
DIAFORIKH GEWMETRIA, ASKHSEIS #1

Askhsh 1. Estw I ⊆ R anoiktì di�sthma kai f : I −→ R mia diaforÐsimh sun�r-
thsh. JwroÔme thn kampÔlh γ : I −→ R2 me γ(t) = (t, f(t)). An a, b ∈ I me a < b,
deÐxte ìti

La
b (γ) =

∫ b

a

√
1 + (f ′(t))2 dt .

Askhsh 2. DeÐxte ìti to m koc thc parabol c x2 = 2py, p > 0, apì to shmeÐo

(0, 0) èwc to shmeÐo (a, a2

2p), a > 0, isoÔtai me

1
2p

[a
√

a2 + p2 + p2 log
a +

√
a2 + p2

p
] .

Askhsh 3. JwroÔme thn kampÔlh γ : I −→ R3 me thn idiìthta |γ′(t)| = 1, gia k�je
t ∈ I. DeÐxte ìti ta dianÔsmata γ′′(t) kai γ′(t) eÐnai k�jeta, gia k�je t ∈ I.

Askhsh 4. Estw γ : I −→ R3 mia (kanonik ) kampÔlh. DeÐxte ìti
(a) H γ èqei stajer  taqÔthta an kai mìnon an to di�nusma thc epit�qunshc γ′′ eÐnai
k�jeto sthn kampÔlh γ se k�je shmeÐo, dhl. to γ′′(t) eÐnai k�jeto sto γ′(t), gia
k�je t ∈ I.
(b) H γ eÐnai anaparamètrish eujeÐac an kai mìnon an to to di�nusma thc epit�qunshc
γ′′ eÐnai efaptìmeno sthn kampÔlh γ se k�je shmeÐo, dhl. to γ′′(t) eÐnai par�llhlo
me to γ′(t), gia k�je t ∈ I.

Askhsh 5. ParametrÐste wc proc m koc tìxou thn kampÔlh γ : R −→ R2

me γ(t) = (3 cos et, 3 sin et).

Askhsh 6. ParametrÐste wc proc m koc tìxou thn kampÔlh γ : R −→ R3

me γ(t) = (a cos t, a sin t, bt), a, b > 0.

Askhsh 7. Estw α : I −→ R2 epÐpedh kampÔlh kai Φ : R2 −→ R2 stèrea
kÐnhsh me

Φ(x, y) = A

(
x
y

)
+

(
x0

y0

)
,

ìpou A At = I. DeÐxte ìti an detA = 1, tìte kα = kΦ◦α. An detA = −1, tìte
kα = −kΦ◦α.
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DIAFORIKH GEWMETRIA, ASKHSEIS #2

Askhsh 1. Estw α : I −→ R2 kampÔlh parametrismènh wc proc m koc tì-

xou me α(s) = (x1(s), x2(s)). Estw φ(s) h gwniak  sun�rthsh kai
→
η (s) =<

− sinφ(s), cos φ(s) > to k�jeto di�nusma sto shmeÐo α(s). Upojètoume ìti
κα(s) 6= 0, ∀s. OrÐzoume thn kampÔlh β(s) : I −→ R2 me

β(s) = (x1(s)−
1

κα(s)
sinφ(s), x2(s) +

1
κα(s)

cos φ(s)).

DeÐxte ìti:

a) β′(s) 6=
→
0 , ∀s ⇐⇒ κ′α(s) 6= 0,∀s.

b) An β′(s) 6=
→
0 tìte deÐxte ìti h efaptìmenh eujeÐa thc kampÔlhc β sto shmeÐo β(s)

perièqei to k�jeto di�nusma
→
η (s) thc kampÔlhc α sto shmeÐo α(s).

Askhsh 2. DeÐxte ìti h kampÔlh α : I −→ R3 me α(t) = (4/5 cos t, 1 −
sin t, −3/5 cos t) eÐnai kÔkloc kai breÐte to kèntro kai thn aktÐna tou.

Askhsh 3. Na upologisjeÐ to plaÐsio Frenet thc kampÔlhc α : I −→ R3

me α(t) = ( (1+t)3/2

3 , (1−t)3/2

3 , t√
2
) kai na brejoÔn h kampulìthta kai h strèyh.

