènan arijmì, kai afairèsoume autì to polla-
pl�sio apì mÐa apì tic �llec exis¸seic.

Kat� thn apaloif  Gauss epanalamb�noume susthmatik� aut� ta dÔo b mata, ¸ste na
katal xoume se èna aploÔstero sÔsthma, gia to opoÐo mporoÔme eÔkola na broÔme to
sÔnolo lÔsewn.

Katagr�foume pio oikonomik� th diadikasÐa thc apaloif c qrhsimopoi¸ntac ènan pÐnaka
me touc suntelestèc thc exÐswshc kai th dexi� pleur�:




2 1 1 5
4 −6 0 −2

−2 7 2 9


 →




2 1 1 5
0 −8 −2 −12
0 8 3 14


 →




2 1 1 5
0 −8 −2 −12
0 0 1 2
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Oi odhgoÐ, pou emfanÐzontai me paqi� stoiqeÐa ston pÐnaka, prèpei na mh mhdenÐzontai,
efìson jèloume na diairèsoume me autoÔc. Ean loipìn sth diadikasÐa thc apaloif c se èna
sÔsthma n exis¸sewn me n agn¸stouc, emfanÐzontai n (mh mhdenikoÐ) odhgoÐ, tìte up�rqei
mia kai monadik  lÔsh tou sust matoc, thn opoÐa brÐskoume me an�dromh antikat�stash.

E�n se k�poio b ma thc diadikasÐac apaloif c emfanÐzetai mhdèn sth jèsh enìc odhgoÔ,
tìte up�rqoun dÔo endeqìmena.

1. E�n up�rqei mh mhdenikìc suntelest c se k�poia piì k�tw jèsh sth st lh pou exe-
t�zoume, tìte all�zoume th seir� twn exis¸sewn, dhlad  enall�ssoume tic grammèc
tou pÐnaka, ¸ste na fèroume to mh mhdenikì suntelest  sth jèsh tou odhgoÔ. Gia
to sÔsthma exis¸sewn

u + v + w = a
2u + 2v + 5w = b
4u + 6v + 8w = c

(1.3)

èqoume



1 1 1 a
2 2 5 b
4 6 8 c


 →




1 1 1 a
0 0 3 −2a + b
0 2 4 −4a + c


 →




1 1 1 a
0 2 4 −4a + c
0 0 3 −2a + b




Etsi èqoume pl rec sÔnolo odhg¸n, kai to sÔsthma èqei monadik  lÔsh.

2. E�n ìloi oi suntelestèc stic pio k�tw jèseic sth st lh pou exet�zoume eÐnai mh-
dèn, tìte den mporoÔme na broÔme pl rec sÔnolo odhg¸n. To sÔsthma onom�zetai
idiìmorfo. Gia par�deigma, sto sÔsthma

u + v + w = a
2u + 2v + 5w = b
4u + 4v + 8w = c

met� thn apaloif  twn suntelest¸n tou u, èqoume



1 1 1 a
2 2 5 b
4 4 8 c


 →




1 1 1 a
0 0 3 −2a + b
0 0 4 −4a + c




kai den mporoÔme na efarmìsoume thn an�dromh antikat�stash gia na broÔme mÐa
monadik  lÔsh. Ena idiìmorfo sÔsthma mporeÐ na mhn èqei kamÐa lÔsh,   na èqei
�peirec lÔseic. Autì exart�tai apì th dexi� pleur�.

• E�n −2a + b = 6 kai −4a + c = 7, tìte èqoume

3w = 6
4w = 7

kai den up�rqei lÔsh. To sÔsthma eÐnai asÔmbato.
• E�n ìmwc −2a + b = 6 kai −4a + c = 8, tìte èqoume

3w = 6
4w = 8

kai w = 2. All� h pr¸th exÐswsh den mporeÐ na prosdiorÐsei kai to u kai to v.
Gia k�je tim  tou u up�rqei kai mÐa tim  tou v pou dÐnei lÔsh. To sÔsthma èqei
�peirec lÔseic kai eÐnai aprosdiìristo.
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'Askhsh 1.8 JewroÔme to sÔsthma exis¸sewn

2u − 3v = 3
4u − 5v + w = 7
2u − v − 3w = 5

aþ. K�je exÐswsh parist�nei èna epÐpedo sto tridi�stato q¸ro me sÔsthma suntetagmè-
nwn u, v, w. BreÐte ta shmeÐa tom c k�je epipèdou me touc �xonec, kai prospaj ste
na sqedi�sete mèroc twn tri¸n epipèdwn sto sq ma sac.

bþ. Efarmìste th diadikasÐa apaloif c Gauss gia na breÐte th lÔsh tou sust matoc:
afairèste èna pollapl�sio thc pr¸thc exÐswshc apì th deÔterh, ètsi ¸ste na mh-
denisteÐ o suntelest c tou u sth deÔterh exÐswsh. K�nete to Ðdio gia thn trÐth
exÐswsh. Katìpin afairèste èna pollapl�sio thc (nèac) deÔterhc exÐswshc apì thn
(nèa) trÐth exÐswsh, ètsi ¸ste na mhdenisteÐ o suntelest c tou v sthn trÐth exÐsw-
sh. BreÐte to w kai efarmìste an�dromh antikat�stash gia na breÐte to v kai to
u.

'Askhsh 1.9 Gia poi� tim  tou b qrei�zetai argìtera na k�noume enallag  gramm¸n?
Gia poi� tim  tou b den up�rqei k�poioc odhgìc? Se aut  thn idiìmorfh perÐptwsh, breÐte
mÐa mh mhdenik  lÔsh gia ta x, y, z.

x + by − z = 0
x − 2y − z = 0

y + z = 0

'Askhsh 1.10 JewroÔme to sÔsthma exis¸sewn

u + v + w = −2
3u + 3v − w = 6
u − v + w = −1

aþ. Efarmìste apaloif  Gauss sto parap�nw sÔsthma (mporeÐ na qreiasteÐ na all�xete
th seir� twn exis¸sewn se k�poio b ma).

bþ. All�xte to suntelest  tou v sthn trÐth exÐswsh, ¸ste na p�rete èna sÔsthma pou
den èqei lÔsh.

'Askhsh 1.11 'Ena sÔsthma grammik¸n exis¸sewn den eÐnai dunatìn na èqei akrib¸c
dÔo lÔseic. Exhg ste giatÐ.

aþ. E�n (x, y, z) kai (X, Y, Z) eÐnai dÔo lÔseic, mporeÐte na breÐte akìmh mÐa?

bþ. E�n 25 epÐpeda tèmnontai se dÔo shmeÐa, poi� eÐnai ta �lla shmeÐa thc tom c touc?

'Askhsh 1.12 BreÐte touc odhgoÔc kai th lÔsh twn tess�rwn exis¸sewn:

2x + y = 0
x + 2y + z = 0

y + 2z + t = 0
z + 2t = 5.
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'Askhsh 1.13 EÐnai swstèc   lanjasmènec oi akìloujec parathr seic gia th diadikasÐa
apaloif c Gauss?

aþ. E�n h trÐth exÐswsh xekin� me mhdenikì suntelest , tìte den afaireÐtai pollapl�sio
thc exÐswshc 1 apì thn exÐswsh 3.

bþ. E�n h trÐth exÐswsh èqei mhdenikì deÔtero suntelest  tìte den afaireÐtai pollapl�-
sio thc exÐswshc 2 apì thn exÐswsh 3.

gþ. E�n h trÐth exÐswsh èqei mhdenikoÔc touc dÔo pr¸touc suntelestèc, tìte den afai-
reÐtai pollapl�sio thc exÐswshc 1   thc exÐswshc 2 apì thn exÐswsh 3.

PÐnakec
Gia megalÔtera sust mata den eÐnai praktikì na gr�foume analutik� k�je exÐswsh kai na
katagr�foume thn apaloif . O sumbolismìc pin�kwn eÐnai polÔ qr simoc.

Sth dexi� pleur� miac exÐswshc èqoume èna di�nusma-st lh, b. Sto par�deigma (1.2),

b =




5
−2

9


 .

Sthn arister  pleur�, èqoume touc agn¸stouc, touc opoÐouc epÐshc gr�foume wc èna
di�nusma-st lh,

x =




u
v
w


 . (1.4)

Tèloc èqoume touc 9 suntelestèc, touc opoÐouc gr�foume wc èna pÐnaka, me treic grammèc
kai treic st lec,

A =




2 1 1
4 −6 0

−2 7 2


 . (1.5)

Autìc eÐnai ènac tetragwnikìc pÐnakac 3 epÐ 3.

Orismìc. Enac m epÐ n pÐnakac,   pÐnakac me m grammèc kai n st lec eÐnai mia
di�taxh mn pragmatik¸n arijm¸n se m grammèc kai n st lec, kleismènh se orjog¸niec
parenjèseic [, ]. E�n m = n lème oti o pÐnakac eÐnai tetragwnikìc. E�n m 6= n lème
oti o pÐnakac eÐnai parallhlìgrammoc.

Oi pÐnakec prostÐjentai kat� sunist¸sa, kai pollaplasi�zontai me arij-
moÔc, akrib¸c ìpwc ta dianÔsmata. Suqn� ja jewroÔme èna n-di�nusma ¸c èna n × 1
pÐnaka. MporoÔme na prosjèsoume dÔo pÐnakec mìnon e�n èqoun tic Ðdiec diast�seic, dhla-
d  ton Ðdio arijmì gramm¸n kai ton Ðdio arijmì sthl¸n. Gia par�deigma:

[
2 1 1
4 −6 0

]
+

[
3
√

6 −5
−2 7 2

]
=

[
5 1 +

√
6 −4

2 1 2

]
.

3

[
2 1 1
4 −6 0

]
=

[
6 3 3

12 −18 0

]
.
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Qreiazìmaste sumbolismì gia na anaferìmaste se k�je sunist¸sa enìc pÐnaka. H
sunist¸sa sth gramm  i kai sth st lh j sumbolÐzetai aij. Etsi o m × n pÐnakac A
sumbolÐzetai

A =




a11 a12 . . . a1j . . . a1n

a21 a22 . . . a2j . . . a2n
... ... ... ...

ai1 ai2 . . . aij . . . ain
... ... ... ...

am1 am2 . . . amj . . . amn




Mia suntìmeush autoÔ tou sumbolismoÔ eÐnai na gr�foume A = [aij]. Etsi, e�n A = [aij]
kai B = [bij] eÐnai m×n pÐnakec èqoume A+B = [aij +bij]. EpÐshc sumbolÐzoume (A+B)ij

th sunist¸sa sth jèsh ij tou ajroÐsmatoc A + B, kai èqoume

(A + B)ij = aij + bij ,

en¸
(αB)ij = αbij .

EÐdame oti h arister  pleur� thc exÐswshc (1.2) mporeÐ na jewrhjeÐ wc o grammikìc
sunduasmìc twn sthl¸n tou pÐnaka A, 1.5, me suntelestèc tic sunist¸sec tou dianÔsmatoc
x, 1.4. Tètoioi sunduasmoÐ emfanÐzontai suqn�, kai mac odhgoÔn na orÐsoume mia pr�xh
metaxÔ pin�kwn kai dianusm�twn.

Orismìc. To ginìmeno tou m× n pÐnaka A me to n-di�nusma x eÐnai èna m-di�nusma
Ax, tou opoÐou h sunist¸sa sth jèsh i eÐnai to eswterikì ginìmeno thc i-gramm c tou A
me to x, Ax = (y1, y2, . . . , yn), ìpou

yi = ai1x1 + ai2x2 + · · ·+ ainxn, gia i = 1, . . . , m.

Prosèxte th sqèsh an�mesa stic diast�seic tou m× n pÐnaka A, tou n-dianÔsmatoc x
kai tou m-dianÔsmatoc Ax.

Par�deigma 1.1 To ginìmeno enìc 3× 3 pÐnaka me èna 3-di�nusma eÐnai èna 3-di�nusma,



1 2 6
3 0 3
1 1 4







2
5
0


 =




2 + 10 + 0
6 + 0 + 0
2 + 5 + 0


 =




12
6
7


 ,

all� to ginìmeno enìc 2× 3 pÐnaka me èna 3-di�nusma eÐnai èna 2-di�nusma,

[
1 2 6
3 0 3

] 


2
5
0


 =

[
2 + 10 + 0
6 + 0 + 0

]
=

[
12
6

]
.

Elègqoume oti to di�nusma Ax eÐnai pr�gmati o grammikìc sunduasmìc twn sthl¸n tou
pÐnaka A me suntelestèc tic sunist¸sec tou dianÔsmatoc x:




1 2 6
3 0 3
1 1 4







2
5
0


 = 2




1
3
1


 + 5




2
0
1


 + 0




6
3
4


 =




12
6
7


 .
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Gia na anaferjoÔme stic sunist¸sec tètoiwn ginomènwn, suqn� qrhsimopoioÔme to sum-
bolismì

∑
gia ajroÐsmata:

(Ax)i =
n∑

j=1

aijxj .

Ja prospaj soume na ekfr�soume th diadikasÐa thc apaloif c mèsw pin�kwn. 'Ena
diaforetikì eÐdoc ginomènou dianÔsmatoc me pÐnaka, ìpou t¸ra gr�foume to di�nusma wc
gramm  kai sta arister� tou pÐnaka, eÐnai h akìloujh:

[ −2 1 0
]



2 1 1
4 −6 0

−2 7 2


 =

[
0 −8 −2

]
.

H k�je sunist¸sa thc gramm c sta dexi� eÐnai to eswterikì ginìmeno tou dianÔsmatoc-
gramm  me thn antÐstoiqh st lh tou pÐnaka. ParathroÔme oti olìklhrh h gramm  sta
dexi� eÐnai to apotèlesma tou na afairèsoume 2 forèc thn pr¸th gramm  tou pÐnaka apì th
deÔterh, dhlad  akrib¸c autì pou k�name sthn apaloif  sto sÔsthma (1.1). Efarmìzoume
ton Ðdio kanìna me th gramm 

[
0 0 1

]
,

[
0 0 1

]



2 1 1
4 −6 0

−2 7 2


 =

[ −2 7 2
]

.

To apotèlesma eÐnai h trÐth gramm  tou pÐnaka. Apì autèc tic parathr seic odhgoÔmaste
sth dunatìthta na ekfr�soume to pr¸to b ma thc apaloif c mèsw �pollaplasiasmoÔ� tou
pÐnaka A me ènan pÐnaka E:

E A =




1 0 0
−2 1 0

0 0 1







2 1 1
4 −6 0

−2 7 2


 =




2 1 1
0 −8 −2

−2 7 2


 (1.6)

Orismìc. JewroÔme ton m×n pÐnaka A kai ton n×p pÐnaka B. To ginìmeno AB eÐnai
o m× p pÐnakac, o opoÐoc èqei stoiqeÐo sth jèsh ij to eswterikì ginìmeno thc i-gramm c
tou A kai thc j-st lhc tou B,

(AB)ij =
n∑

k=1

aikbkj, gia i = 1, . . . , m kai j = 1, . . . , p.

Gia na orÐzetai to ginìmeno prèpei o arijmìc twn sthl¸n tou A na eÐnai Ðsoc me ton arijmì
twn gramm¸n tou B.

Par�deigma 1.2 Pollaplasiasmìc me ton 2 × 2 pÐnaka I af nei amet�blhto ton 2 × 3
pÐnaka B:

I B =

[
1 0
0 1

] [
2 3 7
4 −6 0

]
=

[
2 3 7
4 −6 0

]
.

Par�deigma 1.3 O pollaplasiasmìc pin�kwn den eÐnai metajetikìc, akìmh kai ìtan
orÐzontai kai oi dÔo pÐnakec AB kai BA:

AB =
[

1 6
] [

2
1

]
=

[
8

]
,
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B A =

[
2
1

] [
1 6

]
=

[
2 12
1 6

]
.

Par�deigma 1.4 Pollaplasiasmìc apì ta arister� me ton pÐnaka P enall�ssei tic
grammèc tou B, pollaplasiasmìc me ton P apì ta dexi� enall�ssei tic st lec tou B:

P B =

[
0 1
1 0

] [
2 3
7 8

]
=

[
7 8
2 3

]
,

B P =

[
2 3
7 8

] [
0 1
1 0

]
=

[
3 2
8 7

]
.

Ektìc apì ton orismì tou pollaplasiasmoÔ pin�kwn pou d¸same, oi akìloujec dÔo
jewr seic eÐnai suqn� polÔ qr simec.

Prìtash 1.1 1. H i-gramm  tou pÐnaka AB eÐnai Ðsh me to grammikì sunduasmì twn
gramm¸n tou B me suntelestèc tic sunist¸sec thc i-gramm c tou A.

2. H j-st lh tou pÐnaka AB eÐnai Ðsh me to grammikì sunduasmì twn sthl¸n tou A me
suntelestèc tic sunist¸sec thc j-st lhc tou B.

Apìdeixh. H i-gramm  tou AB eÐnai

[
(AB)i1 . . . (AB)ip

]
=

[ ∑n
k=1 aikbk1 . . .

∑n
k=1 aikbkp

]
=

n∑

k=1

aik

[
bk1 . . . bkp

]
.

Gr�yte ton an�logo upologismì gia tic st lec.
¤

Prìtash 1.2 O pollaplasiasmìc pin�kwn eÐnai prosetairistikìc, kai epimeristikìc wc
proc thn prìsjesh. Sugkekrimèna, e�n A, B eÐnai m× n pÐnakec, C, D eÐnai n× p pÐnakec
kai E eÐnai p× q pÐnakac, tìte

1.
A(CE) = (AC)E ,

2.
A(C + D) = AC + AD , (A + B)C = AC + BC .

Apìdeixh. H apìdeixh thc prosetairistik c idiìthtac apoteleÐ �skhsh sth qr sh tou
sumbolismoÔ

∑
gia ta ajroÐsmata. Gia i = 1, . . . , m kai j = 1, . . . , q, èqoume:

(A(CE))ij =
n∑

k=1

aik(CE)kj

=
n∑

k=1

aik

(
p∑

t=1

cktetj

)

=
n∑

k=1

p∑
t=1

aikcktetj
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all� mporoÔme na all�xoume th seir� me thn opoÐa paÐrnoume ta ajroÐsmata,

(A(CE))ij =

p∑
t=1

n∑

k=1

aikcktetj

=

p∑
t=1

(
n∑

k=1

aikckt

)
etj

=

p∑
t=1

(AC)itetj

= ((AC)E)ij .

H epal jeush thc epimeristik c idiìthtac eÐnai aploÔsterh kai af netai wc �skhsh.
¤

'Askhsh 1.14 UpologÐste ta dÔo eswterik� ginìmena kai to ginìmeno pin�kwn:

[
1 −2 7

]



1
−2

7


 ,

[
1 −2 7

]



3
5
1


 ,




1
−2

7


 [

3 5 1
]

'Askhsh 1.15 UpologÐste ta ginìmena pin�kwn

[
2 1 0
1 2 3

] 


0, 5
π/2√
2/3







1 0 0
0 2 0
1 0 3






−1 6 cos(π/6) 7
3 2 2

π/3
√

3 1







1 0 0
0 2 0
1 0 3







1 0 0
0 1/2 0

−1/3 0 1/3




'Askhsh 1.16 UpologÐste to ginìmeno Ax gia na breÐte mÐa lÔsh tou sust matoc Ax =
mhdenikì di�nusma. MporeÐte na breÐte �llec lÔseic tou Ax = 0?

Ax =




3 −6 0
0 2 −2
1 −1 −1







2
1
1


 .

'Askhsh 1.17 Gr�yte touc 3 epÐ 3 pÐnakec A kai B me stoiqeÐa

aij = i− j kai bij =
1

j
.

kai upologÐste ta ginìmena AB, BA kai A2.

'Askhsh 1.18 E�n ta stoiqeÐa tou pÐnaka A eÐnai aij, qrhsimopoi ste to sumbolismì
twn deikt¸n gia na gr�yete
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aþ. ton pr¸to odhgì

bþ. ton pollaplasiast  λi1 thc pr¸thc gramm c ìtan thn afairoÔme apì thn gramm  i

gþ. To nèo stoiqeÐo pou antikajist� to aij met� aut  thn afaÐresh.

dþ. ton deÔtero odhgì.

'Askhsh 1.19 Perigr�yte tic grammèc tou ginomènou EA, kai tic st lec tou AE, ìtan

E =

[
1 7
0 1

]
.

'Askhsh 1.20 JewroÔme oti oi st lec tou n×n pÐnaka A eÐnai ta dianÔsmata c1, c2, . . . ,
cn, kai oi grammèc tou n × n pÐnaka B eÐnai ta dianÔsmata-grammèc r1, r2, . . . , rn. To
ginìmeno ciri eÐnai ènac n × n pÐnakac (deÐte to Par�deigma 1.3). Ekfr�ste to ginìmeno
AB wc �jroisma tètoiwn pin�kwn.

'Askhsh 1.21 ApodeÐxte thn epimeristik  idiìthta tou pollaplasiasmoÔ pin�kwn, qrh-
simopoi¸ntac to sumbolismì ajroÐsmatoc

∑
.

'Askhsh 1.22 BreÐte pìsouc pollaplasiasmoÔc arijm¸n qrei�zetai na k�nete gia na
pollaplasi�sete èna 2× 3 pÐnaka me èna 3× 5 pÐnaka.

'Askhsh 1.23 Alhjèc   yeudèc? Dikaiolog ste thn ap�nths  sac.

aþ. E�n h pr¸th kai h trÐth st lh tou pÐnaka A eÐnai Ðdiec, to Ðdio sumbaÐnei kai me thn
pr¸th kai thn trÐth st lh tou pÐnaka AB.

bþ. E�n h pr¸th kai h trÐth st lh tou pÐnaka B eÐnai Ðdiec, to Ðdio sumbaÐnei kai me thn
pr¸th kai thn trÐth st lh tou pÐnaka AB.

gþ. E�n h pr¸th kai h trÐth gramm  tou pÐnaka A eÐnai Ðdiec, to Ðdio sumbaÐnei kai me thn
pr¸th kai thn trÐth gramm  tou pÐnaka AB.

dþ. E�n h pr¸th kai h trÐth gramm  tou pÐnaka B eÐnai Ðdiec, to Ðdio sumbaÐnei kai me thn
pr¸th kai thn trÐth gramm  tou pÐnaka AB.

'Askhsh 1.24 O pollaplasiasmìc se mplìk qwrÐzei touc pÐnakec se upopÐnakec. E�n
to sq ma twn upopin�kwn epitrèpei ton pollaplasiasmì touc, tìte autìc dÐdei to swstì
apotèlesma.

aþ. AntikatasteÐste 2× 2 pÐnakec gia ta A kai C, 2× 1 pÐnaka gia to B kai 1× 2 pÐnaka
gia to D kai epalhjeÔste oti

[
A B

] [
C
D

]
=

[
AC + BD

]
.
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bþ. AntikatasteÐste ta x me arijmoÔc, kai epalhjeÔste ton pollaplasiasmì se mplìk



x x
... x

x x
... x

· · · · · · ... · · ·
x x

... x







x x
... x

x x
... x

· · · · · · ... · · ·
x x

... x




'Askhsh 1.25 Apaloif  se mplìk. E�n to �nw arister� mplìk eÐnai antistrèyimoc
pÐnakac, pollaplasi�ste thn pr¸th gramm  tou mplìk me CA−1 kai afairèste apì th
deÔterh, gia na breÐte ton pÐnaka S.

[
I 0

CA−1 I

] [
A B
C D

]
=

[
A B
0 S

]
.

'Askhsh 1.26 E�n A eÐnai pÐnakac m× n kai B eÐnai pÐnakac n× r, deÐxte oti gia ton
upologismì tou ginomènou AB apaitoÔntai mnr pollaplasiasmoÐ arijm¸n. (Se autì to
prìblhma den mac apasqoleÐ o arijmìc twn prosjèsewn). E�n C eÐnai pÐnakac r× p, breÐte
pìsoi pollaplasiasmoÐ arijm¸n apaitoÔntai gia ton upologismì twn ginomènwn (AB)C kai
A(BC).

'Askhsh 1.27 DÐdontai pÐnakec A, B, C, D me ta akìlouja megèjh: A : 5 × 14, B :
14 × 87, C : 87 × 3 kai D : 3 × 42. BreÐte pìsoi pollaplasiasmoÐ apaitoÔntai gia na
upologÐsete to ginìmeno ABCD me touc akìloujouc trìpouc

aþ. (A(BC))D

bþ. A(B(CD))

Ekfrash thc apaloif c mèsw pin�kwn
Opwc eÐdame sto (1.6), to pr¸to b ma thc apaloif c sto sÔsthma (1.1) perigr�fetai mèsw
pollaplasiasmoÔ apì arister�, tou pÐnaka suntelest¸n me kat�llhlo pÐnaka.

Orismìc. O pÐnakac pou èqei 1 sth diag¸nio kai 0 se ìlec tic �llec jèseic, onom�zetai
tautotikìc pÐnakac. O pÐnakac pou èqei 1 sth diag¸nio kai λ 6= 0 se k�poia jèsh
ij gia i 6= j, en¸ èqei 0 stic upìloipec jèseic, onom�zetai stoiqei¸dhc pÐnakac, kai
sumbolÐzetai Eij(λ).
Otan pollaplasi�zoume èna pÐnaka A apì ta arister� me ton Eij(−λ), to apotèlesma eÐnai
na afairoÔme λ forèc th gramm  j apì th gramm  i tou A.
Otan pollaplasi�zoume èna pÐnaka A apì ta dexi� me ton Eij(−λ), to apotèlesma eÐnai na
afairoÔme λ forèc th st lh i apì th st lh j tou A. Prosèxte th diafor� sth di�taxh
twn deikt¸n

Ac efarmìsoume aut  th diadikasÐa sto sÔsthma 1.1, b�zontac kai to di�nusma b thc
dexi�c pleur�c ston epauxhmèno pÐnaka.




2 1 1 5
4 −6 0 −2

−2 7 2 9


 .
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1. AfairoÔme 2 forèc thn pr¸th gramm  apì th deÔterh



2 1 1 5
0 −8 −2 −12

−2 7 2 9


 =




1 0 0
−2 1 0

0 0 1







2 1 1 5
4 −6 0 −2

−2 7 2 9




2. AfairoÔme −1 for� thn pr¸th gramm  apì thn trÐth



2 1 1 5
0 −8 −2 −12
0 8 3 14


 =




1 0 0
0 1 0

−(−1) 0 1







1 0 0
−2 1 0

0 0 1







2 1 1 5
4 −6 0 −2

−2 7 2 9




3. AfairoÔme −1 for� th deÔterh gramm  apì thn trÐth



2 1 1 5
0 −8 −2 −12
0 0 1 2


 =




1 0 0
0 1 0
0 −(−1) 1







1 0 0
0 1 0
1 0 1







1 0 0
−2 1 0

0 0 1







2 1 1 5
4 −6 0 −2

−2 7 2 9




Blèpoume oti o pollaplasiasmìc tou pÐnaka A apì ta arister�, pr¸ta me ton E =


1 0 0
−2 1 0

0 0 1


, katìpin me ton F =




1 0 0
0 1 0

−(−1) 0 1


 kai tèloc me ton G =




1 0 0
0 1 0
0 −(−1) 1




èqei to Ðdio apotèlesma me thn apaloif  Gauss. To Ðdio mporoÔme na k�noume kai me to
di�nusma b. H apaloif  Gauss gÐnetai

[A
...b] → E[A

...b] → FE[A
...b] → GFE[A

...b] .

Qrhsimopoi¸ntac thn prosetairistik  idiìthta, katal goume oti mporoÔme na ekfr�soume
thn apaloif  wc pollaplasiasmì tou pÐnaka A kai tou dianÔsmatoc b me to ginìmeno GFE.
To arqikì sÔsthma

AX = b

gÐnetai
GFEAx = GFEb .

Orismìc. Enac pÐnakac A = [aij] onom�zetai �nw trigwnikìc e�n ìla ta stoiqeÐa
k�tw apì th diag¸nio eÐnai Ðsa me 0, dhlad  e�n aij = 0 ìtan i > j.
Enac pÐnakac A = [aij] onom�zetai k�tw trigwnikìc e�n ìla ta stoiqeÐa p�nw apì th
diag¸nio eÐnai Ðsa me 0, dhlad  e�n aij = 0 ìtan i < j.

E�n gr�youme U = GFEA kai c = GFEb, U eÐnai �nw trigwnikìc pÐnakac, kai èqoume
na lÔsoume to sÔsthma

Ux = c

to opoÐo lÔnetai me an�dromh antikat�stash, kai èqei akrib¸c to Ðdio sÔnolo lÔsewn me
to arqikì sÔsthma.

MporoÔme na anairèsoume ta b mata thc apaloif c, gia na p�me apì ton pÐnaka U ston
A: prèpei na anairèsoume èna�èna b ma, me thn antÐstrofh seir�. EÐnai fanerì oti gia
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na anairèsoume to apotèlesma tou pollaplasiasmoÔ me ton G arkeÐ na pollaplasi�sou-
me me ton pÐnaka pou prosjètei (−1) forèc th deÔterh gramm  sthn trÐth, ton opoÐo
sumbolÐzoume G−1,

G−1 =




1 0 0
0 1 0
0 −1 1


 .

An�loga orÐzoume ton pÐnaka F−1 =




1 0 0
0 1 0
−1 0 1


 pou prosjètei (−1) for� thn pr¸th

gramm  sthn trÐth, kai ton pÐnaka E−1 =




1 0 0
2 1 0
0 0 1


 pou prosjètei 2 forèc thn pr¸th

gramm  sth deÔterh, kai èqoume

E−1F−1G−1U = A .

To ginìmeno E−1F−1G−1 to sumbolÐzoume L. Eqoume gr�yei ton pÐnaka A san ginìmeno

A = LU .

MporoÔme na ektelèsoume aut  th diadikasÐa se opoiod pote tetragwnikì n × n pÐnaka,
arkeÐ ta stoiqeÐa pou emfanÐzontai sth diag¸nio kat� thn apaloif  na mhn eÐnai mhdèn. Se
aut  thn perÐptwsh lème oti h diadikasÐa apaloif c brÐskei èna pl rec sÔnolo odhg¸n.

'Askhsh 1.28 UpologÐste to ginìmeno L = E−1F−1G−1.

Blèpoume oti o L sto par�deigma eÐnai k�tw trigwnikìc me 1 sth diag¸nio kai touc
pollaplasiastèc k�tw apì th diag¸nio. Ja deÐxoume oti autì den eÐnai tuqaÐo. O L eÐnai
to ginìmeno E−1F−1G−1 twn pin�kwn pou anairoÔn ta b mata thc apaloif c. O G−1 eÐnai
o stoiqei¸dhc pÐnakac E32(−1), me ton antÐstoiqo pollaplasiast  λ32 = −1 sth jèsh 3 2.
O F−1 eÐnai o stoiqei¸dhc pÐnakac E31(−1), me ton antÐstoiqo pollaplasiast  λ31 = −1
sth jèsh 3 1. Pollaplasiasmìc tou E32(−1) me ton E31(−1) apì ta arister�, prosjètei
λ31 forèc thn pr¸th gramm  tou E32 sthn trÐth gramm . All� h pr¸th gramm  eÐnai [1 0 0],
opìte to apotèlesma eÐnai apl¸c na emfanisteÐ o pollaplasiast c λ31 sth jèsh 3 1 tou
ginomènou: 


1 0 0
0 1 0

λ31 0 1







1 0 0
0 1 0
0 λ32 1


 =




1 0 0
0 1 0

λ31 λ32 1


 .

Parìmoia, pollaplasiasmìc me ton pÐnaka E−1, topojeteÐ ton pollaplasiast  λ21 sth
jèsh 2 1, qwrÐc na all�xei ta �lla stoiqeÐa tou pÐnaka.

'Etsi èqoume

L = E−1F−1G−1 = E21(λ21)E31(λ31)E32(λ32)

=




1 0 0
λ21 1 0
0 0 1







1 0 0
0 1 0

λ31 0 1







1 0 0
0 1 0
0 λ32 1




=




1 0 0
λ21 1 0
λ31 λ32 1






Kef�laio 1 PÐnakec kai Apaloif  Gauss 19

Orismìc. Lème oti h diadikasÐa apaloif c se èna n × n pÐnaka A brÐskei èna pl rec
sÔsthma odhg¸n, ìtan to pl joc twn odhg¸n eÐnai n. (UpenjumÐzoume oti, ex orismoÔ,
odhgìc eÐnai mh mhdenikì stoiqeÐo). Autì shmaÐnei oti o �nw trigwnikìc pÐnakac ston opoÐo
katal gei h diadikasÐa apaloif c èqei ìla ta diag¸nia stoiqeÐa diaforetik� apì to 0.

Prìtash 1.3 E�n sto n × n sÔsthma Ax = b h diadikasÐa apaloif c brÐskei èna pl -
rec sÔnolo odhg¸n qwrÐc na qreiasteÐ na k�noume enallagèc gramm¸n, tìte o pÐnakac A
gr�fetai wc ginìmeno A = LU , ìpou

• L eÐnai k�tw trigwnikìc, me 1 sth diag¸nio, kai touc pollaplasiastèc λij k�tw apì
th diag¸nio.

• U eÐnai �nw trigwnikìc, me touc odhgoÔc sth diag¸nio.

H paragontopoÐhsh A = LU èqei meg�lh praktik  shmasÐa. Den eÐnai apl� ènac trìpoc
na parast soume thn apaloif . H exÐswsh Ax = b gÐnetai

LUx = b.

All� e�n gr�youme c = Ux, mporoÔme na antikatast soume thn arqik  exÐswsh me tic dÔo
exis¸seic

Lc = b, Ux = c.

'Etsi gia na lÔsoume thn arqik  exÐswsh arkeÐ na broÔme to c pou ikanopoieÐ thn exÐswsh
Lc = b kai katìpin to x pou ikanopoieÐ thn exÐswsh Ux = c. To shmantikì eÐnai oti aut� ta
dÔo sust mata eÐnai trigwnik�, kai sunep¸c eÐnai eÔkolo na ta lÔsoume. Sto par�deigma
1.1 h exÐswsh Lc = b gÐnetai




1 0 0
2 1 0

−1 −1 1







c1

c2

c3


 =




5
−2

9




dhlad 
c1 = 5

2c1 + c2 = −2
−c1 − c2 + c3 = 9

ap' ìpou èqoume, me eujeÐa antikat�stash, c1 = 5, c2 = −12, c3 = 2.
H exÐswsh Ux = c t¸ra gÐnetai




2 1 1
0 −8 −2
0 0 1







x
y
z


 =




5
−12

2




thn opoÐa lÔnoume me anadrom  antikat�stash.
H eujeÐa kai h an�dromh antikat�stash exasfalÐzoun oti aut� ta sust mata èqoun

monadik  lÔsh:

Prìtash 1.4 E�n U eÐnai n × n �nw trigwnikìc pÐnakac, tou opoÐou ta stoiqeÐa sth
diag¸nio eÐnai ìla diaforetik� apì to mhdèn, tìte k�je sÔsthma

Ux = b

èqei monadik  lÔsh. To Ðdio isqÔei gia k�tw trigwnikì pÐnaka tou opoÐou ìla ta diag¸nia
stoiqeÐa eÐnai mh mhdenik�.
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Ektìc apì thn paragontopoÐhsh A = LU , kami� for� qrhsimopoioÔme mia piì summetrik 
paragontopoÐhsh: gr�foume ton U wc ginìmeno enìc diag¸niou pÐnaka D me touc odhgoÔc
sth diag¸nio, kai enìc �nw trigwnikoÔ pÐnaka U ′, me 1 sth diag¸nio,

A = LDU ′ .

O U ′ apoteleÐtai apì tic grammèc tou U diairemènec me ton antÐstoiqo odhgì:



2 1 1
0 −8 −2
0 0 1







2 0 0
0 −8 0
0 0 1







1 1/2 1/2
0 1 1/4
0 0 1


 .

Par' ìlo pou h seir� me thn opoÐa k�noume ta b mata thc apaloif c (qwrÐc enallagèc)
mporeÐ na all�xei, to telikì apotèlesma eÐnai monadikì, ìpwc ja deÐxete sthn 'Askhsh 1.32.

'Askhsh 1.29 To ginìmeno dÔo k�tw trigwnik¸n pin�kwn eÐnai p�li k�tw trigwnikìc
pÐnakac (ìla ta stoiqeÐa p�nw apì thn kÔria diag¸nio eÐnai mhdèn). Exakrib¸ste oti isqÔei
me èna par�deigma pin�kwn 3×3, kai katìpin exhg ste autì to apotèlesma qrhsimopoi¸ntac
touc kanìnec tou pollaplasiasmoÔ pin�kwn.

'Askhsh 1.30 Efarmìste apaloif  gia na breÐte touc par�gontec L kai U twn pin�kwn

[
2 1
8 7

]
,




3 1 1
1 3 1
1 1 3


 ,




1 1 1
1 4 4
1 4 8




'Askhsh 1.31 LÔste thn exÐswsh



1 0 0
1 1 0
1 0 1







2 4 4
0 1 2
0 0 1







u
v
w


 =




2
0
2




analÔont�c thn se dÔo trigwnikèc exis¸seic, Lc = b kai Ux = c.

'Askhsh 1.32 DeÐxte oti h paragontopoÐhsh A = LDU ′ enìc pÐnaka eÐnai monadik .

'Askhsh 1.33 UpologÐste ta ginìmena FGH kai HGF (èqoume paraleÐyei ta mhdenik�
p�nw apì th diag¸nio):

F =




1
2 1
0 0 1
0 0 0 1


 G =




1
0 1
0 2 1
0 0 0 1


 H =




1
0 1
0 0 1
0 0 2 1


 .

'Askhsh 1.34 Paragontopoi ste ton pÐnaka A se ginìmeno LU , kai gr�yte to �nw
trigwnikì sÔsthma Ux = c pou prokÔptei met� thn apaloif , gia to sÔsthma:

Ax =




2 3 3
0 5 7
6 9 8







u
v
w


 =




2
2
5


 .
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'Askhsh 1.35 BreÐte touc pÐnakec E2, E8 kai E−1 e�n

E =

[
1 0
6 1

]

'Askhsh 1.36 JewroÔme ton �nw trigwnikì pÐnaka

U =




d1 a b
0 d2 c
0 0 d3




kai upojètoume oti up�rqei pÐnakac V tètoioc ¸ste V U = I. DeÐxte oti d1d2d3 6= 0 kai
oti V eÐnai epÐshc �nw trigwnikìc.

Enallagèc gramm¸n
Sto sÔsthma exis¸sewn (1.3) qrei�sthke na all�xoume th seir� twn exis¸sewn, gia na
broÔme èna pl rec sÔnolo odhg¸n. P¸c mporoÔme na parast soume mèsw pin�kwn tic
enallagèc gramm¸n?

Par�deigma 1.5 [
0 1
1 0

] [
2 3
7 8

]
=

[
7 8
2 3

]

P23 A =




1 0 0
0 0 1
0 1 0







1 5 4
0 2 3
7 1 8


 =




1 5 4
7 1 8
0 2 3


 ,

O pÐnakac P23 enall�ssei th deÔterh kai thn trÐth gramm  tou pÐnaka A ìtan pollapla-
si�zoume ton A me ton P23 apì ta arister�.

Orismìc. Onom�zoume pÐnaka enallag c Pij ton pÐnaka pou enall�sei thn i gramm 
kai th j gramm  tou pÐnaka A ìtan pollaplasi�zoume ton A me ton Pij apì ta arister�.
O pÐnakac Pij èqei 1 stic jèseic ij kai ji, kai sth diag¸nio ektìc apì tic jèseic ii kai jj,
en¸ èqei 0 stic upìloipec jèseic. 'Otan pollaplasi�zoume ton pÐnaka A apì ta dexi� me
ton pÐnaka enallag c Pij, to apotèlesma eÐnai h enallag  twn sthl¸n i kai j tou A.

To ginìmeno pin�kwn enallag c onom�zetai pÐnakac met�jeshc. 'Otan pollapla-
si�zoume ton pÐnaka A apì ta arister� me èna pÐnaka metajèsewc, to apotèlesma eÐnai mÐa
met�jesh twn gramm¸n tou pÐnaka A. 'Otan pollaplasi�zoume ton pÐnaka A apì ta dexi�
me ènan pÐnaka metajèsewc, to apotèlesma eÐnai mÐa met�jesh twn sthl¸n tou A.

Gia ènan n × n pÐnaka A upojètoume oti sth diadikasÐa thc apaloif c Gauss tou A,
qrei�zetai na k�noume diadoqik� tic enallagèc gramm¸n, pou parist�nontai apì touc pÐnakec
Pi1j1 , Pi2j2 , . . . , Pikjk

. Jewrhtik� ja mporoÔsame na k�noume ìlec tic enallagèc gramm¸n
sthn arq , qrhsimopoi¸ntac to ginìmeno twn pin�kwn enallag c P = Pikjk

. . . Pi1j1 , kai
katìpin na xekin soume th diadikasÐa thc apaloif c ston pÐnaka PA. Ja apodeÐxome autì
ton isqurismì sto Je¸rhma 2.1, all� deÐte kai thn 'Askhsh 1.38. Ston PA h diadikasÐa
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apaloif c brÐskei èna pl rec sÔnolo odhg¸n qwrÐc na qreiasteÐ na k�noume enallagèc
gramm¸n, kai sunep¸c èqoume paragontopoÐhsh

PA = LU .

T¸ra mporoÔme na d¸soume ènan orismì tou idiìmorfou pÐnaka, kai na anakefalai¸soume
ta mèqri t¸ra apotelèsmata se èna Je¸rhma.

Orismìc. 'Enac tetragwnikìc n × n pÐnakac A eÐnai idiìmorfoc e�n h diadikasÐa thc
apaloif c (me enallagèc gramm¸n) katal gei se èna �nw trigwnikì pÐnaka me èna   peris-
sìtera mhdenik� stoiqeÐa sth diag¸nio. Antijètwc, o pÐnakac A lègetai mh idiìmorfoc
e�n h diadikasÐa thc apaloif c brÐskei èna pl rec sÔnolo odhg¸n, dhlad  e�n o �nw tri-
gwnikìc pÐnakac U ston opoÐo katal gei èqei ìla ta stoiqeÐa sth diag¸nio diaforetik�
apì to 0.

Je¸rhma 1.5 Estw èna sÔsthma n exis¸sewn me n agn¸stouc

Ax = b .

Tìte isqÔei èna apì ta akìlouja

1. E�n o pÐnakac A eÐnai idiìmorfoc, tìte kamÐa anadi�taxh twn gramm¸n den mporeÐ na
parag�gei èna pl rec sÔnolo odhg¸n.

2. E�n o pÐnakac A den eÐnai idiìmorfoc, tìte up�rqei ènac pÐnakac metajèsewc P tètoioc
¸ste sth diadikasÐa apaloif c tou PA den emfanÐzontai mhdenik� sth jèsh twn
odhg¸n. Se aut  thn perÐptwsh

(aþ) To sÔsthma èqei monadik  lÔsh, h opoÐa upologÐzetai me th diadikasÐa apaloif c
kai an�dromhc antikat�stashc.

(bþ) O pÐnakac PA paragontopoieÐtai wc ginìmeno

PA = LDU ′

ìpou L eÐnai k�tw trigwnikìc me 1 sth diag¸nio, D eÐnai diag¸nioc pÐnakac me
touc odhgoÔc sth diag¸nio, kai U ′ eÐnai �nw trigwnikìc me 1 sth diag¸nio. H
paragontopoÐhsh se pÐnakec me autèc tic idiìthtec eÐnai monadik .

'Askhsh 1.37 LÔste ta akìlouja sust mata me apaloif , k�nontac enallag  gramm¸n
ìpou autì eÐnai aparaÐthto:

u + 4v + 2w = −2
−2u − 8v + 3w = 32

v + w = 1
,

v + w = 0
u + v = 0
u + v + w = 1

BreÐte touc pÐnakec metajèsewn pou qrei�zontai.

'Askhsh 1.38 E eÐnai o 3× 3 pÐnakac pou afaireÐ thn pr¸th apì thn trÐth gramm , kai
P o pÐnakac enallag c pou enall�ssei th deÔterh me thn trÐth gramm .

aþ. BreÐte touc pÐnakec E kai P , kai upologÐste ton pÐnaka E ′ gia ton opoÐo PE ′ = EP .

bþ. Perigr�yte th dr�sh tou pÐnaka E ′.
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'Askhsh 1.39 Katagr�yete touc 6 pÐnakec metajèsewn 3×3, sumperilambanomènou tou
tautotikoÔ pÐnaka I. BreÐte ta antÐstrofa touc, ta opoÐa eÐnai epÐshc pÐnakec metajèsewc.

'Askhsh 1.40 BreÐte th lÔsh tou akìloujou sust matoc, epilÔontac ta dÔo trigwnik�
sust mata, qwrÐc na upologÐsete to ginìmeno LU .

LUx =




1 0 0
1 1 0
1 0 1







2 4 4
0 1 2
0 0 1







u
v
w


 =




2
0
2


 .

'Askhsh 1.41 BreÐte tic paragontopoi seic PA = LDU ′ gia touc pÐnakec



0 1 1
1 0 1
2 3 4


 ,




1 2 1
2 4 2
1 1 1


 .

'Askhsh 1.42 Poioi eÐnai oi stoiqei¸deic pÐnakec E21 kai E32 oi opoÐa fèrnoun ton pÐnaka
A se �nw trigwnik  morf  E32E21A = U ? Pollaplasi�ste me touc pÐnakec E−1

32 kai E−1
21

gia na paragontopoi sete to A se LU = E−1
21 E−1

32 U :

A =




1 1 1
2 4 5
0 4 0


 .

'Askhsh 1.43 UpologÐste touc par�gontec L kai U gia to summetrikì pÐnaka

A =




a a a a
a b b b
a b c c
a b c d


 .

BreÐte tèssereic sunj kec pou prèpei na ikanopoioÔn ta a, b, c, d gia na èqei o A = LU
tèssereic odhgoÔc.

'Askhsh 1.44 E�n o pÐnakac A èqei odhgoÔc 2, 7 kai 6, qwrÐc enallagèc gramm¸n, poioÐ
eÐnai oi odhgoÐ tou 2×2 upopÐnaka B sthn �nw arister  pleur�? Exhg ste to sumpèrasm�
sac.

