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GEWMETRIKH JEWRIA OMADWN

Full�dio Problhm�twn 1

Sn eÐnai h om�da metajèsewn tou sunìlou {1, 2, . . . , n}.
'Askhsh 1.1 DeÐxte oti e�n α ∈ Sn kai α2 = 1, tìte α = 1   α eÐnai enallag    α eÐnai
ginìmeno xènwn enallag¸n.

Ap�nthsh - Upìdeixh.
Apì to je¸rhma paragontopoÐhshc, α eÐnai ginìmeno xènwn kÔklwn. E�n k�poioc apì
autoÔc touc kÔklouc èqei mhkoc megalÔtero apì 2, tìte α2 6= 1. 'Ara α eÐnai 1-kÔkloc,
2-kÔkloc   ginìmeno xènwn 2-kÔklwn.

'Askhsh 1.2 DeÐxte oti ènac kÔkloc m kouc r eÐnai �rtia met�jesh e�n r eÐnai perittìc
arijmìc.

'Askhsh 1.3 SX eÐnai h om�da metajèsewn tou sunìlou S. E�n f : X −→ Y eÐnai amfi-
monos manth apeikìnish, deÐxte oti f# : Sx −→ SY : σ 7−→ f ◦ σ ◦ f−1 eÐnai isomorfismìc.

Ap�nthsh - Upìdeixh.
f# eÐnai omomorfismìc:

f#(σ ◦ τ) = f ◦ σ ◦ τ ◦ f−1 = f ◦ σ ◦ f−1 ◦ f ◦ τ ◦ f−1 = f#(σ) ◦ f#(τ) .

f# eÐnai epimorfismìc: E�n ψ ∈ SY , f−1 ◦ ψ ◦ f ∈ SX , kai f#(f−1 ◦ ψ ◦ f) = ψ.
f# eÐnai monomorfismìc: E�n f#(σ) = idY , σ = f−1 ◦ idY ◦ f = idX .

'Askhsh 1.4 E�n G eÐnai om�da, X eÐnai sÔnolo kai f : G −→ X eÐnai amfimonos manth
apeikìnish, deÐxte oti up�rqei monadik  pr�xh µ : X × X −→ X tètoia ¸ste X me thn
pr�xh µ na eÐnai om�da kai f na eÐnai isomorfismìc.

'Askhsh 1.5 Jewr ste ton monadiaÐo kÔklo S1 = {z ∈ C : |z| = 1}. DeÐxte oti S1 eÐnai
om�da me pr�xh ton pollaplasiasmì migadik¸n arijm¸n.
DeÐxte oti gia k�je λ ∈ R, fλ : R −→ S1 : x 7−→ eiλx eÐnai omomorfismìc.

Ap�nthsh - Upìdeixh.
E�n z, w ∈ S1, tìte |zw| = 1 kai |1/z| = 1. 'Ara S1 eÐnai upoom�da thc pollaplasiastik c
om�dac C \ {0}.
fλ(x+ x′) = eiλ(x+x

′) = fλ(x)fλ(x
′), �ra fλ eÐnai omomorfismìc.

'Askhsh 1.6 Jewr ste thn om�da Cn = {e2kπi/n ∈ S1 : k = 0, 1, . . . , n− 1}. DeÐxte oti
Cn ∼= Zn.



'Askhsh 1.7 E�n Y eÐnai mh kenì uposÔnolo tou X, deÐxte oti SY eÐnai isomorfik  me
mÐa upoom�da thc SX .

Ap�nthsh - Upìdeixh.
Gia σ ∈ SY orÐzoume σ̄ ∈ SX me σ̄(x) = σ(x) e�n x ∈ Y kai σ̄(x) = x e�n x ∈ X \ Y .
Elègqoume oti σ 7−→ σ̄ eÐnai monomorfismìc. 'Ara SY eÐnai isomorfikì me thn eikìna tou.

'Askhsh 1.8 DeÐxte oti e�n G eÐnai peperasmènh kai K ≤ H ≤ G, tìte

[G : K] = [G : H] [H : K] .

'Askhsh 1.9 E�n a ∈ G èqei peperasmènh t�xh kai f : G −→ H eÐnai omomorfismìc,
tìte h t�xh tou f(a) diaireÐ thn t�xh tou a.

Ap�nthsh - Upìdeixh.
Upojètoume oti a èqei t�xh k. Tìte f(a)k = f(ak) = 1. Upojètoume oti f(a) èqei t�xh
n < k. Tìte up�rqoun p kai q tètoioi ¸ste k = pn + q kai 0 ≤ q < n. All� tìte
f(a)q = f(a)k−pn = 1. AfoÔ n eÐnai o el�qistoc jetikìc akèraioc gia ton opoÐo f(a)n = 1,
sumperaÐnoume oti q = 0, kai n diaireÐ to k.

'Askhsh 1.10 DeÐxte oti e�n K ≤ G kai [G : K] = 2, tìte K / G.

'Askhsh 1.11 H om�da twn tetranÐwn Q eÐnai h om�da pou par�getai apì touc pÐnakec[
0 i
i 0

]
,

[
0 1
−1 0

]
.

DeÐxte oti Q èqei 8 stoiqeÐa, den eÐnai abelian , all� oti k�je upoom�da thc Q eÐnai
kanonik .

Ap�nthsh - Upìdeixh.

Jètoume a =

[
0 i
i 0

]
kai b =

[
0 1
−1 0

]
. Tìte ìla ta stoiqeÐa thcQ eÐnai ta a, b, ab, −1 =

a2 = b2 = (ab)2, −a, −b, −ab = ba, 1 = a4 = b4 = (ab)4.
Oi mìnec gn siec upoom�dec thcQ eÐnai oi 〈1〉, 〈−1〉, 〈a〉, 〈b〉 kai 〈ab〉. Autèc eÐnai kanonikèc,
gia par�deigma, aba−1 = −aba = baa = −b.

'Askhsh 1.12 Gia k�je om�da G deÐxte oti h par�gwgoc upoom�da G′ eÐnai to sÔnolo
{a1a2 . . . ana−11 a−12 . . . a−1n : ai ∈ G, n ≥ 2}.

Upìdeixh: aba−1b−1cdc−1d−1 = a(ba−1)b−1c(dc−1)d−1a−1(ab−1)bc−1(cd−1)d.

'Askhsh 1.13 Jewr ste K /G kai f : G −→ H omomorfismì me K ≤ ker f . DeÐxte oti
orÐzetai omomorfismìc f∗ : G/K −→ H me f∗(Ka) = f(a), dhlad  oti o f paragontopoieÐ-
tai mèsw tou kanonikoÔ omomorfismoÔ ν : G −→ G/K, f = f∗ ◦ ν.

Ap�nthsh - Upìdeixh.
Elègqoume oti Ka 7−→ f(a) eÐnai kal� orismènh apeikìnish: E�n Kb = Ka, tìte ab−1 ∈
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K ⊆ ker f , �ra f(a) = f(b).
Aut  h �peikìnish eÐnai omomorfismìc: (Ka)(Kb) = Kab, �ra f∗((Ka)(Kb)) = f(ab) =
f(a)f(b) = f∗(Ka)f∗(Kb).
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