
ALGEBRA I-METAPTUQIAKO, QEIMERINO EXAM. 2006-07
ASKHSEIS #3

ShmeÐwsh: Sta parak�tw oi daktÔlioi eÐnai antimetajetikoÐ me monadiaÐo stoiqeÐo,

ektìc an �llwc anafèretai.

*Prìblhma 1. Estw ω2 = −5 kai Z[ω] = {n + mω, n,m ∈ Z} ⊆ C.
a) BreÐte ta antistrèyima stoiqeÐa tou daktulÐou Z[ω].
b) DeÐxte ìti to stoiqeÐo 6 èqei dÔo diaforetikèc analÔseic wc ginìmeno anag¸gwn
stoiqeÐwn tou Z[ω]. 'Estw Z[

√
−5] = {m + nω, m, n ∈ Z}, ìpou ω2 = −5. DeÐxte

ìti ston parap�nw daktÔlio to stoiqeÐo 2 + ω eÐnai an�gwgo all� ìqi pr¸to.

*Prìblhma 2. 'Estw S = {a + xf(x, y), ìpou a ∈ Z kai f(x, y) ∈ Z[x, y]}.
a) DeÐxte ìti to S eÐnai upodaktÔlioc toÔ Z[x, y]
b) 'Estw

I0 =< x >, I1 =< x, xy >, I2 =< x, xy, xy2 >, . . . , In =< x, xy, xy2, . . . , xyn >, . . .

DeÐte ìti ta parap�nw ide¸dh sqhmatÐzoun mi� �peirh gnhsÐwc aÔxousa akoloujÐa
idewd¸n.

*Prìblhma 3. Estw R P.M.A. kai a ∈ R. DeÐxte ìti up�rqoun peperas-
mèna to pl joc kÔria ide¸dh pou perièqoun to ide¸dec < a >.

**Prìblhma 4. 'Estw S = {a + x3f(x, y) + xyg(x, y) + y3h(x, y), ìpou a ∈
R kai f(x, y), g(x, y), h(x, y) ∈ R[x, y]}.
a) DeÐxte ìti to S eÐnai upodaktÔlioc toÔ R[x, y]
b) DeÐxte ìti x3, xy, y3 eÐnai an�gwga all� ìqi pr¸ta stoiqeÐa toÔ daktulÐou S.
g) EÐnai k�je upodaktÔlioc mi�c P.M.A. kai autìc P.M.A. ?

**Prìblhma 5. SumbolÐzoume wc S to sÔnolo twn idewd¸n toÔ daktulÐou
R ta opoÐa èqoun thn idiìthta ìti k�je stoiqeÐo touc eÐnai mhdenodiairèthc. DeÐxte
ìti to sÔnolo S èqei megistik� (maximal) stoiqeÐa kai ìti k�je tètoio stoiqeÐo eÐnai
èna pr¸to ide¸dec. Sunep¸c to sÔnolo twn mhdenodiairet¸n toÔ R gr�fetai wc
ènwsh pr¸twn idewd¸n.

**Prìblhma 6. ApodeÐxte ìti an R eÐnai P.K.I. kai I 6= R eÐnai ide¸dec
tìte to I gr�fetai wc ginìmeno pr¸twn idewd¸n.

***Prìblhma 7. JewroÔme ton daktÔlio R twn olìmorfwn migadik¸n sunart -
sewn.
a) BreÐte ta antistrèyima stoiqeÐa tou.
b) DeÐxte ìti k�je ide¸dec pou par�getai apì peperasmèno pl joc stoiqeÐwn toÔ R,
eÐnai kÔrio ide¸dec.
g) Poi� apì ta kÔria ide¸dh toÔ R eÐnai pr¸ta ide¸dh?
d) DeÐxte ìti o R den eÐnai P.M.A. (kai epomènwc oÔte P.K.I.).
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***Prìblhma 8. Sthn parak�tw �skhsh jewroÔme gnwstì ìti to idèwdec
twn mhdenodÔnamwn stoiqeÐwn toÔ daktulÐou R eÐnai h tom  ìlwn twn pr¸twn
idewd¸n toÔ R. SumbolÐzoume wc SpecR to sÔnolo twn pr¸twn idewd¸n toÔ
daktulÐou R. EpÐshc, an E uposÔnolo toÔ R sumbolÐzoume wc V (E) to sÔnolo twn
pr¸twn idewd¸n toÔ R pou perièqoun to E. DeÐxte ìti to sÔnolo SpecR efodi�zetai
me mia topologÐa (h opoÐa lègetai topologÐa toÔ Zariski) ta kleist� sÔnola t c
opoÐac eÐnai ta V (E) kai ta opoÐa ikanopoioÔn tÐc parak�tw idiìthtec:
a) An E ⊆ R sumbolÐzoume wc IE to ide¸dec poÔ par�getai apì to E, dhl.
IE =

∑
a∈E < a >. DeÐxte ìti V (E) = V (IE) = V (Rad(IE)).

b) V (0) = X, V ({1}) = ∅.
g) 'Estw Ei oikogèneia uposunìlwn toÔ R. Tìte V (∪i∈IEi) = ∩i∈IV (Ei).
d) An ta I, J eÐnai ide¸dh toÔ R tìte V (I ∩ J) = V (IJ) = V (I) ∪ V (J). EpÐshc,
V (I) ⊆ V (J) ⇐⇒ RadI ⊇ RadJ .
e) 'Estw a ∈ R. Jewr¸ntac to a wc monosÔnolo, deÐxte ìti V (a) = R ⇐⇒ a
mhdenodÔnamo.
st) Gia a ∈ R orÐzoume wc Xa to sumpl rwma toÔ V (a) sto SpecR. DeÐxte ìti ta
Xa, a ∈ R, apoteloÔn mia b�sh anoikt¸n t c parap�nw topologÐac.
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