
UPOLOGISTIKH ALGEBRIKH GEWMETRIA
SUSTHMATA POLUWNUMIKWN EXISWSEWN

Did�skwn: Alèxhc Koubid�khc

PerÐlhyh

Stic dialèxeic ja melet soume sust mata poluwnumik¸n exis¸sewn se pol-
lèc metablhtèc kai trìpouc eÔreshc twn lÔse¸n touc. H melèth ja epikentrwjeÐ
sta ex c:
1. KritÐrio Ôparxhc lÔsewn.
2. Mèqri poiì bajmì kajorÐzoun oi lÔseic to sÔsthma twn exis¸sewn?
3. Algìrijmoi gi� thn eÔresh twn lÔsewn tou sust matoc.

H Ôlh perilamb�nei stoiqeÐa apì thn jewrÐa twn idewd¸n ston daktÔlio twn
poluwnÔmwn, to Je¸rhma B�shc tou Hilbert, thn Nullstellensatz, B�seic Groeb-
ner kai algìrijmoc tou Buchberger. Stic paragr�fouc 1.2 - 1.5 èqoume akolou-
j sei pist� to biblÐo twn D. Cox, J. Little, D. O’Shea: “Ideals, Varieties and
Algorithms”, Springer-Verlag 1997, ap' ìpou eÐnai kai ìla ta paradeÐgmata.

1.1 Eisagwg 

Estw K s¸ma (sun jwc K = C) kai sumbolÐzoume me K[X1, . . . , Xn] ton daktÔlio
twn poluwnÔmwn n metablht¸n X1, . . . , Xn, me suntelestèc sto K. Ta stoiqeÐa
tou K[X1, . . . , Xn] èqoun thn morf  f(X1, . . . , Xn) =

∑
α cαXα1

1 · · ·Xαn
n , ìpou α =

(α1, . . . , αn) ∈ Zn
≥0. Ja melet soume sust mata poluwnumik¸n exis¸sewn

f1(X1, . . . , Xn) = 0
· · · (1)

fs(X1, . . . , Xn) = 0,

ìpou fi ∈ K[X1, . . . , Xn], i = 1, . . . , s. To kÔrio er¸thma me to opoÐo ja asqolhjoÔme
eÐnai to ti mporoÔme na poÔme gia tic lÔseic tou parap�nw sust matoc (1). Gia na
anptÔxoume mia kal  jewrÐa ja prèpei, gia lìgouc plhrìthtac, na p�roume K = C.
Ja melet soume loipìn to sÔnolo

V(f1, . . . , fs) := {(a1, . . . an), ìpou fi(a1, . . . , an) = 0, ∀i = 1, . . . , s} ⊆ Cn.

1o Er¸thma: Pìte to sÔsthma èqei lÔsh?
Ac exet�soume pr¸ta thn perÐptwsh thc miac metablht c, dhl. n = 1. To sÔsthma
eÐnai thc morf c

f1(X) = 0
· · · (2)

fs(X) = 0,

Apì thn gnwst  jewrÐa twn poluwnÔmwn miac metablht c, èqoume ìti to sÔsthma (2)
eÐnai isodÔnamo (dhl. èqei tic Ðdiec lÔseic) me to sÔsthma thc mi�c exÐswshc d(X) = 0,
ìpou d(x) = MKD(f1, . . . , fs). Pr�gmati, an d(a) = 0 tìte fi(a) = 0,∀i = 1, . . . , s
diìti fi(X) = gi(X)d(X). Apì thn �llh meri�, èstw a ∈ V(f1, . . . , fs), dhlad 
fi(a) = 0,∀i = 1, . . . , s. GnwrÐzoume ìti o MKD ekfr�zetai wc

d(X) = g1(X)f1(X) + · · ·+ gs(X)fs(X). (3)
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Epomènwc d(a) = 0. Sunep¸c oi lÔseic tou sust matoc (2) eÐnai oi lÔseic thc poluwn-
umik c exÐswshc d(X) = 0. Ara èqoume to ex c kritÐrio

V(f1, . . . , fs) 6= ∅ ⇐⇒ d(X) = 0 èqei lÔsh ⇐⇒ deg d(X) ≥ 1
⇐⇒ d(X) 6= 1 ⇐⇒ f1, . . . , fs ìqi pr¸ta metaxÔ touc.

Shmei¸noume ìti to kÔrio sustatikì gia thn diatÔpwsh tou parap�nw kritirÐou eÐnai
h sqèsh (3) h opoÐa sthrÐzetai ousiastik� sthn Ôparxh EukleÐdeiac diaÐreshc ston
daktÔlio C[X] twn poluwnÔmwn mi�c metablht c.

Pern�me t¸ra sthn perÐptwsh twn poll¸n metablht¸n, dhl. n ≥ 2. K�je
polu¸numo tou C[X1, . . . , Xn] gr�fetai me monadikì trìpo wc ginìmeno anag¸gwn
poluwnÔmwn, dhl. o daktÔlioc C[X1, . . . , Xn] eÐnai daktÔlioc monos manthc an�lush-
c. Epomènwc mporoÔme na orÐsoume ton MKD enìc sunìlou poluwnÔmwn paÐrnontac
tic el�qistec dun�meic thc an�lus c touc se an�gwga. H duskolÐa ìmwc stic pollèc
metablhtèc eÐnai ìti den èqoume mia kal  genÐkeush thc EukleÐdeiac diaÐreshc kai kat�
sunèpeia den èqoume gia ton MKD to an�logo thc sqèshc (3). Gia par�deigma, an
f(x, y) = x2(y + 1), g(x, y) = xy2 dÔo polu¸numa pou dÐdontai me tic analÔseic touc
se an�gwga, tìte MKD(f, g) = x. Omwc to x den mporeÐ na grafeÐ sthn morf 
a(x, y)x2(y + 1) + b(x, y)xy2, ìpou a(x, y), b(x, y) polu¸numa (apodeÐxte to!). Kat�
sunèpeia gia to sÔsthma (1) èqoume ìti an d(X1, . . . , Xn) = MKD(f1, . . . , fs) tìte
d(a1, . . . , an) = 0 =⇒ (a1, . . . , an) ∈ V(f1, . . . , fs), ìqi ìmwc to antÐstrofo. Gia
par�deigma, an jewr soume to sÔsthma

f1(x, y) = x = 0
f2(x, y) = y = 0,

tìte d(x, y) = MKD(x, y) = 1. Omwc to parap�nw sÔsthma èqei to (0, 0) wc lÔsh
dhl. V(x, y) = {(0, 0)}, en¸ V(d(x)) = ∅. TÐjetai epomènwc to er¸thma, tÐ mporoÔme
na poÔme sthn perÐptwsh twn poll¸n metablht¸n.

