
JEWRHMA TAYLOR, SEIRES, DUNAMOSEIRES

ProseggÐseic

'Estw ìti tÐjetai to ex c er¸thma: BreÐte to
√

105 (qwrÐc ìmwc na qrhsimopoi sete
kompiouter�ki!!). O epakrib c upologismìc thc tetragwnik c rÐzac eÐnai dÔskoloc,
eÐnai dunatìn ìmwc na proseggÐsoume thn zhtoÔmenh tim  me k�poia gnwst  tim  wc
ex c: gnwrÐzoume tic tetragwnikèc rÐzec twn fusik¸n arijm¸n pou eÐnai tèleia tetr�g-
wna dhl. tic

√
1 = 1,

√
4 = 2,

√
9 = 3, . . . ,

√
81 = 9,

√
100 = 10,

√
121 = 11, . . . .

Apì touc parap�nw arijmoÔc, twn opoÐwn gnwrÐzoume thn tetragwnik  rÐza, pio kont�
sto 105 eÐnai o arijmìc 100 kai epomènwc h tetragwnik  rÐza

√
105 proseggÐzetai apì

thn
√

100 = 10. 'Eqoume loipìn apì thn mi� pleur� thn tim  pou zht�me dhl. thn√
105 (pragmatik  tim ) thn opoÐa ìmwc den mporoÔme na upologÐsoume kai apì thn

�llh thn proseggistik  tim 
√

100 = 10 thn opoÐa gnwrÐzoume, den gnwrÐzoume ìmwc
pìso diafèrei apì thn pragmatik  tim . Profan¸c, den eÐmaste se jèsh na gnwrÐzoume
epakrib¸c thn diafor�

√
105 −

√
100 =

√
105 − 10 (sf�lma thc prosèggishc) diìti

tìte ja gnwrÐzame epakrib¸c kai thn tim  thc
√

105. Tì epìmeno er¸thma pou tÐjetai
eÐnai an up�rqei trìpoc na k�noume mia ektÐmhsh aut c thc diafor�c dhl. na poÔme
pìso meg�lh mporeÐ na eÐnai kai epomènwc na èqoume èna sumpèrasma gia to pìso kal 
eÐnai h prosèggish pou èqoume k�nei.

Gia na sunoyÐsoume: 'Estw ìti zht�me thn tim  miac posìthtac A thn opoÐa ìmwc
den mporoÔme na upologÐsoume (pragmatik  tim ). 'Estw ìti me k�poio trìpo brÐsk-
oume mia proseggistik  tim  B. TÐjetai tìte to er¸thma pìso meg�lo (tÐ t�xhc megè-
jouc) mporeÐ na eÐnai to |A−B| (sf�lma prosèggishc), dhl. an mporoÔme na broÔme
k�poion (gnwstì) arijmì M (fr�gma tou sf�lmatoc) tètoion ¸ste |A − B| < M .
'Oso piì mikrìc eÐnai o M pou brÐskoume tìso pio sÐgouroi eÐmaste ìti h prosèggish
pou k�name eÐnai kal . Prosoq  ìmwc: mporeÐ mia prosèggish pou k�noume na eÐnai
sthn pragmatikìthta kal  qwrÐc ìmwc na eÐmaste se jèsh na to apodeÐxoume dhl. na
mhn mporoÔme na broÔme èna mikrì fr�gma gia to sf�lma. Gia thn eÔresh autoÔ tou
fr�gmatoc gia to sf�lma, upeisèrqontai pollèc forèc k�poia dÔskola jewr mata thc
jewrÐac twn sunart sewn pou ja exet�soume parak�tw.

