
Geometriae Dedicata78: 327–343, 1999.
© 1999Kluwer Academic Publishers. Printed in the Netherlands.

327

On the Symmetric Product of a Curve with
General Moduli

CIRO CILIBERTO1 and ALEXIS KOUVIDAKIS2?

1Department of Mathematics, University of Rome 2 ‘Tor Vergata’, 00133, Rome, Italy
e-mail: cilibert@axp.mat.uniroma2.it
2Department of Mathematics, University of Crete, 71409, Heraklion-Crete, Greece
e-mail: kouvid@talos.cc.uch.gr

(Received: 19 February 1999)

Abstract. We study the problem of describing the cone of the effective divisors in the second
symmetric product of a curve with general moduli using a degeneration to a rationalg-nodal curve.

Mathematics Subject Classifications (1991):14H10, 14C20, 14J40.

Key words: curve with general moduli, effective divisor, symmetric product of curve.

0. Introduction

LetC be a smooth irreducible curve of genusg > 1. Its second symmetric product
C(2) is a smooth variety and parametrizes unordered pairs of points ofC. It is
defined as the quotient of the ordinary product by the natural involution and the
canonical mapα:C × C → C(2) is ramified along the diagonal. ForP,Q ∈ C we
denote byP +Q the corresponding point inC(2). OnC(2), we can define ‘natural’
divisors in the following way. Fix a pointP onC and defineXP := {P +Q, Q ∈
C} the divisor associated to the pointP . We write x for the class ofXP in the
Neron–Severi group (which is independent from the choice ofP ). We also define
1 := {2Q, Q ∈ C} to be the diagonal divisor onC(2) and we writeδ for its class.
The diagonal divisor onC×C defines an invariant line bundle under the involution
and so, it descends to a line bundle onC(2). Since the mapα is ramified along the
diagonal, the square of the latter bundle is isomorphic to1. We denote this bundle
by1/2.

For a curveC with general moduli, it is known that the Neron–Severi group of
C(2) is generated overQ by the classesx andδ, see [4], Chapters 2 and 5, p. 282.
Moreover, the class of a line bundle onC(2) is an integral combination ofx and
δ/2. We writeLn,γ for a line bundle of class(n + γ )x − γ (δ/2). The numberγ
is called the valence of the line bundle (for its geometric meaning, see again [4]).
GivenP ∈ C, we denote byLP the line bundle which corresponds to the divisor
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XP . Take a line bundleL onC and write it in the formL = O(6iRi − 6jQj),
for someRi,Qj ∈C. We then define on the symmetric product the line bundle
LL := O(6iXRi −6jXQj ). It turns out that every line bundleLn,γ can be written
in the formLn,γ = LL − γ (1/2), whereL is a line bundle onC of degreen+ γ ,
see [4].

The purpose of this work is to study the cone of the effective divisors onC(2)

in thex, δ/2-plane. We do this by using a degeneration of the symmetric product
of the smooth curve of genusg to the symmetric product of a rationalg-nodal
curve given by Franchetta, see [3]. The problem then is reduced to a ‘Nagata
type’ problem for plane curves of specific degree possessing singularities of spe-
cific order at a number of general points of the plane and satisfying some addi-
tional conditions. By using that degeneration we are able to reprove and improve
some results from [6] and to reduce the general problem to the Nagata conjecture,
see [7].

1. Franchetta’s Degeneration

In this section we describe a degeneration of the symmetric product of a curve
with general moduli given by Franchetta in [3]. We will do this in a way which
is rather different from Franchetta’s original one, and which seems to us more
transparent, although our analysis leads exactly to the same results of Franchetta’s.
Supposeπ :X→ U is a flat family of curves over an open diskU with X smooth,
X0 = π−1(0) a rationalg-nodal curve, and all other fibers of the mapπ smooth
curves of genusg. We form the fibered symmetric productp:Y→U of the family,
the fibers of which are the varieties parametrizing unordered pairs of points of the
fibers ofπ . For t 6= 0, the fiberYt of p is the (smooth) symmetric product of
the curveXt , while the zero fiberY0 is singular. After taking the normalization
ν: X̃0→X0 of X0, we have that the curvẽX0 is a smooth rational curve and so,
its symmetric product is isomorphic toP2. Under the isomorphism, the diagonal in
the symmetric product of̃X0 corresponds to a smooth conic0 and the curvesXP ,
for P ∈ X̃0, correspond to lines (which we denote by the same notation) tangent to
0 at the point 2P . The symmetric productY0 of X0 is then birationally equivalent
to P2. If P1, . . . , Pg are the nodes ofX0, then the birational mapψ :Y0 · · · → P2 is
defined outside of the union of the curvesXPi , i = 1, . . . , g, and sends the point
P +Q, whereP,Q are smooth points ofX0, to the point inP2 corresponding to
P
′ +Q′ , whereP

′ := ν−1P andQ
′ := ν−1Q.

We describe in the following the local picture of the threefoldY and of its
zero fiberY0 in a neighborhood of a pointPi + Q ∈ XPi , for Q ∈ X0. We start
with the caseQ = Pi , i = 1, . . . , g. In local coordinates, in a neighborhood of
a node of the zero fiber, the familyπ :X → U is given by the equationx1x2 = t
in C2 × U . We want to write the local equations of the threefoldY in a neigh-
borhood of the point 2Pi . For that, we first write the equations which define the
variety Sym2C2. We start with the ordinary productC2×C2 which has coordinates
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Figure 1. The local picture ofY at the origin.

