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Mepindy

To xeipevo mov axolovlel amoteAel SiTALUATIXY epyooian TTOL exTovTiOnxe
070 TAX{GLO TOL WETOTTTUYLOXOV TPOYEALOTOS «Mabnuotixd xor E@opupoyvég
Toug» Tov TuNuoatog Mabnuoatixdy xow EQappoopévey Mabnuotixdy tou Io-
vemtotnuiov Koftng. Me dEova éva Baoixnd mpéfAnua émwe TEQLYPRPETAL GTO
BBAio «Gems of Theoretical Computer Science»[1] tov Uwe Schéning, avodetxyi-
etow 0 pérog g [Iibavobewpntinng Meddov oty Avarvor Aoyixwy Kuoxhwud-
TV.

Apxetd amd Tt pabnuotikd TEoPAuaTa TToL TOEVTOL, EVEXOLY ONUOVTLXY
eYYeVY) SuoxoMa xatL cuyva povadixy SLéEodog potdlel 1 emlotpdTevoT TNG Oc-
wptog Mbovotitwy. To mEdPAnua mov eEetdletar oty epyaocio vt elval TO
XOTA OGO AOYLYE XOXADUOTOL ULXOY]G TTOAVTTAOXOTYTOG —CUYXEXQLUEVOL TNG XA~
ong AC - umwopoy Vo exQEEGoLY AOYLXEC GUVAPTHOELS LooTLULOG. ATTOdELXVOETOL
OTL xaTL TéToLo eivot advvarto.

Avoabovtot 300 amodelEelg e SLOPOPETIXES OTITLXKEG, LE XKOLPLOL EUTTAOXY TNG
[MBavobewprntinng Mebbdov xatl otig dvo. Xty TEWTY amoSeLEn 1 TEOCEYYLOY
elvor oavohuTLxn xol onueio xAeLdl TG eTLXELPNUOTOAOYLOG Elvol M TEYVLXY] TOL
Tuyoiov TepLoptopod. H Seltepy amddelEn éxet aryeBpixy] Aoyixy xow amoTeAel-
To artd SV0 PARoTo: 0T TEHTO, KE TLlavobewpnTixy TEYVLXY, YiveTOoL Ula 0TEVN
OUOYETLON TWY XUXAWUATWY UE TOY XWOEO TTOAVWYOU®Y ULXONG TTOALTTAOXSTY TG
070 OVTEPO PO TTPOXDTTTEL TO CLUTEPAOUOL UE GUYXOLOY] TWY SLOAOTAOEWY TWVY
YOAUULXWDY XDOPWY TTOL AVOSELXYVOVTOL GTO TRWTO.

A6 ™y TEWTN amOdElEN, TEOXOTTEL OTL AOYLXA XUXAWUATO TTOALWYLULXOV
pevéboug mpémel va €xovy Bdbog ToLAdLETOY AoYoELOULXS YioL var UTTOPOVY vor
VTTOAOY{OOLY CLYOPTNOELS LOOTLIOG, EVE amd T SelTePn amddetEn To QEayua

ovTo PBeATidveTOL OF
QO ( logn >
loglogn



Evyoptotieg

Evyoptoted tov emBAEmovta, xabnynt) MiyxdAn Kohovvtldxny, yio v aoyn cuvep-
YOOLOL XOlL TNV LTTORLOVY] TOU.



AgpLépwon

H epyooio avt)] aplep®vetol GTOUG ULXPOVG MNEWES TNG ETULOTNUOVLXYG TEQLOYNG
Tov avopépetal N epyacio: Merrick Furst, James Saxe, Michael Sipser, Miklos Ajtai,
Alexander Razborov, Roman Smolensky.

Agprepdveton diaitepo oty Bella Abramovna Subbotovskaya mov ovoiaotixéd pe
TOLG TLYALOVG TEPLOPLOUOS ESWOE TO EVOLGUO YLoL TNV Topeiar Tpog To Switching
Lemma, cAAG xot otov ooxnt) Tng emtotnung, Erdds Pél mov xvplodextixd xabdpLoe
v tbavobewpntinny Mébodo. Kar ot 300, pe dtapopetind tpdmo, Buciacay ) (w1
Tovg, aovuBifacta, oTov Bwud TG EMOTAUNG.

Aplepwdvetal, T€Aog, oe OAn v axolovbio Twy avbpwTwY, oe OAn TNV ExTOoN TOL
XEOVOL, ToL doxvo LoxOnooy ot LoyHody Tévw oTNY ETLOTAUY, OLXOSOUWVTOS GUA-
AOYLXE TO TEPLEXOUEVO, ULXPO UEPOG TOV OTTOLOL TTAPOVOLACTYXE GE VT TNY EQYUOLX.



INEPIEXOMENA ITEPIEXOMENA

IMeptexopeva

1 Etcoayoyn 5
1.1 Aoywég Zuvaptioetg kot KoxAdporo . o o oo oo oo o oo oo oo 7
1.2 Thbavobewpntiey MébBodog . . . . . . . o o o o e 10

2 Kértw ®pdypoto yio Zvveptiostg lootipiog 14

3 Beltiowom pe AlyeBowxn Ortoixy. 30

4 Ewiloyog 43



1 EIXAI'OI'H

1 Ewoynyn

H Oewpia [MibavotiTtwy, TEpo amd Ty TEOQAVY] ONUOSLO TNG G AVTOVOUO OVTL-
xelPevo, amd To deHTEPO ULad Tov 2000 atvva €xel dietadVoel oe TEdLo LabnuarTinwy
KLE QOLLYOUEVA TTOL JEY TTEPLEYOLY XaL TuYotdTTa. H Steloduom awty dev eival pévo
EQYOUAELOXOD YOPOXTNOA, OAAE Ol OLOPOPETIXNG OTTTLXNG XL dtalobnong, divovtog
étol oofopn Wwhnon - axdpa xor StEEodo— oe 0pLoPEYOL TUTTOL dVAXOAX TTPOBAN-
pota. Ta mpoBAquota awtéd cuvniwg €xovy LoxLEN cLYSLOCTIXY Xo OAYOELOWLXN
OLAOTAON, EVK) CLYVA, OTOY ETLOLOXETOL N ATTOSELEY DTTOLPENG EVOG OLVTLXELLEVOD, EUTTE-
OLEYOLY ONULOVTLXY] QVOXOALKL XATOOXEVNG TTOPAUSELYLOTOG. AVTA T YHOAXTNELOTLXA
euavilovtor o TOAG pobnuoatixd mpoPAuata mov tibevton amd v Emiotiun
YTTOAOYLOTWY, INULOLEYWYTOG ETOL €var TTEDLO XUT’ EEOYNY XUTAAANAO YL EQOOUOYT
mhovobewpenTinedy pebodwy.

To ovyxeipevo g Tapovoog epyooiog eival 1 Oewplor [ToAvTAOXGTTOG XL EL-
dwdtepa M [loAvmAoxdttar Aoyixwy Kuxdwpdtwy, tor omtoio omoior amwoteAody Evay
OPOLPETLXO TPOTO AVOTIOPACTHONG AOYLXWY ZUVOPTNOEWY:

{adnbés, pevdéc}” — {ainbés, Ppevdéc} ,n € N

H peAétn emxevtpwvetor otig AOYIXEG ZUVOPTNOELS YLOTL LTTOPOVY YO EXPEAGOVY
OTTOLOVONTTOTE VTTOAOYLOUO: LTTOAOYLOUOG ToPEL va Bewpnbel 1 petatpomn pLag TAn-
poQopiag amd pLoe Lop@y] o ptor GAAY. Kébe mAnpopopio pmopel oxetind edxoio vo
ATEELXOVLOTEL WG Lot TTAELADO SLaBLXWY PrEiwy («bit string»). Zvuvemdg av 1 oyLx
TANPOPOPLOL EYEL UNXOG N XOL ] LETOTPOTY] TNG UNXOG M, TOTE O VTTOAOYLOWOG LTTOPEL
vau exppootel amd Lo ovvdpton {0,1}" — {0,1}". Xwpic BA&RN g yevixdtnTog,
vrobéTovpe m = 1.

levixdtepa n Oswpio [ToAvTAoxdTTog [2] €xel oxomd Ty TaELvounoyn vTOAOYL-
OTLXWY TPOPANUATWY, XOTOUTATOOVIAS TO. O XAACELS, LEQOEYLXA, COUPVOL [LE TNV
eYYevn duoxoAior ToLG: SNAXDY COUPWYA UE TNY EAAXLOTY ATTALTNOY TOVS GE LTTOAO-
YLoTLXOVE TTOPOLG CLYAPTAOEL TOL peYéBoug Twv apPyLxwy dedopévwy (eioodog). Y'rd
oLTé TO TTPLOUO LAGUE YLOL ATTOSOTLXOTNTA N U, LLog AVOTG evOg TTPoPBAuotos. Qg
VTTOAOYLOTLXO TPOPBANUO EVWOOVE Evar TTPOPANUa To omolo pmopel vor AVbel pe o-
YopLOptxd Tpémo now vTobéTovpe GTL 0 OAYOPLOLOG ExTEAELTOL OTTO Lol AUPNENLEVY
UMYOVY, TTOL TNY OVOUALOLUE LOVTEAO LTOAOYLopoV. H Mnyoavy Turing [3] sivar o
TTLO Paotrd TTOPASELYUO XOL UEYPL OTLYUNG OEY EXEL XOTAOKEVAUOTEL AAANO LOVTEAO TO
omolo yor LTTOAOYLLEL %&TL TTOL Vo UMY UToPEL vor To voAoyioetl o Myyovy Turing,
TOLAGYLOTOY TO (3L0 aTtod0TLXA. AAAaL LOVTEAX LTTOAOYLOPOL [4] eivor ov Mryowvég
Hemepaopévewy Kataotdoewy (FSM), or Myyovég Avbaipetng TpdoBaong (RAM), to
Aoywd Koxddpata, x.o.

O Adyog VUTTaPENG SLoPOPETIXWY LOVTEAWY ELvaL OTL oG SLYOLY SLOPOPETIXES OTTTL-
x€c %o pabnuoatixd epyadeia, oamd Ta OOl ELVOELTOL N LEAETT SLOPOPETLXWY XAL-
ocwv ToAvTAoxotntas. Entiong, n @dorn tov povtédov xabopilel Toug vTOAOYLETIXOVG
TOPOLS BATEL TWY OTOLWY EXTLLODUE TNV EAAYLOTY OTTOLTNOY] TWY TEOPANUAT®Y. Tlow
Topadetypo, ot Mrnyavég Turing ot mépor eivar o ypdévog (tAnbog Prudtwy exté-
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Aeone) xow 0 ywpog (uviun), eve oto Aoyixd Koxhopoto eivor to Péboc (puéytoto
povordtt) xon to péyebog (mAffog TLAGY).

"Eva antd ta Baoixdtepo {ntipatoa g Ocwplog [oAvmTAoxdtntog eivor 1 oyxéon
TwY ¥A&oewyv NP xow P [5]. H mpdytn ®Adon meptiauPdvel to TpoPAjuato yior To
oTolo ptor Soapévy Ao PLTtopel vo emtoAnfevTel amodoTixd, SNA0SY| 0 TTOAVWYLULYNG
TéENG Yeovo. H dedtepn xAdion mepthapBavel Tor TEOPANUOTO TTOL PTTOPOVY Vo Abfody
amodotixd. To epduo av ov P xow NP towtilovtol, eival amd To onuovIixoTEQR
XOL TTLO XOTOLNTOVUEVOL AYOLYTA EQWTNULATO TWY GVYYEOoVWY pobnuotixay [6].

[Tpog avty v xotebbovom, N HeAétn x&Tw PEoyLdTwy ota Aoyixd KuxAouota
Bewpeltor onuavtixn [7] yrotl poldler vo elvar €var evdeSELYUEVO LOVOTTATL YLOL TNV
amddetEn 6t P # NP. Autd yiatl xat’ apydc, To XUXAWOUOTO €X0VY aTtAOVGTEQO
opLoud amd 6Tl ot Myyavég Turing xon elvon o SOxLUo YLoL GLYSLAGTLXY] VEALOY).
Emniong, n moAvTAoxdtnTd TOUG Elval 0TEVE CUVIESEUEYT UE TNV TTOAVTTAOXOTNT TWY
Mnyoveyy Turing [8]: av plo Aoytxy) cuvaeT™oN n LETUPANTWY €XEL XPOVLXY TTOAVTTAO-
x6tntoe O(T'(n)) TéTE TO AVTLOTOLXO XKOXAWUO TTOL TNV LTTOAOYILEL €YEL TTOAVTTAOXS-
™t —dnAadn péyeboc— O (T'(n)logT(n)) [9]. Avtéd onpaiver 6T éva x&Tw QEAYUO
OTNY TTOALTTAOXOTNTO XUXAWUATWY TTOU LTOAOYLLOLY UL GLVEPTNOY, CUVETTAYETOL
QUETN EVOL XATW QPEAYUO OTN XPOYLXT] TTOAVTTAOXOTNTO. AVTYG TNG oLVEPTNOTG. OTdTE
n ekebpean ptog ovvapmaong f € NP 71 omola exppdletor amd €vor XOXAWRO |LE
XATW PEAYUO TTOATTAOXOTNTOG UEYOAVTEQO TNG TTOAVWYLULXYG TaEng, Ho onuatve
ot P# NP.

To mpéBAnua Tov emteEgpyalOUaoTE OE VTN TNY EQYXOLOL LPOPA OTY] TYECT OLVAL-
KLEOX OE AOYLXEG OLVOPTNOELS XOL OE XUXAWROTO ULXPYG TTOAVTTAOXGTNTOG. ELdixo-
tepar, eEeTdleTon M OXE0N TWY GLYAETHOEWY LooTLiog pe T xA&on ACY. H xAdon
ACF opiletor e T0 GHYOAD TwY AOYLXWY GUYOPTAGEWY N LETABANTGY, OL OTIOLEC TTO-
POVY VO EXPEACTOVY OTTO XUXADULOTO TTOAVWYLLLXOV peyébovg xat Babovg O (logk n)
To gpdTua ov tibetor eivor xotd THG0 xUXABPOTH aTabepol Babovg, dNAad? yio
k = 0, pmopody vo bTtoAoYiooLY GuVaPTNoELS tooTtpiog. To epwTUa awTd elvor on-
LoVTLXO LTl Ol CUVOPTNOELS LOOTLLIOG OLOLACTIXG XTTOTEAOVY Tal Baoixd SouLxd
OTOLYELL TWY AOYLXWY CLUVAPTNOEWY: UEALG T, CLYLGTOVY opboxavovixn Bdon Tov 2"-
OLAOTATOV YOOUULXOD YWEOL TWY AOYLXWDY CUVHPTNOEWY N UETABANTOV.

H amévtnon oto mapoamdvew epodtnua, omtws Bo dodue, slvarl opyntiny] xot omro-
dewxvietal Ye ™V avddelEn xdtw Paypatwy oto Babog twy xuxAwpdtwy. Ilapov-
oLalovtor Vo amodeikelg [10], pe v ibavobewpntinn MEBodo vo €xel xaipto pdAo
%o oTLg V0, dlvovtog TN dLVATOHTNTO VVHEGNE ETLYELONUATWY VTTOPENG XKoL EQLYTO-
Trog («impossibility »). Ztny mpat) anodeten (Kep. 2), 6wov mpoxdmTet évo x4t
poayuo 2 (logn), n omtixy elvor avodv Ty SNAcdY atELoTTOLOVVTOL ASLTOVPYLXES LOLY-

TNTEC TWY EPTAEXOUEVLY LOONUOTIXOY avTixelévmy. TTn dedtepn anddetEn (Keg.
log
1oglogn

3), 6TT0L TO XATL EEAYUO BeATLveTaL o ( ), N omTixy elvon aAyeBpLxn xon
aELomotovvTot doULXES LOLOTNTES UETK AVAYWYNG OTOV XWPEO TWY TTOAVWYVBUWY ULXEOV
Bobp.ov.

H avaivon twv amodeiEewy éytve pe emtixevtpo v e@aproyn g [Ttbavobewpon-
NG Mebbddov %o pe oté)o Ty ovddelEn T6o0 NG TEXVLXNG 6T0 o TN dLonadnTing
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TPOCEYYLOYG TOL VTELCEQYETOL OTNY ETULYELPNUOTOAOY(a. Emtiong, av xat to yevixd-
T€PO0 TAQ{OLO EUTUTTTEL GTNY TOUN Twy Mabnuoatixwy xot g ETiotiung YmoAoytotoy,
€YLVE TTPOOTIADELOL (HOTE TO EXPEATTIXO DPOG TNG EQYOULTLOG VO TELVEL TTPOG TNV TTAELEA
Ty Mabnuatixoy. EEaipeon amotelel v opoAroyior Twv XOXAWUATWY, OTTOL YL AG-
YOUG OTTAGTNTOG TWY JLOTUTIWOEWY LLAAUE YL «ELTOD0», «EEO0B0» KAl «TTOAES>.

Emiong, ta emiOLwxOUEVO ATTOTEAETUATO ELVOL XOTA XATTOLO TPOTO TToLoTLxXd. Mog
EVOLOPEPEL N OVUTITWTLXY] CUUTIEQLPOPE XAL OYL TOOO OL TTLPOUETOLKEG AETTTOUEELEG.
Mo tov Adyo avtd YENOLLOTTOLELTOL 0 HOLUTTTWTLXOS CLUUBOALGULAS, TTOL OLOLUCTLXA
eEXPEALeL TV TAEN peyéboug pLog ouvaEPTNOTNG.

Optopog 1.1 (ZvpBoiiopdg «Big-Oh»).

Eotw f,g: N — N. Tore, yoapovue f = O (g) av vrapyet otabepd c étol Wote,
f(n) < cg(n) rta xabe apxodvrweg peyaro n. Emions, yoapovue f = Q(g) otay
9=0(f).

Mepixéc mpopovelc 1SLéTTec:
* f(n)+g(n) = O(f(n) + g(n))
* f(n)-g(n)=0(f(n)-g(n))
s O(cf(n)) = O(f(n)),c otabepdL.

o Ytnv mpdabeom, oL utxpdTeEPES TEEELG ATTOPPOPOVYTOL OTTO TLG LEYAADTEQEG, TT.X.
O(n®) + O(logn) = O(n?) 4 O (2") + O (k) = O (2).

H ovyypoaon tg gpyooiog avtng €YLVE EYOVTAS XOTA YOU OVOYVWOOTEG TTOL OEV
€YoLy amopaiTnTo TEONYOVUEVES YVWoeLs ot Oswplio [ToAvTtAoxdtnTog. H mototiun
TEQLYQOPY TOL TTAXLGLOV TNG EQYAOLOG O aLTO TO xePdAato Hoa TpEmet va elvat op-
XETN YL UTOPEL xdmotog vo €xel alabnon yia To mod tomobeteiton to eEgtaldpevo
TEOBANUa xot TTota M onuaoio tou. Entiong, n epappoyn g [ibavobewpntinnig Me-
0600v ota Kepdhata 2 xor 3 dev amortel mpoywenuéves yvwoetg atn Oswpio Iibo-
VOTTWY. XEeLALETOoL XATOLO ETUTESO PLAONUATIXNG WELULOTNTOGS, AAAG TEYVLXA OLOXEL
N eEowxelwon pe T Paowxd g Aroxprtig Mibavétntag, xabdg xon pe to Baotxd g
Fooppixng AiyePpoc.