Askhsh 4. Estw α : I −→ R3 kampÔlh parametrismènh wc proc m koc tì-

xou me kampulìthta κα(s) > 0,∀s. An
→
v (s) = τα(s)

→
t (s) + κα(s)

→
b (s), tìte

deÐxte ìti

α′′ =
→
v ×

→
t ,

→
η
′
=
→
v ×

→
η ,

→
b
′
=
→
v ×

→
b .

Askhsh 5. Prospaj ste na breÐte mia kampÔlh α : I −→ R2, parametri-
smènh wc proc m koc tìxou, me kampulìthta κα(s) = s.

Askhsh 6. BreÐte thn kampulìthta kai thn strèyh gia tic parak�tw kampÔ-
lec tou q¸rou:
a) α(t) = (a(t− sin t), a(1− cos t), bt).
b) α(t) = (a(3t− t2), 3at2, a(3t + t3)).

Askhsh 7.Estw α : I −→ R3 h kampÔlh me α(t) = (a sin2 t, a sin t cos t, a cos t).
DeÐxte ìti to Ðqnoc thc α brÐsketai se sfaÐra aktÐnac a kai breÐte thn kampulìthta
kai thn strèyh thc.
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DIAFORIKH GEWMETRIA, ASKHSEIS #3

Askhsh 1. Estw α : I −→ R3 mia kampÔlh parametrismènh wc proc m koc tìxou
me κα > 0, τα 6= 0.
a) An to Ðqnoc thc α brÐsketai sthn epif�neia sfaÐrac aktÐnac R kai kèntrou c =
(c1, c2, c3) tìte deÐxte ìti

→
α (s)− →

c = −ρ
→
η (s)− ρ′σ

→
b (s),

ìpou ρ = 1
κα(s) kai σ = 1

τα(s) . Sumper�nate ìti R2 = ρ2 + (ρ′σ)2.
b) Antistrofa, an ρ2 + (ρ′σ)2 = stajer�, èstw R2, kai ρ′ 6= 0, deÐxte ìti to Ðqnoc
thc α brÐsketai sthn epif�neia sfaÐrac aktÐnac R.

Askhsh 2. Estw α : I −→ R3 mia kampÔlh tou q¸rou. Tìte orÐzoume to

monadiaÐo efaptìmeno
→
t , to kÔrio k�jeto

→
η kai to deutereÔon k�jeto di�nusma

→
b

sto shmeÐo α(s) wc akoloÔjwc. PaÐrnoume mia jetik  anaparamètrish β = α ◦ h thc

α wc proc m koc tìxou kai orÐzoume
→
t (t) =

→
tβ (s),

→
η (t) =

→
ηβ (s) kai

→
b (t) =

→
bβ (s),

ìpou t = h(s).

a) Ekfr�ste ta
→
t
′
(t),

→
η
′
(t),

→
b
′
(t) se sqèsh me ta

→
t (t),

→
η (t),

→
b (t), dhl.

breÐte touc tÔpouc tou Frenet gia thn kampÔlh α. (ShmeÐwsh: oi tÔpoi tou Frenet
pou èqoume apodeÐxei eÐnai gia kampÔlec parametrismènec wc proc m koc tìxou).

b) DeÐxte ìti
→
t = α′

||α′|| ,
→
η=

→
b ×

→
t ,

→
b = α′ × α′′/||α′ × α′′||.

Askhsh 3. DeÐxte ìti h kampulìthta κα miac kampÔlhc α tou q¸rou ikano-
poieÐ thn sqèsh, ìpou v = ||α′||.

κ2
αv4 = ||α′′||2 − (v′)2

Askhsh 4. An ìlec oi efaptìmenec miac kampÔlhc tou q¸rou pern�ne apì
èna stajerì shmeÐo, deÐxte ìti h kampÔlh eÐnai mia eujeÐa.

Askhsh 5. An ìlec oi kÔriec k�jetoi miac kampÔlhc tou q¸rou pern�ne apì
èna stajerì shmeÐo, deÐxte ìti h kampÔlh eÐnai kÔkloc.