'Ena apì ta parap�nw jewr mata eÐnai to je¸rhma thc mèshc tim c (JMT). S-
ta epìmena ìtan anaferìmaste se sunart seic ja ennooÔme kalèc sunart seic dhl.
sunart seic pou eÐnai suneqeÐc kai paragwgÐsimec ìsec forèc jèloume. UpenjumÐ-
zoume ìti to JMT diatup¸netai wc ex c: 'Estw f : [a, b] −→ R sun�rthsh. Tìte
up�rqei c ∈ (a, b) me thn idiìthta f(b) = f(a) + f ′(c)(b − a). Shmei¸noume ìti to
je¸rhma dÐdei mìno thn Ôparxh tou c kai ìqi thn kataskeu  tou. Efarmìzoume to
JMT gia f(x) =

√
x, a = 100, b = 105. Tìte èqoume ìti

√
105 −

√
100 = f ′(c) · 5,

dhl. (mia kai f ′(x) = 1
2
√

x
) èqoume

√
105 − 10 = 5

2
√

c
. To c den to gnwrÐzoume

epakrib¸c, èqoume ìmwc thn plhroforÐa ìti c ∈ (100, 105). SumperaÐnoume ìti to s-
f�lma = 5

2
√

c
< 5

2
√

100
= 5

20 = 1
4 = 0.25. Sunep¸c, qrhsimopoi¸ntac to JMT br kame

èna fr�gma M = 1
4 = 0.25 gia to sf�lma pou k�name proseggÐzontac thn

√
105 me to

10. Qrhsimopoi¸ntac t¸ra èna kompiouter�ki blèpoume ìti
√

105 = 10, 24695057 . . .
kai sunep¸c to sf�lma prosèggishc eÐnai 0.24695057 . . .. Epomènwc, apì thn mia
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pleur� h prosèggish eÐnai sqetik� kal , apì de thn �llh to fr�gma pou br kame gia
to sf�lma se aut n thn perÐptwsh eÐnai arket� kalì dhl. eÐnai kont� sthn pragmatik 
tim  tou sf�lmatoc. Bebaia an den eÐqame to kompiouter�ki, autì den ja to gnwrÐzame,
to mìno pou ja gnwrÐzame eÐnai ìti h proseggistik  tim  diafèrei apì thn pragmatik 
tim  to polÔ kata 0.25.

Qrhsimopoi¸ntac t¸ra thn parak�tw genÐkeush tou JMT mporoÔme na
broÔme èna akìmh kalÔtero (mikrìtero) fr�gma gia to sf�lma thc prosèggish-
c. 'Estw f : [a, b] −→ R mia (kal ) sun�rthsh. Tìte up�rqei c ∈ (a, b) me

thn idiìthta f(b) = f(a) + f ′(a)(b − a) + f ′′(c)
2! (b − a)2. Efarmìzontac aut 

thn prìtash gia thn sun�rthsh f(x) =
√

x, a = 100, b = 105 paÐrnoume ìti√
105 =

√
100 + 1

2
√

100
5 + −1

4c3/2 52, dhl.
√

105 = 10 + 1
4 + −25

4c3/2 . Sunep¸c

proseggÐzoume thn
√

105 me to 10 + 1
4 = 10, 25 kai gnwrÐzoume ìti to sf�lma

thc prosèggishc (se apìluth tim ) gr�fetai sthn morf  25
4c3/2 . Qrhsimopoi¸ntac

p�li to gegonìc ìti c ∈ (100, 105) èqoume 25
4c3/2 < 25

4·103 = 1
160 . 'Ara me aut  thn

prosèggish, h proseggistik  tim  diafèrei apì thn pragmatik  tim  to polÔ kata 1
160

kai sunep¸c h prosèggish mac eÐnai polÔ kal . To Je¸rhma Taylor sto opoÐo ja
anaferjoÔme parak�tw eÐnai mia peraitèrw genÐkeush tou JMT kai mporoÔme na to
qrhsimopoi soume gia na broÔme akìmh kalÔterec proseggÐseic.

To polu¸numo Taylor miac sun�rthshc

'Estw ìti dÐdetai sun�rthsh f kai èstw a èna (eswterikì) shmeÐo tou pedÐou oris-
moÔ thc. Jètoume to ex c er¸thma: Apì ìla ta polu¸numa bajmoÔ n poiì polu¸numo
proseggÐzei kalÔtera thn sun�rthsh f se mia geitoni� tou shmeÐou a. To polu¸numo
pou zht�me ja prèpei na èqei ìso to dunatìn perissìtera koin� qarakthristik� me thn
sun�rthsh f gÔrw apì to shmeÐo a. 'Eqoume deÐ ìti h gewmetrÐa thc sun�rthshc se
èna shmeÐo susqetÐzetai me tic timèc twn parag¸gwn thc (1hc, 2hc k.o.k. t�xhc) sto
sugkekrimmèno shmeÐo. Zht�me loipìn èna polu¸numo P a