Mo tig Aoyixég Zovoaptioelg xat to Aoyixd KuxAoporto, yivetal ploe advtoun
ovoPopd oty ToEAYEoo 1.1, eved oty Tapdypopo 1.2 divetal pLtar cVvTouy TEPL-
Yooupn g ITtbavobewpntinng Mebddov yevixd.

1.1 Aoywxég Zuvaptioetg xot KuxAopoto
Aoyixn) Zovéptnon ovOpAloVUE UL GUYAPTNON TNG LOPPNG
{adnbés, pevdéc}” — {anbéc, pevdéc} ,n € N

H avamapdotaon plog Aoyixng Zovéptnong Umopel vo yivetor Ue SLaQopeTLXOVS
TPOTTOVG OVAAGYWS TO poldnuotikd mepLBaiiov tov eketaldpevov mpolAnuatog. Ot
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OVOTTOLPOOTOOELS TTIOU —QULETCL 1] EUECOH— YOEYOLLOTIOLOVVIOL OE CUTY] TNV EQYOOLO
clva,

e R" D {0,1}" — {0,1} C R, 6mov t0 0 avtotoLyel oTo (Yevdés »ow T0 1 oTO
oAnbgs.

e 'y — Ty, 6mov to 0 avtiotoyel oto Yevdés xat to 1 oto aAnbés.

e R" D {£1}" — {£1} C R, 6mov to —1 ovpPoriler to ainbés xor to +1 to
(PevdEs.

Xe xabe mepintwon pmopoldue vo pAdpe yioo Aoyixég XuvopTtnoelg dtoy UTo-
povVue vo ouvbéTovpe Tig TPAEELS TNG AoYLxng oVLeVENG xat SL&LevEng, HoTte va LoyV-
ovy oL Yvwotol xavoveg de Morgan,

~(PAQ)=(=P)V(=Q)
~(PVQ) = (-P)A(-Q)
PAQVR)=(PANQ)V(PAR)
PV(QAR)=(PVQ)N(PVR)
Mo Topddetypo, n Aoyixn oOlevEN UTopEel va exppaotel amd T cLVEETNOoY
1 1 1 1
AND, : {:|:1}2 — {:l:l} ,ANDg(xl, 1'2) = 5 + 5.%'1 + 5%2 — §x1$2

Ontwg @atvetar, 1 AN Ds elvor €var TOAYROUULXO TTOALWOYLELO. ALTO LoyVEL YEVLXO-
Tepa yiow xafe Aoyixn ouvvapoy. MéaAloTa, emeldn N CLYAPTNOY LOOTLUIOG EXEL TN
LoPPN, Tp (21, ..., xn) = [ 1o xi. Elvon coég 6Tt xé0e AoyLxn ouvdpTom eivar Yoo~
ULXOG GLYSLOOUOG CLYOPTNOEWY LooTiuiog. Edxolor pmopel vo det xdmotog 4Tl To
OUVYOAO TWY AOYLXWY CUVOPTNCEWY N LETOPRANTWY EVOL YOOUULKOG XWEOG TToL 7 [Béiom
ToL efval oL CLYRPTNOELG LoOTLULOG.

Av, Tpa, f elvor plo Aoy ouvdpTtnoy piog LeTaBAntg, TOTE oUTH UTOPEL va
ovoAvbel wg ekng:

f@)=fA)-x+ f(0)-7

H wo6tnra avt) amoteiet o Ocwpnuo Emtéxtaong tov Boole [11], eved avapépeton
%ol g To Oepeiddeg Oewpnuo g AiyePpog Boole [12]- emextelvetol emaywyixd
X0 OE AOYLXEG CUVAPTNOELG TTOAAWY UETABANTOY:

Ocodpnro 1.2 (Pebdpnuo Enéxtaong tov Boole).
Eotw [ Aoywa) ovvaptnoy. Tote,

1 1 1

f(z1,...,zy) = Z Z Zaz?m?...xzkf(1“,1’2,...,1”“,3}k+1,--- T

i1=042=0  ix=0

Grov. 1t — z, otay 1 =0
2 T —_— é .
T, oty 1 =1



1.1 Aoywés Xvvaptnoes xow Koxdduota 1 EIYXAT'QOI'H

Emiredo 3
B&Boc=3 péyeboc=#mTLUADY
Emiredo 2
Emninedo 1
fan-in < 3
T1 x1 T2 Ty T3 T3 T4 T4 MetofAntég Eto6dou

"Eval AOYkO KUKA®OUOL TTOU VITOAOYITEL Lol GUVAQTNGN f, AvaItaelcTaToL MG £va KATEVIUVOULEVO SEVTEO
ue lta, ue OAES TIS OKUES TOV va katevdUvovTal aItd To @UAAA TTeo¢ Th Qita. Ta @UAAA Tou §évigou
ouUBoAizouy TIg UETAPANTES €16080V. Tig KOEUEES Tov §évTpou Tig ovoudiouue TTUAeS. Ymodétouue
4Tl TO S€vTEo elval 1GOEEOTINUEVO KOl €va. GUVOAD TV TUA®Y TTov BelokeTar o (on astdotacn Ao
Tn elta, To ovoudcovue eTigtedo. MEyedog Tou KUKAOUATOS ovoudcouvue TO TANJOC TV TTUADY
Tou Ko BAdog, To UEyloTo WAKOS UovoTtaTioy astd Tn plta €ws Ta @UAAA. Téhog, ov TAeg GTO
Emtimedo 1 evdéxeton va €xouv dve @edyuo 6Tto TTANT0C UETAPANT®V €1GO30U TTov eTMSEXOVTAL: QVTO
TO ovoudgouue @EAyUa £16080v 1 «fan-in».

Ixnua 1.1: "Eva tugtkd Aoyikd kUkAoua pe todes AND, OR kow n oQoAoyio Tov.

To Bedypnpo avtd, ot BLBAoypapior TG oYESLOONG VTTOAOYLOTWY HUXAOUATWY, OVOL-
QEpeTal oLYVA s Bedpnua Eméxtaong Tov Shannon, xabwg Aavloopévoa amodide-
To o€ aVTOV. AvTé o@eileTar 6TO GTL 0 Shannon TEPLYPAPEL VT TNV ETEXTAOY OE
dnuoaievon tou [13], 6Tov yiveTal oLOLAGTIXA N TTEWTN TEOOTADELX LETPMONG LTTO-
AOYLOTLXNG SVOXOALOG OE XUXAVUOTO. Boowxdg oxomdg tng LEAETNG LTTOAOYLOTLXYG
TOANVTTAOXOTNTOG XUXAWUATWY NTOY 0OYLXA 1 EACLYLOTOTOLNOY TWY LALXGWY GTOLYELWY
vAomoinong. H yevixdtepn Oswpion IlIoAvmAoxdtnrog AAyopibuwy Eextvael apydtepa,
omd Toug Hartmanis ot Stearns to 1965 [14].

2Ty gpyaocion auTy), ToEoUEVOYTaS oTo TEPLBAAAOY Tng Oswpiog [loAvTtAoxdtn-
ToG, €va XOXAWUa DEwEPOVUE OTL ElVaL PLOr PALPETLXY] AYOTTOPACTOON ULag Aoyixg
Youvaptnong. Ovaotaotixd, éva xOxAwpo Tov bToAoyilel pLo cuvdptnoy f, eivar To
3ixTLO TWY OLVOECEWY OTOLYELWOWY AOYLXWY GLVOPTNOEWY OTLS OTOLEG UTTOPEL Vol
ovoivbel  f. To dixTLO AVTO TO AVATUPLOTOVUE WS EVAL XVXALXO xorTeLBLYOPEYVO
YOOUPO TOL OTTOLOL OL EGWTEPLXES XOPLYES ELVOIL OL GTOLYELWOELG CUVOPTNOELS XOL TOL
@ONAo givor oL petofAntéc tng ovvaptong (BA. EyfAupa 1.1).



1.2  iBavobewprnrixy Mébodog 1 EIXAT'QI'H

Qc¢ pog TNy oporoyia, Bo Aépe 4Tt pLor cLYAPTNOY LTTOAOYLLETOL 1| EXPEBLETOL AT
gva xOxAwUo. TLg ECWTEPLREG XOPLYES TOL YPAPOUL TTOL AVATTUPLOTA TO XOXAWUO TLS
omoxohovpe TOAeG. To QUAAA, TTOL Tor OVORALOLUE ELCOBO TOV XLVUAWUOTOS, GLKO-
Allovy TLg LETUPANTES TNG OLYEPTNOTG.

Ou otoryeLhdelg ovvapToelg Tov Ho ypnotpomotnoovpe eival N Aoyixn oVleLEN
%ot M Aoyixn Sialevky:

AND,OR: {0,1}" — {0,1},
AND (z1,...,2p) =1 Vie{l,...,n}:z; =1
OR (z1,...,zp) =1 TJie{l,...,n}12; =1

Emniong, n eloodog tov xuxAdpatog B amoteAeitor amd Tig LETAPBANTES TNG CLVAPTY-
OMG X0 TLG APYNOELS TOVG. Q6 LEYEDN TOALTTAOXATNTAG EVAS HUXAWDLATOG BEwPOodpE TO
Béboc, dNAadM TO UNUOG TOL UEYLOTOV LOVOTIATLOD aTtd TN PLLO g Tar PUAACL, XOL TO
réyebog, dnAodv] To TAN00g TwY TLAWY. O YEVIXGTEPOSG GTOYOG ELVOL 1| AVATTOLEAOTOON
AOYLXWY CUVOPTNOEWY UE TA ULXPOTEPO dLYXTA LEYED.

Av évar xOxhwpa Bdboug t, eivor tooppomnuévo (Snhady GAeg ot eioodot éxovy
™y (S atdéotoon amd Ty €E080), TOTE 0TO0 XOXAWUN LTTOPOVUE VO ULAOODILE YLOL
entimteda. To emimedo 0 amoteAeitor amd TG LETOPBANTES LGOS0V, TWY OTOLWY N ATTO-
otoor amd Ty €E0do elval t, To emtimtedo 1 amoteAeltor amd TLg TUAEG TTOL N ATTOGTOON
Toug amd ™y €Eodo eivar t — 1, x.0.x. Emtiong, to péytoto mAnbog twyv petaAnTtddv
Tov emLdéyovtal oL THAEG Tov emtitédov o To ovopdlovpe Edypo etoédou (fan-
in). Xwpic BAGBN g YexdTTOG LTOPOVUE Vo DEWwEPAo0LIE GTL TO XUXADULOTOL TTOL
eketalovpe eivol Looppomnuéva xor 6t xdbe emtinedo amoteAeiton amd TOAES TOL
(dtov TOTOL, KABWG KoL O6TL Stadoytud eTiTEda €XOVY SLAUPOPETIXOV TOTOL TTOAEG.
AuTo toydel yrotl ov plor TOAN eival (SLov TOTTOL PE Lo YELTOVLXY] TYG, WTTOPEL vou
oamopponiel xaL vo TpooTehody xaTaYENOTIUA XATAAANAEG TTOAEG, TT.).:

Abyw avTOD TOL YUEOKTNELOTLXOV, N XAAGY CLYOPTNOEWY TTOL Bor Log aToo)0-
MoeL xor ovopépape vopitepa, ovuforileton ACY, amd to «Alternating Class».

[Teptoodtepa oyetind pe Tig Aoyixég Xuvaptioetg xot KuxAopoto pumopel xa-
ToLog va del ota BifAlo [15] xow [16].

1.2 IItbavobewpntinn M£00d0g

2NV TOEAYEOPO 0T YIVETOL ULat OXESOV ETILYQOUUATLXY] ETTLOXOTINOY TWY TTOAD
Boowxwy texvinwy g [Mibavobewpntinng Mebddov [17]. Apyixd, ploe mpoomdbeio
TTOLOTLXNG TLEQLYQAPNG LE SLO PPATELS:

10



1.2  iBavobewprnrixy Mébodog 1 EIXAT'QI'H

— Ilddg axpfac eivar, xavelc dev EEpeL Ouws LTTAPXEL.

— Eotw ot oe éva xouvt! vrapyovy Bolot. Ay yvwpilovue ottt 1 mlavoryta,
UETA amo Tuyalor eTLAOYY, Vo TaEovue Evor umtAe [Bodo elvar Oetixn, TOTE
EEpovue ot alyovpa vTTAP)EL TOLAGYIOTOY EVag UTAE BOAOS 0TO XxOUTL.

AvTég oL 3o ppdoelg [18] —m TPt oYedGY 01popLopdg, M eV TEET OYEDGY TOWTOAOYLO—
OLYATTOTEAODY TO OXOTO Xal TNV XevTlxn Wéa ¢ [tbavobewpntiung Mebddov. To
QOLYOUEVO TNG VTTOPENG N U, BOAWY GTO %OLTL SEY TEPLEYEL XOUPULE TUYOLOTNTO: OUKG, 7
TEXUNPLWOT TOL ovuTepdouatog Baotiletal otn Oswpio [Tibavotitwy. Aey pog voLé-
Cer oLog axpLPBwg BOAOG lval UTTAE o TTOLOL 1] TTEPLYPOUPY TOL, BEAOLUE Vo EEpovpe
uwovo 6tL atyovpo LTTEPEYEL, 1 OXL.

e éva Ao TTopadelypo, Bewpodue Eva TPWTAOANUO xAaToL0L aOANOTOG LE T
opadeg, 6oL HGAOL TTaLl{oLY e GAOLG, axPLBWg wic Popd [19]. Ou StopyavwTég HEAOLY
vo 36o0vy EMabAa o N CLUUETEXOVTEG —TOUG YIxMTEC— xal o NeAay vor amtoxAetotel
N TEPIMTWOYN KATOLAL OUASK VO €XEL VIXNOEL OAOLG TOUG VLXNTES XOL VO UMV TTROEL
BoaPeto. Eivar duvatd xdtt tétoro; Voo xt av avutd potalet dtonobntind mopadoko,
Yo OYETXA ULxEO TTANBOG VunTwv elval addvoto vo eECQOALOTEL 1 oXEPOLOTYTA
Toug. To mPOBANUa avTd, avtipetwTiotnxe and Tov OOyypo poabnuoatixd Erdss Pal
[20], o omoiog Bewpeitor o TotpLapyng g ibavobewpntinng Mebddov: améderke [21]
0t av n € N, TOTE YLt OAx T OXPXOVVTWS UEYAADTEQX M oL YLo x&be LTTOGVYOAO
n OUASWY, aY TO ATTOTEAEGULOTO OAWY TWY 0VA SO0 OVOUETPNOEWY ETLASYOVY TuY OOl
(aveEdpTnTor xoL OpOLOKoPPR), TOTE pe LeEYEAN ThavdtrTo LTTEEYEL Yo opada EEw
o160 TO GUVOAO TWVY YIXNTWY, TTOL €XEL VIXNOEL XOL TLG N OULASEG.

YuvormTixd, N Paotxy Stadixaoio g [tbavobewpntinng Mebodov eivor oAy xo
OTOLYELWONG:

Boowxn itbavolswpntiny MéOodog

1. Optopbg TLYOLOL TELPAUOTOG.

2.  Kaboplopdg pétpwy mhovotitwy.

3.  Extipnon mbavotirwy evdeyopévwy.

= Av éva avtixeipevo éxel Betinn mbavotnta,

THTE LTAPYEL.

H dradixaoion oavty), eved Qaivetor TETELLULEVY, LTTOXEVTITEL dpbovn SuoxoAio xou
evpnuaTxoTTe. H oyeddy petapuoixn @doy g Oewpliag Mibovotitwy potdlel vo
otepBoAilel dVoxoha TEOBANUOTH UE TN XOENOY EVOS EVPEOG PACUOTOG OTTO TEYVIXES
%Ol EVVOLEC.

Mo amd tig o ovvnbiouéveg texvixég, aklomolel ™) ypouutxdtTa Tng MEong
Twng [22]. Av X, ..., X, toyaieg petafAntéc xow X = c1 X1 + - - + cp Xy, TOTE

E[X]=ciE[Xi]+ -+ cn E[X,]

1



1.2  iBavobewprnrixy Mébodog 1 EIXAT'QI'H

H outio mov xabiotéd ot Ty oLdTnTa, LoyLEO gpYoAelo, TTNYA&Lel omtd TO YEYOVOS OTL
dev LTGPYEL xopLd TPOoDTTOOEO aveEaptnolag avépeoo otig X;. To xAetdi o avt™
™Y TEYVLXN, Elval va Bpebel  xaTtdAAAY avaivo g X oe dbpolopa amAodotepwy
Toyoiwy petofAntwy. H avdivon avtn pag odnyel cuvnbwg oto cvumépaopo ot
LTTGEYEL éva anueio Tov TLhovobewpnTixoy Ywpov oto omolo X > E[X] xow évor dAA0
6mouv X < E[X].

XopoxtnELoTixd lvol To ToEASELYUE TNG ETOUEVNS TTEOTOOYG, M OoTtolo Hewpeital
TO TPWTO aTOTEAEGUO pe xoNnon ¢ [libavobewpntixng Mebddov. "Eva tovpvoud
umopolue va to bewpnoovpe wg Evay xatevbuvduevo ypdpo 6mov avéucon oc dHo
XOPLPES LTTAPYEL oxPLPWg pioe oxpy. Emiong, povomdtt Hamilton ovopdletar €va
LOVOTIATL 0TO OTTOLo XA&bE x0pLEN epaviletor oaxELBOS Ui POoPd.

Mpdétaon 1.3. [23] Yrapyet Tovpvovd T ue n ToxTeS, TO OTOIO EXEL TOVACYIOTOY
n!2=(=1 yovordtioe Hamilton.

AmtodeEn. ‘"Eotw évo Toupyovd 6To 0TT0lo oL XaTELOVVOELS TWY AUV EYOVY ETULAEYEL
Toyoio (opoLépopea koL aveEdpTnto LeTaED Tovg) %o X To TANDOGC TWY LOVOTTOTLLY
Hamilton. AvaAbovpe tqv X oe deixtpleg tuyaieg petofAntéc: yio xdbe petabeon, o,
TWY XOPLPWY €0TwW X, = 1 dTay N o Sivel éva povormdtt Hamilton oto T, dnAadn dtav
(0(i),0(i+ 1)) € T,Vi. Tote, X = > X, 6mov 10 TAnbog Twv dpwv Ttov abpoiouotog

eival n!l, emopévwg
1 n—1
]EX_—E E[X,]=n!{ =

A6 auth elvorl oopég TO CUUTEPAOUO OTL LTTEEYEL U1 TUYOLo ETTLAOYT xoTELOHVLY-
0L0d6TNONG TOL PYLXOV U1 xoTELOHVYOUEVOL YPAPOL, ETGL OTE TO TOLPVOLE TTOV
TEOXVTITEL vou el TovAdytotoy E [X] povordtioe Hamilton. O

2UYVE WG TPOEXTAON TNG YOXUULXOTNTOG TNG LEONG TLUNG EULQaVIlETOL N TEXVLXY
Twy TPoToToLoewy (alterations) [24], xotd Ty omoio To TLOoVOBeWENTIXG LOVTENOD
TTOL XATUOXELALETAL, OV Slvel Gpeoo TN {NTOVUEYT ATTAVTNGY, CAAG LOVO UETA AT
XOTEAANAY TPOTTOTTOINGY TOL PLOONUATIXOD aVTLXELLEVOL. ZTNY TPAEY, cuvbwg On-
pLovpyeiton €vor LTTEPGVVOAO TOU OVTLXELLEVOL TTOU LG EVOLOPEPEL XOL GTY CUVEYELD
oPOLEOVYTOL OTOLYELX TTOL JEV LXAVOTTOLOVY TNV eTtluunT LALOTNTA.

