
ALGEBRA I-METAPTUQIAKO, QEIMERINO EXAM. 2008-09
ASKHSEIS #10 - LUSEIS TWN PROBLHMATWN 5, 6, 7

Prìblhma 5 - LÔsh: Ta erwt mata a), b) apant jhkan sthn t�xh. Gia to er¸thma
g): DiairoÔme to xy me to x−yz (wc proc thn metablht  x). EÐnai xy = (x−yz)y+y2z.
Epomènwc I =< xy, x− yz >=< y2z, x− yz >. Isqurismìc:

I =< y2, x− yz > ∩ < z, x− yz >

'Estw epomènwc J1 =< y2, x− yz > kai J2 =< z, x− yz >=< z, x >. 'Eqoume ìti to
J2 eÐnai pr¸to �ra primary. EpÐshc C[x, y, z]/J1

∼= C[y, z]/ < y2 > (diaÐresh me to
x− yz wc proc thn metablht  x). Ston daktÔlio C[y, z]/ < y2 > k�je diairèthc toÔ
mhdenìc eÐnai nilpotent: 'Estw f̄ , ḡ 6= 0̄ me f̄ ḡ = 0̄. Tìte y2 | fg �ra y | f kai y | g
�ra y2 | f2 kai y2 | g2 �ra f̄2 = 0̄ kai ḡ2 = 0̄. Epomènwc kai to J1 eÐnai primary (me
Rad(J1) =< x, y >).

DeÐqnoume t¸ra ìti I = J1 ∩ J2. Profan¸c I ⊆ J1, J2. 'Estw f(x, y, z) ∈
C[x, y, z]. Diair¸ntac to me to x− yz (wc proc thn metablht  x) èqoume

f(x, y, z) = q(x, y, z)(x− yz) + f1(y, z). (1)

Upojètoume t¸ra ìti f ∈ J1∩J2. Epeid  x−yz ∈ J1∩J2 ja prèpei f1(y, z) ∈ J1∩J2.
'Oti f1(y, z) ∈ J1 sunep�getai

f1(y, z) = g1(x, y, z)y2 + g2(x, y, z)(x− yz) (2)

jètontac x = yz sthn (2), paÐrnoume ìti

f1(y, z) = g1(yz, y, z)y2 = g(y, z)y2 ìpou g(y, z) := g1(yz, y, z) (3)

'Oti f1(y, z) ∈ J2 sunep�getai epomènwc ìti g(y, z)y2 = h1(x, y, z)z+h2(x, y, z)x. Jè-
tontac x = 0 paÐrnoume g(y, z)y2 = h1(0, y, z)z = h(y, z)z, ìpou h(y, z) := h1(0, y, z).
Epeid  (y2, z) = 1 sun�goume ìti z | g(y, z) �ra g(y, z) = g′(y, z)z. Epomènwc
g(y, z)y2 = g′(y, z)zy2. Antikajist¸ntac thn èkfrash toÔ g(y, z) sthn sqèsh (3)
èqoume f1(y, z) = g′(y, z)zy2. Antikajist¸ntac tèloc thn parap�nw èkfrash toÔ
f1(y, z) sthn sqèsh (1) sun�goume f(x, y, z) = q(x, y, z)(x− yz) + g′(y, z)zy2 ∈ I.

H parap�nw an�lush eÔkola deÐqnoume ìti eÐnai kai el�qisth.
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Prìblhma 6 - LÔsh: a) DiairoÔme to x2y3 me to x+y+1 (wc proc thn metablht 
x). PaÐrnoume x2y3 = (x + y + 1)(xy3 − y4 − y3) + y3(y + 1)2. Epomènwc I =<
y3(y + 1)2, x + y + 1 >. Isqurismìc:

I =< y3, x + y + 1 > ∩ < (y + 1)2, x + y + 1 >

'Estw loipìn J1 =< y3, x+y+1 > kai J2 =< (y+1)2, x+y+1 >. EÐnai Rad(J1) =<
x, y > kai Rad(J2) =< x, y + 1 > mègista ide¸dh toÔ C[x, y] �ra ta J1, J2 eÐnai
primary.