Askhsh 6. Estw α : I −→ R3 h kampÔlh tou q¸rou me

α(t) = (
t

2
√

2
+ 3 sin

t

2
√

2
, 2 cos

t

2
√

2
,

√
3
8
t− sin

t

2
√

2
).

DeÐxte ìti h α eÐnai mia èlika dhl. mia metatìpish (k�tw apì isometrÐa) kampÔlhc β
me β(t) = (a cos t, a sin t, bt), ìpou a > 0, b 6= 0.
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DIAFORIKH GEWMETRIA, ASKHSEIS #4

Askhsh 1. Estw f : (1, 2) −→ R sun�rthsh me z = f(x). Peristrèfoume
to gr�fhma thc f , to opoÐo brÐsketai sto zx-epÐpedo, gÔrw apì ton z-�xona.
Perigr�yete thn paragìmenh epif�neia ek peristrof c me parametrikì trìpo kai
deÐxte ìti eÐnai kanonik  epif�neia. Otan z = x2 breÐte to embadìn thc �z¸nhc�
metaxÔ twn epipèdwn z = f(x1)kai z = f(x2), ìpou 1 < x1 < x2 < 2.

Askhsh 2. Estw α : I −→ R3 mia kampÔlh tou q¸rou, parametrismènh wc
proc m koc tìxou me kampulìthta pou ikanopoieÐ |κα| < M , gia k�poion jetikì
M . Estw R arijmìc me 0 < R < 1/M . OrÐzoume ton R-swl na gÔrw apì thn
kampÔlh α, wc thn epif�neia Φ : I × R −→ R3 pou dÐdetai se parametrik  morf 

apì to di�nusma jèshc
→
X (u, v) =

→
α (u) + R(

→
n (u) cos v+

→
b (u) sin v), ìpou

→
n (u)

kai
→
b (u) to kÔrio kai to deutereÔon k�jeto di�nusma thc α. Poi� h gewmetrik 

ermhneÐa aut c thc epif�neiac? DeÐxte ìti h epif�neia eÐnai kanonik . ApodeÐxte ìti
an h kampÔlh α èqei m koc L tìte h parap�nw epif�neia èqei embadìn 2πRL.

Askhsh 3. Estw D = {(x, y) ∈ R2, x > 0} kai f : D −→ R mia diaforÐ-
simh sun�rthsh. JewroÔme thn epif�neia Φ : D −→ R3 me Φ(u, v) = (u, v, uf( v

u)).
DeÐxte ìti to efaptìmeno epÐpedo thc epif�neiac se k�je shmeÐo thc dièrqetai apì
to (0, 0, 0).

Askhsh 4. Estw D = R × (−π
2 , π

2 ). JewroÔme thn epif�neia Φ : D −→ R3 me
Φ(u, v) = (u cos v, u sin v, ln cos v + u). Estw a1, a2 ∈ R kai αai : (−π

2 , π
2 ) −→ D

oi kampÔlec me tÔpo αai(t) = (ai, t). Gia k�je b ∈ (−π
2 , π

2 ) orÐzoume thn kampÔlh
βb : R −→ D me βb(t) = (t, b). DeÐxte ìti oi kampÔlec Φ◦αa1 kai Φ◦αa1 apokìptoun
se k�je kampÔlh Φ ◦ βb, b ∈ (−π

2 , π
2 ), èna komm�ti stajeroÔ p�nta m kouc, dhl.

anex�rthto thc epilog c tou b.

Askhsh 5. Estw α : (a, b) −→ R3 kampÔlh parametrismènh wc proc m koc
tìxou me κα(t) 6= 0, ∀t ∈ (a, b). Estw D = (a, b) × (R − {0}) ⊆ R2. OrÐzoume thn

epif�neia Φ : D −→ R3 me di�nusma jèshc
→
Q (u, v) =

→
α (u) + vα′(u). Poi� eÐnai h

gewmetrik  ermhneÐa aut c thc epif�neiac. DeÐxte ìti h Φ eÐnai kanonik  epif�neia
kai breÐte to efaptìmeno epÐpedo se k�je shmeÐo thc.

