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MEM 233 GEWMETRIA

Parathr seic

1. APAGOREUETAI na èqete KINHTA   KOMPIOUTERAKIA sto q¸ro thc exètashc.

2. Diab�ste prosektik� ta jèmata prin arqÐsete na apant�te. Oi apant seic prèpei na eÐnai
safeÐc, sÔntomec kai aitiologhmènec. Prosèxte na qrhsimopoieÐte orj� ta majhmatik�
sÔmbola kai th majhmatik  orologÐa.

3. Gr�yte se diaforetik  selÐda thn ap�nthsh k�je jèmatoc. Sunist�tai na gr�fete tic
apant seic mìno sth dexi� selÐda, kai na qrhsimopoieÐte thn arister  gia prìqeirouc upo-
logismoÔc (  to antÐjeto an eÐste aristerìqeirec).

4. Prèpei na parad¸sete ìlec tic kìllec pou qrhsimopoi sate kai na epideÐxete p�so   tau-
tìthta.

5. H exètash diarkeÐ 2 ¸rec. APAGOREUETAI H EXODOS APO THN AIJOUSA se ìlh
th di�rkeia thc exètashc. Thn pr¸th mis  ¸ra apagoreÔetai h apoq¸rhsh apì thn exètash.

6. Oi bajmoÐ dÐdontai se parènjesh. O mègistoc bajmìc eÐnai 100.

JEMA A.
1. (15) DÐdetai h eujeÐa ε me exÐswsh 2x − 3y + 5 = 0, h kwnik  kampÔlh c me exÐswsh
4x2 + y2 − 4 = 0 kai o omoparallhlikìc metasqhmatismìc

t : R2 −→ R2 :

[
x
y

]
7−→

[
1 −1
2 −1

] [
x
y

]
+

[
−2
−4

]
.

aþ. BreÐte thn exÐswsh thc eujeÐac t(ε).

bþ. BreÐte thn exÐswsh thc kampÔlhc t(c).

Ap�nthsh - Upìdeixh.
H eujeÐa t(ε) apoteleÐtai apì ta shmeÐa (x′, y′) gia ta opoÐa ta shmeÐa (x, y) = t−1(x′, y; )
ikanopoioÔn thn exÐswsh thc eujeÐac ε.

UpologÐzoume ton antÐstrofo metasqhmatismì

t−1(x′, y′) =

[
−1 1
−2 1

]([
x′

y′

]
−
[
−2
−4

])
= (−x′ + y′ + 2, −2x′ + y′) .



AntikajistoÔme sthn exÐswsh thc eujeÐac ε gia na broÔme thn exÐswsh thc
t(ε): 2(−x′ + y′ + 2)− 3(−2x′ + y′) + 5 = 0, dhlad 

t(ε) : 4x− y + 9 = 0 .

AntikajistoÔme sthn exÐswsh tou kÔklou c gia na broÔme thn exÐswsh tou sq matoc
t(c): 4(−x′ + y′ + 2)2 + (−2x′ + y′)2 − 4 = 0, dhlad 

t(c) : 2x2 +
5

4
y2 − 3xy − 4x+ 4y + 3 = 0 .

2. (20) DÐdetai trÐgwno ABC kai shmeÐo X tètoio ¸ste AX tèmnei thn BC sto P , BX
tèmnei thn CA sto Q kai CX tèmnei thn AB sto R.

aþ. E�n AB
BR

= 2
1
kai AC

CQ
= 1

1
, breÐte to lìgo (BC)

(CP )
.

bþ. E�n oi suntetagmènec twn koruf¸n tou trig¸nou eÐnai A : (1, 2), B : (0, 0) kai C : (3, 0),
breÐte tic suntetagmènec tou X.

Ap�nthsh - Upìdeixh.

Apì ta dedomèna, (AR)
(RB)

= −3 kai (CQ)
(QA)

= −1
2
. Apì to Je¸rhma Ceva, (AR)

(RB)
(BP )
(PC)

(CQ)
(QA)

= 1. 'Ara
(BP )
(PC)

= 2
3
, kai sunep¸c (BC)

(CP )
= −5

3
.