'Askhsh 1.45 Poiìc pÐnakac metajèsewc P k�nei ton PA �nw trigwnikì? PoioÐ pÐnakec
metajèsewn k�noun ton P1AP2 k�tw trigwnikì? Pollaplasiasmìc me ton P2 sta dexi�
metajètei tic . . . . . . . . . tou A.

A =




0 0 6
1 2 3
0 4 5


 .

'Askhsh 1.46 E�n P1 kai P2 eÐnai pÐnakec metajèsewc, to Ðdio isqÔei gia ton P1P2:
deÐxte oti autìc perièqei tic grammèc tou I se k�poia di�taxh. BreÐte paradeÐgmata sta
opoÐa P1P2 6= P2P1 kai P3P4 = P4P3.
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AntÐstrofoi pÐnakec
Se aut n th par�grafo periorizìmaste se tetragwnikoÔc pÐnakec.

Orismìc. Enac tetragwnikìc pÐnakac A onom�zetai antistrèyimoc e�n up�rqei ènac
pÐnakac B tètoioc ¸ste

BA = I kai AB = I .

Enac tètoioc pÐnakac B onom�zetai antÐstrofoc tou A, kai sumbolÐzetai A−1.

Ja doÔme argìtera oti arkeÐ h mÐa apì tic dÔo sunj kec. Sugkekrimèna ja apodeÐxoume,
(sto Kef�laio 3, Prìtash 3.5), thn akìloujh prìtash.

Prìtash 1.6 E�n A eÐnai tetragwnikìc pÐnakac, tìte up�rqei pÐnakac B tètoioc ¸ste
AB = I e�n kai mìnon e�n up�rqei pÐnakac C tètoioc ¸ste CA = I.

Prìtash 1.7 E�n o A eÐnai antistrèyimoc, tìte o antÐstrofoc pÐnakac eÐnai monadikìc.

Apìdeixh. E�n B kai C eÐnai antÐstrofoi tou A, tìte AB = I = CA. Ara

B = IB = (CA)B = C(AB) = CI = C .

¤
Par�deigma 1.6 Enac 1×1 pÐnakac A = [a] eÐnai antistrèyimoc e�n kai mìnon e�n a 6= 0,
kai o antÐstrofoc eÐnai A−1 = [1/a].

Prìtash 1.8 E�n A eÐnai antistrèyimoc pÐnakac, tìte h monadik  lÔsh thc exÐswshc
Ax = b eÐnai h x = A−1b.

H parap�nw prìtash mac lèei oti e�n o A eÐnai antistrèyimoc, up�rqei p�nta monadik 
lÔsh thc Ax = b, gia k�je b. 'Omwc den qrei�zetai na broÔme ton antÐstrofo gia na
upologÐsoume th lÔsh. O suntomìteroc trìpoc na broÔme th lÔsh eÐnai h apaloif  Gauss
kai h an�dromh antikat�stash, gia thn opoÐa apaitoÔntai perÐpou to èna trÐto twn pr�xewn
pou apaitoÔntai gia ton upologismì tou antistrìfou.

Prìtash 1.9 To ginìmeno antistrèyimwn pin�kwn A kai B eÐnai antistrèyimoc pÐnakac,
kai

(AB)−1 = B−1A−1 .

Apìdeixh. ArkeÐ na deÐxoume oti B−1A−1 ikanopoieÐ tic sqèseic pou orÐzoun ton antÐ-
strofo.

(AB)(B−1A−1) = A(BB−1)A−1 = (AI)A−1 = AA−1 = I ,

(B−1A−1)(AB) = B−1(A−1A)B = B−1IB = B−1B = I .

¤
Par�deigma 1.7 E�n A, F, G eÐnai antistrèyimoi kai GFEA = U , tìte F−1G−1UA−1 =
F−1G−1(GFEA)A−1 = E.

L mma 1.10 E�n B kai C eÐnai antistrèyimoi pÐnakec, tìte o pÐnakac A eÐnai antistrèyimoc
e�n kai mìnon e�n o BAC eÐnai antistrèyimoc.
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Apìdeixh. Profan¸c, e�n up�rqei o A−1, tìte (BAC)−1 = C−1A−1B−1. Antistrìfwc,
e�n up�rqei o (BAC)−1, elègqoume oti C(BAC)−1B eÐnai antÐstrofo tou A:

A(C(BAC)−1B) = (B−1B)A(C(BAC)−1B) = B−1(BAC)(BAC)−1B) = I .

¤

L mma 1.11 Enac pÐnakac me mia st lh mhdenik¸n den eÐnai antistrèyimoc.

Apìdeixh. Gia opoiod pote B, e�n A èqei sthn j-st lh mhdenik�, tìte apì ton orismì
tou ginomènou, BA èqei epÐshc mhdenik� sthn j-st lh. Ara BA 6= I.

¤

'Askhsh 1.47 DeÐxte oti ènac 2× 2 pÐnakac A =

[
a b
c d

]
eÐnai antistrèyimoc e�n kai

mìnon e�n ad− bc 6= 0, kai o antÐstrofoc eÐnai A−1 = 1
ad−bc

[
d −b
−c a

]
.

'Askhsh 1.48 BreÐte touc antÐstrofouc twn parak�tw pin�kwn, e�n up�rqoun
[

3 8
1 3

]
,

[
3 6
2 4

]
.

'Askhsh 1.49 DeÐxte oti ènac diag¸nioc pÐnakac eÐnai antistrèyimoc e�n kai mìnon e�n
ìla ta stoiqeÐa sth diag¸nio eÐnai diaforetik� apì to mhdèn. Poiìc eÐnai o antÐstrofoc?

'Askhsh 1.50 E�n o antÐstrofoc tou A2 eÐnai B, deÐxte oti o antÐstrofoc tou A eÐnai
AB. (Autì shmaÐnei oti o A eÐnai antistrèyimoc ìtan o A2 eÐnai antistrèyimoc).

'Askhsh 1.51 BreÐte treÐc 2 × 2 pÐnakec, diaforetikoÔc apì touc I kai −I, oi opoÐoi
eÐnai Ðsoi me touc antistrìfouc touc, A2 = I.

H diadikasÐa Gauss - Jordan gia thn eÔresh tou an-
tistrìfou
Gia na upologÐsoume ton antÐstrofo tou pÐnaka A jewroÔme thn exÐswsh AA−1 = I st lh
proc st lh: e�n xj eÐnai h j st lh tou A−1, kai ej h j st lh tou I, èqoume

Axj = ej , j = 1, . . . , n.

Dhlad , gia na upologÐsoume ton antÐstrofo A−1 prèpei na lÔsoume n sust mata n ex-
is¸sewn me n agn¸stouc. Omwc o pÐnakac suntelest¸n A eÐnai o Ðdioc kai gia ta n
sust mata. Ara h apaloif  Gauss mporeÐ na gÐnei mÐa for�, gia ìla ta sust mata. Gia na
katagr�youme aut  th diadikasÐa fti�qnoume ton epauxhmèno pÐnaka me tic st lec tou A
kai tic st lec tou I.

[AI] = [Ae1 e2 e3]

=




2 1 1 1 0 0
4 −6 0 0 1 0

−2 7 2 0 0 1
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→



2 1 1 1 0 0
0 −8 −2 −2 1 0
0 8 3 1 0 1




→



2 1 1 1 0 0
0 −8 −2 −2 1 0
0 0 1 −1 1 1




=
[
U L−1

]

AntÐ na proqwr soume sthn an�dromh antikat�stash me to sun jh trìpo, suneqÐzoume
thn apaloif  twn stoiqeÐwn p�nw apì th diag¸nio, xekin¸ntac apì thn teleutaÐa st lh.
Prosjètoume dÔo forèc thn trÐth gramm  sth deÔterh gramm , kai afairoÔme mÐa for� thn
trÐth gramm  apì thn pr¸th gramm :

[
U L−1

] →



2 1 0 2 −1 −1
0 −8 0 −4 3 2
0 0 1 −1 1 1


 .

Prosjètoume 1/8 forèc th deÔterh gramm  sthn pr¸th gramm :

→



2 0 0 12
8

−5
8
−6

8

0 −8 0 −4 3 2
0 0 1 −1 1 1


 .

T¸ra stic treÐc st lec sta arister� èqoume èna diag¸nio pÐnaka. DiairoÔme me touc
odhgoÔc, gia na p�roume I stic treic st lec sta arister�:

→



1 0 0 12
16

− 5
16

− 6
16

0 1 0 1
2

−3
8

−1
4

0 0 1 −1 1 1


 = [I B] .

Oi st lec tou B eÐnai akrib¸c oi lÔseic twn exis¸sewn Axj = ej, dhlad  AB = I.
Koit¸ntac to diaforetik�, k�je b ma thc diadikasÐac pou akolouj same antistoiqeÐ se
pollaplasiasmì apì ta arister� me èna pÐnaka F1, . . . , Fk. Apì to aristerì mèroc tou
epauxhmènou pÐnaka èqoume Fk . . . F1 A = I, en¸ apì to dexÐ mèroc èqoume Fk . . . F1 I = B.
Sunep¸c A−1 = Fk . . . F1 = B.

H diadikasÐa pou akolouj same onom�zetai apaloif  Gauss–Jordan, kai mporeÐ na
efarmosteÐ se k�je mh idiìmorfo pÐnaka. H dunatìthta efarmog c thc diadikasÐac deÐqnei
oti k�je mh idiìmorfoc pÐnakac eÐnai antistrèyimoc. Ja deÐxoume kai to antÐstrofo, ènac
idiìmorfoc pÐnakac den eÐnai antistrèyimoc.

Arqik� jewroÔme ènan �nw trigwnikì pÐnaka.

L mma 1.12 E�n o �nw trigwnikìc pÐnakac U èqei èna mhdenikì stoiqeÐo sth diag¸nio,
tìte den eÐnai antistrèyimoc.

Apìdeixh. Upojètoume oti o pÐnakac U eÐnai �nw trigwnikìc kai èqei èna mhdenikì
stoiqeÐo sth diag¸nio, èstw to ukk = 0. Afair¸ntac pollapl�sio thc st lhc k − 1 apì
th st lh k tou U mporoÔme na mhdenÐsoume to stoiqeÐo u(k−1) k. Sth sunèqeia, afair¸ntac
kat�llhla pollapl�sia twn sthl¸n k − 2, k − 3, . . . , 1 mporoÔme na mhdenÐsoume ìla
ta stoiqeÐa u(k−2) k, u(k−3) k, . . . , u1 k, katal gontac se èna pÐnaka W ston opoÐo ìla ta
stoiqeÐa thc st lhc k eÐnai mhdèn.
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UpenjumÐzoume oti h afaÐresh enìc pollaplasÐou thc st lhc j enìc pÐnaka apì th st lh
k, isodunameÐ me pollaplasiasmì apì ta dexi� me to stoiqei¸dh pÐnaka Ejk(−λ). E�n M
eÐnai to ginìmeno aut¸n twn stoiqeiwd¸n pin�kwn, èqoume

W = UM .

GnwrÐzoume oti oi stoiqei¸deic pÐnakec eÐnai antistrèyimoi. Sunep¸c apì thn Prìtash 1.9,
o pÐnakac M eÐnai antistrèyimoc. Apì to L mma 1.10, o pÐnakac U eÐnai antistrèyimoc e�n
kai mìnon e�n o W eÐnai antistrèyimoc. All� o W èqei mÐa st lh mhdenik¸n kai apì to
L mma 1.11 den eÐnai antistrèyimoc.

¤
E�n t¸ra A eÐnai ènac idiìmorfoc n×n pÐnakac, tìte h diadikasÐa thc apaloif c Gauss

katal gei me èna �nw trigwnikì pÐnaka U , o opoÐoc èqei toul�qiston èna mhdenikì stoiqeÐo
sth diag¸nio, kai

A = P−1LU .

AfoÔ P kai L eÐnai antistrèyimoi kai U den eÐnai antistrèyimoc, apì to L mma 1.10 kata-
l goume oti o idiìmorfoc pÐnakac A den eÐnai antistrèyimoc.

Eqoume apodeÐxei to akìloujo

Je¸rhma 1.13 Enac pÐnakac eÐnai idiìmorfoc e�n kai mìnon e�n den eÐnai antistrèyimoc.

'Askhsh 1.52 Qrhsimopoi ste th diadikasÐa Gauss–Jordan gia na breÐte touc antÐ-
strofouc twn parak�tw pin�kwn, e�n up�rqoun




1 0 0
1 2 0
2 3 3


 ,




2 0 4
−1 3 1

0 1 2


 ,




1 2 −1
3 −1 0
2 −3 1




'Askhsh 1.53 BreÐte ton antÐstrofo tou

A =




1 0 0 0
1
4

1 0 0
1
3

1
3

1 0
1
2

1
2

1
2

1


 .

'Askhsh 1.54 BreÐte tic sunj kec pou prèpei na ikanopoioÔn ta stoiqeÐa twn pin�kwn
A kai B, ¸ste autoÐ na eÐnai antistrèyimoi.

A =




a b c
d e 0
f 0 0


 B =




a b 0
c d 0
0 0 e


 .

'Askhsh 1.55 Enall�xte tic grammèc kai suneqÐste me thn apaloif  Gauss-Jordan gia
na breÐte ton pÐnaka A−1:

[
A I

]
=

[
0 2 1 0
2 2 0 1

]

'Askhsh 1.56 BreÐte x tètoio ¸ste
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aþ. [
2x 7
1 2

]−1

=

[
2 −7

−1 4

]
.

bþ.

2

[
2x x
5 3

]−1

=

[
3 −2

−5 4

]
.

'Askhsh 1.57 MÐa endiafèrousa kai komy  efarmog  thc diadikasÐac Gauss–Jordan
eÐnai oti o antÐstrofoc enìc mh idiìmorfou �nw trigwnikoÔ pÐnaka eÐnai epÐshc �nw trigw-
nikìc. FantasteÐte oti ekteleÐte th diadikasÐa, gia na deÐte oti o antÐstrofoc eÐnai �nw
trigwnikìc.

'Askhsh 1.58 DeÐxte oti e�n ènac pÐnakac èqei dÔo grammèc Ðsec,   dÔo st lec Ðsec,
tìte den eÐnai antistrèyimoc.

'Askhsh 1.59 D¸ste paradeÐgmata pin�kwn A kai B tètoiwn ¸ste

aþ. A + B den eÐnai antistrèyimoc, all� A kai B eÐnai.

bþ. A + B eÐnai antistrèyimoc, all� A kai B den eÐnai.

gþ. kai oi treÐc pÐnakec A, B, A + B eÐnai antistrèyimoi.

Sthn teleutaÐa perÐptwsh qrhsimopoi ste thn tautìthta A−1(A + B)B−1 = B−1 + A−1,
gia na deÐxete oti C = B−1 +A−1 eÐnai epÐshc antistrèyimoc, kai na upologÐsete ton C−1.

'Askhsh 1.60 Upojèste oti o pÐnakac A eÐnai antistrèyimoc, kai oti enall�ssontac
tic dÔo pr¸tec grammèc tou A lamb�noume ton pÐnaka B. EÐnai o B antistrèyimoc? P¸c
mporoÔme na p�roume ton B−1 apì ton A−1?

'Askhsh 1.61 E�n A kai B eÐnai antistrèyimoi pÐnakec, deÐxte oti I − BA eÐnai anti-
strèyimoc e�n o I − AB eÐnai antistrèyimoc. Xekin ste apì thn tautìthta B(I − AB) =
(I −BA)B.

An�strofoi pÐnakec

Orismìc. E�n A eÐnai ènac m×n pÐnakac, onom�zoume an�strofo (transpose) tou A,
kai sumbolÐzoume AT ton n ×m pÐnaka tou opoÐou oi st lec eÐnai oi grammèc tou A. To
stoiqeÐo sth jèsh ij tou pÐnaka AT eÐnai Ðso me to stoiqeÐo sth jèsh ji tou A:

(AT )ij = (A)ji .

Par�deigma 1.8 [
2 1
8 7

]T

=

[
2 8
1 7

]
,




1 2 1
3 4 6
1 4 8




T

=




1 3 1
2 4 4
1 6 8


 .
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Den eÐnai dÔskolo na apodeÐxoume tic akìloujec idiìthtec tou anastrìfou.

Prìtash 1.14 E�n A, B eÐnai m× n pÐnakec, kai C eÐnai n× p pÐnakac, tìte

1. (A + B)T = AT + BT .

2. (AC)T = CT AT .

3. E�n o A eÐnai antistrèyimoc, tìte (A−1)T = (AT )−1.

Orismìc. Enac tetragwnikìc pÐnakac A onom�zetai summetrikìc e�n AT = A, dhlad 
e�n (A)ij = (A)ji gia k�je i, j. Enac tetragwnikìc pÐnakac A onom�zetai antisumme-
trikìc e�n AT = −A, dhlad  e�n (A)ij = −(A)ji gia k�je i, j.

Prìtash 1.15 E�n A eÐnai summetrikìc pÐnakac, kai A = LDU ′, ìpou L eÐnai k�tw
trigwnikìc me 1 sth diag¸nio, D eÐnai diag¸nioc kai U ′ eÐnai �nw trigwnikìc me 1 sth
diag¸nio, tìte

LT = U ′ .

Apìdeixh. Eqoume LDU ′ = A = AT = (LDU ′)T = (U ′)T DT LT . All� (U ′)T eÐnai k�tw
trigwnikìc, DT eÐnai diag¸nioc kai LT eÐnai �nw trigwnikìc, kai apì th monadikìthta thc
paragontopoÐhshc A = LDU ′, èqoume LT = U ′, kai (U ′)T = L.

¤
'Askhsh 1.62 BreÐte ton an�strofo twn pin�kwn




4 5 6
−1 2 3

0 1 2


 ,




1 −1 3
−1 2 0

3 0 4


 .

'Askhsh 1.63 Sumplhr¸ste ta ∗ stouc akìloujouc pÐnakec, ètsi ¸ste na eÐnai sum-
metrikoÐ:




1 2 4
∗ 6 ∗
4 5 2


 ,




−3 ∗ 8 9
−4 7 ∗ 7
∗ 2 6 4
∗ 7 ∗ 9


 .

'Askhsh 1.64 BreÐte A tètoio ¸ste (4AT )−1 =

[
2 3

−4 −4

]
.

'Askhsh 1.65 DeÐxte oti e�n A kai B eÐnai antistrèyimoi pÐnakec, tìte

(AT )−1 = (A−1)T , (AT BT )−1 = (A−1B−1)T .

'Askhsh 1.66 DÐdontai pÐnakec A sq matoc 4×1, B sq matoc 2×3, C sq matoc 2×4
kai D sq matoc 1× 3. PoioÐ apì touc akìloujouc pÐnakec orÐzontai, kai tÐ sq ma èqoun?

aþ. ADBT bþ. CT B − 5AD
gþ. 4CA− (CA)2 dþ. (ADBT C)2 − I4
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'Askhsh 1.67 ApodeÐxte oti (AB)T = BT AT . Xekin ste apì thn pr¸th gramm  tou
(AB)T , h opoÐa eÐnai Ðsh me thn pr¸th st lh tou AB, kai deÐxte oti aut  eÐnai h pr¸th
gramm  tou BT AT .

'Askhsh 1.68 BreÐte touc antistrìfouc twn pin�kwn metajèsewc

P1 =




0 0 1
0 1 0
1 0 0


 kai P2 =




0 0 1
1 0 0
0 1 0


 .

Exhg ste giatÐ, gia pÐnakec metajèsewc P , isqÔei p�nta P−1 = P T : deÐxte oti ta 1 brÐ-
skontai sth swst  jèsh ¸ste na isqÔei PP T = I

'Askhsh 1.69 EÐnai ta akìlouja alhj    yeud ? D¸ste antiparadeÐgmata e�n eÐnai
yeud  kai apodeÐxeic e�n eÐnai alhj .

aþ. 'Enac 4× 4 pÐnakac me mÐa gramm  mhdèn den eÐnai antistrèyimoc.

bþ. 'Enac pÐnakac me 1 sthn kÔria diag¸nio eÐnai antistrèyimoc.

gþ. E�n A eÐnai antistrèyimoc, tìte A−1 eÐnai antistrèyimoc.

dþ. E�n AT eÐnai antistrèyimoc, tìte A eÐnai antistrèyimoc.

'Askhsh 1.70 DeÐxte oti up�rqoun mh mhdenikoÐ pÐnakec gia touc opoÐouc A2 = 0, all�
oti AT A = 0 mìno ìtan A = 0.

'Askhsh 1.71 Paragontopoi ste touc akìloujouc summetrikoÔc pÐnakec sthn morf 
A = LDLT , ìpou D eÐnai diag¸nioc kai L k�tw trigwnikìc.

A1 =

[
1 3
3 2

]
A2 =

[
1 b
b c

]
A3 =




2 −1 0
−1 2 −1
0 −1 2


 .

'Askhsh 1.72 Upojèste oti o pÐnakac R eÐnai m× n parallhlìgrammoc, kai o A eÐnai
m×m summetrikìc.

aþ. Ti sq ma èqei o pÐnakac RT AR? DeÐxte oti eÐnai summetrikìc.

bþ. DeÐxte oti o RT R den èqei arnhtikèc timèc sth diag¸nio.



Kef�laio 2

PÐnakec kai DianusmatikoÐ
Upìqwroi

Jèloume na exet�soume uposÔnola twn dianusmatik¸n q¸rwn Rn sta opoÐa orÐzontai oi
pr�xeic twn dianusm�twn. JewroÔme pr¸ta mÐa eujeÐa sto R2, ε = {(x, y) | −3x+2y = 6}.
E�n prosjèsoume dÔo dianÔsmata tou sunìlou ε, to �jroisma den an kei sto ε. E�n
pollaplasi�soume èna di�nusma tou ε me ènan arijmì, to ginìmeno den an kei sto ε:

(−2, 0) ∈ ε, (0, 3) ∈ ε all� (−2, 0) + (0, 3) 6∈ ε, 2(−2, 0) 6∈ ε .

Antijètwc, gia thn eujeÐa δ = {(x, y) | − 3x + 2y = 0}, e�n (x1, y1) ∈ δ, (x2, y2) ∈ δ
kai λ ∈ R, tìte

(x1, y1) + (x2, y2) = (x1 + x2, y1 + y2) ∈ δ kai λ(x1, y1) = (λx1, λy1) ∈ δ .

An�loga sto R3, to epÐpedo Π = {(u, v, w) | 2u + v + w = 0} èqei thn idiìthta oti e�n
a, b ∈ Π tìte a + b ∈ Π kai λb ∈ Π, en¸ to epÐpedo Λ = {(u, v, w) | 2u + v + w = 5} den
èqei aut n thn idiìthta.

Orismìc. Ena uposÔnolo V tou dianusmatikoÔ q¸rou Rn onom�zetai dianusmatikìc
upìqwroc (  grammikìc upìqwroc) tou Rn e�n

1. V den eÐnai kenì, V 6= ∅.

2. V eÐnai kleistì wc proc thn prìsjesh: e�n a, b ∈ V tìte a + b ∈ V .

3. V eÐnai kleistì wc proc ton pollaplasiasmì me arijmì: e�n a ∈ V kai λ ∈ R, tìte
λa ∈ V .

Ta 2 kai 3 mazÐ, shmaÐnoun oti oi grammikoÐ sunduasmoÐ twn stoiqeÐwn tou V paramènoun
mèsa sto V .

Par�deigma 2.1 ParathroÔme oti e�n V eÐnai upìqwroc tou Rn, tìte to mhdenikì
di�nusma 0 = (0, . . . , 0) ∈ Rn an kei sto V . Pr�gmati, afoÔ V den eÐnai kenì, up�rqei
k�poio a ∈ V kai 0 = a + (−1)a ∈ V .

To sÔnolo {(0, . . . , 0) ∈ Rn} eÐnai dianusmatikìc upìqwroc tou Rn.
Sto R3, dianusmatikoÐ upìqwroi eÐnai: ìloc o q¸roc R3, k�je epÐpedo pou perièqei to

0 ∈ R3, k�je eujeÐa pou perièqei to 0 ∈ R3, to monosÔnolo {0 ∈ R3}.
31
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Ja melet soume orismènouc dianusmatikoÔc upìqwrouc tou Rm kai tou Rn pou sundè-
ontai me èna sÔsthma m exis¸sewn me n agn¸stouc,   me èna m× n pÐnaka.

Par�deigma 2.2 JewroÔme to sÔsthma Ax = b,



1 0
5 4
2 4




[
u
v

]
=




b1

b2

b3


 .

Pìte èqei to sÔsthma lÔsh? E�n up�rqei lÔsh, èstw (u0, v0), tìte to di�nusma (b1, b2, b3)
gr�fetai wc grammikìc sunduasmìc twn sthl¸n tou A:




b1

b2

b3


 = u0




1
5
2


 + v0




0
4
4


 .

AntÐstrofa, e�n to di�nusma mporeÐ na grafteÐ wc grammikìc sunduasmìc twn sthl¸n tou
A, tìte oi suntelestèc tou grammikoÔ sunduasmoÔ apoteloÔn mia lÔsh tou sust matoc.
Sunep¸c to sÔsthma èqei lÔsh e�n kai mìnon e�n to di�nusma b mporeÐ na grafteÐ wc
grammikìc sunduasmìc twn sthl¸n tou A. To sÔnolo twn grammik¸n sunduasm¸n twn
sthl¸n tou A eÐnai to sÔnolo V = {λ1(1, 5, 2) + λ2(0, 4, 4) |λ1, λ2 ∈ R}. To sÔnolo
V den eÐnai kenì, efìson (1, 5, 2) ∈ V , kai eÐnai kleistì wc proc thn prìsjesh kai ton
pollaplasiasmì me arijmì:

λ1




1
5
2


 + λ2




0
4
4





 +


µ1




1
5
2


 + µ2




0
4
4





 = (λ1 + µ1)




1
5
2


 + (λ2 + µ2)




0
4
4




kai

µ


λ1




1
5
2


 + λ2




0
4
4





 = µλ1




1
5
2


 + µλ2




0
4
4


 .

Orismìc. To sÔnolo ìlwn twn grammik¸n sunduasm¸n twn sthl¸n tou m×n pÐnaka A
eÐnai dianusmatikìc upìqwroc tou Rm, o opoÐoc onom�zetai q¸roc sthl¸n tou A, kai
sumbolÐzetai R(A).

Prèpei na deÐxoume oti pr�gmati R(A) eÐnai grammikìc upìqwroc. H apìdeixh eÐnai apl 
genÐkeush tou prohgoÔmenou paradeÐgmatoc kai thn af noume wc �skhsh.

ParathroÔme oti b ∈ R(A) e�n kai mìnon e�n to sÔsthma Ax = b èqei lÔsh. Pr�gmati
oi sunist¸sec tou dianÔsmatoc x eÐnai akrib¸c oi suntelestèc tou grammikoÔ sunduasmoÔ
twn sthl¸n tou A pou dÐdei to b.

O mikrìteroc dunatìc q¸roc sthl¸n eÐnai o mhdenikìc upìqwroc, pou apoteleÐtai mìno
apì to mhdenikì di�nusma sto Rm: autìc eÐnai o q¸roc sthl¸n tou mhdenikoÔ pÐnaka A = 0.
Sto �llo �kro, o q¸roc sthl¸n tou tautotikoÔ m × m pÐnaka eÐnai ìloc o q¸roc Rm:
k�je di�nusma tou Rm gr�fetai wc grammikìc sunduasmìc twn sthl¸n e1, e2, . . . , em tou
I:

(b1, b2, . . . , bm) = b1e1 + b2e2 + · · ·+ bmem .

To Ðdio isqÔei gia k�je mh idiìmorfo m×m pÐnaka A. O q¸roc sthl¸n tou A perièqei
ìla ta dianÔsmata tou Rm: h exÐswsh Ax = b èqei lÔsh gia k�je di�nusma b ∈ Rm.

Par�deigma 2.3 Exet�zoume thn exÐswsh Ax = 0. Profan¸c x = 0 eÐnai mia lÔsh. E�n
x1 kai x2 eÐnai dÔo lÔseic thc exÐswshc, tìte

A(x1 + x2) = Ax1 + Ax2 = 0 kai A(λx1) = λAx1 = 0 .
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Ara to sÔnolo twn lÔsewn thc exÐswshc Ax = 0 eÐnai ènac dianusmatikìc upìqwroc tou
Rn.

Orismìc. E�n A eÐnai m × n pÐnakac, to sÔnolo twn lÔsewn thc exÐswshc Ax = 0
eÐnai ènac dianusmatikìc upìqwroc tou Rn, o opoÐoc onom�zetai mhdenìqwroc tou A,
kai sumbolÐzetai N (A).

Sthn exÐswsh 


1 0
5 4
2 4




[
u
v

]
=




0
0
0


 .

h mình lÔsh eÐnai (u, v) = (0, 0). Ara N (A) = {0 ∈ R2}.

Ston pÐnaka B =




1 0 1
5 4 9
2 4 6


, h trÐth st lh eÐnai to �jroisma twn �llwn dÔo. Ara gia

k�je λ ∈ R, o grammikìc sunduasmìc

λ




1
5
2


 + λ




0
4
4


− λ




1
9
6


 = 0 .

Dhlad  k�je pollapl�sio tou (1, 1, −1) eÐnai lÔsh tou Bx = 0, kai

N (B) = {λ(1, 1, −1) |λ ∈ R}

.

'Askhsh 2.1 Elègxte e�n ta uposÔnola tou R2 pou ikanopoioÔn tic parak�tw exis¸seic
apoteloÔn dianusmatikoÔc upìqwrouc   ìqi.

aþ. 3x + y = 0 bþ. 3(x + 2) = 5y
gþ. 3(x + 2)− 5y = 6 dþ. x2 + y2 = 0

'Askhsh 2.2 E�n prosjèsoume mÐa epiplèon st lh b ston pÐnaka A, tìte o q¸roc
sthl¸n gÐnetai megalÔteroc, ektìc e�n . . . . . . . . . . D¸ste èna par�deigma sto opoÐo o
q¸roc sthl¸n megal¸nei kai èna sto opoÐo paramènei o Ðdioc. GiatÐ h exÐswsh Ax = b èqei
lÔsh akrib¸c ìtan o q¸roc sthl¸n den megal¸nei ìtan sumperil�boume to di�nusma b?

'Askhsh 2.3 Oi st lec tou AB eÐnai grammikoÐ sunduasmoÐ twn sthl¸n tou A. Autì
shmaÐnei oti o q¸roc sthl¸n tou AB perièqetai ston (  eÐnai Ðsoc me ton) q¸ro sthl¸n
tou A. D¸ste èna par�deigma ìpou oi q¸roi sthl¸n tou A kai tou AB den eÐnai Ðsoi.

'Askhsh 2.4 EÐnai ta akìlouja alhj    yeud ? D¸ste antipar�deigma e�n eÐnai yeud 
kai aitiolìghsh e�n eÐnai alhj .

aþ. Ta dianÔsmata b pou den perièqontai sto q¸ro sthl¸n R(A) apoteloÔn grammikì
upìqwro.

bþ. E�n R(A) perièqei mìno to mhdenikì di�nusma, tìte A eÐnai o mhdenikìc pÐnakac.

gþ. O q¸roc sthl¸n tou pÐnaka 2A eÐnai Ðsoc me to q¸ro sthl¸n tou A.



34 Eisagwg  sth Grammik  'Algebra

dþ. O q¸roc sthl¸n tou A− I eÐnai Ðsoc me to q¸ro sthl¸n tou A.

'Askhsh 2.5 Gia poi� dianÔsmata (b1, b2, b3) èqoun ta akìlouja sust mata lÔsh?



1 1 1
0 1 1
0 0 1







x1

x2

x3


 =




b1

b2

b3


 ,




1 1 1
0 1 1
0 0 0







x1

x2

x3


 =




b1

b2

b3


 .

'Askhsh 2.6 Kataskeu�ste ènan 3 × 3 pÐnaka tou opoÐou o q¸roc sthl¸n perièqei ta
dianÔsmata (1, 1, 0) kai (1, 0, 1), all� den perièqei to (1, 1, 1). Kataskeu�ste ènan 3× 3
pÐnaka tou opoÐou o q¸roc sthl¸n eÐnai mÐa eujeÐa.

'Askhsh 2.7 E�n A eÐnai pÐnakac 9 × 12 kai to sÔsthma Ax = b èqei lÔsh gia k�je b,
tìte R(A) = . . . .

'Askhsh 2.8 BreÐte to q¸ro sthl¸n kai to mhdenìqwro tou pÐnaka
[

2 0
−1 0

]
.

'Askhsh 2.9 DeÐxte oti e�n A eÐnai antistrèyimoc n×n pÐnakac, tìteN (A) = {0 ∈ Rn}.

Apaloif  se sÔsthma m exis¸sewn me n agn¸-
stouc
H perÐptwsh susthm�twn m exis¸sewn me n agn¸stouc gia m 6= n, lÔnetai p�li me
apaloif , emfanÐzontai ìmwc perissìterec dunatìthtec. Sthn arq  exet�zoume, me èna
sugkekrimèno par�deigma, th diadikasÐa thc apaloif c se èna 3× 4 pÐnaka:

A =




1 3 3 2
2 6 9 5

−1 −3 3 0


 . (2.1)

Sthn pr¸th gramm  èqoume mh mhdenikì stoiqeÐo sthn pr¸th st lh, to opoÐo qrhsimopoioÔ-
me wc odhgì. AfairoÔme dÔo forèc thn pr¸th gramm  apì th deÔterh, kai prosjètoume
thn pr¸th gramm  sthn trÐth:




1 3 3 2
2 6 9 5

−1 −3 3 0


 →




1 3 3 2
0 0 3 1
0 0 6 2




Sth deÔterh st lh den up�rqei mh mhdenikì stoiqeÐo k�tw apì thn pr¸th gramm , �ra den
mporoÔme na broÔme odhgì me enallag  gramm¸n. SuneqÐzoume sthn trÐth st lh, ìpou
up�rqei mh mhdenikì stoiqeÐo sth deÔterh gramm , o deÔteroc odhgìc. AfairoÔme dÔo
forèc th deÔterh gramm  apì thn trÐth:




1 3 3 2
0 0 3 1
0 0 6 2


 →




1 3 3 2
0 0 3 1
0 0 0 0


 .
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Sthn tètarth st lh den up�rqei odhgìc. Sth genik  perÐptwsh mporeÐ na qrei�zetai na
k�noume enallag  gramm¸n gia na fèroume èna mh mhdenikì stoiqeÐo sth jèsh tou odhgoÔ.
Katal goume se èna pÐnaka sthn akìloujh morf , h opoÐa onom�zetai klimakwt .

• Oi grammèc me m  mhdenik� stoiqeÐa (e�n up�rqoun) emfanÐzontai p�nw apì tic grammèc
pou èqoun mìno mhdenik� stoiqeÐa (e�n up�rqoun).

• To pr¸to m  mhdenikì stoiqeÐo k�je gramm c (e�n up�rqei) onom�zetai odhgìc. O
odhgìc k�je mh mhdenik c gramm c brÐsketai sta dexi� tou odhgoÔ thc prohgoÔmenhc
gramm c.

SumperaÐnoume oti sta arister� kai k�tw apì k�je odhgì up�rqoun mìno mhdenik�. E�n
katagr�youme ta antÐstrofa twn bhm�twn thc apaloif c, paÐrnoume èna k�tw trigwni-
kì m × m pÐnaka. Sto par�deigma èqoume, gia ton antÐstrofo tou pr¸tou b matoc thc
apaloif c

E−1 =




1 0 0
2 1 0

−1 0 1




en¸ gia to antÐstrofo tou deÔterou b matoc

F−1 =




1 0 0
0 1 0
0 2 1


 .

Ara A = E−1F−1U = LU , ìpou

L =




1 0 0
2 1 0

−1 2 1


 .

Aut  h perigraf  perilamb�nei kai thn perÐptwsh tetragwnikoÔ pÐnaka, kaj¸c h �nw tri-
gwnik  morf  pou paÐrnoume apì thn apaloif  enìc tetragwnikoÔ pÐnaka eÐnai eidik  perÐ-
ptwsh thc klimakwt c morf c. Sunep¸c to epìmeno Je¸rhma, tou opoÐou ja d¸soume piì
prosektik  apìdeixh, perilamb�nei kai ta prohgoÔmena apotelèsmata.

Je¸rhma 2.1 Se k�je m× n pÐnaka A antistoiqeÐ

1. ènac m×m pÐnakac metajèsewn P ,

2. ènac m×m k�tw trigwnikìc pÐnakac L, me 1 sth diag¸nio, kai

3. ènac m× n pÐnakac se klimakwt  morf  U

tètoioi ¸ste
PA = LU .

Prin d¸soume thn apìdeixh tou Jewr matoc prèpei na orÐsoume me kat�llhlo trìpo èna
genikì pÐnaka se klimakwt  morf . DÐnoume pr¸ta ènan orismì ìpou epikentr¸noume thn
prosoq  mac stic grammèc tou pÐnaka. Ston akìloujo orismì dÐnoume se parènjesh th
diaisjhtik  ermhneÐa twn arijm¸n r kai ji.

Orismìc. Enac m× n pÐnakac U = [aij] eÐnai se klimakwt  morf  e�n up�rqei ènac
akèraioc r (o arijmìc twn mh mhdenik¸n gramm¸n tou pÐnaka), me 0 ≤ r ≤ m, kai gia k�je
i = 1, . . . , r up�rqoun akèraioi ji ≤ n (h jèsh tou pr¸tou mh mhdenikoÔ stoiqeÐou thc
gramm c i) tètoioi ¸ste
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1. aiji
6= 0, kai onom�zetai odhgìc sth gramm  i kai sth st lh ji.

2. j1 ≥ 1, kai gia k�je i = 1, . . . , r − 1, ji+1 > ji. (K�je odhgìc brÐsketai sta dexi�
tou prohgoÔmenou).

3. Gia k�je i = 1, . . . , r, aik = 0 gia k < ji. (O odhgìc eÐnai to pr¸to mh mhdenikì
stoiqeÐo thc gramm c).

4. Gia i > r, aik = 0 gia k�je k. (Up�rqoun mìnon r mh mhdenikèc grammèc).




0 · · · a1j1 ∗ · · · · · · · · · · · · · · · ∗
0 · · · · · · · · · a2j2 ∗ · · · · · · · · · ∗
... ... ... ... ...
0 · · · · · · · · · · · · · · · · · · arjr · · · ∗
0 · · · · · · · · · · · · · · · · · · · · · · · · 0
... ... ... ... ...
0 · · · · · · · · · · · · · · · · · · · · · · · · 0




H diadikasÐa thc apaloif c proqwr� st lh�st lh, �ra qreiazìmaste mia perigraf  thc
klimakwt c morf c kat� st lec. Exet�ste prosektik� tic dÔo perigrafèc kai bebaiwjeÐte
oti se k�je perÐptwsh perigr�foun thn Ðdia morf .

E�n U = [aij] eÐnai m × n pÐnakac se klimakwt  morf , tìte up�rqei r ≤ m kai gia
k�je j = 1, . . . , n up�rqoun akèraioi ij (h jèsh tou teleutaÐou mh mhdenikoÔ stoiqeÐou thc
st lhc j) me ij ≤ r, tètoioi ¸ste

1. 0 ≤ i1 ≤ 1 kai gia k�je j = 1, . . . , n− 1, ij ≤ ij+1 ≤ ij + 1.

2. aij = 0 gia i > ij, kai e�n ij > ij−1 tìte aijj 6= 0.

O arijmìc ij metr�ei pìsoi odhgoÐ up�rqoun stic st lec apì 1 èwc j.

Apìdeixh. Pr¸ta perigr�foume anadromik� th diadikasÐa thc apaloif c, qrhsimopoi¸n-
tac touc arijmoÔc ij. Jètoume i0 = 0, U0 = A kai upojètoume oti gia k me n > k ≥ 0
èqoume pÐnaka Uk (ton pÐnaka pou prokÔptei apì ton A met� thn apaloif  stic k pr¸tec
st lec) kai akeraÐouc i0, . . . , ik oi opoÐoi ikanopoioÔn tic parap�nw sunj kec. JewroÔme
th st lh k + 1 tou pÐnaka Uk kai kataskeu�zoume ton pÐnaka Uk+1 kai ton akèraio ik+1 me
ton akìloujo trìpo.

• E�n ai(k+1) = 0 gia k�je i me m ≥ i > ik, tìte den qrei�zetai na all�xoume th st lh
k + 1 gia na p�roume ton pÐnaka Uk+1. Jètoume ik+1 = ik kai Uk+1 = Uk.

• Diaforetik�, brÐskoume to mikrìtero i gia to opoÐo i > ik kai ai(k+1) 6= 0. Gia autì
to i, enall�ssoume tic grammèc ik + 1 kai i tou pÐnaka Uk, dhlad  pollaplasi�zoume
ton Uk apì ta arister� me ton pÐnaka P(ik+1)i. Me aut  thn enallag  fèrnoume èna
mh mhdenikì stoiqeÐo sth jèsh tou odhgoÔ sth st lh k + 1. ArijmoÔme xan� tic
grammèc tou nèou pÐnaka, kai sumbolÐzoume ta stoiqeÐa tou me aij. Gia k�je ` me
m ≥ ` > ik + 1, pollaplasi�zoume apì ta arister� me to stoiqei¸dh pÐnaka pou
afaireÐ a`(k+1)

a(ik+1)(k+1)
forèc th gramm  ik + 1 apì th gramm  `. Me autìn ton trìpo

mhdenÐzoume ìla ta stoiqeÐa thc st lhc k + 1 pou brÐskontai k�tw apì ton odhgì
a(ik+1)(k+1). Tèloc jètoume ik+1 = ik + 1 kai Uk+1 Ðso me to telikì ginìmeno.
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Otan exantl soume ìlec tic st lec, katal goume me ton pÐnaka U = Un, o opoÐoc eÐnai se
klimakwt  morf .

E�n sumbolÐsoume P1, . . . , Pr touc pÐnakec enallag c pou qrhsimopoioÔme sta r mh
tetrimmèna b mata thc diadikasÐac apaloif c, kai L1, . . . , Lr touc antÐstoiqouc k�tw tri-
gwnikoÔc pÐnakec, èqoume

U = LrPrLr−1Pr−1 · · · L1P1A .

Gia na katal xoume sth paragontopoÐhsh LU = PA, ìpou L eÐnai k�tw trigwnikìc me 1 sth
diag¸nio kai P eÐnai pÐnakac metajèsewc, prèpei na per�soume ìlouc touc k�tw trigwnikoÔc
pÐnakec Li sta arister� twn pin�kwn enallag c Pi. GnwrÐzoume oti, en gènei,

LrPrLr−1Pr−1 · · · L1P1 6= LrLr−1 · · · L1PrPr−1 . . . P1 .

'Omwc ja deÐxoume oti up�rqei k�tw trigwnikìc pÐnakac K, me 1 sth diag¸nio, tètoioc ¸ste

LrPrLr−1Pr−1 · · · L1P1 = K Pr · · · P1 .

Jètoume Kr = Lr, kai gia k�je i = 1, . . . , r − 1 orÐzoume ton pÐnaka Ki apì th sqèsh

(PrPr−1 · · · Pi+1)Li = Ki(PrPr−1 · · · Pi+1) . (2.2)

Ston akìloujo upologismì, èqoume upogrammÐsei touc ìrouc pou èqoume antikatast sei
se k�je b ma, qrhsimopoi¸ntac thn 2.2.

LrPrLr−1Pr−1 · · · L1P1 = KrPrLr−1Pr−1 · · · L1P1

= KrKr−1PrPr−1 · · · L1P1

= . . .

= KrKr−1 · · ·K3K2PrPr−1 · · ·P3P2L1P1

= KrKr−1 · · ·K2K1PrPr−1 · · ·P2P1 .

Apomènei na deÐxoume oti K = Kr · · · K1 eÐnai epÐshc k�tw trigwnikìc me 1 sth diag¸nio.
ParathroÔme oti o Li afaireÐ pollapl�sia thc i gramm c apì tic pio k�tw grammèc, dhlad 
eÐnai thc morf c

Li =




Ii
... 0

· · · ... · · ·
B

... Im−i




en¸ Pr · · · Pi+1 eÐnai mia met�jesh R twn gramm¸n i + 1, . . . , m, �ra

Pr · · · Pi+1 =




Ii
... 0

· · · ... · · ·
0

... R




kai

(Pr · · · Pi+1)
−1 = Pi+1 · · · Pr =




Ii
... 0

· · · ... · · ·
0

... R−1


 .
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UpologÐzoume to ginìmeno Ki = (Pr · · · Pi+1)Li(Pr · · · Pi+1)
−1 pollaplasi�zontac touc

pÐnakec se mplok, kai èqoume

Ki =




Ii
... 0

· · · ... · · ·
0

... R







Ii
... 0

· · · ... · · ·
B

... Im−i







Ii
... 0

· · · ... · · ·
0

... R−1




=




Ii
... 0

· · · ... · · ·
RB

... Im−i


 ,

o opoÐoc eÐnai k�tw trigwnikìc pÐnakac, me 1 sth diag¸nio. SumperaÐnoume oti o pÐnakac
K = Kr · · · K1 eÐnai epÐshc k�tw trigwnikìc me 1 sth diag¸nio.

¤
'Askhsh 2.10 DeÐxte oti e�n A kai B eÐnai antistrèyimoi pÐnakec, tìte o pÐnakac

C =




A
... 0

· · · · · ·
0

... B−1




eÐnai antistrèyimoc.

'Askhsh 2.11 DÐdontai oi pÐnakec

P1 =




1 0 0
0 0 1
0 1 0


 , P2 =




0 0 1
0 1 0
1 0 0


 , L =




1 0 0
0 1 0
0 2 1




UpologÐste ta ginìmena P1LP−1
1 kai P2LP−1

2 . EÐnai aut� ta ginìmena k�tw trigwnikoÐ
pÐnakec? Exhg ste ta apotelèsmat� sac.

'Askhsh 2.12 BreÐte ton klimakwtì pÐnaka U , kai touc pÐnakec P kai L ètsi ¸ste
PA = LU , gia touc akìloujouc pÐnakec:

aþ.
A =

[
0 1 0 3
0 2 0 6

]

bþ.

A =

[
1 2 2
2 4 5

]

gþ.

