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GEWMETRIKH JEWRIA OMADWN

Full�dio Problhm�twn 6

'Askhsh 6.1 DeÐxte oti h om�da tou trifulioÔ B3, me par�stash pa, b | aba � babq, eÐnai
to am�lgama A1 �B A2, me A1 � A2 � B � Z, wc proc touc monomorfismoÔc ε1pmq � 2m
kai ε2pnq � 3n.
DeÐxte oti h B3 den èqei stoiqeÐa peperasmènhc t�xewc diaforetik� apì to 1.

Ap�nthsh - Upìdeixh.
SumbolÐzoume Fx kai Fy tic eleÔjerec om�dec me genn torec x kai y antÐstoiqa, kai H1, H2

tic upoom�dec H1 � xx2y kai H2 � xy3y, (qrhsimopoioÔme pollaplasiastikì sumbolismì,
antÐ tou prosjetikoÔ sthn ekf¸nhsh). To am�lgama A � Fx �ϑ Fy mèsw tou isomorfismoÔ
ϑ : x2 ÞÝÑ y3 èqei par�stash px, y |x2 � y3q.

Jèloume na deÐxoume oti aut  h om�da eÐnai isomorfik  me thn om�da tou trifulioÔ, B3,
pou èqei par�stash pa, b | aba � babq. Ja orÐsoume omomorfismoÔc ϕ : A ÝÑ B3 kai
ψ : B3 ÝÑ A.

Jètoume ϕpxq � aba kai ϕpyq � ba. Gia na eÐnai ϕ omomorfismìc, prèpei na isqÔei
ϕpxq2 � ϕpyq3. Pr�gmati, ϕpxq2 � abaaba, ϕpyq3 � bababa, kai afoÔ aba � bab, ϕpxq2 �
ϕpyq3.

AntÐstrofa, jètoume ψpaq � xy�1 kai ψpbq � y2x�1, kai elègqoume oti h sqèsh x2 � y3

sunep�getai ψpaqψpbqψpaq � ψpbqψpaqψpbq.
'Etsi èqoume kal� orsmènouc omomorfismoÔc ϕ : A ÝÑ B3 kai ψ : B3 ÝÑ A. Elègqoume

oti ϕ � ψ kai ψ � ϕ eÐnai oi tautotikoÐ omomorfismoÐ:

ϕ � ψpaq � ϕpxy�1q � abaa�1b�1 � a

ϕ � ψpbq � ϕpy2x�1q � babaa�1b�1a�1 � b

ψ � ϕpxq � ψpabaq � xy�1y2x�1xy�1 � x

ψ � ϕpyq � ψpbaq � y2x�1xy�1 � y .

'Ena stoiqeÐo peperasmènhc t�xhc sto am�lgama eÐnai suzugèc proc èna stoiqeÐo thc Fx
  thc Fy. All� autèc oi om�dec den èqoun stoiqeÐa peperasmènhc t�xhc.

'Askhsh 6.2 DeÐxte oti h om�da SLp2, Zq eÐnai to am�lgama A1 �B A2 ìpou A1 � Z{4Z,
A2 � Z{6Z kai B � Z{2Z, me tic upoom�dec A1 kai A2 na par�gontai apì touc pÐnakec
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antÐstoiqa.

Ap�nthsh - Upìdeixh.
Oi om�dec A1 kai A2 èqoun parast�seic px |x4q kai y | y6q antÐstoiqa. JewroÔme to am�lga-
ma twn A1, A2 mèsw tou isomorfismoÔ ϑ : x2 ÞÝÑ y3, G � A1�ϑA2 � px, y |x4, y6, x2 � y3q.

Jètoume ϕpxq � S, ϕpyq � R kai elègqoume oti ϕpxq2 � ϕpyq3 � �I. 'Ara ϕ epekteÐ-
netai se kal� orismèno omomorfismì ϕ : G ÝÑ SLp2, Zq. ϕ eÐnai epimorfismìc, afoÔ oi
pÐnakec S kai R par�goun thn SLp2, Zq. Gia na deÐxoume oti ϕ eÐnai monomorfismìc sugkrÐ-
noume me ton isomorfismì PSLp2, Zq ÝÑ Z2 � Z3 kai thn probol  Z4 �Z2 Z6 ÝÑ Z2 � Z3.



Enallaktik�, h jewrÐa Bass – Serre deÐqnei oti ϕ eÐnai isomorfismìc, afoÔ SLp2, Zq dra
se èna dèntro qwrÐc antistrofèc kai me jemeli¸dh perioq  mÐa akm .

'Askhsh 6.3 BreÐte anhgmènec morfèc, wc proc to am�lgama thc 'Askhshc 6.2 gia tic
lèxeic S3R�4, S�3R5 kai R5S2RS3R3S.

'Askhsh 6.4 BreÐte kuklikèc om�dec kai kat�llhlec upoom�dec gia na ekfr�sete tic
om�dec me tic akìloujec parast�seic wc amalg�mata kuklik¸n om�dwn.

aþ. px, y | y6, x3 � y3q,

bþ. px, y |x4, y6, x3 � y3q.

H akìloujh �skhsh anadeiknÔei th shmasÐa tou isomorfismoÔ pou dÐdei thn amalg�mwsh.

'Askhsh 6.5 Jewr ste thn om�da A twn summetri¸n tou tetrag¸nou, me par�sta-
sh px, y |x4, y2, xy � yx�1q, kai B epÐshc thn om�da summetri¸n tou tetrag¸nou, me
par�stash pu, v |u4, v2, uv � vu�1q. Jewr ste tic upoom�dec H � xx2, yy ¤ A kai
K � xu2, vy ¤ B. Kataskeu�zoume ta amalg�mata G1 � A �ϕ B kai G2 � A �ψ B, ìpou
ϕ : H ÝÑ K, ϕpx2q � u2, ϕpyq � v, kai ψ : H ÝÑ K, ψpx2q � v, ψpyq � u2.
DeÐxte oti x2 an kei sto kèntro thc G1.
DeÐxte oti G2 èqei tetrimmèno kèntro (jewr ste gnwstì oti to kèntro tou amalg�matoc
A1 �B A2 eÐnai upoom�da thc B, (MKS, sel. 211).
Sumper�nete oti G1 kai G2 den eÐnai isomorfikèc.

'Askhsh 6.6 Jewr ste to am�lgama G � A1 �B A2, me a1 P A1 kai a2 P A2 tètoia ¸ste
xa1y X B � t1u kai xa2y X B � t1u. DeÐxte oti h upoom�da xa1, a2y ¤ G eÐnai isomorfik 
me to eleÔjero ginìmeno xa1y � xa2y.
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