"Eva yopoxtnototind mopddetypo oxetiletor pe tov optbud Ramsey, R(k,1), oo
elvor 0 ehdyrotog Betindg oxépotog n, tétolog wote yiow xdbe 2-ypwpotiopd (ue
UTIAE, XOUALVO) TWV axpody evOg TANPOoLG YPbpov K, LTTGEYEL eite évog *OXRLYOG
LOVOYPWUOTIXOG TTANENG LTTOYPAYOS K, eite évag avtiotolyog umAe K;. H mpdtaon
Mer 6n R(k, k) > s=mn— (@217(’2“) dnhadh évog TARENG YPAPOog pe AtydTepeg amtd
S XOPLPEG BEY TEPLEYEL XAUVEVOL [LOVOYPWUOTIXO DTTOYPOPO Kk XOPLEOV.

AvTté amodetnvdetal HewEdYTOG oy Lxd Evay TUXOLO 2-XPWUATLONO EVOS TTANPOLS
Yoopouv n xopLPWY. Katdmiy vmoroyiletar n péon TLuy, 1 = (2)21*(5) Tou TTANHovg
M TV LOVOYPORATIXWY VTIOYPAP®Y k X0QLEWY KoL ETLAEYETOL EVOG —LY] TUYOLLOG—
XOWUATLOUOG TETOLOG WOTE M < . 2TV CUVEXELN, EQOPUOLETOL 1] TPOTTOTTOLNO, APOL-
pwvTog Kot xopLEY Ao xAbe LOVOYPWUATIXG VTTOGVYVOAO, SNULLOVEYWVTAS ETAL EVOLY

12



1.2  iBavobewprnrixy Mébodog 1 EIXAT'QI'H

TATON YOOUPO UE N — [L XOPUPES KOL XAVEVO LOVOYPWUOTIXO DTTOYPAPO k XOQLEWY:
cpa R(k, k) > s.

Ontwg pe ™ péon Tpn, oty mbavobewpntixn pebodoroyion yonotpomoteiton xoL
7 Staomopd o cvLvSLaoUO e Ty avitadtto Chebyshev, cOppwva pe Ty ool av X
elvot pLor dLaxpltn Toyxolo LETABANTY] LE TETMEQAUOUEYY] LECT] TLUN, (L, XOL U] UNOEVLXN
diaomopd, o2, toTE, X
A2
21 Stodwxaoio Tov axohovbeital oe LT TNV TEYYLXY, 0plleTol Pl TUYOLO ULETO-
BANTH, X, Lot TNV TOCOTNTO TTOL ULOG EVOLAPEPEL. LT CLVEYELX OVOAVETOL e Abpot-
opo. amAoVOTEPWY —oLYNBWE SelxTELLWY— UETOPBANTOY,

VA > 0,P[|X — pu| > Mo <

X=X+ +X,

vToAoY(leTOL 1 SLLGTIOPA TG,

Var [X] = ZVar [Xi] + ZCOV (Xi, Xj)
i=1 i#j

xol Ue ) xenon g aviodtnrag Chebyshev xataAyovue oe ovumepdouato.

KAeivovtog tqy mOAD odvtoun mepinymon otig Texvixég tng Ilibavobewprntinng
Meb6dov, avapépovpe to Lovdsz Tomixd Anppo [25], To omoio epapudletol oty
TEPIMTWOY 6oL €YOVUE EVar GOYOAO amd Uy emtbountd evdeyduevo Yo Ta 0TTolo
Oo Ohape vo exTipnoovpe Ty mhovoTTO Vo U ovpfaivel xovéva. Av autd elva
oveEgpTnTor LETAED Tovg, ue TV TLhovdtnTto Tov xolbevdg vor eivor ULxEATEET TOL
1, t6te N TbavoTyTer vou pun ovpBaiver xavévo eivar Betixn (ov xow {owg pLxp”n).
To Tomxd Anupo pog Bonbéel va xatoAnEovpe oto (L0 CLUTEQUOUO OEXEL TOL
OVEEAQTNTO LETOED TOLG EVEEYOUEVD VOL ELVOL TTOAD TTEPLOTHTEQX ATtO ToL EEXPTNUEVQ,
xo N mhovdtnTo Tov xobevdg vo elval OYETIXG ULXEN.
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2 KATQ ®PAI'MATA I'lA YXYNAPTHXYEIY IXOTIMIAY

2 Kéatw Ppoaypata yio Xuvaptnostg lootipiog

X auTO TO *EQPEANLO, EEETALOVIE XATA TTOGO OL CLVAPTNOELS LOOTLULOG UTTOPOVY
VOU EXPEOOTOOY WS XUXAOUOTO oToblepod Bdbouvg o pLeYEovg TOALWYLLLXOD WG
TPOG TO TTANDOG TV PETOPANTWOY €Lad30V.

To gpdTuo avtd amavtiinxe amd tovg Merrick Furst, James Saxe, Michael Sipser
70 1984 [26], o mopdAnAa xor aveEdptnta amd tov Miklds Ajtai [27]. Kaw otig
dvo gpyoaoieg yponorpomotinxe 1 TEXVLX TOL TUYXLOL TTEPLOPLOOD [28, 29], 1 omolo
emvoninxe to 1961 amd Ty Pwoida Bella Abramovna Subbotovskaya [30, 31], epop-
noélovtag v oe @épp.ovieg DNF'.

H amdytnon oto spdtnua o tibetar sivat apyntixy: oL cLVOETNOELS LOOTLUIOG
JeV UTOPOVY Vo EXPEOCTOVY amtd xuXAWpoTa otobepod Babovg. Eexvedvrog amd
™y eméueyn mpotaon Ho To amodelEovue aELXA YLOL TNV TEPIMTWON XUXAWUATWY
Bébovg 2. H amdderEn [32] dnuoaotedbnxe to 1961 ard tov Oleg Borisovich Lupanov
(1932 — 2006), tov omoiov pabfitpLo Arow 1 Subbotovskaya.

MMpotaon 2.1. 'Eotw n ovvaptnon tootiuiog
0,1} = {0,1}, m (21, ...y 2p) = le mod 2
i=1

H m, dev umopel va exppootel ano xoxiwpa OR-AND molvwyoutxod ueyébovg
xou Babouvs 2.

ATodeién.
Apyxd, amodetxvoovpe 6Tt xdbe TOAN AN D o710 entimedo 1 TOL XUAXADPATOG, OVOL-
YrooTLXA €XEL oxELBWG N eLeOdoVE.

Av 3ev oyvel awTd, ToTE LTAPEYEL PLoe TTOAN AN D oto TPWTo eTiTESO, OG TNV
movpEe G, ue TANDog eLaddwy eite To TOAD n—1 gite TovAdyLtotov n+1. o ™y TP
TeplmTwon —A. Zynuo 2.1—, xwpeic BA&PN t™g YevixdtnTog pLmopodpe vo vTofécovpe

OTL OTLG €L0OS0VG TNg Oy TEPLAaUPBAvovToL Ol Ty, Ty. TOTE, OV Y1, ..., Yn—1 Elval oL
gloodol e G, pe y; € {z;, T },i=1...n—1, Té6t€ N TLUN NG Elvorr 1, axpLPedg dTay
y; = 1 yra xébe i € {1,...,n — 1}. Aphadn, T6te %o Lovo ToTE, dTay z; = 1, axpLPg

Yo exelvor To @ YL Toe omole y; = x4, Iloe tor véAoLTT @ o ExovpE VY HATTLXE
x; =0 o qpo y; =T; = 1.

Ye auT TNV TEPITTWOoN, YL OTToLadNToTE Ty avotebel ot petafAnty z,, T0
omotéleopo g TOANG OR 0to debtepo entinedo o eivar mévtor 1. Omtdte, To ovvo-
A wOxAwpo Oev UToPEel vou exEAlel ouvaETNoN LooTiiog n UETABANTWOY. AToTo,
apo xabe TOAN AN D 670 TPWTO ETUITEDO TOV XUXAWDUOTOG EXEL TOVAGYLOTOV N ELGO-
doug.

Emiong, xapla TOAn dev pumopel vo €xel TEPLOOHTEPES ATTO N ELGOSOVS YLOTL OA-
ALG, aY LTINEYE XA&TOL, avoyxooTixd Oor TepLtéxovtay oTlg €LGO0VE TNG KATTOL

‘DNF onpaiver Disjunctive Normal Form, 3nAoady évor Aoytxd Yopevo afpotopdtmy.
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2 KATQ ®PAI'MATA I'lA YXYNAPTHXYEIY IXOTIMIAY

T xI9 T3 Ty T4

(=)
=)
=N
=)
—_

f(l,o,l,')51:>f;7éﬂ'4,

1 1 1 110

(@) Xto emizmedo 1 Sev ugropel va
VTTAQEYEL TTUAN e TTANDOC e1GOdwV Wi @) O mivaxag aindelog Tng m, yo
KEATEQO TOUL n. n =4, 0 oTtolog €yl 2" YEAUUES.

Iyxynua 2.1: Eto maedderyua tov oxipatog, n wAn AND ue €16680v¢ z1, Tz, 3 oTode-
poToteitaw 6To 1 dtav (x1,xe,x3) = (1,0,1). Téte yia kdbe TWH TOV 24 OAO TO KUKAMWO
gtadegomoleltan 6To 1- dpa dev umopel va exkeediel guvdptnon teotwios. Emiong, kdde
TUAnR AND avTtigToyel Ge akeLBOS wo yoauun tov Jrivaka aAndelag tng my ue i €5680v
1. Apa to TARYOG TV TUAGY GTo eTtiTteSo 1 efvan 271,

LETOPBANTA pall Le TNV dpynon tng xal Tote M TOAN Oo elxe otabepn Ttun 0 xow dev
Bo émonle xavévo pOAO GTO XKOXAWUA.

Mo vou popel 10 xOxAPo Vou EXQEALEL TN CLVAPTNON LOOTLULOG Ty, Dot TEETEL N
T g €EGdouL Tov var efvor 1 axpLBudg OTLG TEPLTTWOELS TTOL O TLvaxog aAnbetag
™M¢ T, Otver T 1. Avtéd ovpfaivel dtay plor amd T TOAES TOUV TEWTOL ETULTEIOL
gyet T 1. Apod Aowmtdy xdbe oA AND €xel axpifudg n eLoddoug, yi, ..., Yn UE
yi € {x;, T}, malpvel Tun 1 axplBodg oe éva cuVSLAOWUS TLUWY TV T1,...,Tn. O
ovvdvaouog elval owTOHG YLa ToV OoTolo, y; = -+ = Yy, = 1. AuTd onpoalvel 6Tl 7
x6&be TOAN avtiotolel axplBwg o pla ypouu tou mivaxa ainbeiog tng cuvapTnong
wotpiog pe Ty 1. To TARBoc Twy Ypoupwy awtwy eivor 27/2 = 21 xou dpa,
TEETEL vaor LTLEEYOLY axELBWC 271 TOAeg AND.

Apa to péyehog TOL XVUADUATOG BEY PUTTOPEL VO ELVOLL TTOADWYVLLXO WG TTPOG N.

O (ITpbtaom 2.1)

Me avaroyo tpdmo TolPVoLUE TO (OLO ATTOTEAEGUO YLOL OVTLOTOLYO AOYLXA XUXAW-
pnotoe AND-OR- dnAadn pe moAeg OR oto mpwyto entimedo ko pioe AND oto debrepo.
Ontwe ovaépbnue Tapoamave, oty Topdypopo ovt) Oo deiEovpe 4T AoyLxd
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2 KATQ ®PAI'MATA I'lA YXYNAPTHXYEIY IXOTIMIAY

(¥) :

Tl X2 T3 T4 Ty Tg Ty X8 T Yy T Y
(@) Xvuvdetnon LGoTWIOS 7 ERQPQEOL- (B) H 1tvAn XOR GuvapTiGEL TTUADV
ouévn wg KUKAwUO TTUA®GY XOR. AND xar OR.

Tynua 2.2: H cuvdotnon teotulog T, UIT0QEl va ek@eacTel attd kiklnua ddous O (logn).

xuxAwpato otafepod Babovg dev umTopody vor LTTOAOYICOLY GUYXPTNOELS LOOTLLLOG.
Op.we, aEilel vo oNUELWOTOVYE, TTOLO AOYLXO XUXAWROTO LTTOPOVY VoL TLG EXPEC.COLY.
H emdpevn mpdtoon pog Seiyvel 4Tt T0 xATW QEAYUO TTOL avolNTOVUE Elval TO TTOAD
AoYopLOpLxo.

IMp6taon 2.2.
M ovvaptnon tootiulos n uetafAnTdy, umopel vo vToAoytotel Ao xOxAwua
Babovg O (logn).

Amodeién.

Mia ocuvaptnon tooTipiog Uopel va exppaotel amd Eva SLadLxd dEVSPO0 pe TOAES
XOR, 67ov o710 emtimedo 1, xabe TOAY €xer V0 eLaddovg xot xd&be petofAnTn eppo-
vileton o axpLBug pioe TOAN —BA. Zyquo 2.2. To Bdbog tov dévtpov eivar O (logn).

Emiong, x&be moAn X OR pmopel va exppoaotel wg évo OR-AND xOxAwpoa 300 eTtL-
TéSwv, a@od XOR(x1,x2) = 173 + Tixes = OR(AND(z1,73), AND(Z71,x2)). Otdte
70 &bog Tov dévtpouv dimAactdletal. Emouévws, pa ouvaptnon tootiulog n LeETO-
BANTWY pmopel vou uToAoYLaTEL OTtd évar xOxAwpa Bébovg O (logn).

O (Tlpéraom 2.2)

Mo T ovvéyeta, vrevbupilovpe 6t ACF givan 10 GBVOAO TWV GLVEPTAGEWY TTOL
UTTOPOVY YO EXPEOGTODY (G XUXADUOTO YWELG Avw @Eayuo eLodédov pe péyebog
TOAVWYLULXO WG TTPOG To TTANHOS n Twy eLoddwy xot Bébog O (logk n), omov k un
cpvTdc oxéponoc. Améd Ty mpdTooy 2.2 mpoxbTel dueoa 6Tl T, € ACT yiow xdbe
n € N.

To emépevo Hewpnuoa, mov Ba xoAOPeL TO LTTOAOLTTO XKEPAAOLO, ATTOSELXVVEL OTL
o & ACY. Apyixé opilovpe Ty évvoror ToL TLYELOL TEPLOPLGLOV.

Optopdg 2.3 (Tuyaiog Teploptopde). Q¢ TuXLO TEELOPIOUD WS AOYIXTS TUYAOTY-
ons f, Oewpodue uor aAdy Aoy covaETNoN g, N OOl TEOXVTTEL OTAY OoTlE-
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fan-in<n =3

Tl T2 T3 X1 T2 X3 Tl X2 T3 X1 T2 X3

H katoayenotiki wpocdnikn evog eTITAEOV eTMITESOV AOYIK®OV TTUAGY ulag e15édov, kataoTtd To eedyua
€1G080V GTO TTEMTO ETLTTEGO TOU KUKAMUATOS 6TadeQ0, 1. AuTd dev uetafdAdel Tnv Tdgn ueyédoug Twv
SOWK®OV GTOYEIWV TOU KUKAMUOTOS. AV TO 0Q)IKO KUKA®UA €XEL TTOAVOVUUKO uéyedog kol atadepd
Bddog, To (Bo toxvel kA yio TO VEO Aoyko KUkAwua. ETtouévang, n aduvauio T€Toinv KUKAOWATOV va
ERPEAGOVV GUVOQRTNGELS LgoTwlag (Oswpnua 2.4), elvor agretd va amodeydel yio gtadepd @odyua
€16080V GTO TEWTO £TT(TTESO.

Iynua 2.3: 7, ¢ ACY Vn € N (@edpnua 2.4). Apkel va astodetydel yio kukAouoto otade-
oV PEAYLOTOS €1GOS0V GTO TEMOTO eTiTTeSO.

QOTTOLOOVUE TUXOLOL XATTIOLEG QTTO TIG UETOPBANTEG ELGOOOV OE GUYXEXQUEVES TIUES,
0% 1.

Ocwpnua 2.4 (Furst, Saxe, Sipser [26]).
Eotw m, : {0,1}" — {0,1}, ovvaptnon tootiuiog.
Tote, 7, ¢ AC?,¥n € N.

Agtodeién.

Apyxd mopotnpodpe 0Tl apxel vo detEovpe To Bedpnua Yo Ty TEPLTTWON dTTOL
oL TTOAEG TOL TPWTOL ETULTESOL EYOLY PEAYUO ELGG30L aTabepd, aveEdpTnTO TOL N.
Av oydel awtd, ToTE TO BedpnuUa, OTN YEVLXY] TTEPITTWOY, TTPOXVTITEL QAUECH: ECTW
7 € AV, Torte, LTEEYEL TOAWVLELXOD PeYéBoug xOXAwUe, oTabBepol Béboug t, Tov
vTTOAOYLLEL xATTOL GLYEPTNON LooTLlog. Katayponotixd, propodue vo Tpocbéoouye,
XATW o6 TO TEWTO TITEDO, AAAO évar emtimedo TomobeTvTog pia TOAY piog eLod3ov
Yia x&0e petofAnTn eLaddov xdbe THANG TOL TTPWTOL ETLTESOL —PA. TOPASELYLOL GTO
Zynuo 2.3.

Ot HAeg TOL TPEWTOL ETLTMESOL, OL OTOLEG EYOVY ATEPLOPLOTO GVEL QPEOYUO. EL-
0630V, UTTOPOVY VAL €XOVY TO TTOAD 1 €LGAS0VG, dLAPOPETIXE OTLS ELaOdoLE Tovg o
TEQLAOLBAVOVTOL CUUTIANEWUOTIXES LETUPANTES o oL TTOAEG B exuALlovton. Emo-
UEVWGE, UE TNV ELOAYWYY] TOL YVEOL eTLTEDOV, TTPOoTiheyTaL To TOAD n TOAES Yo xébe
TTOAN TOL TTPWTOL ETLTTEDOV.

17
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Ay Aotmtéy, p(n) elvat To TOAGYLRO TTOL PEAGOEL TO PEYEDOS TOL CEYLUOV KUXALD-
portog, to péyebog Tov véou xuxAWpoTog givor To TOAY O (np(n)). ETopévwe, éxovpe
EVOL VEO XOXAWRO TO OTTOLO UTTOPEL VoL EXPEATEL GLVAPTNOY] LOOTLLLOG, EXEL TTOALW-
voutxd péyebog, Babog t + 1, xow @paypa €Lo6d0v 610 TEWTO eTiTedOo, otabepd 1.
Atomo- dpo T, ¢ ACY yio xébe n.

