
ALGEBRA, ASKHSEIS # 4

Prìblhma 1. Estw (G, ·) om�da kai èstw e to tautotikì thc stoiqeÐo. An k�je
stoiqeÐo a ∈ G ikanopoieÐ thn sqèsh a · a = e deÐxte ìti h om�da G eÐnai abelian .

Prìblhma 2. Estw T isìpleuro trÐgwno kai èstw O to shmeÐo tom c twn
mesokajètwn tou. Estw σ0 : T −→ T h tautotik  apeikìnish kai σ1 : T −→ T
(antist. σ2 : T −→ T ) h apeikìnish pou antistoiqeÐ se strof  600 (antist. 1200)
me kèntro O. Estw, epÐshc, τi : T −→ T, i = 1, 2, 3, oi apeikonÐseic pou antistoioÔn
stic anaklaseic toÔ trig¸nou me �xonec tic treic mesokajètouc. DeÐxte ìti to sÔnolo
A = {σ0, σ1, σ2, τ1, τ2, τ3} me pr�xh thn sÔnjesh apeikonÐsewn apoteleÐ om�da kai
breÐte ton pÐnaka pr�xhc thc.

Prìblhma 3. Estw n, m ∈ N. DeÐxte ìti nZ ≤ mZ e�n kai mìnon e�n
m|n.

Prìblhma 4. Estw F = {f : R −→ R sun�rthsh} kai F ? = {f : R −→
R−{0} sun�rthsh}. Stì F orÐzome pr�xh + mèsw thc sqèshc (f+g)(x) = f(x)+g(x)
kai sto F ? pr�xh · mèsw thc sqèshc (f · g)(x) = f(x) · g(x). DeÐxte ìti (F,+) kai
(F ?, ·) eÐnai om�dec. En suneqeÐa, jewr ste ta ex c sÔnola:

A = {f ∈ F : f(x) 6= 0, ∀x ∈ R}.
B = {f ∈ F : f(1) = 0}.
C = {f ∈ F : f(0) = 1}.
D = to sÔnolo twn stajer¸n mh mhdenik¸n sunart sewn.

Poi� apì ta parap�nw sÔnola orÐzoun upoom�dec t c (F,+) kai poi� t c (F ?, ·).

Prìblhma 5. Estw (G, ·) om�da kai èstw a stoiqeÐo t c G. DeÐxte ìti to
Ha := {g ∈ G, ìpou ag = ga} eÐnai upoom�da t c G.

Prìblhma 6. Estw (G, ·) om�da me �rtia to pl joc stoiqeÐa. DeÐxte ìti
up�rqei stoiqeÐo a t c om�dac, pou den eÐnai to oudètero, me thn idiìthta a = a−1.

Prìblhma 7. Exet�sate poièc apì tic parak�tw om�dec eÐnai kuklikèc.
a) (R,+).
b) ({+1,−1}, ·).
g) (M(2, Z),+) (bl. full�dio 2, �skhsh 7).

Prìblhma 8. Estw a, b ∈ N, a, b 6= 0.
a) OrÐzoume S = {t ∈ Z, ìpou a|t kai b|t}. DeÐxte ìti to S eÐnai upoom�da thc Z (me
pr�xh thn prìsjesh).
b) Me b�sh thn jewrÐa, ja prèpei na up�rei ènac fusikìc e ∈ N ètsi ¸ste S = e Z.
O e lègetai to el�qisto koinì pollapl�sio twn a, b. DikaiologÐste thn orologÐa,
dhl. deÐxte ìti o parap�nw fusikìc e eÐnai o el�qistoc twn koin¸n pollaplasÐwn
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twn a kai b.
g) An a = qr1

1 . . . qrk
k . . . kai b = qs1

1 . . . qsk
k . . . oi analÔseic twn a kai b se pr¸touc

(sÔmfwna me ton sumbolismì toÔ maj matoc), deÐxte ìti e = qµ1
1 . . . qµk

k . . ., ìpou
µi = mègisto(ri, si).
d) Estw d = m.k.d.(a, b). DeÐxte ìti e · d = a · b.

Prìblhma 9. a) Estw G om�da kai K, L upoom�dec thc G. DeÐxte ìti
K ∩ L eÐnai upoom�da t c G.
b) Estw n, m ∈ N. Ekfr�ste thn nZ ∩mZ sthn morf  e Z, gi� k�poio e ∈ N

Prìblhma 10. Estw G kuklik  om�da me �peirh t�xh. DeÐxte ìti k�je up-
oom�da t c G pou eÐnai 6= {e} èqei �peirh t�xh. IsqÔei to Ðdio an h G èqei �peirh t�xh
all� den eÐnai kuklik ?
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