H idèa eÐnai na b�loume mia algebrik  dom  sto arqikì sÔsthma twn exis¸sewn.
JewroÔme to ex c sÔnolo:

I := I(f1, . . . , fs) := {g1f1 + · · ·+ gsfs, ìpou gi ∈ C[X1, . . . , Xs]} ⊆ C[X1, . . . , Xs].

Eukola faÐnetai ìti to sÔnolo I eÐnai ide¸dec tou daktulÐou C[X1, . . . , Xs]. EpÐshc,
parathr ste ìti to arqikì sÔsthma (1) eÐnai isodÔnamo me to �peiro sÔsthma ex-
is¸sewn I, dhl. V(f1, . . . , fs) = V(I). To kritÐrio Ôparxhc lÔshc pou anazht�me
mporeÐ t¸ra na diatupwjeÐ se sqèsh me to ide¸dec I.

Je¸rhma 1.1 V(I) 6= ∅ ⇐⇒ 1 /∈ I(⇐⇒ I 6= C[X1, . . . , Xs]). Epomènwc to arqikì
sÔsthma (1) den èqei lÔsh, an kai mìnon an, up�rqei sunduasmìc twn f1, . . . , fs me
suntelestèc polu¸numa pou na isoÔtai me to stajerì polu¸numo 1.

Opwc ja doÔme sthn sunèqeia, to parap�nw Je¸rhma 1.1 eÐnai sunèpeia
tou Jewr matoc 1.2 pou parajètoume sthn sunèqeia. Epibebai¸noume t¸ra to
parap�nw je¸rhma sthn perÐptwsh thc mi�c metablht c, dhl. sthn perÐptwsh
tou sust matoc (2) Kat' arq�c, qrhshmopoi¸ntac thn sqèsh (3), eÔkola faÐne-
tai ìti I := I(f1(X), . . . , fs(X)) = I(d(X)). Opwc èqoume peÐ parap�nw,

2



to sÔsthma (2) den èqei lÔsh, an kai mìnon an, d(X) = 1. Apì thn �llh
pleur�, to Je¸rhma 1.1 lègei ìti to sÔsthma den èqei lÔsh, an kai mìnon an,
1 ∈ I = I(d(X)) ⇐⇒ 1 = g(X) d(X) ⇐⇒ d(X) = stajerì polu¸numo. Omwc, ex'
orismoÔ to d(X) eÐnai monikì polu¸numo, �ra eÐnai to stajerì polu¸numo 1, autì
akrib¸c pou jèlame.

2o Er¸thma: QarakthrÐzoun oi lÔseic to sÔsthma? Dhl. an (Σ) kai (Σ′) sust -
mata poluwnumik¸n exis¸sewn me V(Σ) = V(Σ′), p¸c sqetÐzontai ta sust mata (Σ)
kai (Σ′)? Opwc ja doÔme, h èkfrash thc susqètishc pou anazht�me emperièqei ta
antÐstoiqa sust mata idewd¸n I(Σ) kai I(Σ′).

Par�deigma 1.1 Ac doÔme ti sumbaÐnei sthn perÐptwsh thc miac metablht c. Estw
dhlad , (Σ) kai (Σ′) sust mata poluwnÔmwn miac metablht c pou èqoun to Ðdio sÔnolo
lÔsewn. Opwc èqoume deÐ parap�nw, I(Σ) = I(d(X)) kai I(Σ′) = I(d′(X)), ìpou d(X)
kai d′(X) oi antÐstoiqoi MKD twn poluwnÔmwn. An to koinì sÔnolo twn lÔsewn eÐnai
to V = {a1, . . . , am}, autì akrib¸c ja eÐnai kai to sÔnolo lÔsewn gia k�je mia apì
tic exis¸seic d(X) = 0 kai d′(X) = 0. Epomènwc, upenjumÐzontac ìti èqoume p�rei
wc s¸ma K touc migadikoÔc arijmoÔc C, ja èqoume ìti

d(X) = (X − a1)k1 · · · (X − am)km , ki ≥ 1,

d′(X) = (X − a1)t1 · · · (X − am)tm , ti ≥ 1.

Sunep¸c, sumperaÐnoume ìti ta polu¸numa d(X) kai d′(X) èqoun wc koinì komm�ti to
ginìmeno (X−a1) · · · (X−am). Gia na to ekfr�soume autì genikìtera, me ìrouc pou
ja efarmìzontai kai sthn perÐptwsh twn poll¸n metabllht¸n, dÐdoume ton parak�tw
orismì.

Orismìc 1.1 (Rizikì enìc ide¸douc) Estw I ide¸dec daktulÐou R. OrÐzoume
wc rizikì tou I to ide¸dec

Rad(I) := {a ∈ R, ìpou ak ∈ I, gia kapoion fusikì arijmì k ≥ 1}.

Dhlad  to Rad(I) perilamb�nei ta stoiqeÐa tou I kai tic rÐzec touc.