(x1, x2; y1, y2). Then Sym2C2 is given as the quotient of that by the equivalence
relation(x1, x2; y1, y2) ∼ (y1, y2; x1, x2). After making a change of coordinates
α:C2 × C2 → C2 × C2 given by si = (xi + yi)/2 andri = (xi − yi)/2, we
get in the new coordinate system(s1, s2; r1, r2) that the above relation becomes
(s1, s2; r1, r2) ∼ (s1, s2; − r1,−r2). Therefore Sym2C2 is isomorphic to the
productC2 × (C2/ ∼), where the equivalence relation∼ on C2 is defined by
(r1, r2) ∼ (−r1,−r2). The quotientC2/ ∼ can be realized as a quadric cone in
C3. Indeed, its coordinate ring is given by the degree 2 symmetric polynomials in
r1, r2. These are generated byz3 = r2

1, z4 = r2
2, z5 = r1r2 with a single relation

z2
5 = z4z3. In other words, if we letβ:C2 × C2 → C2 × C3 be the map given by
z1 = s1, z2 = s2, z3 = r2

1, z4 = r2
2, z5 = r1r2, then the compositionγ := β α

factors through the Sym2C2 and embeds the latter inC5 as a singular hypersurface
given by the productC2× V , whereV is the cone inC3 with equationz2

5 = z3z4.
To determine now the equations for the symmetric product of the familyx1x2 =

t , we take the fibered ordinary product of that family inC2 × C2 × U given by
x1x2 = t, y1y2 = t and we find the image of that inC5×U under the mapγ × id.
An easy calculation yields that the above image is defined by the system

z2
5− z3z4 = 0, z1z5+ z2z3 = 0,

z1z4+ z2z5 = 0, z1z2+ z5− t = 0.

One then verifies that these equations define a fibration of surfaces, over the disk,
which we denote, again, byp:Y → U , with the total spaceY singular only at
the origin. Fort 6= 0, the fiber is a smooth surface, while fort = 0 the fiber is
a union of three surfaces inC5 as pictured in Figure 1: the surfaceS1

i which is
the z2z4-plane (corresponding to the image ofx1 = 0, y1 = 0, i.e., this is the
symmetric product of the branch ofX0 of equationx1 = 0), the surfaceS2

i which
is the z1z3-plane (corresponding to the image ofx2 = 0, y2 = 0, i.e., this is
the symmetric product of the branch ofX0 of equationx2 = 0) and the surfaceS3

i
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Figure 2. Local picture of the blowing up̃Y of Y at the origin.

defined by the equationsz3 = z2
1, z4 = z2

2, z5 = −z1z2 (corresponding to the image
of x1 = 0, y2 = 0 which is the same as that ofx2 = 0, y1 = 0, i.e., this is the
ordinary product of the branches ofX0 of equationsx1 = 0 andx2 = 0). Note that
S1
i andS2

i intersect only at the origin. The surfaceS3
i intersectsS1

i along the curve
C1
i : z4 = z2

2 (in thez2z4-plane) and the surfaceS2
i along the curveC2

i : z3 = z2
1 (in

thez1z3-plane). The curvesC1
i , C

2
i correspond to points in the symmetric product

ofX0 of the formPi+Q,Q ∈ C, i.e., they are pieces of the curve we have denoted
byXPi . The diagonalD of the fibered symmetric product passes through the points
2Pi, i = 1, . . . , g, of the threefoldY . In a neighborhood of those points,D is
defined by the equationsz3 = z4 = z5 = 0, z1z2 = t . The intersection10 of the
diagonal with the zero fiber(t = 0) is therefore, in Figure 1, the union,11

0,i , 1
2
0,i,

of thez2, z1-axes respectively.
We will need to work with a fibration having a smooth total space. In order to

do this, we blow up the origin inC5× U . The proper transform̃Y of the threefold
Y turns out to be smooth. The exceptional divisor is aP5 and its intersectionEi
with Ỹ is given by the system

λ2
5− λ3λ4 = 0, λ1λ5+ λ2λ3 = 0,

λ1λ4+ λ2λ5 = 0, λ5− λ = 0,

whereλ1, . . . , λ5, λ are the homogeneous coordinates forP5, see Figure 2. The
above equations define anF1 surface. Its zero sectionli , havingl2i = 1, is given by
the equations:λ1 = λ2 = 0, λ2

5 − λ3λ4 = 0, λ = λ5 and the infinity sectionηi ,
havingη2

i = −1, by the equations:λ3 = λ4 = λ5 = λ = 0. We writee1
i ande2

i for
the fibers ofEi passing through the pointsM1

i = [000100] andM2
i = [001000]

of li. They are defined by the equationsλ1 = λ3 = λ5 = λ = 0 andλ2 = λ4 =
λ5 = λ = 0 respectively. The fiberse1

i ande2
i intersect the section at infinityηi at

the pointsN1
i = [010000] andN2

i = [100000] respectively.
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The zero fiber̃Y0 of the smooth threefold̃Y is the union of the proper transforms

S̃ki of Ski , k = 1,2,3, and the exceptional divisorEi . The components of̃Y0

intersect as indicated in Figure 2. The surfaceS̃1
i (resp. S̃2

i ) intersectsEi along

the fibere1
i (resp.e2

i ). The surfaceS̃3
i intersectsEi along the infinity sectionηi and

the proper transformD̃ of the diagonal does the same. The intersections ofS̃3
i ,

D̃ andEi alongηi are pairwise transverse. The meaning of the numbers 1, 2 in
Figure 2 will be explained later.