Apxet, hotmoy, va deiEovpe Tov axdAovbo Loyvploud.

Ioyvptopog 1. I orotadnrote t,c € N xot yiax 0TOLOONTOTE TTOAVDOVVUO P, Xxolol
oVYAOTNON LOOTIUAG N UETAPANTWY SV UTOPEL Yo DTTOAOYIOTEL ATTO XOXAWUO UE
podyua ewwodov ¢, faboc t xoar uéyeos p(n).

Agtodeign (Ioyvpiopod 1).

H amddetEn tov toyvplopod elval emoywyixy] wg mtpog To Babog Tov xVXAGUOTOC.
H Béon g emaywyne, yio t = 2, €xet NOn amodetybel oty Hpdtaon 2.1: xuxAw-
pnoto Babouvg 2 pe moAvwvvuxd péyebog Sev UTTOPOVY YO EXPEATOLY CLYOPTNOELG
LoOTLULOG.

‘Eotw topa, 6t yioo xuxAopoato Babovg peyoaddtepo amd 2, o Loyvplouds Sev
toyveL. Anhod?, vmobéTovpe GTL LTTAPYEL XATOLO t > 2, YLOL TO OTTOLO 1 GLVAPTNON
LOOTLLLOG UTTOPEL YO LTTOAOYLOTEL OTTd XOXAWUO TTOALWYLULXOL peYEDove, Babovg ¢
xot otoepol EAYUOTog ELGA30L.

Mmopobpe entiong vo vtobécovpue 6TL To t elvar 0 eAdiyLotog apLbuds pe avty Ty
WLoTTeL Oor detEovpe OTL LTTAPEYEL TTOALWYLULXOVD PEYEDOLG xOXALPA, Bdboug t — 1,
ue otabepd Qpdypo etaddov to omoio vToAoYilel cLYAETNOY LooTiing. AT aVTO
B TpoxveL avtipoon mpog Ty vTdbeon 6TL TO ¢ Elval TO EAAYLOTO UE OUTO TNV
oo IO

‘BEotw k € N,k > degp(n), 6mov p(n) eivar T0 TOADOYLHO TOL QPEATOEL TO UEYE-
fog Tov xLXADPOTOG, xow ¢ pLar oTtabepd oL PEdooeL To TANBOG TWY ELGAdWY TTOL
emdéyetot xabe TOAN oto emimedo 1.

Bzwpobpe ™y axohovbion {Sy}, cn. ®UXALUETLY B&boug t Ta omolar exppdlovy
ovvapTNoeLg Loottpiog n petofAntev. H tdéa eivor va tpomomotnboly to otoLyeio oww-
g TG axohovbiog €tat hote v TpoxdPeL pLa véa axorovbio xuxAwudtwy, {5}, o
N OTToloL YLt LEYGAX 1 VO ovaBELXVOEL TNY VTapEN xuxAWpoTog Babovg t — 1 xot o-
AVLYLULXOL peYEBoug, To 0TTolo vor LTTOAOYLLEL GLVEPTNOY LOOTLULOG.

0 tpbTog 1oL XATAUGKREVALOVTOL TOL XUXAWpaTa S, elvat 0 eENg: amd xdbe oToL-
¥eto e TEHTNG axorovdiog pe TANOOC PETABANTWY PEYOADTEQO amd n, é0Tw 4n?,
070000TOLOVPE ROTAMNAC eTLASYPEVES peTafAnTéc TA0oLE 4n? —n, oe TLuég 0 7 1.
"ETot T0 V€O xOXAWLOL TTOL TTPOXVTITEL, EXPEALEL [LLOL AOYLXY] CUVAQTNON N LETOPANTOY,
N omolor LAANGTA, E(VOL GLYEPTNON LOOTLULAG, 1 TO CLUUTTANPWUEA TNG.

Avté toydet yrott av m,(x1, . .., Ty) Elval cLYAPTNON LooTipiag, ToTE oy atabepo-
mowmbel N TEWTN LETOPANTY, EYOLUE

Wn(ovx% cee 71'71) = Tp—1 ('IQ; cee an)

(1,29, ... xn) = Tt (T2, ..., Tp)
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Avtiotolya, To (3o ovpPaivel av otabeporolnbel omoladMmoTte GAAY LETOPANTY.
[evixdtepa, av otabepomotnbody m peTafAnTég xot GpTlo TANH0C amd avTég TAEOLY
v TN 1, Téte N vEéar ouVEPTNOY Elvol GLUYAPTNOY LOOTLRIOG N — M UETOPANTOV.
ANALG elval TO CLUUTANPWULEA TNG.

XNV TEPITTTWON TOL TO XOXAWUO S), EXPEALEL CUUTIAPWUA CLYAPTNONG LOOTL-
uiog, Bo mpémer va eEetaotel oy UTOPEL var TTEOXVPEL XOXAWUO UE OVAAOYO SOULXA
XOPOXTNELOTLXA TO OTTOLO VoL VTTOAOYILEL CLYAPTNOY LoOTLiNG. AVTO YIVETOL POVEPD
omd Ty axdrovbn Topatenon

Mopatienon 1: To xOxAwpo Tov LITOAOYILEL TNV Ty, EXEL axELPWS TG LdLeg SopuLxég
LOLOTNTEG LE ALTO TTOL VTOAOYLLEL TNV T, ONAOY TO (B0 Kéyebog, Babog xaL ppdyua
eto6dov. Autd ovpPaivet yrott

n n
=1 i

=1
i#£k

n

Tk + E i | =mn (21, .., Thy- -, Tn)
=1
ik

OTTOV TLG TTOPATIAVW EXPEATELS TLG AOYLXES LETUPANTES TLg Exovpe Dewpnoetl we oToL-
yetoe Tov owpatog (Fa, +, ).

AT Tig OY€OELS AVTES CLUUTIEQOULYOLUE OTL EVOL XOXAWUA TTOL EXPEALEL YLD GLVEP-
™NOoN LOOTLULOG, DTTOAOYILEL TO CUUTANPWUA TNG oY ATTAWS aYTLOTEEPOLUE Uiot AOYLXN
KETABANTA, ATl ToL Jev peTafPaiel ™ Sou xor Ta LEYEDN ToL XKUXAWDATOC.

O (Mopothpnon 1)

Mmopobpe Aotmdy va Hewpnoovue 6t oTafepomoldvTag XUTAANAES LeETABANTES
EVOC XUXADUOTOG Syy2, TTOLEPVOLUE Vo xOXAWPO S), TO 0moio LTTOAOYILEL Lor GLYA-
NoN LooTLLOG N UETOPANTOY.

To Boowxd epdTRUa €d6) €lval pe ToLov TpdTo emLAEyovue T otabepomoinon Twy
LETOPANTWY GTA XUXAWROTO TG TTEWTNG axolovbiog. 'Exovtog wg atdyo vo deiEovpe
™V O pEn xoxAdpoatog S), oL va oG 03MYNoEL o GToTo, M L3 Elval Vo EQO-
pwooovpe Ty mhovobewpntiny péHodo, aTOV TPOTO XATUOKELNG TWY TEPLOPLOUEVWY
XOXAOUATOY %ol va detEovpe 6Tl yrow peydho n, pe Betinn mhovétrnra vdpyeL S,
ToALWYLULXOV peYEboug xal Bébovg t — 1, To omolo va vToAoYilEL GLYAPTNON LOOTL-
uiog. To Babog t — 1 B mpoxdher avtioTpépovtag, Léow Twy xavovwy de Morgan,
T emtimedo 1 xat 2, €tol ate T emimeda 2 xow 3 vo £xovy Tov {SLo TOTTO TTOAWY KoL
you LTT0PoVY vor oLYYwveLhovY, petdvovtag €totl To Babog Tov XVAABUOTOG XUTA EVer.

Ovotaotind, N L8€a eivoe va epoppoatel 1 [ibavobewpnting Mébodog twv Tpomo-
rotficewy (alterations) [24] wov avapépope oty Etoorywyh (ITop. 1.2). Tpomomotodu.e
TUYOLOL EVOL OVTLXELLEVO PEYOADTEPNG XALpaxaG, €Tal woTe pe Oetiun mhavdtnto va
UTTAPYEL OVTLXELLEVO LLXOPOTEPNG XALLOXAG TTOL VoL EXEL TNV LOLOTNTO TTOV GTOYXEVOLULE,
ONAadn vo btoAoyilel oLYAGPTNON LooTLULOG.
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o T1 L2 X3 T4 Tp

Tox3 + Tox4 + ToTs5 + T1T3+
(xo + 21 + x2) - (23 + 24 + T5) T1T4 + X125 + Tox3 + ToTy + Toxs

Y10 TaQEASEYUO TOU GYRUATOS GTO AELGTERD KUKA®UA TO @EAYUO 16080V GTO TEWOTO eT(TTed0 €lvol
¢ = 3 kaw 670 Sevtepo d = 2. EvaAddooovtag ta Yo eTtiTieda pe tnv e@aQUOYn ToV KOvovev «De
Morgan» 1o TAdog Towv TUA®V yivetal ¢?. Auté onuaivel 6TL ov To @EAYUR £1G680U GTO SeUTEQO
emimeSo egapTdtor aTtd To N, T0 GUVOAMKO UEyedog Tov KUKADUATOS Uirosl va avgndel ekdetikd.

Yynuoa 2.4: H aviwetrddeon 800 Sadoykdv emimédov uiroeel va odnyncel e exkdetiki
avgnon tou ueyédoug tov Aoywot kKukAwuatog —fA. Ilapatrignon 2.

No onuetoovpe €36 TO TEOPAVES, OTL 1) GLYYWYELOT SVO SLOBOYLUWY ETUTES WY
pe (dtov THTOL TOAEG, Sev aLEAVEL TO UEYEDOG TOL XUXAWUOTOS, OAAGL TO UELWVEL:

Y
— R

Ouwg, to TEORANUE TTOL TTEOXVTTEL Elvol GTL VTN N AVTLOTPOPY] EVOEXETUL VO
odnynoeL oe exbeTixy] adENOM TOL PEYEDOLE TOL XVXADUATOG, OTIWG POLVETOL ATTO
™y oaxdérovbyn TopaTRenom.

Hapatnonon 2: H avtiotpopy d0o emimédwy evdéyeTal vo avENoel exbeTixd to
réyebog Tov xLUXAWPOTOC.

"Eotw évor AND-OR xOxAwpo 300 emimédwy —BA. Lynuo 2.4— émov OAeg oL TOAEG
OR 7oL TP TOL ETULTTESOL €XOLY AV PEAYUA ELGOSOVL ¢ %ot ) TOAN AND Touv debtepov
ETLTESOL €XEL AVW QPEAYUA ELGOGSOV d. Ay TPOTIOTIOLNICOLUE TO XOXAWUX UE TN XENOMN
TV Xovovwy «De Morgan», €1l ¢yoTe T0 TPWTO £TimeS0 Vo amoTEAELTOL OeTtd TTOAEG
AND xo to debtepo amd pio TOAN OR, TOTE TO VEO XOXAWUR, OTN YEVLXY] TTEPLTTTWOY,
umopet var éyet ¢ moreg AND.

Kata ovvémeia, to péyeog touv yiveton exbetind av to d eEoptdta TOLAGYLGTOY
Yooputxd amd to n. Avtd Loydet, yiotl av ovpPorioovpe pe abpotopa T Aoyixn
oLalevEn ot pe moOATAAGLAGUO TN AoYLxN GVLELEN TOHTE TO aEYIXO HOXAWUO EX-
QEALEL Lot AOYLXY] GLUVAPTNOY OTN LOPPN EVOS YLYOUEVOL d TTOAYOVTWY, OTTOL XA&be
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Topayovtog etval dbpotopa ¢ dpwy,

d TopdyovTeg

(2 ) () ()

—
¢ 6pot

H petatpomy, pe toug xavoveg «de Morgan», autig g éxpaong oc dbpotopa
yivouévwy Topdyet éva véo dbpotopa ¢ dpwv xan xé&be bpoc avtioTouyel o win
TOAN AN D, d 1663 wv.

O (Mopoathponon 2)

"Exovtog, Aotmtéy, xatéd vou TNy TopUTAVEL TTOEATHENGY, O TPOTTOG EQOPUOYTG TOU
TUYOLLOV TTEPLOPLOUOL TTPETIEL Vou ELVOL TETOLOG WOTE var amopevylel pior evdeyxdpevn
exbetinn avEnom oto péyehog Tov xLUAGPOTOS. [o vou Yivel avTd, cpxel N XATOOXELT
Touv 5], vou glvor TéTotor hoTe To TTANDOG ELTGSWY TWY TLAWY GT0 SeVTEPOD ETTITESO VO
unv eEoptdtor amd To TANH0G TwY PLETUPANTWY Loddov.

"Evoe dAho Booixd {nroduevo eival, e TNV EQAOULOYY TOL TTEPLOPLOUOD GTO QPYLXO
XOXAWUA, VO U LELWOOVY TG0 TTOAD oL UEeTaBANTEG LGOS0V HOTE TO GLYOALXO TTANDOG
TWY VLAWY va Yivel exfetixd. INa va eEoopaiiotel oavtd Oo TpEmel To TANHog Twy
LETOPBANTWY TTOL 3V 0TAEPOTOLOVYTOL VO ELVAL TO TTOAD TTOAVWVLULXA ULXPOTEPO OE
oxéon pe 1o apyxd. ‘Etol dtatnpeitor n moAvwvoulxy TédEn peyébouvg touv mAboug
TIOAWY TOU XUXAWUATOG WG TPOG TLG LETABANTES Laddov.

Me Bdon ta mopamdyvw, yia xabe petoAnTn x;, aveEdpTTor amtd TG VTTOAOLTIEG,
optlovpe Tov TLYALO TTEPLOPLOUO UE TO TTOPOXATE TLYOLLO TELpOLOL:

e Me mbhavétnta ﬁ N T; TOPOUEVEL LETUBANTY.

. 1-1 ,
* Me mbavétnta +ﬁ N x; otabepomoteital oto 0.

-1/
2

e Me mboavotrro N x; otobepoToleital oto 1.

O dovpe mopoxdtw, oty [pdtaoy 2.5 6t n wbavoéTTar 1/4/n’ pog eEaopo-
Alet tehxd (BnA. yrow peyddo n) v emtbounty peiwon Twv un otabepomotnuévmny
petafBAntwv. Eniong, optlovtag toomtifava ta evdeydueva otabepomoinong pytag pe-
TaAntg o 0 xow 1, LTTOPOVUE Vo EXOVUE GUUETPLO OTOV YELPLOUO TwV TTOAWY AND
xot OR.

Ag ovufoMoovue pe r évo TuYaLo TEPLOPLOUO X0 UE T] TO OTTOTEASOUO TNG
dpdomng tov ot UeTaANT] z;, omote ] € {0,1,z;}. 'Eotw eniong, S™ 10 xOxAwpor
TTOL TEPOXVTITEL ATTH TNV EPOPLOYY] TOL TEPLOPLOULOV 0TO xOXAwUo S. Av X elvor

*Ovotaotixd N X oxohovbel ) Stwvouixd xatovopy pe mhovdtta emttuyiog p = 1/4/n
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TUYOLO. LETOPANTY TToL exEdlel To TANDOG TwY PeETUPANTWY 0To xVOxAwuo S7, TOTE

1
ElX]=n- Tn V'
Var [X] = 1 1 LA Vn —1
= e (1- ) =7

[Tpwy mpoywpnoovye, O Tpénet va BeParwbodue emiong ot n véa axorovbio, twv
TIEPLOPLOUEYWY XUXAWUATWY, €lval TANENG, XwELS xevd: dnAadn opiletor yroo xébe
n € N. AxpLBeatepa, BENOLEE PE TNV EQOEUOYN TNG TTORATIAV® TUYOLOG JLodLXOOLAGC,
i &b n € N vo vTEEYEL TEPLOPLOPEVO XOXAWUL S+ Vou UTTOPOVUE INAXDY Vo
YERIOOVUE TOL TUYOV XEVA TNG TUYOLOL TTOPOYOUEVYG axOAOLOLOG TTEPLOPLOUEVWLY %V~
xAwp&twy —vrevbopilovpe 6t Béhovpe va detEovpe 6t T, ¢ ACY, yior xébe n € N.

"EoTtw, AoLTOY, TO XOXAWUO Sy,2 YLow x&moto atabepomotnuévo n. Me Oetixn mbo-
voTTaL, T0 S} 5 €XEL TOLAGYLoTOY 1 (UN oTabepomoinuéves) uetafAnTég etoddov. Apa,
LTTREYEL TIEPLOPLOUEVO XKOXAWWUO UE M PETOBANTEC £106S0L, 6oL n < m < 4n?. To
uéyebog tov xLAABUOTOG Syy2 ExOLUE LTTODETEL OTL ElVOL TTOAVWYLULKO WG TTPOG TO
TAN00g Ty petafAnTey eroédov, dnAady eivor O ((4n2)k) = O (n?*). Avté eEoxo-
AovBel vo LoydeL 0TO TTEPLOPLOUEVO XOXAWUA, OOV TO M E(VAL TO TTOAD TTOAVWYVULXA
uLxP6TEPO TOL 4n?. Av, Thpa, x&be piow améd Tig ETpor m — n uetoPAnTée, Tig otode-
QOTTIOLNOOVUE GTAY-THEAD, TOTE EXOVLUE EVOL TTEQLOPLOUEVO XOXAWUO HE Tor eTTLOLUNTA
XOHPOXTNELOTIXA: N ELGOSOVG %Ol TTOALWYLULXS UéYyebog: omdTte xaL M TOEAYOUEYT
oxohovbio elvar TANPETG, YWELG XEVA.

Ontwe avoupépbnxe mopamdvw, N pelwon Tov TANBoLE Twy LETAUBANTWY TEETEL Va
elvot T0 TOAD TOALWYLWLLXY. Me Tig emtAeypéveg mhavitnteg, OTWS QalveTal oTny
oxoAovln TpdToon, avTd LoyvEL.

MMpotaoy 2.5.
Meta v epopuoyy tov meplopiouod 1o xOxiwua S,, Ue ueyaln mbavornro
T0 wAbog, X, Twy UETOPBANTOY €100800 OTO TEELOPLOUEVO xUxAwuo, S, elvou

TOVAG)LoTOY /N2,
Py =0 ()

Amédagn (lpdraonc 2.5).
Am6 ™y aviedttar Chebyshev €yovpe

n Var [ X 4
Eriong
P{\X—E[XHS\/;T] :P[Xz?"fﬁxg\/f]
Emopévwcg,

IP[XSQ] SIP’[|X—IE[X]}§2] §n=(9<1n>
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O (ITpdtaoyn 2.5)

Me v mpdTOon VT, OLOLOOTIXE €xOvpE OTNOEL TO Baotxd TAaloLo TNng omd-
dctEne. Ymevbopilovpe 6T, pe OTOXO YO XATAANEOLUE OE ATOTIO, €YOLUE LTTOBETEL
6tL t > 2 elva 1o eAdroto otabepd Bébog mov amattelTon Yo Evar TTOAVWYLLLXOV
neyéboug xOXAWUO YLl YO EXPEAOEL GLYAPTNOY LooTuiog. Me Bdon awvtd, BEAovpe
voo detEovpe 6Tl LTTAPEYEL TETOLo xOXALUa Babovg t — 1, To omolo Ho pog dwoel To
emtbountd dtoTo.