Par�deigma 1.2 An I = I(d(X)), ìpou d(X) = (X − a1)k1 · · · (X − am)km , ki ≥
1, tìte Rad(I) = I((X − a1) · · · (X − am)). Pr�gmati, ac apodeÐxoume touc dÔo
egkleismoÔc.
�⊇� ArkeÐ na deÐxw ìti (X − a1) · · · (X − am) ∈ Rad(I). Estw k = max{k1, . . . , km}.
Tìte [(X − a1) · · · (X − am)]k = (X − a1)k1 · · · (X − am)km [(X − a1)k−k1 · · · (X −
am)k−km ] ∈ I, kai �ra (X − a1) · · · (X − am) ∈ Rad(I).
�⊆� Estw f ∈ Rad(I), dhl. fk ∈ I, gia k�poion jetikì fusikì k. Ja èqoume epomènwc
fk(X) = g(X) (X − a1)k1 · · · (X − am)km . Jèloume na deÐxoume ìti to f(X) eÐnai
pollapl�sio tou (X − a1) · · · (X − am). Eqoume ìti (X − ai)ki | fk(X). Omwc, to
X−ai eÐnai an�gwgo �ra X−ai | f(X), ∀i = 1, . . . ,m kai afoÔ ta X−ai, i = 1, . . . ,m
eÐnai pr¸ta metaxÔ touc, èqoume ìti kai to ginìmenì touc diaireÐ to f(X).

To Je¸rhma pou isqÔei genik�, kai dÐdei ap�nthsh sto 2o er¸thma eÐnai to ex c.
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Je¸rhma 1.2 DÔo sust mata poluwnumik¸n exis¸sewn (Σ) kai (Σ′) me migadikoÔc
suntelestèc èqoun tic Ðdiec lÔseic, dhl. V(Σ) = V(Σ′), an kai mìnon an, gia ta
antÐstoiqa sust mata idewd¸n I(Σ) kai I(Σ′) isqÔei ìti Rad(I(Σ)) = Rad(I(Σ′)).

Shmei¸noume ìti h mÐa kateÔjunsh �⇐=� eÐnai eÔkolh lìgw tou ìti, ìpwc eÔkola
faÐnetai, V(Σ) = V(I(Σ)) = V(Rad(I(Σ))). H �llh kateÔjunsh eÐnai mh tetrimmènh
kai eÐnai sunèpeia tou Jewr matoc Nullstellensatz, bl. Je¸rhma 1.4.

Par�deigma 1.3 Sthn perÐptwsh thc mÐac metablht c, me b�sh ta paradeÐgmata
1.1 kai 1.2, epibebai¸netai to Je¸rhma 1.2.

ShmeÐwsh 1.1 Opwc eÐpame parap�nw, to Je¸rhma 1.1 eÐnai sunèpeia tou Jewr -
matoc 1.2. Pragmati, deÐqnoume pr¸ta ìti an 1 ∈ I := I(Σ) tìte V(Σ) = ∅. Autì
eÐnai fanerì apì to ìti V(Σ) = V(I) kai afoÔ to I perièqei to stajerì polu¸numo
1, to antÐstoiqo sÔsthma den èqei lÔseic. AntÐstrofa, èstw ìti V(Σ) = ∅, tìte kai
V(I) = ∅. Omwc, an p�roume to ide¸dec pou par�getai apì to stajerì polu¸numo
1, dhl. to < 1 >, èqoume epÐshc ìti V(< 1 >) = ∅. Sunep¸c, apì to Je¸rhma
1.2 sun�goume ìti Rad(I) = Rad(< 1 >). Omwc, Rad(< 1 >) =< 1 >. Sunep¸c
1 ∈ Rad(I), �ra 1 ∈ I := I(Σ).

KleÐnoume aut  thn eisagwg  diatup¸nontac dÔo basik� jewr mata gia ton dak-
tÔlio twn poluwnÔmwn, to je¸rhma b�shc tou Hilbert kai to je¸rhma Nullstellensatz.

Je¸rhma 1.3 (Je¸rhma b�shc tou Hilbert) K�je ide¸dec I tou daktulÐou
twn poluwnÔmwn K[X1, . . . , Xn] èqei èna peperasmèno sÔsthma gennhtìrwn, dhl.
up�rqoun g1, . . . , gs ∈ I tètoia ¸ste I =< g1, . . . , gs >.

Gia na diatup¸soume to epìmeno je¸rhma qreiazìmaste ènan orismì.

Orismìc 1.2 Estw A ⊆ Cn. Tìte orÐzoume

I(A) := {f ∈ K[X1, . . . , Xn], ìpou f(a1, . . . , an) = 0, ∀(a1, . . . , an) ∈ A}.

Je¸rhma 1.4 (Nullstellensatz) Estw I ide¸dec tou daktulÐou C[X1, . . . , Xn].
Tìte

IV(I) = Rad(I).

ShmeÐwsh 1.2 DeÐqnoume t¸ra p¸c to Je¸rhma 1.2 eÐnai sunèpeia tou Jewr -
matoc 1.4. AfoÔ V(Σ) = V(Σ′) ja èqoume, epÐshc, ìti V(I(Σ)) = V(I(Σ′)), diìti
ta sust mata (Σ) (antist. (Σ′)) kai I(Σ) ( antist. I(Σ′)) eÐnai isodÔnama. Ara
I(V(I(Σ))) = I(VI(Σ′)). Apì to Jewr matoc 1.4 èqoume ìti I(V(I(Σ))) = Rad(I(Σ))
kai, epÐshc, I(V(I(Σ′))) = Rad(I(Σ′)). Sunep¸c, Rad(I(Σ)) = Rad(I(Σ′)), autì pou
zhtoÔsame.
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1.2 Di�taxh poluwnÔmwn

Ston daktÔlio K[X] mporoÔme na diat�xoume ta mon¸numa wc proc ton bajmì touc:
Xn > Xm ⇐⇒ n > m. An�logec diat�xeic orÐzontai sthn perÐptwsh monwnÔmwn se
pollèc metablhtèc. Se k�je mon¸numo tou K[X] = K[X1, . . . , Xn] antistoiqoÔme mia
diatetagmènh n-�da tou Zn

≥0 wc ex c: Xa = Xa1
1 Xa2

2 · · ·Xan
n −→ a = (a1, a2, · · · , an).