A =

[
1 2 2
2 4 4

]

dþ.

A =




1 2 0 1
0 1 1 0
1 2 0 1
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eþ.

A =




0 0
1 2
0 0
3 6




Oi lÔseic thc omogenoÔc exÐswshc
Gia na broÔme tic lÔseic tou sust matoc m exis¸sewn me n agn¸stouc, exet�zoume pr¸ta
thn omogen  perÐptwsh: ìtan sth dexi� pleur� èqoume to mhdenikì di�nusma.

Ax = 0 .

Apì to Je¸rhma èqoume A = (P−1L)U , kai efìson P−1L eÐnai antistrèyimoc, Ax = 0 e�n
kai mìnon e�n Ux = (P−1L)−10, dhlad  e�n kai mìnon e�n

Ux = 0 .

Autì to sÔsthma èqei p�nta mÐa toul�qiston lÔsh, thn x = 0. Mac endiafèrei na doÔme
e�n èqei kai �llec lÔseic.

Sto par�deigma 2.1, eÐqame thn exÐswsh




1 3 3 2
0 0 3 1
0 0 0 0







u
v
w
y


 =




0
0
0


 .

'Eqoume shmei¸sei me paqei� gr�mmata touc odhgoÔc kai tic metablhtèc u kai w pou anti-
stoiqoÔn se st lec me odhgoÔc. LÔnoume me an�dromh antikat�stash:

• apì th deÔterh gramm  3w + y = 0, kai sunep¸c w = −1
3
y.

• antikajist¸ntac to w sthn pr¸th gramm  èqoume u + 3v − y + 2y = 0, kai sunep¸c
u = −3v − y.

Dhlad  mporoÔme na d¸soume opoiad pote tim  stic metablhtèc v kai y, oi opoÐec anti-
stoiqoÔn se st lec pou den èqoun odhgoÔc, kai na upologÐsoume tic antÐstoiqec timèc twn
metablht¸n u kai w. H genik  lÔsh eÐnai

(−3v − y, v, −1
3
y, y) .

EÐnai qr simo, �n kai k�pwc aujaÐreto, na diakrÐnoume tic metablhtèc se autèc pou anti-
stoiqoÔn se st lec me odhgoÔc, tic opoÐec onom�zoume basikèc metablhtèc, kai stic
upìloipec, pou antistoiqoÔn se st lec qwrÐc odhgoÔc, tic opoÐec onom�zoume eleÔjerec
metablhtèc. Sto par�deigm� mac oi eleÔjerec metablhtèc eÐnai oi v kai y, kai h lÔsh
mporeÐ na grafeÐ

x =




u
v
w
y


 = v




−3
1
0
0


 + y




−1
0

−1
3

1


 .
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ParathroÔme oti k�je di�nusma pou gr�fetai wc grammikìc sunduasmìc twn (−3, 1, 0, 0)
kai (−1, 0, −1

3
, 1) an kei sto mhdenìqwro tou pÐnaka A.

Ja deÐxoume oti genikìtera, gia ènan m × n pÐnaka, up�rqei èna sÔnolo dianusm�twn
me pl joc Ðso me to pl joc twn eleÔjerwn metablht¸n, tètoio ¸ste k�je di�nusma tou
mhdenìqwrou gr�fetai wc grammikìc sunduasmìc aut¸n twn dianusm�twn. Gia na broÔme
èna tètoio sÔnolo dianusm�twn, mporoÔme na efarmìsoume thn akìloujh diadikasÐa.

JewroÔme to sÔsthma exis¸sewn pou prokÔptei apì tic mh mhdenikèc grammèc tou kli-
makwtoÔ pÐnaka U . DÐnoume thn tim  1 se mÐa apì tic eleÔjerec metablhtèc, thn tim  0
stic upìloipec eleÔjerec metablhtèc, kai lÔnoume to sÔsthma gia na prosdiorÐsoume tic
antÐstoiqec timèc twn basik¸n metablht¸n. Me autìn ton trìpo gia k�je eleÔjerh meta-
blht  èqoume èna di�nusma pou ikanopoieÐ thn exÐswsh Ux = 0, sunep¸c kai thn exÐswsh
Ax = 0.

Ja deÐxoume oti k�je di�nusma tou mhdenìqwrou ekfr�zetai wc grammikìc sunduasmìc
aut¸n twn dianusm�twn. SumbolÐzoume tic metablhtèc tou sust matoc x1, . . . , xn kai upo-
jètoume oti up�rqoun k eleÔjerec metablhtèc, oi xi1 , . . . , xik .

SumbolÐzoume ai1 , . . . , aik ta dianÔsmata pou prokÔptoun me ton pio p�nw trìpo. Sto pa-
r�deigm� mac eleÔjerec metablhtèc eÐnai oi x2 = v kai x4 = y, kai ta antÐstoiqa dianÔsmata
eÐnai ta

a2 = (−3, 1, 0, 0) , a4 = (−1, 0, −1
3
, 1) .

JewroÔme t¸ra èna opoiod pote di�nusma tou mhdenìqwrou, c = (c1, . . . , cn) ∈ N (A).
'Eqoume Uc = Ac = 0. Ja deÐxoume oti to c gr�fetai wc grammikìc sunduasmìc twn
ai1 , . . . , aik , me suntelestèc tic sunist¸sec ci1 , . . . , cik tou c,

c = ci1ai1 + ci2ai2 + · · ·+ cikaik .

To di�nusma a = c − (ci1ai1 + · · · + cikaik) eÐnai èna di�nusma pou ikanopoieÐ thn exÐswsh
Ux = 0, afoÔ Uc = 0 kai Uaij = 0. EpÐ plèon, se k�je eleÔjerh metablht  h sunist¸sa
tou a eÐnai 0. Tìte ìmwc oi mh mhdenikèc grammèc tou U prosdiorÐzoun me monadikì trìpo
tic timèc tou a stic basikèc metablhtèc: autèc eÐnai epÐshc 0. 'Ara

c− (ci1ai1 + · · ·+ cikaik) = 0 .

'Askhsh 2.13 BreÐte thn paragontopoÐhsh LU se k�tw trigwnikì pÐnaka kai pÐnaka se
klimakwt  morf , gia ton

A =




1 2 0 1
0 1 1 0
1 2 0 1


 .

ProsdiorÐste tic basikèc kai tic eleÔjerec metablhtèc tou sust matoc Ax = 0. BreÐte th
genik  lÔsh tou omogenoÔc sust matoc.

'Askhsh 2.14 Gia touc pÐnakec A thc 'Askhshc 2.12, breÐte tic lÔseic thc omogenoÔc
exÐswshc Ax = 0.

Oi lÔseic thc mh omogenoÔc exÐswshc
T¸ra exet�zoume th mh omogen  perÐptwsh:

Ax = b , b 6= 0 .
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To sÔsthma èqei lÔseic e�n kai mìnon e�n to b an kei sto q¸ro sthl¸n tou A. E�n
b 6∈ R(A), tìte to sÔsthma den èqei lÔsh, kai lème oti oi exis¸seic eÐnai asÔmbatec.
E�n b ∈ R(A), tìte h apaloif  kai h an�dromh antikat�stash dÐdei tic lÔseic.

Ac exet�soume to par�deigma 2.1. Efarmìzontac thn apaloif  kai sth dexi� pleur� thc

Ax = b




1 3 3 2
2 6 9 5

−1 −3 3 0







u
v
w
y


 =




b1

b2

b3




paÐrnoume thn exÐswsh

Ux = c




1 3 3 2
0 0 3 1
0 0 0 0







u
v
w
y


 =




b1

b2 − 2b1

b3 − 2b2 + 5b1


 .

Blèpoume oti e�n b3 − 2b2 + 5b1 6= 0 den eÐnai dunatì na ikanopoihjeÐ h trÐth exÐswsh kai
to sÔsthma eÐnai asÔmbato. Sto par�deigma, o q¸roc sthl¸n eÐnai akrib¸c to epÐpedo twn
dianusm�twn (b1, b2, b3) pou ikanopoioÔn 5b1 − 2b2 + b3 = 0.

JewroÔme to di�nusma b = (1, 5, 5). Autì an kei sto q¸ro sthl¸n kai to sÔsthma den
eÐnai asÔmbato. H apaloif  to metatrèpei se




1 3 3 2
0 0 3 1
0 0 0 0







u
v
w
y


 =




1
3
0


 .

T¸ra mporoÔme eÔkola na broÔme tic lÔseic. H trÐth exÐswsh gÐnetai 0x = 0. Stic
eleÔjerec metablhtèc v kai y mporoÔme na d¸soume opoiad pote tim . Oi timèc twn basik¸n
metablht¸n prosdiorÐzontai me an�dromh antikat�stash stic �llec dÔo exis¸seic

3w + y = 3   w = 1 − y
3

u + 3v + 3w + 2y = 1   u = −2 − y − 3v .

Enallaktik�, mporoÔme na broÔme th genik  lÔsh wc �jroisma mÐac eidik c lÔshc,
kai thc genik c lÔshc tou omogenoÔc sust matoc Ax = 0. Pr�gmati, e�n x1 kai x2 eÐnai
dÔo diaforetikèc lÔseic thc Ax = b, tìte A(x1 − x2) = 0.

Gia na broÔme mia eidik  lÔsh, mporoÔme na d¸soume se ìlec tic eleÔjerec metablhtèc
thn tim  0. Sto par�deigma, mÐa eidik  lÔsh eÐnai h x = (−2, 0, 1, 0), kai h genik  lÔsh
eÐnai

x =




u
v
w
y


 =




−2
0
1
0


 + v




−3
1
0
0


 + y




−1
0

−1
3

1


 .

Je¸rhma 2.2 H exÐswsh Ax = b èqei lÔseic e�n kai mìnon e�n b an kei sto q¸ro sthl¸n
tou A. E�n x1 eÐnai mÐa lÔsh, tìte h genik  lÔsh xgenik  eÐnai thc morf c

xgenik  = x1 + x0 ,

ìpou x0 eÐnai opoiad pote lÔsh thc omogenoÔc exÐswshc Ax = 0.
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ParathroÔme oti to sÔnolo twn lÔsewn sthn perÐptwsh b 6= 0 den eÐnai dianusmatikìc
upìqwroc: eÐnai o mhdenìqwroc tou A �metatopismènoc� kat� thn eidik  lÔsh.

Onom�zoume t�xh tou pÐnaka A ton arijmì r twn odhg¸n pou emfanÐzontai sthn
apaloif . E�n up�rqoun r odhgoÐ, tìte up�rqoun r basikèc metablhtèc kai n−r eleÔjerec
metablhtèc. EÐnai profanèc oti o arijmìc twn odhg¸n eÐnai Ðsoc me ton arijmì twn mh
mhdenik¸n gramm¸n ston klimakwtì pÐnaka U .

E�n r = n, tìte den up�rqoun eleÔjerec metablhtèc, sunep¸c o mhdenìqwroc tou A
eÐnai {0 ∈ Rn}, kai e�n up�rqei k�poia lÔsh, aut  eÐnai monadik .

E�n r = m, tìte den eÐnai dÔskolo na doÔme oti ìla ta dianÔsmata tou Rm an koun sto
q¸ro sthl¸n tou A, kai sunep¸c h exÐswsh Ax = b èqei lÔsh gia k�je b.

E�n r = m = n, tìte èqoume tetragwnikì mh idiìmorfo pÐnaka: h exÐswsh èqei p�nta
mÐa kai monadik  lÔsh.

'Askhsh 2.15 Gia touc pÐnakec A thc 'Askhshc 2.12, breÐte thn t�xh tou pÐnaka, kai
tic sunj kec pou prèpei na ikanopoioÔn oi sunist¸sec bi tou dianÔsmatoc b, ¸ste na èqei
lÔsh h exÐswsh Ax = b. Se k�je perÐptwsh, epilèxte èna di�nusma b pou ikanopoieÐ autèc
tic sunj kec, kai breÐte ìlec tic lÔseic tou sust matoc.

'Askhsh 2.16 E�n A eÐnai 2× 3 kai C eÐnai 3× 2 pÐnakec, deÐxte oti CA den mporeÐ na
eÐnai o tautotikìc pÐnakac (exet�ste thn t�xh tou CA). BreÐte èna par�deigma sto opoÐo
AC = I.

'Askhsh 2.17 Jewr ste ton klimakwtì pÐnaka

U =




1 3 3 2
0 0 3 1
0 0 0 0


 .

MporoÔme na suneqÐsoume thn apaloif  proc ta p�nw, ¸ste na mhdenÐsoume ta stoi-
qeÐa pou brÐskontai p�nw apì touc odhgoÔc, kai sth sunèqeia na diairèsoume k�je mh
mhdenik  gramm  me ton antÐstoiqo odhgì, ¸ste na èqoume 1 sth jèsh twn odhg¸n. Sto
sugkekrimèno par�deigma katal goume ston pÐnaka

R =




1 3 0 1
0 0 1 1/3
0 0 0 0




Autìc o pÐnakac èqei anhgmènh klimakwt  morf , kai eÐnai o aploÔsteroc pÐnakac pou
prokÔptei me apaloif  apì ton A.

BreÐte touc pÐnakec R se anhgmènh klimakwt  morf  pou antistoiqoÔn stouc pÐnakec

aþ. [
1 2
3 4

]

bþ. [
1 2
2 4

]

gþ. 


1 2 3 5
2 4 8 12
3 6 7 13
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'Askhsh 2.18 DeÐxte oti k�je m×n pÐnakac t�xewc r gr�fetai wc ginìmeno enìc m×r
kai enìc r × n pÐnaka:

A = (st lec tou A pou perièqoun odhgoÔc) ( mh mhdenikèc grammèc tou R).

'Askhsh 2.19 Efarmìste apaloif  ston epauxhmèno pÐnaka [A
... b] gia na breÐte ton

klimakwtì pÐnaka U kai tic sunj kec pou prèpei na ikanopoioÔn oi sunist¸sec tou b gia
na èqei lÔsh to sÔsthma Ax = b.

A =




2 4 6 4
2 5 7 6
2 3 5 2


 b =




b1

b2

b3


 .

BreÐte tic lÔseic thc omogenoÔc exÐswshc Ax = 0, kai th genik  lÔsh thc Ax = b ìtan
b = (4, 3, 5).

'Askhsh 2.20 DeÐxte oti h exÐswsh Ax = b èqei lÔseic e�n kai mìnon e�n h t�xh tou
pÐnaka A eÐnai Ðsh me thn t�xh tou epauxhmènou pÐnaka [A

... b].

'Askhsh 2.21 Poi� dianÔsmata (b1, b2, b3) brÐskontai sto q¸ro sthl¸n tou A? PoioÐ
grammikoÐ sunduasmoÐ twn gramm¸n tou A dÐdoun 0?

A =




1 2 1
2 6 3
0 2 5


 , A =




1 1 1
1 2 4
2 4 8




'Askhsh 2.22 Poièc sunj kec sta b1, b2, b3, b4 kajistoÔn to sÔsthma epilÔsimo? BreÐ-
te ìlec tic lÔseic.




1 2
2 4
2 5
3 9




[
x1

x2

]
=




b1

b2

b3

b4


 ,




1 2 3
2 4 6
2 5 7
3 9 12







x1

x2

x3


 =




b1

b2

b3

b4


 .

'Askhsh 2.23 Poi� sunj kh sta b1, b2, b3 kajist� to sÔsthma epilÔsimo? Xekin ste
me ton epauxhmèno pÐnaka [A

... b], kai breÐte ìlec tic lÔseic ìtan ikanopoieÐtai h sunj kh.

x + 2y − 2z = b1

2x + 5y − 4z = b2

4x + 9y − 8z = b3

'Askhsh 2.24 E�n h exÐswsh Ax = b èqei dÔo diaforetikèc lÔseic x1 kai x2, breÐte dÔo
diaforetikèc lÔseic thc Ax = 0. Sth sunèqeia breÐte �llh mÐa lÔsh thc Ax = b.

'Askhsh 2.25 Gr�yte ìlec tic sqèseic pou mporeÐte na sumper�nete gia ta r, m kai n,
e�n gnwrÐzete oti o m× n pÐnakac A èqei t�xh r, kai gia thn exÐswsh Ax = b



44 Eisagwg  sth Grammik  'Algebra

aþ. up�rqoun k�poia b gia ta opoÐa den èqei lÔsh.

bþ. gia k�je b èqei �peirec lÔseic.

gþ. up�rqei akrib¸c mÐa lÔsh gia k�poia b, kamÐa lÔsh gia k�poia �lla b.

dþ. akrib¸c mÐa lÔsh gia k�je b.

'Askhsh 2.26 Epilèxte ton arijmì q, an eÐnai dunatìn, ètsi ¸ste h t�xh twn pin�kwn
A kai B na eÐnai aþ) 1, bþ) 2, gþ) 3.

A =




6 4 2
−3 −2 −1

9 6 q


 , B =

[
3 2 3
q 2 q

]
.

'Askhsh 2.27 O mhdenoq¸roc enìc 3 × 4 pÐnaka A eÐnai h eujeÐa pou perièqei to
(2, 3, 1, 0).

aþ. BreÐte thn t�xh tou pÐnaka A, kai th genik  lÔsh thc Ax = 0?

bþ. BreÐte thn anhgmènh klimakwt  morf  R tou A.

'Askhsh 2.28 EÐnai ta akìlouja alhj    yeud ? D¸ste antipar�deigma e�n eÐnai yeud 
kai aitiolìghsh e�n eÐnai alhj .

aþ. 'Enac tetragwnikìc pÐnakac den èqei eleÔjerec metablhtèc.

bþ. 'Enac antistrèyimoc pÐnakac den èqei eleÔjerec metablhtèc.

gþ. 'Enac m× n pÐnakac den èqei perissìterec apì n basikèc metablhtèc.

dþ. 'Enac m× n pÐnakac den èqei perissìterec apì m basikèc metablhtèc.

'Askhsh 2.29 BreÐte ton pÐnaka A e�n gnwrÐzete oti h genik  lÔsh tou sust matoc

Ax =

[
1
0

]
eÐnai x =

[
1
0

]
+ c

[
0
1

]
.

'Askhsh 2.30 BreÐte ènan 2×2 pÐnaka tou opoÐou o mhdenoq¸roc eÐnai Ðsoc me to q¸ro
sthl¸n.

'Askhsh 2.31 BreÐte ènan pÐnaka tou opoÐou o mhdenoq¸roc apoteleÐtai apì ìlouc touc
grammikoÔc sunduasmoÔc twn dianusm�twn (2, 2, 1, 0) kai (3, 1, 0, 1).

'Askhsh 2.32 BreÐte ènan pÐnaka tou opoÐou o q¸roc sthl¸n perièqei to (1, 1, 1) kai
o mhdenoq¸roc apoteleÐtai apì ta pollapl�sia tou (1, 1, 1, 1).

'Askhsh 2.33 BreÐte ènan pÐnaka tou opoÐou o q¸roc sthl¸n perièqei ta (1, 1, 0) kai
(0, 1, 1) kai o mhdenoq¸roc ta (1, 0, 1) kai (0, 0, 1)
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Grammik  AnexarthsÐa
'Otan jèlame na broÔme tic lÔseic thc omogenoÔc exÐswshc Ax = 0, gia ton pÐnaka 2.1,
d¸same se mÐa eleÔjerh metablht  thn tim  1, kai sthn �llh thn tim  0, gia broÔme mÐa
lÔsh. Katìpin, d¸same sthn pr¸th eleÔjerh metablht  thn tim  0 kai sthn �llh thn tim 
1, gia na broÔme mÐa deÔterh lÔsh. Den qrei�sthke na upologÐsoume tic lÔseic gia �llouc
sunduasmoÔc, gia par�deigma na d¸soume thn tim  1 kai stic dÔo eleÔjerec metablhtèc,
giatÐ ìlec oi �llec lÔseic prokÔptoun wc grammikoÐ sunduasmoÐ aut¸n twn dÔo. MÐa trÐth
lÔsh den prosfèrei k�ti perissìtero sto mhdenoq¸ro tou pÐnaka A. Me aut  thn ènnoia
eÐnai peritt .

JewroÔme to sÔsthma grammik¸n exis¸sewn,

3x + 5y + 2z = 0
2x + y − z = 0
x + 4y + 3z = 0

to opoÐo mporoÔme na lÔsoume, kai na broÔme to sÔnolo twn lÔsewn

U = {(t, −t, t) | t ∈ R}
E�n t¸ra jewr soume mìno tic dÔo pr¸tec exis¸seic, ja doÔme oti kai autì to sÔsthma
èqei wc sÔnolo lÔsewn to U . H trÐth exÐswsh eÐnai h diafor� thc deÔterhc apì thn pr¸th,
kai ètsi den b�zei k�poion epÐ plèon periorismì sto sÔnolo lÔsewn. Me aut  thn ènnoia,
h trÐth exÐswsh eÐnai peritt .

Aut  h ènnoia tou perittoÔ gia lÔseic pou den megal¸noun to q¸ro twn lÔsewn,   exi-
s¸sewn oi opoÐec den jètoun perissìterouc periorismoÔc, apoteleÐ mÐa basik  ènnoia thc
Grammik c 'Algebrac, thn opoÐa onom�zoume grammik  ex�rthsh. MÐa sullog  dianusm�-
twn eÐnai grammik� exarthmènh ìtan perièqei peritt� dianÔsmata. 'Ena sÔsthma exis¸sewn
eÐnai grammik� exarthmèno ìtan perièqei perittèc exis¸seic.

H t�xh enìc pÐnaka eÐnai o arijmìc pou mac dÐdei to pragmatikì mègejoc tou pÐnaka.
Metr�ei ton arijmì twn mh peritt¸n exis¸sewn, twn mh mhdenik¸n gramm¸n ston klima-
kwtì pÐnaka. EpÐshc metr�ei ton arijmì twn sthl¸n me odhgoÔc, aut¸n pou pragmatik�
suneisfèroun sto q¸ro sthl¸n. Gia na katal�boume kalÔtera th shmasÐa thc t�xhc enìc
pÐnaka, qreiazìmaste thn ènnoia thc grammik c anexarthsÐac.

Orismìc. Ta dianÔsmata u1, . . . , un tou Rm, gia n ≥ 2, eÐnai grammik� exarthmèna
e�n èna apì aut� mporeÐ na grafeÐ wc grammikìc sunduasmìc tw upoloÐpwn.

To sÔnolo twn gramm¸n tou pÐnaka



1 −1 2
0 4 1
1 3 3




eÐnai grammik� exarthmèno afoÔ h trÐth gramm  eÐnai Ðsh me to �jroisma twn dÔo �llwn,
(1, 3, 3) = (1, −1, 2) + (0, 4, 1). Autì èqei wc sunèpeia oti e�n to di�nusma (u, v, w)
ikanopoieÐ tic dÔo pr¸tec apì tic exis¸seic tou sust matoc

u − v + 2w = 0
4v + w = 0

u + 3v + 3w = 0
,

tìte ikanopoieÐ kai thn trÐth.
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Ena sÔnolo k dianusm�twn tou Rn pou perièqei to 0, eÐnai aparait twc grammik� exar-
thmèno: e�n v1 = 0 tìte v1 = 0v2 + · · ·+ 0vk.

Ja d¸soume èna pio summetrikì orismì thc ènnoiac thc grammik c ex�rthshc, ìpou den
diakrÐnetai k�poio apì ta dianÔsmata.

Orismìc. Ta dianÔsmata v1, . . . , vn tou Rm eÐnai grammik� exarthmèna e�n up�rqei
grammikìc sunduasmìc me suntelestèc c1, . . . , cn, oi opoÐoi den eÐnai ìloi mhdèn, tètoioc
¸ste

c1v1 + c2v2 + · · ·+ ckvk = 0 .

Autì shmaÐnei oti e�n A eÐnai o pÐnakac me st lec ta dianÔsmata v1, . . . , vn tìte to omogenèc
sÔsthma Ax = 0 èqei lÔseic x = (c1, . . . , cn) diaforetikèc apì to 0 ∈ Rn.

Ta dianÔsmata v1, . . . , vk tou Rn eÐnai grammik� anex�rthta e�n den eÐnai grammik�
exarthmèna, dhlad  e�n o monadikìc grammikìc sunduasmìc twn v1, . . . , vk pou eÐnai Ðsoc
me mhdèn, eÐnai o tetrimmènoc, me ìlouc touc suntelestèc Ðsouc me 0. Se aut  th perÐptwsh
h monadik  lÔsh tou omogenoÔc sust matoc Ax = 0 eÐnai h x = 0 ∈ Rn.

Sumplhr¸noume ton orismì gia n = 1, lègontac oti to sÔnolo {u} eÐnai grammik�
exarthmèno e�n u = 0, kai grammik� anex�rthto e�n u 6= 0.

Par�deigma 2.4 DÔo mh mhdenik� dianÔsmata eÐnai grammik� anex�rthta ìtan den eÐnai
suggrammik�. E�n c1v1 + c2v2 = 0, all� den up�rqei c tètoio ¸ste v1 = cv2   v2 = cv1,
tìte c1 = c2 = 0.

Par�deigma 2.5 Ta dianÔsmata v1 = (1, 2, −1), v2 = (3, 6, −3), v3 = (3, 9, 3) eÐnai
grammik� exarthmèna, giatÐ to deÔtero eÐnai pollapl�sio tou pr¸tou. Etsi−3v1+v2+0v3 =
0.

Par�deigma 2.6 Ta dianÔsmata v1 = (1, 2, −1), v2 = (3, 4, −3), v3 = (1, 4, −1) eÐnai
grammik� exarthmèna, giatÐ 4v1 − v2 − v3 = 0.

Sunep¸c, gia na elègxoume e�n ta dianÔsmata v1, . . . , vn ∈ Rm eÐnai grammik� anex�r-
thta, sqhmatÐzoume ton m× n pÐnaka me st lec v1, . . . , vn. E�n up�rqei èna mh mhdenikì
di�nusma c = (c1, . . . , cn) tètoio ¸ste Ac = 0, tìte oi st lec tou pÐnaka A eÐnai grammik�
exarthmènec. E�n h monadik  lÔsh thc Ax = 0 eÐnai h tetrimmènh, x = 0 ∈ Rn, tìte oi
st lec tou pÐnaka A eÐnai grammik� anex�rthtec.

Eidikìtera, oi st lec enìc trigwnikoÔ pÐnaka eÐnai grammik� anex�rthtec e�n kai mìnon
e�n ìla ta stoiqeÐa sth diag¸nio eÐnai diaforetik� apì to 0.

Prìtash 2.3 Se èna pÐnaka se klimakwt  morf , oi mh mhdenikèc grammèc eÐnai gram-
mik� anex�rthtec. To Ðdio isqÔei gia tic st lec pou perièqoun odhgoÔc.

Apìdeixh. JewroÔme èna m×n pÐnaka se klimakwt  morf , me r mh mhdenikèc grammèc,
kai odhgoÔc stic st lec j1, j2, . . . , jr. SumbolÐzoume U ton r × n pÐnaka pou apoteleÐtai
apì tic mh mhdenikèc grammèc, kai c = (c1, . . . , cr) èna di�nusma tètoio ¸ste cT U = 0.
Jèloume na deÐxoume oti c = 0.

Exet�zoume th st lh j1. To stoiqeÐo a1j1 6= 0, en¸ ìla ta upìloipa eÐnai 0. Ara
c1a1j1 = 0 kai sunep¸c c1 = 0.

Upojètoume t¸ra oti c1 = c2 = . . . = ck = 0, gia k < r, kai ja deÐxoume oti ck+1 = 0.
Exet�zoume th st lh jk+1. To stoiqeÐo a(k+1)jk+1

6= 0, en¸ gia p > k + 1, apjk+1
= 0.

Ara ck+1a(k+1)jk+1
= 0 kai sunep¸c ck+1 = 0.

Gia na apodeÐxoume oti oi st lec pou perièqoun odhgoÔc eÐnai grammik� anex�rthtec,
exet�zoume lÔseic thc exÐswshc Ux = 0 gia tic opoÐec ìlec oi eleÔjerec metablhtèc eÐnai
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0. H an�dromh antikat�stash tìte dÐdei th monadik  lÔsh x = 0.
¤

Pìrisma 2.4 E�n n > m èna sÔnolo n dianusm�twn sto q¸ro Rm eÐnai grammik� exar-
thmèno.

'Askhsh 2.34 DeÐxte oti e�n a = 0   d = 0   f = 0, tìte oi st lec tou U eÐnai grammik�
exarthmènec:

U =




a b c
0 d e
0 0 f




'Askhsh 2.35 E�n ta a, d, f sthn 'Askhsh 2.34 eÐnai ìla diaforetik� apì to 0, tìte h
mình lÔsh thc exÐswshc Ux = 0 eÐnai x = 0. Oi st lec tou U eÐnai grammik� anex�rthtec.

'Askhsh 2.36 Exet�ste e�n eÐnai anex�rthta ta dianÔsmata:
aþ) (0, 1), (1, 1)
bþ) (1, 1), (0, 1), (1, 0)
gþ) (1, 0, 0), (1, 1, 1), (0, 1, 1)

'Askhsh 2.37 DeÐxte oti ta dianÔsmata u1, u2, u3 eÐnai grammik� anex�rthta, all� oti
ta u1, u2, u3, u4 eÐnai grammik� exarthmèna:

u1 =




1
0
0


 , u2 =




1
1
0


 , u3 =




1
1
1


 , u4 =




2
3
4


 .

'Askhsh 2.38 E�n w1, w2, w3 eÐnai grammik� anex�rthta dianÔsmata, deÐxte oti oi dia-
forèc u1 = w2 − w3, u2 = w1 − w3 kai u3 = w1 − w2 eÐnai grammik� exarthmènec. BreÐte
èna grammikì sunduasmì twn u1, u2, u3 pou dÐdei 0.

'Askhsh 2.39 E�n w1, w2, w3 eÐnai grammik� anex�rthta dianÔsmata, deÐxte oti ta ajroÐ-
smata v1 = w2 + w3, v2 = w1 + w3 kai v3 = w1 + w2 eÐnai grammik� anex�rthta. Ekfr�ste
th sqèsh c1v1 + c2v2 + c3v3 = 0 wc proc ta wi, kai breÐte exis¸seic gia ta ci.

Paragwg  Upìqwrou
O q¸roc sthl¸n enìc pÐnaka eÐnai o upìqwroc tou Rm pou apoteleÐtai apì ta dianÔsmata
pou gr�fontai wc grammikoÐ sunduasmoÐ twn sthl¸n tou pÐnaka. Lème oti oi st lec tou
pÐnaka par�goun to q¸ro sthl¸n.

Orismìc. JewroÔme grammikì upìqwro V tou Rn. Ta dianÔsmata w1, . . . , wk tou Rn

par�goun ton upìqwro V ⊆ Rn e�n

1. wj ∈ V gia k�je j = 1, . . . , k kai

2. K�je di�nusma tou V ekfr�zetai wc grammikìc sunduasmìc twn w1, . . . , wk, dhlad 
gia k�je v ∈ V up�rqoun arijmoÐ c1, . . . , ck tètoioi ¸ste v = c1w1 + · · ·+ ckwk.
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Genikìtera, èna sÔnolo dianusm�twn S ⊆ V par�gei ton upìqwro V e�n k�je di�nusma
tou V ekfr�zetai wc grammikìc sunduasmìc dianusm�twn tou S.

Par�deigma 2.7 Ta dianÔsmata (1, 0), (1, 1) kai (−1, 0) par�goun to R2. Poi� dÔo
apì aut� ta dianÔsmata par�goun to R2? Poi� dÔo apì aut� ta dianÔsmata den par�goun
to R2?

Par�deigma 2.8 H èkfrash wc grammikìc sunduasmìc den eÐnai, en gènei, monadik .
Ekfr�ste to di�nusma (−1, 2) wc grammikì sunduasmì twn parap�nw dianusm�twn me dÔo
diaforetikoÔc trìpouc.

Par�deigma 2.9 Ta dianÔsmata e1, e2, . . . , en tou Rn (oi st lec tou tautotikoÔ pÐna-
ka) par�goun to Rn. M�lista to di�nusma b = (b1, b2, . . . , bn) dÐdetai apì to grammikì
sunduasmì

b1e1 + · · ·+ bnen .

L mma 2.5 JewroÔme ta dianÔsmata w1, . . . , wk tou Rn. To sÔnolo ìlwn twn dianusm�-
twn tou Rn pou ekfr�zontai wc grammikoÐ sunduasmoÐ twn w1, . . . , wk eÐnai ènac dianusma-
tikìc upìqwroc tou Rn.

Orismìc. JewroÔme ta dianÔsmata w1, . . . , wk tou Rn. O upìqwroc pou par�getai
apì ta dianÔsmata w1, . . . , wk eÐnai to sÔnolo ìlwn twn dianusm�twn tou Rn pou ekfr�-
zontai wc grammikoÐ sunduasmoÐ twn w1, . . . , wk.

O q¸roc sthl¸n eÐnai o upìqwroc tou Rm pou par�getai apì tic st lec tou A.
Sumbatik�, jewroÔme oti o mhdenikìc upìqwroc {0 ∈ Rn} par�getai apì to kenì sÔnolo

∅.

'Askhsh 2.40 Ta dianÔsmata u + w kai u − w eÐnai grammikoÐ sunduasmoÐ twn u kai
w. Gr�yte ta u kai w wc grammikoÔc sunduasmoÔc twn u + w kai u − w. Ta dÔo zeÔgh
dianusm�twn . . . . . . . . . ton Ðdio upìqwro. ApoteloÔn ta dÔo zeÔgh b�seic tou upìqwrou?

'Askhsh 2.41 Perigr�yte ton upìqwro tou R2 pou par�getai apì ta dianÔsmata:
aþ) (0, 1), (1, 1)
bþ) (1, 1), (−1, −1)
gþ) (1, 1), (0, 1), (1, 0)

'Askhsh 2.42 aþ) ApofasÐste e�n ta akìlouja dianÔsmata eÐnai grammik� anex�rthta
  ìqi, lÔnontac èna kat�llhlo sÔsthma Ax = 0.

(1, 1, 0, 0) , (1, 0, 1, 0) , (0, 0, 1, 1) , (0, 1, 0, 1) .

bþ) Elègxte e�n to di�nusma (0, 0, 0, 1) brÐsketai sto q¸ro pou par�goun ta parap�nw
dianÔsmata.

'Askhsh 2.43 Perigr�yte ton upìqwro tou R3 pou par�getai apì ta dianÔsmata

aþ. (1, 1, −1) kai (−1, −1, 1).

bþ. (0, 1, 1), (1, 1, 0) kai (0, 0, 0).
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gþ. tic st lec enìc 3× 5 klimakwtoÔ pÐnaka me 2 odhgoÔc.

dþ. ìla ta dianÔsmata me jetikèc suntetagmènec.

'Askhsh 2.44 Upojèste oti topojetoÔme ta dianÔsmata twn opoÐwn jèloume na elèg-
xoume th grammik  anexarthsÐa, stic grammèc kai ìqi stic st lec enìc pÐnaka. Pwc mpo-
roÔme na sumper�noume e�n eÐnai grammik� anex�rthta kat� th di�rkeia thc apaloif c apì
ton A ston U ?

B�sh enìc dianusmatikoÔ q¸rou

Orismìc. B�sh enìc dianusmatikoÔ upìqwrou V ⊆ Rn eÐnai èna sÔnolo dianusm�twn
tou Rn to opoÐo

1. Par�gei ton upìqwro V kai

2. EÐnai grammik� anex�rthto.

L mma 2.6 E�n w1, . . . , wk eÐnai b�sh tou grammikoÔ upìqwrou V , tìte k�je stoiqeÐo
tou V ekfr�zetai me monadikì trìpo wc grammikìc sunduasmìc twn w1, . . . , wk.

Apìdeixh. Upojètoume oti w1, . . . , wk eÐnai b�sh tou V , kai oti

b = a1w1 + · · ·+ akwk = c1w1 + · · ·+ ckwk .

Tìte (a1−c1)w1 + · · ·+(ak−ck)wk = 0, kai afoÔ ta dianÔsmata w1, . . . , wk eÐnai grammik�
anex�rthta, oi suntelestèc tou grammikoÔ sunduasmoÔ pou parist�nei to 0 eÐnai ìloi isoi
me 0.

¤
Par�deigma 2.10 H kanonik  b�sh tou Rn eÐnai h b�sh e1, . . . , en, h opoÐa apoteleÐtai
apì tic st lec tou monadiaÐou pÐnaka. 'Omwc h b�sh aut  den eÐnai kat� kanèna trìpo
monadik . Oi st lec k�je antistrèyimou n× n pÐnaka apoteloÔn mÐa b�sh tou Rn.

Par�deigma 2.11 Oi st lec enìc klimakwtoÔ pÐnaka den eÐnai p�nta grammik� anex�r-
thtec, all� par�goun to q¸ro sthl¸n. O st lec pou perièqoun touc odhgoÔc apoteloÔn
mÐa b�sh tou q¸rou sthl¸n tou pÐnaka. Ja to doÔme autì se èna par�deigma.

Par�deigma 2.12 JewroÔme ton klimakwtì pÐnaka

U =




1 3 3 2
0 0 3 1
0 0 0 0




Oi st lec pou perièqoun odhgoÔc eÐnai oi (1, 0, 0) kai (3, 3, 0). Elègqoume oti eÐnai gram-
mik� anex�rthtec: apì thn exÐswsh




1 3
0 3
0 0




[
c1

c2

]
= 0
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èqoume c1 + 3c2 = 0 kai 3c2 = 0, kai sunep¸c c2 = 0, c1 = 0.
Gia na deÐxoume oti oi st lec me odhgoÔc par�goun to q¸ro sthl¸n, arkeÐ na elègxoume

oti oi upìloipec st lec ekfr�zontai wc grammikìc sunduasmìc twn sthl¸n pou perièqoun
odhgoÔc.

Ston pÐnaka U tou paradeÐgmatoc, e�n v1, . . . , v4 eÐnai oi st lec tou U , parathroÔme oti
oi st lec v2 kai v4 ekfr�zontai wc grammikìc sunduasmìstwn v1 kai v3:

v2 = 3v1 kai v4 =
1

3
v3 + v1.

Di�stash
K�je grammikìc upìqwroc tou Rn diaforetikìc apì ton {0}, èqei �peirec diaforètikèc
b�seic. 'Omwc ìlec oi b�seic èqoun ton Ðdio arijmì stoiqeÐwn.

Prìtash 2.7 E�n ènac grammikìc upìqwroc V tou Rn èqei mÐa b�sh me k stoiqeÐa, tìte
k�je �llh b�sh tou V èqei to Ðdio pl joc stoiqeÐwn.

Apìdeixh. Upojètoume oti èqoume b�seic v1, . . . , vk kai w1, . . . , wm tou V .
AfoÔ ta dianÔsmata v1, . . . , vk apoteloÔn b�sh, k�je di�nusma wj ekfr�zetai wc gram-

mikìc sunduasmìc twn vi:
wj = a1jv1 + · · ·+ akjvk. (2.3)

JewroÔme touc pÐnakec V kai W , me st lec v1, . . . , vk kai w1, . . . , wm antÐstoiqa. E�n
A = (aij) eÐnai o pÐnakac tou opoÐou ta stoiqeÐa orÐzontai apì thn 2.3, èqoume

W = V A.

Gia par�deigma, h pr¸th st lh tou V A eÐnai o grammikìc sunduasmìc twn sthl¸n tou V
me suntelestèc a11, . . . , ak1

a11v1 + · · ·+ ak1vk = w1 .

O pÐnakac A eÐnai k ×m. E�n k < m, tìte up�rqei di�nusma c 6= 0 tètoio ¸ste Ac = 0.
All� tìte

W c = V A c = V 0 = 0 ,

kai sunep¸c oi st lec tou W den eÐnai grammik� anex�rthtec. 'Ara h upìjesh k < m den
mporeÐ na isqÔei afoÔ W eÐnai b�sh. Parìmoia deÐqnoume oti den mporeÐ na isqÔei h upìjesh
k > m, kai sunep¸c èqoume k = m.

¤
Orismìc. O arijmìc twn stoiqeÐwn thc b�shc enìc grammikoÔ upìqwrou V tou Rn

onom�zetai di�stash tou V , kai sumbolÐzetai dim V .

Par�deigma 2.13 O q¸roc Rn èqei di�stash n: h kanonik  b�sh èqei n stoiqeÐa. O
mhdenikìc upìqwroc {0 ∈ Rn} èqei di�stash 0: to kenì sÔnolo èqei 0 stoiqeÐa.

Par�deigma 2.14 O upìqwroc V = {(x, y, z) ∈ R3 | y = 3x} apoteleÐtai apì ta
stoiqeÐa tou R3 pou eÐnai lÔseic thc exÐswshc

[
3 −1 0

]



x
y
z


 = 0 .
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Gia na broÔme mÐa b�sh tou upìqwrou V , ton jewroÔme wc to mhdenìqwro N (A) tou pÐnaka
[ 3 −1 0 ].

Ed¸ o pÐnakac èqei mìno mÐa gramm , h opoÐa perièqei ton odhgì, 3. 'Ara h t�xh tou
pÐnaka eÐnai 1, kai èqoume dÔo eleÔjerec metablhtèc. MÐa b�sh tou mhdenìqwrou èqei dÔo
stoiqeÐa (ìsec eÐnai oi eleÔjerec metablhtèc), kai sunep¸c h di�stash tou V eÐnai 2. 'Opwc
gnwrÐzoume apì thn Analutik  GewmetrÐa, to sÔnolo V parist�nei èna epÐpedo sto q¸ro.

Prosèxte oti h di�stash anafèretai ston upìqwro V , kai ìqi sta memonomèna dianÔsmata
tou V . K�je stoiqeÐo v tou V èqei 3 suntetagmènec, pr�gma pou shmaÐnei oti an kei sto
R3, v ∈ R3. 'Etsi to di�nusma v = (1, 3, 2) eÐnai stoiqeÐo tou q¸rou V o opoÐoc èqei
di�stash 2, kai tou q¸rou R3 o opoÐoc èqei di�stash 3. All� to v eÐnai epÐshc stoiqeÐo
tou q¸rou W = {(t, 3t, 2t) : t ∈ R}, o opoÐoc èqei di�stash 1.

'Askhsh 2.45 Epilègoume èna di�nusma x = (x1, x2, x3, x4) ∈ R4. Up�rqoun 24
metajèseic twn suntetagmènwn tou. Aut� ta 24 dianÔsmata par�goun ènan upoq¸ro V tou
R4. BreÐte sugkekrimèna dianÔsmata x tètoia ¸ste h di�stash tou V na eÐnai aþ) 0, bþ) 1,
gþ) 3, dþ) 4.

'Askhsh 2.46 BreÐte mÐa b�sh gia to epÐpedo x − 2y + 3z = 0 sto R3. Sth sunèqeia
breÐte mÐa b�sh gia thn tom  autoÔ tou epipèdou me to (x, y)-epÐpedo. Tèloc breÐte mÐa
b�sh gia ton upìqwro twn dianusm�twn pou eÐnai k�jeta sto arqikì epÐpedo.

'Askhsh 2.47 Upojètoume oti S eÐnai upìqwroc tou R6, di�stashc 5. EÐnai ta akìlouja
alhj    yeud ?

aþ. K�je b�sh tou S mporeÐ na epektajeÐ se mÐa b�sh tou R6, prosjètontac èna akìmh
di�nusma.

bþ. K�je b�sh tou R6 mporeÐ na perioristeÐ se mÐa b�sh tou S, diagr�fontac èna di�nu-
sma.

'Askhsh 2.48 Oi st lec tou A eÐnai n dianÔsmata tou Rm. Poi� eÐnai h t�xh tou A e�n
ta dianÔsmata eÐnai grammik� anex�rthta. Poi� e�n ta dianÔsmata par�goun ton Rm. Poi�
e�n ta dianÔsmata apoteloun b�sh tou Rm

'Askhsh 2.49 BreÐte mÐa b�sh gia k�je èna apì touc akìloujouc upìqwrouc tou R4.

aþ. 'Ola ta dianÔsmata twn opoÐwn oi sunist¸sec eÐnai Ðsec.

bþ. 'Ola ta dianÔsmata twn opoÐwn oi sunist¸sec èqoun �jroisma 0.

gþ. 'Ola ta dianÔsmata pou eÐnai k�jeta sta (1, 1, 0, 0) kai (1, 0, 1, 1)

'Askhsh 2.50 Upojètoume oti o upìqwroc V èqei di�stash k. DeÐxte oti

aþ. e�n k dianÔsmata tou V eÐnai grammik� anex�rthta, tìte apoteloÔn b�sh tou V .

bþ. e�n k dianÔsmata par�goun ton V , tìte apoteloÔn b�sh tou V .

'Askhsh 2.51 ApodeÐxte oti e�n V kai W eÐnai trisdi�statoi upìqwroi tou R5, tìte V
kai W prèpei na èqoun èna koinì mh mhdenikì di�nusma. (Xekin ste me b�seic gia touc dÔo
upìqwrouc, pou sunolik� perièqoun 6 dianÔsmata).
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Oi tèssereic Jemeli¸deic Upìqwroi enìc pÐnaka.
Mèqri t¸ra èqoume deÐ paradeÐgmata b�sewn, all� den èqoume èna trìpo na kataskeu�sou-
me mÐa b�sh gia opoiad pote grammikì upìqwro. Sth sunèqeia ja doÔme pwc, xekin¸ntac
apì mÐa perigraf  enìc upìqwrou, mporoÔme na kataskeu�soume mÐa b�sh tou.

'Eqoume deÐ dÔo trìpouc na perigr�youme èna dianusmatikì upìqwro. MporeÐ na gnw-
rÐzoume èna sÔnolo dianusm�twn pou par�goun ton upìqwro, ìpwc o q¸roc sthl¸n, pou
par�getai apì tic st lec enìc pÐnaka. Diaforetik�, mporeÐ na gnwrÐzoume sunj kec tic o-
poÐec prèpei na ikanopoioÔn ta dianÔsmata tou upoq¸rou, ìpwc o mhdenoq¸roc enìc pÐnaka
A, pou apoteleÐtai apì ta dianÔsmata pou ikanopoioÔn tic sunj kec Ax = 0.