E�n R : (r1, r2), afoÔ
(AR)
(RB)

= −3, r1 − 1 = −3(r1 − 0) kai r2 − 2 = −3(r2 − 0), dhlad 

(r1, r2) = (−1/2, −1). Parìmoia, Q : (5, −2). 'Ara oi eujeÐec CR kai BQ èqoun exis¸seic
7y = 2(x− 3) kai 5y = −2x, antÐstoiqa. To shmeÐo tom c touc eÐnai X : (5/4, −1/2).

JEMA B.
1. (15) BreÐte thn exÐswsh thc probolik c eujeÐac ε pou pern�ei apì ta shmeÐa me omogeneÐc
suntetagmènec A : [3, 1, 3] kai B : [0, 5, 1].
BreÐte ènan probolikì metasqhmatismì pou apeikonÐzei thn probolik  eujeÐa ε sthn probolik 
eujeÐa me exÐswsh x = 0.

Ap�nthsh - Upìdeixh.

H exÐswsh thc probolik c eujeÐac ε eÐnai

∣∣∣∣∣∣
x y z
3 1 3
0 5 1

∣∣∣∣∣∣ = 0, dhlad  −14x− 3y + 15z = 0.

E�n P eÐnai o pÐnakac tou zhtoÔmenou probolikoÔ metasqhmatismoÔ, tìte h eikìna thc eujeÐac
ε apì ton metasqhmatismì èqei exÐswsh

[ −14 −3 15 ]P−1

 x
y
z

 = 0 .

'Ara prèpei na broÔme èna pÐnaka P tètoio ¸ste

[ −14 −3 15 ]P−1 = [ λ 0 0 ] .



ParathroÔme oti èqoume 9 agn¸stouc, all� mìno dÔo sunj kec, sunep¸c pollèc eleÔjerec
metablhtèc. Gia na aplopoi soume tic pr�xeic sth sunèqeia, eÐnai protimìtero o pÐnakac P−1 na
perièqei poll� 0   1.

AnazhtoÔme pÐnaka sth morf  P−1 =

 1 b c
0 1 0
0 0 1

, tètoio ¸ste

[ −14 −3 15 ]

 1 b c
0 1 0
0 0 1

 = [ λ 0 0 ] .

'Etsi, gia λ = −14, èqoume b = −3/14 kai c = 15/14, �ra

P−1 =

 1 −3/14 15/14
0 1 0
0 0 1

 .

O zhtoÔmenoc metasqhmatismìc èqei pÐnaka

P =

 1 +3/14 −15/14
0 1 0
0 0 1

 .

Enallaktik�, mporoÔme na broÔme pÐnaka pou na apeikonÐzei ta A kai B se dÔo shmeÐa thc
eujeÐac x = 0, gia par�deigma ta [0, 1, 0] kai [0, 0, 1].

2. (20) Jewr ste trÐgwno ABC sto R2, kai shmeÐo U ∈ R2 pou den eÐnai suggrammikì me dÔo
apì ta shmeÐa A, B, C. Oi eujeÐec AU , BU , CU tèmnoun tic eujeÐec BC, CA, BA sta shmeÐa
P , Q, R antÐstoiqa. DeÐxte oti ta shmeÐa P , Q, R den mporeÐ na eÐnai suggrammik�.

Ap�nthsh - Upìdeixh.
Up�rqei probolikìc metashmatismìc pou apeikonÐzei ta shmeÐa A, B, C sta shmeÐa me omogeneÐc
suntetagmènec [1, 0, 0], [0, 1, 0] kai [0, 0, 1] antÐstoiqa, kai to shmeÐo U sto shmeÐo me omogeneÐc

suntetagmènec [1, 1, 1]. Tìte h eujeÐa AB apeikonÐzetai sthn eujeÐa me exÐswsh

∣∣∣∣∣∣
x y z
1 0 0
0 1 0

∣∣∣∣∣∣ = 0,

dhlad  z = 0. H eujeÐa UC apeikonÐzetai sthn eujeÐa me exÐswsh

∣∣∣∣∣∣
x y z
1 1 1
0 0 1

∣∣∣∣∣∣ = 0, dhlad  x = y.