To finish our local analysis at the points of the formPi+Q, we describe (briefly)
the local picture for the casesQ 6= Pj andQ = Pj , for j 6= i. The first one is
actually clear from the above analysis: such points correspond to points ofC1

i or
C2
i different from the origin; the threefold is smooth at those points but the central

fiberY0 has a normal crossing double curve along the locus of those points. For the
second, observe that a neighborhood of a pointPi+Pj , for i 6= j , in the symmetric
product is isomorphic to a corresponding neighborhood at the point(Pi, Pj ) in the
ordinary product under the natural map. The local equations in the ordinary product
are given inC4× U by the systemx1x2 = t, y1y2 = t . This variety has the origin
as a singular point which we blow up. One can see that the proper transformỸ of
Y intersects the exceptional divisor in a smooth quadric surfaceEij and the proper
transform of the zero fiberY0 is a union of four surfaces which intersectsEij along
pairs of rulingsa1

ij , a
2
ij andb1

ij , b
2
ij of each one of the two families of rulings of

Eij , see the first graph in Figure 4 below.
We are coming now to the global picture. The zero fiberY0 of the threefold

p:Y → U is an irreducible surface birationally equivalent toP2 with singularities
along the curvesXPi , i = 1, . . . , g. After blowing up each one of the pointsPi+Pj ,
1 6 i 6 j 6 g, the zero fiberỸ0 consists of an irreducible surfacẽS, which is
the proper transform ofY0, and a union of exceptional divisorsEi andEij , for
1 6 i < j 6 g, whereEi corresponds to the point 2Pi andEij to the point
Pi + Pj , i 6= j . The surfaceS̃, intersectsEi in three exceptional curvesηi and
e1
i , e

2
i and intersectsEij in four exceptional linesa1

ij , a
2
ij andb1

ij , b
2
ij . The surface

S̃ is singular, with normal crossings along the curvesX̃Pi corresponding to the
proper transforms of the curvesXPi in the zero fiberY0 of Y . The proper transform
D̃ of the diagonal, intersects̃Y0 along the curvẽ10, which is the proper transform
of the diagonal10 onY0, and along the exceptional curvesηi , i = 1, . . . , g.

To normalize the surfacẽS, we unfold along the curves̃XPi . Let W be the
resulting smooth surface andσ :W → S̃ the corresponding map. Each curveX̃Pi ,
has as preimage a pair of curves, which we denote byX̃P 1

i
andX̃P 2

i
, i = 1, . . . , g.

The birational mapψ : Y0 · · · → P2, mentioned in the beginning of the section, lifts
to a birational mapφ:W → P2, which turns out to be regular. In the preimage of
the singular locus ofY0 inW , the mapφ is described as follows. LetP 1

i , P
2
i be the

preimages of the singular pointsPi, i = 1, . . . , g, under the normalization map
ν: X̃0→ X0. The mapφ contracts all the above exceptional curves as follows: the



332 CIRO CILIBERTO AND ALEXIS KOUVIDAKIS

Figure 3. Normalization ofS̃ at the point 2Pi .

Figure 4. Normalization ofS̃ at the pointPi + Pj , i 6= j .

curveηi contracts to the pointP 1
i + P 2

i , the curveseki to the point 2P ki , k = 1,2,
and the curvesa1

ij , a
2
ij , b

1
ij , b

2
ij contract to the pointsP 1

i + P 1
j , P 2

i + P 2
j , P 1

i + P 2
j ,

P 2
i +P 1

j respectively. Also, the image of the curveX̃P 1
i

(resp.X̃P 2
j
) is the lineXP 1

i

(resp.XP 2
i
) and the image of the curvẽ10 in Ỹ0 is the conic0.

The Figures 3 and 4 represent the normalizationW of the surfacẽS and the map
φ to the plane. Figure 3 corresponds to the singularity at the point 2Pi . To explain
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that figure: the curvẽXPi is a double curve iñS and along that curve the surface
S̃ has two branches which intersect transversally. In Figure 2, the numbers ‘1, 2’
refer to those two branches. The alternating appearance of those numbers is due
to the fact that the symmetric product of a curve can be realized as the ordinary
product ‘folded’ along the diagonal. The first graph in the Figure 3 corresponds to
Figure 2, when one connects properly the two piecesC̃1

i , C̃
2
i to a single piece on

the curveX̃Pi . Figure 4 corresponds to a singularity at a pointPi+Pj , i 6= j . The
situation in that figure is clear!

Before we continue, we describe one more geometric property of the above
global picture. Since the curves̃XP 1

i
andX̃P 2

i
onW are produced from the unfold-

ing of the surfacẽS along the curveXPi , there is a natural isomorphism between
their points. There is then an induced isomorphism, which we denote byωi, between
the points of the linesXP 1

i
andXP 2

i
of the plane. Geometrically, for each point

P ∈ X̃0, we take the tangent to the conic0 at the point 2P . This intersects the
above pair of lines in a pair of points which correspond to each other underωi.

2. Limits of Line Bundles

In this section we continue our analysis of Franchetta’s degeneration and we de-
scribe the limits of line bundles and sections, see Proposition 2.1 below. Suppose
that we have a line bundleL defined on the total spaceY outside of the zero fiber,
i.e., a line bundle onY \Y0. This induces a line bundle, which we denote again by
L, on Ỹ\Ỹ0. SinceỸ is smooth, we can extendL to a line bundleL̄ on Ỹ and we
want to describe its limit (i.e., its restriction) on the zero fiberỸ0. Note that we have
many ways to extendL to L̄ on Ỹ (and so,L has many limits oñY0), which differ
by multiplication by a factorO(D), whereD is a combination of the irreducible
components of̃Y0.