Sthn pr¸th perÐptwsh, mporeÐ na perièqontai peritt� dianÔsmata sto sÔnolo pou par�gei
ton upìqwro. Sth deÔterh perÐptwsh mporeÐ na perilamb�nontai perittèc exis¸seic stic
sunj kec pou prosdiorÐzoun ton upìqwro.

Ja organ¸soume th suz thsh gÔrw apì touc tèssereic jemeli¸deic upìqwrouc pou
sqetÐzontai me èna pÐnaka.

'Eqoume  dh deÐ to mhdenìqwro kai to q¸ro sthlwn enìc pÐnaka A. Ja orÐsoume �llouc
dÔo q¸rouc, oi opoÐoi prokÔptoun apì ton A, ètsi ¸ste gia k�je m×n pÐnaka A na èqoume
tèsseric upìqwrouc:

• O q¸roc sthl¸n tou A eÐnai upìqwroc tou Rm o opoÐoc par�getai apì tic st lec
tou A, kai sumbolÐzetai

R(A) ⊆ Rm

• O mhdenìqwroc tou A eÐnai o upìqwroc tou Rn o opoÐoc apoteleÐtai apì tic lÔseic
thc omogenoÔc exÐswshc Ax = 0, kai sumbolÐzetai

N (A) ⊆ Rn

• O q¸roc gramm¸n tou A eÐnai upìqwroc tou Rn o opoÐoc par�getai apì tic
grammèc tou A. Profan¸c sumpÐptei me to q¸ro sthl¸n tou an�strofou pÐnaka AT ,
kai sumbolÐzetai

R(AT ) ⊆ Rn

• O aristerìc mhdenìqwroc tou A eÐnai o upìqwroc tou Rm o opoÐoc apoteleÐtai
apì tic lÔseic thc exÐswshc yT A = 0. SumpÐptei me to mhdenìqwro tou an�strofou
pÐnaka AT , afoÔ yT A = (AT y)T , kai sumbolÐzetai

N (AT ) ⊆ Rm .

Ja melet soume kajèna apì autoÔc touc q¸rouc: ja broÔme th di�stash touc, kai
ja perigr�youme b�seic, qrhsimopoi¸ntac ton pÐnaka A kai ton klimakwtì pÐnaka U pou
prokÔptei met� thn apaloif .

Epistrèfoume sto par�deigma 2.1 kai jewroÔme tautoqrìnwc touc pÐnakec A kai U :

A =




1 3 3 2
2 6 9 5

−1 −3 3 0


 , U =




1 3 3 2
0 0 3 1
0 0 0 0
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O q¸roc gramm¸n tou A, R(AT )

Gia èna klimakwtì pÐnaka U eÔkola blèpoume oti o q¸roc gramm¸n èqei wc b�sh tic mh
mhdenikèc grammèc tou U : sthn Prìtash 2.3 deÐxame oti eÐnai grammik� anex�rthtec, kai
par�goun ìlo to q¸ro afoÔ oi mhdenikèc grammèc den suneisfèroun tÐpota perissìtero.
H shmantik  parat rhsh eÐnai oti o q¸roc gramm¸n tou A eÐnai Ðdioc me to q¸ro gramm¸n
tou U .

L mma 2.8
R(AT ) = R(UT ) .

Apìdeixh. K�je gramm  tou U prokÔptei apì grammikoÔc sunduasmoÔc twn gramm¸n
tou A. (Sto par�deigma, h 2h gramm  tou U eÐnai h 2h gramm  tou A meÐon to dipl�sio
thc 1hc gramm c tou A.) 'Ara kai opoiosd pote grammikìc sunduasmìc gramm¸n tou U
mporeÐ na ekfrasteÐ wc grammikìc sunduasmìc gramm¸n tou A. 'Ara o q¸roc gramm¸n tou
U perièqetai sto q¸ro gramm¸n tou A:

R(UT ) ⊆ R(AT ) .

All� afoÔ h diadikasÐa thc apaloif c eÐnai antistrèyimh k�je gramm  tou A mporeÐ na
ekfrasteÐ wc grammikìc sunduasmìc twn gramm¸n tou U . (Sto par�deigma, h 2h gramm 
tou A eÐnai h 2h gramm  tou U sun to dipl�sio thc 1hc gramm c tou U .)

'Ara o q¸roc gramm¸n tou U perièqetai sto q¸ro gramm¸n tou A:

R(AT ) ⊆ R(UT ) .

SumperaÐnoume oti
R(AT ) = R(UT ) .

¤
Wc b�sh tou R(AT ) mporoÔme na qrhsimopoi soume tic mh mhdenikèc grammèc tou U . To

pl joc aut¸n eÐnai Ðso me thn t�xh r tou pÐnaka. SumperaÐnoume oti h di�stash tou q¸rou
gramm¸n eÐnai Ðsh me thn t�xh tou pÐnaka:

dimR(AT ) = r .

MporoÔme na broÔme mÐa b�sh tou q¸rou gramm¸n pou na apoteleÐtai apì grammèc tou A.
E�n ìmwc èqoun up�rxei enallagèc gramm¸n sthn apaloif  Gauss, oi r pr¸tec grammèc
tou pÐnaka A mporeÐ na mhn eÐnai grammik� anex�rthtec.

Katagr�foume tic prohgoÔmenec parathr seic sthn akìloujh Prìtash.

Prìtash 2.9 O q¸roc gramm¸n tou m × n pÐnaka A eÐnai upìqwroc tou Rn, kai èqei
di�stash Ðsh me thn t�xh tou pÐnaka,

R(AT ) ⊆ Rn , dimR(AT ) = r

MÐa b�sh tou R(AT ) apoteleÐtai apì tic mh mhdenikèc grammèc tou antÐstoiqou klimakwtoÔ
pÐnaka U .
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O mhdenìqwroc tou A, N (A).
'Eqoume dei oti o mhdenìqwroc tou A eÐnai Ðsoc me to mhdenìqwro tou U (autìc akrib¸c
eÐnai o lìgoc pou h apaloif  Gauss qrhsimopoieÐtai gia thn lÔsh tou sust matoc Ax =
0). 'Eqoume dei epÐshc oti gia k�je eleÔjerh metablht  xi1 , . . . , xik mporoÔme na broÔme
dianÔsmata vi1 , . . . , vik ta opoÐa par�goun to mhdenìqwro N (A). To di�nusma vij èqei thn
tim  1 sthn eleÔjerh metablht  xij , kai thn tim  0 stic upìloipec eleÔjerec metablhtèc.
Sunep¸c kanèna apì ta dianÔsmata vij den mporeÐ na ekfrasteÐ wc grammikìc sunduasmìc
twn upoloÐpwn. SumperaÐnoume oti ta dianÔsmata vi1 , . . . , vik eÐnai grammik� anex�rthta kai
sunep¸c oti apoteloÔn b�sh tou mhdenìqwrou N (A). H di�stash tou mhdenìqwrou eÐnai
Ðsh me to pl joc twn eleÔjerwn metablht¸n, k = n− r.

Prìtash 2.10 O mhdenìqwroc tou m × n pÐnaka A eÐnai upìqwroc tou Rn, kai èqei
di�stash Ðsh me to pl joc twn eleÔjerwn metablht¸n,

N (A) ⊆ Rn , dimN (A) = n− r .

O q¸roc sthl¸n tou A, R(A).
Sthn perÐptwsh tou q¸rou sthl¸n, h sqèsh tou R(A) me ton R(U) den eÐnai tìso apl .
Apì to par�deigma eÐnai profanèc oti o R(A) den eÐnai o Ðdioc me ton R(U).

'Askhsh 2.52 BreÐte èna di�nusma tou R(A) tou paradeÐgmatoc 2.1 pou den an kei
ston R(U).

To akìloujo L mma perigr�fei th sqèsh metaxÔ twn sthl¸n tou A kai twn sthl¸n tou
U .

L mma 2.11 'Ena sÔnolo sthl¸n tou pÐnaka A eÐnai grammik� anex�rthto e�n kai mìnon
e�n to antÐstoiqo sÔnolo sthl¸n tou U eÐnai grammik� anex�rthto.

Apìdeixh. E�n A′ eÐnai o pÐnakac pou paÐrnoume apì èna uposÔnolo twn sthl¸n tou A,
kai U ′ o pÐnakac apì tic antÐstoiqec st lec tou U , tìte

A′ = P−1 LU ′

kai, afoÔ o pÐnakac P−1 L eÐnai antistrèyimoc, èna di�nusma x ikanopoieÐ thn exÐswsh
A′x = 0 e�n kai mìnon e�n ikanopoieÐ thn exÐswsh U ′x = 0.

E�n oi st lec tou U ′ eÐnai grammik� anex�rthtec, tìte h monadik  lÔsh tou U ′x = 0
eÐnai h x = 0, kai sunep¸c h monadik  lÔsh tou A′x = 0 eÐnai h x = 0. Sunep¸c oi st lec
tou A′ eÐnai grammik� anex�rthtec.

Oi sunepagwgèc isqÔoun kai antÐstrofa: e�n oi st lec tou A′ eÐnai grammik� anex�rth-
tec, to Ðdio isqÔei gia tic st lec tou U ′.

¤
GnwrÐzoume oti oi r st lec pou perièqoun odhgoÔc apoteloÔn b�sh tou R(U). Sunep¸c

oi antÐstoiqec r st lec j1, . . . , jr tou pÐnaka A eÐnai grammik� anex�rthtec. E�n h di�stash
tou R(A)  tan megalÔterh apì r, tìte ja up rqe k�poia �llh st lh tou A h opoÐa, mazÐ me
tic j1, . . . , jr ja apoteloÔse grammik� anex�rthto sÔnolo. All� tìte oi antÐstoiqec r + 1
st lec tou U ja  tan grammik� anex�rthtec, pou den mporeÐ na sumbeÐ, afoÔ h di�stash
tou R(U) eÐnai r. Sunep¸c oi st lec j1, . . . , jr par�goun to R(A) kai apoteloÔn b�sh tou.
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Prìtash 2.12 O q¸roc sthl¸n tou m × n pÐnaka A eÐnai upìqwroc tou Rm, kai èqei
di�stash Ðsh me thn t�xh r tou pÐnaka,

R(A) ⊆ Rm , dimR(A) = r .

MÐa b�sh tou R(A) apoteleÐtai apì tic st lec pou antistoiqoÔn stic st lec tou klimakwtoÔ
pÐnaka U pou perièqoun odhgoÔc.

Sunèpeia twn Prot�sewn 2.9 kai 2.12 eÐnai to akìloujo jemeli¸dec apotèlesma.

Je¸rhma 2.13 Se k�je m×n pÐnaka A, to pl joc twn grammik� anex�rthtwn gramm¸n
tou A eÐnai Ðso me thn t�xh tou pÐnaka, dhlad  to pl joc twn grammik� anex�rthtwn sthl¸n
tou A.

O aristerìc mhdenìqwroc tou A, N (AT ).
O aristerìc mhdenìqwroc tou A eÐnai o mhdenìqwroc tou an�strofou pÐnaka AT . Gnw-
rÐzoume oti h di�stash tou mhdenìqwrou enìc pÐnaka eÐnai to pl joc twn eleÔjerwn me-
tablht¸n, pou eÐnai Ðso me to pl joc ìlwn twn metablht¸n meÐon to pl joc twn basik¸n
metablht¸n. Gia ton pÐnaka AT , to pl joc ìlwn twn metablht¸n eÐnai m (ìsec eÐnai oi
st lec tou AT , dhlad  ìsec eÐnai oi grammèc tou A). To pl joc twn basik¸n metablh-
t¸n tou AT eÐnai Ðso me thn t�xh tou r, apì to Je¸rhma 2.13. Sunep¸c to pl joc twn
eleÔjerwn metablht¸n tou AT eÐnai m− r, kai

dimN (AT ) = m− r .

Gia na perigr�youme ta dianÔsmata y pou ikanopoioÔn yT A = 0, exet�zoume thn paragon-
topoÐhsh

P A = LU .

O L eÐnai antistrèyimoc, kai èqoume

L−1 P A = U .

H i gramm  tou U eÐnai to ginìmeno thc i gramm c tou L−1P me ton pÐnaka A. Oi m − r
teleutaÐec grammèc tou U eÐnai Ðsec me to mhdèn. 'Ara oi m − r teleutaÐec grammèc tou
L−1P eÐnai dianÔsmata tou aristeroÔ mhdenìqwrou tou A. AfoÔ o pÐnakac L−1P eÐnai
antistrèyimoc, oi grammèc tou eÐnai grammik� anex�rthtec. 'Ara oi m−r teleutaÐec grammèc
tou L−1P eÐnai grammik� anex�rthta dianÔsmata tou q¸rou N (AT ), o opoÐoc èqei di�stash
m− r, kai sunep¸c apoteloÔn mÐa b�sh tou q¸rou.

Prìtash 2.14 O aristerìc mhdenìqwroc tou m × n pÐnaka A eÐnai upìqwroc tou Rm,
kai èqei di�stash m− r,

N (AT ) ⊆ Rm , dimN (AT ) = m− r

MÐa b�sh tou N (AT ) apoteleÐtai apì tic m − r teleutaÐec grammèc tou pÐnaka L−1P thc
apaloif c Gauss.

'Askhsh 2.53 Perigr�yte touc tèsssereic upoq¸rouc tou R3 pou sqetÐzontai me ton
pÐnaka

A =




0 1 0
0 0 1
0 0 0
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'Askhsh 2.54 BreÐte mia b�sh tou q¸rou sthl¸n tou

U =




0 1 4 3
0 0 2 2
0 0 0 0
0 0 0 0




'Askhsh 2.55 BreÐte th di�stash kai mÐa b�sh gia touc tèssereic jemeli¸deic upìqw-
rouc twn pin�kwn.

aþ.

A =




1 2 0 1
0 1 1 0
1 2 0 1


 kai U =




1 2 0 1
0 1 1 0
0 0 0 0


 .

bþ.

A =

[
0 1 4 0
0 2 8 0

]
kai U =

[
0 1 4 0
0 0 0 0

]
.

'Askhsh 2.56 E�n to ginìmeno AB eÐnai o mhdenikìc pÐnakac, AB = 0, deÐxte oti o
q¸roc sthl¸n tou pÐnaka B perièqetai sto mhdenoq¸ro tou A. DeÐxte epÐshc oti o q¸roc
gramm¸n tou A perièqetai ston aristerì mhdenoq¸ro tou B

'Askhsh 2.57 BreÐte ènan pÐnaka A o opoÐoc èqei ton q¸ro V wc q¸ro sthl¸n, kai èna
pÐnaka B o opoÐoc èqei ton q¸ro V wc mhdenoq¸ro: V eÐnai o upìqwroc pou par�getai apì
ta dianÔsmata 


1
1
0


 ,




1
2
0


 ,




1
5
0


 .

'Askhsh 2.58 GiatÐ den up�rqei pÐnakac A tètoioc ¸ste to di�nusma (1, 1, 1) na periè-
qetai sto q¸ro gramm¸n kai sto mhdenoq¸ro tou A?

'Askhsh 2.59 E�n h exÐswsh Ax = 0 èqei mÐa mh mhdenik  lÔsh, deÐxte oti up�rqoun
dianÔsmata w gia ta opoÐa AT y = w den èqei lÔsh. Kataskeu�ste èna tètoio A kai w.

'Askhsh 2.60 QwrÐc na pollaplasi�sete gia na upologÐsete to A, breÐte b�seic twn
tess�rwn jemeliwd¸n upoq¸rwn tou A:

A =




1 0 0
6 1 0
9 8 1







1 2 3 4
0 1 2 3
0 0 1 8


 .

'Askhsh 2.61 E�n enall�xete tic dÔo pr¸tec grammèc tou pÐnaka A, poioÐ apì touc
tèssereic upìqwrouc den all�zoun? E�n y = (1, 2, 3, 4) eÐnai stoiqeÐo ston aristerì
mhdenoq¸ro tou A, breÐte èna di�nusma ston aristerì mhdenoq¸ro tou nèou pÐnaka.
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GenikoÐ dianusmatikoÐ q¸roi

Xekin same sto prohgoÔmeno Kef�laio melet¸ntac sust mata exis¸sewn pr¸tou bajmoÔ,
kai sig�-sig�, qrhsimopoi¸ntac wc basikì ergaleÐo thn apaloif  Gauss, qtÐsame èna arket�
polÔploko oikodìmhma:

• dianÔsmata sto Rn kai pr�xeic me dianÔsmata

• pÐnakec kai pr�xeic me pÐnakec

• paragontopoÐhsh kai antistrof  pin�kwn

• grammikoÐ upìqwroi tou Rn

• grammik  ex�rthsh kai anexarthsÐa

• di�stash grammikoÔ upìqwrou

• t�xh pÐnaka

• jemeli¸deic upìqwroi enìc pÐnaka, kai b�seic touc

'Omwc ìla aut� eÐnai apìluta sugkekrimèna: anafèrontai se n-�dec pragmatik¸n arij-
m¸n. Poièc eÐnai oi jemeli¸deic idiìthtec, pou eÐnai aparaÐthtec gia na anaptÔxoume th
jewrÐa, kai poièc eÐnai apl¸c idiaiterìthtec twn n-�dwn pragmatik¸n arijm¸n, pou den
ephre�zoun ousiastik� to oikodìmhma?

Gia na mporèsoume na efarmìsoume th basik  diadikasÐa thc apaloif c Gauss, qrei�zetai
na mporoÔme na prosjètoume dianÔsmata kai na ta pollaplasi�zoume   na ta diairoÔme me
arijmoÔc. Up�rqoun �lla majhmatik� antikeÐmena me ta opoÐa mporoÔme na k�noume autèc
tic pr�xeic? EÔkola brÐskoume k�poia paradeÐgmata:

• polu¸numa me pragmatikoÔc suntelestèc: e�n p(x) kai q(x) eÐnai polu¸numa, kai c
eÐnai pragmatikìc arijmìc, tìte p(x) + q(x) kai cp(x) eÐnai epÐshc polu¸numa.

• akoloujÐec pragmatik¸n arijm¸n: e�n an kai bn eÐnai akoloujÐec, an +bn kai can eÐnai
epÐshc akoloujÐaec.

• sunart seic apì èna sÔnolo X stouc pragmatikoÔc arijmoÔc: e�n f : X → R kai
g : X → R eÐnai sunart seic, tìte f + g, pou orÐzetai wc (f + g)(x) = f(x) + g(x),
kai cf , pou orÐzetai wc (cf)(x) = cf(x), eÐnai epÐshc sunart seic apì to X sto R.

Ja mporoÔsame, antÐ gia touc pragmatikoÔc arijmoÔc, na qrhsimopoi soume touc akè-
raiouc   touc migadikoÔc? Me touc akèraiouc den ja mporoÔsame na k�noume diaÐresh, pou
eÐnai aparaÐthth sthn apaloif  Gauss. Poièc idiìthtec twn pragmatik¸n qreiazìmaste? An
skeftoÔme lÐgo, blèpoume oti gia thn apaloif  Gauss qrhsimopoioÔme ìlec tic sunhjismè-
nec idiìthtec twn tess�rwn pr�xewn thc arijmhtik c, all� den qrhsimopoioÔme th di�taxh
twn pragmatik¸n arijm¸n. QrhsiopoioÔme tic idiìthtec enìc algebrikoÔ s¸matoc.
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Algebrik� s¸mata
'Ena algebrikì s¸ma eÐnai èna sÔnolo K sto opoÐo orÐzontai dÔo (dimeleÐc) pr�xeic,
tic opoÐec onom�zoume prìsjesh kai pollaplasiasmì,

(a, b) 7→ a + b kai (a, b) 7→ ab

kai oi opoÐec ikanopoioÔn ta akìlouja axi¸mata.

AS1. H prosetairistik  idiìthta gia thn prìsjesh kai ton pollaplasiasmì: gia k�je
a, b, c ∈ K, isqÔoun

(a + b) + c = a + (b + c) , (ab)c = a(bc)

AS2. H antimetajetik  idiìthta gia thn prìsjesh kai ton pollaplasiasmì: gia k�je a, b ∈
K, isqÔoun

a + b = b + a , ab = ba

AS3. H epimeristik  idiìthta thc prìsjeshc wc proc ton pollaplasiasmì: gia k�je a, b, c ∈
K, isqÔei

a(b + c) = ab + ac

AS4. Up�rqoun stoiqeÐa 0 ∈ K kai 1 ∈ K, tètoia ¸ste gia k�je a ∈ K,

a + 0 = a kai a1 = a

AS5. Gia k�je a ∈ K up�rqei monadikì b ∈ K tètoio ¸ste a+ b = 0. To monadikì stoiqeÐo
b me aut  thn idiìthta sumbolÐzetai −a kai onom�zetai antÐjeto tou a.

AS6. Gia k�je a ∈ K, a 6= 0, up�rqei monadikì b ∈ K tètoio ¸ste ab = 1. To monadikì
stoiqeÐo b me aut  thn idiìthta sumbolÐzetai a−1 kai onom�zetai antÐstrofo tou a.

Par�deigma 2.15 Oi rhtoÐ arijmoÐ, Q, oi pragmatikoÐ arijmoÐ, R, kai oi migadikoÐ a-
rijmoÐ, C, me tic gnwstèc pr�xeic thc prìsjeshc kai tou pollaplasiasmoÔ, apoteloÔn
algebrik� s¸mata. Oi akèraioi arijmoÐ den apoteloÔn s¸ma, kaj¸c den ikanopoieÐtai to
axÐwma (AS6).

MporoÔme na orÐsoume pr�xeic pollaplasiasmoÔ kai prìsjeshc oi opoÐec na ikanopoioÔn
ìla ta axi¸mata enìc algebrikoÔ s¸matoc kai se peperasmèna sÔnola:

Par�deigma 2.16 Sto sÔnolo me dÔo stoiqeÐa Z2 = {0, 1}, orÐzoume tic pr�xeic me
touc akìloujouc pÐnakec prìsjeshc kai pollaplasiasmoÔ:

+ 0 1
0 0 1
1 1 0

× 0 1
0 0 0
1 0 1

EÔkola elègqoume oti ikanopoioÔntai ta axi¸mata (AS1) � (AS6).
To Ðdio isqÔei gia to sÔnolo me trÐa stoiqeÐa Z3 = {0, 1, 2} me tic pr�xeic

+ 0 1 2
0 0 1 2
1 1 2 0
2 2 0 1

× 0 1 2
0 0 0 0
1 0 1 2
2 0 2 1
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'Askhsh 2.62 EpalhjeÔsate oti oi pr�xeic thc prìjeshc kai tou pollaplasiasmoÔ
ìpwc orÐzontai me touc parap�nw pÐnakec èqoun th antimetajetik  kai thn prosetairistik 
idiìthta. Poiì eÐnai to antÐjeto stoiqeÐo tou 1 sto Z2? Poiì eÐnai to antÐjeto stoiqeÐo tou
2 sto Z3? Poiì eÐnai to antÐstrofo stoiqeÐo tou 2 sto Z3?

Par�deigma 2.17 To sÔnolo twn rht¸n arijm¸n epektetamèno me thn tetragwnik  rÐza
tou 2, dhlad  to sÔnolo Q(

√
2) = {a + b

√
2 | a, b ∈ Q}, apoteleÐ èna algebrikì s¸ma.

'Askhsh 2.63 EpalhjeÔsate oti oi pr�xeic thc prìjeshc kai tou pollaplasiasmoÔ
eÐnai kal� orismènec sto Q(

√
2), dhlad  oti to �jroisma kai to ginìmeno dÔo stoiqeÐwn tou

Q(
√

2) eÐnai epÐshc stoiqeÐo tou Q(
√

2). BreÐte to antÐstrofo tou a + b
√

2 ìtan b 6= 0.

DianusmatikoÐ q¸roi p�nw apì èna s¸ma
T¸ra ja orÐsoume èna dianusmatikì q¸ro V p�nw apì èna algebrikì s¸ma
K, wc èna sÔnolo V sto opoÐo orÐzontai dÔo pr�xeic, h prìsjesh

α : V × V → V α(v, w) = v u w

kai o pollaplasiasmìc (me stoiqeÐa tou K)

µ : K× V → V µ(a, v) = a · v

kai sto opoÐo ikanopoioÔntai ta akìlouja axi¸mata.

DQ1. Gia k�je v, w ∈ V, v u w = w u v.

DQ2. Gia k�je v, w, u ∈ V, (v u w) u u = v u (w u u).

DQ3. Up�rqei stoiqeÐo 0̄ ∈ V tètoio ¸ste, gia k�je v ∈ V, v u 0̄ = v.

DQ4. Gia k�je v ∈ V up�rqei w ∈ V tètoio ¸ste u u w = 0.

DQ5. Gia k�je a, b ∈ K kai v ∈ V, a · (b · v) = (ab) · v.
DQ6. Gia k�je v ∈ V isqÔei 1 · v = v.

DQ7. Gia k�je a ∈ K kai v, w ∈ V, a · (v u w) = a · v u a · w.

DQ8. Gia k�je a, b ∈ K kai v, ∈ V, (a + b) · v = a · v u b · v.
Ta stoiqeÐa enìc dianusmatikoÔ q¸rou onom�zontai dianÔsmata.

Par�deigma 2.18 EÔkola elègqoume oti ta sÔnola Rn gia n = 1, 2, 3, . . ., me tic sunh-
jismènec pr�xeic, ikanopoioÔn ta axi¸mata (DQ1) � (DQ8), kai sunep¸c eÐnai dianusmatikoÐ
q¸roi p�nw apì to s¸ma twn pragmatik¸n arijm¸n R. Ta sÔnola Cn gia n = 1, 2, 3, . . .,
me tic sunhjismènec pr�xeic, eÐnai dianusmatikoÐ q¸roi p�nw apì to s¸ma twn migadik¸n
arijm¸n C.

Par�deigma 2.19 Oi dianusmatikoÐ upìqwroi tou Rn kai tou Cn eÐnai dianusmatikoÐ
q¸roi. O periorismìc twn pr�xewn tou Rn   tou Cn ston upìqwro, ikanopoieÐ ìla ta
axi¸mata enìc dianusmatikoÔ q¸rou.
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Genikìtera, e�n V eÐnai dianusmatikìc q¸roc p�nw apì to K, kai W eÐnai èna uposÔnolo
tou V , to W eÐnai dianusmatikìc upìqwroc tou V e�n to W eÐnai kleistì wc proc
tic pr�xeic, dhlad  e�n gia k�je v kai w ∈ W , kai k�je a ∈ K, ta dianÔsmata v u w kai
a · v an koun sto W . Tìte to W ikanopoieÐ ta axi¸mata (DQ1) � (DQ8), kai eÐnai epÐshc
dianusmatikìc q¸roc p�nw apì to s¸ma K.

Par�deigma 2.20 Ta sÔnola (Z2)
n gia n = 1, 2, 3, . . ., twn diatetagmènwn n-�dwn

apì stoiqeÐa tou Z2, epÐshc apoteloÔn dianusmatikoÔc q¸rouc. Oi pr�xeic orÐzontai kat�
sunist¸sa, ètsi ¸ste, gia par�deigma sto (Z2)

3,

(0, 1, 1) + (1, 1, 0) = (0 + 1, 1 + 1, 1 + 0)

= (1, 0, 1)

kai gia a ∈ Z2

a(0, 1, 1) = (a0, a1, a1)

= (0, a, a) .

Me autèc tic pr�xeic ikanopoioÔntai ìla ta axi¸mata (DQ1) � (DQ8).

Par�deigma 2.21 Sto sÔnolo ìlwn twn poluwnÔmwn me pragmatikoÔc suntelestèc, to
opoÐo sumbolÐzoume R[x], orÐzontai oi sunhjismènec pr�xeic thc prìsjeshc dÔo poluwnÔmwn
kai tou pollaplasiasmoÔ enìc poluwnÔmou me ènan arijmì (orÐzetai epÐshc pollaplasia-
smìc dÔo poluwnÔmwn, all� aut  h pr�xh den ja mac apasqol sei t¸ra). MporoÔme na
prosjèsoume dÔo polu¸numa p(x) = anx

n + · · ·+a1x+a0 kai q(x) = bmxm + · · ·+ b1x+ b0

gia na p�roume to �jroisma (p+q)(x) = p(x)+q(x),   na pollaplasi�soume to p(x) me ton
arijmì c kai na p�roume to polu¸numo cp(x) = canxn + · · ·+ca1x+ca0. EÔkola elègqoume
oti to sÔnolo R[x], me autèc tic pr�xeic, ikanopoieÐ ta axi¸mata (DQ1) � (DQ8):

DQ1. Gia k�je p(x), q(x) ∈ R[x], p(x) + q(x) = q(x) + p(x).

DQ2. Gia k�je p(x), q(x), r(x) ∈ R[x], (p(x) + q(x)) + r(x) = p(x) + (q(x) + r(x)).

DQ3. To mhdenikì polu¸numo 0̄(x) èqei thn idiìthta oti gia k�je p(x) ∈ R[x], isqÔei
p(x) + 0̄(x) = p(x).

DQ4. Gia k�je polu¸numo p(x) up�rqei to antÐjeto polu¸numo −p(x) gia to opoÐo isqÔei
p(x) + (−p(x)) = 0̄(x).

DQ5. Gia k�je a, b ∈ R kai p(x) ∈ R[x], isqÔei a · (b · p(x)) = (ab) · p(x).

DQ6. Gia k�je p(x) ∈ R[x] isqÔei 1 · p(x) = p(x).

DQ7. Gia k�je a ∈ R kai p(x), q(x) ∈ R[x], isqÔei a · (p(x) + q(x)) = a · p(x) + a · q(x).

DQ8. Gia k�je a, b ∈ R kai p(x) ∈ R[x], isqÔei (a + b) · p(x) = a · p(x) + b · p(x).

To sÔnolo ìlwn twn poluwnÔmwn bajmoÔ 3 den apoteleÐ dianusmatikì upìqwro autoÔ
tou q¸rou, afoÔ to �jroisma dÔo poluwnÔmwn bajmoÔ 3 mporeÐ na eÐnai polu¸numa qamh-
lìterou bajmoÔ. All� to sÔnolo twn poluwnÔmwn bajmoÔ mikrìterou apì   Ðsou me 3,
eÐnai dianusmatikìc upìqwroc tou dianusmatikoÔ q¸rou ìlwn twn poluwnÔmwn.

Par�deigma 2.22 To sÔnolo twn suneq¸n sunart sewn f : R → R sumbolÐzetai
C0(R). Se autì orÐzoume thn prìsjesh dÔo sunart sewn kat� shmeÐo, (f u g)(x) =
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f(x) + g(x), kai ton pollaplasiasmì mÐac sun�rthshc me ènan arijmì epÐshc kat� shmeÐo
(c · f)(x) = cf(x). EÐnai gnwstì oti e�n f kai g eÐnai suneqeÐc, tìte f u g kai c · f eÐnai
epÐshc suneqeÐc. To sÔnolo C0(R) me autèc tic pr�xeic eÐnai dianusmatikìc q¸roc p�nw
apì to R.

Par�deigma 2.23 Sto dianusmatikì q¸ro V = (Z2)
2, o opoÐoc èqei 4 stoiqeÐa,

V = {(0, 0), (0, 1), (1, 0), (1, 1)} ,

ta uposÔnola {(0, 0)}, {(0, 0), (0, 1)}, {(0, 0), (1, 0)} kai {(0, 0), (1, 1)} eÐnai dianusma-
tikoÐ upìqwroi, en¸ to uposÔnolo

{(0, 0), (0, 1), (1, 0)}
den eÐnai dianusmatikìc upìqwroc, afoÔ (1, 0)+(0, 1) = (1, 1) to opoÐo den an kei se autì
to sÔnolo.

Par�deigma 2.24 To sÔnolo ìlwn twn m × n pin�kwn, me tic pr�xeic thc prìsjeshc
pin�kwn kai pollaplasiasmoÔ enìc pÐnaka me ènan arijmì, apoteleÐ dianusmatikì q¸ro p�nw
apì to R, ton opoÐo sumbolÐzoumeMm,n. To sÔnolo twn �nw trigwnik¸n n×n pin�kwn eÐnai
dianusmatikìc upìqwroc tou Mn,n, afoÔ eÔkola elègqoume oti eÐnai kleistì wc proc tic
pr�xeic. Antijètwc, to sÔnolo twn mh idiìmorfwn n × n pin�kwn den eÐnai dianusmatikìc
upìqwroc tou Mn,n. MporeÐte na breÐte dÔo mh idiìmorfouc pÐnakec, tètoiouc ¸ste to
�jroism� touc na eÐnai idiìmorfoc pÐnakac?

'Enac grammikìc sunduasmìc se èna dianusmatikì q¸ro V p�nw apì èna algebrikì
s¸ma K eÐnai èna �jroisma a1 · v1 u · · ·u an · vn, ìpou ta v1, . . . , vn eÐnai dianÔsmata tou
V kai a1, . . . , an eÐnai stoiqeÐa tou K.

MÐa sullog  dianusm�twn v1, . . . , vn tou V eÐnai grammik� anex�rthth e�n o mo-
nadikìc grammikìc sunduasmìc twn v1, . . . , vn o opoÐoc eÐnai Ðsoc me to mhdenikì di�nusma,
eÐnai o sunduasmìc me ìlouc touc suntelestèc Ðsouc me 0 ∈ K.

'Ena uposÔnolo Y par�gei to dianusmatikì q¸ro V e�n k�je di�nusma tou V mporeÐ
na ekfrasteÐ wc grammikìc sunduasmìc twn stoiqeÐwn tou Y me suntelestèc sto s¸ma K.

MÐa b�sh B tou dianusmatikoÔ q¸rou V eÐnai èna grammik� anex�rthto sÔnolo to opoÐo
par�gei to V : to sÔnolo B ⊆ V eÐnai b�sh tou V e�n kai mìnon e�n k�je di�nusma v ∈ V
ekfr�zetai me monadikì trìpo wc grammikìc sunduasmìc

v = a1 · v1 u · · ·u ak · vk

ìpou v1, . . . , vk ∈ B kai a1, . . . , ak ∈ K.
E�n ènac dianusmatikìc q¸roc V èqei mÐa peperasmènh b�sh B = {v1, . . . , vn}, tìte

k�je �llh b�sh èqei ton Ðdio arijmì stoiqeÐwn. Autìc o arijmìc onom�zetai di�stash
tou V kai sumbolÐzetai dim V = n.

JewroÔme dianusmatikì q¸ro V p�nw apì to s¸ma K, upojètoume oti o V èqei pepera-
smènh di�stash n kai epilègoume mÐa b�sh B = {v1, . . . , vn}. Tìte k�je stoiqeÐo v ∈ V
ekfr�zetai me monadikì trìpo

v = a1 · v1 u · · ·u an · vn .

Oi suntelestèc a1, . . . , an eÐnai stoiqeÐa touK. To di�nusma (a1, . . . , an) ∈ Kn onom�zetai
di�nusma suntetagmènwn tou v wc proc th b�sh B. H antistoiqÐa

v ←→ (a1, . . . , an)
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an�mesa sta dianÔsmata tou V kai sta dianÔsmata tou Kn eÐnai amfimonos manth. EpÐ
plèon, e�n w eÐnai èna �llo di�nusma tou V me di�nusma suntetagmènwn (b1, . . . , bn), dhlad 
e�n w = b1 · v1 u · · ·u bn · vn, tìte to di�nusma v u w èqei wc di�nusma suntetagmènwn to
�jroisma (a1+b1, . . . , an+bn) twn (a1, . . . , an) kai (b1, . . . , bn) kai e�n c ∈ K, to di�nusma
c · v èqei wc di�nusma suntetagmènwn to ginìmeno (ca1, . . . , can). Me autìn ton trìpo, h
epilog  mÐac b�shc gia to q¸ro V mac epitrèpei na metatrèyoume opoiod pote prìblhma
ekfr�zetai mèsw grammik¸n sunduasm¸n sto dianusmatikì q¸ro V , se èna prìblhma ston
Kn, gia thn epÐlush tou opoÐou mporoÔme na efarmìsoume mejìdouc an�logec me autèc pou
èqoume  dh anaptÔxei sto Rn.

Par�deigma 2.25 Sto dianusmatikì q¸ro Mm,n ìlwn twn m × n pin�kwn, jewroÔme
touc pÐnakec Sij gia i = 1, . . . , m kai j = 1, . . . , n, oi opoÐoi èqoun 1 sth jèsh (i, j) kai
0 se ìlec tic �llec jèseic. To sÔnolo

E = {Sij ∈Mm,n : i = 1, . . . , m, kai j = 1, . . . , n}
eÐnai grammik� anex�rthto: o grammikìc sunduasmìc

∑m
i=1

∑n
j=1 aijSij èqei ton arijmì aij

sth jèsh (i, j). E�n eÐnai Ðsoc me ton mhdenikì pÐnaka, tìte k�je aij eÐnai Ðso me 0.
Profan¸c k�je m×n pÐnakac gr�fetai wc grammikìc sunduasmìc twn Sij. SumperaÐnoume
oti to sÔnolo E apoteleÐ mÐa b�sh tou Mm,n. Aut  h b�sh èqei mn stoiqeÐa, kai sunep¸c
dimMm,n = mn.

Par�deigma 2.26 Sto dianusmatikì q¸ro twn poluwnÔmwn bajmoÔ mikrìterou   Ðsou
me 3, to sÔnolo twn poluwnÔmwn p0(x) = 1, p1(x) = x, p2(x) = x2 kai p3(x) = x3 apoteleÐ
mÐa b�sh B. Pr�gmati, k�je polu¸numo q(x) = a0 + a1x + a2x

2 + a3x
3 ekfr�zetai wc

grammikìc sunduasmìc

q(x) = a0p0(x) + a1p1(x) + a2p2(x) + a3p3(x)

kai to q(x) eÐnai Ðso me to mhdenikì polu¸numo e�n kai mìnon e�n ìloi oi suntelestèc a0,
a1, a2 kai a3 eÐnai Ðsoi me mhdèn. To di�nusma suntetagmènwn tou poluwnÔmou q(x) = a0 +
a1x+a2x

2 +a3x
3 wc proc aut  th b�sh eÐnai apl¸c h diatetagmènh tetr�da (a0, a1, a2, a3).

Upojètoume oti jèloume na elègxoume e�n ta polu¸numa

p(x) = 1 + 2x + x3

q(x) = 3x + x2 + 2x3

r(x) = 2 + x− x2

s(x) = −x + 2x2 − x3

eÐnai grammik� anex�rthta. ArkeÐ na elègxoume e�n ta dianÔsmata suntetagmènwn twn
tess�rwn poluwnÔmwn wc proc th b�sh B eÐnai grammik� anex�rthta. Sunep¸c mporoÔme na
efarmìsoume tic gnwstèc mejìdouc ston pÐnaka me st lec ta dianÔsmata suntetagmènwn,

A =




1 0 2 0
2 3 1 −1
0 1 −1 2
1 2 0 −1


 .

Sto sugkekrimèno par�deigma, sth diadikasÐa thc apaloif c brÐskoume mìnon treÐc odh-
goÔc, kai sumperaÐnoume oti ta tèssera polu¸numa eÐnai grammik� exarthmèna. EpilÔontac
to sÔsthma Ax = 0 mporoÔme na broÔme mh tetrimmèno grammikì sunduasmì twn tess�rwn
poluwnÔmwn pou na eÐnai Ðsoc me to mhdenikì polu¸numo.



Kef�laio 3

PÐnakec kai Grammikèc ApeikonÐseic

Grammikèc apeikonÐseic
Otan pollaplasi�zoume èna di�nusma x me èna pÐnaka A paÐrnoume èna kainoÔrgio di�nusma
Ax. E�n x ∈ Rn kai o pÐnakac eÐnai m×n, paÐrnoume èna di�nusma sto Rm. Etsi mporoÔme
ston pÐnaka A na antistoiqÐsoume mia apeikìnish LA apì to q¸ro Rn sto q¸ro Rm.

LA : Rn → Rm : x 7→ Ax .

Par�deigma 3.1 JewroÔme ton pÐnaka

A =

[
c 0
0 c

]
.

Gia k�je di�nusma x ∈ R2, Ax = cx. K�je di�nusma diastèlletai me to suntelest  c.
E�n c > 1, to di�nusma gÐnetai megalÔtero, e�n 0 < c < 1, to di�nusma gÐnetai mikrìtero.
Tèloc e�n c < 0, to di�nusma all�zei for�.

Par�deigma 3.2 JewroÔme ton pÐnaka

A =

[
0 −1
1 0

]
.

Gia k�je di�nusma x = (u, v) ∈ R2, Ax = (−v, u). Pollaplasiasmìc me autìn ton pÐnaka
peristrèfei to epÐpedo gÔrw apì to 0, kat� mia orj  gwnÐa.

Par�deigma 3.3 JewroÔme ton pÐnaka

A =

[
0 1
1 0

]
.

Gia k�je di�nusma x = (u, v) ∈ R2, Ax = (v, u). Pollaplasiasmìc me autìn ton pÐnaka
anakl� to epÐpedo wc proc thn eujeÐa u = v.

Par�deigma 3.4 JewroÔme ton pÐnaka

A =

[
1 0
0 0

]
.

Gia k�je di�nusma x = (u, v) ∈ R2, Ax = (u, 0). Pollaplasiasmìc me autìn ton pÐnaka
prob�llei to epÐpedo ston u-�xona.

63
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TÐ eÐdouc apeikonÐseic mporoÔn na prokÔyoun apì pollaplasiasmì me èna pÐnaka? EÔkola
mporoÔme na broÔme k�poiec idiìthtec.

1. To 0 prèpei na apeikonÐzetai sto 0: LA(0) = 0, efìson A0 = 0.

2. Pollapl�sia enìc dianÔsmatoc prèpei na apeikonÐzontai sta antÐstoiqa pollapl�sia
thc eikìnac tou dianÔsmatoc: LA(cx) = c LA(x), efìson A(cx) = c(Ax).

3. To �jroisma dÔo dianusm�twn apeikonÐzetai sto �jroisma twn eikìnwn twn dÔo dia-
nusm�twn: LA(x + y) = LA(x) + LA(y), efìson A(x + y) = Ax + Ay.

ApeikonÐseic pou èqoun autèc tic idiìthtec onom�zontai grammikèc apeikonÐseic  
grammikoÐ metasqhmatismoÐ.

Orismìc. H apeikìnish f : Rn → Rm eÐnai grammik  apeikìnish e�n gia k�je
x, y ∈ Rn kai k�je c ∈ R,

1. f(x + y) = f(x) + f(y) kai

2. f(cx) = c f(x).

Genikìtera, e�n V kai W eÐnai dianusmatikoÐ upìqwroi tou Rn kai tou Rm antÐstoiqa,
mÐa apeikìnish f : V → W eÐnai grammik  e�n ikanopoioÔntai oi parap�nw sunj kec gia
k�je v ∈ V .

EÐdame oti gia k�je m × n pÐnaka A, h apeikìnish LA eÐnai grammik . Ja deÐxoume
t¸ra oti, antÐstrofa, k�je grammik  apeikìnish f : Rn → Rm antistoiqeÐ se èna pÐnaka.
UpenjumÐzoume oti e�n κ1, . . . , κn eÐnai oi st lec tou pÐnaka A, tìte

A




u1
...

un


 = u1κ1 + · · ·+ unκn .

Prìtash 3.1 JewroÔme th grammik  apeikìnish f : Rn → Rm kai ton pÐnaka A me
st lec ta dianÔsmata f(e1), f(e2), . . . , f(en), ìpou e1, e2, . . . , en eÐnai h kanonik  b�sh
tou Rn. Tìte f = LA.

Apìdeixh. Estw u = (u1, . . . , un). Tìte u = u1e1+u2e2+· · ·+unen. Apì grammikìthta,

f(u) = f(u1e1 + · · ·+ unen)

= u1f(e1) + · · ·+ unf(en)

= A




u1
...

un


 .

¤
H Prìtash 3.1 mporeÐ na genikeujeÐ wc ex c. Oi timèc mÐac grammik c apeikìnishc

f : V → W sta dianÔsmata v1, v2, . . . , vk mÐac b�shc tou pedÐou orismoÔ V , kajorÐzoun
thn apeikìnish: k�je v ∈ V gr�fetai wc grammikìc sunduasmìc twn stoiqeÐwn thc b�shc,
v = c1v1 + · · ·+ ckvk, kai tìte h grammikìthta thc f prosdiorÐzei to di�nusma f(v),

f(v) = c1f(v1) + · · ·+ ckf(vk) .
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Par�deigma 3.5 E�n f : R2 → R3 eÐnai grammik  apeikìnish, kai f(1, 2) = (1, 1, 2)
en¸ f(0, 1) = (0, 1, 1), tìte mporoÔme na broÔme ton 3 × 2 pÐnaka pou parist�nei thn f .
Prèpei na ikanopoioÔntai oi sqèseic

A

[
1
2

]
=




1
1
0


 kai A

[
0
1

]
=




0
1
1


 ,

tic opoÐec mporoÔme na gr�youme mazÐ wc

A

[
1 0
2 1

]
=




1 0
1 1
0 1


 .

All� ta dianÔsmata (1, 2) kai (0, 1) eÐnai grammik� anex�rthta (apoteloÔn b�sh tou R2)

kai sunep¸c o pÐnakac
[

1 0
2 1

]
eÐnai antistrèyimoc. Pollaplasi�zoume apì ta dexi� me to

A−1, kai èqoume

A =




1 0
1 1
0 1




[
1 0
2 1

]−1

.

Par�deigma 3.6 Ja doÔme k�poiec apeikonÐseic pou den eÐnai grammikèc:

1. g(x) = 2x + 1. An kai to gr�fhma aut c thc sun�rthshc eÐnai mia eujeÐa, den
ikanopoieÐ tic sunj kec tou orismoÔ: g(u + v) = 2u + 2v + 1 6= (2u + 1) + (2v + 1) =
g(u) + g(v).

2. (u1, u2) 7→ (2u2 + 1, 0).

3. (x, y) 7→ (xy, x, y).

H prosetairistik  idiìthta tou ginomènou pin�kwn exasfalÐzei oti h sÔnjesh dÔo gram-
mik¸n apeikonÐsewn eÐnai grammik  kai antistoiqeÐ sto ginìmeno twn pin�kwn.

Prìtash 3.2 E�n A, B eÐnai pÐnakec, m × n kai n × p antÐstoiqa, ¸ste na orÐzetai to
ginìmeno C = AB, tìte isqÔei

LA ◦ LB = LC .

