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Toroloyla xouw cuveyelc ANELXOVICELS

‘Aoxnorn 2.1 On the set with two elements X = {0, 1} we define three different
topologies: the discrete topology D = {@, {0}, {1}, {0, 1}}, the Sierpinski topology
S ={@, {0}, {0, 1}} and the indiscrete topology Z = {@, {0, 1}}.

Let f: X — X be the identity mapping on the set X. In which of the following cases
is f continuous?

«) (X, Z)— (X, D), g) (X,D) — (X, 1),
Y) (X, D) — (X, ), 5) (X, 8) — (X, D),
¢) (X,I) — (X, 9), ¥) (X, 8) — (X, T).

(X, S) is called the Sierpinski space. It is a space with two points, one of which is “open”.

¥10 olvoho ye dVo ctotyeio X = {0, 1} opiloupe tpeic dlagopeTinéc Tonohoyiec: Tr Sua-
xprtf tonoroyia D = {@, {0}, {1}, {0, 1}}, tnv tonoloyia Sierpinski S = {@, {0}, {0, 1}}
xou TNy teTptupévn tonohoyio 7 = {@, {0, 1}}.
Ocwpriote TNy TavtoTiny anewxévion f 1 X — X o670 clvoro X. Ye notéc and T oxo-
hovleg mepintwoelg ebvon 1) f cuveEyTg;

«) (X,I) — (X, D), ) (X, D) — (X, I),
Y) (X, D) — (X, 5), 5) (X, S8) — (X, D),
) (X, I) — (X, 5), ) (X8 — (X, 1)

(X, S) ovoudletan ydpoc Sierpinski. Eivor o ydpog ue 800 onuela, and ta onofo 10 éva
elvor ‘avolxtéd’.

‘Acxnorn 2.2 On the interval [0, 1] with the relative topology as a subset of R, which
of the following sets are open? Which are closed?

o«) [0,1], §)[0,1/2), ¥) (0, 1/2) ¥)[1/3,1).

1o Swdotnua [0, 1] ue tn oyeuxh tonohoyio we utocivolo tou R, mold and to axdhoudo
oOvola etvar avoxtd; [lowd elvar xheioTd;

o«) [0,1], ) [0,1/2), ¥)(0,1/2) &) [1/3,1).



‘Aoxnorn 2.3 Let X be aset and let {A4; : © € A} be a family of subsets of X. Show
that

o«) X\ (UiGA Ai) = mieA(X \4), 3) X\ (mz‘eA Ai) = UieA(X \4).

Oewpfiote ovvoho X xou owxoyéveln {4, : i € A} untoouvolwv tou X. Aeite ot

@) X\ (Uieadi) = NieaX\ 40, B) XN (Mieads) = Uiea(X\ A).

‘Aoxnorm 2.4 Let X, Y besets, AC X, BCY and f: X — Y a mapping. Show
that

fRYAB)=X\f(B).
Find examples to show that f(X \ A) is not necessarily equal to Y \ f(A).
Show that if f is injective, then f(X \ A) C Y \ f(A).
Show that if f is surjective, then Y\ f(A) C f(X \ A).

Ocwprote odvoha X, Y, ue unootvora A C X, B C Y xa anewxévion f+ X — Y.
Aci&te ot

fAY\B) =X\ f(B).
Beeite napoadetyuata yio va Seifete ot f(X \ A) Sev etvon névta ico ye Y\ f(A).
Aeifte ot €dv f 1c éva mpog éva, tote f(X \ A) C Y\ f(A).
AciZte ot €dv ficeni, t61e Y\ f(A) C f(X\ A).

‘Aocxnov 2.5 Show that a mapping between topological spaces g : X — Y is conti-
nuous if and only if for every closed subset F' C Y, g~ !(F) is closed in X.

Acei&te ot plo amexdvion PeTa) TOTOAOYIXWY YWewY g : X — Y elvon cuveyric eqv xou
wévov edy yio xdde xheo 16 urocivoro F C Y, g 1(F) eivor xhetotd oto X.