To specify a line bundle oñY0 it suffices to determine its restriction on each
one of the irreducible components ofỸ0. On the surfacẽS, the line bundles are
described by their pull back to the smooth surfaceW . The Picard group ofW
is generated by the line bundleH , which is the pull back of the hyperplane line
bundle ofP2, and the line bundlesηi ande1

i , e
2
i defined by the exceptional lines

(we use the same notation for the line bundles and the corresponding divisors). The
Picard group ofEi is generated by the line bundleηi corresponding to the section
at infinity and the line bundlefi corresponding to a fiber of the ruled surface, see
again Figure 2. The Picard group of the surfacesEij is that of the surfaceP1× P1.
Note then that on each component ofỸ0, a line bundle is determined by its class in
the Neron–Severi group. We are going to use the same notation for a line bundle or
its class on those surfaces. To simplify things, we setη = 6g

i=1ηi, f = 6g

i=1fi and
e = 6g

i=1e
1
i + e2

j (equalities of divisors). We also writeE for the (disjoint) union
of the surfacesEi , i = 1, . . . , g. Note that onE we have the equalitye = 2f in
the Neron–Severi group. In what follows, we deal only with line bundles which
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are trivial on the surfacesEij and for which their restriction onW (i.e., their pull
back fromS̃) has classa which belongs toZ[H, η, e] and their restriction onE
has classb which belongs toZ[η, f ]. We will say that such a line bundle is of type
[a, b].

To describe now the limits ofL on the zero fiber̃Y0, we assume that the class of
the restriction ofL to a fiber is given by(n+γ )x−γ (δ/2). ThenL can be written
in the formLL−γ (D/2), whereL is a line bundle onX\X0 of degreen+γ on the
fibers of the mapπ :X → U andD/2 is the line bundle oñY \Ỹ0 which restricts
to the line bundle1/2 on the fibers. It suffices therefore to determine limits for the
line bundlesLL andD/2.

For the first. The line bundleL is extended in a unique way to a line bundleL̄
onX(X is smooth andX0 is irreducible). We choose a meromorphic sections of
L̄ so that its support does not contain any of the singular points of the zero fiber
X0. Let6iRi −6jQj be the divisor of the restriction ofs onX0. We can take then
as limit ofLL on Ỹ0 the line bundle which isO(6iXRi −6jXQj ) on S̃ and which

is trivial on the other components ofỸ0. In terms of the normalizationW of S̃, the
line bundle is given by(n+ γ )H onW . Thus, we get as limit ofLL on Ỹ0 the one
given by the data[(n+ γ )H, 0].

On the other hand, to determine a limit forD/2, we first find a limit forD
(the line bundle associated to the diagonal divisorD). This is determined by the
restriction onỸ0 of the proper transformD̃ of the diagonal divisor onY . We have
seen thatD̃ cuts onS̃ the divisor1̃0 plus the divisorη and onE the divisorη.
The pull back of the curvẽ10 onW is the proper transform of the conic0 of the
plane, see Figure 3. Its class is equal to 2H − e. Therefore the resulting limit ofD
is given by the data[2H − e + η, η]. For the bundleD/2, a limit is determined
by the property that its square is equivalent (up to multiplication by components of
the zero fiber) to[2H − e + η, η]. To find such a limit, we first replace the above
limit of D by the new one which is obtained after taking the multiplication by the
line bundleO(E). This is given by the data[2H + 2η, −2f ]. We then take as a
limit for D/2 the one given by[H + η, −f ].

The above choices of limits forLL andD/2 determine a unique way of extend-
ing L = LL − γ (D/2) to a line bundleL̄ on Ỹ and the corresponding limit on
the zero fiber is given by[nH − γ η, γf ]. From now on we fix those choices. In
the following, we would like to describe limits of sections ofL. If sn,γ is a section
of L, then it can be extended, in a unique way, to a meromorphic section of the
line bundleL̄. We denote byt the parameter on the diskU and we keep the same
notation for the pull back oñY . We then multiply the above extended section by
an appropriate (least) power oft in order to get a holomorphic section of the same
bundleL̄, see [2] for a more detailed description of this procedure. We denote by
s0
n,γ the restriction of that section on the zero fiberỸ0 and we writeD0

n,γ for the

corresponding divisor oñY0. Note thats0
n,γ may vanish on some of the components

of Ỹ0. To describe limits of sections, we have to separate cases:
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Figure 5. The blowing up ˜̃Y of Ỹ along the curveηi .

γ > 0. We note thatD0
n,γ cannot containW . Otherwise,D0

n,γ would restrict on
E to an effective divisor containingη. Since the class of this restriction on the other
hand isγf , we see thatD0

n,γ also would containE and therefore the whole fiber; a
contradiction. Therefore,D0

n,γ defines onW a curveCW , with classnH − γ η. Its
image,CP2, to the plane is going therefore to be a curve of degreen passing with
multiplicity γ through theg pointsP 1

i + P 2
i , i = 1, . . . , g. There is an additional

property thatCP2 satisfies. The curveCW is the preimage of a curve on the surface
S̃. Therefore the curveCP2 must restrict on the curvesXP 1

i
andXP 2

i
at points which

correspond to each other underωi. Note that this condition implies that if the curve
passes through one point of the quadrupleP 1

i + P 1
j , P 2

i + P 2
j , P 1

i + P 2
j , P 2

i + P 1
j

then passes also through the remaining three points. through thoseγ points.

γ < 0. We writeγ = −2γ
′
, γ

′
> 0 (resp.γ = −(2γ ′ + 1)). The class of the

line bundle is given by[nH + 2γ
′
η, −2γ

′
f ] (resp.[nH + (2γ ′ + 1)η, −(2γ ′ +

1)f ]). This implies thatsn,γ must vanish on the divisorE with multiplicity γ
′
(resp.

