
ALGEBRA I-METAPTUQIAKO, QEIMERINO EXAM. 2006-07
ASKHSEIS #9

ShmeÐwsh: Sta parak�tw oi daktÔlioi eÐnai antimetajetikoÐ me monadiaÐo stoiqeÐo,

ektìc an �llwc anafèretai.

* Prìblhma 1. Estw Z[i] o daktÔlioc twn akeraÐwn toÔ Gauss. BreÐte mi-
a el�qisth (minimal) an�lush toÔ ide¸douc I = (8 + 4i) se prwtarqik� ide¸dh.

* Prìblhma 2. Estw I rizikì ide¸dec daktulÐou R to opoÐo èqei an�lush
se primary ide¸dh. DeÐxte ìti to I den èqei embujismèna pr¸ta idèwdh.

* Prìblhma 3. Ston daktÔlio Z[x] jewroÔme to mègisto ide¸dec tou m = (2, x).
a) DeÐxte ìti to ide¸dec I = (4, x) eÐnai m-primary.
b) DeÐxte ìti to I den eÐnai thc morf c mn, n ∈ N (ginìmeno toÔ m me ton eautì
tou n forèc).

* Prìblhma 4. JewroÔme ton daktÔlio C[x, y, z]. BreÐte mia el�qisth
prwtarqik  an�lush toÔ idèwdouc < xy, x− yz >.

** Prìblhma 5. JewroÔme to ide¸dec I =< x2, xy >⊆ Q[x, y]. DeÐxte
ìti
a) I =< x > ∩ < x2, xy, y2 >=< x > ∩ < x2, y > eÐnai dÔo diaforetikèc el�qistec
analÔseic toÔ ide¸douc I se primary ide¸dh.
b) Gia k�je a ∈ Q deÐxte ìti I =< x > ∩ < x2, y − ax > eÐnai mia el�qisth an�lush
toÔ ide¸douc I se primary ide¸dh. Sunep¸c, to I èqei �peirec to pl joc diaforetikèc
el�qistec analÔseic se primary ide¸dh.

** Prìblhma 6. Estw p pr¸to ide¸dec daktulÐou R kai èstw K o pur -
nac toÔ kanonikoÔ omomorfismoÔ φ : R −→ Rp pou orÐzetai apì φ(r) = r

1 . deÐxte ìti
a) S ⊆ p.
b) Rad(S) = p⇐⇒ p el�qisto pr¸to ide¸dec toÔ R.
g) An q pr¸to ide¸dec me q ⊆ p tìte Sp ⊆ Sq.

** Prìblhma 7. JewroÔme to ide¸dec I =< x2, xy, y2 >⊆ C[x, y]. DeÐxte ìti to
ide¸dec I eÐnai primary ide¸dec all� den eÐnai an�gwgo ide¸dec.

** Prìblhma 8. Ston poluwnumikì daktÔlio C[x, y, z] èstw p1 =< x, y >,
p2 =< x, z > kai m =< x, y, z >. Estw q = p1p2. BreÐte mia el�qisth an�lush toÔ
q se prwtarqik� ide¸dh. BreÐte poi� eÐnai ta embujismèna ide¸dh kai poi� ta el�qista
ide¸dh t c an�lushc.

***Prìblhma 9. a) 'Estw R aktÔlioc kai R[x] o daktÔlioc metablht c x
me suntelestèc sto R. DeÐxte ìti an to q eÐnai p-prwtarqikì ide¸dec toÔ R tìte to
q[x] eÐnai p[x]-prwtarqikì ide¸dec toÔ R[x]. (ShmeÐwsh: apì thn �skhsh 5, full�dio
7, gnwrÐzoume ìti to p[x] eÐnai pr¸to ide¸dec).
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b) An a = ∩n
i=1qi mia el�qisth an�lush toÔ ide¸douc a se prwtarqik� ide¸dh, deÐxte

tìte ìti a[x] = ∩n
i=1qi[x] eÐnai mia el�qisth an�lush toÔ ide¸douc a[x] se prwtarqik�

ide¸dh.

***Prìblhma 10. 'Estw R = C[x, y]/I, ìpou I =< x2, xy >.
a) DeÐxte ìti ta ide¸dh < x̄ > kai < ȳn > toÔ daktÔlÐou R eÐnai prwtarqik� kai,
epÐshc, ìti 0̄ =< x̄ > ∩ < ȳn > eÐnai mia el�qisth an�lush toÔ ide¸douc < 0̄ > se
prwtarqik� ide¸dh gia k�je fusikì arijmì n.
b) Genikìtera deÐxte ìti gia k�je λ ∈ C me λ 6= 0 èqoume ìti 0̄ =< x̄ > ∩ < x̄+λȳn >
eÐnai mia el�qisth an�lush toÔ ide¸douc < 0̄ > se prwtarqik� ide¸dh.
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