n (x) bajmoÔ n me thn idiìthta

P
a (k)
n (a) = f (k)(a), gia ìso to dunatìn perissìterec timèc tou k. EÐnai eÔkolo na

doÔme ìti gia èna polu¸numo P a
n (x) bajmoÔ n isqÔei p�nta ìti P

a (k)
n (x) = 0, gia k�je

k ≥ n+1. Sunep¸c to bèltisto pou mporoÔme na zht soume eÐnai P
a (k)
n (a) = f (k)(a),

gia k�je k = 0, . . . , n.
Gr�foume to polu¸numo P a

n (x) pou zht�me se dun�meic tou (x − a), dhl. sthn
morf  P a

n (x) = a0 + a1(x− a) + · · ·+ an(x− a)n. Autì epitugq�netai me diadoqikèc

diairèseic tou poluwnÔmou me to (x−a). ParathroÔme met� ìti P a (k)
n (x) = k!ak+(x−

a)Qn−k(x), gia k�je k = 0, . . . , n, ìpou Qn−k(x) k�poio polu¸numo bajmoÔ n − k.
Austhr  apìdeixh autoÔ mporeÐ na gÐnei me epagwg  wc proc to k. Ja prèpei epomènwc,

f (k)(a) = P
a (k)
n (a) = k!ak + (a − a)Qn−k(a) = k!ak kai sunep¸c ak = f (k)(a)

k! . 'Ara
to zhtoÔmeno polu¸numo bajmoÔ n eÐnai to

P a
n (x) = f(a) +

f (1)(a)
1!

(x− a) +
f (2)(a)

2!
(x− a)2 + · · ·+ f (n)(a)

n!
(x− a)n.

To parap�nw polu¸numo lègetai to polu¸numo Taylor bajmoÔ n, kèntrou a, gia thn
sun�rthsh f .

To je¸rhma tou Taylor
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'Estw f mia (kal ) sun�rthsh kai èstw a èna eswterikì shmeÐo tou pedÐou orismoÔ
thc. Tìte gia k�je x kont� sto a, me p.q. x < a, to di�sthma [x, a] eÐnai sto pedÐo
orismoÔ kai epomènwc efarmìzontac to JMT èqoume ìti

f(x) = f(a) + f ′(c)(x− a),

gi� k�poio c sto anoiktì di�sthma pou orÐzoun ta x kai a. OmoÐwc, h proanaferjeÐsa
genÐkeush tou JMT diatup¸netai wc ex c: gia k�je x kont� sto a èqoume

f(x) = f(a) + f ′(a)(x− a) +
f ′′(c′)

2!
(x− a),

gi� k�poio c′ sto anoiktì di�sthma pou orÐzoun ta x kai a. ParathroÔme t¸ra ìti to
JMT kai h genÐkeus  tou diatup¸nontai kai wc ex c: gia k�je x kont� sto a èqoume

f(x) = P a
0 (x) + f ′(c)(x− a),

f(x) = P a
1 (x) +

f ′′(c′)
2!

(x− a),

gi� k�poia c, c′ sto anoiktì di�sthma pou orÐzoun ta x kai a, ìpou P a
0 (x), P a

1 (x)
eÐnai ta antÐstoiqa polu¸numa Taylor gia thn sun�rthsh f . To je¸rhma Taylor, pou
apoteleÐ genÐkeush twn parap�nw, eÐnai to parak�tw:

Je¸rhma 1 (Je¸rhma Taylor). 'Estw f mia (kal ) sun�rthsh kai èstw a èna
eswterikì shmeÐo tou pedÐou orismoÔ thc. Tìte gia k�je x kont� sto a èqoume

f(x) = P a
n (x) +

f (n+1)(c)
(n + 1)!

(x− a)n+1

= f(a) +
f (1)(a)

1!
(x− a) + · · ·+ f (n)(a)

n!
(x− a)n +

f (n+1)(c)
(n + 1)!

