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GEWMETRIKH JEWRIA OMADWN

Full�dio Problhm�twn 3

'Askhsh 3.1 DeÐxte oti oi om�dec me par�stash

(a, b | a4, a2b2, abab−1) kai (x, y |xyxy−1, x2y−2) ,

èqoun okt¸ stoiqeÐa, kai eÐnai isìmorfec me thn om�da twn tetranÐwn ('Askhsh 1.11).

Ap�nthsh - Upìdeixh.
AparijmoÔme ta diaforetik� stoiqeÐa thc om�dac wc proc to m koc kai katìpin lexikogra-
fik�.
M koc 0: 1
M koc 1: a, b, a−1, b−1

M koc 2: a2, ab, aa−1 = 1, ab−1,
ba = ab−1, b2 = a2, ba−1 = ab, b−2 = a2,
a−1a = 1, a−1b = ba, a−2 = a2, a−1b−1 = ab,
b−1a = ab, b−1b = 1, b−1a−1 = ba, b−2 = a2.
SuneqÐzontac me tic 43 lèxeic m kouc 3, blèpoume oti den prokÔptei kanèna stoiqeÐo diafo-
retikì apì ta prohgoÔmena. Endeiktik�:
M koc 3: a3 = a−1, a2b = b−1, a2b−1 = b
aba = b, ab2 = a−1, aba−1 = b−1,
ab−1a = b−1, ab−1a−1 = b, ab−2 = a−1, . . .
SumperaÐnoume oti k�je lèxh m kouc ≥ 3 an�getai se suntomìterh lèxh. 'Ara ta stoiqeÐa
thc om�dac me par�stash (a, b | a4, a2b2, abab−1) eÐnai

{1, a, b, a−1, b−1, a2, ab, ba} .

Gia th deÔterh par�stash, e�n antistoiqÐsoume ta a, b sta x, y, oi sqèseic xyxy−1, x2y−2

eÐnai sunèpeia twn sqèsewn a4, a2b2, abab−1. Gia to antÐstrofo arkeÐ na deÐxoume oti
x4 = 1. Pr�gmati, apì th sqèsh x2y−2 = 1 èqoume x2 = y2, en¸ apì thn xyxy−1 = 1
èqoume xy = yx−1 kai yx = x−1y. 'Ara x4 = xyyx = yx−1x−1y = yx−2y = yy−2y = 1.

'Askhsh 3.2 DeÐxte oti k�je stoiqeÐo mÐac eleÔjerhc om�dac F èqei �peirh t�xh: an 6= 1
gia k�je a ∈ F me a 6= 1 kai k�je n 6= 0.

'Askhsh 3.3 DeÐxte oti e�n F eÐnai eleÔjerh kai rankF ≥ 2, tìte Z(G) = 1.

'Askhsh 3.4 Jewr ste Y ⊆ X, F eleÔjerh sto X kai N thn kanonik  upoom�da thc
F pou par�getai apì to Y . DeÐxte oti F/N eÐnai eleÔjerh sto sÔnolo X \ Y .
(Pio sugkekrimèna, F/N èqei b�sh {zN : z ∈ X \ Y }.)



Ap�nthsh - Upìdeixh.
Prèpei na deÐxete oti gia k�je om�da G kai k�je apeikìnish f : X \ Y −→ G up�rqei
omomorfismìc ϕ : F/N −→ G pou epekteÐnei thn f .

Arqik� mporoÔme na epekteÐnoume thn f se apeikìnish f̃ : X −→ G. AfoÔ F eÐnai
eleÔjerh sto X, ja up�rqei omomorfismìc ϕ̃ : F −→ G pou epekteÐnei thn f̃ . Gia na
mporeÐ autìc o omomorfismìc na d¸sei omomorfismì apì to phlÐko F/N , prèpei o pur nac
tou na perièqei thn N . Gia na to petÔqoume autì orÐzoume f̃(y) = 1 ∈ G gia k�je y ∈ Y .

DeÐxte oti tìte N ∈ ker ϕ̃ kai oti ϕ(zN) = ϕ̃(z) eÐnai kal� orismènoc omomorfismìc pou
epekteÐnei thn f .

'Askhsh 3.5 DeÐxte oti e�n F eÐnai eleÔjerh kai rankF ≥ 2, tìte up�rqei automorfismìc
ϕ : F −→ F me ϕ(ϕ(w)) = w gia k�je w ∈ F , o opoÐoc den èqei stajer� shmeÐa, dhlad 
ϕ(w) = w sunep�getai w = 1.

Ap�nthsh - Upìdeixh.
Jewr ste thn apeikìnish pou antistrèfei ta prìshma twn ekjet¸n se k�je lèxh, ϕ :
xε1
1 · · ·xεn

n 7−→ x−ε1
1 · · ·x−εn

n . DeÐxte oti eÐnai omomorfismìc, kai oti ϕ2 = id.
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