JewrÐa DaktulÐwn-2h Prìodoc

1. Na deÐxete ìti se mia perioqă kÔriwn idewdÿn dÔo opoiadăpote mh mhdenikĹ

stoiqeÐa a, b èqoun mègisto koinì diairèth d pou grĹfetai sthn morfă d = ax + by. LÔsh: JewroÔme to ideÿdec J = (a, b) pou parĹgetai apì ta stoiqeÐa a, b.

Epeidă to R eÐnai perioqă kÔriwn idewdÿn ja upĹrqei èna d ∈ R me J = {ax + by : x, y ∈ R} = (d) = {xd : x ∈ R} Epeidă a ∈ J ja èqoume ìti a ∈ (d) dhladă d|a.

’Omoia d|b, kai sunepÿc to d eÐnai koinìc diairèthc kai epeidă d ∈ J, o d ja grĹfetai sthn morfă d = ax + by (1) gia kĹpoia x, y ∈ R.

’Estw tÿra d^′ ènac koinìc diairèthc twn a, b. Tìte ja upĹrqoun m, n ∈ R me

a = md^′, b = nd^′ (2)

Apì tic exisÿseic 1, 2 ja èqoume ìti d = ax + by = md^′x + nd^′y = d^′(mx + ny) Sunepÿc d^′|d dhladă o d eÐnai ènac koinìc diairèthc twn a, b diaireÐtai apì opoiondăpote koinì diairèth twn a, b, pou shmaÐnei ìti eÐnai ènac mègistoc koinìc diairèthc.

2. Se mia perioqă kÔriwn idewdÿn R èna ideÿdec eÐnai megistikì an kai mìno an

parĹgetai apì prÿto.

LÔsh: Ac upojèsoume ìti èna ideÿdec J eÐnai megistikì. AfoÔ eÐmaste se perioqă kÔriwn idewdÿn to J parĹgetai apì kĹpoio stoiqeÐo p ∈ R. To p den eÐnai oÔte antistrèyimo oÔto to mhdèn giatÐ to J den eÐnai tetrimmèno ideÿdec. Ja deÐxoume ìti eÐnai prÿtoc. ArkeÐ na deÐxoume ìti eÐnai anĹgwgo, afoÔ se mia perioqă kÔriwn idewdÿn ta prÿta kai ta anĹgwga stoiqeÐa sumpÐptoun. Ac upojèsoume ìti to p den eÐnai prÿtoc, tìte to p = ab gia kĹpoia mh mhdenikĹ kai mh antistrèyima stoiqeÐa tou R. Tìte J = (p) ⊂ (a). Tì (a) ≠ R afoÔ to a den eÐnai antistrèyimo, sunepÿc ja prèpei (a) = J = (p), giatÐ upojètoume ìti to J eÐnai megistikì. AllĹ tìte a = xp gia kĹpoio x ∈ R, opìte p = ab = bxp pou sunepĹgetai ìti 1 = bx dhladă to b eÐnai antistrèyimo, Ĺtopo.

AntÐstrofa, Ac upojèsoume ìti p eÐnai prÿtoc kai J = (p). Ja deÐxoume ìti to J eÐnai megistikì. PrĹgmati, J ≠ (0), J ≠ R giatÐ to p san prÿtoc den eÐnai oÔte to mhdèn oÔte antistrèyimo stoiqeÐo. ’Ara to J eÐnai mh tetrimèno ideÿdec.

An tÿra J ⊂ I me I ideÿdec, afoÔ eÐmaste se perioqă kÔriwn idewdÿn ja èqoume ìti I = (a) gia kĹpoio a ∈ R. H sqèsh (p) ⊂ (a) mac lèei ìti a|p kai epeidă to p eÐnai prÿtoc eÐte a = pu gia kĹpoio antistrèyimo u ∈ R opìte J = I eÐte to a ja eÐnai antistrèyimo opìte I = R, pou deÐqnei thn megistikìthta tou J.

3. To Z[x] eÐnai perioqă monosămanthc anĹlushc (Gauss). DeÐxte ìti den eÐnai

perioqă kÔriwn idewdÿn.

LÔsh: Ac jewrăsoume to ideÿdec I = (2, x) pou parĹgetai apì ta poluÿnuma x, 2 ∈ Z[x]. An to Z[x] ătan perioqă kÔriwn idewdÿn o mègistoc koinìc diairèthc twn x, 2, pou eÐnai to 1, ja grafìtan

1 = 2f + xg (3)

gia kĹpoia poluÿnuma f = a_0 + · · · + a_kx^k, g = b_0 + · · · + b_kx^k me akèraiouc suntelestèc. Apì thn exÐswsh (3) ja eÐqame ìti 2a_0 = 1 pou eÐnai adÔnaton.