Ortwe avapéphnxue mapoamdve —Ilapationon 2, Zynuoe 2.4—, n eEGpTNom Tov TAN-
Boug €Lo6dwv oTo eTimedo 2 amd To TANDOG TWVY PETOPANTHY eLaddwy Ttallel xabopt-
oTL*0 PONO GTO ATTOTEAEGLOL TTOL ETULSLWOKOVUE, xoH¢ N avTipeTtdbeon Vo StadoyLxnwy
emLEd WY UTOPEL vou avEnoet exbetixd to péyebog Tov xLXADLATOG.

To {tnuoa awtd 10 TPOooeYYilovpe aTabepomolwvTag Evar LTTOXVOXAWUO SVO ETTLTTE-
dwv pe pilo proe TOAN AND. Xwpig BAGBN g YevixotTTog xal Adyw Tou toomifovou
TWY eVieOoUEvwY otabepomoinong twv peTtafAntwy etod6dov os 1 1 0, propodue va
vmobéoovpe 6T To emimedo 1 amoteAeiton amtd TOAEG OR %o, ETOUEVWC, TO ETTITESO
2 amd moAeg AND. Xe SLopopeTinn] TEPITTWOY], AOYw GLUPETELOG TV TLOVOTATWY,
toyvet to {3Lo emiyeipnuo achAnroavtixobiotdvtog moAeg AND pe moAeg OR, undevixd
KE AOO0VC, XL UETOPANTES x; UE T;.

Ooa SeiEovpe, AoLtmdy, 4Tl 0 TLYLOG TEPLOPLOUOG TTaEAYEL ptar Un eTLOLUNTY LOLO-
TYTOL —OTNY TEPLTTITWON OGS «EEAOTNON OO TTOAEG PLETUPANTES»— oty TOAN AND pe
mhavotta To TOAD O (#) A@ob dAeg oL TOAEG TOL XVUADUOTOG ELVOL TNG TAEEWG
(@) (nk_l), ovumepaivovpe 6t N TOoVOTHTR Vo ovpPel M un emtbounty WdTNTa o
xdmoter THA AND tov emumédou 2, eivar o oAb O (- - nF~1) = O (1) (urevbopi-
Covpe 611 k elval axépalog avotned peyohdtepog amd tov Bobud Tou TOALWYVULOV
0L PPAooEL TO PEYEDOG TOL XVXADPLOTOS). ANAOdY, e LEYEAN TtLOovGTTTOL, ETA TNV
EQOEELOYY] TOL TUYOLLOL TEPLOPLOWOV, xauioe TOA AND o7to emimedo 2 dev €xet v
ovemtOduNTN LILOTNTA.

Amodewxvdovpe, AoLtmdy, tov axdiovbo LoyvpLopo:

Ioyvptopds 2. o xcfe AND-OR xbxAwua S0 emimédwy ye podyuo ewoodou (fan-
in) To woAb ¢, vrapyel otalepd e = e, —€EXOTAOUEYY AT TO C¢—, TETOIX WOTE
n mhovotnto N Tiun TS TOANS AND, UETA TNY EQOOUOYY TOU TTEQLOOLOUOD, VO
eEaptdTon and neploodTepes and e, ueTafAnTés, elvon o oAb O (1/nk).

Amodeign (Ioyvpiouod 2).
X aUTN TNY TEOTUOT, EYOVUE EVO ATTAG XOXAWUO dVO ETUTESWY UE PEAYUA ELGOSOU,
¢, 0TO TPWTO eTLTTES0. ALTN N TOPAPETPOG, TToL elval €vag BeTindg axépartog, xabopi-
CeL xo xALpoxovetl To TpoBAnue. Emopévwg eival Aoyixd n amddetEn tou LoyvELopov
vou XLVELTOL 0TO TAQLOLO TNG LOONUOTIXNG ETOYWYNG WG TTEOG C.

Mo ¢ = 1, ot TOAeg OR TOL TEWTOL ETUTESOL EXPULALLOVTAL, OTTOTE TO XKOUAWUA
amoteAeiton omd pioe TOAN AND. Me ox0om6 vor exUeTOAAEVTOVUE SLOPOPETIXES TtLhar-
voBewpntinég LOLotNTEG 0 JLapopeTinég TAEeLg pneyéboug tov TpofAuatog, N LoEa
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@) ®)

‘Otav 1o eedyua £16680v GTo TEMTO £TT(TTES0 TOU AND-OR KUKAOUOTOC €lval ¢ = 1 (GyAuo alateed),
761 oL wOAeg OR ek@UALTovTOL 0ITdTE €xouue €va mﬁ}c?\ooua uwlog TtUAnG. To TTEEPBANLA xwEIteTOL
PUGLOAOYIKA G §V0 TeQUITTOCELS (Gynpo Seid): wkeng (< log n) Row peyding (> logn) kAigokag
potyte—ete6dov TANdoug petapAntdv £166dov. Me Tov Tuxalo TTEQLOELGUOG, GTNV Tt@m'm TeQTTTMON
etvar oA mdavd va gtadeportondoilv dAeg —mtAny otadepov TTABoug- elcodot, eved oTn devtepn
etvar woAY mmdavd va vTtdpxer wia elcodog Ttov gTodepomroteitan 6to 0. Xe kdde TeplTmTwon eivon
TToAU Tdavo n wuAn AND va ggaptdton gtadepd, To oAy, TANYog uetafAntdv e1godov.

Iyxnua 2.5: H fdon tng emwaywynic yia tnv agtédetgn 6t (BA. Ioxveiouds 2) oe éva KUKAOWO
AND-OR, e yeydin midavdtnta n toin AND egaptdtor agtd, To oA, atadepd TAndog
UETAPANTOV €1GOdOV.

elvot vor dLaywploovpe SO0 TEPLTTWOELS: ULXPO XAl UEYAAO PEAYUO ELGODO0V.

Noa onuetdoovpe €d¢d 6TL 1 €vvorar PLxpd xo UEYEAO QPEAYUO ELGOSOL EYEL VO
XAVEL LE TNV TAEN peyEBoug wg Tpog n. 'Etaol, e@dcov €xovue TO TOAD TOALWYLULXO
uéyebog to uLxpd QEAYUa LGS0V PLGLOAOYLXA TTPOOSLOPLLETAL WG AoYaELOULXS Ué-
Yebog. Omtweg Oa @avel 01N ovvéyela, To onuelo awTd POL&LeL oy vor elvor onueto
XOUTNG OTNY xALpoxor TOL TTPOPBANUOTOS o eEETAloVTAG TO emoTtTixd, Bor dodue 6T
0 OUYXEXQLUEVOCS OLOYWPELOUOG ELVAL LAANOY SOULXA OYOTTOPEVXTOG.

2Ny PO, AOLTOY TEPITTWOY, LTOOETOLUE GTL TO PE&YUO ELGOBOL TNG TTOANG
AND eivow tovAdytotov 4klog, n. Tote, umopodue TEOYELPX VoL EXTLUNOOLUE OTL Ef-
vor ToA) Thavd vor utdpyel pioe eicodog, M omola e TOV TUYOLO TTEPLOPLOUO, GTO-
Oepomoleitor oty TN 0 omdte, N TOAN AND elvar aveEdTNTn otd OTOLOONTTOTE
peToBANTY. Zoyxexptuéve, n mhavotnro n TOAn AND vo un otabepomoieitar oto 0
elvor O (1/n¥).

Avté toydel yratt  mhavétnTo vt PedooeTal dvw, amd Ty TLhavdTTo xoplo
eloodog va uny €xet otabepomoinbdel oto 0. AnAad, av E C {z;,7;|i = 1,...,n} elvon
TO GVYOAO TwV ELGOSWY TN TOANG AND,

Ple + 0,Ve € E] < (1 — P[e = 0])/"!

(5
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H ouvéptnon L eivon @bivovoa, emouévwe yio x&be n > 4 éxovpe

(%)

Emopévwg, "
0g, N
Ple #0,Ve € E] < (i) — piklog, (3/4)

=Ple#0,Veec E]=0 <1k>
n
Hapotnenote 6T N avigdtnTa vt LoyVet yiott |E| > 4k log, n.
2t 3eVTEPN —OLUTANPWUATIX— TEPLTTWOY, LTOOETOLUE GTL TO PEAYUO ELOO-
dov g mOANg AND eivow 10 mOAY 4klog, n. Tote, elvow mwoAd mibavd, o Tuyaiog
mepLtoptonds vo otafepomolel TG mEPLooOTEPES, EXTOG amd otabepod mAMboug Te-
Axa, HETOPANTES. AuTd €xel vomua —OnA. eivol e@uxté—, yati av X elval 1 Tuyodo
LETABANT] TTOL TEPLYPAPEL To TTANHOG TwY peTafAnTwy Tov dev otabepomotnbnxay,
ToTE )
E [X] = (4klog,n) NG — 0, xabdg n — +o0o
Ko 30, mapatnpnote, 4t av 1 TaEN peyEboug Tov QEAYUOTOS LGOS0 NTOY UEYX-
AOTEEN OTtd logan, N péomn T T X Oev Bo €telve TPOg TO UNOEV.
Av N > 4klog, n eivar to mAN00g Twv £1063wy oty oA AND, éxovue Lo dLw-
voulxn xotovopny N toyolny metpopdtwy. Emopéveg, av a eivor otabepds optbudc,

£ () () ()
()< EC)

1=
e 1 @
- 24k log, n
)< (%)

O otoyog eivor n mhavdTTta Tov N embountod evdeyopévov —ONASN TO Vo
otabepomolodvTal YeTaBANTég, TEPLOOATEPES aTtd a—, vo glval TéEng peyéboug to
ToAY O (nik) "Eva tétoto a, mou txavomolel oty v antaitmon sivat, a = e; = 10k.
OTttére,

.
Il
Q

A
Y
3~
[N}
Z
A

Il

3
S
i

[N]1)

IP[XZlOk::eﬂ:O<1>

nk
n
Apa, ot xdabe meplmTwoy, dtay To PEAYUa gLoddov oto emtinedo 1 elvon ¢ = 1,
ue peyaAn mhoavotnta n TN g mOAng AND eEoptdtar amd to ToAD otabepod
TAN0ovg peTaBAnTéc.
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ZoveyllovTag, TWEA, TEOS TO ETOYWYLXO Pua, bTobétovue Gt LTAEYEL oTobEPd
€c—1 M omoio txavorotel To {nrodpevo xot Baoel owtod Oo deiEovpe dTL LTTAEYEL
otabepa e, oL eTtioNg txavoToLEL TO {NTOVUEVO.

‘Opota pe oLy, Stoywpilovpe VO TEPLTTWOELS UE LEYGAO KO ULXOEO PEAYUO ELTO-
dov oty TOAN AND. Ztny TEWTY TEPITTWAN —OTTOL 3EY YPNOLULOTIOLELTOL 1) ETTAY WY,
vmobétovpue GTL TELY TOV TLUYELO TEPLOPLOWUD, N TOAN AND cuvdéetol pe to emtimedo
1, ue N > dlog,n moAeg OR, o. omoieg ava 300 €xovy E€var GUVOAQ UETABANTWY
eto6dov, omov d = k2°.

Ooa detEovpe GTL LETA TNV EQPOELOYY TOL TLYALOL TTEPLOPLOUOV, eivat TTOAD Tthovd
OAeg ot petofAntéc xdmotog amd Tig TOAEG OR TOL TEWTOL ETLTEDOL, Va. Elval OTo-
Bepomoinuéveg oto 0. Autd ovvemayetal 4t xo 1 TOAN AND tov Sedtepov emimédou
eivat xt oty otobepomonpévy ato 0, omdte dev eEapTaTaL OO XAULA LETABANTY.
Ewdwxotepa O deiEovpe 6Tt N mbavétnra  mOAn AND va uy otabepomoinbel oto
undév, etvor O (). Avté amodetxvietan g eEfg:

Av bewpnoovpe pla ovyxexptpéyn TOAn OR, éyovpe,
P[roamn OR=1] =
1 —P[roan OR = 0] =

1 - 1/yi\° 1
— T < -

P [roan AND # 0] <
P [Ytoc xGBe TOAN OR tov 19V emmédov: OR = 1] <
(P [uioc oAn OR = 1)) < (P [ulor moAn OR = 1])%10827 <

(1 - 21c)dlogzn _ ptlogy (1-27) < phee(—27¢) _ %
Emopévwg, pe peyain mbavotnro n moAn AND dev eEpptdtal amd ol LETOPANTY.

217 8eVTEPN TEPLTITWOM AELTOVPYEL TO eETTaywYLxO Pruo. H t8€a eivar va aovalvbet
TO XOXAWUOK OE DTTOXVXAWUATH UE QEAYUO ELGOSOL ¢ — 1 yLa TaL OTTOLOL LTTOPOVUE VO
XONOLULOTIOLNOOVE TNV ETTOYWYLXN LTTOOED. OTtwg B Sodpe Tapoxdtw, To oTolYNU
elvot To TAN00G aVTWY TWY LTTOXVUAWUATWY Vo UNY lvot LTTEPBOALXA pEeYEAO, ETaL
WOTE VO LOYVEL TO BV PEAYUO TTOL ETILOLOXOVYE.

EmiAéyovpe Aotmdy amd 10 mpwto entinedo, TOAeg OR oL omoieg €xovy GUVOAX €L-
063wV avd dVo Egvar peTakd Toug xon Hewpodpe M Eva HeYLoTIXO GOVOAO OTtH TETOLES
moAeg. Oghovpe vo eumAéEovpe Goo yiveTol uxpPdTEQO GUVOAO ELGOSWY TO O OTTOLO
vau emtnpedlel 6Aeg Tig TOAEG (OAALKDG Sev UTopE! vou YIVEL OVAALGY] GE LTTOXVXAG-
pata). ‘Eotw eniong H T0 6OVOAO Twy PETOPRANTWY TToL eupaviovTol oTig eLo6300g
ToU6. YmobéTovpe 6Tl TOo TANHOG L TWY TWY TTLAWY elvarl uLxPdTEPO amd dlogn, 6oL
d = k2°.

Me autég Tig emAoYEg, TapaTnEoVe 0Tt xdbe TOAN OR ToL TPWTOL ETMULTESOL
EYEL TOLAGYLOTOV Uior PETABANTY €Lo6dov amd To ovvoro H. Avutd Loyder yroti ov

26



2 KATQ ®PAI'MATA I'lA YXYNAPTHXYEIY IXOTIMIAY

xlx—lex—zxsx—g 1 00 1373 1 01 02*373
H = {z1,22} f=@1 T2 A1)+ (@122 Ag) + (21 -T2 - A3) + (21 - 22 - Ag)
(@) ®B)

T To eTaymyko Priwa tng arrodetgng, déAovue va avaAVGouUe TO AEXKO KUKA®MUA GE VITOKUKAMUATO
ue @edyua €16o6dov (fan-in) ¢ — 1. Autd yivetonl emA£yovtag 660 yiveTor TG AydTtepes UetafAntés —
oVUvolo H- Jtov emtnedgouv dleg Tig TTUAES OR Kol TEQLOQEICOVTAS TS e GAOUS TOUS GUVEVAGULOUS
Twov. ‘Etal, mapdyovior KukAduata (Gxiua Seid) GUVIGTMOGES TOU 0EYLKOU KUKAMUATOGS, UE @Ay
€16080vV ¢ — 1 ywo ta omoia oxvel n emaywykn vddeon. Emiong, pe autdv Tov TQOTTO TTOQAYOVTOL
AEKOVVIMS Alyo VITOKUKADUATO, OGTE N f va ggaptdton TeMkd astd to 7oA otadepo) TANYoug
ueTapANTEG.

Tynua 2.6: To emtaywyikd Briga yio v astddetgn tov Ioyvoiowot 2: avdAuen Tou aytkoy
KUKA®UATOS GE WKQEOTEQO KUKADUATO Ue @edyua e1gédou ¢ — 1.

vTNEYXE Kioe TOAY, g, xwEls xapio peTafAnTy amd to H, T6Tte T0 GOVOAO TwY €L0HSWY
™™g B Nray EEvo pog T aOVOAX £LGOBWY OAWY TwV TTOAWY Tov M. Tdte duwg, TO
M U {g} Bo ftory 6Ovoho TUAGY pe Eéva avd Vo olvoia eLaddwy, otdte To M dev
Oo popovoe va eivor peyLotixd: dtomo.

Me dedopévn avth TNy TopaTiEnom, EEpovpe OTL xdbe avdbeon TLUWY OTLG YETO-
BANTég ToL cuvbAoLv H emmpedler xdbe TOAN OR tov TpwToL emLédov. To TANOog
OAwY Twy Suvatty avadécewy, eivar | = 21, Eeappélovtac tic oto apyxé AND-
OR xOxAwpa, otobepomoleitonr TovAdyLoTov piow eicodog oe xdabe mOAn OR. Omore,
YL &b avébeoy, TpoxVdTTTEL €var VEO XOXAWUA TOL OTTOLOL OAeg oL TOAeg OR €youvy
QEAaYUO ELOG30L, TO TTOAD ¢ — 1. 'Eotw Aj,..., A; To XUXADUOTO TTOV TEOXVTTTOVY
omd oty T dtodixaaio. ATéd emaywyixn vtobear,  ThHavdTHTO TOL EVEEYOUEVOL 7
TLUR TOL XUXADPOTOG AT Vo EETATOL ATt TIEPLOCOTEPESG OTTO €c—1 UETAPBANTES Elvau
10 ToAS O ().
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0O o7tdy0g elvar vor exPEACOLEE TO AEYLXO XOXAWRLO CLUVOPTNOEL TwWY A, ..., A; pe
TPOTO WoTE vo Uy awEnbel n taEn peyébouvg g mapoamdvew mbavotyTes. o va
Yivel avTo, emeEepYalOUOTTE, OVTL YLOL TO 0EPYLXO XOXAWULOL, TV AOYLXY] CLUVAPTNOY TNV
oTtolor exEdlet.

"Eotw topa, f, n ouvdptnon mov exppaletor amd To apyxé AND-OR xOxAwp.o.
ATt T0 Oshpnpo Eéxtaorng tov Boole (BA. Oshpnua 1.2), éxovpe 6Tt 1 f exppdleton
WG TOAYPAUULXOS GLYSLOGLOS TWY XUXAWUETWY A1, ..., A;’. To TAHBog Twv Gpwy
Tov abpolopatog eivor 6oo xa ta xuxAdpotae, I. o tapddetypo, ov H = {1, 22}
%o TO XOXAWUO A; avTLoTOLYEL 0TOV TEPLOPLOUS (T122)y = (i — 1), TOTE,

f=@1 -T2 - A1)+ (T1 - 22+ A2) + (x1 - T2 - A3) + (z1 - x2 - As)

A6 ta TopaTtdve YiveTtol Qaved GTL LETA aTTO TNY EQOEUOYY] TOL TUYALOVL TTEPLO-
ELOPOD, N TTLHAVOTNTA TOL EVOEYOUEVOL ¥] GLYEPTYOY TOV TTEPLOPLOUEVOL XUXAWUOTOG,
fT. vo eEoptértan amd TepLoodtepeg amd I - .1 petaBAntég, etvon To oAb I+ O (¢ )-
omov (" eival To TANHog TwY dpwy ToL SLaTNEOVVTHL HETA TOV TEPLOPLoUd. OToTE,
70 {nrodpevo elvar to TANbog, 1", Twy dpwy oto abpotopo Tov ex@Edlel ™y 7, va
eivor otabepd, dnAad" va unv eEoptatol amd To n.