Otan qrhsimopoioÔme wc metablhtèc tic x, y, z, w klp, upojètoume ìti x = X1, y =
X2, z = X3, w = X4 klp.

Orismìc 1.3 (Monwnumik  di�taxh) Mia monwnumik  di�taxh tou
K[X1, . . . , Xn] eÐnai mia sqèsh > sto Zn

≥0 h opoÐa ikanopoieÐ ta ex c:

1. H > eÐnai olik  di�taxh tou Zn
≥0. Dhlad  an a, b ∈ Zn

≥0 isqÔei akrib¸c èna apì
ta ex c: a > b   b > a   a = b.

2. An a, b, c ∈ Zn
≥0 me a > b tìte a + c > b + c.

3. H > eÐnai mia kal  di�taxh, dhlad  k�je mh kenì uposÔnolo tou Zn
≥0 èqei el�qis-

to stoiqeÐo wc proc thn sqèsh >.

Sumbolismìc: Gr�foume Xa1
1 · · ·Xan

n > Xb1
1 · · ·Xbn

n an a = (a1, . . . , an) > b =
(b1, . . . , bn).

Ja anafèroume dÔo paradeÐgmata monwnumik¸n diat�xewn tou K[X1, . . . , Xn].

Orismìc 1.4 (Lexikografik  di�taxh) Estw a = (a1, . . . , an) kai b =
(b1, . . . , bn) stoiqeÐa tou Zn

≥0. Tìte orÐzoume a >lex b an sto di�nusma a − b ∈ Zn to

pr¸to apì ta arister� mh-mhdenikì stoiqeÐo eÐnai jetikì. Gr�foume Xa >lex Xb an
a >lex b.

Par�deigma 1.4 (3, 1, 2) >lex (1, 8, 9).
X4

1X3
2X5

3 >lex X4
1X2

2X7
3 .

X1 >lex X2 >lex · · · >lex Xn.

Orismìc 1.5 (Bajmwt  lexikografik  di�taxh) Estw a = (a1, . . . , an)
kai b = (b1, . . . , bn) stoiqeÐa tou Zn

≥0. Tìte orÐzoume a >grlex b an |a| :=
∑n

i=1 ai >

|b| :=
∑

i = 1nbi, eÐte, |a| = |b| kai a >lex b. Gr�foume Xa >grlex Xb an a >grlex b.

Par�deigma 1.5 (3, 2, 3) >grlex (4, 2, 1).
X4

1X3
2X5

3 >grlex X4
1X1

2X7
3 .

X1 >grlex X2 >grlex · · · >grlex Xn.

Orismìc 1.6 'Estw f =
∑

a αaX
a1
1 · · ·Xan

n , ìpou a = (a1, . . . , an) èna mh-mhdenikì
polu¸numo tou K[X1, . . . , Xn] kai èstw > mia monwnumik  di�taxh.

1. O polubajmìc (multidegree) tou f orÐzetai wc multideg(f) = max{a =
(a1, . . . , an) ∈ Zn

≥0, αa 6= 0}.

2. O odhgìc suntelest c (leading coefficient) tou f orÐzetai wc LC(f) =
αmultideg(f) ∈ K.
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3. To odhgì mon¸numo (leading monomial) tou f orÐzetai wc LM(f) = Xc1
1 · · ·Xcn

n ,
ìpou (c1, . . . , cn) = multideg(f).

4. O odhgìc ìroc (leading term) tou f orÐzetai wc LT(f) = LC(f) LM(f).

Gia par�deigma, an f(x, y, z) = 4xy2z + 4z2− 5x3 + 7x2z2 kai me > sumbolÐsoume
thn lexikografik  di�taxh tìte
multideg(f) = (3, 0, 0), LC(f) = −5, LM(f) = x3 kai LT(f) = −5x3.

1.3 Algìrijmoc diaÐreshc sto K[X1, . . . , Xn]

Ja exet�soume se aut n thn par�grafo p¸c o algìrijmoc diaÐreshc poluwnÔmwn miac
metablht c mporeÐ na genikeuteÐ se pollèc metablhtèc. IsqÔei to parak�tw je¸rhma,
to opoÐo efarmìzoume se paradeÐgmata

Je¸rhma 1.5 (Algìrijmoc diaÐreshc se pollèc metablhtèc)
Dialègoume mia monwnumik  di�taxh sto Zn

≥0. Estw (f1, . . . , fs) mia diatetag-
mènh s-�da poluwnÔmwn tou K[X1, . . . , Xn]. Tìte k�je f ∈ K[X1, . . . , Xn] mporeÐ na
grafeÐ wc

f = a1f1 + · · ·+ asfs + r,

ìpou a1, . . . , as, r ∈ K[X1, . . . , Xn] kai eÐte r = 0 eÐte to r eÐnai grammikìc sunduas-
mìc me suntelestèc sto K apì mon¸numa, kanèna apì ta opoÐa den diareÐtai apì ta
LT(f1), . . . ,LT(fs). EpÐshc, multdeg(f) ≥ multdeg(aifi), gia k�je i = 1, . . . , s.