γ
′ + 1). But then the restriction ofD0

n,γ on S̃ must contain the divisorγ
′
η + γ ′e

(resp.(γ
′ + 1)η + (γ ′ + 1)e). In other words,D0

n,γ does not vanish onW and

induces on it a curveCW with the propertyCW = C ′W + γ ′η + γ ′e (resp.CW =
C
′
W + (γ ′ + 1)η + (γ ′ + 1)e), for some curveC

′
W of classnH − γ ′e + γ ′η (resp.

nH − (γ ′ +1)e+γ ′η). The image on the plane of the curveCW , which is the same
as that ofC

′
W , is going then to be a curveCP2 of degreen passing with multiplicity

γ
′
(resp.γ

′ + 1) through each one of the 2g points 2P 1
i , 2P 2

i , i = 1, . . . , g. It
satisfies also a similar property as in the positive valence case with respect toωi.
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Moreover, in the case of negative valence there are additional properties satis-
fied by the ‘limiting’ curvesCP2. This is, basically, due to the fact that the excep-
tional divisors which are involved in this case are thee1

i ’s ande2
i ’s and these belong

to the same branches ofS̃, meeting along the curves̃XPi , together with the diagonal
divisor 1̃0. On the other hand, in the positive valence case, the exceptional divisors
which are involved are theηi ’s and these do not belong to the same branches
of S̃ together with the diagonal, see the first graph in Figure 3. To understand
those properties, we need to make a more detailed analysis of our blowing up
picture.

In the smooth threefold̃Y , we blow up the curvesηi. In the proper transform
˜̃
Y of Ỹ , the exceptional divisorsAi are isomorphic toP1 × P1. Note that the zero

fiber of the map̃̃Y → U contains the divisorsAi with multiplicity two. The proper

transformsẼi of Ei ,
˜̃
S3
i of S̃3

i and ˜̃D of D̃ intersect the exceptional divisorAi

along the (disjoint) curvesκi , λi and ξi respectively. The proper transforms˜̃S 1
i

of S̃1
i and ˜̃S2

i of S̃2
i intersect the exceptional divisorAi along the curvesα1

i and
α2
i respectively. We put, in general, (extra) tildes to denote proper transforms (of

proper transforms!). Figure 5, hopefully, explains the situation better.
Note that there is a natural isomorphism,ω

′
i, betweenα1

i andα2
i which is defined

by the natural identification of the fibers of theP1× P1 surfaceAi. The geometric
meaning of that isomorphism is the following. The points of the curveα1

i (resp.
α2
i ) correspond to the tangent directions at the pointN1

i (resp.N2
i ) of the surface

W , see Figure 3. These in turn, correspond to the second order jets tangent to
the lineXP 1

i
(resp.XP 2

i
) at the point 2P 1

i (resp. 2P 2
i ) of the plane. Therefore, the

isomorphismω
′
i induces an isomorphism (we write againω

′
i) between the spaces

of second second order jets at the points 2P 1
i , 2P 2

i tangent to the linesXP 1
i
, XP 2

i

respectively.
We defineα := 6g

i=1α
1
i + α2

i and we make a similar definition for theκ, λ, ξ .
We also defineA to be the disjoint union of all theAi ’s and we denote byhi the
class of the horizontal fibers of the surfaceAi . We definehA := 6g

i=1hi. We use a

triple to indicate the restriction of a line bundle on the surfaces˜̃S, Ẽ, A.
We start now with the line bundleL on Y \Y0. This induces a line bundle (we

write again)L on ˜̃Y \ ˜̃Y 0 and we want to find its limits oñ̃Y 0. As before, it suffices
to determine limits for the line bundles of the formLL andD/2. We omit most
of the details (similar as above) and we come to the result. The bundleLL has
a limit of type [(n + γ )H, 0, 0]. On the other hand the limit of the bundleD
is given by[2H − 2α − ẽ, 0, ξ ]. We multiply byO(E) and we get the new limit
[2H−2α, −ẽ−2κ, ξ+κ]. The appearance of the factor 2 inκ is due to the fact that

A is counted with multiplicity two in the zero fiber of the map˜̃Y → U . We can take
therefore as limit of the bundleD/2 the one given by the data[H−α, −f̃−κ, hA].
We fix those choices of the limits.
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Before we continue our analysis we make a definition. We say that a plane curve
has at the point 2P ki , k = 1,2, i = 1, . . . , g, singularity of type(a, b), a > b, if it
has multiplicitya at the point 2P ki on the plane and, also, its proper transform has
multiplicity b at the pointNk

i of W , see Figure 3. The pointNk
i of W is the point

of intersection of the exceptional lineeki with the curveX̃P ki , i.e., it is the point at

infinity at 2P ki corresponding to the direction of the lineXPki in the plane. Note

that such a curve hasa tangent lines at the point 2P ki , b of which coincide with the
line XPki . Therefore, such a curve determines alsob second order jets tangent to

the lineXPki at the point 2P ki .

