
PANEPISTHMIO KRHTHS Did�skwn: Qr stoc Kourouni¸thc
Tm ma Majhmatik¸n kai
Efarmosmènwn Majhmatik¸n

MEM 234 GEWMETRIKH TOPOLOGIA

Full�dio Problhm�twn 8

Nèoi topologikoÐ q¸roi.

'Askhsh 8.1 Show that the topological space C = {z ∈ C : 1 ≤ |z| ≤ 2} is homeo-
morphic to the topological product S1 × [0, 1], (the cylinder).

DeÐxte oti o topologikìc q¸roc C = {z ∈ C : 1 ≤ |z| ≤ 2} eÐnai omoiomorfikìc me to
topologikì ginìmeno S1 × [0, 1], (ton kÔlindro).

'Askhsh 8.2 Show that S1 × R ∼= C \ {0}.

DeÐxte oti S1 × R ∼= C \ {0}.

'Askhsh 8.3 On R we define the equivalence relation s ∼ t if s − t ∈ Z. Show that
R/ ∼ is homeomorphic to the circle, and that the projection is an open mapping.

Sto R orÐzoume th sqèsh isodunamÐac s ∼ t e�n s − t ∈ Z. DeÐxte oti R/ ∼ eÐnai
omoiomorfikì me ton kÔklo, kai oti h probol  eÐnai anoikt  apeikìnish.

'Askhsh 8.4 On R2 we define the equivalence relation (s, t) ∼ (p, q) if (s−p, t−q) ∈ Z2.
Show that R2/ ∼ is homeomorphic to the torus S1 × S1, and that the projection is an
open mapping.

Sto R2 orÐzoume th sqèsh isodunamÐac (s, t) ∼ (p, q) e�n (s−p, t− q) ∈ Z2. DeÐxte oti
R2/ ∼ eÐnai omoiomorfikì me th speÐra S1×S1, kai oti h probol  eÐnai anoikt  apeikìnish.

'Askhsh 8.5 On the closed unit disk ∆ = {z ∈ C : |z| ≤ 1} we define the equivalence
relation generated by z ∼ 1 if |z| = 1. Show that ∆/ ∼ is homeomorphic to the unit
sphere S2. Consider the set {z ∈ ∆ : Re z > 0} to show that the projection is not an
open mapping.

Ston kleistì monadiaÐo dÐsko ∆ = {z ∈ C : |z| ≤ 1} orÐzoume th sqèsh isodunamÐac pou
par�getai apì tic sqèseic z ∼ 1 e�n |z| = 1. DeÐxte oti ∆/ ∼ eÐnai omoiomorfikì proc th
monadiaÐa sfaÐra S2. Jewr ste to sÔnolo {z ∈ ∆ : Re z > 0} gia na deÐxete oti h probol 
den eÐnai anoikt  apeikìnish.

'Askhsh 8.6 On the closed unit disk ∆ = {z ∈ C : |z| ≤ 1} we define the equivalence
relation generated by z ∼ w if z = −w. Show that ∆/ ∼ is homeomorphic to the
projective plane RP 2.



Ston kleistì monadiaÐo dÐsko ∆ = {z ∈ C : |z| ≤ 1} orÐzoume th sqèsh isodunamÐac pou
par�getai apì tic sqèseic z ∼ w e�n z = −w. DeÐxte oti ∆/ ∼ eÐnai omoiomorfikì proc
to probolikì epÐpedo RP 2.
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