Apìdeixh. Pr�gmati, LC(v) = Cv = (AB)v = A(Bv) = LA(LB(v)) = LA ◦ LB(v).
¤

'Askhsh 3.1 BreÐte thn eikìna tou genikoÔ shmeÐou (v1, . . . , vn) tou pedÐou orismoÔ,
gia tic apeikonÐseic pou orÐzontai me pollaplasiasmì apì ta arister� me ton pÐnaka

A =

[
1 2
0 0

]
B =




1 −1
0 2
1 3




C =

[
3 0 −1
4 2 0

]
D =




1 0 2 1
−1 0 1 −1

1 2 2 2
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'Askhsh 3.2 BreÐte ton pÐnaka A ston opoÐo antistoiqeÐ h grammik  apeikìnish

f(x, y) = (3x + y, 2y, x− y) .

'Askhsh 3.3 DeÐxte oti oi parak�tw apeikonÐseic den eÐnai grammikèc.

aþ. g(x, y, z) = (3x, y2).

bþ. h(u, v, w) = (v + 2, 4u).

'Askhsh 3.4 BreÐte ton pÐnaka pou antistoiqeÐ sto grammikì metasqhmatismì o opoÐoc:

aþ. ApeikonÐzei ta dianÔsmata (1, 0) kai (0, 1) sta dianÔsmata (1, 3) kai (7, 1), antÐstoi-
qa.

bþ. ApeikonÐzei ta dianÔsmata (1, 0, 0), (0, 1, 0) kai (0, 0, 1) sta dianÔsmata (1, 5, 2, 9),
(2, 6, 4, 7) kai (

√
3, 3, 7, 1), antÐstoiqa.

'Askhsh 3.5 E�n oi apeikonÐseic f kai g eÐnai grammikèc, kai f(u) = g(u) = u, tìte
f ◦ g(u) eÐnai Ðso me u   u2?

'Askhsh 3.6 Poièc apì tic akìloujec apeikonÐseic ikanopoioÔn th sqèsh f(u + v) =
f(u) + f(v), kai poièc ikanopoioÔn th sqèsh f(cv) = cf(v), ìpou v = (v1, v2, v3)?

aþ. f(v) = v/||v||
bþ. f(v) = (v1, 2v2, 3v3)

gþ. f(v) = v1 + v2 + v3

dþ. f(v) = h megalÔterh sunist¸sa tou v.

'Askhsh 3.7 PoÐec apì tic akìloujec apeikonÐseic den eÐnai grammikèc, ìpou v = (v1, v2)?

aþ. g(v) = (v2, v1)

bþ. g(v) = (0, v1)

gþ. g(v) = (v1, v1)

dþ. g(v) = (0, 1)

'Askhsh 3.8 DeÐxte oti e�n f : R3 → R3 eÐnai grammik  apeikìnish, tìte f 2 eÐnai
grammik  apeikìnish.

'Askhsh 3.9 DeÐxte oti e�n h grammik  apeikìnish f : V → W eÐnai antistrèyimh
(dhlad  amfimonos manth apeikìnish) tìte h antÐstrof  apeikìnish f−1 : W → V eÐnai
epÐshc grammik 
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Grammikèc apeikonÐseic tou epipèdou
Sta paradeÐgmata pou d¸same sthn arq  tou kefalaÐou jewr same thn peristrof  tou
epipèdou kat� mÐa orj  gwnÐa, thn an�klash sthn eujeÐa x = y, kai thn probol  ston
x-�xona. 'Omwc mporoÔme na èqoume peristrofèc kat� aujaÐretec gwnÐec, kai probolèc
  anakl�seic se opoiad pote eujeÐa pou perièqei to 0. 'Olec autèc oi apeikonÐseic eÐnai
grammikèc. Ja broÔme touc pÐnakac pou tic anaparistoÔn, qrhsimopoi¸ntac thn kanonik 

b�sh
[

1
0

]
kai

[
0
1

]
tou R2.

H peristrof  kat� gwnÐa ϑ apeikonÐzei to di�nusma
[

1
0

]
sto di�nusma

[
cos ϑ
sin ϑ

]
,

kai to di�nusma
[

0
1

]
sto di�nusma

[ − sin ϑ
cos ϑ

]
, (dec shmei¸seic Analutik c GewmetrÐac).

'Ara o pÐnakac Qϑ pou parist�nei thn peristrof  tou epipèdou kat� gwnÐa ϑ, eÐnai o

Qϑ =

[
cos ϑ − sin ϑ
sin ϑ cos ϑ

]

H gewmetrik  diaÐsjhsh mac lèei oti h peristrof  kat� gwnÐa ϑ eÐnai antistrèyimh, kai
èqei antÐstrofo thn peristrof  kat� gwnÐa −ϑ.

ParathroÔme oti

Q−ϑ =

[
cos(−ϑ) − sin(−ϑ)
sin(−ϑ) cos(−ϑ)

]
=

[
cos ϑ sin ϑ

− sin ϑ cos ϑ

]

kai pr�gmati

Qϑ Q−ϑ =

[
cos2 ϑ + sin2 ϑ cos ϑ sin ϑ− sin ϑ cos ϑ

sin ϑ cos ϑ− cos ϑ sin ϑ sin2 ϑ + cos2 ϑ

]
=

[
1 0
0 1

]
.

'Askhsh 3.10 EpalhjeÔsate oti dÔo peristrofèc kat� gwnÐa ϑ isodunamoÔn me mÐa
peristrof  kat� gwnÐa 2ϑ, dhlad  th

Q2
ϑ = Q2ϑ ,

kai oti h peristrof  kata gwnÐa ϑ kai met� kat� gwnÐa ϕ, isodunameÐ me thn peristrof 
kat� gwnÐa ϑ + ϕ, dhlad  oti

Qϕ Qϑ = Q(ϑ+ϕ).

H probol  tou dianÔsmatoc (1, 0) sthn eujeÐa pou sqhmatÐzei gwnÐa ϑ me ton x-
�xona (ac onom�soume aut  thn eujeÐa ton ϑ-�xona) dÐdei èna di�nusma suggrammikì me to
(cos ϑ, sin ϑ), all� me m koc cos ϑ. Dhlad  to (1, 0) prob�lletai sto di�nusma (cos2 ϑ, cos ϑ sin ϑ).
Parìmoia, to di�nusma (0, 1) prob�lletai sto di�nusma (sin ϑ cos ϑ, sin2 ϑ).

O pÐnakac pou parist�nei thn probol  ston ϑ-�xona eÐnai loipìn o

Pϑ =

[
cos2 ϑ cos ϑ sin ϑ

cos ϑ sin ϑ sin2 ϑ

]
.

Autìc o pÐnakac den eÐnai antistrèyimoc. Ta shmeÐa tou
(
ϑ +

π

2

)
-�xona prob�llontai sto

0. O mhdenoq¸roc tou pÐnaka apoteleÐtai apì ta pollapl�sia tou dianÔsmatoc
(
cos

(
ϑ +

π

2

)
, sin

(
ϑ +

π

2

))
= (− sin ϑ, cos ϑ) .
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H gewmetrik  diaÐsjhsh mac lèei oti e�n prob�lloume dÔo forèc, to apotèlesma eÐnai
to Ðdio me to na prob�lloume mÐa for�:

(Pϑ)2 =

[
c2 cs
cs s2

]2

=

[
c2(c2 + s2) cs(c2 + s2)
cs(c2 + s2) s2(c2 + s2)

]
= Pϑ.

H an�klash ston ϑ-�xona, af nei amet�blhta ta shmeÐa tou ϑ-�xona, kai sune-
p¸c to di�nusma (cos ϑ, sin ϑ) apeikonÐzetai ston eautì tou. 'Ena di�nusma k�jeto ston
ϑ-�xona apeikonÐzetai sto antÐjeto tou, sunep¸c to (− sin ϑ, cos ϑ) apeikonÐzetai sto
(sin ϑ, − cos ϑ). 'Ara o pÐnakac Hϑ pou parist�nei thn an�klash ikanopoieÐ

Hϑ

[
c −s
s c

]
=

[
c s
s −c

]

kai sunep¸c

Hϑ =

[
c s
s −c

] [
c −s
s c

]−1

=

[
2c2 − 1 2cs

2cs 2s2 − 1

]
.

'Askhsh 3.11 EpalhjeÔsate ton parap�nw upologismì tou pÐnaka Hϑ.

H gewmetrik  diaÐsjhsh mac lèei oti dÔo anakl�seic ston Ðdio �xona epanafèroun thn
arqik  eikìna, dhlad  (Hϑ)

2 = I. MporoÔme na epalhjeÔsoume aut  thn idiìthta me ap'
eujeÐac upologismì.

Enallaktik�, parathroÔme oti Hϑ = 2Pϑ−I, kai sunep¸c èqoume (Hϑ)
2 = (2Pϑ−I)2 =

4P 2
ϑ − 4Pϑ + I = I afoÔ P 2

ϑ = Pϑ

'Askhsh 3.12 O pÐnakac A =

[
2 0
0 1

]
parist�nei mÐa diastol  (stretching) sth

dieÔjunsh tou x−�xona. Sqedi�ste ton kÔklo x2 + y2 = 1, kai gÔrw tou shmeÐa (2x, y)
pou prokÔptoun apì pollaplasiasmì me ton pÐnaka A. Ti sq ma èqei h kampÔlh pou
prokÔptei?

'Askhsh 3.13 PoÐoc pÐnakac parist�nei thn apeikìnish pou peristrèfei k�je di�nusma
tou R2 kat� mÐa orj , kai sth sunèqeia prob�llei p�nw ston x−�xona? Poiìc pÐnakac
parist�nei thn apeikìnish pou prob�llei ston x−�xona kai sth sunèqeia prob�llei p�nw
ston y−�xona?

'Askhsh 3.14 O pÐnakac A =

[
1 0
3 1

]
parist�nei èna metasqhmatismì strèblwshc

(shearing), h opoÐa af nei ton y−�xona amet�blhta. Sqedi�ste to apotèlesma aut c thc
apeikìnishc ston x−�xona, shmei¸nontac thn eikìna twn shmeÐwn (1, 0), (2, 0) kai (−1, 0),
kaj¸c kai thn eikìna ìlou tou x−�xona.

'Askhsh 3.15 PoioÐ 3× 3 pÐnakec parist�noun tic akìloujec apeikonÐseic?

aþ. probol  sto (x, y)-epÐpedo.

bþ. an�klash sto (x, y)-epÐpedo.
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gþ. thn apeikìnish pou peristrèfei to (x, y)-epÐpedo kat� mÐa orj  gwnÐa, kai af nei ta
shmeÐa tou z-�xona amet�blhta.

dþ. thn apeikìnish pou peristrèfei to (x, y)-epÐpedo, katìpin to (x, z)-epÐpedo kai katì-
pin to (y, z)-epÐpedo, ìla kat� mÐa orj  gwnÐa.

eþ. thn apeikìnish pou k�nei tic Ðdiec treÐc peristrofèc, all� kat� gwnÐa Ðsh me dÔo
orjèc.

'Askhsh 3.16 Peristrofèc sto q¸ro prosdiorizontai apì ton �xona, tou opoÐou ta
shmeÐa paramènoun amet�blhta, kai th gwnÐa peristrof c. BreÐte ton �xona kai th gwnÐa
peristrof c thc apeikìnishc pou apeikonÐzei to (x1, x2, x3) sto (x2, x3, x1).

'Askhsh 3.17 Jewr ste thn ��kuklik �� apeikìnish g(v1, v2, v3) = (v3, v1, v2). BreÐte
to g(g(g(v))) kai to g100(v).

'Askhsh 3.18 Poioc pÐnakac parist�nei thn apeikìnish pou stèlnei to (1, 0) sto (2, 5)
kai to (0, 1) sto (1, 3)? Poioc pÐnakac stèlnei to (2, 5) sto (1, 0) kai to (1, 3) sto (0, 1)?
GiatÐ den up�rqei pÐnakac pou na apeikonÐzei to (2, 6) sto (1, 0) kai to (1, 3) sto (0, 1)?

'Askhsh 3.19 Jewr ste ìla ta dianÔsmata x sto tetr�gwno {(x1, x2) : 0 ≤ x1 ≤
1, 0 ≤ x2 ≤ 1} kai èna 2× 2 pÐnaka A.

aþ. Ti sq ma èqei h eikìna tou tetrag¸nou apì thn x 7→ Ax?

bþ. Gia poioÔc pÐnakec A eÐnai h eikìna tetr�gwno?

gþ. Gia poioÔc pÐnakec A eÐnai h eikìna èna eujÔgrammo tm ma?

dþ. Gia poioÔc pÐnakec A èqei h eikìna embadìn Ðso me 1?

Eikìna kai antÐstrofh eikìna. Aristerì kai dexiì
antÐstrofo.
Prìtash 3.3 JewroÔme ton m × n pÐnaka A, kai thn antÐstoiqh grammik  apeikìnish
LA : Rn → Rm.

1. E�n V eÐnai dianusmatikìc upìqwroc tou Rn, tìte h eikìna tou V mèsw thc apeikìnishc
LA, LA(V ) = {LA(v) | v ∈ V } eÐnai dianusmatikìc upìqwroc tou Rm.

2. E�n W eÐnai dianusmatikìc upìqwroc tou Rm, tìte h antÐstrofh eikìna tou W mèsw
thc apeikìnishc LA, L−1

A (W ) = {v ∈ Rn |LA(v) ∈ W} eÐnai dianusmatikìc upìqwroc
tou Rn.

Apìdeixh. Gia na apodeÐxoume to 1, jewroÔme w1, w2 ∈ LA(V ) kai c ∈ R, kai prèpei na
deÐxoume oti w1 + w2 kai cw1 ∈ LA(V ). Efìson w1 ∈ LA(V ), up�rqei v1 ∈ V tètoio ¸ste
LA(v1) = w1, kai an�loga gia to w2. Efìson V eÐnai dianusmatikìc upìqwroc, v1 +v2 ∈ V
kai LA(v1 + v2) = LA(v1) + LA(v2) = w1 + w2, �ra w1 + w2 ∈ LA(V ). Parìmoia cv1 ∈ V
kai LA(cv1) = cLA(v1) = cw1. Ara cw1 ∈ LA(V ).
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Gia to 2, jewroÔme v1, v2 ∈ L−1
A (W ) kai c ∈ R, kai prèpei na deÐxoume oti v1 + v2 kai

cv1 ∈ L−1
A (W ). Up�rqoun w1 ∈ W tètoio ¸ste LA(v1) = w1, kai an�loga gia to w2. All�

tìte LA(v1 + v2) = w1 + w2 ∈ W , kai LA(cv1) = cw1 ∈ W , �ra v1 + v2 kai cv1 an koun
sto L−1

A (W ).
¤

To epìmeno er¸thma pou jèloume na exet�soume eÐnai upì poÐec sunj kec eÐnai h apeikì-
nish LA eneikonik , epeikonik    amfimonos manth.

H LA eÐnai eneikonik  e�n gia k�je v1, v2 ∈ Rn, h upìjesh LA(v1) = LA(v2) sunep�getai
oti v1 = v2. Autì isqÔei e�n kai mìnon e�n isqÔei h sunepagwg  Av1 = Av2 ⇒ v1 = v2,  
isodÔnama e�n A(v1 − v2) = 0 ⇒ v1 − v2 = 0. Dhlad  h LA eÐnai eneikonik , e�n kai mìnon
e�n, gia k�je x ∈ Rn, Ax = 0 ⇒ x = 0, dhlad  e�n kai mìnon e�n h monadik  lÔsh thc
exÐswshc Ax = 0 eÐnai h tetrimmènh, x = 0. All� gnwrÐzoume oti h omogen c exÐswsh èqei
monadik  lÔsh thn tetrimmènh, akrib¸c ìtan den up�rqoun eleÔjerec metablhtèc, dhlad 
ìtan h t�xh tou pÐnaka eÐnai r = n.

H LA eÐnai epeikonik  e�n gia k�je b ∈ Rm, up�rqei v ∈ Rn, tètoio ¸ste LA(v) = b,
dhlad  ìtan h exÐswsh Ax = b èqei lÔsh gia k�je b ∈ Rm. Autì isqÔei akrib¸c ìtan o
q¸roc sthl¸n tou A eÐnai ìloc o Rm, dhlad  ìtan h t�xh tou pÐnaka eÐnai r = m.

Eqoume apodeÐxei thn akìloujh prìtash

Prìtash 3.4 E�n A eÐnai m× n pÐnakac, tìte h apeikìnish LA eÐnai

1. eneikonik , e�n kai mìnon e�n r = n,

2. epeikonik , e�n kai mìnon e�n r = m, kai

3. amfimonos manth e�n kai mìnon e�n r = m = n.

¤
MÐa apeikìnish f : N → M èqei aristerì antÐstrofo g : M → N , tètoio

¸ste g ◦ f = idN , e�n kai mìnon e�n h f eÐnai eneikonik , kai èqei dexiì antÐstrofo
h : M → N , tètoio ¸ste f ◦ h = idM , e�n kai mìnon e�n h f eÐnai epeikonik , (dec
shmei¸seic tou maj matoc Jemèlia twn Majhmatik¸n).

Orismìc. E�n A eÐnai ènac m× n pÐnakac,

1. o n×m pÐnakac B eÐnai aristerìc antÐstrofoc tou A, e�n BA = In.

2. o n×m pÐnakac C eÐnai dexiìc antÐstrofoc tou A, e�n AC = Im.

Prìtash 3.5 O m× n pÐnakac A, èqei

1. aristerì antÐstrofo e�n kai mìnon e�n h t�xh r = n.

2. dexiì antÐstrofo e�n kai mìnon e�n h t�xh r = m.

Apìdeixh. Pollaplasiasmìc me ton aristerì   to dexiì antÐstrofo pÐnaka, orÐzei to
aristerì   to dexiì antÐstrofo thc sun�rthshc LA, antÐstoiqa. Apì thn prohgoÔmenh
prìtash sumperaÐnoume oti h sunj kh r = n   r = m eÐnai anagkaÐa. Ja oloklhr¸soume
thn apìdeixh brÐskontac sugkekrimèno aristerì   dexiì antÐstrofo ìtan ikanopoieÐtai h
antÐstoiqh sunj kh.

E�n h t�xh tou m× n pÐnaka A eÐnai r = n, tìte oi st lec tou pÐnaka A eÐnai grammik�
anex�rthtec, kai apì to L mma 4.7, to Ðdio isqÔei gia tic st lec tou tetragwnikoÔ pÐnaka
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AT A. 'Ara o AT A eÐnai antistrèyimoc. Jètoume B = (AT A)−1AT , kai èqoume BA =[
(AT A)−1AT

]
A = (AT A)−1(AT A) = In.

EÐnai fanerì oti e�n h t�xh tou A eÐnai r = m, tìte h t�xh tou AT eÐnai Ðsh me ton
arijmì twn sthl¸n tou, kai apì to L mma, o pÐnakac (AT )T AT = AAT eÐnai antistrèyimoc.
Jètoume C = AT (AAT )−1, kai èqoume AC = A

[
AT (AAT )−1

]
= (AAT )(AAT )−1 = Im.

¤
ParathroÔme oti e�n m 6= n to aristerì kai to dexiì antÐstrofo den eÐnai monadikì. Gia

par�deigma, e�n se k�je st lh tou pÐnaka C prosjèsoume èna di�nusma tou mhdenìqwrou
tou A, èqoume p�li èna dexiì antÐstrofo tou A.

Sthn perÐptwsh enìc tetragwnikoÔ pÐnaka A, m = n, kai ta akìlouja eÐnai isodÔnama:

1. H t�xh tou pÐnaka eÐnai r = n.

2. O pÐnakac A èqei aristerì antÐstrofo.

3. O pÐnakac A èqei dexiì antÐstrofo.

4. O pÐnakac A eÐnai antistrèyimoc.

'Askhsh 3.20 E�n V = {x ∈ R2 : x1 = x2}, breÐte (mÐa b�sh gia) touc dianusmatikoÔc
upìqwrouc LA(V ) kai L−1

A (V ), gia ton pÐnaka

aþ. A =

[
1 2
2 4

]

bþ. A =

[
1 3
0 2

]

'Askhsh 3.21 Elègxte e�n oi parak�tw pÐnakec èqoun aristerì   dexiì antÐstrofo,
kai upologÐste to

A =

[
1 2
2 4

]
B =

[
1 3
0 2

]

C =
[

3 2 −1
]

D =

[
3 0 2 1

−1 0 1 −1

]

'Askhsh 3.22 Upojèste oti anazhtoÔme ton dexiì antÐstrofo tou pÐnaka A. Tìte
AB = I odhgeÐ sthn AT AB = AT   B = (AT A)−1AT . O B ìmwc ikanopoieÐ thn BA = I
kai eÐnai aristerìc antÐstrofoc. Poiì b ma eÐnai l�joc ston parap�nw sullogismì?

'Askhsh 3.23 DeÐxte oti up�rqei monadik  grammik  apeikìnish ϕ : R3 → R3 me

ϕ(1, 1, 1) = (1, 0, 1)

ϕ(0, 1, −1) = (2, 1, 3)

ϕ(1, 2, 1) = (1, 1, 2) .

aþ. BreÐte ton pÐnaka A thc parap�nw apeikìnishc.

bþ. DeÐxte oti h eikìna ϕ(R3) thc ϕ eÐnai èna epÐpedo ston R3.
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gþ. BreÐte thn antÐstrofh eikìna tou {0} mèsw thc apeikìnishc ϕ.

dþ. BreÐte ènan upìqwro V tou R3 di�stashc 2 me thn idiìthta ϕ(V ) = ϕ(R3).

eþ. BreÐte èna di�nusma v ∈ R3 tètoio ¸ste ϕ(v) = (6, −1, 5).

�þ. BreÐte ènan upìqwro W tou R3 di�stashc 2 me thn idiìthta o ϕ(W ) na eÐnai h eujeÐa
ston R3 pou orÐzetai apì to di�nusma (6, −1, 5).

'Askhsh 3.24 'Estw ϕ = ϕA : R3 → R2 h grammik  apeikìnish pou orÐzetai apì ton
pÐnaka

A =

[
1 0 1
2 1 3

]
.

aþ. DeÐxte oti h apeikìnish eÐnai epÐ.

bþ. BreÐte èna di�nusma v ∈ R3 me thn idiìthta ϕ(v) = (−2, 5).

gþ. BreÐte thn antÐstrofh eikìna tou {0} mèsw thc apeikìnishc ϕ.

dþ. BreÐte monìpleuro antÐstrofo (aristerì   dexiì?) thc grammik c apeikìnishc ϕ.

Allag  b�shc
'Eqoume deÐ oti e�n èqoume mÐa diatetagmènh b�sh B = {v1, v2, . . . , vn} se k�poio dia-
nusmatikì q¸ro V , tìte k�je di�nusma w ∈ V gr�fetai me monadikì trìpo wc grammikìc
sunduasmìc w = a1v1+a2v2+ · · ·+anvn, kai sunep¸c antistoiqeÐ se èna monadikì di�nusma
suntetagmènwn (a1, a2, . . . , an) ∈ Rn.

Aut  thn idèa mporoÔme na thn efarmìsoume ston Ðdio ton Rn. Wc proc thn kanonik 
b�sh e1 = (1, 0, . . . , 0), . . ., en = (0, . . . , 0, 1), k�je di�nusma èqei wc di�nusma sunte-
tagmènwn ton eautì tou!

w = (a1, a2, . . . , an) = a1e1 + a2e2 + · · ·+ anen .

MporoÔme ìmwc na qrhsimopoi soume �llec b�seic, wc proc tic opoÐec to di�nusma sunte-
tagmènwn tou w ja eÐnai diaforetikì apì to w.

Par�deigma 3.7 Sto R2 jewroÔme th b�sh v1 = (1, 1), v2 = (−1, 1). Poiì eÐnai to
di�nusma suntetagmènwn tou (2, 3) wc proc aut  th b�sh? Ja eÐnai to di�nusma (x1, x2)
gia to opoÐo

[
2
3

]
= x1

[
1
1

]
+ x2

[ −1
1

]

=

[
1 −1
1 1

] [
x1

x2

]
.

GnwrÐzoume p¸c na broÔme to (x1, x2), lÔnontac thn exÐswsh
[

1 −1
1 1

] [
x1

x2

]
=

[
2
3

]
.
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Genikìtera, gia na broÔme to di�nusma suntetagmènwn tou w ∈ Rn wc proc th b�sh
B = {v1, v2, . . . , vn} sqhmatÐzoume ton pÐnaka B me st lec ta dianÔsmata v1, v2, . . . , vn

kai lÔnoume thn exÐswsh
Bx = w .

H epilog  thc kat�llhlhc b�shc eÐnai idiaÐtera shmantik  ìtan exet�zoume ton pÐnaka
pou parist�nei mÐa grammik  apeikìnish. JewroÔme ton tetragwnikì n×n pÐnaka A kai th
grammik  apeikìnish L : Rn −→ Rn pou orÐzetai me L(w) = Aw. E�n B = {v1, v2, . . . , vn}
eÐnai mÐa b�sh tou Rn, tìte to di�nusma suntetagmènwn tou w wc proc th b�sh B eÐnai to
x = B−1w, ìpou B eÐnai o pÐnakac me st lec ta dianÔsmata thc b�shc B, en¸ to di�nusma
suntetagmènwn tou L(w) wc proc th b�sh B eÐnai to x′ = B−1(Aw). Antikajist¸ntac to
w = Bx èqoume

x′ = (B−1AB)x .

Dhlad  o pÐnakac B−1AB parist�nei thn apeikìnish L : Rn −→ Rn wc proc th b�sh B.
Par�deigma 3.8 JewroÔme thn apeikìnish L(x, y) = (5x + y, x + 5y). Wc proc thn

kanonik  b�sh tou R2 aut  parist�netai apì ton pÐnaka A =

[
5 1
1 5

]
, afoÔ L(x, y) =

[
5 1
1 5

] [
x
y

]
. JewroÔme th b�sh B pou apoteleÐtai apì ta dianÔsmata

v1 =

[
1
1

]
kai v2 =

[ −1
1

]
.

O pÐnakac me st lec ta dianÔsmata thc B eÐnai o

B =

[
1 −1
1 1

]

kai o pÐnakac pou parist�nei thn L wc proc th b�sh B eÐnai o

B−1AB =

[
1/2 1/2

−1/2 1/2

] [
5 1
1 5

] [
1 −1
1 1

]

=

[
6 0
0 4

]
.

ParathroÔme oti o pÐnakac B−1AB eÐnai diag¸nioc. Autì shmaÐnei oti mporoÔme na
perigr�youme polÔ kalÔtera thn apeikìnish L wc proc th b�sh B par� wc proc thn kanonik 

b�sh tou R2. To di�nusma suntetagmènwn tou v1 wc proc th b�sh B eÐnai to
[

1
0

]
, kai to

di�nusma suntetagmènwn tou L(v1) eÐnai to
[

6 0
0 4

] [
1
0

]
=

[
6
0

]
,

dhlad  h apeikìnish L pollaplasi�zei epÐ 6 to di�nusma v1. Parìmoia, afoÔ
[

6 0
0 4

] [
0
1

]
=

[
0
4

]
,

h apeikìnish L pollaplasi�zei epÐ 4 to v2.

Sto Kef�laio 6 ja doÔme p¸c brÐskoume thn katallhlìterh b�sh gia na parast sou-
me mÐa apeikìnish. Proc to parìn katagr�foume ta prohgoÔmena apotelèsmata wc èna
Je¸rhma.
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Je¸rhma 3.6 'Estw n×n pÐnakac A, kai L : Rn −→ Rn h grammik  apeikìnish L(w) =
Aw. 'Estw B = {v1, v2, . . . , vn} b�sh tou Rn, kai B o pÐnakac me st lec v1, v2, . . . , vn.
Tìte h grammik  apeikìnish L parist�netai wc proc th b�sh B apì ton pÐnaka B−1AB.
Dhlad , e�n w = x1v1 + · · ·+ xnvn kai L(w) = x′1v1 + · · ·+ x′nvn tìte




x′1
...

x′n


 = B−1AB




x′1
...

x′n


 .

'Askhsh 3.25 BreÐte ton pÐnaka pou parist�nei th grammik  apeikìnish L(x, y) =
(5x + 2y, x + 4y),

aþ. Wc proc thn kanonik  b�sh E =

{[
1
0

]
,

[
0
1

]}
.

bþ. Wc proc th b�sh B =

{[
1

−1

]
,

[
2
1

]}
.



Kef�laio 4

M kh kai orjèc gwnÐec

M koc dianÔsmatoc
Sto epÐpedo, R2, brÐskoume to m koc enìc dianÔsmatoc x = (x1, x2) qrhsimopoi¸ntac to
Pujagìreio je¸rhma:

||x||2 = x2
1 + x2

2 .

Sto q¸ro R3, efarmìzoume to Pujagìreio je¸rhma 2 forèc: e�n x = (x1, x2, x3) kai
u = (x1, x2, 0)

||x||2 = ||u||2 + x2
3

= x2
1 + x2

2 + x2
3 .

Qrhsimopoi¸ntac to sumbolismì tou an�strofou, autì gr�fetai

||x||2 = xT x .

Efarmìzontac to Pujagìreio je¸rhma n− 1 forèc, brÐskoume to m koc enìc dianÔsmatoc
sto Rn:

||x||2 = x2
1 + x2

2 + · · ·+ x2
n

= xT x .

Par�deigma 4.1 To m koc tou dianÔsmatoc x = (1, 2, −3) eÐnai
√

14:

‖x‖2 = xT x = [1 2 − 3]




1
2

−3


 = 12 + 22 + (−3)2 = 14 .

Orjog¸nia dianÔsmata
Ektìc apì ta m kh, jèloume na metr�me kai gwnÐec metaxÔ dianusm�twn. Argìtera ja
mil soume gia ìlec tic gwnÐec, all� proc to parìn mac endiafèroun oi orjèc gwnÐec.
Pìte eÐnai dÔo dianÔsmata x , y orjog¸nia?

To Pujagìreio je¸rhma isqÔei kai antÐstrofa: èna trÐgwno eÐnai orjog¸nio mìnon
ìtan to tetr�gwno thc upoteÐnousac eÐnai Ðso me to �jroisma twn tetrag¸nwn twn 2 pleu-
r¸n. MporoÔme na ergastoÔme sto Rn, all� sthn pragmatikìthta oi metr seic ja eÐnai

75
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mèsa sto epÐpedo pou perièqei to trÐgwno, dhlad  mèsa sto dianusmatikì upìqwro pou
par�getai apì ta dianÔsmata x kai y. H gwnÐa ∠(x, y) eÐnai orj  e�n kai mìnon e�n

||x||2 + ||y||2 = ||x− y||2 ,

dhlad  e�n kai mìnon e�n
x1y1 + · · ·+ xnyn = 0

 
xT y = 0

Prìtash 4.1 DÔo dianÔsmata x, y tou Rn eÐnai orjog¸nia e�n kai mìnon e�n to eswterikì
touc ginìmeno xT y eÐnai 0.

¤
Par�deigma 4.2 To di�nusma x = (2, 2, −1) eÐnai orjog¸nio sto y = (−1, 2, 2):

xT y = [2 2 − 1]



−1

2
2


 = 0 .

'Ena di�nusma eÐnai orjog¸nio ston eautì tou mìnon e�n èqei mhdenikì m koc: xT x = 0.
To monadikì tètoio di�nusma tou Rn eÐnai to 0.

Prìtash 4.2 E�n ta dianÔsmata v1, . . . , vn eÐnai mh mhdenik� kai orjog¸nia metaxÔ touc,
tìte eÐnai grammik� anex�rthta.

Apìdeixh. 'Estw ènac grammikìc sunduasmìc c1v1 + · · · + cnvn = 0. PaÐrnoume to
eswterikì ginìmeno me to v1:

vT
1 (c1v1 + · · ·+ cnvn) = vT

1 0 = 0

All� vT
1 vi = 0 gia k�je i 6= 1, �ra èqoume

vT
1 c1v1 = c1||v1||2 = 0

kai efìson ||v1|| 6= 0, èqoume c1 = 0
Parìmoia, ci = 0 gia k�je i, kai sumperaÐnoume oti ta dianÔsmata eÐnai grammik� anex�r-

thta.
¤

EÐnai profanèc oti den isqÔei to antÐstrofo: duo grammik� anex�rthta dianÔsmata den
eÐnai upoqrewtik� orjog¸nia.

'Askhsh 4.1 BreÐte ta m kh kai to eswterikì ginìmeno twn x = (1, 4, 0, 2) kai y =
(2, −2, 1, 3).

'Askhsh 4.2 PoÐa zeÔgh apì ta dianÔsmata u1, u2, u3, u4 eÐnai orjog¸nia?

u1 =




1
2

−2
1


 , u2 =




4
0
4
0


 , u3 =




1
−1
−1
−1


 , u4 =




1
1
1
1


 .
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'Askhsh 4.3 DÔo eujeÐec sto epÐpedo eÐnai orjog¸niec ìtan to ginìmeno twn klÐsewn
touc eÐnai −1. Efarmìste autì to krit rio stic eujeÐec pou par�gontai apì ta dianÔsmata
x = (x1, x2) kai y = (y1, y2), oi opoÐec èqoun klÐseic x2/x1 kai y2/y1, gia na breÐte to
krit rio orjogwniìthtac twn dianusm�twn, xT y = 0.

'Askhsh 4.4 P¸c gnwrÐzoume oti h i gramm  enìc antistrèyimou pÐnaka B eÐnai orjo-
g¸nia sthn j st lh tou B−1, e�n i 6= j?

'Askhsh 4.5 DeÐxte oti to di�nusma x − y eÐnai k�jeto sto x + y e�n kai mìnon e�n
||x|| = ||y||. Poi� idiìthta twn rìmbwn ekfr�zei autì to apotèlesma?

Orjog¸nioi upìqwroi
Ston R3, mÐa eujeÐa eÐnai k�jeth se èna epÐpedo ìtan sqhmatÐzei orj  gwnÐa me k�je eujeÐa
tou epipèdou pou thn tèmnei.

An�loga, dÔo upìqwroi V kai W tou q¸rou Rn eÐnai orjog¸nioi ìtan k�je di�nusma
tou V eÐnai orjog¸nio se k�je di�nusma tou W .

ParathroÔme oti dÔo epÐpeda W1 kai W2 sto R3 pou sqhmatÐzoun orj  gwnÐa den
ikanopoioÔn aut  th sunj kh. Pr�gmati, ac jewr soume mÐa b�sh apì dÔo orjog¸nia
dianÔsmata se k�je epÐpedo, u1, v1 sto W1 , u2, v2 sto W2. E�n ta W1 kai W2  tan
orjog¸nia, tìte ja eÐqame 4 dianÔsmata u1, v1, u2, v2 orjog¸nia metaxÔ touc. Apì thn
Prìtash 4.2 aut� ja  tan grammik� anex�rthta. All� ston R3 den up�rqoun 4 grammik�
anex�rthta dianÔsmata.

Ja sumbolÐzoume thn orjogwniìthta dÔo grammik¸n upìqwrwn U kai V tou Rn me U⊥V .

Par�deigma 4.3 JewroÔme to epÐpedo V pou par�getai apì ta dianÔsmata v1 = (1, 0, 0, 0)
kai v2 = (1, 1, 0, 0). To di�nusma w = (0, 0, 4, 5) eÐnai orjog¸nio proc ta v1 kai v2. Su-
nep¸c h eujeÐa W pou par�getai apì to w eÐnai upìqwroc tou R4 orjog¸nioc proc ton V .
All� mèsa sto R4 up�rqei q¸roc gia akìmh ènan upìqwro orjog¸nio stouc V kai W : to
di�nusma z = (0, 0, 5, −4) eÐnai orjog¸nio proc ta v1, v2 kai w. H eujeÐa U pou par�getai
apì to z eÐnai orjog¸nia proc touc upìqwrouc V kai W :

U⊥V , U⊥W , V⊥W .

Prìtash 4.3 DÐdetai ènac m× n pÐnakac A. Tìte

1. Sto Rn o q¸roc gramm¸n tou A eÐnai orjog¸nioc sto mhdenìqwro tou A:

R(AT )⊥N (A)

2. Sto Rm o q¸roc sthl¸n tou A eÐnai orjog¸nioc ston aristerì mhdenìqwro tou A:

R(A)⊥N (AT ) .

Apìdeixh. ArkeÐ na deÐxoume thn pr¸th perÐptwsh, afoÔ h deÔterh prokÔptei exet�zon-
tac ton an�strofo pÐnaka AT .
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JewroÔme èna x ∈ N (A) kai èna v ∈ R(AT ), kai jèloume na deÐxoume oti vT x = 0.
'Eqoume Ax = 0. Efìson v ∈ R(AT ), to v eÐnai grammikìc sunduasmìc twn gramm¸n

r1, . . . rm tou A,
v = z1r1 + · · ·+ zmrm ,

dhlad  up�rqei z ∈ Rm tètoio ¸ste v = AT z. 'Eqoume

vT x = (AT z)T x = zT Ax = zT 0 = 0 .

¤
UpenjumÐzoume oti oi diast�seic aut¸n twn q¸rwn ikanopoioÔn tic sqèseic:

dimR(AT ) + dimN (A) = n (4.1)
dimR(A) + dimN (AT ) = m (4.2)

Aut  h parat rhsh upodeiknÔei oti o q¸roc gramm¸n kai o mhdenìqwroc den eÐnai dÔo
opoioid pote orjog¸nioi upìqwroi tou Rn: oi dÔo upìqwroi �gemÐzoun� ton Rn. Ac exet�-
soume pio prosektik� thn kat�stash. An W eÐnai to sÔnolo ìlwn twn dianusm�twn pou
eÐnai orjog¸nia se ìla ta dianÔsmata tou q¸rou gramm¸n R(AT ), h Prìtash 4.3 lèei oti
N (A) ⊆ W . EÔkola ìmwc blèpoume oti isqÔei kai o antÐjetoc egkleismìc, W ⊆ N (A),
dhlad  o mhdenìqwroc perièqei k�je di�nusma pou eÐnai orjog¸nio se ìla ta dianÔsmata
tou q¸rou gramm¸n. Pr�gmati, e�n x ∈ W tìte to x eÐnai orjog¸nio se k�je gramm  tou
A kai Ax = 0. Aut  h kat�stash parousi�zei arketì endiafèron ¸ste na thc d¸soume
èna ìnoma:

Orismìc. JewroÔme grammikì upìqwro V tou Rn. To sÔnolo ìlwn twn dianusm�twn
tou Rn pou eÐnai orjog¸nia se k�je di�nusma tou V , apoteleÐ grammikì upìqwro tou Rn

(dec 'Askhsh 4.22), o opoÐoc onom�zetai orjog¸nio sumpl rwma tou V ston Rn, kai
sumbolÐzetai V ⊥.

'Eqoume deÐxei oti o mhdenìqwroc eÐnai to orjog¸nio sumpl rwma tou q¸rou gramm¸n:

N (A) = R(AT )⊥ .

Ja deÐxoume oti kai o q¸roc gramm¸n eÐnai to orjog¸nio sumpl rwma tou mhdenìqwrou:

R(AT ) = N (A)⊥ .

H Prìtash 4.3 lèei oti R(AT ) ⊆ N (A)⊥. Gia na deÐxoume ton antÐjeto egkleismì jew-
roÔme èna di�nusma z orjog¸nio sto N (A). 'Estw A′ o pÐnakac pou prokÔptei apì ton A
episun�ptontac wc mÐa epÐ plèon gramm  th zT . O A′ èqei ton Ðdio mhdenìqwro me ton A,
afoÔ h nèa exÐswsh zT x = 0 ikanopoieÐtai gia k�je x ∈ N (A). EpÐshc èqei ton Ðdio arijmì
sthl¸n, n. SugkrÐnontac th sqèsh

dimR(A′T ) + dimN (A′) = n

me thn 4.1, kai afoÔ N (A′) = N (A), sumperaÐnoume oti dimR(A′ T ) = dimR(AT ). All�
autì shmaÐnei oti to di�nusma z exart�tai grammik� apì ta dianÔsmata miac b�shc tou
R(AT ), dhlad  oti an kei sto R(AT ).

'Eqoume apodeÐxei to pr¸to mèroc tou akìloujou jewr matoc. To deÔtero mèroc apo-
deiknÔetai jewr¸ntac ton an�strofo pÐnaka.

Je¸rhma 4.4 DÐdetai ènac m× n pÐnakac A. Tìte
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1. O mhdenìqwroc N (A) eÐnai to orjog¸nio sumpl rwma tou q¸rou gramm¸n R(AT )
ston Rn, kai o q¸roc gramm¸n eÐnai to orjog¸nio sumpl rwma tou mhdenìqwrou
ston Rn,

N (A) = R(AT )⊥ kai R(AT ) = N (A)⊥ .

2. O aristerìc mhdenìqwroc N (AT ) eÐnai to orjog¸nio sumpl rwma tou q¸rou sthl¸n
R(A) ston Rm, kai o q¸roc sthl¸n eÐnai to orjog¸nio sumpl rwma tou aristeroÔ
mhdenìqwrou ston Rm,

N (AT ) = R(A)⊥ kai R(A) = N (AT )⊥ .

¤
Me autì to Je¸rhma oloklhr¸netai h perigraf  twn tess�rwn jemeliwd¸n upoq¸rwn

enìc pÐnaka, oi opoÐoi apoteloÔn dÔo zeÔgh orjogwnÐwn sumplhrwm�twn.
H akìloujh Prìtash dÐdei tic basikèc idiìthtec tou orjogwnÐou sumplhr¸matoc.

Prìtash 4.5 'Estw ènac dianusmatikìc upìqwroc V tou Rn, kai W to orjog¸nio sum-
pl rwma tou V , W = V ⊥. Tìte

1. H di�stash tou W eÐnai dim W = n− dim V , kai V ∩W = {0}.
2. To orjog¸nio sumpl rwma tou W eÐnai o V : e�n W = V ⊥ tìte V = W⊥.

3. E�n {v1, . . . , vk} eÐnai b�sh tou V kai {w1, . . . , wn−k} b�sh tou W , tìte {v1, . . . , vk,
w1, . . . , wn−k} eÐnai b�sh tou Rn.

4. K�je di�nusma x ∈ Rn, gr�fetai me monadikì trìpo wc �jroisma enìc dianÔsmatoc
tou V kai enìc dianÔsmatoc tou W .

Apìdeixh. 1. JewroÔme mia b�sh v1, . . . , vk tou V kai ton pÐnaka A pou èqei wc grammèc
ta dianÔsmata v1, . . . , vk. Tìte V eÐnai o q¸roc gramm¸n tou A, kai o mhdenoq¸roc tou A
eÐnai Ðsoc me to orjog¸nio sumpl rwma tou V , N (A) = W . 'Ara dim W = dimN (A) =
n− k.

'Estw t¸ra di�nusma x ∈ V ∩W, x = (x1, x2, . . . , xn). AfoÔ x ∈ V kai x ∈ W = V ⊥,
to x eÐnai orjog¸nio ston eautì tou, xxT = 0. Dhlad  x2

1 + x2
2 + · · · x2

n = 0 kai sunep¸c
x = 0.

2. Apì to Je¸rhma 4.4, to orjog¸nio sumpl rwma tou W = N (A) eÐnai o R(AT ) = V .
3. To sÔnolo {v1, . . . , vk, w1, . . . , wn−k} èqei n stoiqeÐa. E�n deÐxoume oti eÐnai gram-

mik� anex�rthta, tìte ja eÐnai b�sh tou Rn. Upojètoume oti a1v1 + · · · + akuk + b1w1 +
· · ·+ bn−kwn−k) = 0. Jèloume na deÐxoume oti tìte ìla ta ai kai bj eÐnai 0. 'Eqoume

a1v1 + · · ·+ akuk = y = −(b1w1 + · · ·+ bn−kwn−k) .

All� h arister  pleur� an kei sto V , h dexi� pleur� an kei sto W . 'Ara to di�nusma
y an kei sthn tom  V ∩ W , kai sunep¸c y eÐnai to mhdenikì di�nusma 0 ∈ Rn. 'Ara
a1u1 + · · · + akuk = 0, kai afoÔ u1, . . . , uk eÐnai grammik� anex�rthta, ìla ta ai eÐnai 0.
Parìmoia, b1w1 + · · ·+bn−kwn−k = 0, kai afoÔ to w1, . . . , wn−k eÐnai grammik� anex�rthta,
ìla ta bj eÐnai 0.

4. AfoÔ {u1, . . . , uk, w1, . . . , wn−k} eÐnai b�sh tou Rn, k�je di�nusma x ∈ Rn gr�fetai
wc grammikìc sunduasmìc

x = a1u1 + · · ·+ akuk + b1w1 + · · ·+ bn−kwn−k

= x′ + x′′
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ìpou x′ = a1u1 + · · ·+ akuk ∈ V kai x′′ = b1w1 + · · ·+ bn−kwn−k ∈ W .
Upojètoume oti isqÔei epÐshc x = x̃ + x̂, ìpou x̃ ∈ V kai x̂ ∈ W . Tìte x′ + x′′ = x̃ + x̂,

kai sunep¸c x′ − x̃ = x̂− x′′, all� h arister  pleur� an kei sto V , h dexi� pleur� an kei
sto W , kai ìpwc pio p�nw, eÐnai kai oi dÔo mhdèn. 'Ara x′ = x̃ kai x′′ = x̂.

¤
T¸ra mporoÔme na oloklhr¸soume thn perigraf  thc grammik c apeikìnishc LA pou

pollaplasi�zei k�je di�nusma tou Rn me ton pÐnaka m× n pÐnaka A.
E�n x ∈ N (A), tìte LA(x) = 0.
E�n to x eÐnai orjog¸nio sto mhdenoq¸ro, tìte x ∈ R(AT ), kai LA(x) ∈ R(A). All�

to shmantikì eÐnai oti aut  h apeikìnish, apì to q¸ro gramm¸n R(AT ) sto q¸ro sthl¸n
R(A), eÐnai amfimonos manth.

Prìtash 4.6 Gia k�je di�nusma y ∈ R(A), up�rqei èna, kai mìnon èna, di�nusma x ∈
R(AT ), tètoio ¸ste Ax = y.