Askhsh 6. O kÔkloc sto xz-epÐpedo tou q¸rou, me kèntro to shmeÐo (2, 0, 0) kai
aktÐna 1 perigr�fetai apì thn α(u) = (2 + cos u, sinu). Otan peristrèyoume ton
parap�nw kÔklo gÔrw apì ton z-�xona par�goume mia epif�neia (ènan tìro) pou
dÐdetai se parametrik  morf  apì Φ(u, v) = ((2+cos u) cos v, (2+cos u) sin v, sinu).
BreÐte thn gewmetrik  ermhneÐa twn gwni¸n u, v. DeÐxte ìti h parap�nw eÐnai
kanonik  epif�neia kai breÐte to embadìn thc.
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DIAFORIKH GEWMETRIA, ASKHSEIS #5

Askhsh 1. Estw O h arq  twn axìnwn kai P shmeÐo tou q¸rou. Estw
→
w1,

→
w2

dianÔsmata tou q¸rou grammik¸c anex�rthta. Tìte gia to epÐpedo pou dÐdetai apì

di�nusma jèshc
→
X (u, v) =

→
OP +u

→
w1 +v

→
w2 breÐte thn pr¸th kai thn deÔterh

jemeli¸dh morf  se k�je shmeÐo tou.

Askhsh 2. JewroÔme ton kÔlindro Φ : R2 −→ R3 me Φ(u, v) = (R cos u, R sinu, v),
ìpou R > 0.
a) BreÐte thn pr¸th kai thn deÔterh jemeli¸dh morf  se k�je shmeÐo tou.
b) Otan tm soume ton kÔlindro me èna epÐpedo pou pernaèi apì to shmeÐo
P = (0, R, 0), sqhmatÐzei gwnÐa π

4 me to xy-epÐpedo kai perièqei to di�nusma
< 1, 0, 0 >, paÐrnoume mia èlleiyh. BreÐte thn kampulìtht� thc èlleiyhc sto shmeÐo
P .

Askhsh 3. Estw S to gr�fhma thc sun�rthshc f(x, y) = x2 − y2. Upolo-
gÐste thn kampulìthta twn k�jetwn tom¸n.

Askhsh 4. Estw S to gr�fhma thc sun�rthshc z = f(x, y). BreÐte thn 2h
jemeli¸dh morf .

Askhsh 5. JewroÔme mia kampÔlh α sto x, z-epÐpedo parametrhsmènh wc
proc m koc tìxou. Estw α(s) = (x(s), z(s)). Upojètoume ìti x(s) > 0,∀s. Otan
peristrèyoune thn α gÔrw apì ton z-�xona paÐrnoume mia epif�neia S ek peristrof c.
a) DeÐxte ìti h S perigr�fetai se parametrik  morf  apì thn Φ(s, φ) =
(x(s) cos φ, x(s) sinφ, z(s)).
b) DeÐxte ìti h S eÐnai kanonik  epif�neia kai breÐte to k�jeto di�nusma se k�je
shmeÐo thc.
g) BreÐte thn 1h kai 2h jemeli¸dh morf  kai thn k�jeth kampulìthta se k�je
shmeÐo thc.

Askhsh 6. Estw a, b, c > 0. JewroÔme thn epif�neia S pou orÐzetai apì
thn

Φ(u, v) = (a cos u cos v, b cos u sin v, c sinu)

a) BreÐte thn 1h kai 2h jemeli¸dh morf  kai thn k�jeth kampulìthta se k�je shmeÐo
thc.
b) BreÐte thn kampulìthta twn orizìntiwn tom¸n, dhl. twn kampul¸n pou paÐrnoume
ama tm soume thn S me ta epÐpeda z = d, ìpou d mia stajer� me d < |c|.
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DIAFORIKH GEWMETRIA, ASKHSEIS #6

Askhsh 1. Estw S to gr�fhma sun�rthshc z = f(x, y), dhl. Φ(u, v) =
(u, v, f(u, v)). Estw P = Φ(a, b).
a) DeÐxte ìti h kampulìthta Gauss sto P eÐnai mhdèn e�n kai monon e�n

∂2f

∂u2
(a, b)

∂2f

∂v2
(a, b) =

∂2f

∂u∂v
(a, b)2.

b) DeÐxte ìti h mèsh kampulìthta sto P eÐnai mhdèn e�n kai mìnon e�n

(1+
∂f

∂u
(a, b)2)

∂2f

∂v2
(a, b)−2

∂f

∂u
(a, b)

∂f

∂v
(a, b)

∂2f

∂u∂v
(a, b)+(1+

∂f

∂v
(a, b)2)

∂2f

∂u2
(a, b) = 0.