Par�deigma 1.6 Estw f1 = xy−1, f2 = y2−1 kai f = x2y+xy2+y2. Dialègoume
thn lexikografik  di�taxh me x = X1, y = X2. To apotèlesma thc diaÐreshc dÐdei:
a1 = x + y,
a2 = 1,
r = x + y + 1,
ta opoÐa brÐskontai wc ex c: LT(f1) = xy, LT(f2) = y2, LT(f) = x2y. To LT(f1) =
xy diaireÐ to LT(f) = x2y kai k�noume thn diaÐresh tou f me to f1 wc sun jwc.
BrÐskoume phlÐko x, to opoÐo suneisfèrei sto a1, kai to upìloipo eÐnai g1 = xy2 +
x + y2. Eqoume LT(g1) = xy2, to opoÐo diaireÐtai apì ton LT(f1) = xy kai k�noume
thn diaÐresh tou g1 me to f1. BrÐskoume phlÐko y, to opoÐo suneisfèrei sto a1, kai
upìloipo g2 = x + y2 + y. EÐnai LT(g2) = x pou den diaireÐtai apì ton LT(f1) = xy
oÔte, epÐshc, apì ton LT(f2) = y2. Metafèroume ton LT(g2) = x sto upìloipo
kai suneqÐzoume me to g3 = y2 + y. EÐnai LT(g3) = y2 to opoÐo den diaireÐtai apì
to LT(f1) = xy, diaireÐtai ìmwc apì ton LT(f2) = y2. K�noume thn diaÐresh kai
brÐskoume phlÐko x, to opoÐo suneisfèrei sto a2, kai upìloipo g4 = y + 1. EÐnai
LT(g4) = y pou den to diaireÐ oÔte to LT(f1) = xy oÔte to LT(f2) = y2. Metafèretai
epomènwc sto upìloipo kai mènei g5 = 1 to opoÐo, omoÐwc, metafèretai sto upìloipo.
Eqoume telik¸c

x2y + xy2 + y2 = (x + y)(xy − 1) + 1(y2 − 1) + x + y + 1.

ShmeÐwsh 1.3 Ta kÔria meionekt mata tou parap�nw algorÐjmou eÐnai ta ex c.
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1. O algìrijmoc exart�tai apì thn di�taxh twn stoiqeÐwn f1, . . . , fs, pr�gma mh
fusiologikì. Sto parap�nw par�deigma, an all�xoume thn di�taxh twn f1, f2

kai diat�xoume to f2 wc pr¸to stoiqeÐo, tìte to apotèlesma thc diaÐreshc dÐdei:
a1 = x + 1,
a2 = x,
r = 2x + 1.

2. EÐnai dÔskolo na anagnwrÐsoume me diaÐresh pìte èna polu¸numo f poll¸n
metablht¸n an kei se èna ide¸dec I. Sthn mÐa metablht , ìpwc gnwrÐzoume,
k�je ide¸dec I tou K[X] par�getai apì èna - ousiastik� monadiko - stoiqeÐo,
dhl. I =< g >. Otan mac d¸soun f ∈ K[X], tìte f ∈ I, e�n kai mìnon e�n,
to upìloipo thc diaÐreshc tou f me to g eÐnai mhden. Stic pollèc metablhtèc
ìmwc ta pr�gmata den eÐnai akrib¸c ètsi. Se aut n thn perÐptwsh ta ide¸dh
par�gontai apì peperasmèna to pl joc stoiqeÐa, bl. Je¸rhma b�shc tou Hilbert
1.3, ìqi ìmwc monadik� epilegmèna. EpÐshc, gia na k�noume diaÐresh prèpei na na
diat�xoume aujaÐreta touc genn torec tou ide¸douc. Gia par�deigma, ac p�roume
to ide¸dec I tou K[x, y] pou par�getai apì ta stoiqeÐa f1 = xy+1, f2 = y2−1
kai ac rwt soume an to polu¸numo f = xy2 − x an kei sto I. ProspajoÔme
na lÔsoume to prìblhma me diaÐresh. Dialègoume thn lexikografik  di�taxh
kai diairoÔme me f1, f2. Tìte brÐskoume phlÐka a1 = y, a2 = 0 kai upìloipo
r = −x−y, dhl. xy2−x = y(xy+1)+0(y2−1)−x−y. Ara h parap�nw diaÐresh
den mac ekfr�zei to f wc sunduasmì twn f1, f2. Autì ìmwc den apokleÐei to
f na gr�fetai wc sunduasmìc twn f1, f2!. An gia par�deigma all�xoume sthn
diaÐresh thn di�taxh twn f1, f2, tìte paÐrnoume wc phlÐka ta a1 = x, a2 = 0
kai upìloipo r = 0 dhl. xy2 − x = x(y2 − 1) + 0(xy + 1) + 0 (to opoÐo bèbaia
mporoÔsame na to broÔme kai qwrÐc na k�noume thn diaÐresh!).

Telik� ìmwc ta pr�gmata den eÐnai kai tìso �skhma. Sthn parak�tw par�grafo ja
doÔme ìti gia k�je ide¸dec I tou daktulÐou K[X1, . . . , Xn] mporoÔme na dialèxoume èna
eidikì sÔsthma gennhtìrwn, thn legìmenh b�sh Groebner, me thn qr sh thc opoÐac
aÐrontai oi parap�nw duskolÐec.

1.4 B�seic Groebner

Orismìc 1.7 Estw I èna mh mhdenikì ide¸dec tou K[X1, . . . , Xn].

1. SumbolÐzoume me LT(I) to sÔnolo twn odhg¸n ìrwn (leading terms) twn s-
toiqeÐwn tou I, dhl.

LT(I) = {cXa1
1 · · ·Xan

n , up�rqei f ∈ I me LT(f) = cXa1
1 · · ·Xan

n }.

2. SumbolÐzoume me < LT(I) > to ide¸dec pou par�getai apì ta stoiqeÐa tou
sunìlou LT(I).

ShmeÐwsh 1.4 An I =< f1, . . . , fs >, tìte to ide¸dec < LT(I) > eÐnai, en
gènei, megalÔtero apì to ide¸dec < LT(f1), . . . ,LT(fs) >. Gia par�deigma, an
I =< f1, f2 >, ìpou f1 = x3 − 2xy kai f2 = x2y − 2y2 + x kai èstw ìti qrhsi-
mopoioÔme thn grlex di�taxh, tìte èqoume LT(f1) = x3, LT(f2) = x2y. To x2 ∈ I
diìti x2 = xf2 − yf1. Ara LT(x2) = x2 ∈< LT(I) >. Omwc, x2 /∈< x3, x2y >
(apodeÐxte to!).
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Je¸rhma 1.6 Estw I èna ide¸dec tou K[X1, . . . , Xn] kai èstw ìti dialègoume mia
monwnumik  di�taxh.