Sunep¸c to shmeÐo R apeikonÐzetai sto shmeÐo me omogeneÐc suntetagmènec [1, 1, 0].
Parìmoia, ta shmeÐa P kai Q apeikonÐzontai sta shmeÐa me omogeneÐc suntetagmènec [0, 1, 1]

kai [1, 0, 1] antÐstoiqa.
Elègqoume oti ta shmeÐa [1, 1, 0], [0, 1, 1] kai [1, 0, 1] den eÐnai suggrammik�:∣∣∣∣∣∣

1 1 0
0 1 1
1 0 1

∣∣∣∣∣∣ = 2 6= 0 .

AfoÔ oi probolikoÐ metasqhmatismoÐ diathroÔn thn idiìthta thc suggrammikìthtac, ta shmeÐa P ,
Q kai R den mporeÐ na eÐnai suggrammik�.



JEMA G.
1. (20) BreÐte metasqhmatismì Möbius pou apeikonÐzei ta shmeÐa 1, 2, −3 ∈ ∂H sta shmeÐa
0, 1, ∞ ∈ ∂H antÐstoiqa.
EÐnai o metasqhmatismìc pou br kate elleiptikìc, parabolikìc   uperbolikìc?

Ap�nthsh - Upìdeixh.
Jèloume na broÔme metasqhmatismì Möbius f(z) = az+b

cz+d
, tètoio ¸ste f(1) = 0, f(2) = 1 kai

f(−3) = ∞. 'Ara oi suntelestèc a, b, c, d prèpei na ikanopoioÔn tic sunj kec a + b = 0,
−3c + d = 0 kai 2a + b = 2c + d. Jètoume c = 1 kai èqoume d = 3, a = 5 kai b = −5. 'Ara o
zhtoÔmenoc metasqhmatismìc eÐnai o

f(z) =
5z − 5

z + 3
.

Enallaktik� mporeÐte na breÐte ton antÐstrofo metasqhmatismì, pou apeikonÐzei ta 0, 1, ∞
sta 1, 2, −3. Autìc eÐnai o f−1(z) = pz+q

rz+s
, me q/s = 1, p/r = −3 kai (p + q)/(r + s) = 1.

Jètoume r = 1 kai brÐskoume p = −3, s = −5, q = −5. 'Ara f−1(z) = −3z−5
z−5 , tou opoÐou

antÐstrofoc eÐnai o metasqhmatismìc −z+5
−z−3 pou eÐnai Ðsoc me ton f(z) = 5z−5

z+3
.

Gia na broÔme ton tÔpo tou metasqhmatismoÔ Möbius upologÐzoume thn par�metro τ = (a+d)2

ad−bc .
BrÐskoume τ = 64/20 = 16/5. AfoÔ τ < 4 o metasqhmatismìc f eÐnai elleiptikìc.

2. (25) BreÐte to m koc thc pleur�c enìc isopleÔrou uperbolikoÔ trig¸nou ìtan h gwnÐa tou
eÐnai ϑ < π/3.
BreÐte to Ôyoc tou isopleÔrou uperbolikoÔ trig¸nou me gwnÐa ϑ. (To Ôyoc eÐnai h apìstash
mÐac koruf c apì thn apènanti pleur�.)

Ap�nthsh - Upìdeixh.
'Ena uperbolikì isìpleuro trÐgwno ABC èqei treic Ðsec gwnÐec, α = β = γ = θ, kai treic Ðsec
pleurèc, c = a = b. Apì ton Kanìna Sunhmitìnou II,

cosh c =
cosα cos β + cos γ

sinα sin β

=
cos2 ϑ+ cosϑ

sin2 ϑ

=
cosϑ

1− cosϑ
.

To Ôyoc tou trig¸nou ABC eÐnai h apìstash thc koruf c A apì thn pleur� BC. Apì summetrÐa,
h k�jetoc apì thn A sthn BC diqotomeÐ thn pleur� BC, all� kai th gwnÐa α. 'Ara to Ôyoc h
eÐnai to m koc mÐac pleur�c tou trig¸nou me gwnÐec π/2, ϑ/2 kai ϑ (kai antÐstoiqec pleurèc c,
c/2 kai h). Apì ton Kanìna tou Sunhmitìnou II,

coshh =
cos(π/2) cos(θ/2) + cos θ

sin(π/2) sin(θ/2)

=
cosϑ

sin(ϑ/2)
.