(x− a)n+1,

gi� k�poio c sto anoiktì di�sthma pou orÐzoun ta x kai a (pou h epilog  tou exart�tai
apì ta x, dhl. c = c(x)).

O ìroc Ra
n(x) = f (n+1)(c)

(n+1)! (x − a)n+1 lègetai upìloipo Taylor bajmoÔ n, kèntrou
a, gia thn sun�rthsh f . Epomènwc, to je¸rhma Taylor gr�fetai wc akoloÔjwc:

f(x) = P a
n (x) + Ra

n(x),

ìpou P a
n (x) eÐnai to polu¸numo Taylor bajmoÔ n, kèntrou a, gia thn sun�rthsh f

kai Ra
n(x) eÐnai to antÐstoiqo upìloipo Taylor. Shmei¸noume ìti o ìroc f (n+1)(c)

pou emfanÐzetai sto upìloipo Taylor eÐnai sun�rthsh tou x kai ìqi mia stajer�,
diaforetik� k�je sun�rthsh ja grafìtan topik� wc polu¸numo bajmoÔ n + 1, gia
opoiod pote n = 0, 1, 2, . . ..

To parap�nw je¸rhma ousiastik� dÐdei mia èkfrash thc diafor�c f(x)−P a
n (x). 'E-

qontac mia �dÔskolh� sun�rthsh f(x) mporoÔme na thn proseggÐsoume me to polu¸nu-
mo Taylor P a

n (x) (pou eÐnai mia eÔkolh sun�rthsh) kai epomènwc to je¸rhma dÐdei mia
èkfrash gia to sf�lma thc prosèggishc.
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Par�deigma 1. f(x) = sin x. Gr�foume to parap�nw je¸rhma gia n = 3 me kèntro
a = 0. 'Eqoume, P 0

3 (x) = 0 + x + 0 − 1
6x3. EpÐshc, R0

3(x) = sin c
24 x4, gia k�poio c

metaxÔ tou 0 kai tou x. Sunep¸c,

sinx = x− 1
6
x3 +

sin c

24
x4.

Qrhsimopoi¸ntac to parap�nw, mporoÔme gia par�deigma na proseggÐsoume to sin 0.1
me to P3(0.1) = 0.1− (0.1)3

6 kai to sf�lma thc prosèggishc ja gr�fetai sthn morf 
sin c
24 (0.1)4, gi� k�poio c ∈ (0, 0.1). 'Ara mporoÔme na broÔme èna fr�gma tou sf�lmatoc

sin c
24 (0.1)4 < 1

24·104 = 1
240.000 .

Seirèc (ajroÐsmata me �peirouc ìrouc)

GnwrÐzoume na ajroÐzoume peperasmènouc to pl joc arijmoÔc. To er¸thma pou
tijetai eÐnai an mporoÔme na d¸soume nìhma sthn �jroish apeÐrwn to pl joc ari-
jm¸n. Pollèc forèc tètoiou eÐdouc ajroÐsmata perimèneic na eÐnai peperasmèna. Gia
par�deigma, to �jroisma 1/2 + 1/4 + 1/8 + 1/16 + · · · perimènoume na k�nei 1 (diìti
prokÔptei apì tic diadoqikèc upodiairèseic tic mon�doc). Apì thn �llh meri�, to �-
jroisma 1 + 1 + 1 + · · · perimènoume na k�nei �peiro. Prèpei loipìn na broÔme ènan
austhrì orismì thc parap�nw diadikasÐac, pou na eÐnai sumbatìc me tic diaisjhtikèc
mac problèyeic. Ed¸ upeisèrqontai p�li oi akoloujÐec kai ta ìri� touc. 'Estw (an) mia
akoloujÐa pragmatik¸n arijm¸n. Onom�zoume to sÔmbolo a1+a2+a3+ · · ·+an+ · · · ,
  diaforetik�

∑∞
n=1 an, (�peirh) seir� kai to orÐzoume wc akoloÔjwc. JewroÔme thn

akoloujÐa (sn) pou orÐzetai apì ton anadromikì tÔpo s1 = a1 kai sn = sn−1 + an.
Dhl. thn akoloujÐa (sn) me

s1 = a1

s2 = a1 + a2

s3 = a1 + a2 + a3

· · · · · ·
sn = a1 + a2 + · · ·+ an

Orismìc 1. OrÐzoume thn (�peirh) seir� a1 +a2 +a3 + · · ·+an + · · · ,   diaforetik�∑∞
n=1 an, wc to ìrio lim sn.

