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Full�dio Problhm�twn 2

'Askhsh 2.1 DeÐxte oti S1 ∼= R/Z.

'Askhsh 2.2 DeÐxte oti V ∼= Z2 × Z2.

'Askhsh 2.3 Jewr ste om�da G me kanonikèc upoom�dec H kai K. DeÐxte oti HK = G
kai H ∩ K = 1 e�n kai mìnon e�n gia k�je a ∈ G up�rqoun monadik� h ∈ H kai k ∈ K
tètoia ¸ste a = hk.

Ap�nthsh - Upìdeixh.
⇒: AfoÔ HK = G, gia k�je a ∈ G up�rqoun h ∈ H kai k ∈ K tètoia ¸ste a = hk. E�n
epÐshc a = h′k′, tìte h−1h′ = kk′−1, all� h−1h′ ∈ H, kk′−1 ∈ K, �ra h−1h′ = 1 = kk′−1,
kai sunep¸c h′ = h, k′ = k.
⇐: AfoÔ gia k�je a ∈ G up�rqoun h ∈ H, k ∈ K tètoia ¸ste a = hk, èpetai oti
G = HK. E�n g ∈ H ∩K, tìte a = (hg)(g−1k). All� afoÔ ta h, k eÐnai monadik�, g = 1.

'Askhsh 2.4 E�n G eÐnai om�da, X eÐnai sÔnolo kai f : G −→ X eÐnai amfimonos manth
apeikìnish, deÐxte oti up�rqei monadik  pr�xh µ : X × X −→ X tètoia ¸ste X me thn
pr�xh µ na eÐnai om�da kai f na eÐnai isomorfismìc.

'Askhsh 2.5 Jewr ste om�dec H, K, L. DeÐxte oti H×K ∼= K×H kai H×(K×L) ∼=
(H ×K)× L.

'Askhsh 2.6 DeÐxte oti e�n n eÐnai perittìc arijmìc, D4n
∼= D2n × Z2.

Ap�nthsh - Upìdeixh.
JewroÔme tic parast�seic om�dwn D2n = 〈s, t | sn = t2 = stst = 1〉, Z2 = 〈r | r2 = 1〉 kai
D4n = 〈p, q | p2n = q2 = pqpq = 1〉.
DieukolÔnei na jewr soume tic diedrikèc om�dec na droun sto monadiaÐo kÔklo. Sugke-
krimèna, jewroÔme tic apeikonÐseic S1 −→ S1, S(z) = ze2πi/n, T (z) = z̄, R(z) = −z,
P (z) = zeπi/n kai Q(z) = z̄.
Tìte D2n

∼= 〈S, T 〉, Z2
∼= 〈R〉 kai D4n

∼= 〈P, Q〉.
Oi apeikonÐseic S kai T metatÐjentai me thn R, kai sunep¸c 〈S, T, R〉 ∼= 〈S, T 〉 × 〈R〉.
ParathroÔme oti S = P 2, T = Q kai R = P n, en¸ P = RS(n+1)/2. 'Ara 〈S, T 〉 × 〈R〉 =
〈P, Q〉.

'Askhsh 2.7 DeÐxte oti Z3 × V ∼= Z2 × Z6.



'Askhsh 2.8 DeÐxte oti e�n α eÐnai n-kÔkloc sthn Sn, tìte h kentropoioÔsa tou α eÐnai
h 〈α〉.

'Askhsh 2.9 DeÐxte oti Z(G1 × · · · ×Gn) ∼= Z(G1)× · · · × Z(Gn).

Ap�nthsh - Upìdeixh.
JewroÔme (a, b) ∈ Z(G1×G2). Tìte gia k�je (g, h) ∈ G1×G2, (a, b)(g, h) = (g, h)(a, b).
Eidikìtera, gia k�je g ∈ G1, (ag, b) = (ga, b). 'Ara a ∈ Z(G1). Parìmoia, b ∈ Z(G2).
'Ara Z(G1 ×G2) ⊆ Z(G1)× Z(G2).
AntÐstrofa, e�n a ∈ Z(G1) kai b ∈ Z(G2), tìte gia k�je (g, h) ∈ G1×G2, (a, b)(g, h) =
(g, h)(a, b). 'Ara Z(G1)× Z(G2) ⊆ Z(G1 ×G2).

'Askhsh 2.10 DeÐxte oti e�n H ≤ G kai a ∈ G, tìte NG(aHa−1) = aNG(H)a−1.

'Askhsh 2.11 DeÐxte oti e�n H ≤ K ≤ G, tìte NK(H) = NG(H) ∩K.

'Askhsh 2.12 Jewr ste om�da G pou dr� sto sÔnolo X. E�n x, y ∈ X kai y = gx gia
k�poio g ∈ G, deÐxte oti Gy = gGxg

−1.

Ap�nthsh - Upìdeixh.
JewroÔme h ∈ Gx. Tìte hx = x kai (ghg−1)y = (gh)x = g(hx) = y. 'Ara gGxg

−1 ⊆ Gy.
AntÐstrofa, e�n k ∈ Gy, tìte (g−1kg)x = g−1y = x, �ra g−1kg ∈ Gx kai Gy ⊆ gGxg

−1.

'Askhsh 2.13 E�n H ≤ G, deÐxte oti G dra metabatik� sto sÔnolo G/H = {gH : g ∈
G}, kai sto sÔnolo {gHg−1 : g ∈ G}.

H �peirh diedrik  om�da D∞ par�getai apì tic pragmatikèc sunart seic a : x 7−→ −x
kai b : x 7−→ 2− x.
'Askhsh 2.14 Jewr ste touc endomorfismoÔc i1 : 〈a〉 ↪→ D∞ kai i2 : 〈b〉 ↪→ D∞.
DeÐxte oti e�n f1 : 〈a〉 −→ G kai f2 : 〈b〉 −→ G eÐnai omomorfismoÐ, up�rqei monadikìc
omomorfismìc ϕ : D∞ −→ G tètoioc ¸ste ϕ ◦ ik = fk, k = 1, 2.
(Dhlad  deÐxte oti D∞ eÐnai to ���jroisma�� (= eleÔjero ginìmeno) om�dwn Z2 ∗ Z2.)

'Askhsh 2.15 Jewr ste thn upoom�da H = 〈a, babab〉 ≤ D∞. DeÐxte oti H ∼= D∞ kai
[D∞ : H] = 3.

Ap�nthsh - Upìdeixh.
DeÐte thn Prìtash 2.2 ston Meier.
'Enac �lloc trìpoc na deÐxete oti H ∼= D∞ eÐnai na deÐxete oti h H eÐnai suzug c thc D∞
mèsw thc apeikìnishc g : x 7−→ 3x.

'Askhsh 2.16 DeÐxte oti e�n Z(G) = 1, tìte h om�da twn eswterik¸n automorfism¸n
thc G,

Inn (G) = {γa : g 7−→ aga−1 : a ∈ G} ≤ Aut (G) ,

eÐnai isomorfik  me thn G.

Ap�nthsh - Upìdeixh.
DeÐxte oti h apeikìnish a 7−→ γa eÐnai omomorfismìc, kai oti o pur nac tou eÐnai h Z(G).
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'Askhsh 2.17 DeÐxte oti Z(D∞) = 1. Sumper�nete oti D∞ ∼= Inn (D∞).

'Askhsh 2.18 DeÐxte oti [Aut (D∞) : Inn (D∞)] = 2.
(Jewr ste ton automorfismì ϕ me ϕ(a) = b kai ϕ(b) = a.)

'Askhsh 2.19 DeÐxte oti D∞ ∼= Aut (D∞).
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