Prìodoc sth JewrÐa DaktulÐwn AprÐlioc 2003

1. Na deÐxete ìti:

(a) KĹje ideÿdec tou daktÔliou Z eÐnai kÔrio.

(b) An a_1, . . . a_n eÐnai mh mhdenikoÐ akèraioi tìte (a_1, . . . , a_n) = (d) an kai mìno an o |d| eÐnai o mègistoc koinìc diairèthc touc, kai ìti (a_1) ∩ · · · ∩ (a_n) = (m) an kai mìno an o |m| eÐnai to elĹqisto koinì pollaplĹsiì touc.

(g) Na grĹyete san kÔria ideÿdh ta (17, 15 · 10^{10}), (3003, 3289), ( 19, (18!)^{18} − 1 ) . LUSH:(a) JewroÔme èna opoiodăpote ideÿdec I ⊆ Z. An I = (0) tìte eÐnai kÔrio.

An I ≠ (0) tìte ja perièqei mh mhdenikĹ stoiqeÐa. ’Estw M = {|a| : a ∈ I, a ≠ 0}. Tìte M ≠ ∅, kai san sÔnolo fusikÿn arijmÿn ja èqei èna mikrìtero stoiqeÐo |a| ∈ M. Ja deÐxoume ìti (a) = I. AfoÔ, a ∈ I tìte (a) ⊆ I. ArkeÐ sunepÿc na deÐxoume ìti I ⊆ (a). ’Estw x ∈ I. Apì thn tautìthta thc diaÐreshc sto Z ja upĹrqoun b, c ∈ Z me x = ab + c, |c| < |a| (1) AllĹ x ∈ I, a ∈ I opìte ab ∈ I kai telikĹ c = x−ab ∈ I. Prèpei c = 0 giatÐ diaforetikĹ ja brÐskame èna stoiqeÐo tou ideÿdouc diaforetikì apì 0 me apìluth timă mikrìterh apì autăn tou a kai autì den mporeÐ na sumbaÐnei lìgw thc eklogăc tou a. Sunepÿc x = ab dhladă x ∈ (a).

(b) ’Estw (a_1, . . . , a_n) = (d). AllĹ (d) = (|d|) sunepÿc (a_1, . . . , a_n) = (|d|). Epeidă a_1, . . . , a_n ∈ (a_1, . . . , a_n) ja èqoume a_1, . . . , a_n ∈ (|d|) pou shmaÐnei ìti o |d| eÐnai koinìc diairèthc twn a_1, . . . .a_n. Mènei na deÐxoume ìti eÐnai o mègistoc koinìc diairèthc. Ac jewrăsoume ènan opoiodăpote Ĺllo koinì diairèth d^′ twn a_1, . . . .a_n. Epeidă |d| ∈ (a_1, . . . .a_n) o |d| = x_1a_1 + · · · + x_na_n gia kĹpoia x_1, . . . , x_n ∈ Z. AllĹ tìte d^′|d kai teleiÿsame. ’Omoia an (a_1) ∩ · · · ∩ (a_n) = (m) = (|m|) tìte o |m| ∈ (a_1), . . . , |m| ∈ (a_n) dhladă o |m| eÐnai koinì pollaplĹsio twn a_1, . . . , a_n. Mènei na deÐxoume ìti eÐnai elĹqisto koinì pollaplĹsio touc. Ac pĹroume opoiodăpote Ĺllo koinì pollaplĹsio touc m^′ tìte m^′ ∈ (a_1) ∩ · · · ∩ (a_n) = (m) Ĺra m^′ ∈ (m) Ĺra o m|m^′ kai teleiÿsame.

(g) 15 · 10^{10} = 3 · 2^{10} · 5^{11} sunepÿc o mègistoc koinìc diairèthc twn 17, 15 · 10^{10} eÐnai 1 kai Ĺra (apì (b) ) (17, 15 · 10^{10}) = (1) = Z.