Say first thatγ = −2γ
′
, γ
′
> 0. Then the limit ofL on ˜̃Y 0 is given by[nH −

2γ
′
α, −2γ

′
(f̃ + κ), 2γ

′
hA]. Keeping the same notation as above, the sectionsn,γ

must vanish on the divisor̃E with multiplicity γ
′
. But then the restriction ofD0

n,γ

on ˜̃S must contain the divisorγ
′
ẽ. In other words,D0

n,γ induces onW̃ a curveCW̃
with the propertyCW̃ = C

′
W̃
+ γ ′ ẽ for some curveC

′
W̃

of class equal tonH −
2γ
′
α− γ ′ ẽ. Observe, also, that the curveCW̃ intersects the curvesα1

i , α
2
i in points

which correspond to each other underω
′
i. This is due to the fact the restriction of

the limit line bundle on the surfaceAi has as a fixed part the divisorγ
′
κ and a

moving part of classγ
′
hA. Therefore the image,CP2, of the curveCW̃ to the plane

is going to be a curve of degreen having at the 2g points 2P 1
i , 2P 2

i , i = 1, . . . , g,
singularity of type(γ

′
, γ

′
). Moreover, theγ

′
second order jets tangent to the line

XP 1
i

at the point 2P 1
i , which are determined by that curve, correspond to those at

the point 2P 2
i tangent to the lineXP 2

i
under the isomorphismω

′
i.

The corresponding result for the caseγ = −(2γ ′ + 1) is the following. In this
case the curveC

′
W̃

has class equal tonH − (2γ ′ + 1)α − (γ ′ + 1)ẽ. Note that the

intersection ofC
′
W with each exceptional lineαki , k = 1,2, is equal toγ

′
. Therefore

the image,CP2, of the curveCW̃ on the plane is going to be a curve of degreen
having at the 2g points 2P 1

i , 2P 2
i , i = 1, . . . , g, singularity of type(γ

′ + 1, γ
′
).

The curveCP2 satisfies also a similar property with respect to the isomorphismω
′
i

as above.
The following proposition summarizes the above results.

PROPOSITION 2.1.The above described limit of a section of a line bundleLn,γ

on Y \Y0, induces on the planeP2 a curveCP2 of degreen, which satisfies the
following properties.

(1) If γ > 0, then the curveCP2 passes through theg points P 1
i + P 2

i , i =
1, . . . , g, with multiplicity γ and intersects the linesXP 1

i
andXP 2

i
in points

which correspond to each other underωi.

(2) If γ < 0, then in the caseγ = −2γ
′
, γ

′
> 0 (resp. γ = −(2γ ′ + 1)) the

curveCP2 has at the2g points 2P 1
i , 2P 2

i , i = 1, . . . , g, singularity of type
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(γ
′
, γ

′
) (resp. (γ

′ + 1, γ
′
)). Moreover, theγ

′
second order jets tangent to the

line XP 1
i

at the point2P 1
i , which are determined by that curve, correspond to

those at the point2P 2
i tangent to the lineXP 2

i
under the isomorphismω

′
i. Also,

the curveCP2 intersects the linesXP 1
i
, XP 2

i
in points which correspond to each

other underωi.

3. Effective Divisors on the Symmetric Product

In this section we return to the problem stated in the Introduction. LetC be a curve
of genusg > 1, with general moduli andC(2) its second symmetric product. We
would like to describe the (rational) cone of the effective divisors on the smooth
surfaceC(2) in thex, δ/2-plane. We writecn,γ for the class of the line bundleLn,γ .
In other words, thex-coordinate of the pointcn,γ is n + γ and theδ/2-coordinate
is−γ . The following basic intersection rules take place in the symmetric product:
x2 = 1, x · δ = 2, δ2 = 4− 4g. We then havecn,γ · cn′ ,γ ′ = nn

′ − gγ γ ′ and
so, c2

n,γ = n2 − gγ 2. The sign of the self intersection remains fixed for classes
supported on the same ray. We can then talk for rays of positive, negative or zero
self intersection.

If cn,γ is an effective class thenn > 0. This is based on the fact that the divisor
classx is an ample class, see ([1], Chapter VII, Proposition 2.2, p. 310), and so,
cn,γ · x = n > 0. Also, one can easily see that for such a class we haven+ γ > 0
(take the intersection with1). Therefore the effective cone is located on the right
side of theδ/2-axis.

A ray in the right half plane is determined by its slope, i.e., by the ratio of the
δ/2-coordinate by thex-coordinate of a point on the ray. If a classcn,γ is supported
on a ray then the slope of that ray is−γ /(n+γ ). Given a rayR, of slope−γ /(n+
γ ), supporting a classcn,γ , there is an ‘orthogonal’ rayR⊥, of slope−n/(gγ + n),
supporting the classescn0,γ0 with cn,γ · cn0,γ0 = 0. The rayR⊥ separates the right
half plane in two parts. The sign of the intersection of the classes belonging in the
one of those parts withcn,γ remains fixed.

We determine now the ‘positive’ cone, i.e., the cone of rays of positive self
intersection. The boundary of that cone is given by the two rays determined by
the equationn = ±√g γ . We denote byR1 andR2 those rays (R1 corresponds to
the positive sign). RayR1 has slope−1/(

√
g + 1) and lies on the fourth quarter

while ray R2 has slope 1/(
√
g − 1) and lies on the first quarter, see Figure 6.

The claim is that each ray, with rational slope, in the interior of the positive cone
supports an effective divisor class. Indeed, for such a classcn,γ we havec2

n,γ > 0
andcn,γ · x > 0. This implies that a multiple of that class is effective, see ([5],
Chapter V, Corollary 1.8, p. 363). Therefore, the (rational) open positive cone is
contained in the effective cone.

