
ALGEBRA, ASKHSEIS #3

Prìblhma 1. BreÐte ton d = m.k.d.(144, 625) qrhsimopoiìntac i) thn EukleÐdeia
diaÐresh kai ii) thn an�lush twn 144 kai 625 se pr¸touc arijmoÔc.

Prìblhma 2. a) Estw p pr¸toc arijmìc kai a ∈ Z. DeÐxte ìti an p|a2 tì-
te p|a. IsqÔei to Ðdio an o p den eÐnai pr¸toc arijmìc?
b) Estw m,n ∈ N me m.k.d.(m,n) = 1. Upojètoume ìti mn = k2, gi� k�poio k ∈ N.
DeÐxte ìti up�rqoun a, b ∈ N tètoioi ¸ste m = a2 kai n = b2. IsqÔei to Ðdio an
bg�loume thn upìjesh m.k.d.(m,n) = 1?

Prìblhma 3. a) Estw n, m ∈ N me n, m ≥ 1. DeÐxte ìti 2n − 1|2nm − 1.
Sumper�nate ìti an 2n − 1 eÐnai pr¸toc arijmìc tìte kai o n eÐnai pr¸toc.
b) Estw k, r ∈ N. DeÐxte ìti 22r

+ 1|22r(2k+1) + 1. Sumper�nate ìti an o 2n + 1
eÐnai pr¸toc arijmìc tìte to n eÐnai mi� dÔnamh toÔ 2.

Prìblhma 4. Estw m,n ∈ N.
a) DeÐxte ìti an to upìloipo t c diaÐreshc toÔ m me to n eÐnai r, dhl. m = qn + r
me 0 ≤ r < n, tìte to upìloipo t c diaÐreshc toÔ 2m − 1 me ton 2n − 1 eÐnai 2r − 1.
(Upìdeixh: Parathr ste ìti to 2qn − 1 eÐnai pollapl�sio toÔ 2n − 1).
b) Basizìmenoi sthn eÔresh toÔ m.k.d. me qr sh toÔ EukleÐdeiou algorÐjmou, deÐxte
ìti an m.k.d.(m,n) = d tìte m.k.d.(2m − 1, 2n − 1) = 2d − 1.

Prìblhma 5. UpologÐste sunart sei toÔ fusikoÔ arijmoÔ n to pl joc twn
sunìlwn {a, b} ⊂ N me thn idiìthta m.k.d.(a, b) = 1 kai ab = 10n+130n.

Prìblhma 6. a) 'Estw a, b ∈ Z. DeÐxte ìti:
i) An m.k.d.(a, b) = 1, tìte m.k.d.(a + b, a− b) = 1   2.
ii) `An m.k.d.(a, b) = 1, tìte m.k.d.(a− b, a2 + ab + b2) = 1   3.
b) Gia k�je mi� apì tic parak�tw exis¸seic, breÐte ìlec tÐc lÔseic thc x, y pou eÐnai
fusikoÐ arijmoÐ pr¸toi metaxÔ touc (Upìdeixh: Qrhsimopoi ste to er¸thma a) kai
to je¸rhma an�lushc se pr¸touc arijmoÔc).

1. x2 − y2 = 135

2. x2 − y2 = 72

3. x3 − y3 = 721

4. x3 − y3 = 3087

Prìblhma 7. Gia poièc apì tic parak�tw peript¸seic h ? orÐzei dimel  pr�xh?. Sthn
perÐptwsh pou orÐzetai pr�xh exet�ste an aut  eÐnai prosetairistik , antimetajetik 
kai an èqei oudètero stoiqeÐo.
a) Sto sÔnolo twn rht¸n Q me a ? b = a + b
b) Sto sÔnolo twn rht¸n Q me a ? b = a

b
g) Sto sÔnolo twn fusik¸n N me a ? b = ab
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d) Sto sÔnolo twn akeraÐwn Z me a ? b = ab

e) Sto sÔnolo twn rht¸n Q me a ? b = ab + 1.
st) Sto sÔnolo twn rht¸n Q me a ? b = |a| b.

Prìblhma 8. Estw ? mia (dimel c) pr�xh sto sÔnolo A h opoÐa èqei oudè-
tero stoiqeÐo kai gia thn opoÐa isqÔei ìti a ? (b ? c) = (a ? c) ? b, gi� k�je a, b, c ∈ A.
Na apodeiqjeÐ ìti h pr�xh ? eÐnai antimetajetik  kai prosetairistik .
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