Gia na broÔme ton mègisto koinì diairèth twn 3003, 3289 mĹllon sumfèrei o algìrijmoc tou EukleÐdh:

3289 = 1 · 3003 + 286 3003 = 10 · 286 + 143 286 = 2 · 143 + 0

Ĺra (3289, 3003)=(143).

Tèloc, O 19 den diaireÐ ton 18! kai apì to jeÿrhma tou Fermat ja diaireÐ ton (18!)^{18} − 1 Ĺra (19, (18!)^{18} − 1) = (19).

2. Ac upojèsoume ìti se èna daktÔlio R èqei oristeÐ mÐa sqèsh isodunamÐac ∼ tètoia

ÿste: An x ∼ x^′, y ∼ y^′ tìte x + y ∼ x^′ + y^′ kai xy ∼ x^′y^′. Na deÐxete ìti: (a) x ∼ y an kai mìno an x − y ∼ 0.

(b) UpĹrqei èna monadikì ideÿdec I ⊂ R ÿste R/I = R/ ∼.

LUSH: (a) Oi upojèseic mou gia thn ∼ eÐnai ìti ektìc apì sqèsh isodunamÐac ja èqw ìti mporÿ na prosjètw kai na pollaplasiĹzw katĹ mèlh isodunamÐec: x ∼ y x ∼ y x^′ ∼ y^′ x^′ ∼ y^′ x + x^′ ∼ y + y^′ xx^′ ∼ yy^′

An x ∼ y epeidă^1 −y ∼ −y ja èqoume x + (−y) ∼ y + (−y) dhladă x − y ∼ 0. An x − y ∼ 0 afoÔ y ∼ y prosjètontac katĹ mèlh x ∼ y.

(b) Jètw I = {x : x ∼ 0}. ArkeÐ na deÐxw ìti to I eÐnai ideÿdec. An x ∈ I tìte x ∼ 0 Ĺra 0 ∼ x, −x ∼ −x kai afoÔ apì upìjesh mporÿ na prosjètw katĹ mèlh, prosjètw katĹ mèlh kai èqw ìti −x ∼ 0 dhladă ìti −x ∈ I. ’Ara an x, y ∈ I tìte x, −y ∈ I kai prosjètontac pĹli katĹ mèlh x − y ∼ 0 dhladă x − y ∈ I.

EpÐshc, an a ∈ I kai r ∈ R tìte a ∼ 0 kai r ∼ r kai afoÔ apì upìjesh mporÿ kai pollaplasiĹzw katĹ mèlh ar ∼ 0 dhladă ar ∈ I.

Tèloc apì (a), x ∼ y isodunameÐ x − y ∼ 0 pou isodunameÐ me x − y ∈ I pou isodunameÐ x ∈ y + I. ’Ara, R/_∼ = R/I. An upărqan dÔo ideÿdh I, J me R/I = R/_∼ = R/J tìte to R/I tautÐzetai me to R/J Ĺra autĹ ta sÔnola èqoun to Ðdio 0, Ĺra I = J.

1kĹje stoiqeÐo eÐnai isodÔnamo me ton eautì tou

3. ’Estw R, R^′ daktÔlioi, f : R → R^′ epimorfismìc kai I, J ideÿdh tou R. Na deÐxete

ìti:

(a) To f(I) eÐnai ideÿdec kai f(I + J) = f(I) + f(J) (b) f(I ∩ J) ⊆ f(I) ∩ f(J) kai an sumbaÐnei I ⊇ Kerf eÐte J ⊇ Kerf ja isqÔei h isìthta.

(g) An I ⊇ Kerf tìte I = f^{−1}(f(I)).