"Eotw, Aotmdy, h n toyaio petafAnt) mov ex@pdlel 1o TAN00G TwY UETUBANTOY
gto6d0v amd to H mov dev atabepomotnnxay amd tov tuyaio meptoptopd. Tote, av
a glvon pLor otabepa,

p[hm]:i(l% <\/177>i<1—\/1?7>|m_i§
1| N el -
) ()< ) () e

AoV eEetdlovpe v TePITTWOY oL oL TOAEG OR TOL AYNROLY GTO UEYLOTLXO
obvoho M eivar 0 TOAD dlog, n xaw €xovy Qpdyua to6dov ¢, toxvet [H| < c-d-logan.
Emopévwcg,

P [h > a] < n—a/220d10g2n _ n%—i—cd

Oétovtag —/2 + cd = —k, malpvoovpe a = 2(k + cd) xow oo,

Plh> 20k + cd)] < %
AnAadn, pe peyddn mhovotnto, LETA aTtd TNY EQAEUOYT TOL TUYALOL TTEPLOPLOUOV TO
TAN00g TwY PETOPANTOY amtd To abvoro H mov dev atabepomoninxay eivor otabepo,
oveEGET™NTO aTtd TO N.
Emopévwg, N ouvdptnon Tov *kUXADUATOG LETA TOV TEPLOPLOUO, f7, UE WEYEAN
mhavoTTa expedletar améd to ToAd 2! < m = 22(-+ed) iy unSevixotc Gpovc.

*H f mpo@ovig dev exEBLETal g LYSLAOUOS XUXAWUATLY, 0ANG ©G GLYSLAOUOS TWY LYV~
TNOEWY TOL EXPEALOLY AVTA T XUXAWPOTH. AloTnEodue awTN TN EMToELXY] awvbotpecion yiow vou puny
TEPLTTAAXOVY AOXOTIOL OL SLATUTIOELG.
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TeAxd, oy 0ploOLUE €. = M - €.—1, EXOVUE:

P[H f" eEoptdron and neptoodtepeg amd e, petoBAntég] <

Plh>2k+cd)]+P [xémow A% eEoptdton and TePLooGTEPES Ol €.y us‘cocﬁ?vq‘tég] <

o (5) =m0 () =0 )

Me avtd, ohoxAnpwvetor 1 atddetEn Tov loyvptopod 2.
O (Ioyvprop.6g 2)

Me dedopévo tov loyvpropd 2, o loyvplopdg 1 —xaw ovventg, 10 Oswpnuo 2.4—
TPOXVTITEL OYXEDOY dpeoa: 'Etol 6Ttwg oploope apytxd to mhavobewpntind TAaiato,
OLUTIEPALVOVUE OTL VTTAPYEL TTEPLOPLOPOG TTOL OUPVVEL APXETES LETOPANTES U oTabe-
pormouévee (BA. Tpdrtaoy 2.5). Antd Tov Ioyvpiopd 2 éyovpe 6Tt xGbe LTTOXOXALUOL
AND-OR oto emtimeda 2 xou 1 eEpptatol omd To ToA) atofiepod TANnovg petofAntés.

AvTté pog divel ™ SuvaTdHTNTA Vo «avTiLeTodEgovpe» Tor emtimedo 1 xow 2 avEAR-
vovtag To péyehog Tou xuxAWpatog, xotd wio atofepd To TOAL (BA. Mopotipnon 2).
Metéd amd awtd, To emtimedo 2 xot 3 0TO VEO xOXAWPO €YOVY (SLOL TOTTOL TOAEG KoL
©wopovy vo auyywvevbhody xot va petwbet to Babog Tov xurAGUOTOG KOTA 1.

Omdte TeAxd, Taipvovpe €va xOXAWRO TOALwVLULXOL LeYEbovug, Baboug ¢t — 1
xot otafepol) PEaYoTog ELoGS0V TO 0TTOlo VTTOAOYLLEL CLVAPTNON LOOTLUIOG: ATOTTO,
Yioti €xovpe vmobéoel dtL To t elval To eAdytoTo Babog xLUAADUATOS LE VTN TNV
OO

O (Ioyvptop.oc 1)

O (Ospnuo 2.4)

Zopmepoopotind, ortd Ty [Hpdtoon 2.2 xow 1o Oedpnuo 2.4, LTOPOVUE YO TTOOUE
OTL YLOL T AOYLXA XUXAWUOTO TTOAVWYLULXOV LeYEDOLG TTov amoTeAoVYTOL Ol TTV-
Aeg Aoyixnig o0levEng (AND) xow dtalevEng (OR), xow o omoioe o propodooy vo
EXPEBAOOLY CLYOPTNOELS LOOTLLIOG, N AoyopLBuix TaEn peyéboug, O (logn), wg TEOg
70 TANDOG TwV LETUPANTOY €Lod0V, Elval xATw QEdyro Tov Babovg.
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3 BeAtiwon pe AAyeBowxn OmTiny.

270 TAaloLlo Tov TPORBAULaTOg TTov eTteEepyalopooaTe, N Tpoomdbeia BeAtiworg
EVOG OTTOTEAEGLATOS YEVLXA XLVE(TOL TTPOG Lo xorteVBuvon eite ToLoTixy, elTe TOCO-
TIXY. 2TV TEWTYN TEPLTTWOY], UE FESOUEVO XATTOLO QPEAYUA, OVOLNTOVYTOL XUXAW-
LOTO LE LOYVPEOTEPEG LOLOTNTES, €V 0TN deVTEPN YiveTaw Tpoomdbeta BeAtiwong Tov
PEAYLLOTOG YLt OESOUEVOL TOTTOU XUXAWDULOTO.

2T0 XEPAAALO aVTO, TTAPOVLGLALETOL Lo TTOTOTLXY] BEATLWOY] TOL KATW PEAYUOTOG
o avadeiybnxe oto TEoNYoLUEVD xEQPAAOLO, cuvdualovTag TLhavobewpnTinn To-
ALWYLULXY TTPOCEYYLON XL aAYeBpLxy] LéBodo. To amotéAeopa avTd oPeiieTar GTovg
Alexander Razborov [33] xot Roman Smolensky [34]. O Razborov €detEe 6Tt xUXAW-
pata otabepob Baboug xor ToALwYLELXOL peyéBoug pe TOAeg AND, OR, MO D5 (8.
XOR) ptopody vo TTPOGEYYLETOVY oTtd TOALWYLLO. TTOAVAOYELOULXOD BoBol, oA
KE LEYEAN ThavdTnTa, otuTO SV UTTOPEL Vo YIVEL YLOL XUXAWULATO TTOV EXPEALOLY T
ouvvéptnon MODs". O Smolensky yonotporoldvtog aryefpixés pedddovg, yevirevoe
T0 amoTEAEOUO OWTO YL cuvapTioels MOD,, 6Tov p TEWTog oPLOUG.

To mpwto 0TddLo TNg amddelEng ovvlaTtd ooy g uedodov mTolvwyiuov
[35] [36]. H teyvixn oty €xeL evpela QoY 0 TTEOBANULOTO XOXAWUATOY ULXOENG
roAvTAoxdTrTog (Ltxpod Béboug 1 peyéboug), ouvbétovtog xvEiwg emLyelpRLOTO U
e@uetotnrog (impossibility).

H yevixn 3o elvor 6Tl GLVOPTNOELG TTOL EXPEALOVTOL ATO ULXENG TTOAVTTAOXOTY-
TOG XUXADUOTO, LTTOPOVY VoL EXPEATTOVY TTPOOEYYLOTIXA XAl OTTO ULXPNG TTOALTTAO-
XOTNTOG TTOAVGOVORLOL TTAVW Tt xaToLa ohyeBptxn douy. Katdmiy, epdoov amoderydei
XATL TETOLO, EXUETOANEVOUOOTE OAYEBPLYES LOLOTNTEG TWY TTOAVWYVOUWY YLOL YO XOTO-
ANEOLUE OTO ETILILWHOUEVO ATTOTEAECLOL.

TN OLYEYELR, OTIWG XOL GTO TTPONYOVUEVO XEPAANLO, ETILXEVTOWYOUNOTE OTNV TE-
PITTTwoN xuXALUATLWY otofiepol Baboug pe ToAvwvoulxd péyebog, pe dbo eldwy TH-
Aeg —AND xot OR— xafdg xot TNy TPOGEYYLOY CUVAPTNOEWY LOOTLULOG, Tp.

Qo defEovpe AoLmtdy, GTL 0L GLYAPTNOELC LooTLLOG eV avfixovy oty xhdon ACP.

Ozwonra 3.1.
Eotw m, : {0,1}" — {0,1}, ovvaptnon tootiuiog.
Tote, 7, ¢ AC®,¥n € N.

Amodeién.
H emuyetpnpatoroyio tng amddelEng avamtoooeton wg eENg:

1. Apywxé amodetxviovpe 6Tt xdbe cvVaETNON TOL LTTOAOYILETAL ATTO XATTOLO XV~
xhwpo ACC, pmopel vou TEOGEYYLOTEL TG KATOLO TTOANVGYLPLO P TTOAD ULxEOV
Bobp.od, dnA. moAvAoyopLhuLxod wg mPog n. Me Tov 6po TPOTEYYLoy evvoolue
6L yor OAat oxedoy (SnA. TANY ehoyioTwy) To Stavbopota (al,. .., a,) € {0,1}",
toyoet f(ay,...,an) =pl(ay,...,ap).

“H ovvéptnon MOD, opiletor wg MODp(z1,...,Tn) =21 + -+, mod p.
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3 BEATIQYH ME AAT'EBPIKH OIITIKH.

2. 270 3eTEPO OTASLO TNG ATTOJELENG, YONOLLOTIOLOVTOG EVOL AAYEPELKS ETTLYELPNL
deiyvouvpe OTL OL GLYPTNOELS LOOTLLIOG ElVOL OSVYATO VO TTPOTGEYYLOTOVY ATt
TETOLOL TTOAVWYVLOL.

Eivow oogéc 6t pLoe Aoyixn ovvéptnomn UTopel va ex@ootel wg ToAvwyvro. H
ovomoapaotoon mov Ho yonotpomotoovpe €36 Ho elvol TOADWOVLUO TTEOYULOTLXWY
Ty ™ popevg {0,1}" — {0,1} Bewpddvtog étt To 0 avtioToLyel oty Aoyix TLUf
pebdouc (false) xow to 1 ot Aoyixn TLun adnbeioc (true).

Apyxd mopotnpodpe 6Tl pioe TOAY AND pmopel vor ex@pootel ¢ TOALWYLLO
Babpod TovAdytoTov n:

AND(x1,-.-7xn):Il.x2 ..... xn:Hxl
‘Opota yro ptoe TOAn OR:

OR(x1,+ ,2n) =1 — AND(F1,-- ,T) = 1 - [[ (1 — 2)
=1

[No va avtipetomiotel o TpéBAnua tov peyaiov Boabuov, Wdovixd Ho BEAape pe
XOTAAANAO TPOTTO VO OLPALPECOVUE TLOPAYOVTES ATTO TO. LOVWVOULOL TOU TTOALWYVULOL
™G TTOANG HoTe va petwbel o Babudg xwElg To TOAVWYLLO YO ATTEXEL ONUAVTLXE OTTO
T oLYAPTNOY TYG TTOAYG OR. Katt tétoto Oa pmropodoe va emitevybel pe Soxtpaott-
xéc mpoohapalpéoelg TapayOvTwy UéXEL Utxpl Babud xot xaA mpoceyyLor. Opwe,
emeld? apevog owTé eivor eEotpetird dVoxoho (dMA. xPovoBoPo) %ol oPETEPOL KOG
EVOLOPEPEL N VTTAPEN TETOLWY TTOAVWYVUWY XoL OXL 0 PNTOS TTPOGBLOPLOU.OG TOVG, O
Topevyovpe oe pLa mhavobewpntinn Stadixaoio dpaoTtixng pelworng tov Babpod Tov
TOAVWYVOLOV TTPOGEYYLOYC.

O mupnvag tng WEag, opeiletal otouvg Valiant xow Varizani [37], ot omolot pe
™Y TEYVLXY] OUTY OE SLPOPETIXO TTAXLGLO, OTTEDELEQY OTL OV LTTAPYEL TTOAVWYLULXOV
¥XE0voL AVom 670 TEOPRANULO EVPECNG LOVOSLUNG LXAVOTIOINONG ULOG AOYLUNG EXPEAONG
(USAT), téte oL xA&oeic NP° o RP® towtilovto.

H petagopd g t3éag [38] 010 Torpdy ouyxelevo, €xel g eENG: oV 0TNY TTOALWL-
vouLlxn éxppaoy ¢ OR oavtixatootabody Ta x; e AOYLXKESG EXPEATELS TWV OTTOLWY TO
uéyebog @biver TOAD Yo Yopor WS TTPOG i, TOTE TO TANDOG TWY TTAPXYOVTWY ULELWOVETAL
JpaoTIXd %ol eTOUEVWS TO (dLo xot 0 PBabuog Tov moAvwvdpov. Ermiong n xato-
OXELY] TOL TLYALOL TTOALWVVLUOL, Bor TEETEL Vo ElvaL TETOLO OTE UE LXAVOTTOLYTLXN
mhavéTTor Tpooop.oLwvel Ty TOAN OR.

Mo ™ ovvéyeta, oy p eivor T0 TOALWYLRO TTOL TTPOoEYYLLEL TNV TOAN OR, ovop.éi-
Covpe mbavoryta opaluoatos évoy opLlbud € € (0,1) yio Tov omolo LoydeL

POR=p|=1-¢

NP eivar t0 o0VOAO TwV TEOBAMUETWY ToL AbGVOVTOL OE TOADWYLULXS Ye6vo omd My-
Nretepuiviotiny) Mnyovn Turing.

*RP eivat T0 GOYVOAO TV LTOAOYLOTIXGY TEOPANUAT®Y TTOL AVBYOVTOL GE TTOAVWVLULXG YEOVO o7t
MBavobewpntixn Mnyovn Turing.
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3 BEATIQYH ME AAT'EBPIKH OIITIKH.

Mpéraoyn 3.2.

I omowodnrote € € (0,1) vmapyet Tvxalo Tolvdvovuo Aoyaptbutxod LBobuod to
omolo mpooeyyilet Ty Aoy ovvaptnony OR: {0,1}" — {0,1}, ue mbavornra opdi-
patog to moAv €.

ATmrodeién.

"Exovtoag wg otéx0 vor TEooouotoovpe Ty mOAN OR ylvetor pLor evpnuotixm
XOTOOXEVY] LE TNV axOAoLON €. Eextvape amd Ty Topamdvew éxepaon s OR wg
dovnon ™g AND, 1 — [, (1 —z;). @éAovpe apevis TO VEO TTOAWYLIO VO EXEL ULXPO
Babud xar aetépov pe xoAn TLHOVOHTNTA Vo LXOVOTIOLELTOL TO XDPLO XOPOAXTNELOTLXO
™G Aoyixng SLalevEng, dnAady va opxel Yo évar j vou toyVel x; = 1 yiow vor méipeL
6Ao to moAvwyvpo Tt 1. H tdéa eivar va avtixataotabody ta z; 0T0 TOQATAV®
Topevo, pe toyoia obpolopoto, €0Tw ¢, LETOPRANTWY UE TEOOSELTLIXA UELOOUEVO
opLtbud dpwv. Av n peiwon avt elvar mepimov oto ULod oe xébe oe xdbe adENom
ToU i, ToTE 0 Pobudg Tov VEoL TOALWYVKOL o TTepLoploTel oe AoyapLOuixn TéEn,
opod ypnyopa Bor eEovtAnBoly ot dpol. Emtiong, pe xotdAAnAa Toyxalon ETLAOYT TV
6pwY Twv abpolopdtwy, eATtilovpe 6Tl xamoto ¢; Ho €xel axpLBwg Ty Ttun 1. Aev pog
voLG&Let Tt TLun €xovy Tar LTTOAOLTTR, POV TO YLvopevo [[(1 — g;) o éxel pundeviotel.

OpiCovpe, Aormdy, pa @bivovoo axorovbioe sLVOAWY SetxTdv: Av Sy = {1,...,n},
6t ;11 C S;, o xébe otovyeio j € S; Pploxetar oto S;yq pe mbavotnTo 12 (BA.
Syiuer 3.1).

"Eotw tae abvora Sp, S1, - - ., Slognt2 %0 TO TUYOLO TTOAVWVVNO G; = Zjesi xj. Elvow
TPOoPOvES OTL o AoyopLiutxng TéEng mANbog Prudtwy To péyebog twv cvvoAwY S;
éxeL eEavtAnbel. Av p = Hi-(fonw (1 — q;), Bo detEovpe 6tL M TOAN OR mpooeyyiletal
oméd To TOALKYLUO 1 — p.

EEetdlovpe Tig meQLTTWOELS 0TS OToleg TTalpveL TLUEG M ovvaptnon OR. Otay
OR (z1,...,xy) = 0, ToTE ovoryxooTixd z; = 0 yiow x40 i. e avty Ty TEPiTTWOY
OAo to g; elvor 0 xow xota ovvéTela 1 — p = 0. To ToAvYLPE g; €xovy Pabud 1 xown
apo 0 Bobude Tov TOAVWYVLROL 1 — p glvar O (logn).

AratuTtvovpe ) 3e0TEPN TEPIMTWON WG MU To omoto Ha amodeiEovue apyd-
TEQOA.

Aqppo 3.3.
‘Eotw OR (x1,...,2,) = 1 xou q; Tat TUY OOl TTOAVDYLUA OTTWE 0PLOTNHAY TTAPATTAVE.
Me mbavotyta tovdayiotoy 1/2 vrapyet q; ue Ty oxpBas 1.

Me dedopévo to Afppoa 3.3, oy LTAEYEL @ WoTe ¢; = 1, ToTtE p = 0. AvTS onualvel
0Tt oxpLBug plar amd TG UETABANTEG TTOL GLYLGTOVY OWTO TO ¢; TEETEL Vo elvot (oM
ue 1. Aev pog evdLopépet Tt TN TalPYoLY Tl UTTOAOLTT G5, J 7# %, POV oG opXEL Evar
Yo var undeviatel To ToAvwvLpo p. OTtdTE o avT TNY TepiTtTwon, P[1 —p = 1] > 1/2.

AnAadn, To ToAvwvvpo 1 — p mpooeyyilel ™ ovvédptnon OR pe mhavdtnTor Tov-
Aéorotov 1/2, ool Opwg eivor TOAD ULxpn yiow vou Bewpndel txavorolntixy. Auvtd
dtopbvetor edxoAa avamopdyovtog, UE aveEAQTNTO TPOTTO, OO YPELALOVTAL TTEPLO-
o6TEPO TLYOLA TTOALWVLUA, PEYEL oTabepold TANOoLS t. AV py, ..., p; TOL VEa TUYOLO
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3 BEATIQYH ME AAT'EBPIKH OIITIKH.