Apìdeixh. AfoÔ to y an kei sto q¸ro sthl¸n, up�rqei u ∈ Rn tètoio ¸ste Au = y.
Apì thn Prìtash 4.5, up�rqoun monadik� dianÔsmata x ∈ R(AT ) kai w ∈ N (A), tètoia
¸ste u = x + w. All� Aw = 0, �ra Ax = Au = y. E�n up�rqei �llo di�nusma
x′ ∈ R(AT ) me Ax′ = y, tìte x − x′ ∈ N (A). All� afoÔ R(AT ) eÐnai dianusmatikìc
upìqwroc, x− x′ ∈ R(AT ). Sunep¸c x− x′ = 0, kai èqoume monadikìthta.

¤
Anakefalai¸noume thn perigraf  thc dr�shc tou pollaplasiasmoÔ me èna pÐnaka.
E�n A eÐnai ènac m × n pÐnakac t�xewc r, kai LA : Rn → Rm h grammik  apeikìnish

x 7→ Ax, tìte

1. O q¸roc gramm¸n R(AT ) eÐnai upìqwroc tou Rn, di�stashc r.

2. O q¸roc sthl¸n R(A) eÐnai upìqwroc tou Rm, di�stashc r.

3. O mhdenoq¸roc N (A) eÐnai upìqwroc tou Rn di�stashc n− r.

4. O aristerìc mhdenìqwroc N (AT ) eÐnai upìqwroc tou Rm di�stashc m− r.

5. O mhdenoq¸roc eÐnai to orjog¸nio sumpl rwma tou q¸rou gramm¸n,N (A) = R(AT )⊥.

6. O aristerìc mhdenoq¸roc eÐnai to orjog¸nio sumpl rwma tou q¸rou sthl¸n,N (AT ) =
R(A)⊥.

7. H grammik  apeikìnish LA apeikonÐzei to dianusmatikì upìqwro R(AT ) tou Rn am-
fimonos manta sto dianusmatikì upìqwro R(A) tou Rm.

8. H grammik  apeikìnish LAT apeikonÐzei to dianusmatikì upìqwro R(A) tou Rm am-
fimonos manta sto dianusmatikì upìqwro R(AT ) tou Rn.

Prosèxte oti oi dÔo prohgoÔmenec amfimonos mantec apeikonÐseic den eÐnai upoqrewtik�
antÐstrofec h mÐa thc �llhc.

Aut  h eikìna perigr�fetai parastatik� sto Sq ma 3.4 , selÐda 163 tou Strang.

'Askhsh 4.6 BreÐte èna di�nusma x orjog¸nio sto q¸ro gramm¸n tou A, èna di�nusma
orjog¸nio sto q¸ro sthl¸n, kai èna di�nusma orjog¸nio sto mhdenoq¸ro:

A =




1 2 1
2 4 3
3 6 4


 .
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'Askhsh 4.7 BreÐte ìla ta dianÔsmata tou R3 pou eÐnai orjog¸nia sto (1, 1, 1) kai sto
(1, −1, 0).

'Askhsh 4.8 BreÐte mÐa b�sh gia to orjog¸nio sumpl rwma tou q¸rou gramm¸n tou A:

A =

[
1 0 2
1 1 4

]
.

DiaqwrÐste to x = (3, 3, 3) se mÐa sunist¸sa sto q¸ro gramm¸n, kai se mÐa sunist¸sa
sto mhdenoq¸ro tou A.

'Askhsh 4.9 Jewr ste ton upoq¸ro S tou R4 pou perièqei ìla ta dianÔsmata pou
ikanopoioÔn thn x1 + x2 + x3 + x4 = 0. BreÐte mÐa b�sh gia to q¸ro S⊥, pou perièqei ìla
ta dianÔsmata pou eÐnai orjog¸nia ston S.

'Askhsh 4.10 Gia na breÐte to orjog¸nio sumpl rwma tou epipèdou pou par�getai apì
ta dianÔsmata (1, 1, 2) kai (1, 2, 3), jewr ste aut� ta dianÔsmata wc grammèc tou pÐnaka
A, kai lÔste thn exÐswsh Ax = 0. JumhjeÐte oti to sumpl rwma eÐnai olìklhrh eujeÐa.

'Askhsh 4.11 E�n V kai W eÐnai orjog¸nioi upìqwroi, deÐxte oti to mìno koinì di�nusma
eÐnai to mhdenikì: V ∩W = {0}.

'Askhsh 4.12 BreÐte ènan pÐnaka tou opoÐou o q¸roc gramm¸n perièqei to (1, 2, 1) kai
o mhdenoq¸roc perièqei to (1, −2, 1),   deÐxte oti den up�rqei tètoioc pÐnakac.

'Askhsh 4.13 Kataskeu�ste mÐa omogen  exÐswsh se treÐc agn¸stouc, thc opoÐac oi
lÔseic eÐnai oi grammikoÐ sunduasmoÐ twn dianusm�twn (1, 1, 2) kai (1, 2, 3). Autì eÐnai to
antÐstrofo thc prohgoÔmenhc �skhshc, all� ta dÔo probl mata eÐnai ousiastik� ta Ðdia.

'Askhsh 4.14 Sqedi�ste sto epÐpedo touc tèssereic jemeli¸deic upìqwrouc twn pin�-
kwn

A =

[
1 2
3 6

]
kai B =

[
1 0
3 0

]
.

'Askhsh 4.15 Sqedi�ste touc tèssereic jemeli¸deic upìqwrouc tou A, kai breÐte tic
sunist¸sec tou x sto q¸ro gramm¸n kai sto mhdenoq¸ro tou A, ìpou

A =




1 −1
0 0
0 0


 kai x =

[
2
0

]
.

'Askhsh 4.16 Se k�je perÐptwsh, kataskeu�ste ènan pÐnaka A me th zhtoÔmenh idiìthta
  exhg ste giatÐ autì den eÐnai dunatì

aþ. O q¸roc sthl¸n perièqei ta dianÔsmata (1, 2, −3) kai (2, −3, 5), kai o mhdenoq¸roc
perièqei to (1, 1, 1).

bþ. O q¸roc gramm¸n perièqei ta (1, 2, −3) kai (2, −3, 5) kai o mhdenoq¸roc perièqei
to (1, 1, 1).
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gþ. H exÐswsh Ax =




1
1
1


 èqei lÔsh, kai AT




1
0
0


 =




0
0
0


.

dþ. To �jroisma twn sthl¸n eÐnai to di�nusma (0, 0, 0), kai to �jroisma twn gramm¸n
eÐnai to di�nusma (1, 1, 1).

'Askhsh 4.17 Upojèste oti o upìqwroc S par�getai apì ta dianÔsmata (1, 2, 2, 3) kai
(1, 3, 3, 2). BreÐte dÔo dianÔsmata pou par�goun ton upìqwro S⊥. Autì isodunameÐ me to
na lÔsete thn exÐswsh Ax = 0 gia k�poio pÐnaka A. Poiìc eÐnai o A?

'Askhsh 4.18 DeÐxte oti e�n o upìqwroc S perièqetai ston upìqwro V , tìte o S⊥

perièqei ton V ⊥.

'Askhsh 4.19 BreÐte to orjog¸nio sumpl rwma S⊥ ìtan

aþ. S eÐnai o mhdenikìc upìqwroc tou R3.

bþ. S eÐnai o upìqwroc pou par�getai apì to (1, 1, 1).

gþ. S eÐnai o upìqwroc pou par�getai apì ta (2, 0, 0) kai (0, 0, 3).

'Askhsh 4.20 Kataskeu�ste ènan 3× 3 pÐnaka A, qwrÐc mhdenik� stoiqeÐa, tou opoÐou
oi st lec eÐnai an� dÔo k�jetec. UpologÐste to ginìmeno AT A. GiatÐ eÐnai to ginìmeno
diag¸nioc pÐnakac?

'Askhsh 4.21 BreÐte ènan pÐnaka pou perièqei to di�nusma u = (1, 2, 3) sto q¸ro
gramm¸n kai sto q¸ro sthl¸n. BreÐte ènan �llo pÐnaka pou perièqei to u sto mhdenoq¸ro
kai sto q¸ro sthl¸n. Se poi� zeÔgh upoq¸rwn enìc pÐnaka den mporeÐ na perièqetai to u?

'Askhsh 4.22 DeÐxte oti

V ⊥ = {w ∈ Rn : ∀v ∈ V, wT v = 0}

eÐnai pr�gmati grammikìc upìqwroc tou Rn, dhlad  oti eÐnai èna mh kenì uposÔnolo tou
Rn, kleistì wc proc grammikoÔc sunduasmoÔc.

'Askhsh 4.23 DeÐxte oti e�n V eÐnai grammikìc upìqwroc tou Rn kai W = V ⊥, tìte
W⊥ = V , dhlad  oti e�n o W eÐnai to orjog¸nio sumpl rwma tou V , tìte kai o V eÐnai
to orjog¸nio sumpl rwma tou W .

'Askhsh 4.24 ApodeÐxte oti h exÐswsh Ax = b èqei lÔsh e�n kai mìnon e�n yT b = 0
gia k�je y pou ikanopoieÐ yT A = 0.

Bèltistec lÔseic kai Probolèc
Epistrèfoume akìmh mÐa for� sthn exÐswsh Ax = b. 'Eqoume dei oti h exÐswsh èqei lÔseic
mìnon ìtan to di�nusma b an kei sto q¸ro sthl¸n tou pÐnaka A. Suqn� ìmwc jèloume na
broÔme thn kalÔterh dunat  lÔsh thc exÐswshc, akìmh kai ìtan to b den an kei ston R(A).
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Autì sumbaÐnei suqn� sthn an�lush peiramatik¸n dedomènwn, ìpou gia na periorÐsoume
thn pijanìthta tuqaÐou sf�lmatoc, paÐrnoume perissìterec metr seic. To apotèlesma
eÐnai na èqoume èna sÔsthma me arket� perissìterec exis¸seic par� agn¸stouc, ìpou den
perimènoume na up�rqei akrib c lÔsh.

E�n antikatast soume to b me èna di�nusma b′ tou q¸rou sthl¸n R(A) tìte h exÐswsh
Ax = b′ èqei lÔsh. MporoÔme na broÔme mia bèltisth lÔsh thc exÐswshc, e�n antikatast -
soume to di�nusma b me to di�nusma tou q¸rou sthl¸n tou A pou eÐnai plhsièstero sto b
apì k�je �llo di�nusma tou q¸rou sthl¸n. Autì to di�nusma eÐnai h orjog¸nia probol 
tou b sto q¸ro sthl¸n.

E�n sumbolÐsoume p thn orjog¸nia probol  tou b sto q¸ro sthl¸n, èqoume mÐa nèa
exÐswsh

Ax̂ = p.

Oi lÔseic aut c thc exÐswshc onom�zontai bèltistec lÔseic elaqÐstwn tetrag¸nwn thc
arqik c exÐswshc Ax = b, (deÐte thn 'Askhsh 4.25).

Par�deigma 4.4 Upojètoume oti melet�me thn ex�rthsh mÐac posìthtac b apì mÐa po-
sìthta a, kai anamènoume oti h b eÐnai an�logh proc thn a. Jèloume na broÔme ton stajerì
lìgo λ gia ton opoÐo

b = λa .

Upojètoume oti oi peiramatikèc metr seic dÐdoun tic timèc b1 gia a = 2, b2 gia a = 3 kai b3

gia a = 4. Gia na broÔme to λ jewroÔme treÐc exis¸seic me èna �gnwsto.

2x = b1

3x = b2

4x = b3 .

'Omwc autì to sÔsthma èqei lÔsh mìno ìtan to di�nusma (b1, b2, b3) eÐnai èna pollapl�sio
tou (2, 3, 4). H exÐswsh 


2
3
4


 x =




b1

b2

b3


 (4.3)

èqei lÔsh mìnon ìtan to (b1, b2, b3) an kei sto q¸ro sthl¸n. Gia k�je tim  tou x orÐzoume
to sf�lma

ε = ‖ax− b‖ =
√

(2x− b1)2 + (3x− b2)2 + (4x− b3)2 ,

to opoÐo mhdenÐzetai mìno ìtan x apoteleÐ lÔsh thc exÐswshc 4.3. Sthn perÐptwsh pou h
exÐswsh 4.3 den èqei lÔsh, jewroÔme thn bèltisth lÔsh, thn tim  tou x h opoÐa k�nei to
sf�lma ε ìso to dunatìn mikrìtero. Autì sumbaÐnei ìtan to di�nusma ax eÐnai Ðso me thn
orjog¸nia probol  tou dianÔsmatoc b sto q¸ro sthl¸n, dhlad  ìtan ax− b eÐnai k�jeto
sto a.

'Askhsh 4.25 UpologÐste thn par�gwgo d
dx

(ε2), kai deÐxte oti mhdenÐzetai akrib¸c
ìtan ax− b eÐnai k�jeto sto a.

Probol  se eujeÐa
Ac exet�soume pr¸ta thn probol  se mÐa eujeÐa. JewroÔme ta dianÔsmata a kai b sto
epÐpedo. EÐdame sto Kef�laio 3 thn probol  tou epipèdou R2 ston ϑ-�xona, dhlad  sthn
eujeÐa twn dianusm�twn pou eÐnai suggrammik� me to (cos ϑ, sin ϑ). T¸ra jèloume na
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upologÐsoume thn probol  enìc shmeÐou b tou Rn p�nw sthn eujeÐa twn dianusm�twn pou
eÐnai suggrammik� me to a ∈ Rn. To di�nusma probol c p qarakthrÐzetai apì tic akìloujec
idiìthtec:

1. To p eÐnai suggrammikì me to a, dhlad  p = x̂a gia k�poio arijmì x̂ ∈ R.

2. H diafor� b− p eÐnai orjog¸nia sto a, dhlad  aT (b− p) = 0.

Apì autèc tic idiìthtec lamb�noume thn exÐswsh

aT (b− x̂a) = 0

thn opoÐa mporoÔme na lÔsoume gia na broÔme to x̂:

x̂ =
aT b

aT a
.

Sunep¸c to di�nusma probol c eÐnai

p = x̂a =
aT b

aT a
a .

Jèloume na ekfr�soume thn probol  wc mÐa grammik  apeikìnish apì ton Rn ston Rn, h
opoÐa apeikonÐzei ton Rn sthn eujeÐa V = {ta : t ∈ R}, kai na broÔme ton antÐstoiqo
pÐnaka. Ston prohgoÔmeno upologismì mporoÔme na antistrèyoume th di�taxh tou a kai
tou x̂:

p = ax̂ = a
aT b

aT a
,

kai na efarmìsoume thn prosetairistik  idiìthta:

p =
1

aT a
aaT b .

Parathr ste oti aT a eÐnai jetikìc arijmìc, to tetr�gwno tou m kouc tou a, en¸ aaT eÐnai
tetragwnikìc pÐnakac.

Ton pÐnaka
P =

1

aT a
aaT

onom�zoume pÐnaka probol c. Gia na prob�loume to di�nusma b ∈ Rn sthn eujeÐa pou
orÐzei to di�nusma a, arkeÐ na to pollaplasi�soume me ton pÐnaka P .

Par�deigma 4.5 SuneqÐzoume to Par�deigma 4.4, me b = (4, 6, 9), dhlad  jewroÔme to
sÔsthma 


2
3
4


 x =




4
6
9


 .

Autì den èqei lÔsh, afoÔ to di�nusma (4, 6, 9) den an kei sto q¸ro pou par�gei to (2, 3, 4).
H bèltisth lÔsh eÐnai x̂, tètoia ¸ste

[
2 3 4

]






4
6
9


− x̂




2
3
4





 = 0 ,
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dhlad 

x̂ =
(2, 3, 4) · (4, 6, 9)

22 + 32 + 42
=

62

29
.

SumperaÐnoume oti h bèltisth tim  gia to λ pou prokÔptei apì ta 3 shmeÐa (2, 4), (3, 6) kai
(4, 9) eÐnai λ = 62

29
.

'Askhsh 4.26 BreÐte thn probol  tou dianÔsmatoc (7, 4) p�nw ston upìqwro pou
par�getai apì to di�nusma (1, 2).

'Askhsh 4.27 BreÐte ton pÐnaka probol c pou antistoiqeÐ sthn probol  twn dianusm�-
twn tou epipèdou R2 p�nw sthn eujeÐa 3x− 2y = 0.

'Askhsh 4.28 BreÐte ton pÐnaka probol c P1 sthn eujeÐa me dieÔjunsh a = (1, 3),
kaj¸c kai ton pÐnaka probol c P2 sthn eujeÐa pou eÐnai k�jeth sto a. UpologÐste touc
pÐnakec P1 + P2 kai P1P2. Exhg ste to apotèlesma.

'Askhsh 4.29 Ston q¸ro Rn, poi� gwnÐa sqhmatÐzei to di�nusma (1, 1, . . . , 1) me touc
�xonec suntetagmènwn? BreÐte ton pÐnaka probol c se autì to di�nusma.

'Askhsh 4.30 Poiì pollapl�sio tou a = (1, 1, 1) eÐnai plhsièstero sto shmeÐo b =
(2, 4, 4)? BreÐte epÐshc to shmeÐo sthn eujeÐa me dieÔjunsh b pou eÐnai plhsièstero sto a.

'Askhsh 4.31 DeÐxte oti o pÐnakac probol c P = 1
aT a

aaT eÐnai summetrikìc kai ika-
nopoieÐ th sqèsh P 2 = P .

'Askhsh 4.32 Poioc pÐnakac P prob�lei k�je shmeÐo tou R3 sthn eujeÐa ìpou tèmnontai
ta epÐpeda x + y + t = 0 kai x− t = 0?

'Askhsh 4.33 Gia ta akìlouja dianÔsmata, sqedi�ste sto kartesianì epÐpedo thn pro-
bol  tou b sto a, kai sth sunèqeia upologÐste thn probol , apì thn èkfrash p = x̂a:

aþ. b =

[
cos ϑ
sin ϑ

]
kai a =

[
1
0

]

bþ. b =

[
1
1

]
kai a =

[
1

−1

]

'Askhsh 4.34 UpologÐste thn probol  tou b sthn eujeÐa me dieÔjunsh a, kai elègxte
oti to dianusmatikì sf�lma e = b− p eÐnai orjog¸nio sto a:

aþ. b =




1
2
2


 kai a =




1
1
1




bþ. b =




1
3
1


 kai a =



−1
−3
−1




'Askhsh 4.35 'Estw a di�nusma tou Rn kai èstw P o pÐnakac probol c tou a. DeÐxte
oti to �jroisma twn diagwnÐwn stoiqeÐwn tou P isoÔtai me 1.
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'Askhsh 4.36 'Estw a = (1, 2, −1, 3).

aþ. BreÐte ton pÐnaka probol c P sto di�nusma a.

bþ. BreÐte mia b�sh tou mhdenìqwrou N (P ).

gþ. BreÐte èna mh mhdenikì di�nusma v tou R4 tou opoÐou h probol  sto a na eÐnai to
mhdenikì di�nusma.

Probol  se upìqwro
JewroÔme t¸ra to prìblhma se perissìterec diast�seic. Jèloume na prob�loume to di�nu-
sma b se èna upìqwro V di�stashc k mèsa ston Rm. MporoÔme gia eukolÐa na upojèsoume
oti k = 2 kai m = 3, qwrÐc ousiastik  diafor� sth diadikasÐa. JewroÔme loipìn dÔo dia-
nÔsmata a1 kai a2 tou R3, ta opoÐa apoteloÔn b�sh tou V , kai ton m × k pÐnaka A me
st lec ta dianÔsmata ai, ètsi ¸ste V = R(A). AfoÔ h probol  p brÐsketai sto q¸ro
sthl¸n tou A, èqoume

p = Ax̂

gia k�poio x̂ ∈ Rk. AfoÔ h probol  eÐnai orjog¸nia, to di�nusma b− Ax̂ eÐnai orjog¸nio
sto q¸ro sthl¸n tou A, kai apì to Je¸rhma 4.4 an kei ston aristerì mhdenoq¸ro tou
A:

AT (b− Ax̂) = 0 .

'Etsi èqoume thn exÐswsh
AT Ax̂ = AT b ,

h opoÐa ja mac d¸sei th bèltisth lÔsh x̂, apì thn opoÐa mporoÔme na upologÐsoume to p.
E�n o pÐnakac AT A eÐnai antistrèyimoc, èqoume

x̂ = (AT A)−1AT b ,

kai h probol  tou b ston upìqwro V = R(A) eÐnai

p = Ax̂ = A(AT A)−1AT b .

O pÐnakac probol c eÐnai
P = A(AT A)−1AT .

Se aut  thn èkfrash, A eÐnai m× k pÐnakac, opìte AT A eÐnai tetragwnikìc k× k pÐnakac,
kai P eÐnai m×m pÐnakac.

An sugkrÐnoume me thn perÐptwsh thc probol c se eujeÐa, ìpou k = 1, blèpoume oti
o m × 1 pÐnakac A eÐnai to di�nusma a, kai o antistrèyimoc k × k pÐnakac AT A eÐnai o
jetikìc arijmìc aT a, me antÐstrofo 1

aT a
. Autìc metatÐjetai me ton pÐnaka A, kai sunep¸c

mporoÔme na gr�youme

a(aT a)−1aT =
1

aT a
aaT .

Ja deÐxoume oti h upìjesh pwc AT A eÐnai antistrèyimoc ikanopoieÐtai p�nta ìtan oi
st lec tou A eÐnai grammik� anex�rthtec, ìpwc sthn perÐptwsh pou apoteloÔn b�sh tou
upìqwrou V .
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L mma 4.7 O pÐnakac AT A èqei ton Ðdio mhdenoq¸ro me ton A.

Apìdeixh. EÐnai profanèc oti e�n Ax = 0 tìte AT Ax = 0, dhlad  otiN (A) ⊆ N (AT A).
Gia na deÐxoume ton antÐstrofo egkleismì jewroÔme x tètoio ¸ste AT Ax = 0, opìte

xT (AT Ax) = 0.

All� xT (AT Ax) = (xT AT )Ax = (Ax)T Ax = ||Ax||2.
'Ara to di�nusma Ax èqei mhdenikì m koc, kai sunep¸c Ax = 0, dhlad  x ∈ N (A).

¤

Prìtash 4.8 'Enac m × m pÐnakac P eÐnai pÐnakac probol c se èna upìqwro tou Rm

e�n kai mìnon e�n P eÐnai summetrikìc kai P 2 = P .

Apìdeixh. 'Estw V ènac upìqwroc tou Rm, kai A o pÐnakac me st lec ta dianÔsmata
mÐac b�shc tou V . Tìte o pÐnakac probol c ston upìqwro V eÐnai o P = A(AT A)−1AT .
EÔkola elègqoume oti P 2 = P ,

P 2 = A(AT A)−1AT A(AT A)−1AT

= A(AT A)−1AT

= P.

O an�strofoc tou P eÐnai o pÐnakac

P T = (A(AT A)−1AT )T

= (AT )T
(
(AT A)−1

)T
AT

= A
(
(AT A)T

)−1
AT

= A(AAT )−1AT

= P

Antistrìfwc, e�n o m × m pÐnakac P ikanopoieÐ tic sqèseic P 2 = P kai P = P T , ja
deÐxoume oti P eÐnai o pÐnakac probol c sto q¸ro sthl¸n tou. Profan¸c, gia k�je
b ∈ Rm, Pb an kei sto q¸ro sthl¸n tou P . Gia na deÐxoume oti Pb eÐnai h probol  tou b
ston upìqwro V = R(P ) arkeÐ na deÐxoume oti b− Pb eÐnai orjog¸nio ston V .

'Estw v di�nusma tou V . Tìte v eÐnai grammikìc sunduasmìc twn sthl¸n tou P , dhlad 
up�rqei c ∈ Rm tètoio ¸ste v = Pc, kai èqoume

(b− Pb)T v = (b− Pb)T Pc

= (bT − bT P T )Pc

= bT (I − P T )Pc

= bT (P − P T P )c.

All� P T = P kai P 2 = P , �ra P − P T P = P − P = 0.
¤

Par�deigma 4.6 SuneqÐzoume to Par�deigma 4.4, me b = (4, 6, 9), all� t¸ra upojètoume
oti h sqèsh metaxÔ twn posot twn a kai b eÐnai

b = λa + µ .
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Me ta Ðdia dedomèna, (2, 4), (3, 6) kai (4, 9), èqoume treÐc exis¸seic me dÔo agn¸stouc gia
na broÔme ta λ kai µ:

2x1 + x2 = 4
3x1 + x2 = 6
4x1 + x2 = 9 ,

tic opoÐec gr�foume wc èna sÔsthma

Ax =




2 1
3 1
4 1




[
x1

x2

]
=




4
6
9


 .

To di�nusma (4, 6, 9) den an kei sto q¸ro sthl¸n tou pÐnaka A, kai to sÔsthma den
èqei lÔsh. To sf�lma ε = ‖b − Ax‖ elaqistopoi tai gia thn tim  x̂ tou x = (x1, x2) gia
thn opoÐa to di�nusma b− Ax̂ eÐnai orjog¸nio sto q¸ro sthl¸n tou A. 'Etsi èqoume thn
exÐswsh elaqÐstwn tetrag¸nwn:

AT (b− Ax̂) =

[
2 3 4
1 1 1

] 





4
6
9


−




2 1
3 1
4 1




[
x̂1

x̂2

]
 = 0 ,

dhlad  [
62
19

]
−

[
29 9
9 3

] [
x̂1

x̂2

]
= 0

me lÔsh [
x̂1

x̂2

]
=

1

6

[
3 −9

−9 29

] [
62
19

]
=

[
15
6
7
6

]
.

'Ara h bèltisth eujeÐa pou kajorÐzetai apì ta shmeÐa (2, 4), (3, 6) kai (4, 9) èqei exÐswsh

6b = 15a + 7 .

'Askhsh 4.37 BreÐte th bèltisth lÔsh elaqÐstwn tetrag¸nwn thc exÐswshc Ax = b,
kai upologÐste thn probol  p = Ax̂, e�n

A =




1 0
0 1
1 1


 kai b =




1
1
0


 .

EpalhjeÔste oti to dianusmatikì sf�lma e = b− p eÐnai orjog¸nio stic st lec tou A.

'Askhsh 4.38 UpologÐste to tetr�gwno tou sf�lmatoc ε2 = ||Ax− b||2, kai breÐte tic
merikèc parag¸gouc tou ε2 wc proc u kai v, e�n

A =




1 0
0 1
1 1


 , x =

[
u
v

]
kai b =




1
3
4


 .

Jèsate tic parag¸gouc Ðsec me mhdèn, kai sugkrÐnete me tic exis¸seic AT Ax̂ = AT b, gia
na deÐxete oti o logismìc kai h gewmetrÐa katal goun stic Ðdiec exis¸seic. UpologÐste to
x̂ kai thn probol  p = Ax̂. GiatÐ eÐnai p = b?
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'Askhsh 4.39 BreÐte thn probol  tou b = (4, 3, 1, 0) p�nw sto q¸ro sthl¸n tou

A =




1 −2
1 −1
1 0
1 2


 .

'Askhsh 4.40 BreÐte thn bèltisth lÔsh elaqÐstwn tetrag¸nwn x̂, tou sust matoc
exis¸sewn 3x = 10 kai 4x = 5. Poio eÐnai to tetr�gwno tou sf�lmatoc ε2 pou elaqisto-
poieÐtai? EpalhjeÔste oti to dianusmatikì sf�lma e = (10 − 3x̂, 5 − 4x̂) eÐnai orjog¸nio
sth st lh (3, 4).

'Askhsh 4.41 BreÐte thn probol  tou b sto q¸ro sthl¸n tou A:

A =




1 1
1 −1

−2 4


 , b =




1
2
7


 .

Diaqwr ste to b se �jroisma p + q, me p sto q¸ro sthl¸n tou A kai q orjog¸nio proc
autìn. Se poiì jemeli¸dh upìqwro tou A brÐsketai to di�nusma q?

'Askhsh 4.42 DeÐxte oti e�n o pÐnakac P ikanopoieÐ th sqèsh P = P T P , tìte P eÐnai
pÐnakac probol c. EÐnai o mhdenikìc pÐnakac P = 0 pÐnakac probol c, kai se poio upìqwro?

'Askhsh 4.43 Ta dianÔsmata a1 = (1, 1, 0) kai a2 = (1, 1, 1) par�goun èna epÐpedo
sto R3. BreÐte ton pÐnaka probol c sto epÐpedo, kai èna mh mhdenikì di�nusma b to opoÐo
prob�letai sto 0.

'Askhsh 4.44 E�n V eÐnai o upìqwroc pou par�getai apì ta (1, 1, 0, 1) kai (0, 0, 1, 0)
breÐte

aþ. mÐa b�sh gia to orjog¸nio sumpl rwma V ⊥.

bþ. ton pÐnaka probol c P sto V .

gþ. to di�nusma sto V to opoÐo eÐnai plhsièstero proc to (0, 1, 0, −1) ∈ V ⊥

'Askhsh 4.45 E�n P eÐnai h probol  sto q¸ro sthl¸n tou pÐnaka A, poi� eÐnai h
probol  ston aristerì mhdenoq¸ro tou A?

'Askhsh 4.46 E�n Pσ = A(AT A)−1AT eÐnai o pÐnakac probol c sto q¸ro sthl¸n tou
A, poiìc eÐnai o pÐnakac probol c Pγ sto q¸ro gramm¸n tou A?

'Askhsh 4.47 JewroÔme ton dianusmatikì upìqwro V tou R4 pou par�getai apì ta
dianÔsmata

(1, 2, 0, 3), (2, 1, 1, 2) (−1, 4, −2, 5)

aþ. BreÐte to orjog¸nio sumpl rwma V ⊥ tou V .

bþ. Gr�yte to di�nusma x = (−4, 15, 7, 8) wc �jroisma x = v + w, ìpou v ∈ V kai
w ∈ V ⊥.
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Orjog¸nioi pÐnakec
JewroÔme èna dianusmatikì upìqwro V ⊆ Rn di�stashc dim V = k, kai mÐa b�sh v1, . . . , vk

tou V . Tìte k�je di�nusma u ∈ V mporeÐ na ekfrasteÐ wc grammikìc sunduasmìc

u = a1v1 + a2v2 + · · ·+ akvk.

To eswterikì ginìmeno twn dianusm�twn u kai w = b1v1 + b2v2 + · · ·+ bkvk eÐnai

uT w = (a1v
T
1 + · · · akv

T
k )(b1v1 + · · ·+ bkvk)

=
k∑

i=1

k∑
j=1

aibjv
T
i vj.

E�n upojèsoume oti ta dianÔsmata thc b�shc eÐnai an� dÔo orjog¸nia metaxÔ touc,
dhlad  oti vT

i vj = 0 e�n i 6= j, to eswterikì ginìmeno uT w gÐnetai

uT w =
k∑

i=1

aibiv
T
i vi

=
∑

aibi||vi||2.

EÐnai fanerì oti mÐa b�sh apì orjog¸nia dianÔsmata mporeÐ na aplopoi sei shmantik� touc
upologismoÔc. Se mÐa tètoia b�sh, mìno mÐa akìmh beltÐwsh mporoÔme na k�noume: to
m koc k�je dianÔsmatoc thc b�shc na eÐnai ||vi||2 = 1. Tìte to eswterikì ginìmeno twn u
kai w lamb�nei thn aploÔsterh dunat  morf :

uT w =
∑

aibi

MÐa tètoia bèltisth b�sh thn qarakthrÐzoume orjokanonik .

Orismìc. Ta dianÔsmata q1, q2, . . . , qk eÐnai orjokanonik� e�n

qT
i qj =





0 e�n i 6= j

1 e�n i = j

MÐa b�sh pou apoteleÐtai apì orjokanonik� dianÔsmata onom�zetai orjokanonik  b�-
sh

'Askhsh 4.48 DeÐxte oti e�n q1, . . . , qk eÐnai mÐa orjokanonik  b�sh tou V , tìte oi
suntelestèc a1, . . . , ak tou dianÔsmatoc u = a1q1 + · · ·+ akqk eÐnai ai = qT

i u.

Orismìc. 'Enac tetragwnikìc pÐnakac tou opoÐou oi st lec eÐnai orjokanonik� dianÔ-
smata onom�zetai orjog¸nioc. Prosèxte oti autìc o ìroc qrhsimopoieÐtai mìno gia
tetragwnikoÔc pÐnakec. 'Enac mh tetragwnikìc pÐnakac me orjokanonikèc st lec den ono-
m�zetai orjog¸nioc.

To shmantikìtero par�deigma orjokanonik c b�shc eÐnai h kanonik  b�sh e1, . . . , en tou
Rn. O orjog¸nioc pÐnakac pou èqei aut� ta dianÔsmata wc st lec, me th di�taxh e1, . . . , en

eÐnai o tautotikìc n × n pÐnakac I. Ta Ðdia dianÔsmata me diaforetikèc diat�xeic dÐdoun
touc pÐnakec met�jeshc, oi opoÐoi eÐnai epÐshc orjog¸nioi pÐnakec.
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Prìtash 4.9 E�n o m× n pÐnakac M èqei orjokanonikèc st lec tìte MT M = I.
Eidikìtera, e�n Q eÐnai orjog¸nioc pÐnakac, tìte o an�strofoc pÐnakac eÐnai kai antÐ-

strofoc,
QT = Q−1 .

Apìdeixh. Upojètoume oti q1, . . . , qn ∈ Rm eÐnai oi st lec tou M . Tìte MT M eÐnai o
n× n pÐnakac me stoiqeÐo sth jèsh (i, j) to qT

i qj. All�

qT
i qj =

{
0 e�n i 6= j
1 e�n i 6= j .

Sunep¸c MT M eÐnai o tautotikìc n×n pÐnakac kai MT eÐnai aristerì antÐstrofo tou M .
E�n o pÐnakac eÐnai tetragwnikìc, tìte to an�strofo eÐnai aristerì antÐstrofo kai apì

thn Prìtash 3.5 eÐnai o antÐstrofoc pÐnakac.
¤

Par�deigma 4.7 O pÐnakac peristrof c Q =

[
cos ϑ − sin ϑ
sin ϑ cos ϑ

]
eÐnai orjog¸nioc. O

Q peristrèfei kat� gwnÐa ϑ, en¸ o an�strofoc QT =

[
cos ϑ sin ϑ

− sin ϑ cos ϑ

]
peristrèfei kat�

gwnÐa −ϑ. Oi st lec eÐnai orjog¸niec, kai afoÔ sin2 ϑ + cos2 ϑ = 1, èqoun m koc 1.

Par�deigma 4.8 'Opwc anafèrame prohgoumènwc, k�je pÐnakac met�jeshc eÐnai orjo-
g¸nioc. Eidikìtera o pÐnakac

P =

[
0 1
1 0

]
,

pou parist�nei thn an�klash ston �xona x = y. Gewmetrik�, k�je orjog¸nioc pÐnakac
eÐnai sÔnjesh mÐac peristrof c kai mÐac an�klashc.

Oi orjog¸nioi pÐnakec èqoun akìma mÐa shmantik  idiìthta:

Prìtash 4.10 O pollaplasiasmìc me èna orjog¸nio pÐnaka Q af nei to m koc amet�-
blhto: gia k�je x ∈ Rn,

||Qx|| = ||x||.

Genikìtera, pollaplasiasmìc me orjog¸nio pÐnaka af nei to eswterikì ginìmeno amet�blh-
to: gia k�je x, y ∈ Rn,

(Qx)T (Qy) = xT y.

Apìdeixh. GnwrÐzoume oti (Qx)T = xT QT . All� QT Q = I kai èqoume:

(Qx)T (Qy) = xT QT Qy = xT Iy = xT y.

¤
E�n o pÐnakac Q eÐnai orjog¸nioc, tìte QT = Q−1, kai sunep¸c QQT = I. Autì

shmaÐnei oti oi grammèc enìc orjogwnÐou pÐnaka eÐnai epÐshc orjokanonik� dianÔsmata.
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OrjokanonikopoÐhsh Gram-Schmidt

Ja deÐxoume oti e�n v1, . . . , vk eÐnai opoiad pote b�sh tou upoq¸rou V ⊆ Rn, mporoÔ-
me na kataskeu�soume apì thn v1, . . . , vk mÐa orjokanonik  b�sh q1, . . . , qk, tètoia ¸ste
gia k�je j = 1, . . . , k, ta dianÔsmata q1, . . . , qj par�goun ton Ðdio upìqwro pou par�-
goun ta dianÔsmata v1, . . . , vj. Aut  h diadikasÐa onom�zetai orjokanonikopoÐhsh
Gram-Schmidt. Ja thn perigr�youme sthn perÐptwsh tri¸n dianusm�twn v1, v2, v3. U-
pojètoume oti ta v1, v2, v3 eÐnai grammik� anex�rthta. Arqik� ja ta antikatast soume me
trÐa orjog¸nia dianÔsmata w1 w2, w3. Sth sunèqeia, diairoÔme k�je di�nusma wi me to
m koc tou kai èqoume ta orjokanonik� dianÔsmata q1, q2, q3.

Jètoume w1 = v1. Jèloume w2 orjog¸nio sto w1 kai tètoio ¸ste ta w1 kai w2 na
par�goun ton Ðdio upìqwro pou par�goun ta v1 kai v2. AfairoÔme apì to v2 thn probol 
tou sthn eujeÐa pou par�getai apì to w1.

w2 = v2 − wT
1 v2

wT
1 w1

w1 .

Elègqoume oti w1 kai w2 eÐnai orjog¸nia:

wT
1 w2 = wT

1 u2 − wT
1 u2

wT
1 w1

wT
1 w1

= 0

To v3 den perièqetai sto epÐpedo pou par�goun ta w1, w2, afoÔ upojèsame oti ta v1, v2

kai v3 eÐnai grammik� anex�rthta. Gia na broÔme to w3 ja afairèsoume thn probol  tou v3

sto epÐpedo pou par�goun ta v1 kai v2. 'Estw A o pÐnakac me st lec ta dianÔsmata w1 kai
w3. Tìte

AT A =

[
wT

1 w1 0
0 wT

2 w2

]

kai, qrhsimopoi¸ntac to sumbolismì twn mplok, A = [w1 w2], h probol  tou v3 eÐnai

A(AT A)−1AT v3 = [w1 w2]




wT
1 w1 0

0 wT
2 w2



−1 [

wT
1

wT
2

]
v3

=
w1

wT
1 w1

wT
1 v3 +

w2

wT
2 w2

wT
2 v3

=
wT

1 v3

wT
1 u3

w1 +
wT

2 v3

wT
2 w2

w2

ParathroÔme oti, epeid  ta dianÔsmata w1 kai w2 eÐnai orjog¸nia, h probol  sto epÐpedo
pou par�goun ta w1 kai w2 eÐnai to �jroisma twn probol¸n stic eujeÐec twn w1 kai w2.
Katal goume pwc

w3 = v3 − wT
1 v3

||w1||2w1 − wT
2 v3

||w2||2w2.

Ta dianÔsmata w1, w2, w3 eÐnai t¸ra orjog¸nia. Gia na broÔme thn orjokanonik  b�sh
tou V arkeÐ na diairèsoume k�je di�nusma me to m koc tou,

q1 =
w1

||w1|| , q2 =
w2

||w2|| , q3 =
w3

||w3|| .
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Par�deigma 4.9 JewroÔme ta dianÔsmata

v1 =




1
0
1
0


 , v2 =




1
0
0
1


 , v3 =




2
1
0
0


 .

Tìte

w1 =




1
0
1
0


 ,

w2 =




1
0
0
1


−

1

2




1
0
1
0


 =




1
2

0
−1

2

1


 ,

w3 =




2
1
0
0


−

2

2




1
0
1
0


−

1

3/2




1
2

0
−1

2

0


 =




2
3

1
−2

3

0


 .

'Ara

q1 =
1√
2




1
0
1
0


 , q2 =

√
2√
3




1
2

0
−1

2

1


 =




1√
6

0
− 1√

6√
2√
3


 , q3 =

3√
17




2
3

1
−2

3

0


 =




2√
17
3√
17

− 2√
17

0


 .

'Opwc perigr�yame th diadikasÐa thc apaloif c Gauss mèsw thc paragontopoÐhshc
A = LU , mporoÔme na perigr�youme kai thn orjokanonikopoÐhsh Gram-Schmidt mèsw
mÐac paragontopoÐhshc tou pÐnaka A o opoÐoc èqei wc st lec ta dianÔsmata v1, v2, . . . , vk:

A = QR,

ìpou Q eÐnai o pÐnakac me orjokanonikèc st lec q1, q2, . . . , qk, kai R eÐnai o pÐnakac pou
antistrèfei th diadikasÐa Gram-Schmidt:

R =




qT
1 v1 qT

1 v2 qT
1 v3

0 qT
2 v2 qT

2 v3

0 0 qT
3 v3


 .

Genikìtera, e�n A eÐnai m× k pÐnakac, R eÐnai o �nw trigwnikìc k× k pÐnakac me stoiqeÐo
sth jèsh i, j

Rij = qT
1 uj gia j ≥ i .

Prìtash 4.11 K�je m× k pÐnakac A me grammik� anex�rthtec st lec mporeÐ na para-
gontopoihjeÐ sth morf 

A = QR ,

ìpou o Q èqei orjokanonikèc st lec, kai o R eÐnai �nw trigwnikìc kai antistrèyimoc. E�n
m = k, tìte Q eÐnai orjog¸nioc pÐnakac.
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H paragontopoÐhsh A = QR aplopoieÐ to prìblhma eÔreshc bèltisthc lÔshc elaqÐstwn
tetrag¸nwn. H exÐswsh

AT Ax̂ = AT b

gÐnetai
RT QT QRx̂ = RT QT b.

AfoÔ QT Q = I kai RT eÐnai antistrèyimoc, èqoume
Rx̂ = QT b

kai to di�nusma x̂ upologÐzetai me an�dromh antikat�stash.

'Askhsh 4.49 E�n u eÐnai monadiaÐo di�nusma, deÐxte oti Q = I−2uuT eÐnai summetrikìc
orjog¸nioc pÐnakac. (EÐnai mÐa an�klash, kai onom�zetai metasqhmatismìc Householder).

UpologÐste ton Q ìtan uT =

[
1

2

1

2
− 1

2
− 1

2

]
.

'Askhsh 4.50 Prob�lete to di�nusma b = (1, 2) se dÔo m  orjog¸nia dianÔsmata,
a1 = (1, 0) kai a2 = (1, 1). EpalhjeÔste oti to �jroisma twn dÔo probol¸n den eÐnai Ðso
proc to b.

'Askhsh 4.51 DeÐxte oti ènac �nw trigwnikìc orjog¸nioc pÐnakac prèpei na eÐnai dia-
g¸nioc.

'Askhsh 4.52 Apì ta mh orjog¸nia dianÔsmata v1, v2, v3, breÐte orjog¸nia dianÔsmata
q1, q2, q3.

v1 =




1
1
0


 , v2 =




1
0
1


 , u3 =




0
1
1


 .

'Askhsh 4.53 Poi� eÐnai ta dunat� dianÔsmata v1 kai v2, pou dÐnoun met� apì orjoka-
nonikopoÐhsh Gram-Schmidt ta dianÔsmata q1 kai q2.

'Askhsh 4.54 Poiì pollapl�sio tou a1 = (1, 1) prèpei na afairejeÐ apì to a2 = (4, 0),

¸ste to apotèlesma na eÐnai orjog¸nio proc to a1. Paragontopoi ste ton pÐnaka
[

1 4
1 0

]

se ginìmeno QR ìpou Q eÐnai orjog¸nioc.

'Askhsh 4.55 Efarmìste th diadikasÐa Gram-Schmidt sta dianÔsmata

v1 =




0
0
1


 , v2 =




0
1
1


 , u3 =




1
1
1


 ,

kai ekfr�ste to apotèlesma sth morf  A = QR.

'Askhsh 4.56 E�n A = QR, ìpou oi st lec tou Q eÐnai orjog¸nia dianÔsmasmata,
breÐte ènan aplì tÔpo gia ton pÐnaka probol c sto q¸ro sthl¸n tou A.

'Askhsh 4.57 BreÐte trÐa orjokanonik� dianÔsmata q1, q2, q3 ∈ R3, tètoia ¸ste ta
q1, q2 na par�goun to q¸ro sthl¸n tou pÐnaka

A =




1 1
2 −1

−2 4


 .
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Poiìc jemeli¸dhc upìqwroc tou A perièqei to di�nusma q3? BreÐte th bèltisth lÔsh
elaqÐstwn tetrag¸nwn thc exÐswshc Ax = b, ìtan bT = [1 2 7].

'Askhsh 4.58 Me ton pÐnaka A thc 'Askhshc 4.57, kai to di�nusma b = [1 1 1]T , qrhsimo-
poi ste thn paragontopoÐhsh A = QR gia na lÔsete to prìblhma elaqÐstwn tetrag¸nwn
Ax = b.

'Askhsh 4.59 Efarmìste th diadikasÐa Gram-Schmidt sta dianÔsmata (1, −1, 0),
(0, 1, −1) kai (1, 0, −1) gia na breÐte orjokanonik  b�sh tou epipèdou x1 + x2 + x3 = 0.
Pìsa m  mhdenik� dianÔsmata prokÔptoun apì th diadikasÐa Gram-Schmidt?

'Askhsh 4.60 BreÐte orjog¸nia dianÔsmata w1, w2, w3 apì ta dianÔsmata

v1 = (1, −1, 0, 0), v2 = (0, 1, −1, 0), v3 = (0, 0, 1, −1) .

Ta v1, v2, v3 apoteloÔn b�sh tou upoq¸rou pou eÐnai orjog¸nioc sto (1, 1, 1, 1).
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OrÐzousec

Qarakthristikèc idiìthtec thc OrÐzousac
GnwrÐzoume thn orÐzousa pin�kwn 2× 2 : e�n

A =

[
1 3
2 4

]

h orÐzousa tou A eÐnai
∣∣∣∣

1 3
2 4

∣∣∣∣ = 1 · 4− 3 · 2 = 4− 6 = −2.

Gia èna genikì 2× 2 pÐnaka, h orÐzousa eÐnai :
∣∣∣∣

a b
c d

∣∣∣∣ = ad− bc

EÔkola elègqoume orismènec idiìthtec twn orizous¸n 2× 2 pin�kwn.
(aþ) H orÐzousa tou tautotikoÔ pÐnaka eÐnai 1,

∣∣∣∣
1 0
0 1

∣∣∣∣ = 1.