LUSH:(a) An x, y ∈ f(I) tìte x = f(a), y = f(b) gia kĹpoia a, b ∈ I Ĺra x − y = f(a) − f(b) = f(a − b) kai afoÔ a − b ∈ I èqw ìti x − y ∈ I. EpÐshc an x ∈ f(I) kai y ∈ R^′ tìte ja upĹrqei a ∈ I me x = f(a) kai afoÔ o f eÐnai epÐ ja upĹrqei kai èna r ∈ R me f(r) = y Ĺra xy = f(a)f(r) = f(ar). Epeidă a ∈ I ja èqw ìti ar ∈ I kai sunepÿc xy ∈ f(I).

x ∈ f(I + J) ⇔ ∃c ∈ I + J ÿste x = f(c) ⇔ ∃a ∈ I, ∃b ∈ J ÿste x = f(a + b) ⇔ ∃a ∈ I, ∃b ∈ J ÿste x = f(a) + f(b) ⇔ x ∈ f(I) + f(J) (b) AfoÔ I ∩ J ⊂ I, I ∩ J ⊂ J ja èqoume f(I ∩ J) ⊆ f(I), f(I ∩ J) ⊆ f(J) kai Ĺra f(I ∩ J) ⊆ f(I) ∩ f(J). (den qreiĹzetai na upojèsete tÐpota gia thn f kai ta I, J !!!! ). An tuqaÐnei pq

I ⊇ Kerf (2)

kai pĹroume x ∈ f(I) ∩ f(J) tìte ∃a ∈ I, ∃b ∈ J ÿste x = f(a) = f(b) (3) Apì thn (3) ja èqoume f(a) − f(b) = 0 kai afoÔ h f eÐnai omomorfismìc f(a − b) = 0 dhladă a − b ∈ Kerf, Ĺra a − b ∈ I (Lìgw thc (2) ). AllĹ a − b ∈ I, a ∈ I sunepÿc kai b ∈ I, opìte b ∈ I ∩ J, Ĺra x = f(b) ∈ f(I ∩ J). (g)

4. ’Ena stoiqeÐo a enìc daktulÐou R lègetai mhdenodÔnamo an upĹrqei kĹpoioc

fusikìc n me a^n = 0. ’Estw M to sÔnolo ìlwn twn mhdenodÔnamwn stoiqeÐwn enìc antimetajetikoÔ daktÔliou.

(a) To M eÐnai ideÿdec tou R. (Upìdeixh: An a^3 = 0, b^2 = 0 tìte (a − b)^5 = 0, genikĹ na qrhsimopoiăsete to diÿnumo tou NeÔtwna.)

(b) To R/M den èqei mhdenodÔnama stoiqeÐa ektìc apì to mhdèn tou. (g) An p_1, p_2, p_3 eÐnai prÿtoi diaforetikoÐ anĹ dÔo deÐxte ìti oi Z_{p1}, Z_{p1p2} , Z_{p1p2p3} den èqoun mhdenodÔnama stoiqeÐa ektìc apì to mhdenikì stoiqeÐo touc. MporeÐte na diatupÿsete mÐa ikană kai anagkaÐa sunjăkh gia to pìte o Z_n èqei mhdenodÔnama stoiqeÐa ≠ 0?

(d) Na breÐte to sÔnolo M twn mhdenodÔnamwn stoiqeÐwn tou Z_{16} kai na deÐxete ìti Z_{16}/M ∼= Z_2.

LUSH:(a) Prèpei na deÐxoume pwc an a, b eÐnai mhdenodÔnama tìte ta a − b kai ra eÐnai mhdenodÔnama. Gia to ra eÐnai eÔkolo, afoÔ an to a eÐnai mhdenodÔnamo tìte gia kĹpoio n ja èqoume a^n = 0 Ĺra kai (ra)^n = r^na^n = r^n0 = 0. Ac upojèsoume ìti a^n = 0, b^m = 0. Ja deÐxoume ìti (a − b)^{n+m} = 0. To diÿnumo tou NeÔtwna mac lèei ìti

(a − b)^{n+m} = (a + (−b))^{n+m} = n+m∑ k=0 (−1)^k ( n + m n + m − k ) a^{n+m−k}b^k = n+m∑ k=0 n_ka^{n+m−k}b^k

AllĹ gia kĹje k , ja èqoume a^{n+m−k}b^k = 0 afoÔ an k < m tìte m − k ≥ 0 opìte a^{n+m−k}b^k = a^na^{m−k}b^k = 0 enÿ an k ≥ m tìte a^{n+m−k}b^k = a^{n+m−k}b^{k−m}b^m = 0. Me Ĺlla lìgia kĹje ìroc sto anĹptugma ja eÐnai 0, Ĺra (a − b)^{n+m} = 0 dhladă to a − b eÐnai mhdenodÔnamo.