4.Na deÐxete ìti to upìloipo thc diaÐreshc enìc poluwnÔmou f(x) ∈ R[x] me

x^2 + a^2 eÐnai to v(x) = f(ai) + f(−ai) 2 + f(ai) − f(−ai) 2ai x ìpou ìmwc to f(x) to jewroÔme san stoiqeÐo tou C [x] kai i eÐnai h fantastikă monĹda (i^2=-1). DikaiologeÐste epÐshc giatÐ v(x) ∈ R[x].

LÔsh: An jewrăsoume to f(x) san stoiqeÐo tou C [x] kai v(x) = kx + l to upìloipo thc diaÐreshc tou f(x) me x^2 + a^2 ja èqoume ìti f(x) = (x^2 + a^2)g(x) + kx + l. Jètontac x = ai, x = −ai sthn prohgoÔmenh exÐswsh ja èqoume f(ai) = aki + l (4) f(−ai) = −aki + l (5) kai lÔnontac to prohgoÔmeno sÔsthma wc prìc k, l èqoume to epijumhtì apotèlesma.

Epeidă to f(x) èqei pragmatikoÔc suntelestèc ja èqoume ìti f(−ai) = f(ai) kai ta ak, l ja eÐnai to pragmatikì kai fantastikì mèroc tou arijmoÔ f(ai) (mporeÐte na to deÐte Ĺmesa kai apì tic exisÿseic 4, 5) dhladă ja eÐnai pragmatikoÐ arijmoÐ.

5.Na breÐte to upìloipo thc diaÐreshc tou x^n + 1 me x^2 + 1.

LÔsh: ArkeÐ apì to prohgoÔmeno erÿthma na broÔme to paragmatikì kai fantastikì mèroc tou in + 1 gia tic diĹforec timèc tou n. Epeidă i^2 = −1, i^3 = −i, i^4 = 1 ja èqoume Ĺmesa

i^n + 1 =

2 + 0i an to n eÐnai thc morfăc 4k 1 + i an to n eÐnai thc morfăc 4k + 1 0 + 0i an to n eÐnai thc morfăc 4k + 2 1 − i an to n eÐnai thc morfăc 4k + 3

kai to upìloipo thc diaÐreshc ja eÐnai:

v(x) = 2 an to n eÐnai thc morfăc 4k 1 + x an to n eÐnai thc morfăc 4k + 1 0 an to n eÐnai thc morfăc 4k + 2 1 − x an to n eÐnai thc morfăc 4k + 3

6. Na deÐxete ìti gia kĹje a ∈ R to R/(x − a) eÐnai isìmorfo me to R. (Na

deÐxete ìti h apeikìnish T : R[x] → R me T (f) = f(a) eÐnai epimorfismìc kai na breÐte ton purăna thc. MetĹ jumhjeÐte ìti gia kĹje epimorfismì T : R → S isqÔei R/_{KerT} ∼= S)

LÔsh: EpalhjeÔoume ìti o T : R[x] → R me T (f) = f(a) eÐnai omomorfismìc: T (f + g) = (f + g)(a) = f(a) + g(a) = T f + T g, T (fg) = (fg)(a) = f(a)g(a) = T f T g. Gia na deÐxoume ìti eÐnai epÐ, parathroÔme ìti pĹroume opoiodăpote r ∈ R. kai f = x + (r − a) tìte T (f)) = r.

O purănac tou T eÐnai

KerT = {f : T f = 0} = {f : f(a) = 0} = {f : x − a|f = 0} = (x − a)

kai apì to jeÿrhma omomorfismoÔ: R[x]/KerT = R[x]/(x − a) ∼= R 7. Ac upojèsoume ìti èqoume dÔo poluÿnuma f, g ∈ R ta opoÐa diairoÔmena me

x^2 + 1 afănoun upìloipa x + 1 kai x − 1 antÐstoiqa. PoiĹ ja eÐnai ta upìloipa thc diaÐreshc twn f + g, fg me x^2 + 1? (1.5)