To continue our analysis, we have to determine the two boundary rays of the
effective cone and then to examine if those rays belong or not to the cone, i.e., if



PRODUCT OF A CURVE WITH GENERAL MODULI 339

Figure 6. Thex, δ/2-plane.

those rays determine an open or a closed boundary. From the above discussion, a
boundary ray will be a ray of self intersection6 0. Moreover, if we are able to
find an irreducible divisor of self intersection6 0, this will determine a closed
boundary for the cone. Indeed, letcn,γ be the class of such a divisor, say in the
fourth quarter (resp. first quarter). IfR is the ray supportingcn,γ then the orthogonal
ray R⊥ lies in the closure of the positive cone in the fourth quarter (resp. first
quarter). Since for any irreducible divisor, different from the above, of classcn′ ,γ ′

we have thatcn,γ · cn′ ,γ ′ = nn
′ − gγ γ ′ > 0, this yields that the class ofD lies

on a ray which is located ‘above’ (resp. ‘below’) the rayR⊥ and this implies the
claim. On the other hand, the only case where the cone can possibly have an open
boundary is when this boundary is one of the two raysR1, R2. Note, also, that
by the above remarks we have the following: ifcn,γ , cn′ ,γ ′ are classes of negative
self intersection which both lie in the fourth quarter (or in the first quarter) then
cn,γ · cn′ ,γ ′ < 0.

By the above observation, we can easily see that one side of the cone is closed.
The (irreducible) diagonal divisor1 has classc2,−2 and so, its self intersection
is given byc2

2,−2 = 4− 4g 6 0. Therefore, theδ/2-axis is the boundary of the
cone on one side. To determine the boundary on the other side, which lies in the
fourth quarter, we notice that the above discussion tells us this: either there exists
an irreducible divisorD of classcn,γ , γ > 0, andc2

n,γ 6 0, in which case the
corresponding ray is the other closed boundary of the cone, or the cone is open and
the open boundary is the rayR1. For low genera, one can construct such divisorsD

with D2 6 0, see [6]. The construction is based on the following: givenC → P1 a
d :1 map, then we can construct a divisor in the symmetric productC(2) as follows:

to each pointP ∈ P1, we associate inC(2) the
(
d

2

)
points which correspond to the

unordered couples of thed points of the fiber overp. By movingP in P1 we form
a curve,0d , in C(2). It turns out that for a ‘general’ such map (more specifically: a
map with simple ramification) the above curve is smooth, irreducible and its class
is given bycd−1,1. We state now the results for low genera, see [6]:
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(1) Forg = 1. The elliptic curveC is hyperelliptic. The boundary of the cone in
the fourth quarter is then determined by the ray supporting a02. This has class
c1,1 andc2

1,1 = 0.
(2) Forg = 2. The curveC is, again, hyperelliptic. In this case the02 has, also,

classc1,1 and self intersectionc2
1,1 = −1.

(3) Forg = 3. Things are more complicated here, but again there is an irreducible
divisor of classc10,6 and of negative self intersectionc2

10,6 = −8. We will
return to this later.

(4) Forg = 4. The curveC possesses twog1
3’s. The corresponding03 determines

the boundary since the self intersection isc2
2,1 = 0.

To continue our study for higher genera, we want to use Franchetta’s degenera-
tion. To be able to do that, we make the following observation: ifD is an irreducible
effective divisor of classcn,γ (γ > 0) and self intersection< 0, then it is unique
with that property. Indeed, if we assume thatD

′
is a different such irreducible

divisor, thenD · D ′ < 0; a contradiction. Suppose now that a curve with general
moduli possesses such a divisor. We can then take a family of curvesX → U , as
in Section 1, with the smooth fibers to be curves of genusg with general moduli
and the zero fiber a rationalg-nodal curve. On each such fiber we can find a divisor
as above, and by the uniqueness, those divisors fit together and form a divisorN
in X\X0. We denote the associated line bundle byLn,γ . On the other hand, if we
suppose that there exist on the symmetric product of a curve with general moduli
an irreducible divisorD of classcn,γ (γ > 0) and self intersection= 0, then there
are finitely many such divisors. We take the sum of those, which defines a uniquely
determined divisor and we continue as before.

We take now the limit ofLn,γ on the zero fiber in the way which was described
in Section 2. The limit on the zero fiber of the section corresponding to the divisor
N , induces on the planeP2 a curve,CP2, of degreen passing through theg points
P 1
i + P 2

i with multiplicity γ (notation as in Section 2). And now, comes into the
picture the Nagata conjecture (for equal multiplicities), which we state:

THE NAGATA CONJECTURE.LetQ1, . . . ,Qg be g points in general position
on the planeP2, with g > 10. If there exist a curveC of degreen which passes
through each one of the above points with multiplicityγ , thenn >

√
g γ .

The above conjecture has been proven, by Nagata, for the case whereg is a perfect
square (g = m2,m ∈ Z) but remains, still, open for the remaining cases, see [7].

To return now to our problem, we state the following proposition

PROPOSITION 3.1.If g is a perfect square, withg > 9, then the boundary of
the effective cone in the fourth quarter is given by theR1 line, which is an open
boundary line.

Proof.We keep the above notation. We first show that we can choose the degen-
eration so that the pointsP 1

i + P 2
i , i = 1, . . . , g, are general points of the plane.

This can be done easily: we start withg general pointsQ1, . . . ,Qg in the plane
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and we choose a conic0 containing none of the above points. Take the tangents
X1
i , X

2
i fromQi to0 and letA1

i , A
2
i be the intersections with0. We choose as the

rationalg-nodal curve the one which is constructed from0 by gluing theg pairs
of pointsA1

i , A
2
i . After degenerating to that curve, we have thatP 1

i + P 2
i = Qi

andXPki = Xk
i , k = 1,2, i = 1, . . . , g. Note also, that we have the freedom in the

choice of0. Observe now that the classcn,γ (γ > 0) has self intersection6 0 if and
only if n 6 √g γ . Forg > 10 andg a perfect square, the Nagata result [7] which
we mentioned above, tells us that, ifn 6 √gγ then there is no curve of degree
n passing through theg pointsP 1

i + P 2
i with multiplicity γ and so, there is no

possible limit curve corresponding to a divisor of classcn,γ , γ > 0 andc2
n,γ 6 0.