(b) An x + M ∈ R/M eÐnai mhdenodÔnamo tìte autì shmaÐnei ìti gia kĹpoio n ja èqoume (x + M)^n = M allĹ

(x + M)^n = M ⇔ x^n + M = M ⇔ x^n ∈ M ⇔ x ∈ M ⇔ x + M = M = 0_{R/M} (g) An n = p^{n1}_1 · · · p^{ni}_i · · · p^{nk}_k eÐnai to anĹptugma tou n se ginìmeno prÿtwn kai kĹpoioc apì touc ekjètec n_i1 eÐnai > 1 tìte o o a = p^{n1}_1 · · · p^{ni−1}_i · · · p^{nk}_k ∈ Z_n kai a^2 = p^{2n1}_1 · · · p^{2ni−2}_i · · · p^{2nk}_k = np^{2n1−1}_1 · · · p^{2ni−3}_i · · · p^{2nk−1}_k . Dhladă n|a^2 Ĺra a^2 ≡ 0 (mod n) kai o Z_n èqei mhdenodÔnama. AntÐstrofa tÿra, an kaneÐc ekjèthc sto anĹptugma tou n se ginìmeno prÿtwn den eÐnai megalÔteroc tou 1, me Ĺlla lìgia eÐnai ìloi Ðsoi me me Ĺlla lìgia n = p_1 . . . p_n, tìte o Z_n den mporeÐ na èqei mh mhdenikĹ mhdenodÔnama stoiqeÐa. PrĹgmati, ac upojèsoume ìti gia kĹpoio a ∈ {1, . . . , n − 1}, kai kĹpoio m ≥ 1 eÐqame a^m ≡ 0 (mod n) dhladă n = p_1 . . . p_n|a^n allĹ tìte p_1|a, . . . , p_n|a kai afoÔ oi p_1, . . . , p_n eÐnai prÿtoi diaforetikoÐ metaxÔ touc ja èqoume ìti n = p_1 . . . p_n|a pou eÐnai adÔnaton afoÔ 0 < a < n.

(d) KĹje pollaplĹsio tou 2 eÐnai mhdenodÔnamo stoiqeÐo tou Z_{16} (kai genikĹ tou Z_2n), Ĺra to ideÿdec M èqei 8 stoiqeÐa Ĺra o Z_{16}/M èqei dÔo akribÿc stoiqeÐa Ĺra eÐnai isìmorfoc me ton Z_2.

5. ’Estw R, R^′ daktÔlioi kai f : R → R^′ epimorfismìc. DeÐxte ìti:

(a) An I^′ ideÿdec tou R^′ tìte I^′ = f(f^{−1}(I^′)).

(b) An a ∈ R tìte f ( (a) ) = ( f(a) ). Me Ĺlla lìgia h eikìna enìc kÔriou ideÿdouc mèsw epimorfismoÔ eÐnai kÔrio ideÿdec.

(g) An I eÐnai ideÿdec enìc daktÔliou R, h apeikìnish π : R → R/I me π(x) = x + I eÐnai epimorfismìc.

(d) KĹje ideÿdec enìc daktÔliou thc morfăc Z_n eÐnai kÔrio.