(bþ) To prìshmo thc orÐzousac all�zei ìtan enall�ssoume tic grammèc tou pÐnaka:
∣∣∣∣

c d
a b

∣∣∣∣ = cb− da

= −
∣∣∣∣

a b
c d

∣∣∣∣ .

(gþ) H orÐzousa exart�tai grammik� apì thn pr¸th gramm  tou pÐnaka :
∣∣∣∣

a + a′ b + b′

c d

∣∣∣∣ = (a + a′)d− (b + b′)c

= (ad− bc) + (a′d− b′c)

=

∣∣∣∣
a b
c d

∣∣∣∣ +

∣∣∣∣
a′ b′

c d

∣∣∣∣ ,

96
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kai
∣∣∣∣

ta tb
c d

∣∣∣∣ = tad− tbc

= t

∣∣∣∣
a b
c d

∣∣∣∣ .

Apì ta (bþ) kai (gþ) sumperaÐnoume oti h orÐzousa epÐshc exart�tai grammik� apì th
deÔterh gramm  tou pÐnaka:

∣∣∣∣
a b

c + c′ d + d′

∣∣∣∣ = −
∣∣∣∣

c + c′ d + d′

a b

∣∣∣∣

= −
∣∣∣∣

c d
a b

∣∣∣∣−
∣∣∣∣

c′ d′

a b

∣∣∣∣

=

∣∣∣∣
a b
c d

∣∣∣∣ +

∣∣∣∣
a b
c′ d′

∣∣∣∣ .

Gia na epekteÐnoume thn ènnoia thc orÐzousac se n × n pÐnakec, ja qrhsimopoi soume
autèc tic idiìthtec. Ja deÐxoume oti autèc oi treic idiìthtec qarakthrÐzoun me monadikì
trìpo thn orÐzousa enìc n× n pÐnaka.

Orismìc. OrÐzousa onom�zetai mÐa sun�rthsh sto sÔnolo Mn, n twn n× n pin�kwn,

det : Mn, n → R ,

h opoÐa sumbolÐzetai det A   |A|, kai ikanopoieÐ tic idiìthtec :
(aþ) H orÐzousa tou n× n tautotikoÔ pÐnaka eÐnai 1,

det In =

∣∣∣∣∣∣∣

1 0
. . .

0 1

∣∣∣∣∣∣∣
= 1.

(bþ) E�n o pÐnakac B prokÔptei apì ton pÐnaka A me enallag  dÔo gramm¸n, tìte

det B = − det A .

(gþ) H det exart�tai grammik� apì thn pr¸th gramm  tou pÐnaka.
∣∣∣∣∣∣∣∣∣

a11 + a′11 . . . a1n + a′1n

a21 . . . a2n
... . . . ...

an1 . . . ann

∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣

a11 . . . a1n

a21 . . . a2n
... . . . ...

an1 . . . ann

∣∣∣∣∣∣∣∣∣
+

∣∣∣∣∣∣∣∣∣

a′11 . . . a′1n

a21 . . . a2n
... . . . ...

an1 . . . ann

∣∣∣∣∣∣∣∣∣
kai ∣∣∣∣∣∣∣∣∣

ta11 . . . ta1n

a21 . . . a2n
... . . . ...

an1 . . . ann

∣∣∣∣∣∣∣∣∣
= t

∣∣∣∣∣∣∣∣∣

a11 . . . a1n

a21 . . . a2n
... . . . ...

an1 . . . ann

∣∣∣∣∣∣∣∣∣
.

Prosèxte oti den isqÔoun oi isìthtec det(A+B) = det A+det B kai det(tA) = t det A,
par� mìnon ìtan n = 1. Qrhsimopoi¸ntac tic idiìthtec (bþ) kai (gþ), blèpoume oti h orÐzousa
exart�tai grammik� apì opoiad pote gramm  tou pÐnaka.
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Apì autèc tic treic idiìthtec ja sumper�noume di�forec �llec idiìthtec twn orizous¸n,
pou ja mac epitrèyoun na deÐxoume oti up�rqei akrib¸c mia sun�rthsh pou ikanopoieÐ tic
treic idiìthtec.

(dþ) E�n dÔo grammèc tou pÐnaka A eÐnai Ðsec, tìte det A = 0.
Pr�gmati e�n enall�xoume tic dÔo Ðsec grammèc, o pÐnakac den all�zei, all� apì to (bþ),

h orÐzousa all�zei prìshmo. 'Ara det A = − det A kai sunep¸c det A = 0.
(eþ) Otan afairoÔme pollapl�sio mÐac gramm c apì mÐa �llh, h orÐzousa tou pÐnaka den

all�zei.
E�n ìlec oi grammèc tou pÐnaka B eÐnai Ðsec me autèc tou pÐnaka A, ektìc apo th gramm 

i, h opoÐa eÐnai Ðsh me th gramm  j 6= i tou pÐnaka A, tìte h orÐzousa tou pÐnaka pou
prokÔptei ìtan afairèsoume apo thn i-gramm  tou A th j-gramm  pollaplasiasmènh epÐ λ
eÐnai Ðsh me det A− λ det B, all� det B = 0.

'Askhsh 5.1 Elègxate to (eþ) ston pÐnaka
[

a + c b + d
c d

]
.

'Askhsh 5.2 Diatup¸ste to (eþ) me to sumbolismì (aij).

Parat rhsh Apì ta (bþ) kai (eþ) prokÔptei oti h diadikasÐa apaloif c Gauss den
all�zei thn tim  thc orÐzousac, par� mìno wc proc to prìshmo.

(�þ) E�n o pÐnakac A èqei mÐa mhdenik  gramm , tìte det A = 0, ìpwc apodeiknÔetai
eÔkola apì ta (dþ) kai (eþ).

(zþ) E�n D eÐnai diag¸nioc pÐnakac



d1 0
. . .

0 dn


 ,

tìte det D = d1 d2 . . . dn.
Pr�gmati,

∣∣∣∣∣∣∣∣∣

d1 0
d2

. . .
0 dn

∣∣∣∣∣∣∣∣∣
= d1

∣∣∣∣∣∣∣∣∣

1 0
d2

. . .
0 dn

∣∣∣∣∣∣∣∣∣

= · · ·

= d1 d2 . . . dn

∣∣∣∣∣∣∣

1 0
. . .

0 1

∣∣∣∣∣∣∣

(hþ) E�n o A eÐnai trigwnikìc, tìte h orÐzousa eÐnai to ginìmeno twn stoiqeÐwn thc
diagwnÐou.

E�n a11, a22, . . . , ann eÐnai ta stoiqeÐa thc diagwnÐou, kai a11 a22 . . . ann 6= 0, tìte a-
fair¸ntac pollapl�sia mÐac gramm c apo mÐa �llh, mporoÔme na fèroume ton pÐnaka se
diag¸nia morf  me ta a11, a22, . . . , ann sth diag¸nio. An A eÐnai k�tw trigwnikìc, arqÐ-
zoume me thn pr¸th gramm , gia na mhdenÐsoume ta stoiqeÐa thc pr¸thc st lhc k�tw apì
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to a11. An A eÐnai �nw trigwnikìc, arqÐzoume me thn teleutaÐa gramm , gia na mhdenÐsoume
ta stoiqeÐa thc teleutaÐac st lhc p�nw apì to ann. 'Ara det A = a11, a22, . . . , ann.

E�n k�poio apo ta ai i eÐnai mhdèn, tìte h apaloif  Gauss dÐdei èna pÐnaka me mÐa mhdenik 
gramm . 'Ara det A = 0.

T¸ra mporoÔme na deÐxoume oti up�rqei monadik  sun�rthsh sto sÔnolo twn tetragw-
nik¸n n×n pin�kwn, h opoÐa na ikanopoieÐ tic idiìthtec (aþ), (bþ) kai (gþ). 'Etsi h orÐzousa
eÐnai kal� orismènh. Pr�gmati, gnwrÐzoume oti mporoÔme, me apaloif  Gauss, na metatrè-
youme ton pÐnaka A ston �nw trigwnikì pÐnaka U . Apì to (eþ), h orÐzousa tou U eÐnai Ðsh
me to ginìmeno twn odhg¸n. All� apì to (bþ), h orÐzousa tou A diafèrei mìno wc proc
to prìshmo apì thn orÐzousa tou U : e�n k�name k enallagèc kat� thn apaloif , tìte
det A = (−1)k det U . Gia na eÐnai h orÐzousa tou A monadik� prosdiorismènh, prèpei na
deÐxoume oti to prìshmo (−1)k eÐnai monadik� prosdiorismèno. Dhlad  oti den eÐnai dunatìn
èna �rtio pl joc enallag¸n kai èna perittì pl joc enallag¸n, na dÐnoun thn Ðdia met�jesh
twn gramm¸n tou pÐnaka A. Autì apodeiknÔetai sto L mma 5.4, pio k�tw.

Je¸rhma 5.1 H orÐzousa det A eÐnai mhdèn e�n kai mìnon e�n o pÐnakac A eÐnai idiìmor-
foc.

Apìdeixh. E�n o A eÐnai idiìmorfoc, tìte h apaloif  odhgeÐ se pÐnaka me mÐa mhdenik 
gramm , �ra det A = 0.

AntÐstrofa, e�n A den eÐnai idiìmorfoc, h apaloif  odhgeÐ se �nw trigwnikì pÐnaka me
mh mhdenik� stoiqeÐa sth diag¸nio, kai det A = ±d1 d2 . . . dn 6= 0.

¤

Je¸rhma 5.2 E�n A,B eÐnai n× n pÐnakec,

det(AB) = det A det B.

Apìdeixh. E�n ènac apì touc pÐnakec A,B eÐnai idiìmorfoc, tìte to ginìmeno eÐnai epÐshc
idiìmorfo kai det(AB) = 0 = det A det B.

Upojètoume oti B den eÐnai idiìmorfoc, kai gia k�je mh idiìmorfo n×n pÐnaka A orÐzoume

d(A) =
det(AB)

det B
.

Ja deÐxoume oti d(A) ikanopoieÐ tic idiìthtec (aþ), (bþ), (gþ), kai sunep¸c orÐzei mÐa su-
n�rthsh h opoÐa, e�n epektajeÐ me thn tim  0 gia idiìmorfouc pÐnakec, eÐnai Ðsh me thn
orÐzousa.

H idiìthta (aþ): e�n A = I,

d(I) =
det IB

det B
=

det B

det B
= 1.

H idiìthta (bþ): e�n enall�xoume dÔo grammèc tou A, enall�ssontai oi antÐstoiqec
grammèc tou AB. 'Ara all�zei to prìshmo tou det AB, kai sunep¸c to prìshmo tou d(A).

H idiìthta (gþ): jewroÔme pÐnakec C = (cij) kai D = (dij) tètoiouc ¸ste gia j =
1, . . . , n,

a1j = sc1j + td1j

kai gia i > 1
aij = cij = dij.
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Tìte h pr¸th gramm  tou AB eÐnai

n∑

k=1

a1k bkj = s

n∑

k=1

c1k bkj + t
∑

d1k bkj

kai isqÔei det AB = s det CB + t det DB, kai sunep¸c d(A) = s d(C) + td(D). 'Ara h
d(A) exart�tai grammik� apo thn pr¸th gramm  tou A.

¤

Je¸rhma 5.3 H orÐzousa tou anastrìfou tou pÐnaka A eÐnai Ðsh me thn orÐzousa tou A,

det(AT ) = det A .

Apìdeixh. O pÐnakac A eÐnai idiìmorfoc e�n kai mìnon e�n o an�strofoc AT eÐnai
idiìmorfoc. 'Ara se aut  thn perÐptwsh èqoume

det A = 0 = det AT .

E�n o A den eÐnai idiìmorfoc, tìte up�rqei paragontopoÐhsh

PA = LDU . (5.1)

Efarmìzoume to Je¸rhma 5.2 kai èqoume

det P det A = det L det D det U .

Anastrèfontac thn 5.1, èqoume

AT P T = UT DT LT ,

kai sunep¸c
det AT det P T = det UT det DT det LT .

All� oi pÐnakec L, U, UT kai LT eÐnai trigwnikoÐ pÐnakec me èna sth diag¸nio. 'Ara oi
orÐzousèc touc eÐnai Ðsec me 1. EpÐshc, gia to diag¸nio pÐnaka D èqoume DT = D. 'Ara
to mìno pou mènei na deÐxoume eÐnai oti det P T = det P . All� o pÐnakac P prokÔptei me
enallagèc gramm¸n apì ton tautotikì pÐnaka I. Sunep¸c det P = ±1. EpÐshc, PP T = I,
kai sunep¸c det P det P T = 1. SumperaÐnoume oti det P = det P T . 'Eqoume deÐxei oti

det A = det P T det L det D det U = det P det LT det DT det UT = det AT .

¤
To Je¸rhma 5.3 amèswc diplasi�zei ton kat�logo twn idiot twn twn orizous¸n: gia

k�je idiìthta gia tic grammèc enìc pÐnaka, isqÔei kai h antÐstoiqh idiìthta gia tic dt lec
tou pÐnaka.

Telei¸noume aut  thn par�grafo me to L mma pou oloklhr¸nei thn apìdeixh oti h
orÐzousa eÐnai kal� orismènh.

L mma 5.4 MÐa met�jesh mporeÐ na ekfrasteÐ wc sÔnjesh �rtiou   perittoÔ pl jouc
enallag¸n, all� ìqi kai ta dÔo.
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Apìdeixh. JewroÔme mÐa met�jesh σ : {1, . . . , n} → {1, . . . , n}. OrÐzoume ton arijmì
Nσ na eÐnai to pl joc twn zeug¸n (i, j) gia ta opoÐa i < j kai σ(i) > σ(j). Gia par�deigma,
gia thn tautotik  apeikìnish sto {1, 2, 3} autìc o arijmìc eÐnai Nid = 0, en¸ gia th
met�jesh τ pou enall�ssei ta 1 kai 3, Nτ = 3, afoÔ τ(1) > τ(2), τ(1) > τ(3) kai
τ(2) > τ(3).

Ja deÐxoume oti e�n τ eÐnai mÐa enallag  dÔo stoiqeÐwn, h diafor� Nσ − Nσ◦τ eÐnai
perittìc arijmìc. 'Etsi, e�n Nσ eÐnai perittìc, apaiteÐtai perittì pl joc enallag¸n τ1,
τ2, . . . , τk, ètsi ¸ste σ ◦ τ1 ◦ · · · ◦ τk na eÐnai h tautotik  apeikìnish, en¸ e�n Nσ eÐnai
èrtioc, apaiteÐtai �rtio pl joc enallag¸n.

'Estw αi h met�jesh pou enall�ssei touc i kai i + 1. H sÔnjesh σ ◦ αi èqei tic Ðdiec
timèc me th σ gia j 6= i, i + 1, en¸ σ ◦ αi(i) = σ(i + 1) kai σ ◦ αi(i + 1) = σ(i). E�n
σ(i) < σ(i + 1), tìte Nσ◦αi

= Nσ + 1, en¸ e�n σ(i) > σ(i + 1), Nσ◦αi
= Nσ − 1.

Gia na oloklhr¸soume thn apìdeixh, ja deÐxoume oti k�je enallag  τ eÐnai sÔnjesh
perittoÔ pl jouc enallag¸n diadoqik¸n arijm¸n. Upojètoume oti τ enall�ssei touc a-
rijmoÔc k kai k + r. Tìte qrei�zontai r enallagèc diadoqik¸n arijm¸n gia na fèroume to k
sth jèsh k+r, αk+r−1 ◦ · · · ◦αk+1 ◦αk, kai katìpin qrei�zontai r−1 enallagèc diadoqik¸n
arijm¸n gia na fèroume to k + r sth jèsh k, αk ◦ · · · ◦ αk+r−2. Dhlad  sunolik� ènac
perittìc arijmìc 2r − 1,

τ = αk ◦ · · · ◦ αk+r−2 ◦ αk+r−1 ◦ αk+r−2 ◦ · · · ◦ αk+1 ◦ αk .

¤
Gia tic metajèseic mikr¸n sunìlwn qrhsimopoioÔme to sumbolismì

(
1 2 . . . n

σ(1) σ(2) . . . σ(n)

)
.

'Etsi,
(

1 2 3 4

4 2 1 3

)
sumbolÐzei th met�jesh pou apeikonÐzei to 1 sto 4, to 2 sto 2, to 3 sto

1 kai to 4 sto 3.

'Askhsh 5.3 E�n ènac 4 × 4 pÐnakac A èqei orÐzousa det A = 1
2
, breÐte tic orÐzousec

det(2A), det(−A), det(A2) kai det(A−1).

'Askhsh 5.4 E�n ènac 3× 3 pÐnakac B èqei orÐzousa det B = −1, breÐte tic orÐzousec
det(1

2
B), det(−B), det(B2) kai det(B−1).

'Askhsh 5.5 Qrhsimopoi ste apaloif  gia na fèrete touc pÐnakec

A =




1 2 −2 0
2 3 −4 1
−1 −2 0 2
0 2 5 3


 kai B =




2 −1 0 0
−1 2 −1 0
0 −1 2 −1
0 0 −1 2




se �nw trigwnik  morf  kai na upologÐsete thn orÐzousa touc.
Enall�xte th deÔterh kai thn trÐth gramm  tou pÐnaka B, kai epanal�bete th diadikasÐa.

'Askhsh 5.6 Katametr ste tic enallagèc gramm¸n gia na breÐte tic orÐzousec

det




0 0 0 1
0 0 1 0
0 1 0 0
1 0 0 0


 kai det




0 1 0 0
0 0 1 0
0 0 0 1
1 0 0 0
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'Askhsh 5.7 Gia k�je n, pìsec enallagèc gramm¸n apaitoÔntai gia na fèroun tic
grammèc tou pÐnaka A sthn antÐjesh di�taxh PA?

A =




a11 · · · a1n

a21 · · · a2n

an1 · · · ann


 , PA =




an1 · · · ann
... ...

a21 · · · a2n

a11 · · · a1n


 .

BreÐte thn ìrizousa tou pÐnaka P .

'Askhsh 5.8 EÐnai oi akìloujec prot�seic alhjeÐc   yeudeÐc; D¸ste aitiolìghsh e�n
eÐnai alhjeÐc, kai antipar�deigma e�n eÐnai yeudeÐc.

aþ. E�n oi pÐnakec A kai B eÐnai Ðsoi, ektìc apì to stoiqeÐo sth jèsh (1, 1), ìpou
b11 = 2a11, tìte det B = 2 det A.

bþ. H orÐzousa eÐnai to ginìmeno twn odhg¸n.

gþ. E�n A eÐnai antistrèyimoc pÐnakac kai B idiìmorfoc, tìte A+B eÐnai antistrèyimoc.

dþ. E�n A eÐnai antistrèyimoc pÐnakac kai B idiìmorfoc, tìte AB eÐnai idiìmorfoc.

eþ. H orÐzousa tou pÐnaka AB −BA eÐnai mhdèn.

'Askhsh 5.9 BreÐte tic orÐzousec twn

A =

[
4 2
1 3

]
, A−1 =

1

10

[
3 −2
−1 4

]
, A− λI =

[
4− λ 2

1 3− λ

]
.

Gia poièc timèc tou λ eÐnai o pÐnakac A− λI idiìmorfoc?

'Askhsh 5.10 DeÐxte oti e�n to �jroisma twn stoiqeÐwn k�je gramm c tou A eÐnai
0 tìte det A = 0. E�n to �jroisma twn stoiqeÐwn k�je gramm c tou A eÐnai 1, tìte
det(A− I) = 0. DeÐxte me èna par�deigma oti autì den shmaÐnei oti det A = 1.

'Askhsh 5.11 UpenjumÐzoume oti antisummetrikìc onom�zetai ènac pÐnakac K e�n KT =
−K, ìpwc o

K =




0 a b
−a 0 c
−b −c 0


 .

aþ. E�n o K eÐnai 3× 3, deÐxte oti det(−K) = (−1)3 det K. Sumper�nete oti h orÐzousa
enìc 3× 3 antisummetrikoÔ pÐnaka eÐnai 0.

bþ. BreÐte èna par�deigma antisummetrikoÔ 4× 4 pÐnaka, me orÐzousa det K 6= 0.

'Askhsh 5.12 UpologÐste thn orÐzousa tou pÐnaka A me apaloif , kai katìpin breÐte
tic orÐzousec twn pin�kwn B, C, AB, AT A kai CT .

A =




1 1 3
0 4 6
1 5 8


 , B =




1 1 3
0 4 6
0 0 1


 , C =




1 1 3
0 4 6
1 5 9


 .
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'Askhsh 5.13 EpalhjeÔste oti h 3× 3 orÐzousa Vandermonde eÐnai

det




1 a a2

1 b b2

1 c c2


 = (b− a)(c− a)(c− b).

'Askhsh 5.14 E�n o n×n pÐnakac A èqei stoiqeÐa aij = ij, deÐxte oti det A = 0, ektìc
e�n A = [1].

'Askhsh 5.15 Qrhsimopoi ste apaloif  gia na upologÐsete tic orÐzousec
∣∣∣∣∣∣

101 201 301
102 202 302
103 203 303

∣∣∣∣∣∣
,

∣∣∣∣∣∣

1 t t2

t 1 t2

t2 t 1

∣∣∣∣∣∣

'Askhsh 5.16 E�n o n × n pÐnakac A èqei stoiqeÐa aij = i + j, deÐxte oti det A = 0,
ektìc e�n n = 1   2.

'Askhsh 5.17 Fèrte touc pÐnakec se �nw trigwnik  morf  kai upologÐste thn orÐzousa.



1 1 1
1 2 2
1 2 3


 ,




1 2 3
2 2 3
3 3 3




'Askhsh 5.18 Efarmìste th diadikasÐa apaloif c Gauss gia na fèrete ton pÐnaka

A =




1 0 2 1
−1 0 1 −1

1 2 2 2
−2 2 −1 0




se trigwnik  morf  kai na upologÐsete thn orÐzousa.
(Katagr�yete tuqìn enallagèc gramm¸n gia na prosdiorÐsete to prìshmo.)

'Askhsh 5.19 E�n gnwrÐzete oti h orÐzousa tou A eÐnai 6, breÐte thn orÐzousa tou B,
ìpou oi grammèc tou A eÐnai a1, a2, a3 kai oi grammèc tou B eÐnai a1 + a2, a2 + a3, a3 + a1.

'Askhsh 5.20 Pwc sundèontai oi det(2A), det(−A) kai det(A2) me thn det A, ìtan A
eÐnai pÐnakac n epÐ n?

'Askhsh 5.21 ProsdiorÐste e�n oi akìloujec metajèseic eÐnai �rtiec   perittèc
(

1 2 3 4

4 2 1 3

)
,

(
1 2 3 4

3 1 4 2

)
,

(
1 2 3 4

4 3 2 1

)
.

Gr�yte touc 4× 4 pÐnakec pou tic parist�noun, kai upologÐste tic orÐzousec.

'Askhsh 5.22 UpologÐste tic orÐzousec
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aþ. Tou pÐnaka t�xewc 1, A =




1
4
2


 [

2 −1 2
]
.

bþ. Tou �nw trigwnikoÔ pÐnaka U =




4 4 8 8
0 1 2 2
0 0 2 6
0 0 0 2


.

gþ. Tou pÐnaka k�tw trigwnikoÔ pÐnaka UT .

dþ. Tou pÐnaka U−1.

eþ. Tou pÐnaka M =




0 0 0 2
0 0 2 6
0 1 2 2
4 4 8 8


, pou prokÔptei apì enallagèc gramm¸n.

'Askhsh 5.23 UpologÐste thn orÐzousa tou pÐnaka
[

a−mc b−md
c− la d− lb

]
qrhsimopoi¸n-

tac th grammik  ex�rthsh thc orÐzousac se k�je gramm .

'Askhsh 5.24 E�n B = M−1AM , giatÐ isqÔei det B = det A? DeÐxte epÐshc oti
det A−1B = 1.

'Askhsh 5.25 E�n k�je gramm  tou A èqei �jroisma stoiqeÐwn mhdèn, deÐxte oti det A =
0. E�n k�je gramm  èqei �jroisma stoiqeÐwn 1, deÐxte oti det(A−I) = 0. DeÐxte me k�poio
par�deigma oti to teleutaÐo den shmaÐnei det A = 1.

Upologismìc thc OrÐzousac
GnwrÐzoume oti k�je mh idiìmorfoc n×n pÐnakac paragontopoi tai me monadikì trìpo sth
morf 

A = P−1 LD U ′ ,

ìpou P eÐnai pÐnakac metajèsewc, L eÐnai k�tw trigwnikìc pÐnakac me 1 sth diag¸nio, D
eÐnai diag¸nioc pÐnakac me touc odhgoÔc sth diag¸nio, kai U ′ eÐnai �nw trigwnikìc pÐnakac
me 1 sth diag¸nio.

Apì ta prohgoÔmena èqoume det P = ±1, det L = det U ′ = 1 kai det D isoÔtai me to
ginìmeno twn odhg¸n. 'Ara

det A = det P−1 det L det D det U ′

= ± (ginìmeno twn odhg¸n) .

Autìc eÐnai o praktikìteroc trìpoc upologismoÔ thc orÐzousac: qrhsimopoioÔme ap-
aloif  gia na fèroume ton pÐnaka se trigwnik  morf , h orÐzousa eÐnai Ðsh me to ginìmeno
twn odhg¸n pollaplasiasmèno me (−1)k, ìpou k eÐnai o arijmìc twn enallag¸n gramm¸n
pou qrhsimopoi same sthn apaloif .
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O tÔpoc gia thn orÐzousa
Apì jewrhtik  �poyh ja jèlame na gnwrÐzoume ton trìpo ex�rthshc thc orÐzousac apì
k�je stoiqeÐo tou pÐnaka, dhlad  ènan tÔpo gia thn orÐzousa an�logo me to det A = ad−bc
gia 2× 2 pÐnakec. Ac doÔme p¸c mporoÔme na apodeÐxoume autìn ton tÔpo apo tic idiìthtec
thc orÐzousac:

H pr¸th gramm  tou pÐnaka

A =

[
a b
c d

]

gr�fetai wc grammikìc sunduasmìc [a b] = [a 0] + [0 b] , kai sunep¸c
∣∣∣∣

a b
c d

∣∣∣∣ =

∣∣∣∣
a 0
c d

∣∣∣∣ +

∣∣∣∣
0 b
c d

∣∣∣∣

=

∣∣∣∣
a 0
c 0

∣∣∣∣ +

∣∣∣∣
a 0
0 d

∣∣∣∣ +

∣∣∣∣
0 b
c 0

∣∣∣∣ +

∣∣∣∣
0 b
0 d

∣∣∣∣
= 0 + ad + (−bc) + 0

An efarmìsoume aut  th diadikasÐa se ènan n×n pÐnaka, èqoume, gia thn pr¸th gramm :

[a11 . . . a1n] = [a11 0 . . . 0] + [0 a12 0 . . . 0] + · · ·+ [0 . . . 0 a1n]

�ra h orÐzousa tou pÐnaka isoÔtai me to �jroisma twn orizous¸n n pin�kwn, o k�je ènac apì
touc opoÐouc èqei to polÔ èna mh mhdenikì stoiqeÐo sthn pr¸th gramm . Epanalamb�noume
aut  thn diadikasÐa gia th deÔterh gramm , kai èqoume to �jroisma twn orizous¸n n2

pin�kwn, o k�je ènac apì touc opoÐouc èqei to polÔ èna mh mhdenikì stoiqeÐo se k�je
mÐa apì tic dÔo pr¸tec grammèc. Epanalamb�noume gia ìlec tic grammèc tou pÐnaka, kai
katal goume me to �jroisma twn orizous¸n nn pin�kwn, o k�je èna apì touc opoÐouc èqei
se k�je gramm  mìnon èna stoiqeÐo pou mporeÐ na mhn eÐnai Ðso me 0. Upojètoume oti sthn
i gramm  to stoiqeÐo pou mporeÐ na mhn eÐnai 0 brÐsketai sth ji st lh, eÐnai dhlad  to
stoiqeÐo aiji

.
Exet�zoume ènan apo autoÔc touc nn pÐnakec. 'Eqei to polÔ n mh mhdenik� stoiqeÐa. E�n

dÔo apo ta mh mhdenik� stoiqeÐa brÐskontai sthn Ðdia st lh, tìte up�rqei mÐa st lh pou
perièqei mìno mhdèn, kai sunep¸c h orÐzousa tou pÐnaka eÐnai mhdèn. SumperaÐnoume oti h
orÐzousa tou pÐnaka den mhdenÐzetai mìnon ìtan h antistoiqÐa i 7→ ji eÐnai amfimonos manth,
dhlad  e�n eÐnai met�jesh tou sunìlou {1, · · · , n}. GnwrÐzoume oti up�rqoun n! metajèseic,
kai sunep¸c mìno n! apo tic nn orÐzousec mporeÐ na mhn eÐnai Ðsec me mhdèn.

Ac efarmìsoume aut  th diadikasÐa se èna 3× 3 pÐnaka:
∣∣∣∣∣∣

a11 a12 a13

a21 a22 a23

a31 a32 a33

∣∣∣∣∣∣
=

∣∣∣∣∣∣

a11 0 0
0 a22 0
0 0 a33

∣∣∣∣∣∣
+

∣∣∣∣∣∣

0 a12 0
0 0 a23

a31 0 0

∣∣∣∣∣∣
+

∣∣∣∣∣∣

0 0 a13

a21 0 0
0 a32 0

∣∣∣∣∣∣

+

∣∣∣∣∣∣

a11 0 0
0 0 a23

0 a32 0

∣∣∣∣∣∣
+

∣∣∣∣∣∣

0 a12 0
a21 0 0

0 0 a33

∣∣∣∣∣∣
+

∣∣∣∣∣∣

0 0 a13

0 a22 0
a31 0 0

∣∣∣∣∣∣
= a11a22a33 + a12a23a31 + a13a21a32

−a11a23a32 − a12a21a33 − a13a22a31.

An sumbolÐsoume σ mÐa met�jesh σ : {1, 2, 3} → {1, 2, 3}, èqoume

det A =
∑

σ

a1 σ(1)a2 σ(2)a3 σ(3) det(Pσ)
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ìpou Pσ eÐnai o pÐnakac pou prokÔptei e�n efarmìsoume th met�jesh σ stic grammèc tou
tautotikoÔ 3 × 3 pÐnaka I. Tìte det Pσ eÐnai 1 e�n h met�jesh eÐnai �rtia kai −1 e�n h
met�jesh eÐnai peritt .

H prohgoÔmenh an�lush genikeÔetai se n× n pÐnakec, kai dÐdei ton akìloujo tÔpo gia
thn orÐzousa enìc n× n pÐnaka.

Je¸rhma 5.5 E�n A = (aij) eÐnai n× n pÐnakac,

det A =
∑

σ

a1 σ(1) . . . an σ(n) det(Pσ) (5.2)

ìpou to �jroisma lamb�netai p�nw apo to sÔnolo ìlwn twn metajèsewn n stoiqeÐwn, kai Pσ

eÐnai o pÐnakac pou prokÔptei e�n efarmìsoume th met�jesh σ stic grammèc tou tautotikoÔ
pÐnaka.

An�ptugma thc orÐzousac wc proc mÐa gramm 
JewroÔme tic metajèseic σ gia tic opoÐec σ(1) = 1. Oi antÐstoiqoi ìroi sto �jroisma (5.2)
perièqoun ton par�gonta a11. Bg�zoume to a11 wc koinì par�gonta aut¸n twn ìrwn, kai
sumbolÐzoume C11 to nèo �jroisma:

∑
σ

σ(1)=1

a11 a2 σ(2) . . . an σ(n) det Pσ = a11


 ∑

σ
σ(1)=1

a2 σ(2) . . . an σ(n) det Pσ


 = a11C11 .

Oi metajèseic tou {1, 2, . . . , n} gia tic opoÐec σ(1) = 1, antistoiqoÔn se metajèseic tou
{2, 3, . . . , n}. 'Ara to �jroisma C11 eÐnai akrib¸c h orÐzousa tou pÐnaka A11 pou prokÔptei
apì ton A e�n diagr�youme thn pr¸th gramm  kai thn pr¸th st lh:

C11 =
∑

met�jesh tou {1, . . . , n}
σ(1)=1

a2 σ(2) · · · an σ(n) det Pσ

=
∑

met�jesh tou {2, . . . , n}

a2 σ(2) · · · an σ(n) det Pσ .

T¸ra jewroÔme tic metajèseic σ gia tic opoÐec σ(1) = 2. Oi antÐstoiqoi ìroi sto
�jroisma (5.2) perièqoun ton par�gonta a12. Bg�zoume to a12 wc koinì par�gonta aut¸n
twn ìrwn, kai sumbolÐzoume C12 to nèo �jroisma:

∑
σ

σ(1)=2

a12 a2 σ(2) · · · an σ(n) det Pσ = a12


 ∑

σ
σ(1)=2

a2 σ (2) · · · an σ (n) det Pσ


 = a12 C12.

K�je met�jesh σ tou {1, 2, . . . , n} gia thn opoÐa σ(1) = 2, antistoiqeÐ se mÐa amfi-
monos manth apeikìnish apo to {2, 3, . . . , n} sto {1, 3, 4, . . . , n}, kai to �jroisma C12

diafèrei mìno wc proc to prìshmo apo thn orÐzousa tou pÐnaka A12 pou prokÔptei apo ton
A e�n diagr�youme thn pr¸th gramm  kai th deÔterh st lh:

A12 =




× × × . . . ×
a21 × a23 . . . a2n
... ... ... ...

an1 × an3 . . . ann


 =




a21 a23 . . . a2n
... ... ...

an1 an3 . . . ann


 ,
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C12 =
∑

met�jesh tou{1, . . . , n}
σ(1)=2

a2 σ(2) · · · an σ(n) det Pσ .

Gia na doÔme p¸c diafèrei to prìshmo tou C12 apì autì thc orÐzousac det A12, eis�goume
ton akìloujo sumbolismì. Gia j = 1, . . . , n jewroÔme tic amfimonos mantec apeikonÐseic

τj = {1, . . . , n− 1} → {1, . . . , n}\{j}
pou diathroÔn th di�taxh twn fusik¸n arijm¸n, kai gia k�je met�jesh σ tou {1, . . . , n},
orÐzoume th met�jesh σi = τ−1

σ(i) ◦ σ ◦ τi tou {1, . . . , n− 1}:

{1, . . . , n− 1} τi−→ {1, . . . , n}\{i} σ−→ {1, . . . , n}\{σ(i)}
τ−1
σ(i)−→ {1, . . . , n− 1}

gia thn opoÐa

σi(k) =





σ(k) e�n k < i kai σ(k) < σ(i)
σ(k)− 1 e�n k < i kai σ(k) ≥ σ(i)
σ(k + 1) e�n k ≥ i kai σ(k + 1) < σ(i)
σ(k + 1)− 1 e�n k ≥ i kai σ(k + 1) ≥ σ(i).

L mma 5.6
det Pσ = (−1)i+σ(i) det Pσi

Apìdeixh. E�n σ(n) = n, eÐnai fanerì oti

det Pσ =

∣∣∣∣∣∣∣
Pσn

1

∣∣∣∣∣∣∣
= det Pσn ,

efìson apaiteÐtai o Ðdioc arijmìc enallag¸n gramm¸n kai sthl¸n gia na katal xoume ston
tautotikì pÐnaka.

Sth genik  perÐptwsh, gia i ∈ {1, . . . , n}, o pÐnakac Pσ metatrèpetai me (n−i) enallagèc

gramm¸n kai (n− σ(i)) enallagèc sthl¸n ston pÐnaka
[

Pσi
0

0 1

]
:

i




σ(i)

1


 (n− i) enallagèc gramm¸n

−→
n




σ(i)

1


 (n− σ(i)) enallagèc sthl¸n

−→
n


 Pσi

1




n

.

Sunep¸c

det Pσ = (−1)(n−i)+(n−σ(i)) det Pσi
= (−1)i+σ(i) det Pσi

¤
Me ton parap�nw sumbolismì,

C12 =
∑

σ met�jesh tou {1, . . . , n}
σ(1)=2

aτ1(1) σ◦τ1(1) · · · aτ1(n−1) σ◦τ1(n−1) (−1)1+2 det Pσ1

= −
∑

ρ met�jesh tou {1, . . . , n− 1}

aτ1(1) τ2◦ρ(1) · · · aτ1(n−1) τ2◦ρ(n−1) det Pρ

= − det A12.
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Genikìtera jewroÔme touc ìrouc sto �jroisma (5.2) pou antistoiqoÔn se metajèseic σ
gia tic opoÐec σ (1) = j :

∑
σ

σ (1) = j

a1 j a2 σ (2) · · · an σ (n) det Pσ = a1j


 ∑

σ
σ (1) = j

a2 σ (2) · · · an σ (n) det Pσ




= a1 j C1 j

To �jroisma C1 j diafèrei mìno wc proc to prìshmo apo thn orÐzousa tou pÐnaka A1j

pou prokÔptei apo ton A e�n diagr�youme thn pr¸th gramm  kai th j st lh.

A1j =




× · · · × × × · · · ×
a21 · · · a2 (j−1) × a2 (j+1) · · · a2 n
... ... ... ... ...

an 1 · · · an (j−1) × an (j+1) · · · an n


 =




a21 · · · a2 (j−1) a2 (j+1) · · · a2 n
... ... ... ...

an 1 · · · an (j−1) an (j+1) · · · an n




kai
C1j = (−1)1+j det(A1 j) .

JewroÔme t¸ra ìlec tic metajèseic σ tou {1, . . . , n}, omadopoihmènec an�loga me thn
tim  tou σ (1) kai èqoume

det A =
n∑

j =1


 ∑

σ
σ (1) = j

a1 j a2 σ (2) · · · an σ (n) det Pσ


 =

n∑
j =1

a1 j


 ∑

σ
σ (1) = j

a2 σ (2) · · · an σ (n) det Pσ


 ,

dhlad 
det A = a11 C11 + a12 C12 + · · · + a1 n C1 n .

Orismìc. E�n A = (ai j) eÐnai ènac n× n pÐnakac, o (n− 1)× (n− 1) pÐnakac o opoÐoc
prokÔptei apo to A e�n diagr�youme thn i gramm  kai th j st lh, onom�zetai el�sswn
pÐnakac tou stoiqeÐou ai j tou A.

Ai j =




a11 · · · a1 (j−1) a1 (j+1) · · · a1 n
... ... ... ...

a(i−1) 1 · · · a(i−1) (j−1) a(i−1) (j+1) · · · a(i−1) n

a(i+1) 1 a(i+1) (j−1) a(i+1) (j+1) · · · a(i+1) n
... ... ... ...

an 1 · · · an (j−1) an (j+1) · · · an n




O arijmìc Ci j = (−1)i+j det Ai j onom�zetai algebrikì sumpl rwma   sumpar�-
gontac tou stoiqeÐou ai j.

H prohgoÔmenh melèth genikeÔetai sthn akìloujh prìtash.

Prìtash 5.7 1. Gia k�je i = 1, . . . , n isqÔei

det A =
n∑

j=1

ai j Ci j

H parap�nw èkfrash eÐnai to an�ptugma thc orÐzousac det A wc proc thn i-gramm .
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2. Gia k�je j = 1, . . . , n isqÔei

det A =
n∑

i=1

ai j Ci j

H parap�nw èkfrash eÐnai to an�ptugma thc orÐzousac det A wc proc th j-st lh.

Par�deigma 5.1Ja upologÐsoume thn orÐzousa tou tridiag¸niou pÐnaka

A4 =




2 −1 0 0
−1 2 −1 0

0 −1 2 −1
0 0 −1 2




anaptÔssontac wc proc thn pr¸th gramm :

det A4 = 2(−1)1+1 det(A4)11 + (−1)(−1)1+2 det(A4)12

ìpou

(A4)11 =




2 −1 0
−1 2 −1

0 −1 2


 = A3

kai

(A4)12 =



−1 −1 0

0 2 −1
0 −1 2


 =



−1 −1 0

0
0

A2




oÔtwc ¸ste det(A4)12 = (−1)(−1)1+1 det A2. 'Ara

det A4 = 2 det A3 − det A2 .

Genik�, gia ton n × n tridiag¸nio pÐnaka An me 2 sthn kÔria diag¸nio kai (−1) stic
�llec dÔo diagwnÐouc isqÔei,

det An = 2 det An−1 − det An−2.

'Askhsh 5.26 EÐnai oi akìloujec prot�seic alhjeÐc   yeudeÐc;

aþ. H orÐzousa tou pÐnaka S−1AS eÐnai Ðsh me thn orÐzousa tou A.

bþ. E�n det A = 0, tìte toul�qiston ènac apì touc sumpar�gontec eÐnai 0.

gþ. 'Enac pÐnakac me stoiqeÐa 0 kai 1 èqei orÐzousa 1, 0   -1.

'Askhsh 5.27 E�n Fn eÐnai h orÐzousa tou n × n tridiag¸niou pÐnaka me stoiqeÐa
1, 1, −1,

Fn = det




1 −1
1 1 −1

. . .
1 1 −1

1 1
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deÐxte oti Fn = Fn−1+Fn−2. H akoloujÐa Fn eÐnai h akoloujÐa Fibonacci, 1, 2, 3, 5, 8, 13, . . ..

'Askhsh 5.28 Gia touc akìloujouc pÐnakec breÐte ton monadikì mh mhdenikì ìro ston
tÔpo gia thn orÐzousa.

A =




0 1 0 0
1 0 1 0
0 1 0 1
0 0 1 0


 , B =




0 0 1 2
0 3 4 5
6 7 8 9
0 0 0 1


 .

Up�rqei mìnon ènac trìpoc na epilèxete 4 mh mhdenik� stoiqeÐa apì diaforetikèc grammèc
kai st lec. UpologÐste tic orÐzousec det A kai det B.

'Askhsh 5.29 Gia touc pÐnakec thc 'Askhshc 5.28, anaptÔxte tic orÐzousec wc proc
thn pr¸th gramm . UpologÐste touc sumpar�gontec (mh xeq�sete to prìshmo (−1)i+j )
kai tic orÐzousec det A kai det B.

'Askhsh 5.30 Exet�ste touc tridiag¸niouc n× n pÐnakec me 1 stic treic diagwnÐouc:

A1 = [1] A2 =

[
1 1
1 1

]
A3 =




1 1 0
1 1 1
0 1 1


 . . .

Jèloume na upologÐsoume thn orÐzousa Dn tou An.

aþ. AnaptÔxte thn orÐzousa se sumpar�gontec kat� m koc thc pr¸thc gramm c, kai deÐxte
oti Dn = Dn−1 −Dn−2.

bþ. Xekin¸ntac me D1 = 1 kai D2 = 0, breÐte tic D3, D4, . . . , D8. Parathr ste thn
periodikìthta stic timèc thc Dn, kai breÐte thn D1000.

'Askhsh 5.31

aþ. BreÐte thn paragontopoÐhsh LU , touc odhgoÔc kai thn orÐzousa tou 4× 4 pÐnaka me
stoiqeÐa aij = min{i, j}.

bþ. BreÐte thn orÐzousa tou A = (aij), e�n aij = min{ni, nj} kai n1 = 2, n2 = 6,
n3 = 8, n4 = 10. MporeÐte na breÐte genikì kanìna gia opoiousd pote arijmoÔc
n1 ≤ n2 ≤ n3 ≤ n4?

'Askhsh 5.32 Ti prìshmo èqei o ìroc a15 a24 a33 a42 a51 ston tÔpo gia thn orÐzousa

enìc 5× 5 pÐnaka. Dhlad  eÐnai h met�jesh σ :

(
1 2 3 4 5
5 4 3 2 1

)
peritt    �rtia?

'Askhsh 5.33 Qrhsimopoi ste ton tÔpo thc orÐzousac gia na upologÐsete tic orÐzousec
twn pin�kwn:

A =




1 1 0
1 0 1
0 1 1


 , B =




1 2 3
4 5 6
7 8 9


 , C =

[
A 0
0 B

]
.

EÐnai oi st lec aut¸n twn pin�kwn grammik� anex�rthtec?
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'Askhsh 5.34 Topojet ste ton el�qisto arijmì apì 0 se èna 4 × 4 pÐnaka, pou exa-
sfalÐzoun oti h orÐzousa eÐnai 0. Topojet ste ìso to dunatìn perissìtera mhdenik�, pou
na epitrèpoun sthn orÐzousa na eÐnai diaforetik  apì 0.

'Askhsh 5.35 E�n det A 6= 0, toul�qiston ènac apì touc n! ìrouc tou tÔpou thc
orÐzousac den eÐnai 0. Sumper�nete oti up�rqei k�poia met�jesh P twn gramm¸n tou A
tètoia ¸ste na mhn up�rqoun 0 sth diag¸nio tou PA.

'Askhsh 5.36 BreÐte touc sumpar�gontec kai ton suzug  pÐnaka. Katìpin pollapla-
si�ste me ton arqikì pÐnaka. Ti parathr te?

A =

[
2 1
3 6

]
, B ==




1 2 3
4 5 6
7 0 0


 .

'Askhsh 5.37 O pÐnakac Bn eÐnai Ðsoc me ton −1, 2, −1 tridiag¸nio pÐnaka An ( dec Pa-
r�deigma 5.1) me th diafor� oti sth jèsh 1, 1 èqei b11 = 1 antÐ gia a11 = 2. Qrhsimopoi ste
sumpar�gontec wc proc thn teleutaÐa gramm , gia na deÐxete oti

|B4| = 2|B3| − |B2| = 1 .

B4 =




1 −1
−1 2 −1

−1 2 −1
−1 2


 , B3 =




1 −1
−1 2 −1

−1 2


 .

H anadromik  sqèsh |Bn| = 2|Bn−1| − |Bn−2| eÐnai Ðdia me aut  twn An. All�zoun ìmwc oi
arqikèc timèc. MporeÐte na breÐte touc odhgoÔc tou pÐnaka Bn?

'Askhsh 5.38 UpologÐste tic orÐzousec twn 1, 3, 1 tridiag¸niwn pin�kwn

C1 = [3], C2 =

[
3 1
1 3

]
, C =




3 1 0
1 3 1
0 1 3


 .