SO:{172737475767778,9,10} qozx1+$2+l‘3+—|—x10
S1=1{1,2,5,6,7} g1 = 1 + T2 + x5 + x6 + T
Sy ={1,2,6} g2 =1+ X2 + Tg
532{6} g3 = Ze
Sy = {6} @ = 6
Ss = {} g5 =0
4= jes,
; ; log 10+2

POR=1-p|>1/2

O 61606 €lval TO TTOAVMVUUO TTEOGEYYLONGS va, €xel Wkeo Badud e oxéon ue tov Badud Tov ToA®-
vigou Tov ek@edtel Ty OR =1 — []7, (1 — z;). Anwovyovue akolovdia tuxainv ToAVOVIL®Y, g;,
Jtov 0 PBaduds Toug petwveton aydaia. ATd To oyipo (Befld) @aivetar 6Tt n TTWavéTnTa €va aItd

avtd va €xel T 1, efval onuavTiki: av auti eivarl TovAddyetov 1/2, 1éte P[OR =1 —p] > 1/2.

Yynua 3.1: H Backri KATAGKELR TOU TUXA{OV TTOAOVILOL TTROGEYYIGNG Tng TTUARS OR.

TOAVGOYLPLA, TOTE TO TOALWYLPO 1 — p1py ... pp éxeL (Tov txavorolnTixd puixpd) Bodud
O (tlogn). Emiong,

t

P[P1-~-pt=1]=H]P’[PHEO] =(1-1p=2""

Emopévuwg,
Pl—pi...pp=1]>1-27"

[No doopévn mboavétnro oaAuatog € to emtbountd t mpoodtopiletar edxoAo:

27t <e=t>logll.
O (Tlpéraom 3.2)

H mpooéyyion evég xuxAwpoatog piog moAng AND yivetor pe avaroyo tpdmo. Ay

P =DPi...pt TO TONDVLUO TTPOCEYYLOYG TS OR, ToTE,
AND (z1,...,2y) = OR(Z1,...,Tn) =
AND (z1,...,zp) =~p (1 —21,...,1 — xy)

210 ovvéyeta amodetxvdovue to Aupa 3.3:

Amodeién Anuuatog 3.3.

‘Eotw T C Sp 10 60VoA0 Twy JeXTOY TV UETABANTOY pe Ttpn 1. Avadlatumd-
vovTag To {nrovpevo, Béhovpe va deiEovpe ot n mhoavdétTa vou vTdpEyel éva @ €
{0,1,...,logn + 2} wote |T'N S;| = 1, elvor TovA&ytoTtov 1/2. e v extiunon awtig
¢ mhavotnTog Stoywpilovpe dVO TEPLTTWOELS:
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(1) T %6be i € {0,1,...,logn + 2}, |T' N S;| > 1. Auto eivar T0 xoxd evdeyOUevo
YTl av LoyVeL, TOTe alyovpa dev LTTAPYEL XOVEVX i LE TN {NTOVUEYY LOLOTNTA.

(2) Ymépyet i € {0,1,...,logn + 2} wote |T'NS;| < 1.

Mopatnpodue 6t 10 TPwTo evdeyduevo toodvvapet we [T N Signiz| > 1. Avtd
toyVeL yrott, aod 1 axolovbio S; elvar @bivovaoa, éxovpe

TﬂSlogn+2 cTnSs;,Vi=
1< |TﬂSlogn+2| < \TDSZ-\,W =
{IT N Siognta| > 1} C{Vi, [T N S| > 1}

Emiong, av n topn twv T, S; €xeL meptoodtepo amd Eva atotyeio yLow x&be i, TéTe
TEOPAVWG oTH LoYVEL oL Yot TNV T N Siognt2. EMopéveg, toydel xow o avtiotpopog
eyxAetopde.

Apxet, Aormtdy, va extipunoovpe tny mhavétnro, P UT N Stognt2| > 1}. Apywxd mo-
PaTNEOVLE OTL %A be peToBANTY ELGOS0L TOL AVTLOTOLYXEL OTO Sy, ETLPLWVEL TNG TUY LG
dradLxaaiog HEXEL TEAOLG, AVEEGOTNTO OTTO TLG VTTOAOLTIES, GTO Slognt2 K€ TLhavOTTOL
2~ (logn+2) Ayad4, n Tuyaion peTaBAnT |Stognt2| 0x0A0LOEL TNY SLtwvupLx xarTOVOuY,
n Soxtuoy Bernoulli pue mbavétra emitoyiog 2~ (1087+2)  Enouévwe, éxovpe:

P [|T' N Siogniz|l > 1] <P [|TN Siognial > 1] =

n 1\’ 1 \"
1-P “T n Slog”+2| < 1} =1- 0 olog n+2 1- ologn+2 -

4n — 1\" 3
1-— <l—--=
< 4dn ) - 4

1
P [|Tﬁ Slogn+2‘ > 1} < i

[ T Sedtepn mepimtwaon, 6Tov vTaEYEL i, wate [T N .S;| < 1, Sraywpilovpe dbo
UTTOTLEPLTITWOELG:

(2A) TN S| =1|T| = 1.
2E o TNV TMEPLTTTWON gy = Ejeso xj =1 xon ovvenwg 1 —p=1= OR.
Ynuetdvoope emtiong, 6Tl dev LTAEYEL TepiTttwon |T| = 0, yroti eEetdlovpe TV
TeplTTwon 6mov OR = 1, 0TOTE TOLAGYLOTOY Eval T; EXEL TNV TLUN 1.

(2B) |T N Sy| = |T| > 1 xow vRGEYEL i, Hdote | T NS;| < 1.

Yy mepintwon (2B), éotw i 0 deintng yio tov oroio [T NS;—1| > 1 xow TN S;| < 1.
Tére,
P T nsi -] (rasi < yarasa> ] -
IP)[{|TOSi| = 1} N {’TOS@;1| > 1}]
P[{|Tﬂsi| < 1} N {]TﬂSi,ll > 1}]

34



3 BEATIQYH ME AAT'EBPIKH OIITIKH.

Ay Béoovpe t = |T'NS;_1], TéTE 0 OPLOUNTAG Elvor N TtLBavoT™ T artd T t oToLKElO
Tov T N S;—1 va emPLdoel oto emoépevo Brua, oto T N S; axpLpog évar oTolyeio,
dNAod: (i) (1/2)' (1/2)71. 0 mopovopaothc avolbetar oe Sbo Eéva evdeyduevar
{ITNS;)| =1}n{|T N Si—1| > 1} xo {|TNS;| =0} N{|T N S;—1| > 1}. To mphto ivon
70 (OLo pe owTé aTov apLiunTy, eved To 3eTEPO onualivel Ty eTLBlwoN XAVEVOS, ot
To t, ototxeto tov T'N S;—1 oto T'NS;, mov N mhavdtnTa Tov elvor (é) (1/2)° (1/2)*

YUVETWE, N TOEATEVL deaUELUEYY TLhaVOTNTO YivETOL:

G2
HERENGERRNET

2
3

SovoilovTog Tor TOPATAVL TaPOTNEOVUE OTL 1 Tou? Tov evdeydpevou (2B) pe
™y Gpvnomn tou (1) tooduvopel pe to 6t vrtdpyet i € {0,...,logn + 2} yio To omolo
|T N SZ| =1.

20YSLALOVTOG TLE TTOPOUTIAVE EXTLUNOELS, EXOVUE OTL M TTLhavdTnTo Vo Uy LoydeL M
(ko) mepintwon (1) eivor ToLAGYLoTOY 3/4 0w N TLOAVOTNTO VoL LoYDEL N TTEPITTWON
(2B) eivat TovAdytotov %. H topy toug pog divet,

P[3i € {0,...,logn+2}: |TN S| =1] >

DN | =

O (Aqupo 3.3)

Am6 ™y [lpbtooy 3.2 AoLTtoy, EXOLIE OTL TO TTOAVWYLLO 1 — p UTTOPEL VoL TTPOOEY -
vioel éva xOxAwpo plog TOANG Yoo omotadnTote doouévy TLhoavdtnTor CQAAUORTOC,
67

P1l-p=OR]|>1—c¢

TevixedovTog Ylow hio. omoLadHmoTe ouVEETOoN TNg xAdone ACY, amodewxvboupe
TNV ETOUEVY] TTPOTOON:

Mpbraoy 3.4.

‘Ectw Aoy ovvaptnon f: {0,1}" — {0,1} mov avixer otny xAdon ACP. INa
onotodnmote € € (0,1), vmapyet moAvwvouo ue Bobuc woivdoyaplbuxns taéns, to
ormolo Tavtiletow ue Ty f oe tovidytotoy (1 —€) - 2" onueio Tov {0,1}".

ATodeién.
"Eotw s(n) to ToAvwvupixig TaEng péyebog Tou xUXADBULOTOG TTOL EXPEELEL TNV f %ol
d 7o Bé&bocg Tov. Kabe mHAN Tou xOXAGUOTOG TNG f, TNV TEOOEYYILOLUE KUE TTOALWOYLULO
TOL TTOPAYOVTOL ATt TNV TEONYoLpEYY, xortaoxev? (Tpdtoon 3.2). H obbeoh toug,
oVUQWYA e TN OOUY TOL XUXAWUATOS, LG OLVEL EVar TTOALWYLULO TTOL TTPOCEYYLLEL
™y f (BA. Syfuo 3.2).

Mo vo éxovpe ovvoAixn mLhHovdTNTo CEAALATOG TO TTOAD €, ATTALTOVUE TNV OVTi-
otowyn mLhovotnTa Yo xébe TOAN vo elva —° T vor extipoovue tov Babud tov

s(n)

GUYOALXOV TTOAVWVOUOV, aEYLXE EEETALOVIE TLG TTOAEG TOL B TEPOL eTLTEDOL. Kdbe
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f=p

/(n) !
n))

O(log s(n))
Pyi11 = H (1 - Z 1= Plj)) degP =0 (log (f) logd (3))

i=0 j€S;

@) ®)

M evdidueon mtoAn 5éxetar €igodo amd to oAU O (s(n)) TOAES TOU YOUNAGTEQOL €TLITESOV. AV
fe+1,1 €lval 1 AOYIKA GUVAQRTNGIL TTOV VTTOAOYICEL TO VITOKVKA®UO TOU GYRUATOS GTO AQLoTEQd, TOTE
TO TOADVUUO TTROGEYYLONG TNG fr+1,1 €VAL TO Pyt1,1 TO OTTO{0 TTEQLEYEL TO YWOUEVO —~TO TTOA) SAwV—
TV TTOAM®VIL®V TIQOGEYYIONGS TOU XaunAdtepov ematédou. Av P gival To TTOAV®VULO TTROGEYYLGNG,
ue TdavOTNTA GOEAMLATOS €, TG f TTOU UTIOAOYIZETOL AITO TO GUVOMKO KUKA®UW, TLOAV®VUUKOU
ueyédoug, s(n), ko otadepd @eayuévov Bddouc d, téte o Baduds tov P elvan TTOAVAOYOQIOWKAS ™G
TEOG n.

Iyxnua 3.2: O Baduds Touv TOA®VULOU TTEOGEYYIONGS TG f eival TTOAVAOYOEUIWKAC.

TE€TOL TTOAY, TTPOooeYYileToL amd €var TOAVWYLHO Pa1, OTTOL TEWTOG JEIXTNG OVOLPE-
PETAL 0TO ETITESO TNG TTOANG %ol 0 3eV¥TEPOG eivar €vag adEwY aptbuds. Av v TTOAN
eivot OR, t0 Py €xel popon,

O(log(s(n)))

Pyp=1- ] 1-> Py

=0 jESj
Av 1 TOA elvar AND, 7 pop@y touv eivor avaroyn:

O(log(s(n)))

Py= ] 1-> (1-Py)

=0 jESj

Xe xabe mepinTwon, To TANog Twy TLAWY amd TG omoleg Aapfdvel elgodo M TOAY
Tov eEeTdlovpe lvart To TOAD 600 T0 UEyebog ToL xVXAWBUATOG, $(n)- 0TdTE TO TANHOG
TwY TePoYOVTwY oto Yvouevo eival O (logs(n)). O Babudg awtod Tov TOALWYHL.OL
elvar 600 o péytotog Babudg Twy P moMamiactaopévog entt O (logs(n)). AnAad,
deg Po; = O ( @ > = 2
g Py; = O (logs(n)) x O | log logn | = O (log” s(n))

€

36



3 BEATIQYH ME AAT'EBPIKH OIITIKH.

Yoveyllovtag axplBwg pe Tov (8Lo TPOTOo PEYEL TO TEAEVTOLO ETTITEDOD, TTPOXVTITEL
0Tt 0 Babpdg Tov TOALWVLPOL, P, Tov TpoceYYilel ™V f pe ThHaVOHTNTA CPAAULOTOS
TO TTOND € glvou,

deg P = O(log( >log ())

To péyebog Touv xUXAGPATOG Exovpe LTTOBETEL &TL Elvar ToOALWYLULKG, 0TTHTE O Pabpdg
oV P €yet moAvAoyaptbutxn eEdptnon amd to TAN0og Twy aveEdpTNTWY UETABANTWY
£Lo0d0v, n.

Avoxepoorvovtog, yio xéfe Aoty Aoy ouvdptnon f € ACY xon yow xé0e
OeTtinn mThoavdTTo €, LTTAEYEL TLYOLO TTOAVWYVLELO P ULxEOL Babuov, T€Tolo HoTE YLa
xG0e (z1,...,2,) € {0,1}", n mbavétra v toxoel f(x1,...,2,) = p(x1,...,2n)
elvot TovAdyLoToy 1 —€ > 0. A6 o T GUUTEPALVOLILE HTL AVOYHOTTIXA DTTAOYEL EVOL
TOALGOYVLPO TO oTolo TawTileTal pe Ty f yiow TovAdyLoToy (1 — €) - 2" oTolyxela Tov
{0,1}". Tt vou yiver awtd oopée, btobBétovpe GTL p elval TO TLYOLO TOALKYLLO TTOL
TOPEYETOL LE TNV TTEONYOVUEYY Stadixacio. 'Eatw S, 10 6UVOAO Twv onueiwy Yio To
omolar f = p, xaw X; n deixtplor TuYLa LETOPBANTY, N ool TalpveL Ty Ttun 1 dtay
f(zi) = p(x;). H péon nun ™ X; eivon E [X;] = 1 — € yroo xabe i. Tote,

o
| S| :ZXZ' =
ZX] ZIE =(1—¢)-2"

E@dboov Aotmtdy, n péomn tiun tov mAboug twy onueiwy ota omolo 1 f towtileTon
ue to p glvor (1 —€) - 2" xor 1 — e > 0, avoryxaoTxd LTTAPYEL UN TUYOLO ETTLAOYN
TOALWYVUOL TO OTTOLO ToWTILETOL HE TNV f O OAL Tal GTOLYELOL EVOG GUVOAOL PE TTAY-
OcpLbp.o TovAdytoToy (1—e)-2". AnAadn, L6 TN TNV éwora, f(z) = p(x) oyeddy Lo
x60e z € {0,1}". Inpetdvovpe 3d, GTL AT 1 ETLYELONUATOAOYIOL CLUVLOTE EQOO-
woyn g [Mbavobewpntinng Mebddov pe Ty expetdAAevon TG YOOUULXOTNTAG TNG
néong Tng.

E[[Spll =

O (ITpbtaom 3.4)

[Mpoywpwvtag oto debtepo otadLo g amddetEng, vrevlovpilovpe 6Tt BEAoLYUE
voo amodeiEovpe OTL oL CLVOPTNOELS LooTiulag dev TPooeYYLllovTal o TOALWYLUA
AoYopLOpLxob Bobpot. Oo amodeiEovpe GTL TETOLO TTOAVGVLLO OEV LTTOPOVY VoL EYOVY
BoOuo wéypt v/n'/2, xotoAyovTog 1oL 6T0 GUUTEPAGULO GTL OL GUYAPTAOELG LOOTLULOG
dev awvrxovy oty xhdon ACP.

[N ™) ovvéyela, elvor XAV TEPO VO Y PTOLULOTTOLCOVILE ULO SLOLPOPETLYY OLVATTOOAL-
OTOON YLOL TLG AOYLXEC GUVOLPTHOELS, OTOL TO —1 awvTLoToL el oty TLuA aAvibetoc (true)
xot 10 +1 oty Tph Ppevdoug (false). H ameixdvion mov ovvdéet tig d00 avamopo-
otéoeLg etvar, ¢ : {£1} — {0,1}, ¢(z) = 15%. Ze vt T0 TAKLGLO, TO VEO TOAVGVLULO
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TPOCEYYLOTG YIVETOL,
q: {+1}" — {1},
Gty syn) =07 (P (SW1)s - D(yn))) =

1-— 1-
1—2p< 2y1,..., 2yn>

To moAvwvvpo avtd €xel tov (Lo Pabud pe To p xow mEooeyYilel TN oLVEEPTNON
tootipiag. Avto LoyVet Yot

gb_l(ﬁn(gb(m),...,qb(yn) ):

1—2(21_2% mod2>:1—2<; (1 - ) mod2>
=1

i=1

7
Yrevbopilovue 6t m, (21, ..., 2n) = >y x; mod 2.
To 1 —y; éyet npn M 0 M 2. Emopévwe, to Y i (1 — y;) toodton pe 2k, 6mov k eivor
70 TANbog Twv y; Tov toovvTal pe —1. Omore,

0, 6tav k Gptiog

¢ (T (@ (Y1) s+, 0 (yn))) = . .
1, étav k mepLttog
Emniong, n véa avamapdotaon tng ouvaptnong tootipiag sivoat,
Tn, - {il}n - {_17 +1} y TTn (yla SRR yn) - Hyl
i=1
EnueLtdvovpe €36 OTL, Ywelc BA&SBN g Stadixaoiog, YLa vou Uy TEPLTTAOXEL O
oLUBOAMOPAG, YOAPOLUE T, YLOL TV CLVEPTNOY LooTipiag oTov Ywpeo {+}".

MMpotaon 3.5. Aev vrapyer ToAvdvouo Babuod /n'/2 To omolo v mpooeyYilet T
ovvapTNon Lootiulog. Andady, yia € > 0, Sev LTTAPXEL TETOLO TOAVLYVLUO TO OTTOLO
va Tautileton ue Ty T, vl Tovddytotoy (1 —¢€) - 2" onuelor tov {—1,+1}".

ATmtodeién.
‘Eotw 61t umtdpyet ToAvwvLpo ¢, Bobpod /n'/2, To omolo TowTileTon e ™Y T, YLO
%60 onpeio evog ouvorov S C {£1}" pe |S| > (1 —€) - 2™

To atoryeior Tov S propodpe vo Tor GLEPOAIGOLUE WG Ttivaxeg dtdatoong n X | S|
pe undevixa oc OAeg TLg B€oelg extdg amd pio oA —dLopopeTiny] yiow xabe atoLyelo—
mov Qo €xet TLpég £1. T mapdderypa, av s; = (+1,—1,...,4+1,—1,) eivow T0 i—0TH
ototyelo Tov S, TTE o TO UTTOPEL VO EXPPACTEL WG TLVAXOG UNGEVLXWY GTNAWY, TTANY
™G i—otng ot popey (0,0,...,0,s7,0,...,0), dnradr

00 ...0+4+10 ...0
00 ... 0-120...0
00 ...0+4+10 ...0
00 ...0 -10...0
L 4 nx|S|
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Me awtév tov TpéT0, To gbvoro L (S) = (S) eivoar ypaputxos xweos mave omd
70 R pe mpdkete, Ty ovvniiopévn mpdobeon mvdxwy xol Tov cuvniLopévo Babuwtd
ToAMaTAOGLOGUG apLBpod pe Tivaxa. To S elvol TEOEOVKG YOOUULXE OVEEAQTNTO
xo dpo eivan Béon touv L(S). Emopévwg, dim L(S) = |5].

