
ALGEBRA, ASKHSEIS #4

Prìblhma 1. 'Estw (G, ?) om�da kai a, b ∈ G. DeÐxte ìti a ? b = e ⇐⇒ b ? a = e,
ìpou wc e sumbolÐzoume to oudètero stoiqeÐo t c G.

Prìblhma 2. Exet�ste poi� apì ta parak�tw zeÔgh sunistoÔn om�da:
a) ({−1, 0, 1},+).
b) (A,+), ìpou A = {f : [0, 1] −→ R, suneq c sun�rthsh}. H pr�xh + sumbolÐzei
to �jroisma sunart sewn, dhl. an f, g ∈ A tìte f + g eÐnai h sun�rthsh me
(f + g)(x) = f(x) + g(x).
g) (A, ·), ìpou A ìpwc sto b). H pr�xh · sumbolÐzei to ginìmeno sunart sewn, dhl.
an f, g ∈ A tìte f · g eÐnai h sun�rthsh me (f · g)(x) = f(x) · g(x).
d) (B, ·), ìpou B = {2n, n ∈ Z} kai · o pollaplasiasmìc.

Prìblhma 3. 'Estw n ènac fusikìc arijmìc. SumbolÐzoume wc Mn to sÔ-
nolo twn n-st¸n migadik¸n riz¸n t c mon�doc, dhl. to sÔnolo twn migadik¸n
lÔsewn t c exÐswshc zn = 1. DeÐxte ìti to (Mn, ·), ìpou · o pollaplasiasmìc
migadik¸n arijm¸n, eÐnai abelian  om�da.

Prìblhma 4. Estw T isìpleuro trÐgwno kai èstw O to shmeÐo tom c twn
mesokajètwn tou. Estw σ0 : T −→ T h tautotik  apeikìnish kai σ1 : T −→ T
(antist. σ2 : T −→ T ) h apeikìnish pou antistoiqeÐ se strof  600 (antist. 1200)
me kèntro O. Estw, epÐshc, τi : T −→ T, i = 1, 2, 3, oi apeikonÐseic pou antistoioÔn
stic anaklaseic toÔ trig¸nou me �xonec tic treic mesokajètouc. DeÐxte ìti to
sÔnolo A = {σ0, σ1, σ2, τ1, τ2, τ3} me pr�xh thn sÔnjesh apeikonÐsewn apoteleÐ
om�da kai breÐte ton pÐnaka pr�xhc thc.

Prìblhma 5. Estw (G, ?) om�da me 2n stoiqeÐa. Me thn qr sh toÔ pÐnaka
pr�xhc t c G deÐxte ìti up�rqei stoiqeÐo a thc om�dac, pou den eÐnai to oudètero, me
thn idiìthta a = a−1.

Prìblhma 6. Estw F = {f : R −→ R sun�rthsh} kai F ? = {f : R −→
R∗ = R\{0} sun�rthsh}. Stì F orÐzome pr�xh thn pr�xh + kai sto F ? thn pr�xh
· ìpwc sto prìblhma 2. DeÐxte ìti (F,+) kai (F ?, ·) eÐnai om�dec. En suneqeÐa,
jewr ste ta ex c sÔnola:

A = {f ∈ F : f(x) 6= 0, ∀x ∈ R}.
B = {f ∈ F : f(1) = 0}.
C = {f ∈ F : f(0) = 1}.
D = to sÔnolo twn stajer¸n mh mhdenik¸n sunart sewn.

Poi� apì ta parap�nw eÐnai upoom�dec t c (F,+) kai poi� t c (F ?, ·).

Prìblhma 7. Estw (G, ?) om�da kai èstw a stoiqeÐo t c G. DeÐxte ìti to
Ha := {g ∈ G, ìpou a ? g = g ? a} eÐnai upoom�da t c G.
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Prìblhma 8. Estw (G, ?) mia abelian  om�da kai èstw m ènac akèraioc a-
rijmìc. DeÐxte ìti to Gm := {g ∈ G, me gm = e}, ìpou e to oudètero stoiqeÐo, eÐnai
upoom�da t c G.

Prìblhma 9. a) Estw (G, ?) om�da kai K, L upoom�dec t c G. DeÐxte ìti
K ∩ L eÐnai upoom�da t c G.
b) Estw n, m ∈ Z. Apì to er¸thma a) h tom  nZ ∩mZ eÐnai upoom�da t c om�dac
(Z,+). Epomènwc, me b�sh thn jewrÐa isoÔtai proc e Z, gi� k�poio e ∈ N≥0. BreÐte
to e sunart sei twn n, m.

Prìblhma 10. a) Estw (G, ?) abelian  om�da kai A,B upoom�dec t c G.
DeÐxte ìti to A ? B = {a ? b, a ∈ A, b ∈ B} eÐnai upoom�da t c G.
b) Estw n, m ∈ Z. Apì to er¸thma a) to nZ + mZ = {a + b, a ∈ nZ, b ∈ mZ}
eÐnai upoom�da t c om�dac (Z,+). Epomènwc, me b�sh thn jewrÐa isoÔtai proc d Z,
gi� k�poio d ∈ N≥0. BreÐte to d sunart sei twn n, m.
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