LÔsh: Ac doÔme kĹti pio genikì: Ac upojèsoume ìti èqoume dÔo poluÿnuma f, g ∈ R ta opoÐa diairoÔmena me h afănoun upìloipa v kai w antÐstoiqa. Dhladă f = hP + v, g = hQ + w pou ta v, w èqoun bajmì mikrìtero apì tou h. PollaplasiĹzontac, fg = h(P Q + v + w) + vw. To vw DEN eÐnai pĹntote to upìloipo thc diaÐreshc me h ĹfoÔ mporeÐ na èqei bajmì megalÔtero ă Ðso. An ìmwc diairèsoume to vw me h kai vw = Rh + u me to u na èqei bajmì mikrìtero apì autìn tou h tìte fg = h(P Q + v + w + R) + u kai to u eÐnai to upìloipo thc diaÐreshc tou fg me to h.

Sthn sugkekrimènh perÐptwsh, f = (x^2 + 1)P + x + 1, g = (x^2 + 1)Q + x − 1 kai Ĺra :

fg = (x^2 + 1)(P Q + xP − P + xQ + Q) + x^2 − 1 = = (x^2 + 1)(P Q + xP − P + xQ + Q) + (x^2 + 1) − 2 = = (x^2 + 1)(P Q + xP − P + xQ + Q + 1) − 2

dhladă to upìloipo eÐnai −2. Gia to Ĺjroisma profanÿc to upìloipo eÐnai to Ĺjroisma twn upoloÐpwn, dhladă 2x.

8. DeÐxte ìti gia kĹje a ∈ R, a ≠ 0 to R[x]/(x^2 + a^2) eÐnai isìmorfo me to C .

LÔsh: ’Estw a ∈ R, a ≠ 0. JewroÔme thn T : R[x] → C me T (f) = f(ai) pou eÐnai profanÿc omomorfismìc. EÐnai kai epimorfismìc afoÔ gia kĹje k + il ∈ C kai f =^k_a x + l ja èqoume ìti T (f) = k + li. O purănac thc T eÐnai to sÔnolo ìlwn twn poluwnÔmwn f me f(ai) = 0 to opoÐo apì to Jèma 4 sumbaÐnei ìtan kai mìno ìtan to x^2 + a^2 diaireÐ to f. Me Ĺlla lìgia, Kerf = (x^2 + a^2) kai telikĹ (dec kai to Jèma 6)

R[x]/KerT = R[x]/(x^2 + a^2) ∼= C

9. ’Estw f(x) ∈ R[x] poluÿnumo bajmoÔ ≥ 3. MporeÐ to R[x]/(f(x)) na eÐnai

sÿma? (Dec kai to Jèma 2).

LÔsh: Apì to Jemeliÿdec Jeÿrhma thc ’Algebrac ta mìna anĹgwga poluÿnuma sto R[x] eÐnai thc morfăc c(x − a), c((x − a)^2 + b^2) me a, b, c ∈ R kai b ≠ 0. Sunepÿc kĹje poluÿnumo bajmoÔ ≥ 3 den eÐnai anĹgwgo kai epeidă to R[x] eÐnai EukleÐdia Perioqă (kai sunepÿc perioqă kÔriwn idewdÿn) to (f(x)) den eÐnai megistikì ideÿdec kai sunepÿc to R[x]/(f(x)) den ja eÐnai sÿma.

10. DeÐxte ìti gia kĹje n ≥ 1 mporoÔme na broÔme Ĺpeira mh omìloga anĹ dÔo

poluÿnuma bajmoÔ n sto Q[x] pou eÐnai anĹgwga (=prÿtoi) sto Q[x]. (Upìdeixh: Kritărio tou Eisenstein) IsqÔei to Ðdio gia ta R[x], C [x]?

LÔsh: ’Estw n ≥ 1 kai p prÿtoc. Apì to Kritărio tou Eisenstein to poluÿnumo f_p(x) = x^n + p eÐnai anĹgwgo dhladă prÿtoc tou Q[x]. Epeidă to sÔnolo twn prÿtwn eÐnai Ĺpeiro gia kĹje n ≥ 1 èqoume breÐ Ĺpeira anĹgwga poluÿnuma tou Q [x] bajmoÔ n. Sto deÔtero Erÿthma h apĹnthsh eÐnai arnhtikă giatÐ an n ≥ 3 den upĹrqei polÔwnumo bajmoÔ n to opoÐo na eÐnai anĹgwgo sto R[x] kai to Ðdio sumbaÐnei sto C [x] gia kĹje n ≥ 2. (Dec kai th lÔsh tou prohgoÔmenou Jèmatoc).