Shmei¸noume epomènwc ìti an dwjeÐ mia seir� a1 + a2 + a3 + · · · + an + · · · tìte
me aut n sqetÐzontai dÔo akoloujÐec. H mia eÐnai h akoloujÐa (an), pou lègetai
h akoloujÐa twn ìrwn thc seir�c kai h �llh eÐnai h akoloujÐa (sn), pou lègetai h
akoloujÐa twn merik¸n ajroism�twn thc seir�c. An t¸ra lim sn = L ∈ R tìte lème
ìti h seir� sugklÐnei (sto L) kai gr�foume a1+a2+a3+· · ·+an+· · · = L, diaforetik�
ìti h seir� apoklÐnei.

Par�deigma 2. Ja melet soume thn proanaferjeÐsa seir� 1/2+1/4+1/8+1/16+
· · · dhl. thn 1

2 + 1
22 + 1

23 + · · ·+ 1
2n + · · · . 'Eqoume ìti sn = 1

2 + 1
22 + 1

23 + · · ·+ 1
2n kai

zht�me to lim sn. Ja k�noume ed¸ qr sh tou tÔpou tou gewmetrikoÔ ajroÐsmatoc.
'Estw a pragmatikìc arijmìc me a 6= 1. Tìte

1 + a1 + a2 + · · ·+ an =
1− an+1

1− a
.
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Epomènwc èqoume ìti

sn =
1
2

+
1
22

+
1
23

+ · · ·+ 1
2n

= (
1
2
)1 + (

1
2
)2 + (

1
2
)3 + · · ·+ (

1
2
)n

=
1
2

(
1 + (

1
2
)1 + (

1
2
)2 + · · ·+ (

1
2
)n−1

)
=

1
2

1− (1
2)n

1− 1
2

= 1− (
1
2
)n.

'Ara lim sn = lim(1− (1
2)n) = 1 pou eÐnai autì pou anamèname.

Par�deigma 3. Ja melet soume thn seir� 1 + 1 + 1 + · · · =
∑∞

n=1 1. 'Eqoume
sn = n kai �ra lim sn = +∞. Epomènwc h seir� apoklÐnei.

Par�deigma 4. Ja melet soume thn seir� 1 − 1 + 1 − 1 + · · · =
∑∞

n=1(−1)n+1.
'Eqoume sn = 1, an n perittìc kai sn = 0, an n �rtioc. Ara to lim sn den up�rqei kai
epomènwc h seir� apoklÐnei.

Par�deigma 5. Ja melet soume thn seir� 1 + 1
2 + 1

3 + 1
4 + · · · . 'Eqoume sn =

1 + 1
2 + 1

3 + 1
4 + · · ·+ 1

n . Gia autì to �jroisma den mporoÔme na broÔme ènan kleistì
tÔpo ìpwc k�name gia to gewmetrikì �jroisma tou paradeÐgmatoc 2. Ja deÐxoume ìmwc
ìti h akoloujÐa (sn) den èqei ìrio, brÐskontac mi� upakoloujÐac thc pou apoklÐnei.
Pr�gmati, p�re thn upakoloujÐa (s′n) me s′n = s2n . 'Eqoume

s′1 = 1 +
1
2
≥ 1 +

1
2

s′2 = s′1 +
1
3

+
1
4
≥ 1 +

1
2

+ 2
1
4

= 1 +
1
2

+
1
2

= 1 + 2
1
2

s′3 = s′2 +
1
5

+
1
6

+
1
7

+
1
8
≥ 1 + 2

1
2

+ 4
1
8

= 1 + 3
1
2
.

Kai genikìtera, deÐqnoume me epagwg , ìti s′n ≥ 1 + n1
2 = 1 + n

2 . Epomènwc to
s′n gÐnetai ìso meg�lo jèloume kai �ra lim s′n = +∞ kai sunep¸c h akoloujÐa (sn)
apoklÐnei. Epomènwc kai h seir� apoklÐnei.