Askhsh 2. Estw S h epif�neia pou dÐdetai apì thn Φ(u, v) = (u, v, log cos v −
log cos u).
a) BreÐte thn kampulìthta Gauss sto shmeÐo thc P = Φ(0, 0).
b) DeÐxte ìti h mèsh kampulìthta eÐnai mhdèn se k�je shmeÐo thc S.

Askhsh 3. BreÐte tic kÔriec kampulìthtec kai ta kÔria dianÔsmata se k�je
shmeÐo tou graf matoc thc sun�rthshc z = xy.

Askhsh 4. Estw S o tìroc thc �skhshc 6, full�dio 4.
a) DeÐxte ìti h kampulìthta Gauss sto shmeÐo P = Φ(u, v) eÐnai Ðsh me K = cos u

2+cos u .
b) DeÐxte ìti h S èqei shmeÐa pou eÐnai elleiptik�, sagmatik� kai parabolik�.
g) Se k�je èna apì ta shmeÐa tou erwt matoc b), breÐte tic kÔriec kampulìthtec kai
ta kÔria dianÔsmata.

Askhsh 5. DeÐxte ìti h epif�neia thc �skhshc 5, full�dio 4, èqei se k�je
shmeÐo thc kampulìthta Gauss Ðsh me to mhdèn.

Askhsh 6. DeÐxte ìti h epif�neia thc �skhshc 2, full�dio 4, èqei se k�je
shmeÐo thc kampulìthta Gauss Ðsh me

K =
−κα(u) cos v

R(1− κα(u)R cos v)
.
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DIAFORIKH GEWMETRIA, ASKHSEIS #7

Askhsh 1. Estw P sagmatikì (uperbolikì) shmeÐo miac epif�neiac me mèsh
kampulìthta H(P ) = 0. DeÐxte ìti oi asumptwtikèc dieujÔnseic sto P eÐnai k�jetec
metaxÔ touc.

Askhsh 2. Estw S h epif�neia pou orÐzetai apì thn Φ : (0, 2π) × R −→ R3

me Φ(u, v) = (v cos u, v sin u, u). Na deiqjeÐ ìti se k�je shmeÐo P thc S èqoume
H(P ) = 0. Na brejoun oi kÔriec kai oi asumptwtikèc kampÔlec S.

Askhsh 3. Na brejoun oi oi asumptwtikèc kampÔlec thc epif�neiac S pou
eÐnai to gr�fhma thc sun�rthshc f(x, y) = xy.

Askhsh 4. Estw α(s) = (e−s2/2, s), s > 0 epÐpedh kampÔlh sto xz-epÐpedo
kai èstw S h epif�neia ek peristrof c pou paÐrnoume ìtan peristrèyoume thn
kampÔlh α gÔrw apì ton z-�xona, ìpwc sthn �skhsh 5, full�dio 5. BreÐte tic kÔriec
kampÔlec thc parap�nw epif�neiac.

Askhsh 5. Estw α epifaneiak  kampÔlh se epif�neia S kai èstw
→
N (t) to

monadiaÐo k�jeto di�nusmatikì pedÐo kat� m koc thc α. DeÐxte ìti h α eÐnai kÔria
kampÔlh thc S an kai mìnon an h epif�neia pou orÐzetai apì to di�nusma jèshc
→
X (t, v) =

→
α (t) + v

→
N (t) èqei se k�je shmeÐo thc kampulìthta Gauss Ðsh me mhdèn.

Askhsh 6. Estw S1, S2 epif�neiec kai èstw α kampÔlh pou orÐzetai wc h
tom  twn epifanei¸n S1, S2. Upojètoume ìti ta k�jeta dianÔsmata twn S1, S2

sqhmatÐzoun stajer  gwnÐa kat� m koc twn shmeÐwn thc α. DeÐxte ìti h α eÐnai
kÔria kampÔlh thc epif�neiac S1 an kai mìnon an eÐnai kÔria kampÔlh thc epif�neiac
S2.
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