DeÐqnoume t¸ra ìti I = J1 ∩ J2. Profan¸c I ⊆ J1, J2. 'Estw f(x, y) ∈ C[x, y].
Diair¸ntac to me to x + y + 1 (wc proc thn metablht  x) èqoume

f(x, y) = q(x, y)(x + y + 1) + f1(y). (4)

Upojètoume t¸ra ìti f ∈ J1∩J2. Epeid  x+y+1 ∈ J1∩J2 ja prèpei f1(y) ∈ J1∩J2.
'Oti f1(y) ∈ J1 sunep�getai

f1(y) = g1(x, y)y3 + g2(x, y)(x + y + 1) (5)

Jètontac x = −y − 1 h sqèsh (5) gÐnetai

f1(y) = g1(−y − 1, y)y3 = g(y)y3, ìpou g(y) := g1(−y − 1, y) (6)

'Oti f1(y) ∈ J2 sunep�getai epomènwc ìti g(y)y3 = h1(x, y)(y+1)2+h2(x, y)(x+y+1).
Jètontac p�li x = −y−1 paÐrnoume ìti g(y)y3 = h1(−y−1, y)(y+1)2, dhl. g(y)y3 =
h(y)(y + 1)2, ìpou h(y) := h1(−y − 1, y). Epeid  (y3, (y + 1)2) = 1 sun�goume ìti
(y + 1)2 | g(y) dhl. g(y) = g′(y)(y + 1)2. Antikajist¸ntac thn èkfrash toÔ g(y)
sthn sqèsh (6) paÐrnoume f1(y) = g′(y)y3(y + 1)2. Antikajist¸ntac thn èkfrash toÔ
f1(y) sthn sqèsh (4) paÐrnoume f(x, y) = q(x, y)(x + y + 1) + g′(y)y3(y + 1)2 ∈ I.

H parap�nw an�lush eÔkola deÐqnoume ìti eÐnai kai el�qisth.

b) Apì to er¸thma a) èqoume ìti Rad(I) =< x, y > ∩ < x, y + 1 >. Upen-
jumÐzoume ìti an I1, I2 ide¸dh daktulÐou R me I1 + I2 = R tìte I1 ∩ I2 = I1I2.
Sthn perÐptws  mac profan¸c èqoume < x, y > + < x, y + 1 >= C[x, y] diìti
1 = (y + 1)− y ∈< x, y > + < x, y + 1 >. 'Ara Rad(I) =< x, y > ∩ < x, y + 1 >=<
x, y >< x, y + 1 >=< x2, x(y + 1), xy, y(y + 1) >=< x, y(y + 1) >.
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Prìblhma 7 - LÔsh: To a) to k�name wc par�deigma sthn t�xh. Gia to èr¸thma
b): To < x > eÐnai pr¸to �ra kai primary. EpÐshc Rad(< x2, y − ax >) =< x, y >
mègisto toÔ Q[x, y] �ra eÐnai primary.

Profan¸c èqoume < x2, xy >⊆< x > ∩ < x2, y − ax >. Gia ton antÐstrofo
egkleismì (gia a = 0 to apodeÐxame sto a) er¸thma, sunep¸c mporoÔme na upojèsoume
ìti a 6= 0): 'Estw f(x, y) ∈ Q[x, y]. Tì diair¸ me to x2 kai èqw f(x, y) = q(x, y)x2 +
r(x, y) me degxr(x, y) ≥ 1. Sunep¸c r(x, y) = r1(y)x + r2(y). Sunep¸c

f(x, y) = q(x, y)x2 + r1(y)x + r2(y) (7)

Estw t¸ra ìti f(x, y) ∈< x > ∩ < x2, y−ax >. Epeid  x2 ∈< x > ∩ < x2, y−ax >
ja prèpei r1(y)x + r2(y) ∈< x > ∩ < x2, y − ax >. 'Oti r1(y)x + r2(y) ∈< x >
sunep�getai ìti r1(y)x + r2(y) = h(x, y)x. Jètontac x = 0 sun�goume ìti r2(y) = 0.
Epomènwc ja èqoume r1(y)x ∈< x2, y−ax >. 'Ara r1(y)x = g1(x, y)x2 + g2(x, y)(y−
ax). Jètontac x = y/a èqoume r1(y)y/a = g1(y/a, y)y2/a2 dhl. ar1(y) = g(y)y,
ìpou g(y) = g1(y/a, y). Sunep¸c y | r1(y) kai �ra r1(y) = r′

1(y)y. Antikajist¸ntac
thn èkfrash toÔ r1(y) = r′

1(y)y kai toÔ r2(y) = 0 sthn sqèsh (7) paÐrnoume f(x, y) =
q(x, y)x2 + r′

1(y)xy ∈ I.
H parap�nw an�lush eÔkola deÐqnoume ìti eÐnai kai el�qisth.
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