Shmei¸noume tèloc ìti, an kai h seir�
∑∞

n=1 an kataskeu�zetai apì thn akoloujÐa
(an), h melèth thc eÐnai kurÐwc sunhfasmènh me thn akoloujÐa (sn) twn merik¸n thc
ajroism�twn. Ousiastik�, mìnon h parak�tw prìtash susqetÐzei thn akoloujÐa twn
ìrwn thc (an) me thn sÔgklish thc seir�c.

Prìtash 1. An h seir�
∑∞

n=1 an sugklÐnei tìte h akoloujÐa (an) èqei ìrio to mhdèn.
Epomènwc, an lim an 6= 0 tìte h seir�

∑∞
n=1 an apoklÐnei.

Apìdeixh. 'Estw (sn) h akoloujÐa twn merik¸n ajroism�twn. Tìte an = sn − sn−1.
H seir� sugklÐnei epomènwc èqoume ìti lim sn = L ∈ R. Tìte ìmwc kai lim sn−1 = L
kai sunep¸c lim an = L− L = 0.

Par�deigma 6. Oi seirèc
∑∞

n=1 1 kai
∑∞

n=1(−1)n+1 apoklÐnoun diìti h akoloujÐa
twn ìrwn touc den sugklÐnei sto mhdèn.
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To antÐstrofo ìmwc thc parap�nw prìtashc den isqÔei. Gia par�deigma eÐdame ìti h
seir�

∑∞
n=1

1
n apoklÐnei (bl. par�deigma 5), ìmwc h akoloujÐa twn ìrwn thc eÐnai h

( 1
n) pou èqei ìrio to mhdèn.

Dunamoseirèc (�polu¸numa� me �peirouc ìrouc)

'Estw ìti dÐdetai mia akoloujÐa (an). Tìte mporoÔme na sqhmatÐsoume to parak�tw
�tupikì polu¸numo tou x me �peirouc ìrouc �

s(x) = a0 + a1x + a2x
2 + · · ·+ anxn + · · · =

∞∑
n=0

anxn.

'Ena tètoio �tupikì polu¸numo tou x me �peirouc ìrouc � lègetai dunamoseir� tou x.
Bèbaia, mèqri stigm c, autìc eÐnai ènac �tupikìc � orismìc kai den èqei akìmh apokt sei
k�poio nìhma. 'Otan ìmwc d¸soume sthn metablht  x mia sugkekrimmènh tim , dhl.
jèsoume x = x0, tìte h parap�nw dunamoseir� gÐnetai h seir� a0 +a1x0 + · · ·+anxn

0 +
· · · =

∑∞
n=0 anxn

0 kai epomènwc apokt� nìhma, dhl. eÐnai h seir� pou antistoiqeÐ
sthn akoloujÐa (anxn

0 ). OrÐzoume t¸ra wc pedÐo sÔgklishc (  pedÐo orismoÔ) A thc
parap�nw dunamoseir�c to sÔnolo ìlwn twn pragmatik¸n arijm¸n x0 gia touc opoÐouc
h antÐstoiqh seir�

∑∞
n=0 anxn

0 sugklÐnei. Me autì ton trìpo ep�getai mia sun�rthsh
s : A −→ R me x0 → s(x0) =

∑∞
n=0 anxn

0 .
Me an�logo trìpo, an a ∈ R, orÐzoume mia dunamoseir� tou (x − a) na eÐnai to

�tupikì polu¸numo tou x− a me �peirouc ìrouc �

s(x) = a0 + a1(x− a) + a2(x− a)2 + · · ·+ an(x− a)n + · · · =
∞∑

n=0

an(x− a)n,

kai, omoÐwc, orÐzoume to pedÐo pedÐo sÔgklishc (  pedÐo orismoÔ) thc parap�nw dunamo-
seir�c.