1. Tìte up�rqoun g1, . . . , gs ∈ I tètoia ¸ste < LT(I) >=< LT(g1), . . . ,LT(gs) >.

2. An dialèxoume polu¸numa g1, . . . , gs ∈ I me thn idiìthta < LT(I) >=<
LT(g1), . . . ,LT(gs) > tìte aut� par�goun to ide¸dec I, dhl. I =< g1, . . . , gs >.

H apìdeixh tou Jewr matoc 1.6 sthrÐzetai sto Je¸rhma b�shc tou Hilbert 1.3.

Orismìc 1.8 (B�sh Groebner) Estw I èna ide¸dec tou K[X1, . . . , Xn] kai èstw
ìti dialègoume mia monwnumik  di�taxh. Ena sÔnolo poluwnÔmwn {g1, . . . , gs} ìpwc
sto parap�nw Je¸rhma 1.6 lègetai b�sh Groebner tou ide¸douc I.

Shmei¸noume ìti to sÔnolo {f1, f2} tou paradeÐgmatoc thc ShmeÐwshc 1.4 den eÐnai
b�sh Groebner tou antÐstoiqou ide¸douc. Estw I èna ide¸dec tou K[X1, . . . , Xn],
dialègoume mia monwnumik  di�taxh, kai èstw {g1, . . . , gs} mia b�sh Groebner tou I.
Estw f ∈ K[X1, . . . , Xn]. Oi basikèc idiìthtec thc b�shc Groebner eÐnai oi ex c:

1. To upìloipo thc diaÐreshc tou f me ta g1, . . . , gs den exart�tai apì thn di�taxh
twn {g1, . . . , gs}, dhl. eÐnai ousiastik� monadikì.

2. To f ∈ I, an kai mìnon an, to parap�nw upìloipo eÐnai mhdèn.

Epomènwc èqontac dialèxei mia b�sh Groebner gia to ide¸dec I mporoÔme na
k�noume fusiologik� diaÐresh kai epÐshc na apofasÐsome pìte ena polu¸numo an kei
sto I. Apì to Je¸rhma 1.6 gnwrÐzoume ìti k�je ide¸dec tou K[X1, . . . , Xn] èqei mia
b�sh Groebner. Ena pr¸to er¸thma pou fusiologik� tÐjetai eÐnai p¸c mporoÔme na
anagnwrÐsoume an èna dosmèno sÔnolo gennhtìrwn tou ide¸douc eÐnai b�sh Groebn-
er. Ena deÔtero er¸thma einai na kataskeu�soume mia b�sh Groebner gia èna dosmèno
ide¸dec. To Je¸rhma 1.7 parak�tw dÐdei èna kritÐrio pou apant�ei sto pr¸to er¸thma.
Ap�nthsh sto deÔtero er¸thma dÐdei o algìrijmoc tou Buchberger.

Ja d¸soume pr¸ta ènan orismì.

Orismìc 1.9 Estw f, g ∈ K[X1, . . . , Xn] mh mhdenik� polu¸numa.

1. An multideg(f) = a = (a1, . . . , an) kai multideg(g) = b = (b1, . . . , bn),
tìte èstw c = (c1, . . . , cn), ìpou ci = max(ai, bi). KaloÔme to Xc1

1 · · ·Xcn
n

to el�qisto koinì pollapl�sio twn LM(f), LM(g) kai to sumbolÐzoume me
LCM(LM(f), LM(g)).

2. To S-polu¸numo twn f kai g orÐzetai wc

S(f, g) :=
Xc1

1 · · ·Xcn
n

LT(f)
f − Xc1

1 · · ·Xcn
n

LT(g)
g.

Par�deigma 1.7 Estw f = x3y2 − x2y3 kai g = 3x4y + y2 me thn grlex di�taxh.
Tìte multideg(f) = (3, 2), multideg(g) = (4, 1) �ra c = (4, 2) kai epomènwc Xc =
x4y2. EpÐshc, LT(f) = x3y2, LT(g) = 3x4y kai paÐrnoume

S(f, g) =
x4y2

x3y2
(x3y2 − x2y3)− x4y2

3x4y
(3x4y + y2) = −x3y3 + x2 − 1

3
y3.
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Je¸rhma 1.7 (KritÐrio gia b�sh Groebner) Estw I èna ide¸dec tou
K[X1, . . . , Xn] kai dialègoume mia monwnumik  di�taxh. Tìte èna sÔsthma gennhtìr-
wn G = {g1, . . . , gs}tou I eÐnai b�sh Groebner tou I, an kai mìnon an, gia ìla ta
i 6= j to upìloipo thc diaÐreshc tou S(gi, gj) me ta polu¸numa tou G (wc proc k�poia
di�taxh) eÐnai mhdèn.

Par�deigma 1.8 An I =< y − x2, z − x3 > to sÔsthma gennhtìrwn G = {y −
x2, z − x3} tou I eÐnai b�sh Groebner me thn lexikografik  di�taxh diìti S = S(y −
x2, z − x3) = −zx2 + yx3 kai h diaÐresh tou S me ta f1 = y − x2, f2 = z − x3 dÐdei
upìloipo mhdèn.

Par�deigma 1.9 Anaferìmenoi sto par�deigma thc ShmeÐwshc 1.4 gnwrÐzoume ìti
to sÔsthma gennhtìrwn f1 = x3 − 2xy kai f2 = x2y − 2y2 + x tou ide¸douc I =<
f1, f2 > den eÐnai b�sh Groebner tou I diìti x2 /∈< x3, x2y > kai x2 ∈ I me LT(x2) =
x2. Autì epibebai¸netai apì to parap�nw kritÐrio diìti S(f1, f2) = −x2 kai h diaÐresh
tou −x2 me ta f1, f2 (me opoiad pote di�taxh) den dÐdei upìloipo mhdèn.