LUSH:(a) An R, R^′ sÔnola kai f : R → R^′ eÐnai mÐa apeikìnish pou eÐnai epÐ tou R^′ kai pĹrete èna opoiodăpote uposÔnolo I^′ tou R^′ tìte I^′ = f(f^{−1}(I^′)). (b) Ac upojèsoume ìti R eÐnai antimetajetikìc, dhladă ta kÔria ideÿdh eÐnai ta (a) = {ra : r ∈ R}. y ∈ f((a)) ⇔ ∃x ∈ (a) ÿste y = f(x) ⇔ ∃r ∈ R ÿste y = f(ar) ⇔ ∃r ∈ R ÿste y = rf(a) ⇔ y ∈ (f(a)) (g) Tetrimmèno.

(d) Z_n = Z/(n). jewreÐste èna opoiodăpote ideÿdec I^′ kai thn kanonikă apeikìnish π : Z → Z_n pou perigrĹfetai sthn erÿthsh (g). Tìte h π eÐnai epimorfismìc kai to π^{−1}(I^′) eÐnai ideÿdec tou Z kai afoÔ kĹje ideÿdec sto Z eÐnai kÔrio ja èqoume ìti π^{−1}(I^′) = (a) gia kĹpoio a ∈ Z. Apì ta (a), (b) ja èqoume ìti I^′ = π(π^{−1}(I^′)) = π((a)) = (π(a)) = (a + (n)), dhladă eÐnai kÔrio.

6. ’Estw R = Z(^√2) = {a + b^√2 : a, b ∈ Z}, jewroÔmeno san upo-daktÔlioc twn prag-

matikÿn arijmÿn. OrÐzoume mÐa apeikìnish N : R → N me N(a + b √ 2) = |a^2 − 2b^2|. Na

deÐxete ta parakĹtw:

(a) An x, y ∈ R tìte N(xy) = N(x)N(y).

(b) N(x) = 0 an kai mìno an x = 0.

(g) ’Ena stoiqeÐo x ∈ R eÐnai antistrèyimo an kai mìno an N(x) = 1.

(d) DeÐxte ìti o Z( √ 2) den eÐnai sÿma.

LUSH:(a) An x = a + b √ 2, y = c + d √ 2 ∈ R tìte N(xy) = N ( a + b √ 2)(c + d √ 2) ) = N ( (ac + 2bd) + (ad + bc) √ 2) ) = = | (ac + 2bd)^2 − 2(ad + bc)^2 | = | (a^2c^2 + 4b^2d^2 + 4abcd − 2a^2d^2 − 2b^2c^2 − 4abcd | = = | |(a^2c^2 + 4b^2d^2 − 2a^2d^2 − 2b^2c^2 | | = | |a^2(c^2 − 2d^2) − 2b^2(c^2 − 2d^2) | | = = | (a^2 − 2b^2)(c^2 − 2d^2) | = N(x)N(y)

(b) An x = 0 = 0 + 0 √ 2 tìte N(x) = |0^2 − 20^2| = 0. An N(x) = N ( a + b √ 2) ) = 0 tìte b = 0 opìte kai a = 0 kai x = 0. GiatÐ an b ≠ 0 tìte √ 2 = ±^a_b pou eÐnai adÔnaton

giatÐ o √ 2 eÐnai Ĺrhtoc.

(g) An x ∈ R eÐnai antistrèyimo tìte xy = 1 gia kĹpoio y allĹ tìte N(xy) =

N(x)N(y) = 1 kai epeidă oi N(x), N(y) eÐnai jetikoÐ akèraioi ja èqoume N(x) = N(y) =

1. AntÐstrofa, an N(x) = N ( a + b √ 2) ) = 1 tìte an x = a − b √ 2 ja èqoume |xy| = 1

Ĺra xy = 1 eÐte xy = −1 kai se kĹje perÐptwsh o x eÐnai antistrèyimoc me antÐstrofo

ton y (sthn prÿth perÐptwsh) ă ton −x sthn deÔterh.

(d) An o Z( √ 2) ătan sÿma kĹje mh mhdenikì stoiqeÐo tou ja antistrefìtan, Ĺra

kai to 5 = 5 + 0 √ 2, allĹ N(5) = 25 ≠ 1 antÐjeta me to (g).