Par�deigma 7. 'Estw s(x) = 1+x+x2 + · · ·+xn + · · · =
∑∞

n=0 xn. Ac broÔme to
pedÐo sÔgklishc thc parap�nw dunamoseir�c, dhl. ac broÔme ìlouc touc pragmatikoÔc
arijmoÔc x0 gia touc opoÐouc h seir� s(x0) =

∑∞
n=0 xn

0 sugklÐnei. H akoloujÐa
(sn(x0)) twn merik¸n ajroism�twn thc seir�c èqei genikì ìro

sn(x0) = 1 + x0 + · · ·+ xn−1
0 =

1− xn
0

1− x0
.

H teleutaÐa isìthta isqÔei sthn perÐptwsh pou x0 6= 1. Shmei¸noume pr¸ta ìti an
x0 = 1 tìte s(1) = 1+1+1+· · ·+1+· · · pou apoklÐnei. Gia tic upìloipec timèc tou x0,
h sÔgklish thc seir�c s(x0) exart�tai apì thn Ôparxh tou orÐou lim xn

0 . 'Opwc èqoume
deÐ, autì to ìrio up�rqei (kai eÐnai mhdèn) mìnon ìtan |x0| < 1. Epomènwc, pedÐo
sÔgklishc thc parap�nw dunamoseir�c eÐnai to A = (−1, 1). EpÐshc, h antÐstoiqh
tim  thc dunamoseir�c gia èna x0 ∈ A ja eÐnai s(x0) = 1

1−x0
kai sunep¸c h epagìmenh

sun�rthsh pou orÐzei aut  h dunamoseir� eÐnai h s : (−1, 1) −→ R me s(x) = 1
1−x .

Sunep¸c, gia k�je x me −1 < x < 1, èqoume ìti

1
1− x

= 1 + x + x2 + · · ·+ xn + · · · .

Epomènwc, gia x me −1 < x < 1, gr�yame thn sun�rthsh 1
1−x wc dunamoseir� tou x,

dhl. wc èna �polu¸numo� tou x me �peirouc ìrouc!!.
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Par�deigma 8. SuneqÐzontac to parap�nw par�deigma, ja prospaj soume na gr�y-
oume t¸ra thn sun�rthsh 1

1−x wc dunamoseir� tou x − a, ìpou a 6= 1. 'Eqoume kat'
arq�c ìti

1
1− x

=
1

1− a

1
1− x−a

1−a

=
1

1− a

1
1− x′

,

ìpou x′ = x−a
1−a . Apì to parap�nw par�deigma gnwrÐzoume ìti an |x′| < 1, dhl. an

|x−a
1−a | < 1, tìte

1
1− x′

= 1 + x′ + x′2 + · · ·+ x′n + · · · .

Epomènwc, gia x me |x−a
1−a | < 1, dhl. |x− a| < |1− a|, isqÔei ìti

1
1− a

1
1− x′

=
1

1− a

(
1 + (

x− a

1− a
) + (

x− a

1− a
)2 + · · ·+ (

x− a

1− a
)n + · · ·

)
=

1
1− a

+
x− a

(1− a)2
+

(x− a)2

(1− a)3
+ · · ·+ (x− a)n

(1− a)n+1
+ · · ·

kai epomènwc

1
1− x

=
1

1− a
+

x− a

(1− a)2
+

(x− a)2

(1− a)3
+ · · ·+ (x− a)n

(1− a)n+1
+ · · ·

gia k�je x me |x− a| < |1− a|.

Dunamoseir� Taylor miac sun�rthshc

Me aform  ta teleutaÐa paradeÐgmata, jètoume to ex c genikìtero er¸thma. 'Estw
f mia �kal � sun�rthsh kai a eswterikì shmeÐo tou pedÐou orismoÔ thc f . MporoÔme
tìte na broÔme mia geitoni� A tou shmeÐou, tètoia ¸ste gia k�je x ∈ A h sun�rthsh
f na gr�fetai wc dunamoseir� tou x − a? H ap�nthsh se autì to er¸thma eÐnai
katafatik  (gi� ìlec bèbaia tic �kalèc � sunart seic). To epakìloujo fusiologikì
er¸thma eÐnai tìte poi� eÐnai aut  h dunamoseir�? H ap�nthsh eÐnai ìti h zhtoÔmenh
dunamoseir� eÐnai aut  pou prokÔptei wc h genÐkeush tou poluwnÔmou Taylor thc f me
kèntro a. PrÐn per�soume se mia pio susthmatik  melèth twn parap�nw erwthm�twn,
prospaj ste na epibebai¸ste ìti o isqurismìc isqÔei gia thn sun�rthsh f(x) = 1

1−x ,
bl. par�deigma 8. ArqÐzoume me ènan orismì.

