
ALGEBRA, ASKHSEIS #1

Prìblhma 1. Gr�yte ton tÔpo t c EukleÐdeiac diaÐreshc toÔ a di� toÔ b stic
parak�tw peript¸seic:
a) a = −327, b = 12.
b) a = 453, b = −8.
g) a = −372, b = −11.

Prìblhma 2. BreÐte ton d = m.k.d.(1147, 851). Gr�yte ton d sthn morf 
d = 1147κ+ 851λ gi� k�poiouc akèraiouc κ, λ.

Prìblhma 3. 'Estw a ènac perittìc akèraioc.
a) DeÐxte ìti to upìloipo t c diaÐreshc toÔ a2 di� toÔ 4 isoÔtai me 1.
b) DeÐxte ìti to upìloipo t c diaÐreshc toÔ a2 di� toÔ 8 isoÔtai me 1.

Prìblhma 4. 'Estw a, b, c ∈ Z. DeÐxte ìti up�rqoun akèraioi x, y me ax + by = c
an kai mìnon an m.k.d.(a, b) | c.

Prìblhma 5. Estw a, b, c ∈ Z.
a) DeÐxte ìti an m.k.d.(a, c) = m.k.d.(b, c) = 1 tìte m.k.d.(ab, c) = 1.
b) DeÐxte ìti an m.k.d.(a, c) = 1 kai m.k.d.(b, c) = d tìte m.k.d.(ab, c) = d.

Prìblhma 6. Gia k�je n ∈ N deÐxte ìti m.k.d.(5n+ 1, 21n+ 4) = 1.

Prìblhma 7. Estw a, b, c, d, k ∈ Z.
a) An k 6= 0, deÐxte ìti m.k.d.(ka, kb) = |k| m.k.d.(a, b).
b) DeÐxte ìti an m.k.d.(a, c) = d, a|b kai c|b tìte ac|bd.
g) An m.k.d.(b, c) = 1 deÐxte ìti m.k.d.(ab, c) = m.k.d.(a, c).
d) An m.k.d.(ab, c) = 1 deÐxte ìti m.k.d.(a, c) = 1 kai m.k.d.(b, c) = 1.

Prìblhma 8. Estw m,n ∈ Z me m.k.d.(m,n) = 1. DeÐxte ìti
m.k.d.(m+ n,m− n) = 1   2.

Prìblhma 9. a) Estw n,m ∈ N me n,m ≥ 1. DeÐxte ìti 2n − 1|2nm − 1.
Sumper�nate ìti an 2n − 1 eÐnai pr¸toc arijmìc tìte kai o n eÐnai pr¸toc.
b) Estw k, r ∈ N. DeÐxte ìti 22r

+ 1|22r(2k+1) + 1. Sumper�nate ìti an o 2n + 1 eÐnai
pr¸toc arijmìc tìte to n eÐnai mi� dÔnamh toÔ 2.

Prìblhma 10. Estw m,n ∈ N.
a) DeÐxte ìti an to upìloipo t c diaÐreshc toÔ m me to n eÐnai r, dhl. m = qn + r
me 0 ≤ r < n, tìte to upìloipo t c diaÐreshc toÔ 2m − 1 me ton 2n − 1 eÐnai 2r − 1.
(Upìdeixh: Parathr ste ìti to 2qn − 1 eÐnai pollapl�sio toÔ 2n − 1).
b) Basizìmenoi sthn eÔresh toÔ m.k.d. me qr sh toÔ EukleÐdeiou algorÐjmou, deÐxte
ìti an m.k.d.(m,n) = d tìte m.k.d.(2m − 1, 2n − 1) = 2d − 1.
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Prìblhma 11. Qrhsimopoi sate thn EukleÐdeia diaÐresh gia na deÐxete
ìti k�je fusikìc arijmìc n ≥ 1 gr�fetai wc �jroisma dun�mewn toÔ 2, dhl.
n = 2k1 + 2k2 + · · ·+ 2ks , gia k�poiouc fusikoÔc ki me 0 ≤ ks ≤ . . . ≤ k2 ≤ k1.

Prìblhma 12. BreÐte ton d = m.k.d.(144, 625) qrhsimopoiìntac i) thn Euk-
leÐdeia diaÐresh kai ii) thn an�lush twn 144 kai 625 se pr¸touc arijmoÔc.

Prìblhma 13. a) Estw p pr¸toc arijmìc kai a ∈ Z. DeÐxte ìti an p|a2

tìte p|a. IsqÔei to Ðdio an o p den eÐnai pr¸toc arijmìc?
b) Estw m,n ∈ N me m.k.d.(m,n) = 1. Upojètoume ìti mn = k2, gi� k�poio k ∈ N.
DeÐxte ìti up�rqoun a, b ∈ N tètoioi ¸ste m = a2 kai n = b2. IsqÔei to Ðdio an
bg�loume thn upìjesh m.k.d.(m,n) = 1?

Prìblhma 14. UpologÐste sunart sei toÔ fusikoÔ arijmoÔ n to pl joc
twn sunìlwn {a, b} ⊂ N me thn idiìthta m.k.d.(a, b) = 1 kai ab = 10n+130n.

Prìblhma 15. a) 'Estw a, b ∈ Z. DeÐxte ìti:
i) An m.k.d.(a, b) = 1, tìte m.k.d.(a+ b, a− b) = 1   2.
ii) `An m.k.d.(a, b) = 1, tìte m.k.d.(a− b, a2 + ab+ b2) = 1   3.
b) Gia k�je mi� apì tic parak�tw exis¸seic, breÐte ìlec tÐc lÔseic thc x, y pou eÐnai
fusikoÐ arijmoÐ pr¸toi metaxÔ touc (Upìdeixh: Qrhsimopoi ste to er¸thma a) kai to
je¸rhma an�lushc se pr¸touc arijmoÔc).

1. x2 − y2 = 135

2. x2 − y2 = 72

3. x3 − y3 = 721

4. x3 − y3 = 3087
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