O algìrijmoc tou Buchberger: Dosmènou ide¸douc I tou K[X1, . . . , Xn] kai
miac monwnumik c di�taxhc, o algìrijmoc tou Buchberger par�gei mi� b�sh Groebner
tou ide¸douc I. H idèa eÐnai na arqÐsoume apì èna sÔsthma gennhtìrwn tou I kai na
prosjètoume diadoqik� ìla ta S-polu¸numa twn stoiqeÐwn tou sust matoc gennhtìr-
wn, elègqontac an to upìloipo thc diaÐreshc eÐnai mhdèn, opìte telika sthrizìmenoi
sto Je¸rhma 1.7 na par�goume mia b�sh Groebner.

Par�deigma 1.10 Ja efarmìsoume ton parap�nw algìrijmo sto ide¸dec tou pa-
radeÐgmatoc 1.9 dialègontac thn grlex di�taxh. ArqÐzoume apì to dosmèno sÔsthma
gennhtìrwn G = {f1 = x3 − 2xy, f2 = x2y − 2y2 + x}. To f3 := S(f1, f2) = −x2

to opoÐo den af nei upìloipo mhden me ta polu¸numa tou G, �ra dieurÔnoume to G
se G1 = {f1, f2, f3}. To S(f1, f2) = f3 af nei upìloipo mhden me to G1 ìmwc to
f4 := S(f1, f3) = −2xy den af nei upìloipo mhden me ta polu¸numa G1. Epomènwc
dieurÔnoume se G2 = {f1, f2, f3, f4}. Ta S(f1, f2) = f3, S(f1, f3) = f4 ìpwc, epÐshc,
kai to S(f1, f4) = −2xy2 = yf4 af noun upìloipo mhden me ta polu¸numa tou G2.
Omwc to f5 := S(f2, f3) = −2y2 + x den af nei upìloipo mhden me ta polu¸numa tou
G2. DieurÔnoume p�li se G3 = {f1, f2, f3, f4, f5} to opoÐo ikanopoieÐ to kritÐrio tou
Jewr matoc 1.7 kai epomènwc to sÔsthma gennhtìrwn

{x3 − 2xy, x2y − 2y2 + x, −x2, −2xy, −2y2 + x}

eÐnai b�sh Groebner tou I.

Ena ide¸dec epidèqetai pollèc b�seic Groebner. Gia na epitÔqoume monadikìthta,
tic kanonikopoioÔme wc ex c.

Orismìc 1.10 (reduced b�sh Groebner) Mia reduced b�sh Groebner gia èna
ide¸dec poluwnÔmwn I eÐnai mia b�sh Groebner G tou I pou ikanopoieÐ tic parak�tw
idiìthtec.
1. LC(f) = 1, gia k�je f ∈ G.
2. Gia k�je f ∈ G, kanèna apì ta mon¸numa tou f den an kei sto ide¸dec < LT(G−
{f}) >.
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IsqÔei to parak�tw je¸rhma.

Je¸rhma 1.8 Estw I 6= 0 èna ide¸dec poluwnÔmwn. Tìte gia k�je monwnumik 
di�taxh up�rqei monadik  reduced b�sh Groebner.

Eqontac mi� b�sh Groebner gia èna idèwdec I mporoÔme na kataskeu�soume mia
reduced b�sh Groebner sthrizìmenoi sthn parak�tw prìtash, pou eÐnai aplì pìrisma
tou Jewr matoc 1.6.

Prìtash 1.1 Estw G mia b�sh Groebner enìc ide¸douc I. Estw f ∈ G èna stoiqeÐo
thc b�shc tètoio ¸ste LT(f) ∈< LT(G − {f}) >. Tìte to G − {f} eÐnai mia b�sh
Groebner tou ide¸douc I.

Par�deigma 1.11 Anaferìmenoi sto par�deigma 1.10, gia na par�xoume mia re-
duced b�sh Groebner pollaplasi�zoume pr¸ta k�je exÐswsh me kat�llhlh stajer�
¸ste o odhgìc suntelest c na gÐnei 1. Katìpin efarmìzoume thn parap�nw Prì-
tash 1.1 kai parathroÔme ìti oi dÔo pr¸tec exis¸seic mporeÐ na paraleifjoÔn kai ètsi
paÐrnnoume wc reduced b�sh Groebner thn

{x2, xy, y2 − 1
2
x}.

Parathr ste, epÐshc, ìti qrhsimopoi¸ntac thn parap�nw b�sh blèpoume ìti to arqikì
poluwnumikì sÔsthma

x3 − 2xy = 0
x2y − 2y2 + x = 0,

pou antistoiqeÐ sto Par�deigma 1.9 eÐnai isodÔnamo me to sÔsthma

x2 = 0
xy = 0

y2 − 1
2
x = 0,

to opoÐo polÔ eÔkola faÐnetai ìti èqei wc sÔnolo lÔsewn to {(0, 0)}.

1.5 EpÐlush sust matoc poluwnumik¸n exis¸sewn

H teleutaÐa parat rhsh thc prohgoÔmenhc paragr�fou ousiastik� genikeÔetai kai
dÐdei mia ap�nthsh sto prìblhma thc epÐlushc susthm�twn poluwnumik¸n exis¸sewn.
Ac p�roume pr¸ta thn gnwst  perÐptwsh twn grammik¸n poluwnÔmwn. GnwrÐzoume
ìti gia na epilÔsoume to antÐstoiqo sÔsthma prèpei na efarmìsoume thn apalloif 
tou Gauss kai na p�roume thn anhgmènh morf  tou sust matoc h opoÐa lÔnetai eÔkola
me antikat�stash. H parat rhsh ed¸ eÐnai ìti h diadikasÐa thc apalloif c tou Gauss
sumpÐptei me thn diadikasÐa eÔreshc apì mÐa dosmènh b�sh Groebner, wc proc thn
lexikografik  di�taxh, thc antÐstoiqhc reduced b�shc Groebner.
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Par�deigma 1.12 Ac jewr soume to grammikì sÔsthma

f1 = 3x− 6y − 2z = 0
f2 = 2x− 4y + 4w = 0

f3 = x− 2y − z − w = 0

Efarmìzoume pr¸ta ton algìrijmo tou Buchberger gia na broÔme mia b�sh Groebner
tou ide¸douc I =< f1, f2, f3 > wc proc thn lexikografik  di�taxh. Eqoume

S(f1, f2) =
x

3x
f1 −

x

2x
f2 = −2

3
z − 2w.