MporeÐte na mantèyete thn det C4? (JumhjeÐte touc arijmoÔc Fibonacci).
Qrhsimopoi ste an�ptugma se sumpar�gontec gia na deÐxete thn anadromik  sqèsh

det Cn = 3 det Cn−1 − det Cn−2 .

DeÐxte oti det Cn eÐnai o arijmìc F2n+2 thc akoloujÐac Fibonacci (Pr¸ta deÐxte oti F2n+2 =
3F2n − F2n−2)

'Askhsh 5.39 Exhg ste giatÐ, e�n A kai D eÐnai tetragwnikoÐ pÐnakec,
∣∣∣∣

A B
0 D

∣∣∣∣ = |A| |D| .

BreÐte èna par�deigma me 2× 2 pÐnakec gia na deÐxete oti
∣∣∣∣

A B
C D

∣∣∣∣ 6= |A| |D| − |C| |B|.
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'Askhsh 5.40 Upojèste oti CD = −DC kai breÐte to l�joc ston epìmeno sullogismì:
PaÐrnontac tic orÐzousec, èqoume (det C)(det D) = −(det D) (det C), �ra ènac apì touc
C kai D èqei mhdenik  orÐzousa. Sunep¸c, h CD = −DC eÐnai dunat  mìnon ìtan o C  
o D eÐnai idiìmorfoc.

'Askhsh 5.41 BreÐte thn orÐzousa tou pÐnaka

A =




3− λ 2 −2
−3 −1− λ 3
1 2 −λ


 .

Gi� poièc timèc tou λ eÐnai o pÐnakac A antistrèyimoc?

'Askhsh 5.42 'Estw

B =




4 1 1
1 2 5
1 2 3


 .

aþ. Qrhsimopoi ste kat�llhlh pr�xh metaxÔ twn gramm¸n tou B gia na èqete mia gramm 
me dÔo mhdenik�, kai qrhsimopoi ste to an�ptugma thc orÐzousac wc proc th gramm ,
gia na upologÐsete thn orÐzousa tou B.

bþ. UpologÐste ìlouc touc sumpar�gontec tou pÐnaka B. Qrhsimopoi ste touc pÐnakec
sumparagìntwn gia na upologÐsete ton antÐstrofo tou B.

Efarmogèc twn Orizous¸n

Upologismìc tou antistrìfou

Orismìc. JewroÔme ton pÐnaka sumparagìntwn C = (Ci j) pou èqei wc stoiqeÐo sth jèsh
(i, j) ton sumpar�gonta tou stoiqeÐou ai j tou A. O an�strofoc autoÔ tou pÐnaka, CT ,
onom�zetai prosarthmènoc pÐnakac   suzug c pÐnakac tou A, kai sumbolÐzetai
adj A,

adj A =




C11 · · · C1 n
... ...

Cn 1 · · · Cn n




T

=




C11 · · · Cn 1
... ...

C1 n · · · Cn n




L mma 5.8 E�n A = (ai j) eÐnai n× n pÐnakac, Ci j o sumpar�gwn tou stoiqeÐou ai j, kai
b = (b1, . . . , bn) di�nusma, tìte

b1 Ci 1 + b2 Ci 2 + · · · + bn Ci n
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eÐnai h orÐzousa tou pÐnaka Bi pou prokÔptei e�n antikatast soume to b sthn i gramm  tou
pÐnaka A,

Bi =




a11 · · · a1 n
... ...

a(i− 1)1 · · · a(i− 1) n

b1 · · · bn

a(i +1)1 · · · a(i +1) n
... ...

an 1 · · · an n




kai
b1 C1 j + b2 C2 j + · · · + bn Cn j

eÐnai h orÐzousa tou pÐnaka Bj pou prokÔptei e�n antikatast soume to b sthn j st lh tou
pÐnaka A,

Bj =




a11 · · · a1 (j− 1) b1 a1 (j +1) · · · a1 n
... ... ... ... ...

an 1 · · · an (j− 1) bn an (j +1) · · · an n


 .

Apìdeixh. Ta stoiqeÐa thc j st lhc tou pÐnaka A den emfanÐzontai stouc sumpar�gontec
C1 j, · · · , Cn j. Sunep¸c autoÐ oi sumpar�gontec tou A eÐnai Ðsoi me touc sumpar�gontec
tou pÐnaka Bj. To an�ptugma thc orÐzousac tou Bj wc proc th j-st lh eÐnai

det Bj = b1C1 j + b2C2 j + · · · + bnCn j .

To apotèlesma gia touc pÐnakec Bi apodeiknÔetai an�loga.
¤

Prìtash 5.9 E�n A eÐnai n× n pÐnakac,

A (adj A) = (adj A) A = det A · In .

Apìdeixh. To stoiqeÐo sth jèsh (i , j) tou ginomènou A (adj A) eÐnai

ai 1Cj 1 + ai 2Cj 2 + · · · + ai nCj n.

Prosèxte th jèsh twn deikt¸n, upenjumÐzoume oti adj A = (Ci j)
T . E�n i = j, to �jroisma

eÐnai akrib¸c to an�ptugma thc det A wc proc thn i-gramm . E�n i 6= j to �jroisma dÐdei
thn orÐzousa tou pÐnaka pou prokÔptei e�n antikatast soume thn i-gramm  tou A sth
j-gramm  tou A. All� autìc o pÐnakac èqei dÔo grammèc Ðsec, kai sunep¸c h orÐzousa tou
eÐnai mhdèn.
'Ara

A (adj A) =




det A 0
. . .

0 det A


 .

H apìdeixh gia to (adj A) A eÐnai an�logh.
¤

Je¸rhma 5.10 E�n det A 6= 0 tìte

A−1 =
1

det A
(adj A) .



114 Eisagwg  sth Grammik  'Algebra

Parat rhsh. Autìc o tÔpoc gia to antÐstrofo enìc n × n pÐnaka èqei jewrhtikì
endiafèron, all� den apoteleÐ praktikì trìpo upologismoÔ tou antistrìfou, kaj¸c apaiteÐ
polÔ perissìterec pr�xeic ap' oti h mèjodoc Gauss - Jordan.

H lÔsh thc exÐswshc Ax = b

Je¸rhma 5.11 (Kanìnac tou Cramer) E�n det A 6= 0, h lÔsh thc exÐswshc

Ax = b

eÐnai to di�nusma x = (x1, x2, . . . , xn), ìpou

xj =
det Bj

det A

kai Bj eÐnai o pÐnakac pou prokÔptei e�n antikatast soume to b sth j st lh tou A.

Apìdeixh. Efìson det A 6= 0, o A eÐnai mh idiìmorfoc, kai

x = A−1b =
1

det A
(adj A) b

'Ara

xj =
1

det A
(C1 j b1 + · · · + Cn j bn) =

det Bj

det A
.

¤
ParathroÔme oti o kanìnac tou Cramer den apoteleÐ praktikì trìpo upologismoÔ thc

lÔshc thc exÐswshc Ax = b, kaj¸c apaiteÐ polÔ perissìterec pr�xeic apo th mèjodo thc
apaloif c Gauss.

Par�deigma 5.2 Gia na lÔsoume to sÔsthma

x1 + 3 x2 = 0
2 x1 + 4 x2 = 6

antikajistoÔme to di�nusma (0, 6) sthn pr¸th st lh tou pÐnaka gia na upologÐsoume to
x1, kai sth deÔterh st lh tou pÐnaka gia na upologÐsoume to x2:

x1 =

∣∣∣∣
0 3
6 4

∣∣∣∣
∣∣∣∣

1 3
2 4

∣∣∣∣
=
−18

−2
= 9, x2 =

∣∣∣∣
1 0
2 6

∣∣∣∣
∣∣∣∣

1 3
2 4

∣∣∣∣
=

6

−2
= −3 .

O ìgkoc tou n-di�statou parallhlepÐpedou
E�n ta n dianÔsmata u1, . . . , un pou apoteloÔn tic akmèc enìc parallhlepipèdou eÐnai orjo-
g¸nia, tìte o ìgkoc tou parallhlepipèdou eÐnai to ginìmeno twn mhk¸n twn dianusm�twn,

V = ||u1|| ||u2|| · · · ||un|| .
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Upojètoume oti ta u1, . . . , un eÐnai oi st lec tou pÐnaka A. AfoÔ aut� eÐnai orjog¸nia
uT

i uj = 0 e�n i 6= j kai èqoume

AT A =




uT
1 u1 · · · uT

1 un
... ...

uT
nu1 · · · uT

nun


 =



||u1||2 0

. . .
0 ||un||2


 .

'Ara
V 2 = ||u1||2 · · · ||un||2 = det(AT A) = (det A)2 ,

kai o ìgkoc eÐnai Ðsoc me thn apìluth tim  thc orÐzousac,

V = | det A| .

To prìshmo thc orÐzousac exart�tai apì th di�taxh twn dianusm�twn u1, . . . , un. Lème
oti ta u1, . . . , un apoteloÔn ��dexiìstrofo sÔsthma�� e�n det A > 0 kai ��aristerìstrofo
sÔsthma�� e�n det A < 0.

E�n ta dianÔsmata den eÐnai orjog¸nia, tìte o ìgkoc den eÐnai Ðsoc me to ginìmeno twn
mhk¸n twn pleur¸n. Se dÔo diast�seic, to embadìn enìc paralhlogr�mmou me pleurèc
w1 kai w2 eÐnai Ðso me to m koc thc pleur�c w1 epÐ to ��Ôyoc��. E�n k�nete èna prìqeiro
sq ma, ja deÐte oti to ��Ôyoc�� eÐnai akrib¸c to m koc tou orjogwnÐou dianÔsmatoc pou
paÐrnoume sto pr¸to b ma thc diadikasÐac Gram-Schmidt: to di�nusma w′

2 = w2 − sw1 to
opoÐo eÐnai orjog¸nio sto w1. All� h orÐzousa tou pÐnaka me st lec w1 kai w′

2 eÐnai Ðsh
me thn orÐzousa tou pÐnaka me st lec w1 kai w2. 'Ara p�li èqoume

V = | det A|

ìpou A eÐnai o pÐnakac me st lec ta dianÔsmata w1 kai w2.
Se n diast�seic, isqÔei oti ìtan afairèsoume pollapl�sia twn dianusm�twn w1, . . . , wk−1

apì to di�nusma wk, den all�zei oÔte o ìgkoc tou n-di�statou parallhlepÐpedou pou anti-
stoiqeÐ se aut� ta dianÔsmata, oÔte h orÐzousa tou pÐnaka. AfoÔ mporoÔme, epanalamb�-
nontac aut  th diadikasÐa na kataskeu�soume orjog¸nia dianÔsmata w′

1, w′
2, . . . , w′

n, gia
ta opoÐa gnwrÐzoume oti o ìgkoc eÐnai Ðsoc me thn apìluth tim  thc orÐzousac, èqoume kai
sth genik  perÐptwsh

V = | det A| .

O tÔpoc gia touc odhgoÔc
T¸ra mporoÔme na d¸soume èna krit rio gia to pìte eÐnai dunatìn na oloklhrwjeÐ h apa-
loif  Gauss qwrÐc enallagèc gramm¸n, kai se aut n thn perÐptwsh na ekfr�soume touc
odhgoÔc mèsw orizous¸n. H basik  parat rhsh eÐnai oti, e�n den apaitoÔntai enallagèc
gramm¸n, oi k pr¸toi odhgoÐ kajorÐzontai apì ton k × k upopÐnaka Ak sto �nw aristerì
mèroc tou pÐnaka A. Gia par�deigma




a b e
c d f
g h i


 →




a b e

0 ad−bc
a

af−ec
a

g h i




O pr¸toc odhgìc profan¸c exart�tai mìnon apì ton A1 = [a]. O deÔteroc odhgìc

exart�tai apì ta stoiqeÐa a, b, c, d pou apoteloÔn ton upopÐnaka A2 =

[
a b
c d

]
. Met� to
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pr¸to b ma thc apaloif c, o upopÐnakac A2 èqei gÐnei �nw trigwnikìc, kai den metab�letai
apì ta epìmena b mata thc apaloif c.

Genikìtera, gia èna n × n tetragwnikì pÐnaka A1 kai k ≤ n, èqoume, qrhsimopoi¸ntac
to sumbolismì twn mplìk,

A = LU =

[
Lk O
B C

] [
Uk F
0 G

]

=

[
LkUk LkF
BUk BF + CG

]

kai sunep¸c Ak = LkUk. All� Lk eÐnai k�tw trigwnikìc me 1 sth diag¸nio, sunep¸c
det Lk = 1, en¸ Uk eÐnai �nw trigwnikìc me touc k pr¸touc odhgoÔc d1, . . . , dk sth dia-
g¸nio. 'Ara

det Ak = det Uk = d1 . . . dk.

AfoÔ det Ak−1 = d1 . . . dk−1, mporoÔme na ekfr�soume ton odhgì dk wc to phlÐko

dk =
det Ak

det Ak−1

.

Sumbatik�, jètoume det A0 = 1, ètsi ¸ste autìc o tÔpoc na isqÔei kai gia k = 1. Kata-
gr�foume autì to apotèlesma sthn epìmenh prìtash.

Prìtash 5.12 H apaloif  Gauss se ènan tetragwnikì n × n pÐnaka A oloklhr¸netai
qwrÐc enallagèc gramm¸n e�n kai mìnon e�n ìloi oi �nw arister� tetragwnikoÐ upopÐnakec
A1, . . . , An eÐnai m  idiìmorfoi. Tìte oi odhgoÐ d1, . . . , dn dÐdontai apì ta phlÐka

dk =
det Ak

det Ak−1

.

'Askhsh 5.43 BreÐte touc sumpar�gontec kai thn orÐzousa tou trigwnikoÔ pÐnaka

A =




1 2 3
0 4 0
0 0 5


 .

SqhmatÐste ton an�strofo tou pÐnaka sumparagìntwn C, kai epalhjeÔste oti ACT =
(det A)I.

'Askhsh 5.44 UpologÐste touc sumpar�gontec C11, C21, C23 kai C33 tou pÐnaka

A =




1 2 −3
5 0 6
7 1 −4


 .

'Askhsh 5.45 UpologÐste touc sumpar�gontec C12, C24, C33 kai C43 tou pÐnaka

A =




2 0 1 −5
8 −1 2 1
4 −3 −5 0
1 4 8 2


 .

'Askhsh 5.46
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aþ. Sqedi�ste to trÐgwno me korufèc A = (2, 2), B = (−1, 3) kai C = (0, 0). Jewr ste
to wc to misì enìc parallhlogr�mmou, kai exhg ste giatÐ to embadìn tou eÐnai

embadìn(ABC) =
1

2

∣∣∣∣
2 2

−1 3

∣∣∣∣ .

bþ. T¸ra jewr ste to trÐgwno me korufèc A, B kai D = (1, −4), kai exhg ste giatÐ to
embadìn tou eÐnai

embadìn(ABD) =
1

2

∣∣∣∣∣∣

2 2 1
−1 3 1

1 −4 1

∣∣∣∣∣∣
.

(Afairèste mÐa gramm  apì tic �llec dÔo).

'Askhsh 5.47 Qrhsimopoi ste orÐzousec gia na upologÐsete touc odhgoÔc twn pin�kwn



2 1 2
4 5 0
2 7 0


 ,




2 1 2
4 5 3
2 7 0


 .

Efarmìste th diadikasÐa apaloif c gia na epalhjeÔsete to apotèlesma sac.

'Askhsh 5.48 Qrhsimopoi ste ton kanìna Cramer gia na lÔsete tic exis¸seic:

ax + by = 1
cx + dy = 0

kai
x + 4y − z = 1
x + y + z = 0

2x + 3z = 0

'Askhsh 5.49 Jewr ste ton pÐnaka M pou prokÔptei ìtan èna di�nusma x = (x1, . . . , xn)
antikajist� th st lh j tou tautotikoÔ pÐnaka.

M =




1 x1

1 ·
xj

· 1
xn 1




aþ. BreÐte thn orÐzousa tou M .

bþ. E�n Ax = b, deÐxte oti AM eÐnai o pÐnakac Bj thc exÐswshc,

xj =
det Bj

det A
, ìpou Bj =




a11 a12 b1 a1n
... ... ... ...

an1 an2 bn ann


 ,

kai h dexi� pleur� b emfanÐzetai sthn j-ost  st lh.

gþ. Sumper�nete ton kanìna tou Cramer, paÐrnontac orÐzousec sthn AM = Bj.
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'Askhsh 5.50 Exhg ste giatÐ e�n ìloi oi sumpar�gontec eÐnai 0, o pÐnakac den eÐnai
antistrèyimoc. E�n ìloi oi sumpar�gontec eÐnai diaforetikoÐ apì to 0, eÐnai o pÐnakac
antistrèyimoc?

'Askhsh 5.51 E�n oi st lec enìc 4× 4 pÐnaka èqoun m koc `1, `2, `3 kai `4, poi� eÐnai
h megalÔterh dunat  tim  gia thn orÐzousa tou pÐnaka. E�n ìla ta stoiqeÐa tou pÐnaka
eÐnai 1   −1, poi� eÐnai h megalÔterh tim  thc orÐzousac.



Kef�laio 6

Idiotimèc, idiodianÔsmata.

Sto pr¸to mèroc tou maj matoc, to basikì antikeÐmeno pou melet same  tan h exÐswsh

Ax = b .

Apì th melèth aut c thc exÐswshc kataskeu�same mÐa ploÔsia jewrÐa, pou perigr�fei,
metaxÔ �llwn, th grammik  apeikìnish LA : Rn → Rm : x 7→ Ax. H LA apeikonÐzei
ta stoiqeÐa tou N (A) sto 0, en¸ apeikonÐzei ta stoiqeÐa tou q¸rou gramm¸n R(AT )
amfimonos manta sta stoiqeÐa tou q¸rou sthl¸n R(A).

Se autì to kef�laio ja exet�soume, gia ènan tetragwnikì n×n pÐnaka A, thn exÐswsh

Ax = λx , (6.1)

ìpou oi �gnwstoi eÐnai o arijmìc λ kai to di�nusma x. Dhlad  anazhtoÔme dianÔsmata sta
opoÐa h apeikìnish LA dra me ton pio aplì trìpo: ta pollaplasi�zei me ènan arijmì λ,
qwrÐc na all�zei th dieÔjuns  touc.

Par�deigma 6.1 O pÐnakac A =

[
2 0
1 3

]
all�zei th dieÔjunsh tou dianÔsmatoc

[
1
0

]
:

[
2 0
1 3

] [
1
0

]
=

[
2
1

]

en¸ to di�nusma
[

0
1

]
apl¸c to pollaplasi�zei me ton arijmì 3:

[
2 0
1 3

] [
0
1

]
= 3

[
0
1

]
.

Par�deigma 6.2JewroÔme ton pÐnaka A =

[
5 −1

−1 5

]
kai ta dianÔsmata x =

[
1
1

]

kai y =

[
1

−1

]
. ParathroÔme oti

Ax =

[
5 −1

−1 5

] [
1
1

]
=

[
4
4

]
= 4x

kai
Ay =

[
5 −1

−1 5

] [
1

−1

]
=

[
6

−6

]
= 6y .

119
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E�n gr�youme opoiod pote di�nusma u ∈ R2 wc grammikì sunduasmì twn x kai y, eÔkola
brÐskoume th dr�sh tou A se autì: e�n u = cx + dy, tìte

Au = cAx + dAy
= 4cx + 6dy.

Ta dianÔsmata x pou ikanopoioÔn thn exÐswsh Ax = λx gia k�poio arijmì λ eÐnai, kat�
k�poio trìpo, eidik� dianÔsmata tou pÐnaka A: aut� p�nw sta opoÐa o pollaplasiasmìc me
ton A dra me ton aploÔstero trìpo. Gi� autì onom�zontai idiodianÔsmata tou pÐnaka
(sta agglik� eigenvectors, èqei diathrhjeÐ o germanikìc ìroc wc pr¸to sunjetikì). Ektìc
apì to jewrhtikì endiafèron, gia na katano soume kalÔtera th dr�sh tou pÐnaka, ta
idiodianÔsmata parousi�zoun amètrhtec efarmogèc, se polloÔc kl�douc twn majhmatik¸n
kai �llwn episthm¸n.

P¸c ja broÔme tic lÔseic thc exÐswshc Ax = λx? ParathroÔme oti gia opoiod pote λ,
to di�nusma 0 eÐnai p�nta mÐa lÔsh. Mac endiafèroun oi m  mhdenikèc lÔseic.

Gr�foume thn exÐswsh 6.1 sth morf 

Ax− λx = 0

kai eis�goume ton tautotikì pÐnaka I,

Ax− λIx = 0

gia na katal xoume sthn exÐswsh

(A− λI)x = 0 .

Blèpoume oti ta x pou anazhtoÔme brÐskontai ston mhdenoq¸ro tou pÐnaka A − λI. Su-
nep¸c, to pr¸to b ma eÐnai na prosdiorÐsoume touc arijmoÔc λ gia touc opoÐouc o pÐnakac
A−λI èqei mh tetrimmèno mhdenoq¸ro, dhlad  eÐnai idiìmorfoc. H orÐzousa tou pÐnaka mac
dÐdei to kat�llhlo krit rio: o A− λI eÐnai idiìmorfoc e�n kai mìnon e�n det(A− λI) = 0.

Orismìc. Oi idiotimèc tou n× n pÐnaka A eÐnai oi lÔseic thc exÐswshc

det(A− λI) = 0 .

E�n λi eÐnai mÐa lÔsh, tìte A − λiI èqei mh tetrimmèno mhdenoq¸ro. Ta mh mhdenik�
dianÔsmata tou mhdenoq¸rou tou A−λiI eÐnai ta idiodianÔsmata tou A gia thn idiotim 
λi. 'Oloc o mhdenoq¸roc tou A− λiI onom�zetai idioq¸roc tou A gia thn idiotim  λi.

H orÐzousa det(A − λI) eÐnai èna polu¸numo bajmoÔ n me metablht  λ. Onom�zetai
qarakthristikì polu¸numo tou pÐnaka A. Sunep¸c oi idiotimèc eÐnai oi rÐzec tou
qarakthristikoÔ poluwnÔmou.

Par�deigma 6.3 JewroÔme ton 2× 2 pÐnaka A,

A =

[
4 −5
2 −3

]
.

Gia na upologÐsoume tic idiotimèc, jewroÔme thn orÐzousa

det(A− λI) =

∣∣∣∣
4− λ −5

2 −3− λ

∣∣∣∣

= −(4− λ)(3 + λ) + 10

= λ2 − λ− 2
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Oi rÐzec tou poluwnÔmou λ2 − λ− 2 eÐnai −1 kai 2.
'Ara oi idiotimèc tou pÐnaka A eÐnai

λ1 = −1 kai λ2 = 2 .

Ta idiodianÔsmata gia thn idiotim  λ1 = −1, eÐnai oi mh mhdenikèc lÔseic thc omogenoÔc
exÐswshc

(A− λ1I)x = 0 ,

dhlad  thc exÐswshc [
5 −5
2 −2

] [
x1

x2

]
= 0 .

'Ena idiodi�nusma eÐnai to x =

[
1
1

]
, en¸ o idiìqwroc tou A gia thn idiotom  λ1 = −1 eÐnai

o mhdenoq¸roc tou pÐnaka A− λ1I, dhlad  o upìqwroc

Xλ1 = {t(1, 1) | t ∈ R} .

Gia thn idiotim  λ2 = 2 èqoume, an�loga,

(A− λ2I)x = 0

  [
2 −5
2 −5

] [
x1

x2

]
= 0 .

'Ena idiodi�nusma eÐnai to x =

[
5
2

]
, kai o idiìqwroc tou A gia thn idiotim  λ2 = 2 eÐnai o

upìqwroc
X2 = {t(5, 2) | t ∈ R} .

Par�deigma 6.4JewroÔme ton pÐnaka



1 −2 2
−2 1 2
−2 0 3


 .

Oi idiotimèc tou A eÐnai oi rÐzec tou poluwnÔmou

det(A− λI) =

∣∣∣∣∣∣

1− λ −2 2
−2 1− λ 2
−2 0 3− λ

∣∣∣∣∣∣

= (1− λ)2(3− λ) + 8 + 4(1− λ)− 4(3− λ)

= (1− λ)2(3− λ) .

'Ara oi idiotimèc eÐnai λ1 = 1 kai λ2 = 3.
Ta idiodianÔsmata gia thn idiotim  λ1 = 1 eÐnai oi mh mhdenikèc lÔseic thc exÐswshc




0 −2 2
−2 0 2
−2 0 2







x1

x2

x3


 = 0 .
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Fèrnoume ton pÐnaka se klimakwt  morf , kai èqoume thn exÐswsh


−2 0 2

0 −2 2
0 0 0







x1

x2

x3


 = 0 .

MÐa lÔsh thc exÐswshc eÐnai h x = (1, 1, 1). 'Ara èna idiodi�nusma tou A gia thn idiotim 
λ1 = 1 eÐnai to x = (1, 1, 1). O idiìqwroc tou A gia thn idiotim  λ1 = 1 eÐnai o q¸roc
lÔsewn thc exÐswshc,

X1 = {t(1, 1, 1) | t ∈ R} .

Ta idiodianÔsmata gia thn idiotim  λ2 = 3 eÐnai lÔseic thc exÐswshc


−2 −2 2
−2 −2 2
−2 0 0







x1

x2

x3


 = 0 .

'Ena idiodi�nusma tou A gia thn idiotim  λ2 = 3 eÐnai to x = (0, 1, 1). O idiìqwroc tou A
gia thn idiotim  λ2 = 3 eÐnai

X2 = {t(0, 1, 1) | t ∈ R} .

ParathroÔme oti se autì to par�deigma, par� ìlo pou to qarakthristikì polu¸numo
paragontopoieÐtai pl rwc se di¸numa, o 3× 3 pÐnakac èqei mìno dÔo grammik� anex�rthta
idiodianÔsmata. Lème oti h idiotim  λ1 = 1 èqei algebrik  pollaplìthta 2, all� gewme-
trik  pollaplìthta 1. Genikìtera, algebrik  pollaplìthta mÐac idiotim c eÐnai h
pollaplìthta thc idiotim c wc rÐzac tou qarakthristikoÔ poluwnÔmou, en¸ gewmetrik 
pollaplìthta thc idiotim c eÐnai h di�stash tou idiìqwrou pou antistoiqeÐ sthn idiotim .

Par�deigma 6.5 JewroÔme ton pÐnaka

A =




4 0 3
0 2 0

−3 0 4




Oi idiotimèc tou A eÐnai oi rÐzec tou

det(A− λI) =

∣∣∣∣∣∣

4− λ 0 3
0 2− λ 0
−3 0 4− λ

∣∣∣∣∣∣

= (λ2 − 8λ + 25)(2− λ) .

To polu¸numo èqei mÐa pragmatik  rÐza, λ1 = 2. Oi �llec dÔo rÐzec eÐnai migadikèc,

λ2 = 4 + 3i kai λ3 = 4− 3i .

Gia thn idiotim  λ1 = 2 èqoume thn exÐswsh



2 0 3
0 0 0

−3 0 2







x1

x2

x3


 = 0
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apì thn opoÐa brÐskoume oti èna idiodi�nusma tou A gia thn idiotim  λ1 = 2 eÐnai to x =
(0, 1, 0).

Gia thn idiotim  λ2 = 4 + 3i èqoume thn exÐswsh


−3i 0 3
0 −2− 3i 0
−3 0 −3i







x1

x2

x3


 = 0

Fèrnoume ton pÐnaka se klimakwt  morf  kai èqoume thn exÐswsh


−3i 0 3
0 −2− 3i 0
0 0 0







x1

x2

x3


 = 0

apì thn opoÐa brÐskoume oti èna idiodi�nusma tou A gia thn idiotim  λ2 = 4 + 3i eÐnai to
x = (−i, 0, 1).

Gia thn idiotim  λ3 = 4− 3i èqoume thn exÐswsh



3i 0 3
0 −2 + 3i 0
−3 0 3i







x1

x2

x3


 = 0

apì thn opoÐa brÐskoume oti èna idiodi�nusma tou A gia thn idiotim  λ3 = 4 − 3i eÐnai to
x = (i, 0, 1).

E�n jewr soume ton pÐnaka A p�nw apì touc pragmatikoÔc arijmoÔc, autìc èqei mìno
mÐa idiotim , λ1 = 2, kai o antÐstoiqoc idiìqwroc eÐnai o

X1 = {t(0, 1, 0) | t ∈ R} .

E�n jewr soume ton pÐnaka A p�nw apì touc migadikoÔc arijmoÔc tìte o idiìqwroc gia
thn idiotim  λ1 = 2 eÐnai o

X1 = {t(0, 1, 0) | t ∈ C} ,

o idiìqwroc gia thn idiotim  λ2 = 4 + 3i eÐnai o

X2 = {t(−i, 0, 1) | t ∈ C}
kai o idiìqwroc gia thn idiotim  λ3 = 4− 3i eÐnai o

X3 = {t(i, 0, 1) | t ∈ C} .

Anakefalai¸noume th diadikasÐa gia ton upologismì twn idiotim¸n kai twn idiodianusm�-
twn enìc n× n pÐnaka

1. UpologÐzoume thn orÐzousa tou pÐnaka A− λI. Aut  eÐnai èna polu¸numo bajmoÔ n
wc proc th metablht  λ, to qarakthristikì polu¸numo tou A.

2. BrÐskoume tic rÐzec tou qarakthristikoÔ polu¸numou. Autèc eÐnai oi idiotimèc tou A.

3. Gia k�je idiotim  λi, brÐskoume tic lÔseic thc omogenoÔc exÐswshc

(A− λiI)x = 0 .

K�je mh mhdenik  lÔsh eÐnai èna idiodi�nusma tou pÐnaka A gia thn idiotim  λi, en¸
to sÔnolo ìlwn twn lÔsewn eÐnai o idiìqwroc tou A gia thn idiotim  λi.
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En antijèsei me thn perÐptwsh thc lÔshc tou sust matoc Ax = b me apaloif  Gauss,
h diadikasÐa pou perigr�foume ed¸ den dÐdei ènan algìrijmo gia ton analutikì upologismì
twn idiotim¸n kai twn idiodianusm�twn. To prìblhma brÐsketai sto b ma 2. En¸ gnwrÐzoume
oti k�je polu¸numo bajmoÔ n èqei n rÐzec (sto sÔnolo C twn migadik¸n arijm¸n), gia
polu¸numa bajmoÔ n ≥ 5 den eÐnai dunatìn na brejeÐ analutikìc tÔpoc gia ton upologismì
touc (ìpwc o tÔpoc twn riz¸n thc deuterob�jmiac exÐswshc)1.

Par� ìlo pou den up�rqei analutikìc tÔpoc pou na dÐdei tic rÐzec sth genik  perÐptwsh,
se pollèc eidikèc peript¸seic mporoÔme na tic prosdiorÐsoume analutik�,   mporoÔme na tic
proseggÐsoume arijmhtik�. MporoÔme ìmwc na èqoume k�poia plhroforÐa gia tic idiotimèc
akìma kai qwrÐc na tic broÔme.

To �jroisma twn diag¸niwn stoiqeÐwn enìc pÐnaka onom�zetai Ðqnoc tou pÐnaka (trace)
kai sumbolÐzetai tr A.

Prìtash 6.1 JewroÔme ènan n × n pÐnaka A p�nw apì touc migadikoÔc arijmoÔc. Me-
tr¸ntac thn algebrik  pollaplìthta, o pÐnakac èqei n idiotimèc, λ1, λ2, . . . , λn, ìqi upo-
qrewtik� ìlec diaforetikèc.

1. To �jroisma twn idiotim¸n tou A eÐnai Ðso me to Ðqnoc tou pÐnaka,

λ1 + λ2 + · · ·+ λn = tr A

2. To ginìmeno twn idiotim¸n tou A eÐnai Ðso me thn orÐzousa tou pÐnaka,

λ1 λ2 · · ·λn = det A .

Apìdeixh.

1. E�n λ1, . . . , λn eÐnai oi idiotimèc tou pÐnaka A, èqoume

det(A− λI) = (λ1 − λ) · · · (λn − λ) .

SugkrÐnoume touc ìrouc t�xewc n− 1 sta dÔo polu¸numa. Oi ìroi stouc opoÐouc to
λ emfanÐzetai sth dÔnamh n− 1 sthn orÐzousa

∣∣∣∣∣∣∣∣∣

a11 − λ a12 · · · a1n

a21 a22 − λ · · · a2n
... ... . . . ...

an1 an2 · · · ann − λ

∣∣∣∣∣∣∣∣∣

prèpei na proèrqontai apì ìrouc thc orÐzousac pou eÐnai ginìmeno toul�qiston n− 1
stoiqeÐwn sth diag¸nio tou pÐnaka. All� ènac ìroc thc orÐzousac den mporeÐ na pe-
rièqei perissìtera apì èna stoiqeÐo apì k�je st lh kai apì k�je gramm  tou pÐnaka.
Sunep¸c, o monadikìc ìroc pou perièqei to ginìmeno n−1 diag¸niwn stoiqeÐwn, eÐnai
to ginìmeno ìlwn twn diag¸niwn stoiqeÐwn,

(a11 − λ)(a22 − λ) · · · (ann − λ) .

O ìroc t�xewc n− 1 autoÔ tou poluwnÔmou eÐnai

a11λ
n−1 + a22λ

n−1 + · · ·+ annλ
n−1 = (a11 + · · ·+ ann)λn−1 .

1Autì eÐnai to perieqìmeno thc jewrÐac Galois (thn opoÐa mporeÐte na melet sete sto m�jhma JewrÐa
Swm�twn), mÐac polÔ endiafèrousac jewrÐac pou dhmioÔrghse ènac akìmh pio endiafèrwn �njrwpoc.
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Apì thn �llh pleur� o ìroc t�xewc n−1 tou poluwnÔmou (λ1−λ)(λ2−λ) · · · (λn−λ)
eÐnai

(λ1 + λ2 + · · ·+ λn)λn−1 .

SumperaÐnoume oti

λ1 + λ2 + · · ·+ λn = a11 + a22 + · · ·+ ann = tr A .

2. Exet�zoume tou stajeroÔc ìrouc twn poluwnÔmwn

det(A− λI) = (λ1 − λ) · · · (λn − λ) .

Sth dexi� pleur�, o stajerìc ìroc eÐnai λ1λ2 · · ·λn. Sthn arister  pleur� o staje-
rìc ìroc eÐnai h tim  tou poluwnÔmou gia λ = 0, dhlad  det A. 'Ara

λ1λ2 · · ·λn = det A .

¤
'Askhsh 6.1 BreÐte tic idiotimèc kai ta idiodianÔsmata tou pÐnaka

A =

[
1 −1
2 4

]
.

EpalhjeÔste oti to �jroisma twn idiotim¸n eÐnai Ðso me to Ðqnoc tou pÐnaka, kai to ginìmeno
twn idiotim¸n eÐnai Ðso me thn orÐzousa tou pÐnaka.

'Askhsh 6.2 E�n B = A − 7I, ìpou A eÐnai o pÐnakac thc 'Askhshc 6.2, breÐte tic
idiotimèc kai ta idiodianÔsmata tou B. Pwc sqetÐzontai me aut� tou A?

'Askhsh 6.3 D¸ste èna par�deigma gia na deÐxete oti oi idiotimèc all�zoun ìtan afai-
rèsoume pollapl�sio mÐac gramm c apì mÐa �llh. Exhg ste giatÐ e�n to 0 eÐnai mÐa apì tic
idiotimèc, aut  den all�zei.

'Askhsh 6.4 BreÐte tic idiotimèc kai ta idiodianÔsmata twn pin�kwn

A =




3 4 2
0 1 2
0 0 0


 kai B =




0 0 2
0 2 0
2 0 0


 .

Elègxte oti to �jroisma twn idiotim¸n eÐnai Ðso me to Ðqnoc kai to ginìmeno me thn orÐzousa.

'Askhsh 6.5 Upojètoume oti λ eÐnai idiotim  tou antistrèyimou pÐnaka A, kai x eÐnai
idiodi�nusma: Ax = λx. DeÐxte oti x eÐnai epÐshc idiodi�nusma tou antistrìfou A−1, kai
breÐte thn antÐstoiqh idiotim .

'Askhsh 6.6 DeÐxte oti oi idiotimèc tou an�strofou pÐnaka AT eÐnai Ðsec me tic idiotimèc
tou A.

'Askhsh 6.7 Kataskeu�ste 2× 2 pÐnakec A kai B, tètoiouc ¸ste oi idiotimèc tou AB
den eÐnai Ðsec me ta ginìmena twn idiotim¸n tou A kai tou B, kai oi idiotimèc tou A + B den
eÐnai Ðsec me ta ajroÐsmata twn idiotim¸n.

'Askhsh 6.8 Upojètoume oti o 3 × 3 pÐnakac A èqei idiotimèc 0, 3, 5 me antÐstoiqa
idiodianÔsmata u, v, w.



126 Eisagwg  sth Grammik  'Algebra

aþ. BreÐte mÐa b�sh tou mhdenoq¸rou tou A, kai mÐa b�sh tou q¸rou sthl¸n tou A.

bþ. BreÐte mÐa lÔsh thc exÐswshc Ax = v + w. BreÐte ìlec tic lÔseic thc exÐswshc.

gþ. DeÐxte oti h exÐswsh Ax = u den èqei lÔseic.

'Askhsh 6.9 BreÐte tic idiotimèc kai ta idiodianÔsmata twn pin�kwn

A =

[
3 4
4 −3

]
kai B =

[
a b
b a

]
.

'Askhsh 6.10 K�je pÐnakac met�jeshc af nei to di�nusma x = (1, 1, . . . , 1) amet�blh-
to. 'Ara èqei mÐa idiotim  λ = 1. BreÐte �llec dÔo idiotimèc gia touc pÐnakec

P =




0 1 0
0 0 1
1 0 0


 kai R =




0 0 1
0 1 0
1 0 0


 .

DiagwniopoÐhsh
Sto Par�deigma 6.2 parathr same oti e�n gr�youme èna di�nusma wc grammikì sunduasmì
idiodianusm�twn tou A, tìte mporoÔme eÔkola na perigr�youme th dr�sh tou A se autì to
di�nusma. To akìloujo je¸rhma dÐdei mia pio akrib  diatÔpwsh aut c thc idèac.

Je¸rhma 6.2 Upojètoume oti o n× n pÐnakac A èqei n grammik� anex�rthta idiodianÔ-
smata x1, . . . , xn. JewroÔme to pÐnaka R, o opoÐoc èqei wc st lec ta dianÔsmata x1, . . . , xn.
Tìte o pÐnakac R−1AR eÐnai diag¸nioc, kai ta stoiqeÐa sth diag¸nio eÐnai oi idiotimèc
λ1, . . . , λn tou A, dhlad 

A = RDR−1 =




... ...
x1 · · · xn
... ...







λ1 0
. . .

0 λn







... ...
x1 · · · xn
... ...




−1

.

Apìdeixh. H j-st lh tou pÐnaka AR eÐnai to di�nusma Axj = λjxj. 'Ara

AR =




... ...
λ1x1 · · · λnxn
... ...


 .

H j-st lh tou R−1(AR) eÐnai h j-st lh tou AR pollaplasiasmènh me ton pÐnaka R−1.
All� h j-st lh tou AR eÐnai h j-st lh tou R pollaplasiasmènh epÐ λj. 'Ara h j-st lh
tou R−1(AR) eÐnai λj × (j-st lh tou R−1R), dhlad  λjej. SumperaÐnoume oti

R−1AR =




... ...
λ1e1 · · · λnen
... ...


 ,
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dhlad  o diag¸nioc pÐnakac me tic idiotimèc λ1, . . . , λn sth diag¸nio.
¤

'Enac pÐnakac A gia ton opoÐo up�rqei antistrèyimoc pÐnakac R tètoioc ¸ste o R−1AR
na eÐnai diag¸nioc onom�zetai diagwniopoi simoc. Ja deÐxoume oti idiodianÔsmata pou
antistoiqoÔn se diaforetikèc idiotimèc eÐnai grammik� anex�rthta. Autì sunep�getai oti
e�n ènac n × n pÐnakac èqei n diaforetikèc idiotimèc, tìte èqei n grammik� anex�rthta
idiodianÔsmata, kai sunep¸c eÐnai diagwniopoi simoc.

L mma 6.3 Ta idiodianÔsmata pou antistoiqoÔn se diaforetikèc idiotimèc eÐnai grammik�
anex�rthta.

Apìdeixh. E�n λ1, . . . , λm eÐnai oi diaforetikèc idiotimèc tou A, kai ta antÐstoiqa idio-
dianÔsmata v1, . . . , vm eÐnai grammik� exarthmèna, tìte up�rqei k, me 1 < k ≤ m, tètoio
¸ste {v1, . . . , vk−1} eÐnai grammik� anex�rthta, all� v1, . . . , vk eÐnai grammik� exarthmèna
kai mporoÔme na gr�youme

vk = a1v1 + · · ·+ ak−1vk−1 . (6.2)

Pollaplasi�zontac tic dÔo pleurèc thc 6.2 me A èqoume

Avk = a1Av1 + · · ·+ ak−1Avk−1

kai afoÔ vi eÐnai idiodianÔsmata gia thn idiotim  λi

λkvk = a1λ1v1 + · · ·+ ak−1λk−1vk−1 (6.3)

Pollaplasi�zoume thn 6.2 me λk, kai thn afairoÔme apì thn 6.3:

0 = a1(λ1 − λk)v1 + · · ·+ ak−1(λk−1 − λk)vk−1 .

Ef� ìson ta v1, . . . , vk−1 eÐnai grammik� anex�rthta, ai(λi−λk) = 0 gia k�je i = 1, . . . , k−1,
all� λi−λk 6= 0, kai sunep¸c a1 = · · · = ak−1 = 0. All� tìte, apì thn 6.2, vk = 0, �topo.
SumperaÐnoume oti to sÔnolo {v1, . . . , vm} eÐnai grammik� anex�rthto.

¤
'Askhsh 6.11 Diagwniopoi ste touc akìloujouc pÐnakec (dhlad  breÐte R tètoiouc
¸ste R−1AR eÐnai diag¸nioc pÐnakac):

[
1 1
1 1

]
kai

[
2 1
0 0

]
.

'Askhsh 6.12 E�n A =

[
4 3
1 2

]
, diagwnopoi ste ton A kai upologÐste ton pÐnaka

A100.

'Askhsh 6.13 BreÐte ìlec tic idiotimèc kai idiodianÔsmata tou pÐnaka

A =




1 1 1
1 1 1
1 1 1




kai gr�yte dÔo diaforetikoÔc pÐnakec R pou diagwniopoioÔn ton A.
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'Askhsh 6.14 PoioÐ apì touc akìloujouc pÐnakec den mporoÔn na diagwniopoihjoÔn?

A1 =

[
2 −2
2 −2

]
A2 =

[
2 0
2 −2

]
A3 =

[
2 0
2 2

]
.

'Askhsh 6.15 Paragontopoi ste touc akìloujouc pÐnakec sth morf  A = RDR−1,
ìpou D eÐnai diag¸nioc pÐnakac.

[
1 2
0 3

]
kai

[
1 1
2 2

]
.
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diagwniopoÐhsh, 126, 127
dianusmatikìc q¸roc, 59
dianusmatikìc upìqwroc, 31, 60
diastol , 68

eikìna, 69
el�sswn pÐnakac, 108
eleÔjerec metablhtèc, 39
eneikonik , 70
epauxhmènoc pÐnakac, 16, 25
epeikonik , 70

genik  lÔsh, 41
grammik� anex�rthta dianÔsmata, 46
grammik� exarthmèna dianÔsmata, 45, 46
grammik  anexarthsÐa, 61

grammik  apeikìnish, 64
grammikìc metasqhmatismìc, 64
grammikìc sunduasmìc, 5, 61
grammikìc upìqwroc, 31

idiìmorfo sÔsthma, 8
idiìmorfoc pÐnakac, 22, 27, 99
idiìqwroc, 120
idiodi�nusma, 120
idiotim , 120

kanonik  b�sh, 49
klimakwt  morf , 35

m koc dianÔsmatoc, 75
met�jesh, 21, 91, 100, 101
mhdenìqwroc, 33, 52, 54, 77, 79

odhgìc, 7, 35, 36, 115, 116
ogkoc parallhlepipèdou, 114, 115
omogen c exÐswsh, 39
orÐzousa, 97

an�ptugma, 108, 109
tÔpoc, 106

orjog¸nia dianÔsmata, 75
orjog¸nia probol , 83
orjog¸nio sumpl rwma, 78
orjog¸nioi upìqwroi, 77
orjog¸nioc pÐnakac, 90, 91
orjokanonik� dianÔsmata, 90
orjokanonik  b�sh, 90
orjokanonikopoÐhsh Gram-Schmidt, 92

pÐnakac, 10
antistrèyimoc, 24, 25
antisummetrikìc, 29, 102
diag¸nioc, 98
mplok, 15, 92
orjog¸nioc, 90, 91
parallhlìgrammoc, 10
pr�xeic, 10�13, 15
summetrikìc, 29
tetragwnikìc, 10
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tridiag¸nioc, 109, 110
trigwnikìc, 17, 26, 98

pÐnakac enallag c, 21
pÐnakac met�jeshc, 21, 91, 100
pÐnakac probol c, 84, 86, 87
pÐnakac sumparagìntwn, 112
paragìmenoc upìqwroc, 48
paragwg  upìqwrou, 47
parallhlìgrammoc pÐnakac, 10
peristrof , 67, 91
pl rec sÔsthma odhg¸n, 19
pollaplìthta, 122
pollaplasiasmìc pin�kwn, 12, 13, 15, 99
pollaplasiast c, 7
probol , 67, 83, 84, 86
probol  se eujeÐa, 83
probol  se upìqwro, 86
prosarthmènoc pÐnakac, 112

q¸roc gramm¸n, 52, 53, 77, 79
q¸roc sthl¸n, 32, 52, 55, 77, 79
qarakthristikì polu¸numo, 120

stoiqei¸dhc pÐnakac, 16
strèblwsh, 68
sumpar�gontac, 108
sunist¸sa, 4
suzug c pÐnakac, 112

t�xh pÐnaka, 42
tautotikìc pÐnakac, 16
tetragwnikìc pÐnakac, 10
trigwnikìc pÐnakac, 17


