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PROBLHMA 1. Estw S h epif�neia pou orÐzetai apì thn apeikìnish Φ : D −→ R3

me Φ(u, v) = (u− v, uv, u + v) kai èstw P = (−1, 2, 3) shmeÐo thc S.

a) [Mon�dec 10] DeÐxte ìti to di�nusma
→
w=< −3, 0, 1 > eÐnai efaptìmeno sthn S

sto parap�nw shmeÐo P kai breÐte thn k�jeth kampulìthta KP,S(
→
w).

b) [Mon�dec 15] BreÐte ta kÔria dianÔsmata sto TP S (dhl. sto epÐpedo twn
efaptìmenwn dianusm�twn thc S sto parap�nw shmeÐo P ).

PROBLHMA 2. [Mon�dec 25] Estw α : (−3, 3) −→ R3 kampÔlh, para-
metrismènh wc proc m koc tìxou, me kampulìthta κα(s) = s2 + 5 kai strèyh
τα(s) = s2 − 4. Estw D = (−3, 3) × (0, 1) ⊆ R2. OrÐzoume thn epif�neia

Φ : D −→ R3 me di�nusma jèshc
→
X (s, v) =

→
α (s) − vα ′(s). Perigr�yte ta shmeÐa

P thc parap�nw epif�neiac sta opoÐa h mèsh kampulìthta H(P ) eÐnai Ðsh me mhdèn.

PROBLHMA 3. Estw S mia epif�neia kai α : I −→ R3 mia epifaneiak 
kampÔlh, parametrismènh wc proc m koc tìxou, me kampulìthta κα(t) > 0 kai
strèyh τα(t) 6= 0, ∀t ∈ I.
a) [Mon�dec 10] DeÐxte ìti an h α eÐnai asumptwtik  kampÔlh tìte to deutereÔon

k�jeto di�nusma (dik�jetoc)
→
b α (t) thc kampÔlhc eÐnai k�jeto sthn epif�neia S sto

shmeÐo α(t), ∀t ∈ I.
b) [Mon�dec 15] DeÐxte ìti isqÔei kai to antÐstrofo tou erwt matoc a). Dhlad ,

an gia thn kampÔlh α to deutereÔon k�jeto di�nusma
→
b α (t) eÐnai k�jeto sthn

epif�neia S sto shmeÐo α(t), ∀t ∈ I, tìte h α eÐnai asumptwtik  kampÔlh thc
epif�neiac.

PROBLHMA 4. Estw
→
w di�nusma tou R3 me m koc || →

w || = 1. Estw
α : I −→ R3 kampÔlh tou q¸rou, parametrismènh wc proc m koc tìxou, me
kampulìthta κα(s) > 0 kai strèyh τα(s) 6= 0, ∀s ∈ I. Upojètoume ìti to deutereÔon

k�jeto di�nusma (dik�jetoc)
→
b α (s) sqhmatÐzei stajer  gwnÐa φ me to

→
w, ∀s ∈ I.

a) [Mon�dec 10] DeÐxte ìti to di�nusma taqÔthtac
→
t α (s) = α′(s) sqhmatÐzei

stajer  gwnÐa θ me to
→
w, ∀s ∈ I.

b) [Mon�dec 15] DeÐxte ìti τα(s)/κα(s) = stajerì, ∀s ∈ I.
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