To upìloipo thc diaÐreshc tou S(f1, f2) me ta polu¸numa {f1, f2, f3} eÐnai di�foro tou
mhdenìc, �ra ja prèpei na dieurÔnome to sÔnolo gennhtìrwn me to f4 = −2

3z − 2w.
SuneqÐzoume thn diadikasÐa.

S(f1, f3) =
x

3x
f1 −

x

x
f3 =

1
3
z + w = −1

2
f4, upìloipo mhdèn .

S(f2, f3) =
x

2x
f2 −

x

x
f3 = z + 3w = −3

2
f4, upìloipo mhdèn .

S(f1, f4) =
xz

3x
f1 −

xz

−2
3z

f4 = −3xw − 2yz − 2
3
z2 = 3(y +

1
3
z)f4 − wf1, upìloipo mhdèn .

S(f2, f4) =
xz

2x
f2 −

xz

−2
3z

f4 = −3xw − 2yz + 2wz = S(f1, f4)− zf4, upìloipo mhdèn .

S(f3, f4) =
xz

x
f3 −

xz

−2
3z

f4 = −3xw − 2yz − z2 − wz = S(f2, f4) +
3
2
zf4, upìloipo mhdèn .

Sunep¸c h b�sh Groebner pou paÐrnoume eÐnai h

{f1 = 3x− 6y − 2z, f2 = 2x− 4y + 4w, f3 = x− 2y − z − w, f4 =
−2
3

z − 2w}.

Efarmìzoume t¸ra thn diadikasÐa gia thn eÔresh thc reduced b�shc Groebner. Pr¸ta
ap' ìla pollaplasi�zoume k�je ìro me kat�llhlh stajer� ¸ste o odhgìc suntelest c
na eÐnai 1. PaÐrnoume wc nèa b�sh Groebner thn

{g1 = x− 2y − 2
3
z, g2 = x− 2y + 2w, g3 = x− 2y − z − w, g4 = z + 3w}.

Eqoume LT(g1) = x ∈ < LT(g2) = x, LT(g3) = x, LT(g4) = z > sunep¸c, apì
thn Prìtash 1.1, to bg�zoume apì thn b�sh. EpÐshc, LT(g2) = x ∈ < LT(g3) =
x, LT(g4) = z >, �ra to bg�zoume kai autì apì thn b�sh. Epomènwc èqoume wc nèa
b�sh thn

{g3 = x− 2y − z − w, g4 = z + 3w}.

O ìroc −z tou g3 an kei sto < LT(g4) = z > kai epomènwc antikajistoÔme to g3 me
to g5 = g3 + g4 = x− 2y + 2w kai èqoume wc nèa b�sh thn

{g5 = x− 2y + 2w, g4 = z + 3w},
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h opoÐa mporoÔme na doÔme ìti enai mia reduced b�sh Groebner. Epomènwc to arqikì
sÔsthma eÐnai isodÔnamo me to

x− 2y + 2w = 0
z + 3w = 0,

to opoÐo sumpÐptei me to sÔsthma pou prokÔptei apì thn apalloif  tou Gauss.

Telei¸noume parajètontac èna par�deigma epÐlushc enìc (mh grammikoÔ) sust -
matoc poluwnumik¸n exis¸sewn.

Par�deigma 1.13 JewroÔme to sÔsthma

3x2 + 2yz − 2xw = 0
2xz − 2yw = 0

2xy − 2z − 2zw = 0
x2 + y2 + z2 − 1 = 0.

H reduced b�sh Groebner pou antistoiqeÐ sto parap�nw sÔsthma eÐnai h

f1 = w − 3
2
x− 3

2
yz − 167616

3835
z6 − 36717

590
z4 − 134419

7670
z2,

f2 = x2 + y2 + z2 − 1,

f3 = xy − 19584
3835

z5 +
1999
295

z3 − 6403
3835

z,

f4 = xz + yz2 − 1152
3835

z5 − 108
295

z3 +
2556
3835

z,

f5 = y3 + yz2 − y − 9216
3835

z5 +
906
295

z3 − 2562
3835

z,

f6 = y2z − 6912
3835

z5 +
827
295

z3 − 3839
3835

z,

f7 = yz3 − yz − 576
59

z6 +
1605
118

z4 − 453
118

z2,

f8 = z7 − 1763
1152

z5 +
665
1152

z3 − 11
288

z.

An kai to antÐstoiqo sÔsthma exis¸sewn eÐnai polÔ megalÔtero apì to arqikì,
parathr ste ìmwc ìti eÐnai se �diag¸nio� morfh. To lÔnoume arqÐzontac apì thn
teleutaÐa exÐswsh f8 = 0, pou perilamb�nei mÐa mìno metablht , kai proqwr�me proc
ta p�nw me antikat�stash. H exÐswsh f8 = 0 èqei wc lÔseic tic

z = 0, ±1, ±2
3
, ±

√
11

8
√

2
.

Antikajist¸ntac, brÐskoume tic lÔseic tou sust matoc (gr�foume mìnon tic timèc gia
tic metablhtèc x, y, z diìti h tim  thc metablht c w kajorÐzetai monadik� apì thn
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pr¸th exÐswsh f1 = 0).

z = 0 , y = 0 , x = 1
z = 0 , y = ±1 , x = 0
z = ±1 , y = 0 , x = 0
z = 2

3 , y = 1
3 , x = −2

3
z = −2

3 , y = −1
3 , x = −2

3

z =
√

11
8
√

2
, y = −3

√
11

8
√

2
, x = −3

8

z = −
√

11
8
√

2
, y = 3

√
11

8
√

2
, x = −3

8 .
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