Mo voo expetodevtodpe Tig OAYEPRPLXES LOLOTNTES TWY TOAVWYVOLWY BéAovue va
ovTtopoarrovpe tov L(S) pe ®xATOLOV LTOYWEO TWY TOALLYLLLY. TTapatneodue
OTL 0TO TOALWYLRO ¢, 0 eExOETNG *&be peTafANTNg elvae To TOAD 1. AvTé LoydeL yLoti
ot TLEG TWY PETaBANTWY eivor £1 xot qpo, av pio petofAntn Y éxer exbétn n, toéte
o 0 n efvor dptiog, Y™ = 1, oAk, Y =Y - Y"1 = Y. Emopévwe, pog evdapépel
0 YWPEOG TWY TTOAVYQOUULUWY TTOAVWVOUWY.

"Eotw Aowtéy, POL C R[Y7,...,Y,], T0 60VOAO TwV TOAYQOUULXGDY TTOAVWYOUKY
Bobpod (n + /n') /2 pe TEayLotixolg GLVTEAEGTEG, N LETUBANTEY OL OTTOIES TTOLPVOLY
Tpég £1. O POL eival ypooputxdg xweog vrép to R pe mpdketg, ™ ovvniiopévn
Tp6abean TOALWYVBLWY, M 0Ttolo alyovpa dev awEdvet Tov Babp.d, xat Tov cuynbiouévo
Babuwtd ToAATACLOOUG TTOAVWYDOUWY UE TRaYUoTIX0VG apltbuods. Kabe otolyeio
tov POL exppdleton ©g YOoUUXdg cLYSVAOUOS TwV LOVWYOUWY [[;cr Y 6mov T
elvor 6Aa tar btooBvora Tov {1,...,n} pe |T| < (n++/n’) /2. Tow povedvopo owTd
elvoL YOOUULXGG aveERQTNTR, 0TTHTE 1 SLEAOTAON TOL XWEOL Elval

(n+ﬁ)/2

dimPOL= > (?)

i=1

[Mapotnpodue, 6Tt yiow To Topamave abpotapo LoyeL To eENG,

»=3-(0)> 3 (3)

Amodeixvdoupe, Tpa, To axdAovbo Ao o omolo Ba yponotpomotoovue apydTEQDL.

Afqupo 3.6. Yrapyet otabepo € € (0,1), aveEaptnro Tov n € N, tétoto dote

dim POL < (1 —¢€) - 2"

ATodeién.
[Mopoatnpodue 61,

(n+v/n')/2 " n/2 " (ntv/n')/2 N
> (-0 % ()
=0 1=0 i=g+1

n/2 n n
<
<20 () 2
=0 z:%—i—l
n no\vn
=3’ +<n/2) 2



3 BEATIQYH ME AAT'EBPIKH OIITIKH.

Amé v mpooéyylon tov Stirling, E€povue 6Tl acvumTwTiXd To N! eivor TOAD
; , n\n ;
xovté otny ToodtTe V2mn (2)". Emopéve,

<2n> (2n)!  V2m2n'(2n/e)? 22"

~
= ~ =

(D)2 (Vamn (nfe))? VAR

n

(n+v/n) n
(el (e L)

H mooétnror § + ﬁ elvo UIxpdTeEEN NG LOVEDOC, ETOUEVKS LTEREXEL CPLOUOS € €
(0,1), vote

(n+\/77)/2
3 <2‘> <(1-¢-2"
i=0
O (Afupo 3.6)

Mmopobpe va Bewpnoovpe 6t to € oL LTTOBETAUE TTNY CLEYT TNG OTTOSELENCS Elvort
oxpLPwg to € Tov Afupatog 3.6.

Oo detEovpe 6t 0 L(S) pmopel va epputevtel atov POL P€ow eVOG YOOUULXOD
opopopplopod h : L(S) — POL. Apxel vo. Tpoadloploovpe Ty omexdvion h oto
otovyeio ¢ Béong. ‘Eotw s = (s1,.. ., s,) éva atoyxeio g Baong S, tov L(S) xow T
T0 oOLYOAO TV OBéoewy 0To 5 6oL epaviletor  Tiwn —1. Tote, opilovpe TV h wg
egng:

h(s) = [Licr i, 6tov |T| < n/2
qa(s1,- -, 8n) [Ligr siy 6tav [T >n/2
2Ty TP TN TtepimtTwon éxovpe deg h < n/2. X1 dedtepn TEPITTWON, 0pod |T| > n /2,
TOTE TO GUUTTAPWUA TOL €XeL TO TTOAD n/2 otoryeio. O Babudg Touv ¢, amd vdeon,
elvon /n'/2, emopévwg, o x&be mepittwon degh < (n++/n) /2.
j:al . j:a|5‘
Ievixérepa, av a = : : € L(S) , téte

tar ... Zapg nx|S|

|S]

h(a) = arh(sk)
k=1

6mov s elvor tow atoryela g Bdomg tov L(S) (mopatmenote T tow otoryeion xdbe
OTAANG éxovy Ty (Btor aTtOALTY TLUT).

H amewxdvion h elvat Tpo@oveg opopop@lopdc. Eniong eival xodd optopévn, Stot
ov s,t € S xon Ty, Ti elvor toe avtiotoryo oOvoro twy Béocwy dmov eppaviletal 7
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T —1 xow h(s) # h(t), Té6te ov xal T SVO TOAVGYLUO EUTITTTOLY GTNY TTEWTN
N 0TN 0eVTEPY] TEPITTWOY NG *AXILKNG ExPPaoNS Tng h, lval TpoQavég Ot s # ¢
ooV Eyovy TNy Tl —1 oe dropopeTixég O€oeig Adyw Tov 6t T # T;. Av Twpo To
éva, €0Tw To h(s), avNxeL oTNY TEWTN TEPITTWON %ol To h(t) avixel oty deiTtepn,
%o Exovtag LTTobEoeL GTL To g TAVTI(ETOL YE TNV T, YLOL TOL OTOLXEL TOL S —ONAd,
q(x1, ..., xn) = [[1ng @i vLa x&0e (x1,...,2,) € S—, TdT

his)#ht)= [[Vi#£et,....v) [[Yi=

€T 1¢Ty
[Hyv#]Iv]]v=]]v#]]v=
i€Ts i=1  igT, i€Ts €Ty
T; 7é Ts =t 7é S
Topo, Tapatnpodue 6T Tor oToLyela h(s), s € S elvor YoauuLxws oveERQTNTOL XOIL

70 AN00g Toug elvat, aTd TV oEYLxN pog btobean, |S| > (1 —¢€) - 2. Emopévwg, oo
T0 AMupor 3.6, TEALXA EYXOLUE,

(1—¢)-2" < dim L(S) < dimPOL < (1 —¢) - 2"

Atomo, dpa dev LT&EYEL TTOALWYLELO ¢ € POL T0 0Tolo vou TaTIETAL UE TN CLVEP-
™o LooTLpiog, T, oxedov yio xdbe onueio tov {£1}".
O (Ilpétoomn 3.5)

A6 ™V TEOTOOT ALTN, ELVOL AUECO TO GUUTEQOGUO. OTL OL GUVPTNOELS LOOTLILLOG
etvor aSUVoTo vou awvrixovy oty xhdon ACC.
O (@ewonuo 3.1)

KAeivovpe 10 x€@dhoto avtd pe Tov TPOGOLOPLOUO TOL BEATLWUEVOL XATW PEAY-
©wotog 070 BAabog ToL XVAAWDPUTOG TTOV ATTALTELTOL YLOL TOY VTTOAOYLOUO GUVOPTNOEWY
LooTLlog.

Moptopa 3.7. Eotw f: {0,1}" — {0,1} Aoy ovvaptnon mov expodletor omo
xOxAwpo ToAvwyvuxob ueyébovg ue moleg AND xor OR. Tote, to Pabfos d tov
xuxAouatog Exet takn ueyébouvg

i=Q < logn )
loglogn
Amodeién.

"Exovpe det 4Tt Eva ave QEAyRor aTov Bad Tov TEOCEYYLOTIXOD TOAVWYDLOL OTLG
ouvopTioelg g xA&omg ACP eivow O (log (s/e) - log? (s)) émou d eivor to Bébog Tov
XOXADUOTOG, s TO pEYEDOG Tov %o € N TLhavdTnTa GPAARLOTOC.

Av fewproovpe 10 d pLon AYVWoTy, TEOS TPOGOLOPLOUO, GUYEPTNON TOV N XL UE
0edoUEéVo TO X&Tw PEAYRO aToy Babpd Twy TOAWYHUKWY TOL UTTOPOVY VO TTPOCEY-
Yioovv ™) oLVAPTNON LOOTLLLOG, EYOVILE

log (s/e) -log? (s) > v/n'
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3 BEATIQYH ME AAT'EBPIKH OIITIKH.

"Exovtog 1 yevixn vmtdbeoan 4Tl To s €YEL TOAVWVLULXNG TAENS EEGPTNON Ao TO
n, N A0omn g TPog d Pe 6povg TaEewy peyéboug pag divet:

i=Q < logn )
loglogn
70 omolo atoTeAEL BeATiwON TOL RATW PEAYILOTOG TTOL avadelyOnxe aTo TEONYOLUEVO

xe@arato oty [lpdtoon 2.2.
O (Tléptop.o3.7)
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4  EfiAoyog

Zovoilovtog, oTo TTEONYOVEVO XEPAAOLO ovoAdONXoy S0 aTTOTEAETUOTAL TTOV
0opoVy TNy 0pLOBETNOYN TNG LTTOAOYLOTIXNG LXOVOTNTOS TWY AOYLXWDY XUXAWUA-
TWY TTOAVWYVLLXOV peYEDoLG. ATodetxvieTol GTL TETOLO XUXAWUOTO Eivol adOVATO
Yo DTTOAOYLOOLY GLUYOPTNOELS LooTLpiaG, OTay To Babog Toug eival poyuévo. Amd
™V GAAN LEPLE, av évar xUxAwpo €xel Babog TouAdylotov Aoyaplbuixd —xon Alyo
ULXPOTEPO—, TOTE UTTOPEL VO VTTOAOYLOEL CUVAPTNOELS LOOTLULOG.

H ITibavobewpntinn Mébodog mailel xaipto pOAO GTN AVATTTLEYN TNG ETULYELONU-
Toloyiog. 1o mpwto amotéheouo (Kepdrato 2), 1 amddetEn eivor emoywytkh og
TPOG TO BAbog TWY XUUAVUATWY KoL EYEL AVOAVTLXY] OTTTLXY: ONAXdY aELoTotodytal
—0lG TTOOUE— AELTOVPYLXEG LOLOTNTEG TWV EUTTAEXOUEVWY ponuaTinedy avtixetpévwy. H
Béion tng emarywyNg arodetxvieTal e cLYSLAOTIXG TPOTO, EVK) GTO ETAYWYLXO B,
KE TNV TEXVLXT TOU TUYOLOV TEPLOPLOKOV ATTOSELXVVETAL N OTTOPEN —UM TUYOLLOU— V-
XADUOTOG ETOYWYLXA UxPOTEPOL dboug pe BLOTNTO TTOL ElvaL OVVUTOV VO LXAYO-
ToLEL, XOTAAYOVTOS €TOL 0T0o emttbuunTd oLUTEPOCULOL.

Y10 debtepo amotédeopo (Kepdhato 3), n owtixy eivor akyeBoiny dnAady akLo-
TTOLOOVTOL DOULKEG LOLOTNTEG TWV OVTILXELLEVWY. Eidixdtepa, apyixd oamodetxvietol
mhovobewpntind 6t x&be cuVEETNON TNg *Adone ACY oyeddv Tawrtileton pe b
TTOLO —7 TUYOLO— TTOALWOYLELO ULxEOV PBobod. Katdmiy, péow ULog opoLopoppLxg
OTELXOVLONG OTOV XWEO OVTWY TWY TTOAVWYOUWY YIVETOL CaQEg OTL 1 GLYEPTNON LOO-
TLplag 8ey UTopel vor ex@EaoTEl OO TETOLX XUXADUXTO. 2TO TEALXO CUUTEQOOUO
TPOXVTITEL XOL [LLOL [LLXOY PEATIWOY TOL AOYOELOLLXOD KATW PEAYUOTOS TOV TTRWTOV
OTOTEAEOUATOG XUTA Evary Ttopayovta loglogn otov mapovopaoT).

Tow amoteAéopoto awtd OewEobvTal XOUPLXA oTn KEAETN TG TOAVTTAOXOTNTOG
XOUADUATWY XoBWG amoTeEAODY ovOLACTTIXG TTPOSPOLO ToL OswpEnuatog «Switching
Lemma», to omoio amodeiytnxe oty Sdoaxtopixn diatolBn touv Johan Hastad[39]
%ol ATOTEAEL €var amtd Tor xopuaio emitedypota oty mteptoy). H ITibavobewpopntixn
Mébodog éyet xabopLotind péAo xow ae awTd To BeDdENUA XAl YEVIXOTEQD OLETTEL EVOL
UEYAAO QACUO TNG OYETLXNG EPEVLVOC.

To Switching Lemma, amoteAel ovoltaoTixd ptar YEVIXELOY NG SLaSLXATLOG OVTL-
otpopng (switching) twv emimédwy 1 xaw 2 ov eidape ato Kepdroto 2, étol hote
70 PEyebog Tou XKVUADUATOS Vo Ny awEdveTon exbetixd. Xto TAaioLO NG opoAoyiog
TTOL KLYOVUOGTE XOL UE OTA& Adyta, To Swithcing Lemma Aéel 6Tt av A elvon éva
AND-OR xoxAopo peyéboug k + 1 xow un @porypévou fan-in xow A' 10 xOxAwpa mou
TEOXVTTTEL OTtl TUY A0 TTEPLOPLoRO ThovdTN TG p, TéTE M TTLhavdTyTar To A’ vou puny
umopel va exppootel wg xOxAwpo OR-AND peyéfouvg To TOAD s+ 1, ppdooetol dvw
o6 v moadtro. (5pk)*. To eviumtwoloxd oe owtd To Bewpnua givoe, To pn ova-
UEVOUEVO YEYOVOGS, OTL To TANDOG TwY UETUPANTOY eLaddov Sev mailel xavévo POAO
(mov fray M BaotxR avnovyio xow emtdiwEn oty mhavoBewpENTIXY XoTOOoXELY GTO
Kepdharo 2). Xpnotpomolwdvtog to Switching Lemma, o Hastad mpoodtdptoe xot éva
oXEDOVY PEATLOTO XATW QEAYUo 0To Péyebog xuxAwpdtwy Babovg k pe moAeg AND
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xoit OR TTov Yooy val LTTOAOYLGOVY CUVAPTNOELS LOOTLULOG XOL TO OTTOLO Elva,

ST

Na onpetdoovpe €3¢, 6Tt To Switching Lemma, €yel onuoavtixn eopupoyn xo
TEQPA OO TNY AVAAVOY] XOXAWUATWY, OTIWG OTNY YEVLXOTEPY OVEALGY AOYLXWY CU-
VOPTNOEWY GTNY LTTOAOYLOTLXY] L&ONoM, oTNY TopaywYN Pevdotuyainwy apLiu®y.

H teyynt, Aotmdy, tuyondtnta potdlet vo elvar évog Bootxds xot xplothog aEovag
TOEOYWYNG ATodelEewy amd v apyn g Heueiinong g Hewplog ToALTAOXGTNTOG
ueypL xou onuepa: eviote, de poLdlel ne amd pnyovig HBed, omwg oto TEORAUA TwV
POAYUATWY TTOL LEAETAUE

Mo A exdoyn Tng oyéorng avapeaa atny [ltbavobewpntinn Mebodo, T Oewpio
[ToALTTAOASOTNTOG XOL TNY AVAYXY] TTEOOSLOPLOUOD XATW PEAYUATWY 0Ty AvéAvom
Aoyixdy KuxAwpdtwy opopd oto TEOPANUo. TOL TEOGALOPLOUOD TNG OYEONG TWVY
xAdoewy P xot BPP. H teyvixn mov eumAéxetor o awtd ovopaletor Amaiolpn To-
yorétnrog (Derandomization). H xAdon, BPP’ mepiéyet mpofAjuoto mov Abvovtal
a6 Toyowomoinuéveg Mnyavég Turing oe ToALWYLULXG XEOVO LE QEOYUEVN TLOovO-
T oaApatoc. [lpopavedg toyder P C BPP xou glval @uotohoytxd vo vmobéoet
xavelg 0t P # BPP. Opwe, pe dedopéveg xATOLEG TTOAD eVAOYES %ot LOANOY aabe-
velg vmobéoelg, amodewxvietal ot xabe mbavobewpntinds arydptbuog pmopel va
UETOTPOTEL OE VIETEQULVLOTIXG OAYOPLOUO e x6GTOG Y POYOL, TO TTOAD TTOALWVLULXO.
Avté mpaxTixd onuaiver 4t oL xAdoelg BPP xou P tautilovtot. Ouwe, amodeltxvd-
et eTiong, OTL N SLodxoolor ATTOTLYOLOTIOLNOYNG TTEODTTOOETEL TNV ATTOdELEY] HATW
QEOYUATWY AOYIXWY XUXAWUATWY [420]. Omtdte T0 6Tt P = BPP Topopével ONUEQX
ewooio.

Me aAlo AoyLo, oto medio mov peAetdpe, 1 Avaivon KoxAwpdtwy xot v [Tbo-
vobewpntixn Mébodog paivetor vor €xovy TOAD LoYLEY] SLLTTAOXY] UE TNV YEVLXOTEQEY
Oewpio [ToAvTAORITNTOG. OOt LTTOPOVOE UAALOTO XATTOLOG VO TIEL OTL, OV XOL 1] ELOO-
YWY TOXALOTNTOG LOLALEL VO ELVOLL EQYOAELOXOD YOLAXTYOO, VTTAEYEL Lo OEUeALDOING
doutxy oxéon pe v mbavobewpntinn omTLny.

KAeivovtog, onuetwvovpe 6Tl UEYPL ONUEPD N XOADTEQO LEASTNUEYY XOL TILO XOL-
TovonT] ®¥AGoM TEOPANULATWY potdlel eivan n ACY, xwpic buwg vo vtdpyeL poySoto
TP6030G TPOS avdhoyo emLOLUNTR OTOTEAEOUOTO OE UEYAADTEPEG XAAOELS. AAAG,
oe xébe mepimtwon, N ovalntmon g 10dxng elvor onpovtindtepn amd v (Sroe TV
106xn [41].

"Bounded-error Probabilistic Polynomial-time
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