Orismìc 2. 'Estw f mia �kal � sun�rthsh kai a eswterikì shmeÐo tou pedÐou orismoÔ
thc f . OrÐzoume seir� Taylor thc f me kèntro a, thn k�twji dunamoseir� wc proc
x− a:

T a
f (x) = f(a) +

f (1)(a)
1!

(x− a) + · · ·+ f (n)(a)
n!

(x− a)n + · · ·

=
∞∑

n=0

f (n)(a)
n!

(x− a)n.

'Otan a = 0, h parap�nw dunamoseir�, Tf (x) =
∑∞

n=0
f (n)(a)

n! xn, lègetai seir� McLau-
ren thc sun�rthshc f .
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Ta merik� ajroÐsmata thc parap�nw seir�c gia x = x0 eÐnai ta sn(x0) = P a
n (x0).

Epomènwc
T a

f (x0) = lim P a
n (x0).

Apì to je¸rhma 1 èqoume ìti f(x0) = P a
n (x0) + Ra

n(x0). Epomènwc Ja isqÔei
ìti f(x0) = T a

f (x0) = lim sn(x0) = lim P a
n (x0) an kai mìnon an lim Ra

n(x0) = 0.
ApodeiknÔetai t¸ra ìti, gia tic kalèc sunart seic, to teleutaÐo isqÔei gia ìla ta x0

se mia geitoni� tou shmeÐou a kai sunep¸c èqoume to parak�tw je¸rhma.

Je¸rhma 2. An f mia kal  sun�rthsh kai a eswterikì shmeÐo tou pedÐou orismoÔ
thc, tìte up�rqei geitonia U tou a, tètoia ¸ste gia k�je x ∈ U na isqÔei ìti

f(x) = T a
f (x)

= f(a) +
f (1)(a)

1!
(x− a) + · · ·+ f (n)(a)

n!
(x− a)n + · · ·

Shmei¸noume ìti h eÔresh thc geitoni�c antistoiqeÐ ousiastik� sto er¸thma, gia
poia x0 isqÔei ìti lim Ra

n(x0) = 0. EpÐshc, apodeiknÔetai ìti h parap�nw dunamoseir�
eÐnai monadik , dhl. h sun�rthsh f den mporeÐ na grafeÐ me diaforetikì apì ton
parap�nw trìpo wc dunamoseir� tou (x− a) se geitoni� tou a.

Par�deigma 9. f(x) = sinx. Ac upologÐsoume thn seir� McLaurent Tf (x) thc
sun�rthshc f . 'Eqoume ìti

f4k(x) = sin x, �ra f4k(0) = 0
f4k+1(x) = cos x, �ra f4k+1(0) = 1
f4k+2(x) = − sinx, �ra f4k+2(0) = 0
f4k+3(x) = − cos x, �ra f4k+3(0) = −1

Sunep¸c,

Tf (x) = 0 +
1
1!

x + 0 x2 − 1
3!

x3 + 0 x4 +
1
5!

x5 + 0 x6 − 1
7!

x7 + · · ·

=
∞∑

λ=0

(−1)λ 1
(2λ + 1)!

x2λ+1.

Gia na broÔme t¸ra gia poi� x = x0 gÔrw apì to 0 èqoume ìti f(x0) = Tf (x0) ja
prèpei na broÔme ta x0 gia ta opoÐa isqÔei ìti lim Ra

n(x0) = 0. 'Eqoume

|Ra
n(x0)| = |f

n+1(c)
(n + 1)!

xn+1
0 | ≤ |x0|n+1

(n + 1)!
.

'Omwc, lim |x0|n+1

(n+1)! = 0, gia opoiad pote epilog  tou x0. Sunep¸c,

sinx =
∞∑

λ=0

(−1)λ 1
(2λ + 1)!

x2λ+1,

gia k�je x ∈ R.
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