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Full�dio Problhm�twn 2

TopologÐa kai suneqeÐc apeikonÐseic

'Askhsh 2.1 On the set with two elements X = {0, 1} we define three different
topologies: the discrete topology D = {∅, {0}, {1}, {0, 1}}, the Sierpinski topology
S = {∅, {0}, {0, 1}} and the indiscrete topology I = {∅, {0, 1}}.
Let f : X −→ X be the identity mapping on the set X. In which of the following cases
is f continuous?

aþ) (X, I) −→ (X, D) , bþ) (X, D) −→ (X, I) ,
gþ) (X, D) −→ (X, S) , dþ) (X, S) −→ (X, D) ,
eþ) (X, I) −→ (X, S) , �þ) (X, S) −→ (X, I) .

(X, S) is called the Sierpinski space. It is a space with two points, one of which is “open”.

Sto sÔnolo me dÔo stoiqeÐa X = {0, 1} orÐzoume treic diaforetikèc topologÐec: th dia-
krit  topologÐaD = {∅, {0}, {1}, {0, 1}}, thn topologÐa Sierpinski S = {∅, {0}, {0, 1}}
kai thn tetrimmènh topologÐa I = {∅, {0, 1}}.
Jewr ste thn tautotik  apeikìnish f : X −→ X sto sÔnolo X. Se poièc apì tic akì-
loujec peript¸seic eÐnai h f suneq c?

aþ) (X, I) −→ (X, D) , bþ) (X, D) −→ (X, I) ,
gþ) (X, D) −→ (X, S) , dþ) (X, S) −→ (X, D) ,
eþ) (X, I) −→ (X, S) , �þ) (X, S) −→ (X, I) .

(X, S) onom�zetai q¸roc Sierpinski. EÐnai o q¸roc me dÔo shmeÐa, apì ta opoÐa to èna
eÐnai �anoiktì�.

'Askhsh 2.2 On the interval [0, 1] with the relative topology as a subset of R, which
of the following sets are open? Which are closed?

aþ) [0, 1] , bþ) [0, 1/2) , gþ) (0, 1/2) dþ) [1/3 , 1) .

Sto di�sthma [0, 1] me th sqetik  topologÐa wc uposÔnolo tou R, poi� apì ta akìlouja
sÔnola eÐnai anoikt�? Poi� eÐnai kleist�?

aþ) [0, 1] , bþ) [0, 1/2) , gþ) (0, 1/2) dþ) [1/3 , 1) .



'Askhsh 2.3 Let X be a set and let {Ai : i ∈ A} be a family of subsets of X. Show
that

aþ) X \
(⋃

i∈AAi

)
=
⋂

i∈A(X \ Ai) , bþ) X \
(⋂

i∈AAi

)
=
⋃

i∈A(X \ Ai) .

Jewr ste sÔnolo X kai oikogèneia {Ai : i ∈ A} uposunìlwn tou X. DeÐxte oti

aþ) X \
(⋃

i∈AAi

)
=
⋂

i∈A(X \ Ai) , bþ) X \
(⋂

i∈AAi

)
=
⋃

i∈A(X \ Ai) .

'Askhsh 2.4 Let X, Y be sets, A ⊆ X, B ⊆ Y and f : X −→ Y a mapping. Show
that

f−1(Y \B) = X \ f−1(B) .

Find examples to show that f(X \ A) is not necessarily equal to Y \ f(A).
Show that if f is injective, then f(X \ A) ⊆ Y \ f(A).
Show that if f is surjective, then Y \ f(A) ⊆ f(X \ A).

Jewr ste sÔnola X, Y , me uposÔnola A ⊆ X, B ⊆ Y kai apeikìnish f : X −→ Y .
DeÐxte oti

f−1(Y \B) = X \ f−1(B) .

BreÐte paradeÐgmata gia na deÐxete oti f(X \ A) den eÐnai p�nta Ðso me Y \ f(A).
DeÐxte oti e�n f ic èna proc èna, tìte f(X \ A) ⊆ Y \ f(A).
DeÐxte oti e�n f ic epÐ, tìte Y \ f(A) ⊆ f(X \ A).

'Askhsh 2.5 Show that a mapping between topological spaces g : X −→ Y is conti-
nuous if and only if for every closed subset F ⊆ Y , g−1(F ) is closed in X.

DeÐxte oti mÐa apeikìnish metaxÔ topologik¸n q¸rwn g : X −→ Y eÐnai suneq c e�n kai
mìnon e�n gia k�je kleistì uposÔnolo F ⊆ Y , g−1(F ) eÐnai kleistì sto X.

2