Therefore the (open) boundary of the cone is given by theR1 line and this proves
the proposition forg > 10.

On the other hand, one can give, in our case, a direct proof of the above propos-
ition which covers also the caseg = 9. For that, we use the following lemma

LEMMA 3.1. Letg = m2,m > 3 an integer. LetM be a smooth irreducible curve
of degreem and letQ1, . . . ,Qg be g = m2 points onM in general position.
If a curveN , of degreen = mγ , passes through the pointsQ1, . . . ,Qg with
multiplicity γ thenN must be equal toγM.

Proof. We writeN = aM + C, wherea 6 γ andC is a curve of degree
k = m(γ − a), which does not containsM. The curveC intersectsM at the points
Qi, i = 1, . . . , g, and passes through those points with multiplicityγ −a. Suppose
now thata < γ ; we are going to reach a contradiction. LetL0 be the line bundle
of degree(γ − a)g = (γ − a)m2 onM, which is defined by the(γ − a)mmultiple
of the hyperplane sectionH onM. Let p = [(m − 1)(m − 2)]/2 be the genus of
M; note thatp > 1 sincem > 3. We denote byLi, i = 1, . . . , (γ − a)2p, the line
bundles of degreem2 onM, satisfying the propertyL⊗(γ−a)i = L0. We consider the
Abel–Jacobi mapu:M(g) → J g(M) from the symmetric product ofM of degree
g = m2 to the Jacobian of the same degree. Then the existence of the above curve
C, yields that the divisorD := Q1+· · · +Qg lies on a fiber of the mapu over one
of the pointsLi. This contradicts the genericity of the pointsQi. 2
We return now to the proof of our proposition: We make a degeneration to a rational
g nodal curve, so that theg = m2 pointsP 1

i +P 2
i to be the pointsQi, i = 1, . . . , g,

of the curveM as in the lemma. This is possible by the above remarks. It is enough
to show then that there is no limit curveCP2 for the above configuration of points
since this will imply the same for the generic configuration (by the upper semi-
continuity of the dimension of linear systems). But if such a curve exists, then by
the above lemma, it must be equal toγM. On the other hand, since we have the
freedom in the choice of the conic0, the (fixed) curveγM does not satisfy the
additional properties with respect to the isomorphismsωi and so, it can not be a
limit curve. 2
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As an outcome of the above discussion, we can also state the following more
general (!) Proposition

PROPOSITION 3.2.If the Nagata conjecture is true then, forg > 9, the boundary
of the effective cone in the fourth quarter is given by theR1 line, which is an open
boundary line.

For the remaining cases of low genera, not covered by the Nagata conjecture
and by the above stated results of [6] i.e., for 56 g 6 8, we were not able to
find the boundary of the cone, although we expect to be the (open)R1 line. In this
range of genera, there is always a plane curve which violates the Nagata conjecture.
For example, forg = 5 take the conic through five general points. This yields the
existence of linear systems in the plane, withn <

√
g γ , and of big dimension

(quadratic onγ ). On the other hand the extra properties satisfied by the limit curves
impose conditions which are linear onγ . Therefore, we have not been able to
conclude anything from Franchetta’s degeneration.

We finish with the picture for the caseg = 3 and the corresponding degenera-
tion: As we stated before, there is a divisorN of classc10,6 with self intersection
−8. This can be constructed, in at least, two ways: for the first, see [6]. For the
second, we observe that the symmetric productC(2) of a generic curve of genus 3
has a natural involution. Indeed, ifD ∈ C(2), thenh0(D) = 1 (by the genericity
of the curve) and so,h0(K − D) = 1, whereK is the canonical bundle onC.
We then define the involution by sending the pointD to the pointK −D onC(2).
We define now the divisorN on C(2) to be the image of the diagonal divisor1
under the involution. ThereforeN has the same self intersection as the diagonal,
i.e.,N2 = −8. We degenerate to a rational three nodal curve. The associated plane
curveCP2 is the following. LetLij be the line joining the pointP 1

i + P 2
i with

P 1
j + P 2

j , 1 6 i < j 6 3. ThenCP2 is the union of twice those three lines
plus a quartic curveQ which passes through the above points with multiplicity
two. More specifically, take the blowing up planeP̃2 at the three pointsP 1

i + P 2
i ,

i = 1,2,3. Let ηi, i = 1,2,3, be the exceptional divisors of the blow up. The
planeP̃2 can be viewed as the blowing down of the surfaceW of Section 1, at the
linese1

i ande2
i , i = 1,2,3, see Figure 3. We have seen that the limit of the diagonal

line bundle, has onW class 2H + 2η. The section in that bundle, corresponding
to the diagonal divisor induces then onCW , and consequently oñP2, a curve of
class 2H + 2η. This is the union of the pull back of the conic0 plus twice the
exceptional divisorsηi , i = 1,2,3. The image of that union of curves under the
‘Cremona transform’, centered at the three pointsP 1

i + P 2
i , i = 1,2,3, is the

curveCP2. It is a nice coincidence that the extra conditions with respect to the
isomorphismsωi are automatically satisfied. In other words, the involution inC(2)

corresponds, under the Franchetta degeneration, to the Cremona transform in the
plane!
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